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1. Introduction. Let K be either the field C of complex numbers, or its
p-adic analog C,, which is the completion of an algebraic closure of Q. Then
K is an algebraically closed field of characteristic zero. We fix an algebraic
closure Q of Q in K.

In the complex case, let L = {\ € C : exp(\) € Q" } be the Q-vector space
of logarithms of algebraic numbers. In the p-adic case, we define log(1+ )
by its power series expansion if 2 € C, has positive valuation, and we extend
the logarithm function into a morphism of C; to C, such that log(p) = 0.

Then we denote by L the set of logarithms of nonzero elements of Q C C,;
this set is a Q-vector subspace of C,.

In what follows (unless otherwise specified), we consider the complex
and the p-adic cases simultaneously. We denote by £ the Q-vector subspace
of K spanned by 1 and L. The Algebraic Independence Conjecture (see [6],
Historical Notes of Chapter III) asserts that elements Ay,..., A, of £ are
algebraically independent over Q if, and only if, 1,A,..., A, are linearly
independent over Q.

A new approach to the Algebraic Independence Conjecture has been
suggested by Damien Roy. Instead of fixing elements Ay,..., A, of £ and
studying polynomial relations between them, he proceeds in the opposite
direction: first fix a system of polynomial relations with coefficients in Q,
in ¢ variables, then focus on the ¢-tuples of elements of £ which satisfy
these relations. In geometric terms, this means that we are given a closed
algebraic subset X of K9, defined over Q (that is, defined as the zero locus
of a collection of polynomials with coefficients in Q), and we study the set
X (L) =X nNL? of points of X with coordinates in L.

In this situation, Damien Roy states the following conjecture, which is
equivalent [10] to that of algebraic independence:
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2 S. Fischler

CoNJECTURE 1. Let q be a positive integer, and X be a closed algebraic
subset of K%, defined over Q. Then

X()y= £

ECX

where E runs through the linear affine subspaces of K? contained in X and

defined over Q.

Conjecture 1 is a very precise description of X (L£). The following con-
jecture is less precise, therefore easier to prove for a given closed algebraic
subset X; nevertheless, it is equivalent to Conjecture 1, since both are equiv-
alent to the Algebraic Independence Conjecture:

CONJECTURE 2. Let q be a positive integer, and X be a closed algebraic
subset of K, different from K1, defined over Q. Let z € X (L) = X N L.
Then x belongs to some affine hyperplane of K? defined over Q.

These conjectures are very far from being proved; actually, there are only
a few closed algebraic subsets X for which anything is known about X (£):

e Let X be a linear affine subspace of K4, defined over Q. Then Conjec-
tures 1 and 2 hold trivially for X.

e Let d, [ and r be positive integers such that r < di/(d + [). Identify
K% with the space of matrices with d rows and ! columns, with entries in
K. Let X be the subset of K% consisting of those matrices of rank at most
r. Then Conjecture 2 holds for X: this is a straightforward consequence of
Theorem 2.1 stated below, which is due to Damien Roy [9].

e Let & and m be integers such that 2 < & < m—2, and denote by G'(k, m)
the affine cone over the Grassmannian which parametrizes the subspaces of
dimension k of K™. Assume (k,m) # (2,4). Then Conjecture 2 holds for
Gk, m): this follows both from Theorem 2.1 of [10] and from the results in
the present paper (see Section 5.1). Further, if Conjecture 1 holds for G(2,4)
then it holds for any G'(k, m) ([10], Proposition 2.5).

e linally, if K = C and X is an algebraic curve, there are a few results
([11], Theorem 0.2 and Corollary 7.2), but they concern only the points
z e X(L).

In this paper, we prove new results about these sets X (£). On the one
hand, we prove Conjecture 1 for some algebraic subsets X, including the
affine cone V(k,m) C Sym*(K™) over the Veronese variety if k& > 3 (see
Section 6). This yields the following result:

THEOREM 1.1. Let k and m be integers, with k > 3. Let P be a homoge-
neous polynomial of degree k, in m variables, with coefficients in L. Assume
that P is the kth power of a linear form A with coefficients in K. Then there
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exist a linear form ¢, with coefficients in Q, and an element a of L such
that P = a¢".

On the other hand, we prove Conjecture 2 for some orbits of algebraic
group actions. In more precise terms, we consider an affine algebraic group
G defined over Q acting on a vector space W equipped with a Q-structure
(see Section 2.1). We assume the representation ¢ : G — GL(W) to be a
morphism of algebraic varieties defined over Q. Let X be an orbit of this
action; then X is a locally closed subset of W ([5], Proposition 8.3). The
following conjecture may be stated:

CONJECTURE 3. Assume X is not of mazimal dimension among o-or-
bits. Then every x € X (L) belongs to some affine hyperplane of W defined
over Q.

Conjecture 3 follows from Conjecture 2, for the union of orbits of dimen-
sion less than or equal to dim(X) is a closed algebraic subset of W defined
over Q.

In this paper, we prove Conjecture 3 for the orbits X which satisfy some
additional assumptions (see Section 4). But the result we obtain is slightly
more precise: for these orbits X, every # € X (L) belongs to some vector
hyperplane of W defined over Q. The proof of the results stated in Section
4 involves a transcendence theorem due to Damien Roy [9], which yields a
lower bound for the rank of a matrix with entries in £ by taking into account
the linear relations, with coefficients in @, between its entries. This result
is stated in Section 2, together with definitions and notation. Section 3 is
devoted to applying this transcendence theorem. In Section 5, we provide
examples to which the previous results apply; for instance, the following
statement is proved:

THEOREM 1.2. Let n be an integer, and M be a square matriz of size
n, with entries in L. Assume that the n* entries of M are linearly indepen-
dent over Q. Then the centralizer of M has dimension less than or equal to

(n? +1)/2.

Finally, notice that all the results obtained in this paper concerning the
points of X (L) apply, in particular, to the points of X (L). Let 2 € X (L);
then 2 belongs to some affine hyperplane of K¢ defined over Q if, and only
if,  belongs to some vector hyperplane of K? defined over Q: this follows
from the theorem of Baker-Brumer ([1], Chapters 1 and 2). Consequently,

it is possible, in every statement in this paper, to replace (Q, L) by (Q, L).

