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TD 08 : Dimension of repellers and Gibbs measures.

Consider a collection of k ≥ 2 disjoint closed subintervals I1, . . . , Ik of I = [0, 1] and strictly

positive weights p = (p1, . . . , pk) for which
∑

i pi = 1. We write g :
⋃
Ii → R for the function

g(x) = log(pi) for x ∈ Ii.

Let ψi : I → Ii be an affine bijective map, i = 1, . . . , k and let T :
⋃
Ii → I be the inverse

(expanding) map. Let J =
⋂

n≥0 T
−nI denote the maximal T -invariant subset of I . We consider

the transfer operator acting upon φ ∈ C0,Lip(I) or L1(I) :

Lgφ(y) =
∑

x:Tx=y

eg(x)φ(x) =
k∑

i=1

piφ(ψi(y)), y ∈ I.

1. Let νg be the Gibbs measure associated with g and T . Show that νg(Ii) = pi.

2. Show that the support of νg is J .

3. Calculate P (g), the Lyapunov exponent Λνg and the dimension of the measure, d∗νg =
dimHνg.

4. Using Jensen’s inequality, show that if
∑

i qi = 1, then
∑

i pi log(qi/pi) ≤ 0.

5. Show that d∗νg attains its maximum value when pi = |Ii|
s where s is the unique value for

which
∑

i |Ii|
s = 1.

6. Show that this maximum value is the Hausdorff dimension of J .
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