Critical population and error threshold
on the sharp peak landscape
for a Moran model

Raphaél Cerf
Université Paris Sud and IUF

March 20, 2013

Abstract

The goal of this work is to propose a finite population counterpart
to Eigen’s model, which incorporates stochastic effects. We consider
a Moran model describing the evolution of a population of size m
of chromosomes of length £ over an alphabet of cardinality x. The
mutation probability per locus is q. We deal only with the sharp peak
landscape: the replication rate is ¢ > 1 for the master sequence and
1 for the other sequences. We study the equilibrium distribution of
the process in the regime where

{— 400, m — 400, q—0,

Lg — a €]0, +oo], %—)ae[(),%-oo].

We obtain an equation a ¢(a) = Ink in the parameter space (a, «)
separating the regime where the equilibrium population is totally
random from the regime where a quasispecies is formed. We observe
the existence of a critical population size necessary for a quasispecies
to emerge and we recover the finite population counterpart of the
error threshold. Moreover, in the limit of very small mutations, we
obtain a lower bound on the population size allowing the emergence
of a quasispecies: if @ < Inx/Ino then the equilibrium population
is totally random, and a quasispecies can be formed only when o >
Ink/Ino. Finally, in the limit of very large populations, we recover
an error catastrophe reminiscent of Eigen’s model: if ce™ < 1 then
the equilibrium population is totally random, and a quasispecies can
be formed only when ce™® > 1. These results are supported by
computer simulations.

I thank an anonymous referee for his careful reading and his remarks, which
helped to improve the presentation.



1 Introduction.

In his famous paper [13], Eigen introduced a model for the evolution of
a population of macromolecules. In this model, the macromolecules repli-
cate themselves, yet the replication mechanism is subject to errors caused
by mutations. These two basic mechanisms are described by a family of
chemical reactions. The replication rate of a macromolecule is governed by
its fitness. A fundamental discovery of Eigen is the existence of an error
threshold on the sharp peak landscape. If the mutation rate exceeds a crit-
ical value, called the error threshold, then, at equilibrium, the population
is completely random. If the mutation rate is below the error threshold,
then, at equilibrium, the population contains a positive fraction of the mas-
ter sequence (the most fit macromolecule) and a cloud of mutants which
are quite close to the master sequence. This specific distribution of indi-
viduals is called a quasispecies. This notion has been further investigated
by Eigen, McCaskill and Schuster [15] and it had a profound impact on
the understanding of molecular evolution [11]. It has been argued that,
at the population level, evolutionary processes select quasispecies rather
than single individuals. Even more importantly, this theory is supported
by experimental studies [12]. Specifically, it seems that some RNA viruses
evolve with a rather high mutation rate, which is adjusted to be close to
an error threshold. It has been suggested that this is the case for the HIV
virus [38]. Some promising antiviral strategies consist of using mutagenic
drugs that induce an error catastrophe [2, 8]. A similar error catastrophe
could also play a role in the development of some cancers [36].

Eigen’s model was initially designed to understand a population of
macromolecules governed by a family of chemical reactions. In this set-
ting, the number of molecules is huge, and there is a finite number of types
of molecules. From the start, this model is formulated for an infinite pop-
ulation and the evolution is deterministic (mathematically, it is a family of
differential equations governing the time evolution of the densities of each
type of macromolecule). The error threshold appears when the number of
types goes to co. This creates a major obstacle if one wishes to extend the
notions of quasispecies and error threshold to genetics. Biological popula-
tions are finite, and even if they are large so that they might be considered
infinite in some approximate scheme, it is not coherent to consider situa-
tions where the size of the population is much larger than the number of
possible genotypes. Moreover, it has long been recognized that random ef-
fects play a major role in the genetic evolution of populations [24], yet they
are ruled out from the start in a deterministic infinite population model.
Therefore, it is crucial to develop a finite population counterpart to Eigen’s
model, which incorporates stochastic effects. This problem is already dis-
cussed by Eigen, McCaskill and Schuster [15] and more recently by Wilke



[41]. Numerous works have attacked this issue: Demetrius, Schuster and
Sigmund [9], McCaskill [27], Gillespie [19], Weinberger [40]. Nowak and
Schuster [32] constructed a birth and death model to approximate Eigen’s
model. This birth and death model plays a key role in our analysis, as
we shall see later. Alves and Fontanari [1] study how the error threshold
depends on the population in a simplified model. More recently, Musso
[29] and Dixit, Srivastava, Vishnoi [10] considered finite population mod-
els which approximate Eigen’s model when the population size goes to oco.
These models are variants of the classical Wright—Fisher model of popu-
lation genetics. Although this is an interesting approach, it is already a
delicate matter to prove the convergence of these models towards Eigen’s
model. We adopt here a different strategy. Instead of trying to prove that
some finite population model converges in some sense to Eigen’s model, we
try to prove directly in the finite model an error threshold phenomenon.
To this end, we look for the simplest possible model, and we end up with a
Moran model [28]. The model we choose here is not particularly original,
the contribution of this work is rather to show a way to analyze this kind
of finite population model.

Let us describe informally the model (see section 2 for the formal defini-
tion). We consider a population of size m of chromosomes of length ¢ over
the alphabet { A,T,G,C'}. We work only with the sharp peak landscape:
there is one specific sequence, called the master sequence, whose fitness is
o > 1, and all the other sequences have fitness equal to 1. The replication
rate of a chromosome is proportional to its fitness. When a chromosome
replicates, it produces a copy of himself, which is subject to mutations.
Mutations occur randomly and independently at each locus with proba-
bility g. The offspring of a chromosome replaces a chromosome chosen at
random in the population.

The mutations drive the population towards a totally random state,
while the replication favors the master sequence. These two antagonistic
effects interact in a complicated way in the dynamics and it is extremely dif-
ficult to analyze precisely the time evolution of such a model. Let us focus
on the equilibrium distribution of the process. A fundamental problem is
to determine the law of the number of copies of the master sequence present
in the population at equilibrium. If we keep the parameters m, ¢, q fixed,
there is little hope to get useful results. In order to simplify the picture, we
consider an adequate asymptotic regime. In Eigen’s model, the population
size is infinite from the start. The error threshold appears when £ goes to
oo and ¢ goes to 0 in a regime where £q = a is kept constant. We wish to
understand the influence of the population size m, thus we use a different
approach and we consider the following regime. We send simultaneously
m, ¢ to co and ¢ to 0 and we try to understand the respective influence
of each parameter on the equilibrium law of the master sequence. By the



ergodic theorem, the average number of copies of the master sequence at
equilibrium is equal to the limit, as the time goes to 0o, of the time average
of the number of copies of the master sequence present through the whole
evolution of the process. In the finite population model, the number of
copies of the master sequence fluctuates with time. Our analysis of these
fluctuations relies on the following heuristics. Suppose that the process
starts with a population of size m containing exactly one master sequence.
The master sequence is likely to invade the whole population and become
dominant. Then the master sequence will be present in the population for
a very long time without interruption. We call this time the persistence
time of the master sequence. The destruction of all the master sequences
of the population is quite unlikely, nevertheless it will happen and the pro-
cess will eventually land in the neutral region consisting of the populations
devoid of master sequences. The process will wander randomly throughout
this region for a very long time. We call this time the discovery time
of the master sequence. Because the cardinality of the possible genotypes
is enormous, the master sequence is difficult to discover, nevertheless the
mutations will eventually succeed and the process will start again with a
population containing exactly one master sequence. If, on average, the dis-
covery time is much larger than the persistence time, then the equilibrium
state will be totally random, while a quasispecies will be formed if the per-
sistence time is much larger than the discovery time. Let us illustrate this
idea in a very simple model.
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Figure 1: Random walk example
We consider the random walk on {0, ..., ¢ } with the transition probabilities
depending on a parameter # given by:
0 0 1
p(oul):§7 p(070)21_§7 p(gve_l):p(eve)ziu

1
plii=1)=pliit) =5, 1<i<l-1.

The integer £ is large and the parameter 6 is small. Hence the walker
spends its time either wandering in {1,...,£} or being trapped in 0. The
state 0 plays the role of the quasispecies while the set {1,...,¢} plays the
role of the neutral region. With this analogy in mind, the persistence time
is the expected time of exit from 0, it is equal to 2/6. The discovery time



is the expected time needed to discover 0 starting for instance from 1, it is
equal to 2¢. The equilibrium law of the walker is the probability measure
u given by

1 0
1100’ /L(l)—"'—ﬂ(é)—m-

We send ¢ to co and 6 to 0 simultaneously. If 8¢ goes to oo, the entropy
factors win and p becomes totally random. If 8¢ goes to 0, the selection
drift wins and p converges to the Dirac mass at 0.

In order to implement the previous heuristics, we have to estimate the
persistence time and the discovery time of the master sequence in the Moran
model. For the persistence time, we rely on a classical computation from
mathematical genetics. Suppose we start with a population containing
m — 1 copies of the master sequence and another non master sequence.
The non master sequence is very unlikely to invade the whole population,
yet it has a small probability to do so, called the fixation probability. If we
neglect the mutations, standard computations yield that, in a population
of size m, if the master sequence has a selective advantage of o, the fixation
probability of the non master sequence is roughly of order 1/0™ (see for
instance [31], section 6.3). Now the persistence time can be viewed as the
time needed for non master sequences to invade the population. This time
is approximately equal to the inverse of the fixation probability of the non
master sequence, that is of order ¢". For the discovery time, there is no
miracle: before discovering the master sequence, the process is likely to
explore a significant portion of the genotype space, hence the discovery
time should be of order

1(0) =

card{ A, T,G,C}* = 4*.