2. Preliminaries. In what follows, all the subspaces we deal with are
vector subspaces (unless otherwise specified).
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2.1. Some elementary facts about Q-structures. This section is devoted
to Q-structures; a detailed account of this can be found in [2], §8.

Let ¢ be an integer. An element of K? is said to be defined over Q if
it belongs to Q. A basis (e1,...,¢,) of K9 is said to be defined over Q if
the vectors e; are defined over Q. A K-subspace of K7 is said to be defined
over Q if it is spanned by vectors defined over Q; this is equivalent to being
defined by linear equations with coefficients in Q. More generally, a closed
algebraic subset of K7 is said to be defined over Q if it is the zero locus of
a collection of polynomials with coefficients in Q.

Let W be a vector space of dimension ¢q over K. A Q-structure on W is
any Q-subspace of W that is spanned, over Q, by a K-basis of W.

Let W be a vector space of dimension ¢ over K, equipped with a Q-
structure denoted by W (Q). There is a bijective K-linear map f, from W
to K9, that sends W (Q) onto Q. Thanks to f, it makes sense for a vector,
basis, subspace or closed algebraic subset of W to be defined over Q; and
this does not depend on the choice of f, but only on the Q-structure W (Q).

A linear map f : W — W', where W and W’ are equipped with Q-
structures, is said to be defined over Q if f(W(Q)) C W'(Q).

We denote by W (L) the subset of W consisting of those vectors whose
coordinates, in a basis of W defined over Q, belong to £ (since L is a
vector space over Q, the set W (L) does not depend on the basis we choose).
Moreover, if X is any subset of W, we let X(Q) = X N W(Q) and X (£) =
X NW(L). If W is the vector space K9, equipped with the Q-structure Q’,
this agrees with the notation X (£) = X N L7 used in the introduction.

Let W be a vector space equipped with a Q-structure W(Q), and let
k be an integer. Then the symmetric power Sym* (W) is equipped with an
induced Q-structure Sym*(W(Q)). In more concrete terms, if (e, ..., e,) is
a basis of W defined over Q, then the corresponding basis (er) of Sym* (W)
is defined over Q (where I = (i1, ...,14,) runs through the g-tuples of integers
such that ¢y +...44, = k, and ey is the symmetric product in which each e;

is repeated i; times). An analogous argument applies to W®* and A*F(W).

2.2. Statement of the transcendence theorems. The transcendence theo-
rem we will use in Section 3 is the following statement. It is a generalization
of Theorem 2.1 of [12]; it results from Theorem 4 of [9] (see the proof of
Corollary 1 of the same theorem):

THEOREM 2.1. Let E and F be nonzero vector spaces equipped with Q-
structures, of respective dimensions [ and d. Let u be a linear map from F
to F, of rank r. Assume the following:

1. The matriz of u, in bases of E and F defined over Q, has entries in L.
2. The kernel of u contains no nonzero element of F defined over Q.
3. The image of u is contained in no hyperplane of F defined over Q.
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4. We have r < dl/(d+1).

Then there exist vector subspaces S C I and T C F, of respective codi-
mensions [y > 1 and dy > 1, defined over Q, with the following properties:
u(S) C T and there is an integer r1 > 1 such that

™ r lldl
(1) d_1<3 and rlzll_l_dl.

In this theorem, the assumptions 2 and 3 are not essential: if they are
not met, we can consider the induced map u : F/E' — F', where FE’ is the
maximal subspace of F, defined over Q, that is contained in ker(u), and
F' is the minimal subspace of F’, defined over Q, that contains Im(u). This
yields the following corollary, which is Corollary 1 of [9]:

COROLLARY 2.2. Let F and F be nonzero vector spaces equipped with Q-
structures, of respective dimensions | and d. Let u be a linear map from F to
F, of rank r, whose matriz in bases of E and F defined over Q has entries
in L. Then there exist vector subspaces S C F and T C F, of respective
codimensions l; > 0 and d, > 1, defined over Q, such that u(S) C 1" and
(d — T‘)l] S T‘d] .

In Section 6, we will use the following corollary of Theorem 2.1 ([9],
Corollary 2), which is a generalization of the six exponential theorem ([6],
Chapter II, Theorem 1):

THEOREM 2.3. Let d and | be integers, with d > 2 and | > 3. Let M
be a matriz, with d rows and | columns, of rank 1, with entries in L. Then
either the rows or the columns of M are linearly dependent over Q.

2.3. Notation. In what follows, we consider the following situation.

Let W be a finite dimensional vector space over K, equipped with a
@—structure.

Let G be an affine algebraic group defined over Q, that is, an affine
algebraic variety defined over Q, equipped with a group structure such that
the map (z,y)}+ zy~" is a morphism of varieties defined over Q. Then G(K)
is a Lie group; the notation G(K) underlines the fact that it is equipped
with complex or p-adic topology.

Let o : G — GL(W) be a linear representation of (G, assumed to be at
the same time a morphism defined over Q between the algebraic varieties GG
and GL(W).

Let X be an orbit of this action. Then X is a smooth locally closed
subset of W ([5], Proposition 8.3).

Let

d=dim(W), [=dim(G), r=dim(X).
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We denote by G°P the opposite group to G, that is, the group with
underlying set that of G and law *°P defined by a*°?b = bxa for all a,b € G
(where x is the law of G). We denote by W* the dual space of W, and by
0°P : G°P — GL(W™*) the contragredient representation associated with p,
defined by 0°P(g) = *(o(g)) for all g € G.

The tangent map of p at the unit element (denoted by Id) of GG is the
map Lie(p) : g — gl(W), where g is the Lie algebra of G and gl(W) =
End (W) that of GL(W). Both Lie algebras are equipped with Q-structures,

and Lie(p) is defined over Q ([5], §34.2).
For A € gand a € W, we let

(Lie(0)(A)) () = fala) = Ma(A).
In this way we define linear maps (for A € g and o € W)
fa:W—=W and M, :g— W.

The following lemma ([3], Chapter III, §1.7, Proposition 14) implies that
the union of orbits whose dimension is less than some given integer is a
closed algebraic subset of W defined over Q:

LEMMA 2.4. Forz € X, the image of M,, is the tangent space to X at x;
accordingly, we have

rk(M,) = dim(X).

