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Abstract

Given a discrete group Γ of isometries of a negatively curved manifold M̃ , a non-
trivial conjugacy class K in Γ and x0 ∈ M̃ , we give asymptotic counting results, as
t → +∞, on the number of orbit points γx0 at distance at most t from x0, when
γ is restricted to be in K, as well as related equidistribution results. These results
generalise and extend work of Huber on cocompact hyperbolic lattices in dimension
2. We also study the growth of given conjugacy classes in finitely generated groups
endowed with a word metric. 1

1 Introduction

Given an infinite discrete group of isometries Γ of a proper metric space X, the orbital
counting problem studies, for fixed x0, y0 ∈ X, the asymptotic as t→ +∞ of

Card{γ ∈ Γ : d(x0, γy0) ≤ t} .

Initiated by Gauss in the Euclidean plane and by Huber in the real hyperbolic plane, there
is a huge corpus of works on this problem, including the seminal results of Margulis’s thesis,
see for instance [Bab2, Oh1, Oh2] and their references for historical remarks, as well as
[ABEM, PPS, Qui, Sam] for variations.

Given an infinite subset of the orbit Γx0, defined in either an algebraic, a geometric
or a probabilistic way, it is interesting to study the asymptotic growth of this subset, see
for example [PR, BKS] and Chapter 4 of [PPS] for recent examples. In this paper, we
consider the orbit points under the elements of a fixed nontrivial conjugacy class K in Γ.
More precisely, we will study the asymptotic growth as t→ +∞ of the counting function

NK, x0(t) = Card{γ ∈ K : d(x0, γx0) ≤ t}

introduced by Huber [Hub1] in a special case. Although we will work in the framework
of negative curvature in this paper, the counting problem in (infinite) conjugacy classes
is interesting even for discrete isometry groups in (nonabelian) nilpotent or solvable Lie
groups endowed with left-invariant distances. We refer to Section 2 for examples of com-
putations of the growth of NK, x0(t) when Γ is a finitely generated group and X is the set
Γ endowed with a word metric. This paper opens a new field of research, studying which

1Keywords: counting, equidistribution, hyperbolic geometry. AMS codes: 37C35, 20H10, 30F40,

53A35, 20G20
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growth types (or relative growth types) fixed conjugacy classes may have in finitely gener-
ated groups. For word-hyperbolic groups and negatively curved manifolds, the conjugacy
classes usually have constant exponential growth rate, as illustrated by the following result
(see also Proposition 5 and Corollary 10 for generalisations).

Theorem 1 If M is a compact negatively curved Riemannian manifold, if h is the topo-
logical entropy of its geodesic flow, if Γ is the covering group of a universal Riemannian
cover X →M , if K is a nontrivial conjugacy class in Γ, then

lim
t→+∞

1

t
lnNK, x0(t) =

h

2
.

In this introduction from now on, we concentrate on the case when X is the real
hyperbolic plane H

2
R
, and we assume that x0 is not fixed by any nontrivial element of Γ,

see the main body of the text for more general statements. Given a nontrivial element γ of
a discrete group of isometries Γ of H2

R
, we will denote by Cγ , τγ , ιγ the following objects:

• if γ is loxodromic, then Cγ is the translation axis of γ; with ℓγ the translation length of

γ, we define τγ = (
cosh ℓγ −1

2 )1/2 if γ preserves the orientation and τγ = (
cosh ℓγ +1

2 )1/2

otherwise; ιγ is 2 if there exists an element in Γ exchanging the two fixed points of
γ, and 1 otherwise;

• if γ is parabolic, then Cγ is a horoball centred at the parabolic fixed point of γ; we

set τγ = 2 sinh d(x,γx)
2 for any x ∈ ∂Cγ ; we define ιγ as 2 if there exists a nontrivial

elliptic element of Γ fixing the fixed point of γ, and 1 otherwise;
• if γ is elliptic, then Cγ is the fixed point set of γ in H

2
R
; if γ is orientation-reversing,

we assume in this introduction that the stabiliser of Cγ is infinite; we set τγ = sin θ
2

if γ preserves the orientation with rotation angle θ, and τγ = 1 otherwise; we define
ιγ = 1, unless γ preserves the orientation with rotation angle different from π and
the stabiliser in Γ of Cγ is dihedral, in which case ιγ = 2.

We refer for instance to [Rob2] for the definition of the critical exponent δΓ of Γ, the
Patterson-Sullivan measures (µx)x∈H2

R

of Γ, the Bowen-Margulis measure mBM of Γ, and

to [OhS1, PP2] for the definition of the skinning measure σC of Γ associated to a nonempty
proper closed convex subset C of H2

R
(see also Section 3). We denote by ‖µ‖ the total mass

of a measure µ and by ∆x the unit Dirac mass at a point x.
The following result says in particular that the exponential growth rate of the orbit

under a conjugacy class is δΓ
2 and that the unit tangent vectors at x0 to these orbit points

equidistribute to the pulled-back Patterson-Sullivan measure.

Theorem 2 Let Γ be a nonelementary finitely generated discrete group of isometries of
H

2
R
, and let K be the conjugacy class of a fixed nontrivial element γ0 ∈ Γ.

(1) As t→ +∞, we have

NK, x0(t) ∼
ιγ0 ‖µx0‖ ‖σCγ0

‖

δΓ ‖mBM‖ τγ0
δΓ

e
δΓ
2
t .

If Γ is arithmetic or if M is compact, then the error term is O(e(
δΓ
2
−κ)t) for some κ > 0.

(2) Let vγ be the unit tangent vector at x0 to the geodesic segment [x0, γx0] for every
nontrivial γ ∈ Γ, and let π+ : T 1

x0H
2
R
→ ∂∞H

2
R

be the homeomorphism sending v to the
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point at infinity of the geodesic ray with initial vector v. For the weak-star convergence of
measures on T 1

x0H
2
R
, we have

lim
t→+∞

δΓ ‖mBM‖ τγ0
δΓ

‖µx0‖ ‖σCγ0
‖

e−
δΓ
2
t

∑

γ∈K, d(x0,γx0)≤t

∆vγ = (π−1
+ )∗µx0 .

When Γ is a cocompact lattice in dimension 2 and γ0 is loxodromic, the first claim is
due to Huber [Hub1, Theorem B] with an improved error bound in [Hub2]. The following
corollary, proved in Sections 5 and 6, is a generalisation of Huber’s result for noncompact
quotients and for parabolic conjugacy classes. A version for elliptic conjugacy classes
follows from Corollary 20, we leave the formulation for the reader.

Corollary 3 Let Γ be a torsion-free and orientation-preserving discrete group of isometries
of H2

R
such that the surface Γ\H2

R
has finite area, with genus g and p punctures. If K is a

conjugacy class of primitive loxodromic elements with translation length ℓ, then as t→ +∞,

NK, x0(t) ∼
ℓ

2π(2g + p− 2) sinh ℓ
2

e
t
2 .

If K is a conjugacy class of primitive parabolic elements, then as t→ +∞,

NK, x0(t) ∼
1

2π(2g + p− 2)
e

t
2 .

When Γ is a uniform lattice, K is a conjugacy class of loxodromic elements, and H
2
R

is
replaced by a regular tree, the analog of Corollary 3 is due to [Dou]. See [BrPP] for the
case of any locally finite tree and more general discrete groups of isometries.

The main tool of this paper (see Section 3) is a counting and equidistribution result for
the common perpendiculars between locally convex subsets of simply connected negatively
curved manifolds, proved in [PP4]. In Section 4, we will use this tool in order to prove
our abstract main result, Theorem 8, on the counting of the orbit points by the elements
in a given conjugacy class. In Sections 5, 6 and 7, we give the elementary computations
concerning the geometry of loxodromic, parabolic and elliptic isometries of a simply con-
nected negatively curved manifold required to apply our abstract main result, proving as
a special case the above Theorem 2. Finally, in Section 8, we give some results on the
counting problem of subgroups of Γ in a given conjugacy class of subgroups.

2 Counting in conjugacy classes in finitely generated groups

In this section, we study the growth of a given conjugacy class in a finitely generated
group endowed with a word metric, by giving three examples. We thank E. Breuillard,
Y. Cornulier, S. Grigorchuk, D. Osin and R. Tessera for discussions on this topic.

Let Γ be a finitely generated group, endowed with a finite generating set S. For every
γ ∈ Γ, we denote by ‖γ‖ the smallest length of a word in S∪S−1 representing γ. We endow
Γ with the left-invariant word metric dS associated to S, that is, dS(γ, γ

′) = ‖γ−1γ′‖ for
all γ, γ′ ∈ Γ. Given a conjugacy class K in Γ, we want to study the growth as n→ +∞ of

NK(n) = NK, S(n) = Card K ∩BdS (e, n) ,
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the cardinality of the intersection of the conjugacy class K with the ball of radius n centered
at the identity element e for the word metric dS .

Given two maps f, g : N → ]0,+∞[ , we write f ≍ g if there exists c ∈ N − {0} such
that g(n) ≤ f(c n) and f(n) ≤ g(c n) for every n ∈ N. Note that if S′ is another finite
generating set of Γ, then NK, S′ ≍ NK, S .