These simple heuristics indicate that the persistence time depends on the
selection drift, while the discovery time depends on the spatial entropy.
Suppose that we send m, ¢ to oo simultaneously. If the discovery time is
much larger than the persistence time, then the population will be neutral
most of the time and the fraction of the master sequence at equilibrium
will be null. If the persistence time is much larger than the discovery time,
then the population will be invaded by the master sequence most of the
time and the fraction of the master sequence at equilibrium will be positive.
Thus the master sequence vanishes in the regime

m,{ — 400, % — 0,
while a quasispecies might be formed in the regime
m
m,{ — 400, 7 — +00.



This leads to an interesting feature, namely the existence of a critical popu-
lation size for the emergence of a quasispecies. For chromosomes of length /,
a quasispecies can be formed only if the population size m is such that the
ratio m// is large enough. In order to go further, we must put the heuris-
tics on a firmer ground and we should take the mutations into account
when estimating the persistence time. The main problem is to obtain finer
estimates on the persistence and discovery times. We cannot compute ex-
plicitly the laws of these random times, so we will compare the Moran
model with simpler processes.

m—1e Birth and death chain
of Nowak and Schuster
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Figure 2: Approximating process

In the non neutral populations, we shall compare the process with a birth
and death process (Z,)n>0 on {0,...,m}, which is precisely the one in-
troduced by Nowak and Schuster [32]. The value Z,, approximates the
number of copies of the master sequence present in the population. For
birth and death processes, explicit formulas are available and we obtain



that, if £,m — 400, ¢ = 0, g — a €]0, +00[, then
persistence time ~ exp (m gb(a)) ,

where
1 _ —a

o(l—e *)In ol—e™) + In(oe™ )
oc—1

(1—0o(l—e™))

In the neutral populations, we shall replace the process by a random walk
on {A,T,G,C}* = 4°. The lumped version of this random walk behaves
like an Ehrenfest process (Y, )n>0 on {0,...,¢} (see [5] for a nice review).
The value Y, represents the distance of the walker to the master sequence.
A celebrated theorem of Kac from 1947 [21], which helped to resolve a
famous paradox of statistical mechanics, yields that, when £ — oo,

¢(a) =

discovery time ~ 4°.

Thus the Moran process is approximated by the process on

({o,...,e} x{O}) U ({o}x {o,...,m})

described loosely as follows. On {0,...,£} x {0}, the process follows
the dynamics of the Ehrenfest urn. On {0} x {0,...,m}, the process
follows the dynamics of the birth and death process of Nowak and Schuster
[32]. When in (0, 0), the process can jump to either axis. With this simple
heuristic picture, we recover all the features of our main result. We suppose
that

{— +o0, m — 400, q—0,

in such a way that

Lg — a €]0,+o0], %%ae[o,—i—oo].

The critical curve is then defined by the equation
discovery time ~ persistence time
which can be rewritten as
ad(a) = In4.

This way we obtain an equation in the parameter space (a,«) separating
the regime where the equilibrium population is totally random from the
regime where a quasispecies is formed. We observe the existence of a crit-
ical population size necessary for a quasispecies to emerge and we recover



the finite population counterpart of the error threshold. Moreover, in the
regime of very small mutations, we obtain a lower bound on the popula-
tion size allowing the emergence of a quasispecies: if & < In4/Ino then
the equilibrium population is totally random, and a quasispecies can be
formed only when o > In4/Ino. Finally, in the limit of very large pop-
ulations, we recover an error catastrophe reminiscent of Eigen’s model: if
ce~® <1 then the equilibrium population is totally random, and a quasis-
pecies can be formed only when oge™* > 1. These results are supported by
computer simulations. The good news is that, already for small values of
¢, the simulations are very conclusive.
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Figure 3: Simulation of the equilibrium density of the Master sequence

It is certainly well known that the population dynamics depends on the
population size (see the discussion of Wilke [41]). In a theoretical study
[30], Van Nimwegen, Crutchfield and Huynen developed a model for the
evolution of populations on neutral networks and they show that an impor-
tant parameter is the product of the population size and the mutation rate.
The nature of the dynamics changes radically depending on whether this
product is small or large. Sumedha, Martin and Peliti [37] analyze further
the influence of this parameter. In [39], Van Nimwegen and Crutchfield
derived analytical expressions for the waiting times needed to increase the



fitness, starting from a local optimum. Their scaling relations involve the
population size and show the existence of two different barriers, a fitness
barrier and an entropy barrier. Although they pursue a different goal than
ours, most of the heuristic ingredients explained previously are present in
their work, and much more; they observe and discuss also the transition
from the quasispecies regime for large populations to the disordered regime
for small populations. The dependence on the population size and genome
length has been investigated numerically by Elena, Wilke, Ofria and Lenski
[16]. Here we show rigorously the existence of a critical population size for
the sharp peak landscape in a specific asymptotic regime. The existence of
a critical population size for the emergence of a quasispecies is a pleasing
result: it shows that, even under the action of selection forces, a form of
cooperation is necessary to create a quasispecies. Moreover the critical pop-
ulation size is much smaller than the cardinality of the possible genotypes.
In conclusion, even in the very simple framework of the Moran model on
the sharp peak landscape, cooperation is necessary to achieve the survival
of the master sequence.

As emphasized by Eigen in [14], the error threshold phenomenon is
similar to a phase transition in statistical mechanics. Leuthéusser estab-
lished a formal correspondence between Figen’s model and an anisotropic
Ising model [25]. Several researchers have employed tools from statistical
mechanics to analyze models of biological evolution, and more specifically
the error threshold: see the nice review written by Baake and Gabriel [3].
Baake investigated the so—called Onsager landscape in [4]. This way she
could transfer to a biological model the famous computation of Onsager for
the two dimensional Ising model. Saakian, Deem and Hu [34] compute the
variance of the mean fitness in a finite population model in order to con-
trol how it approximates the infinite population model. Deem, Munoz and
Park [33] use a field theoretic representation in order to derive analytical
results.

We were also very much inspired by ideas from statistical mechanics,
but with a different flavor. We do not use exact computations, rather we
rely on softer tools, namely coupling techniques and correlation inequali-
ties. These are the basic tools to prove the existence of a phase transition
in classical models, like the Ising model or percolation. We seek large de-
viation estimates rather than precise scaling relations in our asymptotic
regime. Of course the outcome of these techniques is very rough compared
to exact computations, yet they are much more robust and their range of
applicability is much wider. The model is presented in the next section
and the main results in section 3. The remaining sections are devoted to
the proofs. In the appendix we recall several classical results of the theory
of finite Markov chains.



2 The model.

This section is devoted to the presentation of the model. Let A be a finite
alphabet and let x = card A be its cardinality. Let £ > 1 be an integer.
We consider the space A° of sequences of length ¢ over the alphabet A.
Elements of this space represent the chromosome of an haploid individual,
or equivalently its genotype. In our model, all the genes have the same
set of alleles and each letter of the alphabet A is a possible allele. Typical
examples are A = { A, T, G, C } to model standard DNA, or A ={0,1} to
deal with binary sequences. Generic elements of A* will be denoted by the
letters u, v, w. We shall study a simple model for the evolution of a finite
population of chromosomes on the space A‘. An essential feature of the
model we consider is that the size of the population is constant throughout
the evolution. We denote by m the size of the population. A population is
an m-tuple of elements of A¢. Generic populations will be denoted by the
letters x,y, z. Thus a population x is a vector

whose components are chromosomes. For i € {1,...,m }, we denote by
x(i,1),...,2(i,0)

the letters of the sequence z(7). This way a population « can be represented
as an array

z(1,1) - xz(1,0)

2(m,1) oo a(m,0)

of size m x £ of elements of A, the i—th row being the i—th chromosome.
The evolution of the population will be random and it will be driven by
two antagonistic forces: mutation and replication.

Mutation. We assume that the mutation mechanism is the same for all the
loci, and that mutations occur independently. Moreover we choose the most
symmetric mutation scheme. We denote by ¢ €]0, 1—1/k[ the probability of
the occurrence of a mutation at one particular locus. If a mutation occurs,
then the letter is replaced randomly by another letter, chosen uniformly
over the k — 1 remaining letters. We encode this mechanism in a mutation
matrix

M(u,v), wu,ve A

10



where M (u, v) is the probability that the chromosome w is transformed by
mutation into the chromosome v. The analytical formula for M (u,v) is

then
¢

q
M(u,v) = ]] ((1 ~ D= + 11u<j>¢v<j>) :

Jj=1

Replication. The replication favors the development of fit chromosomes.
The fitness of a chromosome is encoded in a fitness function

A A" = [0, +oo.

The fitness of a chromosome can be interpreted as its reproduction rate.
A chromosome u gives birth at random times and the mean time interval
between two consecutive births is 1/A(u). In the context of Eigen’s model,
the quantity A(w) is the kinetic constant associated to the chemical reaction
for the replication of a macromolecule of type wu.