This paper originates in the following remark, due to Damien Roy: if X
is an orbit of dimension less than dl/(d 4 [), then for 2 € X (L) the map M,
has rank less than dl/(d + 1), therefore Theorem 2.1 may apply to M,. This
idea is developed in a more precise way in the next section.

3. Applying a transcendence theorem. In this section, we state and
prove Proposition 3.1, the only arithmetical step in the proof of the results
mentioned in Sections 4 and 5. This proposition follows from Theorem 2.1,
the assumptions of which lead to the following definition:

DEFINITION. The pair (¢, X) is said to be suitable if the following holds:

1. The map Lie(p) is injective.

2. There is no pair (V, @), consisting of an open subgroup V of the Lie
group G°P(K) and a nonzero element ¢ € W*, such that ¢ is invariant under
e*P(V).

3. We have

di - dim(W)dim(G)
d+1  dim(W) +dim(G)’

For brevity, we shall sometimes say that X, rather than (o, X), is suit-
able.

r=dim(X) <
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N.B. If g is faithful then the first condition is met. On the other hand,
the second condition is satisfied as soon as for every open subgroup V
of G°P(K) there exists g € V such that 1 is not an eigenvalue of o(g).
A sufficient condition for this to hold is the existence of A € g such that
Lie(o)(A) = 1d.

Now we can state, and prove, the following:

PROPOSITION 3.1. Assume (o, X) is suitable. Let x € X (L) belong to no
hyperplane of W defined over Q. Then there exist vector subspaces S C g
andT" C W, of respective codimensionsly > 1 and dy > 1, with the following
property: Im(f4) C T for all A € S, and there is an integer ry > 1 such that

™ r lldl
2 — < = d > .
) A I
N.B. In particular, the conclusion yields r; < r and
r
(3) I < 7 dy.

Proof of Proposition 3.1. Let us check that Theorem 2.1 applies to M.
First of all, the matrix of M, in bases of g and W defined over Q has entries
in £ since z € W(L). Further, we have rk(M,) = dim(X) < dl/(d+ 1) by
Lemma 2.4, and because (g, X) is suitable.

Furthermore, let A € ker(M,)(Q). Then z belongs to the kernel of f4,
which is a subspace of W defined over Q. Accordingly, this subspace is equal
to W itself, that is, Lie(o)(A) = 0; by assumption, this implies A = 0.

Finally, let H be a hyperplane defined over Q which contains the image
of M,. Then z € f7'(H) for all A € g. This yields Im(f4) C H for all
A € g(Q), hence for all A € g by linearity. In the complex case, this implies
(thanks to [3], Chapter III, §6.5, Proposition 13) o(g)(y) — y € H for every
y € W and every g in the neutral component of G(C). In the p-adic case,
we have Im(exp(fa) — Id) C H whenever A is close enough to the origin.
But there exist open subgroups (in the p-adic topology) U C g(K) and
V C G(K), and a bijective exponential map (denoted by exp;;) from U to V.
Restricting U and V if necessary, we can assume Im(exp(fa)—Id) C H for all
A €U, and poexpy = expo Lie(g) on U. Then for every g € V there exists
A € U such that expg;(A) = g, hence Im(p(g) —1d) = Im(exp(f4)—1d) C H.
Therefore, in the p-adic as well as in the complex case, there is an open
subgroup V of G(K) such that Im(o(g) — Id) C H for all ¢ € V. Let
¢ be a linear form whose kernel is H; the previous relation means ¢ €
ker(9°P(g) — Idw+) for all g € V; this contradicts the assumption that (o, X)
is suitable. Consequently, the image of M, is contained in no hyperplane of

W defined over Q.
Thus Theorem 2.1 applies, and produces some subspaces S and T defined
over Q such that relations (1) hold and M,.(S) C T. For A € S(Q), this yields
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T (1) = W, ie. Im(fa) C 7. As A runs through a basis of S defined over
Q, this concludes the proof of Proposition 3.1.

Proposition 3.1 will allow us to prove Conjecture 3 for some orbits X.
However, applying this statement prevents us from proving more precise
results on the points 2 € X (£). This is the reason why the following propo-
sition is useful:

ProPosITION 3.2. Let z € X (L) and denote by £ the minimal subspace
of W, defined over Q, that contains z. Then there exist vector subspaces
S CgandT CW, of respective codimensions [y > 0 and dy > 1, such that
(d=r)ly <rdy and fa(a) €T for every A € S and every a € €.

Proof. Corollary 2.2, applied to M,., produces subspaces S and T, de-
fined over Q, such that M, (S) C T. For A € S(Q), this implies f4(&) C T}
as A runs through a basis of S defined over Q, this ends the proof of Propo-
sition 3.2.

4. General results. In this section, we try to prove that every point
x € X(L) belongs to some hyperplane of W defined over Q@ (except in
Theorem 4.2, where a stronger statement is obtained). With this aim in view,
we let € X (L) be a point that does not belong to any such hyperplane,
and we proceed in the following way:

e We assume that (p, X) is suitable, so that Proposition 3.1 applies and
produces subspaces S and T'.

e We make a geometric assumption on the orbits under p (in Section
4.1) or under the contragredient representation ¢°P (in Sections 4.3 and
4.4). This assumption allows us to derive a relation between /; = codim(S)
and dy = codim(7') from the property Im(f4) C T for all A € S.

e We assume the dimension r of X to be “small enough”, and sometimes
we add a technical assumption, in order to derive a contradiction from the
relations between /; and d;.

These assumptions are of a different kind: the first one appears to be
necessary to apply Proposition 3.1. The second one has an important draw-
back: the property Im(f4) C T for all A € S is much stronger than the
relation between /1 and d; that we derive from it. Therefore it could be in-
teresting to imagine other (geometric) assumptions than those made in this
paper. Finally, the last assumption is fitted in such a way that it is possible
to derive a contradiction.

4.1. A large dimensional p-orbit
THEOREM 4.1. Let k be an integer greater than 1. Assume that:
e (0, X) is suitable,
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e there exists a p-orbit of codimension less than k in W,
e X has dimension r < d/k.

Then _every element z € X (L) belongs to some hyperplane of W defined
over QQ.