The growth of a given conjugacy class in Γ is at most the growth of Γ, and we refer for
instance to [Gri, Man] and their references for information on the growth of groups. The
growth of the trivial conjugacy class is trivial (N{e}(n) = 1 for every n ∈ N). It would
be interesting to know what are the possible growths of given conjugacy classes, between
these two extremal bounds, and for which group all nontrivial conjugacy classes have the
same growth. We only study two examples below.

The counting problem introduced in this paper is dual to the study of the asymptotic
as n → +∞ either of the number of translation axes of (primitive) loxodromic elements
meeting the ball of center x0 and radius n, in the negatively curved manifold case, or of
the number of (primitive) conjugacy classes meeting the ball of radius n, in the finitely
generated group case. These asymptotics have been studied a lot, for instance by Bowen
and Margulis in the manifold case, and by Hull-Osin [HuO] (see also the references of
[HuO]) in the finitely generated group case. In particular, Ol’shanskii [Ols, Theo. 41.2]
has constructed groups with exponential growth rate and only finitely many conjugacy
classes: at least one of them has the same growth rate as the whole group, contrarily to
the examples below.

First, let Γ = F (S) be the free group on a finite set S of cardinality |S| ≥ 2. Let K be
the conjugacy class in Γ of a nonempty reduced and cyclically reduced word in S ∪ S−1,
denoted by γ0, of length ℓK = infγ∈K ‖γ‖. Let mK be the number of cyclic conjugates of γ0
(for instance mK = 1 if γ0 = sℓ for some s ∈ S ∩ S−1). We denote by ⌊x⌋ the integral part
of a real number x.

Proposition 4 For every n ∈ N with n ≥ ℓK + 2, we have

NK, S(n) = mK (2 |S| − 2) (2 |S| − 1)

⌊
n−ℓK−2

2

⌋
.

In particular, limn→+∞
1
n lnNK, S(n) =

ln(2|S|−1)
2 does not depend on the nontrivial con-

jugacy class K, and is half the exponential growth rate of Γ with respect to the generating
set S (see Proposition 5 for a generalisation).

Proof. Let k = |S| and ℓ = ℓK. Every element γ in K can be written uniquely as αγ′0α
−1,

where α is a reduced word in S ∪ S−1 and γ′0 is a cyclic conjugate of γ0, and where the
writing is reduced, that is, the last letter of α is different from the inverse of the first letter
s1 of γ′0 and from the last letter sℓ of γ′0. In particular,

‖γ‖ = 2 ‖α‖ + ℓ .

Note that s−1
1 6= sℓ, since γ0 is cyclically reduced. For every m ∈ N with m ≥ 1, there are

(2k − 2)(2k − 1)m−1 reduced words of length at most m whose last letter is different from
s−1
1 and sℓ. The result follows. �

Remark. The group Γ = F (S) acts faithfully on its Cayley graph associated to S by left
multiplication, and NK, S(n) = Card(K·e∩B(e, n)). Proposition 4 gives an exact expression
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for this orbit count, improving [Dou, Thm. 1] in this special case for (q + 1)-regular trees
with q odd.

The following result says in particular that in a torsion-free word-hyperbolic group,
the nontrivial conjugacy classes have constant exponential growth rate, equal to half the
one of the ambient group. Recall (see for instance [Cha, §5.1]) that the virtual center
Zvirt(Γ) of a nonelementary word-hyperbolic group Γ is the finite subgroup of Γ consisting
of the elements γ ∈ Γ acting by the identity on the boundary at infinity ∂∞Γ of Γ, or,
equivalently, having finitely many conjugates in Γ, or, equivalently, whose centraliser in Γ
has finite index in Γ. Note that NK(n) is bounded if (and only if) K is the conjugacy class
of an element in the virtual center.

Proposition 5 Let Γ be a nonelementary word-hyperbolic group, S a finite generating set
of Γ, and K the conjugacy class of an element in Γ− Zvirt(Γ). Then

lim sup
n→+∞

1

n
lnNK, S(n) =

1

2
lim sup
n→+∞

1

n
ln Card BdS (e, n) .

Proof. Let γ0 ∈ Γ − Zvirt(Γ) and δ = lim supn→+∞
1
n ln Card BdS (e, n). Let Cγ0 be a

quasi-translation axis of γ0 if γ0 has infinite order, and let Cγ0 be the set of quasi-fixed
points of γ0 otherwise. Note that Cγ0 is quasi-convex, that ZΓ(γ0) preserves Cγ0 , and that
Cγ0 is at bounded distance from ZΓ(γ0) in Γ. In particular, Γ0 = ZΓ(γ0) is a quasi-convex-
cocompact subgroup with infinite index in the nonelementary word hyperbolic group Γ.

It is well-known that the exponential growth rate of Γ/Γ0 is then equal to the exponen-
tial growth rate δ of Γ. Indeed, the limit set ΛΓ0 of Γ0 is then a proper subset of ∂∞Γ and
Γ0 acts properly discontinuously on Γ∪ (∂∞Γ−ΛΓ0). Let ξ ∈ ∂∞Γ−ΛΓ0. If U is a small
enough neighbourhood of ξ in Γ ∪ ∂∞Γ, then there exists N ∈ N such that U meets at
most N of its images by the elements of Γ0, and for every x ∈ U ∩Γ, if p : Γ → Γ/Γ0 is the
canonical projection, then |d(x, e) − d(p(x), p(e))| is uniformly bounded. It is well-known
(see for instance the proof of [Rob1, Coro. 1]) that the (sectorial) exponential growth rate
lim supn→+∞

1
n ln Card

(
U ∩ BdS (e, n)

)
of Γ in U is equal to δ. This proves the above

claim.
Up to a bounded additive constant, the distance between e and γ−1γ0γ is equal to

twice the distance from γ to Cγ0 , by hyperbolicity. Hence the exponential growth rate of
K is half the exponential growth rate of Γ/ZΓ(γ0), that is δ/2. �

Now, let A be a free abelian group of rank 2k, let 〈·, ·〉 be an integral symplectic form
on A, and let Γ be the associated Heisenberg group, that is, the group with underlying set
A× Z and group law

(a, z)(a′, z′) = (a+ a′, z + z′ + 〈a, a′〉) .

Note that Γ is finitely generated, and we have an exact sequence of groups

0 −→ Z
i

−→ Γ
π

−→ A −→ 0 ,

where i : z 7→ (0, z) has image the center of Γ and π : (a, z) 7→ a. Let K be a nontrivial
conjugacy class (that is, the conjugacy class of a noncentral element) in Γ.
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Proposition 6 We have
NK(n) ≍ n2 .

In particular, the growth of any nontrivial conjugacy class in the Heisenberg group Γ
is quadratic. Note that Card BΓ(e, n) ≍ n2k+2 and that the number of (primitive or not)
conjugacy classes meeting the ball of radius n is ≍ n2 lnn if k = 1, see [GS, Ex. 2.4].

Proof. Let γ0 = (a0, z0) be a noncentral element in Γ, so that a0 6= 0, and let ‖γ0‖ be its
distance to the identity element e for a given word metric on Γ.

Since π : Γ → A is the abelianisation map, whose kernel is the center Z of Γ, we have
π(K) = {π(γ0)} and

K ⊂ π−1({π(γ0)}) = Z γ0 .

Since 〈·, ·〉 is nondegenerate and a0 6= 0, there exists b0 ∈ A such that n0 = 2〈a0, b0〉 6= 0.
For every (a, z) ∈ Γ, since (a, z)−1 = (−a,−z), it is easy to compute that

(a, z)(a0, z0)(a, z)
−1 = (a0, z0 + 2〈a, a0〉) .

Hence, with Zn0 = {(0, n0n) : n ∈ Z}, which is a finite index subgroup of Z, we have

Zn0 γ0 ⊂ K .

We have

Card K ∩B(e, n) ≤ Card
(
Z ∩B(e, n) γ−1

0

)
≤ Card Z ∩B(e, n+ ‖γ0‖) ,

and similarly, Card K ∩ B(e, n) ≥ Card Zn0 ∩ B(e, n − ‖γ0‖). We hence only have to
prove that for every finite index subgroup Z ′ of Z, we have Card Z ∩ B(e, n) ≍ n2. This
is well known (see for instance [Har, VII.21] when A has rank 2): for instance, we have
[(a0, 0)

p, (b0, 0)
q ] = (0, pq 〈a0, b0〉) for all p, q ∈ Z, and the distance to e of the commutator

on the left hand side of this equality is at most c(p + q), for some constant c > 0. �

3 Counting common perpendicular arcs

In this section, we briefly review a simplified version of the geometric counting and equidis-
tribution result proved in [PP4], which is the main tool in this paper (see also [PP3] for
related references, [PP5] for arithmetic applications in real hyperbolic spaces and [PP6]
for the case of locally symmetric spaces). We refer to [BrH] for the background definitions
and properties concerning the isometries of CAT(−1) spaces.