Authorized changes. In our model, the only authorized changes in the
population consist of replacing one chromosome of the population by a new
one. The new chromosome is obtained by replicating another chromosome,
possibly with errors. We introduce a specific notation corresponding to
these changes. For a population z € (Al)m, je{l,....m},uec A’ we
denote by z(j < ) the population z in which the j—th chromosome z(j)
has been replaced by u:

x(j +u) = u

We make this modeling choice in order to build a very simple model. This
type of model is in fact classical in population dynamics, they are called
Moran models [17].

The mutation—replication scheme. Several further choices have to be
done to define the model precisely. We have to decide how to combine the
mutation and the replication processes. There exist two main schemes in
the literature. In the first scheme, mutations occur at any time of the life
cycle and they are caused by radiations or thermal fluctuations. This leads
to a decoupled Moran model. In the second scheme, mutations occur at the

11



same time as births and they are caused by replication errors. This is the
case of the famous Eigen model and it leads to the Moran model we study
here. This Moran model can be described loosely as follows. Births occur
at random times. The rates of birth are given by the fitness function A.
There is at most one birth at each instant. When an individual gives
birth, it produces an offspring through a replication process. Errors in the
replication process induce mutations. The offspring replaces an individual
chosen randomly in the population (with the uniform probability).

We build next a mathematical model for the evolution of a finite pop-
ulation of size m on the space A’, driven by mutation and replication as
described above. We will end up with a stochastic process on the popula-
tion space (.Ae)m. Since the genetic composition of a population contains
all the necessary information to describe its future evolution, our process
will be Markovian.

Discrete versus continuous time. We can either build a discrete time
Markov chain or a continuous time Markov process. Although the math-
ematical construction of a discrete time Markov chain is simpler, a con-
tinuous time process seems more adequate as a model of evolution for a
population: births, deaths and mutations can occur at any time. In ad-
dition, the continuous time model is mathematically more appealing. We
will build both types of models, in continuous and discrete time. Continu-
ous time models are conveniently defined by their infinitesimal generators,
while discrete time models are defined by their transition matrices (see the
appendix). It should be noted, however, that the discrete time and the
continuous time processes are linked through a standard stochastization
procedure and they have the same stationary distribution. Therefore the
asymptotic results we present here hold in both frameworks.

Infinitesimal generator. The continuous time Moran model is the Mar-
kov process (X¢);er+ having the following infinitesimal generator: for ¢ a
function from (Aé)m to R and for any z € (Ag)m,

m %(E(¢(Xt)|X0 —2) — o(x)) =

li
t—0
S Y AEE)M () ) (6« w) - élx)

1<i,j<m ue A*

Transition matrix. The discrete time Moran model is the Markov chain
(Xn)nen whose transition matrix is given by

VneN Vre (AY™ vie{l,....m} Vue A\ {z(j)}
P(Xpp1 =20 +u) | X, =12) = m%x > A(x(i) M (2(i),u)

1<i<m

12



where A > 0 is a constant such that
A > max { A(u):ue A" }.

The other non diagonal coefficients of the transition matrix are zero. The
diagonal terms are chosen so that the sum of each row is equal to one.
Notice that the continuous time formulation is more concise and elegant:
it does not require the knowledge of the maximum of the fitness function
A in its definition.

Loose description of the dynamics. We explain first the discrete time
dynamics of the Markov chain (X, )nen. Suppose that X,, = x for some
n € N and let us describe loosely the transition mechanism to X, 11 = y.
An index ¢ in {1,...,m} is selected randomly with the uniform probabil-
ity. With probability 1 — A(x(¢))/A, nothing happens and y = x. With
probability A(z(7))/A, the chromosome (i) enters the replication process
and it produces an offspring u according to the law M (z(7),-) given by
the mutation matrix. Another index j is selected randomly with uniform
probability in {1,...,m}. The population y is obtained by replacing the
chromosome z(j) in the population « by a chromosome wu.

We consider next the continuous time dynamics of the Markov pro-
cess (X¢)ier+- The dynamics is governed by a clock that rings randomly.
The time interval 7 between each of the clock ringing is exponentially dis-
tributed with parameter m?\:

vt € RT P(t >t) = exp (—m>At).

Suppose that the clock rings at time ¢ and that the process was in state x
just before the time t. The population z is transformed into the population
y following the same scheme as for the discrete time Markov chain (X, )nen
described previously. At time ¢, the process jumps to the state y.

13



3 Main results.

This section is devoted to the presentation of the main results.

Convention. The results hold for both the discrete time and the con-
tinuous time models, so we do not make separate statements. The time
variable is denoted by ¢ throughout this section, it is either discrete with
values in N or continuous with values in RT.

Sharp peak landscape. We will consider only the sharp peak landscape
defined as follows. We fix a specific sequence, denoted by w*, called the
wild type or the master sequence. Let ¢ > 1 be a fixed real number. The
fitness function A is given by

Vue AL Au) = {1 ifu # o

o ifu=uw*

Density of the master sequence. We denote by N(z) the number of
copies of the master sequence w* present in the population z:

N(z) = card{i:1<i<m, z(i)=w"}.

We are interested in the expected density of the master sequence in the
steady state distribution of the process, that is,

1
Master(o, ¢, m,q) = tlim E(EN(Xt)) ,

as well as the variance

2
Variance(o, £, m,q) = tlim E((iN(Xt) — Master (o, f,m,q)) ) .

— 00 m

The limits exist because the transition mechanism of the Markov process
(X¢)e>o0 is irreducible (and aperiodic for the discrete time case) as soon as
the mutation probability is strictly between 0 and 1. Since the state space
is finite, the Markov process (X¢);>0 admits a unique invariant probability
measure, which describes the steady state of the process. The ergodic the-
orem for Markov chains implies that the law of (X;);>o converges towards
this invariant probability measure, hence the above expectations converge.
The limits depend on the parameters of the model, that is o, ¢, m,q. Our
choices for the infinitesimal generator and the transition matrix imply that
the discrete time version and the continuous time version have exactly the
same invariant probability measure. In order to exhibit a sharp transition

14



phenomenon, we send £, m to co and ¢ to 0. Let ¢ : RT — RT U {+oc0 } be
the function defined by

c(1—e *)In ol-e™)

Va <Ino ¢(a) = (1-— a(‘l_—t_a))

+ In(oe™®)

and ¢(a) =0if a > Ino.

100
a Critical curve [ o @(@)=In K
for | 0=2, k=4
80 -
60 Quasispecies

Disorder

0 0.1 0.2 0.3 0.4 0.5 0.6

Figure 4: Critical curve

Theorem 3.1 We suppose that
{— +o0, m — 400, q—0,

in such a way that

Lg — a €]0, +o0], %—MME[O,—I—OO].

We have the following dichotomy:

o If a¢(a) < Ink then Master(o,¢,m,q) — 0.
e If a¢(a) > Ink then Master(o, ¢, m,q) — %—1.
In both cases, we have Variance(a, {,m, q) — 0.

15
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Figure 5: Master sequence at equilibrium

These results are supported by computer simulations (see figure 5). On
the simulations, which are of course done for small values of ¢, the tran-
sition associated to the critical population size seems even sharper than
the transition associated to the error threshold. The programs are written
in C' with the help of the GNU scientific library and the graphical output
is generated with the help of the Gnuplot program. To increase the effi-
ciency of the simulations, we simulated the occupancy process obtained by
lumping the original Moran model. The number of generations in a simu-
lation run was adjusted empirically in order to stabilize the output within
a reasonable amount of time. Twenty years ago, Nowak and Schuster could
perform simulations with £ = 10 and m = 100 for 20000 generations [32].
Today’s computer powers allow to simulate easily models with ¢ = 20 and
m = 100 for 10000 000 000 generations. The good news is that, already
for small values of ¢, the simulations are very conclusive. Figure 6 presents
three pictures corresponding to simulations with ¢ = 4, 8,16, as well as the
theoretical shape for £ = oo in the last picture. Notice that the statement
of the theorem holds also in the case where « is null or infinite. This yields
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Figure 6: Varying the length ¢

the following results:
Small populations. If {,m — 400, ¢ = 0, {g — a €]0,+00],
then Master (o, £, m, q) — 0.

— 0,

m
J4

Large populations. Suppose that

lm — 400, ¢—0, fg— a€]0,+o0], %—H—oo.

If a > Ino, then Master (o, ¢, m,q) — 0. If a < Ino, then

—a
Master (o, £,m, q) — oe L
oc—1
Interestingly, the large population regime is reminiscent of Eigen’s model.
A slightly more restrictive formulation consists of sending ¢ to oo, m to co
and ¢ to 0 in such a way that m/¢ and ¢q are kept constant. We might
then take ¢ and m as functions of £. Let a,a €]0,+00[. We take ¢ = a/¢

and m = of and we have

0 if agp(a) <lnk

lim Master(o, ¢, al,a/l) = —a_q
f—o0 ( / ) % if a¢(a) >lnk
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Notice that o ¢(a) > Ink implies that a < Ino and therefore ge™* > 1.
The critical curve

{(a,a) eR* xRT : ad(a) =Ink }

corresponds to parameters (a, ) which are exactly at the error threshold
and the critical population size. We are able to compute explicitly the
critical curve and the limiting density because we consider a toy model. We
did not examine here what happens on the critical curve. It is expected
that the limiting density of the master sequence still fluctuates so that
Variance(o, 4, al, a/l) does not converge to 0 whenever av¢(a) = Ink. An
important observation is that the critical scaling should be the same for
similar Moran models. In contrast, the critical curve seems to depend
strongly on the specific dynamics of the model. However, in the limit
where a goes to 0, the function ¢(a) converges towards Ino. This yields
the minimal population size allowing the emergence of a quasispecies.

