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Abstract

We classify Lie groups in dimension 5 which admit a Liouville pair and
a cocompact lattice.

Theorem. The only simply connected Lie groups in dimension 5 which have a
cocompact lattice and a left invariant Liouville pair are the one considered in
[MNW].

According to [DF, Theorem 3.1] there are exactly seven simply connected
5-dimensional Lie groups having a left invariant contact form and a cocompact
lattice. We will use the notations in [DF] to name them. Two of them, D18 and
D20, are considered in [MNW]. We want to prove that the other ones have no
invariant Liouville pair. We now list those groups with a basis (aq,--- ,as) of
their spaces of invariant 1-forms and non-vanishing exterior derivatives.

e D1 where
doy = ag Nag + as A\ ag
e D2 where
doy =agNas+as ANay and dag = as A as
e D3 where

doy =agNas+asAas and dags =as Aas and dag = as Aoy
e D5 where
da; =azNas+as5 Aoy and das = as Aoz and das = as A as

D11 where

doy =azgNag+asANay and dags =agzAas and dasz = as Aas



In all cases, we notice that vol := aj A da? is a volume form and:
Vv € span(ag, -+, as), dy? =0, yAdoa?=0 and daj Ady=0. (%)
Suppose now we have a Liouville pair a4. We write ay+ = a1y + v+ where
~+ is in span(ae, - -+ ,as5). Our Liouville form on R x G is 8 = e*ay + e *a_
as usual.
Using Equation , one computes first that:
at+ A dazi = aivol
hence a4 is positive and a_ is negative. Then one computes:
dp® = (efay —e*a_)(e’ay +e *a_)?ds Avol.

So the symplectic condition is violated when s = 1 In(—a_/ay).
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