Let M̃ be a complete simply connected Riemannian manifold with (dimension at least

2 and) pinched negative sectional curvature −b2 ≤ K ≤ −1, let x0 ∈ M̃ , and let T 1M̃ be

the unit tangent bundle of M̃ . Let Γ be a nonelementary discrete group of isometries of
M̃ and let M = Γ\M̃ and T 1M = Γ\T 1M̃ be the quotient orbifolds.

We denote by ∂∞M̃ the boundary at infinity of M̃ , by ΛΓ the limit set of Γ and by
(ξ, x, y) 7→ βξ(x, y) the Busemann cocycle on ∂∞M̃ × M̃ × M̃ defined by

(ξ, x, y) 7→ βξ(x, y) = lim
t→+∞

d(ρt, x)− d(ρt, y) ,

where ρ : t 7→ ρt is any geodesic ray with point at infinity ξ and d is the Riemannian
distance.
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For every v ∈ T 1M̃ , let π(v) ∈ M̃ be its origin, and let v−, v+ be the points at

infinity of the geodesic line in M̃ whose tangent vector at time t = 0 is v. We denote by
π+ : T 1

x0M̃ → ∂∞M̃ the homeomorphism v 7→ v+.

Let D− and D+ be nonempty proper closed convex subsets in M̃ , with stabilisers ΓD−

and ΓD+ in Γ, such that the families (γD−)γ∈Γ/ΓD−
and (γD+)γ∈Γ/ΓD+

are locally finite

in M̃ . We denote by ∂1±D
∓ the outer/inner unit normal bundle of ∂D∓, that is, the set

of v ∈ T 1M̃ such that π(v) ∈ ∂D∓, v± ∈ ∂∞M̃ − ∂∞D
∓ and the closest point projection

on D∓ of v± is π(v). For every γ, γ′ in Γ such that γD− and γ′D+ have a common

perpendicular (that is, if the closures γD− and γ′D+ in M̃ ∪∂∞M̃ are disjoint), we denote
by αγ, γ′ this common perpendicular (starting from γD− at time t = 0), by ℓ(αγ, γ′) its
length, and by v−γ, γ′ ∈ γ∂

1
+D

− its initial tangent vector. The multiplicity of αγ, γ′ is

mγ, γ′ =
1

Card(γΓD−γ−1 ∩ γ′ΓD+γ′−1)
,

which equals 1 when Γ acts freely on T 1M̃ (for instance when Γ is torsion-free). Let

ND−, D+(s) =
∑

(γ, γ′)∈Γ\((Γ/ΓD− )×(Γ/ΓD+ ))

γD− ∩ γ′D+ =∅, ℓ(αγ, γ′ )≤s

mγ, γ′ =
∑

[γ]∈ΓD−\Γ/ΓD+

D− ∩ γD+ =∅, ℓ(αe, γ)≤s

me, γ ,

where Γ acts diagonally on (Γ/ΓD−) × (Γ/ΓD+). When Γ is torsion-free, ND−, D+(s) is
the number of the common perpendiculars of length at most s between the images of D−

and D+ in M , with multiplicities coming from the fact that ΓD±\D± is not assumed to
be embedded in M . We refer to [PP4, §4] for the use of Hölder-continuous potentials on

T 1M̃ to modify this counting function by adding weights.
Recall the following notions (see for instance [Rob2]). The critical exponent of Γ is

δΓ = lim sup
N→+∞

1

N
ln Card{γ ∈ Γ : d(x0, γx0) ≤ N} ,

which is positive, finite, independent of x0 (and equal to the topological entropy h if Γ
is cocompact and torsion-free). Let (µx)x∈M̃ be a Patterson-Sullivan density for Γ, that

is, a family (µx)x∈M̃ of nonzero finite measures on ∂∞M̃ whose support is ΛΓ, such that
γ∗µx = µγx and

dµx
dµy

(ξ) = e−δΓβξ(x, y)

for all γ ∈ Γ, x, y ∈ M̃ and ξ ∈ ∂∞M̃ . The Bowen-Margulis measure m̃BM for Γ on T 1M̃
is defined, using Hopf’s parametrisation v 7→ (v−, v+, βv+(x0, π(v)) ) of T 1M̃ , by

dm̃BM(v) = e−δΓ(βv−(π(v), x0)+βv+ (π(v), x0)) dµx0(v−) dµx0(v+) dt .

The measure m̃BM is nonzero and independent of x0. It is invariant under the geodesic
flow, the antipodal map ι : v 7→ −v and the action of Γ, and thus defines a nonzero
measure mBM on T 1M = Γ\T 1M̃ , called the Bowen-Margulis measure on M , which is

invariant under the geodesic flow of M and the antipodal map. If M̃ is symmetric and if
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Γ is geometrically finite (for instance if M̃ = H
2
R

and Γ is finitely generated), then mBM

is finite. See for instance [DOP] for many more examples. If mBM is finite, then mBM

is mixing under the geodesic flow if M̃ is symmetric or if ΛΓ is not totally disconnected
(hence if M is compact), see for instance [Bab1, Dal].

Using the endpoint homeomorphisms v 7→ v± from ∂1±D
∓ to ∂∞M̃ − ∂∞D

∓, the
skinning measure σ̃D∓ of Γ on ∂1±D

∓ is defined by

dσ̃D∓(v) = e−δ βv±(π(v), x0) dµx0(v±) ,

see [OhS1, §1.2] when D∓ is a horoball or a totally geodesic subspace in M̃ and [PP2],
[PP4] for the general case of convex subsets in variable curvature and with a potential.

The measure σ̃D∓ is independent of x0 ∈ M̃ , it is nonzero if ΛΓ is not contained in
∂∞D

∓, and satisfies σ̃γD∓ = γ∗σ̃D∓ for every γ ∈ Γ. Since the family (γD∓)γ∈Γ/ΓD∓
is

locally finite in M̃ , the measure
∑

γ∈Γ/ΓD∓
γ∗σ̃D∓ is a well defined Γ-invariant locally

finite (nonnegative Borel) measure on T 1M̃ , hence it induces a locally finite measure σD∓

on T 1M , called the skinning measure of D∓ in T 1M . If ΓD∓\∂D∓ is compact, then σD∓

is finite. We refer to [OhS2, §5] and [PP2, Theo. 9] for finiteness criteria of the skinning
measure σD∓ .

The following result on the asymptotic behaviour of the counting function ND−,D+ is
a special case of more general results [PP4, Coro. 20, 21, Theo. 28]. We refer to [PP3] for
a survey of the particular cases known before [PP4], due to Huber, Margulis, Herrmann,
Cosentino, Roblin, Eskin-McMullen, Oh-Shah, Martin-McKee-Wambach, Pollicott, and
the authors for instance.

Theorem 7 Let Γ,D−,D+ be as above. Assume that the measures mBM, σD− , σD+ are
nonzero and finite, and that mBM is mixing for the geodesic flow of T 1M . Then

ND−,D+(s) ∼
‖σD−‖ ‖σD+‖

δΓ ‖mBM‖
eδΓ s ,

as s → +∞. If Γ is arithmetic or if M is compact, then the error term is O(e(δΓ−κ)s) for
some κ > 0. Furthermore, the initial vectors of the common perpendiculars equidistribute
in the outer unit normal bundle of D−:

lim
s→+∞

δΓ ‖mBM‖

‖σD−‖ ‖σD+‖
e−δΓ s

∑

[γ]∈ΓD−\Γ/ΓD+

D− ∩ γD+ =∅, ℓ(αe, γ)≤s

me, γ ∆v−e, γ
=

σ̃D−

‖σD−‖
(1)

for the weak-star convergence of measures on the locally compact space T 1M̃ . �

4 Counting in conjugacy classes

Let M̃, x0,Γ be as in the beginning of Section 3. For any nontrivial element γ in Γ, let Cγ
be

• the translation axis of γ if γ is loxodromic,
• the fixed point set of γ if γ is elliptic,
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• a horoball centered at the fixed point of γ if γ is parabolic,
which is a nonempty proper closed convex subset of M̃ . We assume (this condition is
automatically satisfied unless γ′ is parabolic) that γCγ′ = Cγγ′γ−1 for all γ ∈ Γ and
γ′ ∈ Γ− {e}.

By the equivariance properties of the skinning measures, the total mass of σCγ depends
only on the conjugacy class K of γ, and will be denoted by ‖σK‖. This quantity, called the
skinning measure of K, is positive and finite for instance when γ is loxodromic, since ΛΓ
contains at least 3 points and the image of Cγ in M is compact. In Sections 6 and 7, we
will give other classes of examples of conjugacy classes K with positive and finite skinning
measure ‖σK‖, and prove in particular that this is always true if M̃ = H

2
R

except possibly
when γ is elliptic and orientation-reversing.

We define

mγ =
1

Card(Γx0 ∩ ΓCγ )
,

which is a natural complexity of γ, independent on the choice of Cγ when γ is parabolic,
and equals 1 if the stabiliser of x0 in Γ is trivial (for instance if Γ is torsion-free). Note
that for every α ∈ Γ, the real number mαγα−1 depends only on the double coset of α in
Γx0\Γ/ΓCγ .