0.6
05 | Density of the master sequence ///'—/"""// o
as a function of a [
///
04
03
0.2
a=0.5
length
4
01 8
12
16
19
29
O L il 1 1 1 1
1 2 3 4 5 6 7

Figure 7: Critical population size

Corollary 3.2 If « < Ink/Ino then
Ya >0 lim Master(a,(, af,a/f) =0.
£— o0
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Figure 8: Error threshold

If « > Ink/Ino then

da >0 lim Master(a,(, af,a/f) > 0.
£—00

We can also compute the maximal mutation rate permitting the emergence
of a quasispecies. Interestingly, this maximal mutation rate is reminiscent
of the error catastrophe in Eigen’s model.

Corollary 3.3 If a > Ino then

Va >0 lim Master(a,f,af, a/ﬁ) =0.

£— 00

If a < Ino then

Ja >0 lim Master (o, ¢, al,a/l) > 0.

{— 00

In conclusion, on the sharp peak landscape, a quasispecies can emerge only
if
Ink Ino
m > —~{, q< —.
no l
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The heuristic ideas behind theorem 3.1 were explained in the introduc-
tion. These heuristics are quite simple, however, the corresponding proofs
are rather delicate and technical. There is very little hope to do a proof
entirely based on exact computations. Our strategy consists of compar-
ing the original Moran process with simpler processes in order to derive
adequate lower and upper bounds. To this end, we couple the various pro-
cesses starting with different initial conditions (section 4). Unfortunately,
the natural coupling for the Moran model we wish to study is not mono-
tone. Therefore we consider an almost equivalent model, which we call
the normalized Moran model. This model is obtained by normalizing the
reproduction rates so that the total reproduction rate of any population is
one (section 5). A main difficulty is that the initial state space of the Moran
process has no order structure and it is huge. We use a classical technique,
called lumping, in order to reduce the state space (section 6). This way we
obtain two lumped processes: the distance process (Dy);>o which records
the Hamming distances between the chromosomes of the population and
the Master sequence and the occupancy process (Oy);>o which records the
distribution of these Hamming distances. The distance process is mono-
tone in the neutral case ¢ = 1, while the occupancy process is monotone for
any value o > 1 (section 7). Therefore we construct lower and upper pro-
cesses to bound the occupancy process (section 8). These processes have
the same dynamics as the original process in the neutral region and they
evolve as a birth and death process as soon as the population contains a
master sequence. We use then the ergodic theorem for Markov chains and
a renewal argument to estimate the invariant probability measures of these
processes. The behavior of the lower and upper bounds depends mainly on
the persistence time and the discovery time of the master sequence. We rely
on the explicit formulas available for birth and death processes to estimate
the persistence time (section 9). To estimate the discovery time, we rely
on rough estimates for the mutation dynamics and correlation inequalities
(section 10). The mutation dynamics is quite similar to the Ehrenfest urn,
however it is more complicated because several mutations can occur simul-
taneously and exact formulas are not available. The proof is concluded in
section 11.

Warning. From section 6 onwards, we work with the normalized Moran
model defined in section 5. This model is denoted by (X;):>0 and its
transition matrix by p, like the initial Moran model. We deal only with
discrete time processes in the proofs. The time is denoted by ¢ or n.
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4 Coupling

The definition of the processes through infinitesimal generator is not very
intuitive at first sight. We will provide here a direct construction of the
processes, which does not make appeal to a general existence result. This
construction is standard and it is the formal counterpart of the loose de-
scription of the dynamics given in section 2. Moreover it provides a use-
ful coupling of the processes with different initial conditions and different
control parameters o,q. All the processes will be built on a single large
probability space. We consider a probability space (2, F, P) containing
the following collection of independent random variables:

e a Poisson process (7(t)):>o with intensity m?\ where A > 0 is a constant
such that A > max{ A(u) :u € A*}.

e two sequences of random variables I, J,, n > 1, with uniform law on
the index set {1,...,m}.

e a family of random variables U, ;, n > 1, 1 <[ </, with uniform law on
the interval [0, 1].

e a sequence of random variables S,, n > 1, with uniform law on the
interval [0, 1].

We denote by 7, the n—th arrival time of the Poisson process (7(t))¢>0, i.e.,
Vn>1 T = inf{t>0:7(t) =n}.

The random variables I,,, J,,, Uy, 1 <1< ¢, and S, will be used to decide
which move occurs at time 7,. To build the coupling, it is more convenient
to replace the mutation probability g by the parameter p given by

R

b= q.

k—1
We define a Markov chain (X,,)nen with the help of the previous random
ingredients, whose law is the law of the Moran model. The process starts
at time 0 from an arbitrary population xy. Let n > 1, suppose that the
process has been defined up to time n — 1 and that X,,_; = z. We explain
how to build X,, = y. Let us set i = I,,. If S,, > A(z(i))/A, then y = x.
Suppose next that S, < A(x(i))/A. We define y as follows. We index the
elements of the alphabet A in an arbitrary way:

A = {al,...,aﬁ}.
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Let j = J,,. We set

a  if Upy<?Z
K
. p p
- f -1)=< Uy <r=-
Vie{l,...t} yG=4{ " i =L <Une<rd
. b
ax if (k- I)E <Upi<p
2(i,l) if Upy>p

For k # j we set y(k) = (k). Finally we define X,, = y.

We define also a Markov process (X;);er+ with right continuous trajec-
tories. The process starts at time 0 from an arbitrary population xy and it
moves only when there is an arrival in the Poisson process (7(t));>0. Let
t > 0 and suppose that 7,, = ¢ for some n > 1. Suppose that just before ¢
the process was in state x:

lim X, = x.
s—t
s<t

We proceed as in the construction of the discrete time process at step n to
build the new population y starting from = and we set X; = y. Therefore
we have

Yn >0 Vt€ [r, Thti] X = X,.
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5 Normalized model

The Moran model defined previously is difficult to analyze for several rea-
sons. A major problem is that the natural coupling constructed in section 4
is not monotone. We define next a related Moran model which is simpler
to study. This model is obtained by normalizing the reproduction rates so
that the total reproduction rate of any population is one. The continuous
time normalized Moran model is the Markov process (X;);eg+ whose in-
finitesimal generator L is defined as follows: for ¢ a function from (Af)m
to R and for any = € (Ae)m,

o) = Y Y G PR (ofal ) - o).

1<i,j<m ue A*

The discrete time normalized Moran model is the Markov chain (X, )nen
with transition matrix p given by

Vo € (Af)m Vie{l,...,4} VueAg\{x(j)}

o Ala(i) M(a(i) 1)
p(z,2(j < u)) = Elgém A@@)) + -+ Az(m))

The other non diagonal coeflicients of the transition matrix are zero. In the
remainder of the paper, we shall work with this Markov chain (X,,),en and
the transition matrix p. We shall prove the main theorem 3.1 of section 3
for this process. In fact, we shall even prove the following stronger result.
Let v be the image of the invariant probability measure of (X,),,>0 through
the map

€ (Y™ s %N(m) €0,1].

The probability measure v is a measure on the interval [0, 1] describing the
equilibrium density of the master sequence in the population. Indeed,

n—oo

Vie {0,...,m} u(%) = lim P(N(X,)=1).

The probability v depends on the parameters o, ¢, m,q of the model. Let
¢(a) be the function defined before theorem 3.1, i.e.,

o(l—e ") In % + In(oe™®)

Va <Ino ¢(a) = (1-0(1—e"%))

and ¢(a) =0if a > Ino. Let

ce *—1

p= c—1
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Theorem 5.1 We suppose that
{— 400, m — +0o, q—0,
in such a way that

Lg — a €]0,+o0], %%ae[o,—i—oo].

We have the following dichotomy:

o Ifa¢(a) <Ink then v converges towards the Dirac mass at 0:
Ve >0 v([0,e]) — 1.
e If a¢(a) > Ink then v converges towards the Dirac mass at p*:
Ve >0 v([p* —e,p" +¢]) = 1.