N.B. In particular, if o has a Zariski-dense orbit then Theorem 4.1 ap-
plies with £ = 2. But in this case, Theorem 4.2 stated below provides a more
precise result (except if r = d/2).

Proof of Theorem 4.1. Assume there exists z € X (L) that belongs to
no hyperplane of W defined over Q. Denote by S and T the subspaces
produced by Proposition 3.1, and let o be an element of W whose orbit
has codimension ¢ < k — 1. Then M, (S) C T, hence dim(7") > dim(S) —
dim(ker(M,)). As tk(M,) = d— ¢ > d -k + 1 by Lemma 2.4, we obtain
di <l +k-—1.

This inequality, together with assumption r < d/k and inequality (3),
yields

dy—k+1<1 < d%rdlg kd%], hence 2_?
But inequalities (2), with ry > 1 and r < d/k, imply dy > dry/r > k, i.e.
dy > k+ 1. Therefore (k —2)(k+1)/(k—1) <k — 1. If £ > 3, this yields a
contradiction.

Assume now k£ = 2. Then d; < I[; + 1, and /; < d; because of as-
sumption r < d/2 and inequality (3); therefore [y = d; — 1. But inequal-
ities (2) imply dy > 2ry, that is, dy > 2ry + 1. Hence [y > 2r; and
ry > (2r1)(2ry +1)/(4r1 4+ 1), which is impossible because ry > 1.

In conclusion, Theorem 4.1 is proved for any k£ > 2.

dy < k—-1.

Actually it is possible (under stronger assumptions) to prove the follow-
ing more precise description of the points z € X (£):

THEOREM 4.2. Assume that:

® 0 has a Zariski-dense orbit Y,
e X has dimension r < d/2.

Then for every x € X (L) there is a subspace & of W, defined over Q, that
contains x and is disjoint from Y .

Proof. Let £ be the minimal subspace of W, defined over Q, that con-
tains z. Assume there is an element o € £ that belongs to Y. Then Propo-
sition 3.2 produces subspaces S and T such that M,(S) C T, hence d; <
Iy +d — rk(M,). Now Lemma 2.4 implies rk(M,) = d, thereby proving
dy < ly. But this contradicts the relation (d — r)ly < rdy, with r < d/2 and
dy > 1. This ends the proof.
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4.2. Additional notation. We denote by g°P the Lie algebra of G°P. This
is the Lie algebra with underlying vector space that of g and bracket the
opposite of the bracket of g.

In the same way as in Section 2.3, we use the following notation for A €
g°P and ¢ € W*: (Lie(0°P)(A))(¢) = ga(¢) = Ny(A). For every A € g°P and
every ¢ € W, this defines linear maps g4 : W* — W* and Ny : g°P — W™,

For all A € g, we have *(Lie(g)(A)) = Lie(0°P)(A), which reads *f4 = g4.
A straightforward consequence of this relation is the following;:

LEMMA 4.3. Let S C g and T C W be subspaces such that Im(f4) C
forall A€ S. Let T* C W* be the orthogonal subspace to T'. Then g4(¢p)
Ng(A) =0 for every A € S and every ¢ € T*.

I~

4.3. Finite number of p°P-orbits
THEOREM 4.4. Assume that:

o (0, X) is suitable,

e the contragredient representation p°P associated with o has only finitely
many orbits,

e X has dimension r < d/2.

Then _every element x € X (L) belongs to some hyperplane of W defined
over QQ.

Proof. Assume, on the contrary, that some z € X (L) belongs to no
hyperplane of W defined over Q. Then Proposition 3.1 applies, and produces
subspaces S and T.

Let ¢ be the maximal dimension of the p°P-orbits that intersect 1.
Let Yy be an orbit realizing this maximum, and let ¢ € T* N Yy. We have
S C ker(Nyg) by Lemma 4.3, hence [y > ¢ thanks to Lemma 2.4 applied
to the representation p°P and the orbit Yy of ¢. On the other hand, 7™ is
contained in the (finite) union of the p°P-orbits of its elements, therefore
dy < q. Let us compare the relation [y > ¢ > dy obtained here with formula
(3) and assumption r < d/2; the following contradiction appears: d; <1} <
rdy/(d — r) < dy. Therefore Theorem 4.4 is proved.

4.4. Assumptions on the small p°P-orbits. Throughout this section, we
make some assumptions on the “small” p°P-orbits, precisely those which
have dimension less than r = dim(X'). Assuming that there is no such orbit
(except the trivial one), the following statement is obtained:

THEOREM 4.5. Assume that:

o (0, X) is suitable,
e all nonzero p°P-orbits have dimension at least r,
e X has dimension r with d > r(r +1)/2,
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e one, at least, of the following holds:

1. the union of {0} and of the °P-orbits of dimension r contains no
vector subspace of W* of codimension r — 1,

2. if ¢ and ¢' are elements of W* with o°P-orbits of dimension r, and
if ker(Ny) = ker(Ny), then ¢ and ¢' are collinear.

Then every element x € X (L) belongs to some hyperplane of W defined
over Q.

N.B. Assume r < d/2 and ¢°P has only finitely many orbits of dimension
r. Then the union of {0} and of the p°P-orbits of dimension r has dimension
at most r, with r < d — (r — 1); therefore assumption 1 holds.

Proof of Theorem 4.5. Assume there exists z € X (L) that does not
belong to any hyperplane of W defined over Q. Then applying Proposition
3.1 yields subspaces S and T.

As dy > 1, there exists ¢ € T* such that ¢ # 0, therefore the p°P-orbit of
¢ has dimension at least 7. We have S C ker(Ny) by Lemma 4.3, therefore
Lemma 2.4 yields Iy > rtk(Ng) > r.

Let us prove that the equality /; = r does not hold. In fact, otherwise,
we would have rk(Ny) = r and S = ker(N,) for all nonzero ¢ € T*; in par-
ticular, by Lemma 2.4, each nonzero ¢ € 1™ would belong to some p°P-orbit
of dimension r. Moreover, relation (3) would yield dy > d — r. Assumption
1 could not hold. Neither could assumption 2, for it would imply dy < 1,
hence d = r < dl/(d+ ), which is impossible.