The centraliser ZΓ(γ) of γ in Γ is contained in the stabiliser of Cγ in Γ. The index
[ΓCγ : ZΓ(γ)] depends only on the conjugacy class K of γ; it will be denoted by iK and
called the index of K. We assume in what follows that iK is finite, which is in particular
the case if γ is loxodromic (the stabiliser of its translation axis Cγ is virtually cyclic). In
Sections 6 and 7, we will give other classes of examples of conjugacy classes K with finite
index iK, and prove in particular that this is always true if M̃ = H

2
R
.

We define the counting function

NK, x0(t) =
∑

α∈K, d(x0, αx0)≤t

mα .

When the stabiliser of x0 in Γ is trivial, we recover the definition of the Introduction.

Let ψ : [0,+∞[ → [0,+∞[ be an eventually nondecreasing map such that limt→+∞ ψ(t) =

+∞. We will say that a nontrivial element γ0 ∈ Γ is ψ-equitranslating if for every x ∈ M̃
at distance big enough from Cγ0 , we have

d(x,Cγ0) = ψ(d(x, γ0x)) .

Note that this condition depends only on the conjugacy class of γ0. When γ0 is parabolic,
up to replacing ψ by ψ+ c for some constant c ∈ R, this condition does not depend on the
choice of the horoball Cγ0 . In Sections 5, 6 and 7, we will give several classes of examples
of equitranslating isometries, and prove in particular that every nontrivial isometry of H2

R

is equitranslating.
The following theorem is the main abstract result of this paper.

Theorem 8 Assume that the Bowen-Margulis measure of Γ is finite and mixing for the
geodesic flow on T 1M . Let K be a conjugacy class of ψ-equitranslating elements of Γ with
finite index iK and positive and finite skinning measure ‖σK‖. Then, as t → +∞,

NK, x0(t) ∼
iK ‖µx0‖ ‖σK‖

δΓ ‖mBM‖
eδΓ ψ(t) .

9



If Γ is arithmetic or if M is compact, then the error term is O(e(δΓ−κ)ψ(t)) for some κ > 0.
Furthermore, if vα is the unit tangent vector at x0 to the geodesic segment [x0, αx0] for

every α ∈ Γ− Γx0 , for the weak-star convergence of measures on T 1M̃ , we have

lim
t→+∞

δΓ ‖mBM‖

iK ‖σK‖
e−δΓ ψ(t)

∑

α∈K, 0<d(x0, αx0)≤t

mα∆vα = (π−1
+ )∗µx0 .

Proof. Let γ0 be a ψ-equitranslating element of Γ− {e} and let K = {γγ0γ
−1 : γ ∈ Γ}

be its conjugacy class. Since σ̃{x0} = (π−1
+ )∗µx0 (see [PP2, §3]), we have

‖σ{x0}‖ =
‖µx0‖

|Γx0 |
.

In particular, both ‖σ{x0}‖ and ‖σCγ0
‖ = ‖σK‖, are positive and finite. Hence, since

ψ is eventually nondecreasing, by the definition of the counting function ND−,D+ for
D− = {x0} and D+ = Cγ0 , and by Theorem 7, we have, as t→ +∞,

∑

α∈K, 0<d(x0, αx0)≤t

mα ∼
∑

α∈K, 0<d(x0, Cα)≤ψ(t)

mα =
∑

γ∈Γ/ZΓ(γ0), 0<d(x0, γCγ0 )≤ψ(t)

mγγ0γ−1

= |Γx0 | iK
∑

γ∈Γx0\Γ/ΓCγ0
, 0<d(x0, γCγ0 )≤ψ(t)

mγγ0γ−1

= |Γx0 | iK N{x0}, Cγ0
(ψ(t))

∼ |Γx0 | iK
‖σ{x0}‖ ‖σCγ0

‖

δΓ ‖mBM‖
eδΓ ψ(t) .

The first claim of Theorem 8 follows.

For every α ∈ K, let pα be the closest point to
x0 on Cα. Then αpα is the closest point to αx0
on Cα.

x0 αx0
vα

pα αpα Cα

Since limt→+∞ ψ(t) = +∞, when d(x0, αx0) is large enough, the distance d(x0, Cα) be-
comes large. Hence the initial tangent vector vα to the geodesic segment [x0, αx0] becomes
arbitrarily close to the initial tangent vector to the geodesic segment [x0, pα], uniformly on
α ∈ K such that d(x0, Cα) is large enough, and independently on d(pα, αpα) which could
be 0. Hence, using again and similarly Theorem 7 with D− = {x0} and D+ = Cγ0 , we
have, as t→ +∞,

δΓ ‖mBM‖

iK ‖σK‖
e−δΓ ψ(t)

∑

α∈K, 0<d(x0, αx0)≤t

mα ∆vα

∼
δΓ ‖mBM‖

iK ‖σK‖
e−δΓ ψ(t)

∑

γ∈Γ/ZΓ(γ0), 0<d(x0, γCγ0 )≤ψ(t)

mγγ0γ−1 ∆vγγ0γ−1

∼
δΓ ‖mBM‖

‖σD+‖
e−δΓ ψ(t)

∑

γ∈Γ/ΓD+ , 0<d(x0, γD+)≤ψ(t)

me, γ ∆v−e, γ

∗
⇀ σ̃{x0} = (π−1

+ )∗µx0 .

This proves the second claim of Theorem 8. �
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5 The geometry of loxodromic isometries

In this section, we fix a loxodromic isometry γ of a complete CAT(−1) geodesic metric
space X. Let ℓ = ℓγ = infx∈X d(x, γx) > 0 be its translation length and let

Cγ = {x ∈ X : d(x, γx) = ℓ}

be its translation axis.
If X = H

2
R
, if γ is orientation-preserving, and if x ∈ H

2
R

is at a distance s from the
translation axis of γ, then

d(x, γx) = 2 argsinh(cosh s sinh
ℓ

2
) . (2)

Indeed, after a conjugation by a suitable isometry, we may assume that the translation
axis of γ is the geodesic line with endpoints 0 and ∞ in the upper halfplane model of H2

R
,

that γz = eℓz for all z ∈ C with Im z > 0, and that x is on the geodesic ray starting
from i and ending at 1. Using the angle of parallelism formula [Bea, Thm. 7.9.1], we have
x = (tanh s, 1

cosh s), which gives γx = eℓ(tanh s, 1
cosh s). From this, Equation (2) follows

using the hyperbolic distance formula [Bea, Thm. 7.2.1 (iii)].
In the other extreme, if X is a tree and if x ∈ X is at a distance s from the translation

axis of γ, then d(x, γx) = ℓ+ 2s. The general situation lies between these two cases.

Lemma 9 If x ∈ X is at distance s from the translation axis of γ, then

2 argsinh(cosh s sinh
ℓ

2
) ≤ d(x, γx) ≤ 2s + ℓ .

Note that as s → +∞, the lower bound is equal to 2s + 2 ln(sinh ℓ
2) + O(e−2s), hence

the difference of the upper and lower bounds is bounded by a constant that only depends
on ℓ.

Proof. The upper bound follows from the triangle inequality. Let us prove the lower
bound. Let p and q = γp be the closest points on Cγ to respectively x and γx. Let Q be
the quadrilateral in X with vertices x, p, q and γx.

γx

p
H2

R

X

x

qp

x

q

γx

Cγ

Let Q be the quadrilateral in H
2
R

with vertices x, p, q and γx, obtained by gluing together,
along the geodesic segment [x, q], the comparison triangles of the two triangles in X with
sets of vertices {x, p, q} and {x, q, γx}. By comparison, the angles of Q at the vertices
p and q are at least π

2 . If we adjust these angles to π
2 , keeping the lengths of the three

sides [x, p], [p, q] and [q, γx] fixed, we obtain a quadrilateral Q
′
where the side that is not

adjacent to the right angles has length less than d(x, γx). This gives the lower bound since
the length of the side in question is given by Equation (2). �

The proof of the following result is then similar to that of Theorem 8.
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Corollary 10 Let M̃ be a complete simply connected Riemannian manifold with pinched
negative sectional curvature, let x0 ∈ M̃ and let Γ be a nonelementary discrete group of
isometries of M̃ . Assume that the Bowen-Margulis measure of Γ is finite and mixing for
the geodesic flow on T 1M . Let K be a conjugacy class of loxodromic elements of Γ with
translation length ℓ. Then, for every ǫ > 0, if t is big enough,

iK ‖µx0‖ ‖σK‖

δΓ ‖mBM‖ e
δΓ ℓ

2

e
δΓ
2
t (1− ǫ) ≤ NK, x0(t) ≤

iK ‖µx0‖ ‖σK‖

δΓ ‖mBM‖ (sinh ℓ
2)
δΓ
e

δΓ
2
t (1 + ǫ) . �

In particular, under the assumptions of this result, we have

lim
t→+∞

1

t
lnNK, x0(t) =

δΓ
2
.