We shall prove this theorem for the normalized Moran model (X,,),en. Let
us show how this implies theorem 3.1 for the initial model. In the remainder
of this argument, we denote by (X )nen the Moran model described in
section 2 and by p’ its transition matrix. The transition matrices p and p’
are related by the simple relation

ve,ye (A", z#y,  Dxy) = B@)p(z,y)
where
vre ()" Be) = - (AW(D) + o+ Ala(m)))

Let ¢ and g’ be the invariant probability measures of the processes (X¢):>0
and (X/):>0. The probability p is the unique solution of the system of
equations

voe (A" p@) = D uy)ply.w).
yE(AH™

We rewrite these equations as:
vre (A" @) Yo ply) = D m@)p.w).

ye(AH)™ ye(AH)™
Yy#T Yy#T

Replacing p by p’, we get

va e (A" piz) o Py = > %p/(%@'
ye(AH)™

ye(-Aé)nl ﬂ y
y#z y#x
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Using the uniqueness of the invariant probability measure associated to p’,
we conclude that

()

Yo € (Aé)m wo(x) = _ B

Zﬂy

ye(AL)m y

In the case of the sharp peak landscape, the function () can be rewritten
as

m 1
Let us denote by v and v/ the images of y and i/ through the map
m 1
€ (AH™ = —N(z) €[0,1].
m
We can thus rewrite
Z wy) Z An(y) _ / Adv(t)
B(y) N(y) 01 (0 —1t+1

ye(Al)™ y> yeH)™ (0 —1)—= +1
m

For any function f : [0,1] — R, we have then

/[0,11de1 B tlggoE<f(%N(XtI))) - Z f(_ ) ( )

Al)m

N(z)\ plz) A (1) du(t)
_ zE(AL)m ( m )ﬂ(x) . /[0,1] (c—-1t+1

IO D)
Z B(y) /[0,1] (c—1t+1

ye(A)™

We suppose that we are in the asymptotic regime for ¢, m,q considered
in theorems 3.1 and 5.1. By theorem 5.1, away from the critical curve
a¢(a) = Ink, the probability v converges towards a Dirac mass. If v
converges towards a Dirac mass at p, then we conclude from the above
formula that v/ converges towards the same Dirac mass and

Master(a,ﬂ,m,q) — P,
Variance(a,ﬁ,m,q) — 0.

This way we obtain the statements of theorem 3.1. From now onwards, in
the proofs, we work exclusively with the normalized Moran process, and
we denote it by (X;)i>o0.
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6 Lumping

The state space of the process (X;);>o is huge, it has cardinality k™. We
will rely on a classical technique to reduce the state space called lumping
(see the appendix). We consider here only the sharp peak landscape. In
this situation, the fitness of a chromosome is a function of its distance to
the master sequence. A close look at the mutation mechanism reveals that
chromosomes which are at the same distance from the Master sequence are
equivalent for the dynamics, hence they can be lumped together in order
to build a simpler process on a reduced space. For simplicity, we consider
only the discrete time process. However similar results hold in continuous
time.

6.1 Distance process
We denote by dy the Hamming distance between two chromosomes:
Vu,v € A° dy(u,v) = card {j:1<j <€ u(j) #v(j)}.

We will keep track of the distances of the chromosomes to the master
sequence w*. We define a function H : A* — {0,...,£} by setting

Vu € A H(u) = dg(u,w*).
The map H induces a partition of A’ into Hamming classes
H'({b}), befo0,....0}.

We prove first that the mutation matrix is lumpable with respect to the
function H.

Lemma 6.1 (Lumped mutation matrix) Let b,c € {0,...,¢} and let
u € A” such that H(u) = b. The sum

Z M (u,w)

we At
H(w)=c

does not depend on u in H~1({b}), it is a function of b and ¢ only, which
we denote by My (b, c). The coefficient My (b, ¢) is equal to

= ()00 0@ -y

0<k<l—b
0<I<b
k—l=c—b
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Proof. Let b,c€{0,...,¢} and let u € A® such that H(u) = b. We will
compute the law of H(w) whenever w follows the law M (u, ) given by the
row of M associated to w. For any w € Af, we have

H(w) = Z Loty £w* (1)
1<i<e

=y (1w<1>¢w*<1>,u<1>:w*<l> + 1w<l>¢w*<l>m<l>¢w*<l>)
1<1<¢

= H(u)+ ) (1w<1>¢w*<1>,u<1>:w*<l> —1w<1>:w*<l>,u<l>¢w*u>)-
1<I<¢

According to the mutation kernel M, for indices [ such that u(l) = w*(1),
the variable 1, ()= is Bernoulli with parameter p(1 — 1/x), while for
indices [ such that u(l) # w*(l), the variable 1,,y—y=() is Bernoulli with
parameter p/k. Moreover these Bernoulli variables are independent. Thus
the law of H(w) under the kernel M (u,w) is given by

H (u) + Binomial (¢ — H(u),p(1 — 1/x)) — Binomial (H (u), p/k)

where the two binomial random variables are independent. This law de-
pends only on H (u), therefore the sum

Z M (u,w)

we A
H(w)=c

is a function of b = H(u) and ¢ = H(w) only, which we denote by M (b, c).
The formula for the lumped matrix My is obtained by computing the law
of the difference of the two independent binomial laws appearing above. [J

The fitness function A of the sharp peak landscape can be factorized
through H. If we define

o ifb=0

vbe {0,...,¢ A (b) =
{000} Aud) {1 oo

then we have
Vu € A A(u) = Ag(H(u)).
We define further a vector function H : (A%)™ — {0,...,£}™ by setting
(1) H (z(1))
Ve=| : |e)"  H@) = :
x(m) H(z(m))
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The partition of (Aé)m induced by the map H is
H({d}), de{0,....,0}".

We define finally the distance process (Dy)¢>0 by

VE>0 Dy = H(Xy).

Our next goal is to prove that the process (X;);>¢ is lumpable with respect
to the partition of (Aé)m induced by the map H, so that the distance
process (D:)¢>0 is a genuine Markov process.

Proposition 6.2 (H Lumpability) Let p be the transition matrix of the
Moran model. We have

Ve e {0,....0}" Va,ye (49",
H(z) =Hy) = > p@z)= > py2).

ze(Af)™ ze(Af)™
H(z)=e H(z)=e
Proof. For the process (Xi)t>0, the only transitions having positive

probability are the transitions of the form
x — z(j+u), 1<j<m, ueA’.

Let e € {0,...,0}™ and let 7,y € (AY)™ be such that H(z) = H(y).
We set d = H(x) = H(y). If the vectors d,e differ for more than two
components, then the sums appearing in the statement of the proposition
are equal to zero. Suppose first that the vectors d, e differ in exactly one
component, so that there exist j € {1,...,m} and ¢ € {0,...,¢} such
that e = d(j < ¢) and d(j) # c. Naturally, d(j < ¢) is the vector d in
which the j—th component d(j) has been replaced by ¢:

d(1)

d(j +¢) = c

‘We have then

Z p(z,z) = Z p(z,z(j + w)) .

ze(AH)™ we At
H(z)=e H(w)=c
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Using lemma 6.1, we have

. B A(z(i)) M(I(’L),’LU)
S paew) = Y S A@() + -+ Al(m)

we At we A 1<Z<m
H(w)=c H(w)=c

1 Aus (H(2(0)) M ((2(0).
2

M <m (H(w(l))) +-+Ag (H(:v(m))) '

This sum is a function of H(z) and ¢ only. Since H(x) = H(y), the sums
are the same for = and y. Suppose next that d = e. Then

Z p(:E,Z) = p(I,I) + Z Z p(IaI(j — w))

Ze(Az)m 1<js<m weA\{z(j) }
H(z)—e H(w)=H(z(j))
=1— Z p(xxj<—w Z Z p(:v,x(j<—w))
1<j<m 1<j<m weA\{z(j) }
weAN{z(5) } H(w)=H(z(j))

=1- Z Z p(z,2(j + w))

1<j<m we A\ {x(j) }
H(w)#H (2(7))

Z Z Z p(z,2(j + w)).

1<j<m ce{0,...,} weA
c#H(2(4)) H(w)=c

We have seen in the previous case that the last sum is a function of H(z)
and ¢ only. The second sum as well depends only on H(x). Therefore the
above quantity is the same for z and y. ([

We apply the classical lumping result (see theorem A.3) to conclude that
the distance process (D;):>0 is a Markov process. From the previous com-
putations, we see that its transition matrix pg is given by

Vd e {0,....0}" Vje{l,...,m} Vee{0,. .. 3\ {d()}
. 1 A (d(i)) My (d(i), )
pa(ddj ) = AH(d}(LI1))+---iAH(d(m))'

1<i<m

6.2 Occupancy process

We denote by P} the set of the ordered partitions of the integer m in at
most £+ 1 parts:

P, = {(0(0),...,0(5))61\1”1:0(0)+---+0(€):m}.
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These partitions are interpreted as occupancy distributions. The partition
(0(0),...,0(¢)) corresponds to a population in which o(l) chromosomes are
at Hamming distance [ from the master sequence, for any I € {0,...,¢}.
Let O be the map which associates to each population z its occupancy
distribution O(x) = (o(z,0),...,0(z,¥)), defined by:

vie{0,...,0} o(x,l) = card{i:1<i<m,dy(a(i),w*)=1}.
The map O can be factorized through H. For d € {0,...,¢}™, we set
op(d,l) = card{i:1<i<m,d(i)=1}
and we define a map Og : {0,...,£}™ — P/, by setting
On(d) = (on(d,0),...,0u(d,L)).

We have then
Vo e (A" O(z) = Op(H(z)).
The map O lumps together populations which are permutations of each
other:
vz e (A)™ Vpe B, O(x) = O(p-x).
We define the occupancy process (O;);>0 by setting
vt >0 0; = O(Xy) = Ou(Dy).