Therefore we have l; > r + 1. Thanks to assumption d > r(r + 1)/2 and
relations (2), we obtain

(T‘+1)(d—7‘) lldl (T‘-I—])dl
T s 1> > > .
d e A R FIIE )

This yields d(r 4+ 1) > r(dy + r + 1), hence the following contradiction:
r+1<I; <rdy/(d—r)<r+ 1. This concludes the proof of Theorem 4.5.

Another result is the following, which applies when it is possible to con-
trol the union of “small” p°P-orbits:

THEOREM 4.6. Assume that:

e (0, X) is suitable,
e the union of all p°P-orbits of dimension less than r contains no vector

subspace of W* of dimension greater than d/r,
e X has dimension r < /d.

Then_every element x € X (L) belongs to some hyperplane of W defined
over Q.
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Proof. Assume some z € X (L) belongs to no hyperplane of W defined
over Q. Then Proposition 3.1 produces some subspaces S and 7.

As ry > 1, relation (2) yields dy > d/r, therefore the union of g°P-orbits
of dimension less than r contains no vector subspace of W* of dimension
dy. In particular, 1™ is not contained in this union: there exists ¢ € 1™ such
that rk(Ng) > r (thanks to Lemma 2.4). As S C ker(Ng) by Lemma 4.3, we
obtain /; > r, hence dy > d — r and the following contradiction:

lidy rd—r) r?
T_12T1211+d1> p _T_E

This proves Theorem 4.6.

>r—1.

5. Special cases

5.1. Symmetric, tensor and exterior powers. Let V be a vector space of
dimension m > 2 over K, equipped with a Q-structure, and let & > 2 be an
integer. We fix a basis (e,...,e,) of V.

In this section, we consider the natural action g of G = GL(V), first on
W = Sym*(V), then on W = V® and finally on W = A*(V'). We sketch the
proofs of Theorems 5.1, 5.3 and 5.4 as consequences of the results obtained
in Section 4. Detailed proofs are omitted, because stronger statements can
be proved by other methods.

First of all, denote by W the vector space Symk(V); it is equipped with
an induced Q-structure (see the end of Section 2.1). The action ¢ is given
by o(¢)(a1-...-ax) = g(a)-...-g(ay) for g € G and ay,...,a; € V. For
A€g=End(V)and aq,...,a; € V, we have

k
(Lie(0)(A)) (v +. . ~ap) = Zal-. iy A(Q) iy e

Denote by X = V(k, V) the set of elements of the shape v-.. .. v, with v € V.
Then X'\ {0} is a p-orbit of dimension m, known as the affine cone (without
the origin) over the Veronese variety ([4], Lecture 2).

Let a be a nonzero element of Symk(V). Denote by g, the linear auto-
morphism of V' which sends e; to ¢;e; +uye; for every j € {1,...,m}, where
t1,...,tm are elements of K and (u,) is a sequence of elements of K\ {0, —#;}
which tends to zero. Then g, (@) tends to Aep-...-e; for the norm topology
on Symk(V), where A € K is nonzero if ty,...,¢,, are chosen in a proper
way: the closure, for the norm topology, of the orbit Y, of a intersects X.
Therefore the Zariski closure of Y,, which is a union of g-orbits ([5], Propo-
sition 8.3), contains X. This proves that X lies in the Zariski closure of any
nonzero g-orbit. Now, the contragredient representation p°P is isomorphic
to the representation o* of GL(V*) on Sym*(V*). Therefore every nonzero
0°P-orbit has dimension at least m, with equality only for the affine cone
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X*\ {0} over the Veronese variety in Sym*(V*) ~ (Sym*(V))*. Assume
(kym) # (2,2) and (k,m) # (3,2); then (o, X) is suitable. Accordingly the
remark following Theorem 4.5 applies (with r = m and d = (kj:i;l)),
thereby proving the following;:

THEOREM 5.1. Assume (k,m) # (2,2) and (k,m) # (3,2). Then Con-
jecture 2 holds for the affine cone V(k,V) over the Veronese variety.

Actually it is possible, as soon as (k, m) # (2, 2), to prove a more precise
result: see Theorem 6.2 below.

Let us now move to W = V® and X =7 (k,V) = {v®...Quv:v e V}.
The situation is quite similar to the previous one, except that there may be
nonzero g-orbits of dimension less than m = dim(X \ {0}). For instance, if
k = m, the orbit of & = Eaesk Eo€s(1)@ - .. @ €,5(x) has dimension 1 (in this
formula, €, is the sign of o).

We are going to apply Theorem 4.6 (with r = m and d = mF*); to do this,
we need to control the orbits of dimension less than m. With this aim in
view, we consider the basis (e7) of V&% where I = (iy, ..., ;) runs through
{1,...,m}* and its dual basis (e%).

Two families [ = (4y,...,4x) and I’ = (4}, ...,14}) aresaid to be anagrams
if there exists a permutation o of {1,...,k} such that &} = i,q),..., i =
io’(k)'

For any family I = (iy,..., 1) and any integer s € {1,...,m}, we denote
by Ns(I) the number of indices j € {1,...,k} such that i; = 5. Two families
I and I’ are anagrams if, and only if, N(1) = N(I') for all s.

These definitions allow us to prove the following lemma:

LEMMA 5.2. Let o« =), ajey be a nonzero element of VO with orbit of
dimension less than m. Then k is a multiple of m, and the families I such
that oy # 0 are anagrams of the family (1,...,1,2,...,2,...,m) in which
every integer from 1 to m is repeated k/m times.

Sketch of proof. Assume the conclusion does not hold. Considering the
linear automorphism of V which maps e; to uje;, for suitable values of
1y .-y b € K, makes it possible to find a family /Iy and a nonzero element
3 of V& with the following properties:

e Either k is not a multiple of m, or Iy is not an anagram of the family
(1,...,1,2,...,2,...,m) in which every integer from 1 to m appears k/m
times.

e The element §3 lies in the closure (for the norm topology, and therefore
for the Zariski topology) of the orbit of a.

e We have 3 = ) ;fBre; where 3; = ay if I is an anagram of [, and
Br = 0 otherwise; moreover, 31, = ay, # 0.
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Then the orbit of 3 is contained in the Zariski closure of that of «, hence
has dimension less than m. By Lemma 2.4, this implies rk(Mg) < m. We
shall now construct m families Ji, ..., Jn, such that (e o Mg, ... e; o Mg)
are m linearly independent linear forms; this will give the desired contra-
diction.