Theorem 1 in the introduction follows from this, since if M = Γ\M̃ is a compact manifold,
then any nontrivial element in Γ is loxodromic, and, as recalled in Section 4, the critical
exponent δΓ is equal to the topological entropy h of the geodesic flow on M , and mBM is
finite and mixing.

Remark. With the notation and definitions of [PPS, §3.1], if F̃ : T 1M̃ → R is a potential
(that is, a Γ-invariant Hölder-continuous map), since the geodesic segment from x0 to αx0
passes at distance uniformly bounded (by a constant cℓ depending only on ℓ) from the
translation axis Cα of α, with pα the closest point to x0 on Cα, the absolute value of the
difference

∫ αx0
x0

F̃ −
∫ pα
x0
F̃ −

∫ pα
x0
F̃ ◦ ι is uniformly bounded (by a constant depending only

on cℓ and on the maximum of F̃ on the neighbourhood of Cα of radius cℓ). Hence using
the version with potential of Theorem 7 in [PP4, Coro. 20] for F̃ and F̃ ◦ ι, we have upper
and lower bounds for the asymptotic of the counting function with weigths defined by the
potential: Assume that the critical exponent δΓ, F of Γ for the potential F̃ is finite and

that the Gibbs measure of Γ for the potential F̃ is finite and mixing for the geodesic flow
on T 1M , then there exists c > 0 such that for all t ≥ 0,

1

c
e

δΓ, F
2

t ≤
∑

α∈K, d(x0, αx0)≤t

mα e
∫ αx0
x0

F̃
≤ c e

δΓ, F
2

t .

Let us now consider the higher dimensional real hyperbolic spaces. If X = H
3
R
, if γ is

orientation-preserving, and if x ∈ H
3
R

is at a distance s from the translation axis of γ, then

sinh2
d(x, γx)

2
=

sinh2 s |eλ − 1|2

4 eℓ
+ sinh2(

ℓ

2
) , (3)

where λ = λγ is the complex translation length of γ, defined as follows. The loxodromic
isometry γ is conjugated in the upper halfspace model C×]0,+∞[ of H3

R
to a transformation

(z, r) 7→ eℓ(eiθz, r), where θ = θγ ∈ R is uniquely defined modulo 2π, and we define
λ = ℓ + iθ ∈ ]0,+∞[ + iR/2πZ. Equation (3) follows from the distance formula in [Fen,
pp. 37].

Let n ∈ N − {0, 1}. A loxodromic isometry γ of Hn
R

is uniformly rotating if γ rotates
all normal vectors to the translation axis of γ by the same angle, called the rotation angle
of γ (which is 0 if and only if γ induces the parallel transport along its translation axis).
This property is invariant under conjugation.

12



Clearly, all loxodromic isometries of H2
R
, all orientation-preserving loxodromic isome-

tries H
3
R
, and the loxodromic isometries of any H

n
R

with a trivial rotational part, are uni-
formly rotating. The orientation-reversing loxodromic isometries of H3

R
are not uniformly

rotating. More generally, by the normal form up to conjugation of the elements of O(n−1),
uniformly rotating orientation-preserving loxodromic isometries with a nontrivial rotation
angle exist in H

n
R

if and only if n is odd, and uniformly rotating orientation-reversing lox-
odromic isometries exist in H

n
R

if and only if n is even. For a fixed translation length and
rotation angle θ ∈ (R − 2πZ)/(2πZ) , with θ = π in the orientation-reversing case, these
elements form a unique conjugacy class.

Let γ be a uniformly rotating loxodromic isometry of H
n
R
. Any configuration that

consists of the translation axis of γ, a geodesic line L orthogonal to the axis and its image
γL is contained in an isometrically embedded γ-invariant copy of H3

R
in H

n
R

(unique if the
rotation angle of γ is nonzero modulo πZ). We then define the complex translation length
of γ as the complex translation length of the restriction of γ to this subspace.

Lemma 11 A uniformly rotating loxodromic isometry γ of H
n
R

with complex translation
length λ = ℓ+ iθ is ψ-equitranslating with

ψ(t) =
1

2
(t− ln(

cosh ℓ− cos θ

2
)) + O(e−t)

as t→ +∞.

Proof. Let x be a point in H
n
R

at a distance s from the translation axis of γ. We only
have to prove that, as s→ +∞,

d(x, γx) = 2s+ ln
(cosh ℓ− cos θ

2

)
+O(e−2s) .

As noted above, it suffices to consider the case n = 3. By Equation (3), we have

ed(x, γx)

4
=
e2 s (e2ℓ − 2eℓ cos θ + 1)

16 eℓ
+O(1) ,

as s→ +∞, which proves the claim after simplification and taking the logarithm. �

Corollary 12 Let Γ be a nonelementary discrete group of isometries of Hn
R
, whose Bowen-

Margulis measure is finite, and let x0 ∈ H
n
R
. Let K be a conjugacy class of uniformly rotating

loxodromic elements of Γ with complex translation length λ = ℓ+ iθ. Then, as t→ +∞,

NK, x0(t) ∼
2

δΓ
2 iK ‖µx0‖ ‖σK‖

δΓ ‖mBM‖ (cosh ℓ− cos θ)
δΓ
2

e
δΓ
2
t .

If Γ is arithmetic or if M is compact, then the error term is O(e(
δΓ
2
−κ)t) for some κ > 0.

Furthermore, if vα is the unit tangent vector at x0 to the geodesic segment [x0, αx0] for

every α ∈ Γ− Γx0 , for the weak-star convergence of measures on T 1M̃ , we have

lim
t→+∞

δΓ ‖mBM‖ (cosh ℓ− cos θ)
δΓ
2

2
δΓ
2 iK ‖σK‖

e−
δΓ
2
t

∑

α∈K, 0<d(x0, αx0)≤t

mα∆vα = (π−1
+ )∗µx0 .

13



Proof. As mentioned in Section 3, since H
n
R

has constant sectional curvature, the Bowen-
Margulis measure of Γ, since finite, is mixing for the geodesic flow on T 1M . We have
already seen that iK is finite and that ‖σK‖ is positive and finite. The result follows from
Theorem 8 and Lemma 11. �

Remark. Let Γ be a group of isometries of X and assume that γ is a loxodromic element
of Γ. The element γ is Γ-reciprocal if there exists an element in Γ that switches the two
fixed points of γ. If γ is reciprocal, then let ιΓ(γ) = 2, otherwise, we set ιΓ(γ) = 1. The
stabiliser in Γ of the translation axis Cγ of γ is generated by the maximal cyclic subgroup
of Γ containing γ, by an elliptic element that switches the two points at infinity of Cγ
if γ is Γ-reciprocal, and a (possibly trivial) group of finite order, which is the pointwise
stabiliser FixΓ(Cγ) of Cγ . Thus, if K is the conjugacy class of γ in Γ,

ιK = ιΓ(γ)[FixΓ(Cγ) : FixΓ(Cγ) ∩ ZΓ(γ)] .

In particular, if n = 2, or if n = 3 and γ preserves the orientation, then ιK = ιΓ(γ). Hence
Theorem 2 in the Introduction when γ0 is loxodromic follows from Corollary 12.

When Γ has finite covolume, the constant in Corollary 12 can be made more explicit.

Corollary 13 Let Γ be a discrete group of isometries of Hn
R

with finite covolume and let
x0 ∈ H

n
R
. Let K be the conjugacy class of a uniformly rotating loxodromic element γ0 of Γ

with complex translation length λ = ℓ+ iθ, let mγ0 be the order of γ0 in the maximal cyclic
group containing γ0, and let nγ0 be the order of the intersection of the pointwise stabiliser
of the translation axis of γ0 with the centraliser of γ0. Then, as t→ +∞,

NK, x0(t) ∼
Vol(Sn−2) ℓ

2
n−1

2 (n− 1)mγ0 nγ0 Vol(Γ\Hn
R
) (cosh ℓ− cos θ)

n−1

2

e
n−1

2
t .

If Γ is arithmetic or if M is compact, then the error term is O(e(
n−1

2
−κ)t) for some κ > 0.

Furthermore, if Γx0 is trivial, if vα is the unit tangent vector at x0 to the geodesic segment
[x0, αx0] for every α ∈ Γ− {e}, with VolT 1

x0
Hn

R

the spherical measure on T 1
x0H

n
R
, we have,

for the weak-star convergence of measures on T 1
x0H

n
R
,

(n− 1)mγ0 nγ0 Vol(Sn−1) Vol(Γ\Hn
R
) (cosh ℓ− cos θ)

n−1

2

2
1−n
2 Vol(Sn−2) ℓ e

n−1

2
t

∑

α∈K, 0<d(x0, αx0)≤t

∆vα

∗
⇀ VolT 1

x0
Hn

R

.

Proof. Since Γ has finite covolume, we have δΓ = n−1 and we can normalise the Patterson-
Sullivan measure µx0 at x0 to have total mass Vol(Sn−1), so that (π−1

+ )∗µx0 = VolT 1
x0

Hn
R

.