For the process (D)0, the only transitions having positive probability
are the transitions of the form

d — dj+c), 1<j<m, ce{0,....,0}.
Therefore the only possible transitions for the process (O;);>o are
o — olk—=1), 0<kI<U,

where o(k — 1) is the partition obtained by moving a chromosome from
the class k to the class [, i.e.,

o(h) if bk, 1
Vhe{0,....0} ok —=0)h) =ok)—1 ifh=k
o) +1 ifh=1

Proposition 6.3 (O Lumpability) Let py be the transition matrix of
the distance process. We have

Yoe PP, Wdee{0,... ()",
Ou(d) =0Ople) = > puldf)= > pulel)).

FE{0, ) FE{0, 0t}
O (f)=o Ou(f)=o
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Proof. The symmetric group &,,, of the permutations of { 1,...,m } acts
in a natural way on the populations through the following group operation:

Vo e (A" Ype&, Vie{l,...m}  (p-2)(j) = 2(p(j)).

Let o € P/, and d,e € {0,...,£}™ such that Og(d) = Og(e). Since
On(d) = Opn(e), there exists a permutation p € &, such that p-d = e.
The transition matrices p and py are invariant under the action of &,,,
therefore

Z pu(d, f) = Z pu(p-d.p-f)

fe{o,....e3™ fe{o,....e3™
Ou(f)=o On(f)=o
= Z pH(evf) = Z pH(evf)
fe{o,...e3™ Fe{o,....e3™
Om(p=t-f)=o Ou(f)=o
as requested. (I

We apply the classical lumping result (see theorem A.3) to conclude that
the occupancy process (O;):>o is a Markov process. Let us compute its
transition probabilities. Let o € P}, and d € {0,...,£}™ be such that
Op(d) # o. Let us consider the sum

Z pH(dvf)'

The terms in the sum vanish unless
Jje{1,....om} Fece{0,....4}, c#d(j), f=dii+c.
Suppose that it is the case. If in addition f is such that Oy (f) = o, then
0 = Op(d)(d(j) = ¢).
Setting k = d(j) and [ = ¢, we conclude that
Ik, le{0,...,0} o= 0g(d)(k—=1).

The two indices k, [ satisfying the above condition are distinct and unique.
We have then

S padp = Y palddiD)

fe{0,....}m je{1,...m}
Ou(f)=o d(j)=k
Ou(d)(k) > Op(d)(h) Ag(h) My (h,1)
_ 0<h</(
m > On(d)(h) Ag(h)
0<h<?
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This fraction is a function of Og(d), k and [, thus it depends only on
Op(d) and o as requested. We conclude that the transition matrix of the
occupancy process is given by

Yoe Pty Vk1e€{0,....0}, k#L,

po(o,0(k = 1)) = h=0

6.3 Invariant probability measures

There are several advantages in working with the lumped processes. The
main advantage is that the state space is considerably smaller. For the
process (Xt):>0, the cardinality of the state space is

card (.Ae)m = KM,
For the distance process (D;):>0, it becomes
card{0,...,£}™ = (L+1)™.

Finally for the occupancy process, the cardinality is the number of ordered
partitions of m into at most ¢+ 1 parts. This number is quite complicated
to compute, but in any case

card P/fy, < (£41)™.

Our goal is to estimate the law v of the fraction of the master sequence in
the population at equilibrium. The probability measure v is the probability
measure on the interval [0, 1] satisfying the following identities. For any
function f : [0,1] — R,

/[0,1} fv = tlirﬁloE(f(%N(Xt))) B /(Af)mf(%N(w)) dp(x)

where 4 is the invariant probability measure of the process (X;);>o and
N(z) is the number of copies of the master sequence w* present in the
population z:

N(z) = card{i:1<i<m, z(i)=w"}.

In fact, the probability measure v is the image of p through the map

v e (A" o %N(m) e0.1].
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Yet N(x) is also lumpable with respect to H, i.e., it can be written as a
function of H(x):

vz e (A)™  N(z) = Ny(H(z)),
where Ny is the lumped function defined by
vd € {0,...,£}"  Ng(d) = card{i:1<i<m,d(i)=0}.
Let pp be the invariant probability measure of the process (Dy)¢>o. For

de{0,...,£}™, we have

pr(d) = lim P(D; =d) = lim P(H(X;) = d)

t—o00 t—o00

= lim P(X; € H'(d)) = p(H'(d))

Thus, as it was naturally expected, the probability measure p is the image
of the probability measure p through the map H. It follows that, for any
function f:[0,1] — R,

[0,1] fdv = /(A")m f(%N(x)) du(z)

- /(Al)m 7 (o N (B(2)) ) i)

- AO"_.’E}mf(%NHu)) dyira(d)

Similarly, the invariant probability measure po of the process (O)i>o is
the image measure of u through the map O, and also the image measure
of pp through the map Op. We have also, for any function f : [0,1] — R,

o fdv = /737” f(%o(())) dpo (o).

£+1

Another advantage of the lumped processes is that the spaces {0,...,¢}™
and Py, are naturally endowed with a partial order. Since we cannot
deal directly with the distance process (Di)t>o or the occupancy process
(O1)¢>0, we shall compare them with auxiliary processes whose dynamics
is much simpler.
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7 Monotonicity

A crucial property for comparing the Moran model with other processes is
monotonicity. We will realize a coupling of the lumped Moran processes
with different initial conditions and we will deduce the monotonicity from
the coupling construction.

7.1 Coupling of the lumped processes

We build here a coupling of the lumped processes, on the same probability
space as the coupling for the process (X¢):>0 described in section 4. We
set

Vn>1 R, = (Sn,In,Jn,Un_yl,...,Un_[).

The vector R,, is the random input which is used to perform the n—th step
of the Markov chain (X;);>o. By construction the sequence (R,,)n>1 is a
sequence of independent identically distributed random vectors with values
in

R = [0,1] x{1,...,m}?*x[0,1]°.

We first define two maps Mg and Sy in order to couple the mutation and
the selection mechanisms.

Mutation. We define a map
My :{0,..., £} x[0,1]* = {0,...,0}

in order to couple the mutation mechanism starting with different chromo-
somes. Let b € {0,...,¢} and let u1,...,up € [0,1]°. The map My is
defined by setting

b J4
MH(bv U, ... ,U[) =b-— Z 1uk<p/m + Z 1Uk>1—p(1—1/ﬁ) .
k=1 k=b+1

The map M is built in such a way that, if Uy, ..., Uy are random variables
with uniform law on the interval [0, 1], all being independent, then for any
b e {0,...,4}, the law of Mg(b,Us,...,U,) is given by the row of the
mutation matrix My associated to b, i.e.,

VCE{O,...,E} P(MH(b,Ul,...,U[):C):MH(b,C).

Selection for the distance process. We realize the replication mecha-
nism with the help of a selection map

Sp {0, 0} x[0,1] > {1,...,m}.
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Let d € {0,...,£}™ and let s € [0,1]. We define Sy(d,s) = i where 7 is
the unique index in {1,...,m } satisfying
Ag(d(1)) 4 -+ Ag(d(i — 1)) P Ag(d(1)) 4 -+ Ag(d(i))
Ag(d(1)) +---+ Au(d(m)) — Ap(d(1)) +---+ Ap(d(m))

The map Sy is built in such a way that, if S is a random variable with
uniform law on the interval [0, 1], then for any d € {0,...,£}™, the law of
Su(d, S) is given by

An(d(i))

Vie{l..om}  P(Su(dS)=i) = ey T ey

Coupling for the distance process. We build a deterministic map
Oy {0,....0}" xR —{0,...,}™

in order to realize the coupling between distance processes with various
initial conditions and different parameters o or p. The coupling map P g
is defined by

Vr = (s,4,J,u1,...,ug) ER, Vde{0,....,0}™
Sy(d,r) = d(j +— My (d(Sy(d, s)),ul,...,w)).

Notice that the index ¢ is not used in the map ®z. The coupling is then
built in a standard way with the help of the i.i.d. sequence (R, )n>1 and
the map ®g. Let d € {0,...,¢}™ be the starting point of the process. We
build the distance process (D;);>0 by setting D(0) = d and

V?’LZl Dn = (I)H(Dn—laRn)'

A routine check shows that the process (D;):>o is a Markov chain starting
from d with the adequate transition matrix. This way we have coupled the
distance processes with various initial conditions and different parameters
o or p.

Selection for the occupancy process. We realize the replication mech-
anism with the help of a selection map

So : Pl x [0,1] = {0,...,0}.