Let H be the set of elements s € {1,...,m} such that N(ly) = u, where
u is chosen in such a way that H is neither empty nor {1,..., m}. Denote by
M the complement of H in {1,...,m}, and let (s',s") € H x M. Let Jy ¢
be the set of families that can be obtained from Iy by replacing exactly one
occurrence of s’ by s”. For J € Jg on,let Ay =3 ; oy, where the sum is taken
over all anagrams [ of [y that can be obtained from .J by replacing exactly
one occurrence of s” by s’. Then the relation €%(Mg(A)) = Ajazn o holds for
any A € End(V) identified with its matrix (a; ;) in the basis (eq,...,ex).
Define Jgn o in the same way; then for any J € Js o there is Ay € K such
that e (Mp(A)) = Ajag g for every A. Now there exists a family J(s', s"),
which belongs either to Jy gn or to Jyn o, such that Ay gy # 0. As (s, 5")
ranges through H x M, we obtain in this way (#H)(#M) > m — 1 families
J(s',s") among which we select Jy, ..., Ju—1. We let .J,,, = Ip; then an easy
computation shows that (e’}1 o Mg, ... e o Mpg) are linearly independent
linear forms. This proves Lemma 5.2.

THEOREM 5.3. Assume (k, m) # (2,2). Then Conjecture 2 holds for the
subset T (k, V) of V®F.

Again, a more precise result can be obtained (see Theorem 6.4 in Sec-
tion 6).

Proof of Theorem 5.3. If k is a multiple of m, let I; be the family
(1,...,1,2,...,2,...,m) in which every integer from 1 to m is repeated
k/m times, and denote by F the subspace of V®* spanned by those vectors
er such that I is an anagram of Iy. If k is not a multiple of m, let I’ = {0}.
Then, in both cases, F' has dimension less than or equal to m*~', and con-
tains every p-orbit of dimension less than m thanks to Lemma 5.2. Further,
(0, X \ {0}) is suitable as soon as (k,m) # (2,2), and p°P is isomorphic to

0* (in the same way as in the proof of Theorem 5.1). Therefore Theorem 4.6
applies.

Finally, let us turn to W = A*(V). Let X = G(k,V) ={vi A...A v} €
A¥(V) : vy, ..., up € V} be the affine cone over the Grassmannian whose
points are the k-dimensional subspaces of V. Then X \ {0} is a p-orbit of
dimension r = k(m — k) 4+ 1 ([4], Lecture 6).

THEOREM 5.4. Assume that 2 < k < m —2 and (k,m) # (2,4). Then
Congjecture 2 holds for G(k,V).
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Theorem 5.4 is a weaker statement than Theorem 2.1 of [10]. It can be
proved as a consequence of Theorems 4.1 and 4.5, except for a few pairs
(k,m). Indeed, changing & and V into m — k and V* if necessary, we may
assume k < m/2. If k = 2, each element a of A?(V) has an even rank
p < m, which is the only nonnegative integer such that a can be written
v1 Ava+. . .4+vp_1 Av, with linearly independent vectors vy, ..., v, ([7], pages
177 and 192). There are [m/2] 4+ 1 p-orbits, each of them corresponding to
a value p of the rank. One of them (with p = m or p = m — 1) is dense,
therefore Theorem 4.1 applies if m > 8. On the other hand, if 3 <k < m -3
and m > 25 then d = (7}) > r(r+1)/2. Moreover, ¢° is isomorphic to
the natural representation of GL(V*) on A*(V*), hence every g°P-orbit has
dimension greater than r, except {0} and G(k,V*) \ {0}. This allows us
to apply Theorem 4.5. To conclude the proof of Theorem 5.4, that is, to
deal with the pairs (k,m) such that ¥ € {2,m — 2} and 5 < m < 7, or
3 <k <m-—3and m < 24, we apply Proposition 3.1, Lemma 4.3, and
we use arguments that are specific to X = G/(k, V) (for instance, we bound
from below the rank of f4 as soon as A € gl(V) is nonzero). As far as the
remaining pair (k,m) = (2,4) is concerned, nothing can be deduced from
Proposition 3.1 because (¢, X \ {0}) is not suitable. It may also be noted
that Theorem 2.1 of [10] is trivial when (k, m) = (2,4); nothing is known
about the points of G(2, K*)(L).

5.2. Centralizers of matrices. In this section, we consider the action of
GL,(K) on Mat,(K) by conjugation. For M € Mat, (K), let C(M) be the
centralizer of M, that is, the space of all matrices A such that [A, M] =0
(where [A,M] = AM — MA). Then the orbit of M under the action of
GL,(K) has dimension equal to the codimension, in Mat,(K), of C(M).
This enables us to prove Theorem 1.2 stated in the introduction, as a corol-
lary of the following statement:

PrOPOSITION 5.5. Let M be a square matriz of size n, with entries in
L, whose centralizer C(M) has dimension greater than (n* + 1)/2. Then
there exist vector subspaces U and V of Mat, (K), defined over Q, with the
following properties:

o dim(U) +dim(V) > n? + 2.

o For every A € U and every B € V, Trace(M[A, B]) = 0.

To deduce Theorem 1.2 from Proposition 5.5, it suffices to exclude the
case where [A, B] = 0 for any A € U and any B € V. This is done by the
following lemma, the proof of which was provided to me by Gaél Rémond:

LEMMA 5.6. Let U and V be vector subspaces of Mat, (K) such that
each element of U commutes with each element of V. Then

dim(U) +dim (V) < n* + 1.
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Proof. This statement is obvious for n = 1; let us prove it by induction
on n. First of all, it is possible to replace U and V by UNV and U 4+ V, so
we can assume U C V. Now, if U C K Id then the conclusion holds trivially,
therefore we can assume there is a matrix M € U such that M ¢ K 1d. Let
A be an eigenvalue of M, and F' = ker(M — AId). Then F is stable under
every matrix that commutes with M, in particular under every matrix of V.
Choose a basis of K™ whose first dim(F’) vectors belong to F'. In this basis,
the elements of V' are of the shape (‘g g)

Let U’ (respectively V') be the set of those matrices A for which there
exist matrices B and C such that (‘g g) € U (respectively (‘3 g) eV). In
the same way, define U” (respectively V") to be the set of those matrices C'
for which there exist matrices A and B such that (’8 CB) € U (respectively

A B
(o) €eV).