By [PP3, Prop. 10, 11], we have

‖mBM‖ = 2n−1 Vol(Sn−1)Vol(Γ\Hn
R)

and

‖σCγ0
‖ = Vol(Sn−2)

ℓ

|FixΓ0
(Cγ0)| ιΓ(γ0)mγ0

,

since Vol(ΓCγ0
\Cγ0) =

ℓ
ιΓ(γ0)mγ0

. The claims hence follow from the previous remark and

from Corollary 12. �

14



The proof of the loxodromic case of Corollary 3 of the Introduction follows from Corol-
lary 13 by taking n = 2, Γ torsion-free (so that nγ0 = 1), and γ0 primitive (so that mγ0 = 1)
and orientation-preserving (so that cos θ = 1). The area of a complete, connected, finite
area hyperbolic surface with genus g and p punctures is 2π(2g + p− 2).

6 The geometry of parabolic isometries

In this section, we fix a parabolic isometry γ of a complete CAT(−1) geodesic metric
space X. We fix a horoball Cγ centred at the fixed point of γ, and we call horospherical
translation length of γ the quantity

ℓ = ℓγ = inf
y∈∂Cγ

d(y, γy) .

We will say that γ is uniformly translating if d(y, γy) is independent of y ∈ ∂Cγ . Note
that being uniformly translating does not depend on the choice of Cγ , but the value of ℓ
does (and can be fixed arbitrarily in ]0,+∞[ when X is a Riemannian manifold).

Every parabolic isometry of X = H
2
R
,H3

R
is uniformly translating, but using Euclidean

screw motions, there exist parabolic isometries in X = H
4
R

which are not uniformly trans-
lating (and the map y 7→ d(y, γy) is not even bounded). If X = H

n
R

and if γ induces a
Euclidean translation on ∂Cγ , then γ is uniformly translating. Recall that by Bieberbach’s
theorem, any discrete group of isometries of Hn

R
, preserving a given horosphere and acting

cocompactly on it, contains a finite index subgroup consisting of uniformly translating
parabolic isometries and the identity.

If X = H
2
R
, if x ∈ X is at a distance s from the horoball Cγ , then

d(x, γx) = 2 argsinh(es sinh
ℓ

2
) . (4)

This is immediate by considering the upper halfplane model and assuming that γ has
fixed point ∞, by applying twice [Bea, Thm. 7.2.1 (iii)]. A similar triangle inequality and
comparison argument as in the proof of Lemma 9 shows the following result.

Lemma 14 If x ∈ X is at distance s > 0 from the horoball Cγ, if pγ is the closest point
to x on Cγ, then

2 argsinh(es sinh
ℓ

2
) ≤ d(x, γx) ≤ 2s + d(pγ , γ pγ) . �

Corollary 15 A uniformly translating parabolic isometry γ of Hn
R

with horospherical trans-
lation length ℓ is ψ-equitranslating with

ψ(t) =
t

2
− ln(sinh

ℓ

2
)− ln 2 + O(e−t)

as t→ +∞.

Proof. Let x be a point in H
n
R

at a distance s from the horoball Cγ . We only have to
prove that, as s→ +∞,

d(x, γx) = 2s + 2 ln
(
sinh

ℓ

2

)
+ 2 ln 2 + O(e−2s) .
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It suffices to consider the case n = 2 (the points x, γx and the fixed point of γ are contained
in a copy of H2

R
), in which case the result follows from Equation (4). �

Remark. If X = M̃ and Γ are as in Section 4, if γ is a parabolic isometry of Γ and if K
is the conjugacy class of γ in Γ, the quantities ‖σK‖ and iK defined in that Section are not
always finite. Note that ‖σK‖ is positive, since Γ is nonelementary.

• The mass ‖σK‖ is finite for instance if the fixed point ξγ of γ is a bounded parabolic
fixed point (that is, if its stabiliser Γξγ in Γ acts cocompactly on ΛΓ− {ξγ}), which is in
particular the case if Γ is a lattice or is geometrically finite.

• The index iK is equal to 1 if γ is central in the stabiliser ΓCγ of the horoball Cγ .
This is in particular the case, up to passing to a finite index subgroup of Γ, if Γ is a lattice
or is geometrically finite, as well as if X is a symmetric space and γ is in the center of
the nilpotent Lie group of isometries of X acting simply transitively on the horosphere
Cγ (see Proposition 18 below: in the complex hyperbolic space H

n
C
, this center consists of

the vertical Heisenberg translations). If X = H
2
R
, we have iK = 1 if no nontrivial elliptic

element of Γ fixes ξγ (in particular if Γ is torsion-free), and iK = 2 otherwise. In the
complex hyperbolic space H

n
C
, the stabilisers of horoballs are not abelian and iK is finite

only if K consists of vertical Heisenberg translations.

A proof similar to that of Corollary 12 gives the following result, which implies in
particular Theorem 2 in the Introduction when γ0 is parabolic.

Corollary 16 Let Γ be a nonelementary discrete group of isometries of Hn
R
, whose Bowen-

Margulis measure is finite, and let x0 ∈ H
n
R
. Let K be a conjugacy class of uniformly

translating parabolic elements of Γ with horospherical translation length ℓ, with ‖σK‖ and
iK finite. Then, as t→ +∞,

NK, x0(t) ∼
iK ‖µx0‖ ‖σK‖

δΓ ‖mBM‖ (2 sinh ℓ
2)
δΓ
e

δΓ
2
t .

If Γ is arithmetic, then the error term is O(e(
δΓ
2
−κ)t) for some κ > 0. Furthermore, if vα

is the unit tangent vector at x0 to the geodesic segment [x0, αx0] for every α ∈ Γ−Γx0, for

the weak-star convergence of measures on T 1M̃ , we have

lim
t→+∞

δΓ ‖mBM‖ (2 sinh ℓ
2)
δΓ

iK ‖σK‖
e−

δΓ
2
t

∑

α∈K, 0<d(x0, αx0)≤t

mα∆vα = (π−1
+ )∗µx0 . �

Corollary 17 Let Γ be a discrete group of isometries of Hn
R

with finite covolume and let
x0 ∈ H

n
R
. Let K be the conjugacy class of a uniformly translating parabolic element γ0 of Γ

with iK finite. Then, as t→ +∞,

NK, x0(t) ∼
iK Vol(ΓCγ0

\Cγ0)

Vol(Γ\Hn
R
) (2 sinh ℓ

2)
n−1

e
n−1

2
t .

If Γ is arithmetic, then the error term is O(e(
n−1

2
−κ)t) for some κ > 0. Furthermore, if Γx0

is trivial, if vα is the unit tangent vector at x0 to the geodesic segment [x0, αx0] for every
α ∈ Γ − {e}, with VolT 1

x0
Hn

R

the spherical measure on T 1
x0H

n
R
, we have, for the weak-star

convergence of measures on T 1
x0H

n
R
,

Vol(Sn−1) Vol(Γ\Hn
R
) (2 sinh ℓ

2)
n−1

2

iK Vol(ΓCγ0
\Cγ0)

e−
n−1

2
t

∑

α∈K, 0<d(x0, αx0)≤t

∆vα
∗
⇀ VolT 1

x0
Hn

R

.
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Proof. The claims are proved in the same way as Corollary 13, using the equality

‖σK‖ = 2n−1 (n− 1) Vol(ΓCγ0
\Cγ0) ,

see [PP4, Prop. 29 (2)]. �

The parabolic case of Corollary 3 of the Introduction follows from Corollary 17. Con-
sider the upper halfplane model of H2

R
and normalise the group such that γ0 is the trans-

lation z 7→ z +1. We choose Cγ0 to be the horoball that consists of points with imaginary
part at least 1. Since γ0 is primitive and Γ is torsion-free, we have ΓCγ0

= γ0
Z and iK = 1.

Hence Vol(ΓCγ0
\Cγ0) = 1 by a standard computation of hyperbolic area. Now, sinh ℓ

2 = 1
2 ,

and the claim follows as in the proof of the loxodromic case after Corollary 13.

We end this section by giving a necessary and sufficient criterion for a parabolic isometry
of the complex hyperbolic space H

n
C

to be uniformly translating. We refer to [Gol], besides
the reminder below, for the basic properties of Hn

C
.