Let o € PJ;, and let s € [0,1]. We define So(o, s) = | where [ is the unique
index in {0, ..., ¢} satisfying
0(0)Ag(0)+---+o(l —1)Aug(l—1) < 0(0)Ag(0) +---+o(l)Ar(l)

0(0)Ag(0) +---+o(£) A (¢) =8 0(0)Ag(0)+---+o(0)An(l)
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The map Sp is built in such a way that, if S is a random variable with
uniform law on the interval [0, 1], then for any o € P}, the law of Sp (o, S)
is given by

) o(l) Au (1)
Vie{0,....¢}  P(So(0,8)=1) = o(O)AH(O)—i—--I-LI—i—o(E)AH(ﬂ)'

Coupling for the occupancy process. We build a deterministic map
@O:Pﬁl XR%Pﬁl

in order to realize the coupling between occupancy processes with various
initial conditions and different parameters ¢ or p. The coupling map ®p
is defined as follows. Let r = (s,4,j,u1,...,us) € R. Let o € P}, let us
set | = Sp(o,s) and let k be the unique index in {0,...,¢} satisfying

o0)+--4+ok—1) < j <o(0)+ -+ o(k).
The coupling map ®o is defined by
Po(o,7) = o(k = Mu(l,u1,. .. up)).

Notice that the index i is not used in the map ®o. Let o € P/}, be the
starting point of the process. We build the occupancy process (O;);>0 by
setting O(0) = o and

Vn>1 O, = ®0(0n_1,Ry).

A routine check shows that the process (Oy)¢>0 is a Markov chain starting
from o with the adequate transition matrix. This way we have coupled the
occupancy processes with various initial conditions and different parame-
ters o or p.

7.2 Monotonicity of the model

The space {0,...,¢}™ is naturally endowed with a partial order:
d<e <= Vie{l,....m} d(i)<e(i).

Lemma 7.1 The map My is non—decreasing with respect to the Ham-
ming class, i.e.,

Vb,c € {0,...,0} Yug,...,up €[0,1]
bSC = MH(bvulv"'aul)SMH(Caula"'aul)'
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Proof.  We simply use the definition of My (see section 7.1) and we
compute the difference

Mpu(e,ur, ... up) — My (byug, ..., up) =

c—b+ Z (1uk>1fp(171/n) - 1uk<p/n> .
k=b+1

Since k > 2, the absolute value of the sum is at most ¢ — b and the above

difference is non-negative. O

Lemma 7.2 In the neutral case ¢ = 1, the map Sy is non—decreasing with
respect to the Hamming class, i.e.,

Vd,e € {0,...,0}™ Vsel0,1]
d<e = d(Su(d,s)) < e(Sules)).

Proof. In fact, when 0 = 1, the map Sy depends only on the second
variable s:

vde {0,...,0}™ Vsel0,1] Su(d,s) = |ms]+1.
It follows that if d,e € {0,...,£}™ are such that d < e, then
Vs € [0,1] d([ms] +1) < e([ms] +1)
as requested. O
Lemma 7.3 In the neutral case ¢ = 1, the map ®y is non—decreasing
with respect to the distances, i.e.,
Vd,e € {0,...,£}™ VYreR, d<e = ®g(d,r) < Pyle,r).

Proof. Letr = (s,i,j,u1,...,us) € R and let d,e € {0,...,£}™, d <e.
By lemma 7.2, we have

d(Su(d,s)) < e(Sul(e,s)) .
This inequality and lemma 7.1 imply that
MH(d(SH(da S))a ug, - .- ,’U,[)) < MH(S(SH(ev S))7 Upy .- ,’LLg) )

so that

d(j < Mu(d(Su(d,s)), u1,. .., ug))
< e(j « Mu(e(Sule,s)),u1,...,up)),
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whence @y (d,r) < ®g(e,r) as requested. O

Unfortunately, the map ® g is not monotone for ¢ > 1. Indeed, suppose
that

3
k=3, o=2, m=3, —<S<Z,
P 2p

9 9 S _71__j|7 =t1=1,
et {3 3l 7!

0 2 1 1

1 1 1 1

This creates a serious complication. This is why we perform a second
lumping and we work with the occupancy process rather than with the
distance process. We define an order < on Pﬁ_l as follows. Let o =
(0(0),...,0(£)) and o' = (0/(0),...,0'(£)) belong to P,. We say that o is
smaller than or equal to o/, which we denote by o < ¢, if

Vi<t  0o0)+---+o() <0)+--+().

Lemma 7.4 The map Sp is non—increasing with respect to the occupancy
distribution, i.e.,

Vo, € P, Vs e[0,1]
0=0d = 8Solo,s) > So(d,s).
Proof. Leto=<o. Letle€{0,...,£}. We have
0(0)Ag(0)+ -4+ o(l)Ar (1) = 0(0)(c —1) 4+ 0(0) +---+ o(l).
Thus

0(0)An(0) +---+o()Au (1)

= ¥(0(0),0(0) + -+ +o(l)) ,
where v is the function defined by

ne—1)+¢

v, €[0,m]  ¥(n,§) = o= tm:

The map v is non—decreasing in 1 and ¢ on [0, m]?, therefore

¥(0(0),0(0) + -+ + o(l)) < ¥(0'(0),0'(0) + -+ (1)),
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ie.,

0(0) A (0) +---+ o(DAn() _ o(0)Au(0) +---+ D Au()
0(0)Ap(0) +---+o(()Au () = o' (0)Ag(0) + -+ (()Au (L)

It follows that Sp(o,s) > Sp (¢, s) for any s € [0, 1]. O

Lemma 7.5 The map ®o is non-decreasing with respect to the occupancy
distributions, i.e.,

Vo,o' e Py VreR  o0=d = ®p(o,r) = Do(d,r).

Proof. Let r = (s,4,7,u1,...,u¢) € R and let 0,0" € Pj}; be such that
0= 0. Let us set I = Sp(o,5), I! = Sp(0,s) and let k, k' be the unique
indices in {0,...,¢} satisfying

0(0)+---+o(k—1)
o0)+ -+ —1)

Since 0 < o', we have k > k’. Let us set
b:MH(l,ul,...,’UJg), b/:./\/lH(l/,ul,...,uz).

Since | > I’ by lemma 7.4, we have b > b’ by lemma 7.1. We must now
compare

do(0,7) = o(k = b), Do(o,r) = (K = V).
Let h € {0,...,¢}. We have
o(k = b)(0)+---+ ok —=b)(h) = 0(0) 4+ ---+o(h) = 1p<n + Ly<p .

Since o < o, we have 0(0) +---+o(h) < o' (0)+---+0'(h). Since b > V', we
have 1p<p < 1lp<p. The problem comes from the indicator function 1j<j,.
We consider several cases:

e k < h. Then

0(0) + -4 O(h) — 1k§h + 1b§h O/(O) + -4 Ol(h) -1+ 1b§h

<
< (0) + -+ 0 (h) = Lp<n + lyr<n -
e k' < h < k. The definition of k, ¥’ implies that

0(0)+---+o(h) < j <d0)+---40(h)

whence



It follows that

O(O) 4+ 4+ O(h) =+ 1b§h S 0/(0) —+ -4 Ol(h) — 1k/§h —+ 1b/§h .

e h < k'. Then
0(0) + -+ o(h) + lp<p < 0'(0)+-+-+0(h) + lpy<n -
In each case, we have
o(k = b)(0)+---+o(k = b)(h) < (K —=b)0)+ -+ —=V)(h).

Therefore ®p(0,r) = Pp(0,r) as requested. O

Let us try to see the implications of the previous results for the mono-
tonicity of the model (see the appendix for the definition of a monotone
process). There is not much to do with the original Moran model, because
its state space is not partially ordered. So we examine the distance process
and the occupancy process.

Corollary 7.6 In the neutral case o = 1, the distance process (Dy);>¢ is
monotone.

Indeed, by lemma 7.3, the map ®p is non—decreasing in the neutral case
o =1, hence the coupling is monotone. Unfortunately, we did not manage
to reach the same conclusion in the non neutral case. The main point of
lumping further the distance process is to get a process which is monotone
even in the non neutral case.

Corollary 7.7 The occupancy process (O;):>o is monotone.

By lemma 7.5, the coupling for the occupancy process is monotone.
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8 Stochastic bounds

In this section, we take advantage of the monotonicity of the map ®o to
compare the process (Oy);>0 with simpler processes.

8.1 Lower and upper processes

We shall construct a lower process (Of);>0 and an upper process (O} )i>o
satisfying
Vt>0 Of <0; < O} .

Loosely speaking, the upper process evolves as follows. As long as there is
no master sequence present in the population, the process (O});>o evolves
exactly as the initial process (O;);>0. When the first master sequence
appears, all the other chromosomes are set in the Hamming class 1, i.e.,
the process jumps to the state (1,m — 1,0,...,0). As long as the master
sequence is present, the mutations on non master sequences leading to non
master sequences are suppressed, and any mutation of a master sequence
leads to a chromosome in the first Hamming class. The dynamics of the
lower process is similar, except that the chromosomes distinct from the
master sequence are sent to the last Hamming class ¢ instead of the first
one. We shall next construct precisely these dynamics. We define two maps
me, ™1 Py — Pyl by setting

Vo € P/, me(0) = (0(0),0, .o, 0,m — 0(0)),
m1(0) = (0(0),m —0(0),0,...,0).

Obviously,
Vo € Piyy me(0) = 0 <X m(0).

We denote by W* the set of the occupancy distributions containing the
master sequence, i.e.,

W* ={oe P/ :00)>1}

and by A the set of the occupancy distributions which do not contain the
master sequence, i.e.,

N ={oeP/t:00)=0}.