Then U is contained in the set of all matrices (‘g g) such that A € U’

and C' € U". This implies

dim (U) < dim(U’) + dim(U") + (dim(#))(codim(F)).

An analogous inequality holds for V; by summing up and applying in-
duction to (U’, V') and (U", V"), we obtain

dim(U)+dim (V) < 14(dim (F))*+1+4(codim (F))*+2(dim (F))(codim(F)).

This inequality means dim(U) 4+ dim(V) < n* 4 2; in order to conclude
the proof, it suffices to check that equality does not hold. Assume it does.

Then U is equal to the set of all matrices (gl g) such that A € U’ and

C € U"” and V is equal to the set of matrices (‘gg) such that A € V'
and C' € V". Moreover, we then have dim(U’) + dim (V') = 1 + (dim(F"))?,
therefore U’ contains a nonzero matrix A. There is a matrix B, with dim (£")
rows and codim (F) columns, such that AB # 0. But (4 £) € U commutes
with (8 ]g) € V, that is, AB = 0. This contradiction concludes the proof of
Lemma 5.6.

N.B. Using the same kind of methods, it is possible to prove that under
the assumptions of Lemma 5.6, if dim(U) +dim(V) = n?+1 then U = K Id
or V=KId.

Proof of Proposition 5.5. Denote by H the space of those matrices A
such that Trace(A) = 0; it is equipped with a Q-structure H (Q) consisting
of those matrices with entries in Q. Let M be a square matrix of size n,
whose n? entries belong to £ and whose centralizer C(M) has codimension
r, with r < (n? —1)/2.

Let u = ad M be the endomorphism of H which sends any matrix N to
[M, N]. Then u has rank r, and Corollary 2.2 (applied with F and F equal
to H) produces subspaces S and T of H, defined over Q, such that /; < dy
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and [M, A] € T for all A € S. Denote by T* the subspace orthogonal to T
for the nondegenerate symmetric bilinear form (X, Y3+ Trace(XY) on H.
Then for every A € S and every B € T*,

0 = Trace([M, A] B) = Trace(M [A, B]).

Let U =S@& KId and V = T* & K Id; then dim(U) + dim (V) > n? + 2,
thereby proving Proposition 5.5.

N.B. We actually proved that it is enough, in Theorem 1.2, to assume
that there is no hyperplane of Mat,, (K), defined over Q, which contains both
M and Id. A weaker assumption might be sufficient; such an improvement
of Theorem 1.2 could be derived from an answer to the following question.
Let U and V be vector subspaces of Mat,, (K) such that dim(U)+dim (V) >
n? 4+ 2. How small can the vector space spanned by [U, V] be?

In another direction, if the Algebraic Independence Conjecture holds,
then a result stronger than Theorem 1.2 follows:

ProrosiTiON 5.7. Take for granted the Algebraic Independence Conjec-
ture. Let M be a square matriz of size n, whose n? entries belong to L and
are linearly independent over Q. Then the centralizer of M has dimension n.

Proof. Assume, on the contrary, that C(M) has dimension greater than
n. Then not all eigenvalues of M are simple, and the characteristic poly-
nomial xps of M has zero discriminant. Apply Conjecture 1 stated in the
introduction: M belongs to a linear affine subspace E of Mat,,(K'), defined
over Q and contained in the set of matrices N such that yy has zero discrim-
inant. We can assume that F is an affine hyperplane of Mat,, (K), otherwise
E would be contained in a vector hyperplane and the n? entries of M would
not be linearly independent over Q. Moreover, we can assume n > 3, other-
wise Proposition 5.7 holds trivially. Consider now the linear affine subspace
consisting of those matrices which are upper triangular with diagonal entries
(1,2,...,n). This subspace has dimension at least 2, therefore it intersects
F; this is impossible because for every N € F the polynomial yn has zero
discriminant. This ends the proof.

N.B. Following the same lines as in this section, it is possible to study the
space of symmetric (or skew-symmetric, or triangular) matrices commuting
with a given symmetric (or skew-symmetric, or triangular) matrix M with
entries in L.

6. Proof of Conjecture 1 in special cases. Let k£ and m be positive
integers. The following notation is analogous to that used in Section 5.1:

V(k,m)={v-...v:v € K™} C Sym"(K™),
T(k,m)={v®...0v:ve K™} C (K™%,
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When k = 1 or m = 1, we have V(k,m) = Sym*(K™) and T (k,m) =
(K™)®%; Conjecture 1 holds trivially for these subsets. This is the reason
why we now assume k > 2 and m > 2.

In order to prove Theorems 6.2 and 6.4 stated below, we shall use the
following lemma:

LEMMA 6.1. Let Ay, ..., A, be nonzero elements of L in geometric pro-
gression with transcendental ratio. Then g < 3.

Proof. Let t be the ratio; then \; = Mt~ for all 5 € {1,...,¢}. The

matrix
At Mt AR
M= 1 1 1
Mt Mt o0 At
has rank 1 and entries in £; if ¢ > 4, Theorem 2.3 shows that either the
rows or the columns of M are linearly dependent over Q. In the former case,
t would be algebraic, which is impossible. In the latter case, ¢ would be a

root of a nonzero polynomial with coefficients in Q, which is also impossible.
This ends the proof.

Let us now state our result concerning the sets V(k, m). It is helpful to
view Symk(Km) as the space of homogeneous polynomials of degree k, in m
variables, with coefficients in K; then V(k, m) consists of those polynomials
which are the kth power of a linear form.

THEOREM 6.2. Let k and m be integers greater than or equal to 2. Let P
be a homogeneous polynomial of degree k, in m variables, with coefficients
in L. Assume that P is the kth power of a linear form A with coefficients
in K.

1. If k > 3 then there exist a linear form ¢, with coefficients in Q, and
an element a of £ such that P = ad®.

2. If k = 2 then there exist two linear forms ¢ and ¢o, with coefficients
in Q, and two elements a and b of K such that P = (a¢y + bo)F.

COROLLARY 6.3. 1. Conjecture 1 holds for V(k, m) as soon as k > 3.