On C
n+1 = C×C

n−1×C, consider the Hermitian product with signature (1, n) defined
by

〈z, w〉 = −z0wn + z · w − znw0 ,

where (z, w) 7→ z · w is the standard Hermitian scalar product on C
n−1. Let q(z) = 〈z, z〉

be the corresponding Hermitian form. The projective model of the complex hyperbolic
space H

n
C

corresponding to this choice of q is the set

{[w0 : w : 1] ∈ Pn(C) : q(w0, w, 1) < 0} ,

endowed with the Riemannian metric, normalised to have sectional curvature between −4
and −1, whose Riemannian distance is given by

d(X,Y ) = argcosh

√
〈x, y〉〈y, x〉

q(x) q(y)

for any representatives x, y of X,Y in C
n+1, see [Gol, p. 77], where the sectional curvature

is normalised to be between −1 and −1
4 . The boundary at infinity of Hn

C
is

∂∞H
n
C = {[w0 : w : 1] ∈ Pn(C) : q(w0, w, 1) = 0} ∪ {∞} ,

where ∞ = [1 : 0 : 0]. For every s > 0, the set

Hs = {[w0 : w : 1] ∈ Pn(C) : q(w0 : w : 1) = −s}

is a horosphere centred at ∞.
The parabolic isometries γ of Hn

C
fixing ∞ are the mappings induced by the projective

action of the matrices

γ̃ =



1 a∗ z0
0 A b
0 0 1


 , (5)

where A ∈ U(n − 1), a∗ = ta and Aa = b, see [CG, §4.1] and [PP1, p. 371]. For every
Z = [z0 : z : 1] ∈ ∂∞H

n
C
− {∞}, the isometry induced by the matrix

TZ =



1 z∗ z0
0 1 z
0 0 1
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is called a Heisenberg translation, which is vertical if z = 0. The group of Heisenberg
translations (which identifies with the Heisenberg group of dimension 2n − 1, see [Gol])
acts simply transitively on ∂∞H

n
C
− {∞} and on each horosphere Hs for s > 0.

Proposition 18 A parabolic isometry γ of the complex hyperbolic space H
n
C

is uniformly
translating if and only if it is a vertical Heisenberg translation. Furthermore, if γ is not a
vertical Heisenberg translation, then the map y 7→ d(y, γy) is unbounded on any horosphere
of Hn

C
centred at the fixed point of γ.

Proof. For all W = [w0 : w : 1] ∈ H2 and any parabolic isometry γ as given by Equation
(5), we have

d(W,γW ) = argcosh
|w∗(A∗ − I)w +O(|w|)|

2
.

If A is not the identity, then w∗(A∗ − I)w is equivalent to |w|2 (up to a positive constant)
on some line in C

n−1, which makes the map W 7→ d(W,γW ) unbounded on H2. Thus we
are reduced to considering Heisenberg translations. For all Z = [z0 : z : 1] ∈ ∂∞H

n
C
−{∞},

we have

d(W,TZW ) = argcosh
|z · w − zw − z0 − 2|

2
.

It is easy to see that this distance is independent of W if and only if z = 0, and is
unbounded otherwise. �

7 The geometry of elliptic isometries

In this section, we fix n ≥ 2 and a nontrivial elliptic isometry γ of Hn
R
. We denote by Cγ

the fixed point set of γ, which is a nonempty proper totally geodesic subspace of H
n
R

of
dimension k = kγ .

We will say that γ is uniformly rotating if there exists θ = θγ ∈ ]0, π] (called the rotation
angle of γ) such that for every v ∈ ∂1+Cγ , the (nonoriented) angle between v and γv is θ.
This property is invariant under conjugation, and once k and θ are fixed, there exists only
one conjugacy class of uniformly rotating nontrivial elliptic isometries. Note that when
n = 2 or n = 3, every elliptic isometry γ is uniformly rotating, and θ = π if γ does not
preserve the orientation. But there exist elliptic isometries in H

4
R

which are not uniformly
rotating.

Assume that γ belongs to a nonelementary discrete group of isometries Γ of Hn
R
, and

let K be the conjugacy class of γ in Γ.
• The skinning measure ‖σK‖ is positive if and only if ΛΓ is not contained in ∂∞Cγ .

This is in particular the case if n = 2. Furthermore, ‖σK‖ is finite for instance if ΓCγ\Cγ is
compact or if ∂∞Cγ ∩ΛΓ is empty. This is in particular the case if n = 2 and if γ preserves
the orientation. But when n = 2 and γ does not preserve the orientation, the measure
‖σK‖ is not necessary finite.

For instance, let Γ = T (∞,∞,∞) be the discrete group of isometries of H2
R

generated
by the reflexions s1, s2, s3 on the sides of an ideal hyperbolic triangle. Then Cs1 is one of
these sides. Let us prove that π∗σ̃Cs1

is a constant multiple of the Lebesgue measure along

Cs1 . Indeed, the Patterson-Sullivan measure at infinity of the disc model of H2
R

based at its
origin is a multiple of the Lebesgue measure dθ on the circle, since Γ has finite covolume.
Since dθ is conformally invariant under every isometry of H2

R
, the measure π∗σ̃Cs1

on Cs1
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is invariant under every loxodromic isometry preserving Cs1 , hence the result. Since Cs1
injects in Γ\H2

R
and since its stabiliser in Γ has order 2, the measure π∗σCs1

is the multiple

by half the above constant of the Lebesgue measure on the image of Cs1 in Γ\H2
R
, which

is infinite.
• If n = 2 and kγ = 1 (so that γ reverses the orientation), then every isometry

preserving Cγ commutes with γ, hence iK = 1. If n = 2 and kγ = 0 (so that γ preserves
the orientation), then the finite group ΓCγ is either cyclic, in which case ΓCγ = ZΓ(γ) and
iK = 1, or it is dihedral. Assume the second case holds. If the rotation angle of γ is π,
then again ΓCγ = ZΓ(γ) and iK = 1. Otherwise, iK = 2.

Lemma 19 A uniformly rotating elliptic isometry γ of H
n
R

with rotation angle θ is ψ-
equitranslating with

ψ(t) =
t

2
− ln

sin θ

2
+ O(e−

t
2 )

as t→ +∞.

Proof. By the formulas in right-angled hyperbolic triangles (see [Bea, Theo. 7.11.2 (ii)]),
if x ∈ H

n
R

is at distance s from the fixed point set Cγ of γ, we have

sinh
d(x, γx)

2
= sinh s

sin θ

2
.

The result follows as in Lemma 11. �

The next result follows from this lemma in the same way as Corollary 12 follows from
Lemma 11. It implies Theorem 2 in the Introduction when γ0 is elliptic.

Corollary 20 Let Γ be a nonelementary discrete group of isometries of Hn
R
, whose Bowen-

Margulis measure is finite, and let x0 ∈ H
n
R
. Let K be a conjugacy class of uniformly rotating

nontrivial elliptic elements of Γ with rotation angle θ, such that ‖σK‖ and iK are positive
and finite. Then, as t→ +∞,

NK, x0(t) ∼
iK ‖µx0‖ ‖σK‖

δΓ ‖mBM‖ (sin θ
2)
δΓ
e

δΓ
2
t .

If Γ is arithmetic or if M is compact, then the error term is O(e(
δΓ
2
−κ)t) for some κ > 0.

Furthermore, if vα is the unit tangent vector at x0 to the geodesic segment [x0, αx0] for

every α ∈ Γ− Γx0 , for the weak-star convergence of measures on T 1M̃ , we have

lim
t→+∞

δΓ ‖mBM‖ (sin θ
2)
δΓ

iK ‖σK‖
e−

δΓ
2
t

∑

α∈K, 0<d(x0, αx0)≤t

mα∆vα = (π−1
+ )∗µx0 . �

8 Counting conjugacy classes of subgroups

Let M̃, x0,Γ be as in the beginning of Section 3. Let Γ0 be a subgroup of Γ, and let

K = {γΓ0γ
−1 : γ ∈ Γ}
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be its conjugacy class in Γ. In this Section, we will study the asymptotic growth, as
t→ +∞, of the cardinality of

{A ∈ K : inf
α∈A−{e}

d(x0, αx0) ≤ t} ,

the set (assumed to be finite) of the conjugates of Γ0 in Γ whose minimal displacement of
x0 is at most t.

We will assume the following conditions on Γ0:
(∗) There exists a nonempty proper closed convex subset C0 in M̃ such that the

normaliser NΓ(Γ0) of Γ0 in Γ is a subgroup of the stabiliser ΓC0
of C0 in Γ, with finite

index, denoted by i0, and such that the family (γC0)γ∈Γ/ΓC0
is locally finite in M̃ ;

(∗∗) There are c−, c+ ∈ ]0,+∞[ such that c− ≤ infγ∈Γ0−{e} d(y, γy) ≤ c+ for every
y ∈ ∂C0.

For instance, Γ0 could be an infinite index malnormal torsion-free cocompact stabiliser
of a proper totally geodesic subspace C0 of dimension at least 1 in M̃ , or a torsion-free
cocompact stabiliser of a horosphere centered at a parabolic fixed point of Γ (with C0 the
horoball bounded by this horosphere), in which cases i0 = 1 and ‖σC0

‖ is positive and
finite.

For every A = γΓ0γ
−1 ∈ K, let

mA = (Card(Γx0 ∩ ΓγC0
))−1 ,

which is well-defined since the normaliser of Γ0 in Γ stabilises C0. We define the counting
function

NK, x0(t) =
∑

A∈K, infα∈A−{e} d(x0, αx0)≤t

mA =
∑

γ∈Γ/NΓ(Γ0), infα∈Γ0−{e} d(x0, γαγ−1x0)≤t

mA .

