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TD 04 : Cone contraction and spectral gap

The cross ratio

Let x, y, u, v be four vectors, no two being parallel. Let ¢ = {{(t) = tw + z : t € R} define an affine
line (not containing the origin) and cutting the 1-D vectorspaces Rx, Ry, Ru, Rv in the four points
&(t1), £(t2), &(t3) and £(t4). Express the cross-ratio (as given in the lectures) in terms of ¢y, to, t3, t4.

Postive matrices.

l. Let K, = {z € R} : 2; > ax;}, 0 < a < 1. Let M = (m;;) be astrictly positive n x n matrix
for which there is b > 0 so that m;; > b my, (for all indices). Let the eigenvalues be ordered
as: [A| > |Ao| =+ > Al

(a) Let 0 < a < 1. Give a (finite) bound for diam g, K.

(b) Show that K, is outer and inner regular.

My; — Mg

A
(¢) Show that: M < max
A1 Lkl My = Mg

Optimal example: A = < ? ; )

2. Collatz-Wielandt formula: Let M be a strictly positive matrix.
Define a partial orderon R" by: 2 <y & y—x R} & z; <y, Vi

(a) Show that M preserves the partial order on R'}.

(b) Show that if z € (R’jr)*, r > ( are such that Mz < rx (respectively, Mz > rx)
then \; < r (respectively, A\; > r).

M % . M 7
(¢) Show that \; = inf max ﬂ = sup min (Mz)
zeK( i X; zeKy 3 T;
4 2 1 4
(d) Give abound for \; with A= | 2 1 1 | using the above and the vector z = | 2
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A family of operators associated with the Gauss map.

1
Let I = [0, 1], equipped with the metric d(z,2") = |log . j_— I/ .
T
1 1 1
Denote [}, = {k——kl’ E} and ¥ (y) = y—i——k’ k > 1, adiffeo of I obto I;. The collection of ¢, k > 1

1 1
defines the inverse branches of the socalled Gauss map: f(z) = — — L—J Let X = Lip (I, d). Let
x x

s € ((N) be a family of non-negative *weights’. We define the transfer operator:

1 1
Lo) =" s ¢< ) beX, yel.
; k(k+y)2 k+y

1. Show that L, is a bounded operator when acting upon X.
2. Fora > 0,let K, = {ng >0 p(z) < p(a))e®) Vg 2 € I}.

3. Suppose that some s;’s are strictly positive. Show that there are @ > 0, 0 < o < 1 such that
LJ(K}) C K2,

4. Estimate the contraction rate in the Hilbert metric of L, and show that L, admits a spectral gap.

1 1
5. Inthe case when s, = 1, £ > 1 show that h(z) = log(2) 1+
og x

is an eigenvector of L,—;.

6. Show that the Gauss map admits a unique invariant probability measure which is abs cont w.r.t.
Lebesque and that this measure is strongly mixing (whence ergodic).