2. If Conjecture 1 holds for V(2,2) then it holds for V(k, m) for any pair
(k,m).

Proof of Theorem 6.2. Let n be the minimal integer such that there
exist linear forms ¢, ..., ¢n, with coefficients in Q, and elements ¢y, ..., ¢,
of K such that A = Y~ | ¢;¢;. Then ¢y,...,¢, are linearly independent
over Q; on the other hand, ¢, ..., ¢, are algebraically independent over K:
we denote them by Y7,...,Y, and write A =", ¢;Y;. Furthermore, we let
P = AF = Epil,___,ianl .. .ny"; note that the coefficients p; ;. belong to
L since ¢1, ..., ¢, are defined over Q and linearly independent over K. To
begin with, we shall prove that n is at most 2.
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Assume n > 3. Let Q = (0/0Y1)*2P. Then Q is a nonzero homoge-
neous polynomial of degree 2 in Yi,...,Y,, with coefficients in £, such that
Q = (k'/2)c¥"2A%. Let § be a square root of (k!/2)cF=2 and A = §4;
then Q = A’”. Now, associate with each homogeneous polynomial B =
Ei,j ri ;YiY; of degree 2 (written in such a way that r;; = r;; for all
i,7 € {1,...,n}) the symmetric matrix R = (ri;) of size n. Denote by
u € K™ the coordinate vector (dcq,...,d0¢,) of A’ the relation @ = A
yields Cj = u'u. Consequently, @ is a square matrix, of size n > 3, of rank 1,
with entries in £, and Theorem 2.3 applies to (). Therefore the n coordinates
of A" are linearly dependent over Q, and so are ¢y,...,c,, in contradiction
with the definition of n.

Therefore n < 2: Theorem 6.2 is proved if £ = 2. Assume now £ > 3 and
n = 2. Then P = (Y1 + czYz)k = 2?20 anlezk_j, with ag,...,a; € L.
Let t = ¢1/cy € K and a; = (];)a; for all j € {0,...,k}; then a} = t7al).
But ¢ is transcendental, because ¢; and ¢, are linearly independent over Q.
This contradicts Lemma 6.1, thereby proving Theorem 6.2.

Proof of Corollary 6.3. et P be as in Theorem 6.2. If & > 3 then
P = a¢* belongs to the subspace K¢*, which is contained in V(k, m) and
defined over Q. Assume now that & = 2, and that Conjecture 1 holds for
V(2,2). Let P = (a¢y + boy)? be a polynomial with coefficients in £, and
consider (in the same way as in the proof of Theorem 6.2) P, = (aY; +bY5)?.
Then P; belongs to a linear affine subspace Ej contained in V(2,2) and
defined over Q. Let E be the linear affine subspace of Sym?(K™) consisting
of those polynomials @ such that there is Q1 € Ey with Q(Xy,...,X,) =
Q1(d1(X1, ..., Xm),02(X1,...,Xm)). Then P € E, E is defined over Q and
FE C V(2,m), thereby proving Corollary 6.3.

The proof of Theorem 6.2 given above can be easily translated in terms
of symmetric powers; dealing with tensor powers, the following result is
obtained in a similar way:

THEOREM 6.4. Let k and m be integers greater than or equal to 2. Let
v € K™ be such that x = v ® ... ® v belongs to (K™)®*(L). Then:

1. If k> 3, there exist a € £ and v' € Q" such that z = av' @ . L@
2. If k = 2, there exists a vector subspace F of K™, defined over Q, of
dimension 2, which contains v.

COROLLARY 6.5. 1. Conjecture 1 holds for T (k,m) as soon as k > 3.

2. If Conjecture 1 holds for T (2,2) then it holds for T (k, m) for any pair
(k,m).

Proof of Theorem 6.4. Let F be the smallest vector subspace of K™,
defined over Q, that contains v. Let n = dim(F).
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First of all, assume n > 3. Let £ be a nonzero linear form on F, defined
over Q; then (¢,v) # 0. Denote by D the linear endomorphism of the tensor
algebra T'(F) which maps any a = a1 ® ... ® a4 to

q
D(a) = Z(g,aj>a1 @ @1 Qa4 Q... @ ay.
7=1
Let Q = D*%(z) = (k!/2)(¢,v)*"%v @ v and v’ = v where § is a square
root of (k!/2)(&,v)*~2 Choose a basis (fi, ..., f,) of I, defined over Q, and
associate with any R =73_, .r;;f; @ f; the matrix R= (ri;). Then Q = utu
where u is the coordinate vector of v’ in the basis (fi,..., fn). As n > 3,
Theorem 2.3 shows that v’ belongs to some vector hyperplane of I defined
over Q; then so does v, in contradiction with the definition of F.

Therefore n < 2, and Theorem 6.4 is proved if k = 2. Assume k£ > 3 and
n = 2. Let (f1, f2) be a basis of I defined over Q; since n = 2, we can write
v = a(fy + tfy) with a,t € K*. Then, for every j € {0,...,k}, a*t/ belongs
to £: Lemma 6.1 implies # € Q, in contradiction with the definition of F.
This ends the proof of Theorem 6.4; Corollary 6.5 immediately follows.

N.B. As Damien Roy pointed out to me, Theorems 6.2 and 6.4 can
be easily deduced from each other by considering the linear embedding of
Sym*(K™) into (K™)®* which sends vy -...- vy, to (1/k!) PV1) @ ... ®
VUg(k), Where the sum is over all permutations o of {1,...,k}. Indeed, this
embedding maps V(k, m) onto 7 (k, m).

N.B. The following conjectures are equivalent:

1. Conjecture 1 holds for V(2,2).
2. Conjecture 1 holds for 7(2,2).
3. It is possible to replace ¢ < 3 by ¢ < 2 in the conclusion of Lemma 6.1.

These conjectures are consequences of the four exponential conjecture
(i.e. the assertion that Theorem 2.3 holds when d = [ = 2). There seems
to be a gap between these conjectures and the theorems proved up to now;
actually, it is impossible ([8], Proposition 2) to derive “algebraically” any of
these conjectures from Theorem 2.1.

Acknowledgements. | am grateful to Michel Waldschmidt and Da-
mien Roy for the time they spent with me, in discussions I always found
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