Proposition 21 Let M̃ be a complete simply connected Riemannian manifold with pinched
negative sectional curvature, let x0 ∈ M̃ , and let Γ be a nonelementary discrete group of
isometries of M̃ . Assume that the Bowen-Margulis measure of Γ is finite and mixing for
the geodesic flow on T 1M . Let Γ0 be a subgroup of Γ and let C0 be a subset of M̃ satisfying
the conditions (∗) and (∗∗), such that the skinning measure ‖σC0

‖ is positive and finite.
Let K be the conjugacy class of Γ0 in Γ. Then, for every ǫ > 0, if t is big enough,

i0 ‖µx0‖ ‖σC0
‖

δΓ ‖mBM‖ e
δΓ c+

2

e
δΓ
2
t (1− ǫ) ≤ NK, x0(t) ≤

i0 ‖µx0‖ ‖σC0
‖

δΓ ‖mBM‖ (sinh c−
2 )δΓ

e
δΓ
2
t (1 + ǫ) .

Proof. Let γ ∈ Γ. By the local finiteness assumption, except for finitely many cosets of γ
in Γ/ΓC0

, the point x0 does not belong to γC0. As in Lemma 9, if x0 ∈ X is at distance s
from γC0, we have

2 argsinh(cosh s sinh
c−
2
) ≤ inf

α∈Γ0−{e}
d(x0, γαγ

−1x0) ≤ 2s+ c+ .

The proof is then similar to the proof of Corollary 10. �

We have the following more precise result under stronger assumptions on Γ0, with a
proof similar to those of Corollaries 12 and 16.
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Theorem 22 Let Γ be a nonelementary discrete group of isometries of H
n
R

with finite
Bowen-Margulis measure, and let x0 ∈ H

n
R
. Let Γ0 be the stabiliser in Γ of a bounded

parabolic fixed point of Γ, acting purely by translations on the boundary of any horoball
C0 centred at this fixed point. Let K be the conjugacy class of Γ0 in Γ and let ℓ =
minγ∈Γ0−{e} d(y, γy) for any y ∈ ∂C0. Then, as t→ +∞,

NK, x0(t) ∼
‖µx0‖ ‖σC0

‖

δΓ ‖mBM‖ (2 sinh ℓ
2)
δΓ
e

δΓ
2
t .

If Γ is arithmetic, then the error term is O(e(
δΓ
2
−κ)t) for some κ > 0. �

References

[ABEM] J. Athreya, A. Bufetov, A. Eskin, and M. Mirzakhani. Lattice point asymptotics and
volume growth on Teichmüller space. Duke Math. J. 161 (2012) 1055–1111.

[Bab1] M. Babillot. On the mixing property for hyperbolic systems. Israel J. Math. 129 (2002)
61–76.

[Bab2] M. Babillot. Points entiers et groupes discrets : de l’analyse aux systèmes dynamiques. In
"Rigidité, groupe fondamental et dynamique", Panor. Synthèses 13, 1–119, Soc. Math.
France, 2002.

[Bea] A. F. Beardon. The geometry of discrete groups. Grad. Texts Math. 91, Springer-Verlag,
1983.

[BKS] J. Bourgain, A. Kontorovich, and P. Sarnak. Sector estimates for hyperbolic isometries.
Geom. Funct. Anal. 20 (2010) 1175–1200.

[BrH] M. R. Bridson and A. Haefliger. Metric spaces of non-positive curvature. Grund. math.
Wiss. 319, Springer Verlag, 1999.

[BrPP] A. Broise-Alamichel, J. Parkkonen, and F. Paulin. Counting paths in graphs. In prepa-
ration.

[Cha] C. Champetier. L’espace des groupes de type fini. Topology 39 (2000) 657–680.

[CG] S. S. Chen and L. Greenberg. Hyperbolic spaces. In “Contributions to analysis” (a collec-
tion of papers dedicated to Lipman Bers), pp. 49–87, Academic Press, 1974.

[Dal] F. Dal’Bo. Remarques sur le spectre des longueurs d’une surface et comptage. Bol. Soc.
Bras. Math. 30 (1999) 199–221.

[DOP] F. Dal’Bo, J.-P. Otal and M. Peigné. Séries de Poincaré des groupes géométriquement
finis. Israel J. Math. 118 (2000) 109–124.

[Dou] F. Douma. A lattice point problem on the regular tree. Discrete Math. 311 (2011) 276–281.

[Fen] W. Fenchel. Elementary geometry in hyperbolic space. de Gruyter Stud. Math. 11, de
Gruyter, 1989.

[Gol] W. M. Goldman. Complex hyperbolic geometry. Oxford Univ. Press, 1999.

[Gri] R. Grigorchuk. Milnor’s problem on the growth of groups and its consequences. In honor
of J. Milnor’s 80th anniversary, to appear, Princeton University Press.

[GS] V. Guba and M. Sapir. On the conjugacy growth functions of groups. Illinois J. Math.
54 (2010) 301–313.

[Har] P. de la Harpe. Topics in geometric group theory. Chicago Univ. Press, 2000.

21



[Hub1] H. Huber. Über eine neue Klasse automorpher Funktionen und ein Gitterpunktproblem
in der hyperbolischen Ebene. I. Comment. Math. Helv. 30 (1956) 20–62.

[Hub2] H. Huber. Ein Gitterpunktproblem in der hyperbolischen Ebene. J. Reine Angew. Math.
496 1998) 15–53.

[HuO] M. Hull and D. Osin. Conjugacy growth of finitely generated groups. Adv. Math. 235

(2013), 361–389.

[Man] A. Mann. How groups grow. London Math. Soc. Lect. Note Ser. 395, Cambridge
Univ. Press, 2012.

[Oh1] H. Oh. Orbital counting via mixing and unipotent flows. In "Homogeneous flows, moduli
spaces and arithmetic", M. Einsiedler et al eds., Clay Math. Proc. 10, Amer. Math. Soc.
2010, 339–375.

[Oh2] H. Oh. Harmonic analysis, ergodic theory and counting for thin groups. Preprint
[arXiv:1203.0175], to appear in the Proceedings for MSRI Hot Topics workshop on
"Thin groups and Super-strong approximation".

[OhS1] H. Oh and N. Shah. Equidistribution and counting for orbits of geometrically finite
hyperbolic groups. J. Amer. Math. Soc. 26 (2013) 511–562.

[OhS2] H. Oh and N. Shah. Counting visible circles on the sphere and Kleinian groups. Preprint
[arXiv:1004.2129], to appear in "Geometry, Topology and Dynamics in Negative Cur-
vature" (ICM 2010 satellite conference, Bangalore), C. S. Aravinda, T. Farrell, J.-F. La-
font eds, London Math. Soc. Lect. Notes.

[Ols] A. Ol’shanskii. Geometry of defining relations in groups. Math. and its Appli. (Soviet
Series), 70, Kluwer, 1991.

[PP1] J. Parkkonen and F. Paulin. Prescribing the behaviour of geodesics in negative curvature.
Geom. Topol. 14 (2010) 277–392.

[PP2] J. Parkkonen and F. Paulin. Skinning measure in negative curvature and equidistribution
of equidistant submanifolds. Preprint [arXiv:1202.6398], to appear in Ergodic Theory
and Dynamical Systems.

[PP3] J. Parkkonen and F. Paulin. Counting arcs in negative curvature. Preprint [arXiv:1203.
0175], to appear in "Geometry, Topology and Dynamics in Negative Curvature" (ICM
2010 satellite conference, Bangalore), C. S. Aravinda, T. Farrell, J.-F. Lafont eds, London
Math. Soc. Lect. Notes.

[PP4] J. Parkkonen and F. Paulin. Counting common perpendicular arcs in negative curvature.
Preprint [arXiv:1305.1332].

[PP5] J. Parkkonen and F. Paulin. On the arithmetic of crossratios and generalised Mertens’
formulas. Preprint [hal-00854432], [arXiv:1308.5500].

[PP6] J. Parkkonen and F. Paulin. Counting and equidistribution in the Heisenberg group. In
preparation.

[PPS] F. Paulin, M. Pollicott, and B. Schapira. Equilibrium states in negative curvature. Book
preprint (240 pages) [arXiv:1211.6242], to appear in Astérisque, Soc. Math. France.

[PR] Y. N. Petridis and M. S. Risager. Hyperbolic lattice-point counting and modular symbols.
J. Théo. Nomb. Bordeaux, 21 (2009) 719–732.

[Qui] J.-F. Quint. Groupes de Schottky et comptage. Ann. Inst. Fourier 55 (2005) 373–429.

[Rob1] T. Roblin. Sur la fonction orbitale des groupes discrets en courbure négative. Ann. Inst.
Fourier 52 (2002) 145–151.

22



[Rob2] T. Roblin. Ergodicité et équidistribution en courbure négative. Mémoire Soc. Math.
France, 95 (2003).

[Sam] A. Sambarino. The orbital counting problem for hyperconvex representations. Preprint
[arXiv:1203.0280].

Department of Mathematics and Statistics, P.O. Box 35
40014 University of Jyväskylä, FINLAND.
e-mail: jouni.t.parkkonen@jyu.fi

Département de mathématique, UMR 8628 CNRS, Bât. 425
Université Paris-Sud, 91405 ORSAY Cedex, FRANCE
e-mail: frederic.paulin@math.u-psud.fr

23


