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Abstract. We show that there exist interval maps that are not Borel conjugate to any C ∞ map. These examples can be chosen to be topologically
mixing and C n , for any finite, arbitrarily large n.

Introduction
A topological dynamical system (X, T ) is a compact metric space X endowed
with a continuous map T : X → X. An interval map is a continuous map f : I → I,
where I is a compact interval.
Two topological dynamical systems (X, T ) and (Y, S) are said to be topologically
conjugate if there exists a homeomorphism ϕ : X → Y such that ϕ ◦ T = S ◦ ϕ,
and Borel conjugate if there exists a bijection ϕ : X → Y such that both ϕ, ϕ−1 are
Borel maps (i.e., the inverse image of any Borel set is a Borel set) and ϕ ◦ T = S ◦ ϕ.
Topological conjugacies entirely preserve the topological dynamics. For systems on
the interval, they are rather rigid since they only consist of a “reparametrization” of
the interval. Borel conjugacies give much freedom; they can destroy the topology,
yet they carry the dynamics of all invariant measures.
Our aim is to show that, in spite of the freedom allowed by Borel conjugacies,
every interval map f cannot be made C ∞ with a Borel conjugacy, even if f is
already C n . For this, we use the fact that a Borel conjugacy preserves the existence
of measures of maximal entropy, which is a property shared by all C ∞ maps.
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1. Measures of maximal entropy
If (X, T ) is a topological dynamical system, let MT (X) be the set of all probability Borel measures that are T -invariant. If X is compact, the set MT (X) is
nonempty [2]. For every T -invariant measure µ, one can define the metric entropy
hµ (X, T ) (see, for example, [6]).
Definition 1.1. Let (X, T ) be a topological dynamical system. If µ is a T -invariant
measure such that hµ (X, T ) = sup{hν (X, T ) | ν T -invariant measure}, then µ is
called a measure of maximal entropy.
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Measures of maximal entropy do not necessarily exist, even for interval maps,
yet the following theorem says that such a measure exists if the map is C ∞ [4] (see
also [1] for interval maps).
Theorem 1.2. If f : M → M is a C ∞ map, where M is a compact manifold of
finite dimension, then f admits at least one measure of maximal entropy.

2. Borel conjugacy
The next proposition can be proven easily from the definition of the metric
entropy.
Proposition 2.1. Let (X, T ) and (Y, S) be two topological dynamical systems that
are Borel conjugate. Then (X, T ) has a measure of maximal entropy if and only if
(Y, S) has one.
This proposition implies that a dynamical system (Y, S) without measure of
maximal entropy cannot be Borel conjugate to a system (X, T ) having a measure
of maximal entropy.
In [3] Gurevich and Zargaryan gave an example of a continuous, transitive interval map that has no measure of maximal entropy. They wondered if this example
could be made smooth, but it cannot be topologically conjugate to a C 1 map because of the behaviour in the neighbourhood of the endpoints (see [5] for a more
precise explanation). Then Buzzi showed that for every integer n there exist C n
interval maps without measure of maximal entropy [1]. We made this result precise
and built a C n , topologically mixing interval map for every integer n [5]. This
example is made of countably many monotone pieces and is C ∞ everywhere except
at one point, where oscillations accumulate; it has a positive topological entropy.
Combining Proposition 2.1 and Theorem 1.2, we see that these maps cannot be
Borel conjugate to any C ∞ interval map, which leads to the following result:
Theorem 2.2. For every integer n ≥ 1 there exists a map f : [0, 1] → [0, 1] that
is C n , topologically mixing, of positive topological entropy, and that is not Borel
conjugate to any C ∞ map g : [0, 1] → [0, 1].
Remark 2.3. According to Theorem 1.2 these maps are not Borel conjugate to any
C ∞ map on a compact manifold of finite dimension.
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