Let ®o be the coupling map defined in section 7.1. We define a lower map
@f) by setting, for o € P/}, and r € R,

do(0,7) ifoe N and ®p(o,r) & W*
®5(0,7) = T (®o(o,7)) ifoe N and ®p(o,r) € W*
me(Po(me(o), 7)) if o € W*
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Similarly, we define an upper map ®}, by setting, for o € Py andr € R,

do(o,1) ifoe N and ®p(o,r) & W*
®L(0,1r) = ™ (fbo(o, r)) ifoe N and ®p(o,r) € W*
T (®o(mi(0), 7)) if 0o € W*

A direct application of lemma 7.5 yields that the map <I>éo is below the map
®o and the map <I>1O is above the map ®o in the following sense:

VreR Yoe P,  ®5(o,r) < ®olo,r) < ®G(o,7).

We define a lower process (Of);>0 and an upper process (O} );>0 with the
help of the i.i.d. sequence (R,),>1 and the maps ®%,, ®} as follows. Let
0 € Py, be the starting point of the process. We set O°(0) = O'(0) = o
and

vn>1 O = ®5(05 1, R,), OF = ®5(0}_1, Ry).

Proposition 8.1 Suppose that the processes (Of)i>0, (O¢)i>0, (O})i>0,
start from the same occupancy distribution o. We have

Vt>0 Of <0, < O},
Proof. We prove the inequality by induction over n € N. For n = 0 we
have O(0) = O%(0) = O'(0) = o. Suppose that the inequality has been
proved at time ¢t = n € N, so that Ofl < 0, =< O,ll. By construction, we
have
Ofwrl = @f)(Of;,Rn), On+1 = (I)O(Oann)v OrllJrl = ‘I’lo (07117Rn)'
We use the induction hypothesis and we apply lemma 7.5 to get

Yet the map @f) is below the map ®o and the map <I>1O is above the map
dp, thus

05(05,, Ra) = P0(0p, Ry),  ©0(0p, Rn) = 05(0;,, Ra).

Putting together these inequalities we obtain that Of,; < Op41 =< O},
and the induction step is completed. (I
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8.2 Dynamics of the bounding processes

We study next the dynamics of the processes (Of);>0 and (O} )i>o in W*.
The computations are the same for both processes. Throughout the section,
we let 6 be either 1 or ¢ and we denote by (Of);>o the corresponding
process. For the process (Of);>0, the states

T = {oe Py :0(0) >1and 0(0) + o() < m }

are transient, while the populations in N'U (W*\ T?) form a recurrent
class. Let us look at the transition mechanism of the process restricted to

W*\ T?. Since
WA\T? = {0€ Pfy :0(0) = 1and o(0) + of6) =m }

we see that a state of W* \ T? is completely determined by the first occu-
pancy number, or equivalently the number of copies of the master sequence
present in the population. Let of ., be the occupancy distribution having
one master sequence and m — 1 chromosomes in the Hamming class 6:

1 ifl=0
Vie{0,....0} o . ()={m—-1 ifl=0
0 otherwise

The process (O?);>0 always enters the set W* \ T? at o ... The only
possible transitions for the first occupancy number of the process (O);>0
starting from a point in W* \ T? are

0(0) — 0(0)—-1, 1<0(0) <m,

0(0) — o0(0)+1, 0<o0(0)<m-—1.

Let of ;, be the occupancy distribution having m chromosomes in the Ham-

ming class 6:

9 m ifl=20

Vie{0,...,0} Oexit (1) = {0 otherwise

The process (Of);>0 always exits W* \ TY at of,. From the previous
observations, we conclude that, whenever (OY);>q starts in W*\ T?, the
dynamics of (0?(0));>0 is the one of a standard birth and death process,
until the time of exit from W*\ T?. We denote by (Zf);>¢ a birth and death
process on {0,...,m} starting at Z§ = 1 with the following transition
probabilities:
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e Transitions to the left. For i € {1,...,m},

P(Zfﬂzi 1|Zt —Z) = P(Ot+1( )—i_1|0§(0):i)
i%(1 = My (0,0)) +i(m —i)(1 — My(6,0)) '

m(ot +m — 1)

e Transitions to the right. For i € {0,...,m —1},

P(Z{ =i+1|Z) =i) = P(O!,1(0)=i+1]|0¢(0) =)
oi(m —i)Mg(0,0) + (m — i)> My (6,0) '

m(ot +m — 1)

8.3 A renewal argument

We prove here a formula for the invariant measure involving two stopping
times. The proof is based on a standard renewal argument and the formula
is a variant of other well known formulas. Because this formula is a key
of the whole analysis, we include its proof here. Let (X;);>¢ be a discrete
time Markov chain with values in a finite state space £ which is irreducible
and aperiodic. Let u be the invariant probability measure of the Markov
chain (X4)¢>o.

Proposition 8.2 Let W* be a subset of £ and let e be a point of £\ W*.
Let f be a map from £ to R which vanishes on £ \ W*. Let

T*:inf{tEO:XtEW*}, T:inf{tzr*:Xt:e}.

We have

/gf(w)du(fb) (T|XO_6 (/f ds\xoze).

Proof. We define two sequences (75 )r>1, (Tk)r>0 of stopping times by
setting 7o = 0 and

mo=inf {t>0:X, e W}, no=if {t>7: X, =e},

T,::inf{tZTk_lthEW*}, Tkzinf{tZT,::Xt:e},

Our first goal is to evaluate the asymptotic behavior of 7 as k goes to co.
For any k > 1, by the strong Markov property, the trajectory (X;)¢>r, of
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the process after time 7 is independent of the trajectory (Xi):<-, of the
process until time 75, and its law is the same as the law of the whole process
(Xt)t>0 starting from e. As a consequence, the successive excursions

(Xe, e <t <Tp1), k>1,
are independent identically distributed. In particular, the sequence

is a sequence of i.i.d. random variables, having the same law as the ran-
dom time 7 whenever the process (X;);>o starts from e. For k > 1, we
decompose 7j as the sum

N

-1

Tk = T1 + (Th+1—7’h)-
1

>
Il

We denote by E. () the expectation for the process (X;);>o starting from e.
Since the state space £ is finite, the random time 7 is finite with probability
one, and it is also integrable. Applying the classical law of large numbers,
we get

lim 2 = Ec(m1) with probability 1.

Whenever the process (X;);>o starts from e, the random times 77, 71 satisfy
T4 > 1, 11 > 2, therefore the expected mean E.(71) is strictly positive and
we conclude that

lim 7, = +0 with probability 1.

k—o0

We define next
VE>0  K(t) =max {k>0:7 <t}.

From the previous discussion, we see that, with probability one, K(t) is
finite for any ¢t > 0. From the very definition of K (t), we have

Vt>0 TK(t) <t < TK(t)+1 5
and since 7 goes to co with k, then
tlim K(t) = +o00 with probability 1.
—00

We rewrite the previous double inequality as

TK(t) < t < TK(t)+1 « K(t) +1
ki) S K@ ~“K)+1° K@
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Sending ¢ to oo, we conclude that

K(t 1
tlggo % = ACY) with probability 1.

We suppose that the process (X;):>o starts from e. Let f be a map from
& to R which vanishes on £ \ W*. By the ergodic theorem A.2; we have

lim E,(£(X,)) = lim —/f

t—o00 t—o0

We decompose the last integral as follows:

[ e, ds—Z/f jas+ [ gexas,

TK(t)+1/\t

where 75 At stands for min(7 For k > 1, the integral

D)

Nkz/:ﬂX)ds

is a deterministic function of the excursion (Xt, 1 <t < Tk), hence
the random variables (N, k > 1) are independent identically distributed.
With probability one, K (t) goes to oo as t goes to oo, thus by the classical
law of large numbers, we have

t)+1

Jlim K— Z N = E.(N;)  with probability 1.
We write
K
1/f K(t) 1 ¢
- | f(Xs)ds = —— X —= / f(Xs)ds.
tJo ¢ KRG kz e aa Mt
‘We have
1/t 1
n f(Xs)ds| < (Sup|f|)¥(TK N1 — TK(®)
T;(t)+l/\t [0,1]
K@) (K#)+1 Tki+1 Tk
< _
= ([so‘lf"f') ¢ ( K(t) K(t)+1 K(t))

and the righthand side goes to 0 with probability 1 when ¢ goes to co. We
conclude that

tli)ngo A f(Xs)ds = Eo (1) with probability 1.
This yields the desired formula. ([

46



8.4 Bounds on v

We denote by pb, po, ué the invariant probability measures of the pro-
cesses (0F)i>0, (O1)i>0, (OF)i>0. From section 6.3, the probability v is the
image of po through the map

m 1
o€ Pl — EO(O) € [0,1].

Thus, for any function f :[0,1] — R,

o= [ 52D ot = i 5(1(20u0).

[0,1] 41

We fix now a non-decreasing function f : [0,1] — R such that f(0) = 0.
Proposition 8.1 yields the inequalities

viz0  f(000) < 7(=00) < F(-010).

Taking the expectation and sending ¢ to oo, we get

/Pm f(%) dpb(0) < [o,1]fdy < /Pm f(%) dug(0) -

£+1 £+1

We seek next estimates on the above integrals. The strategy is the same
for the lower and the upper integral. Thus we fix 6 to be either 1 or ¢ and
we study the invariant probability measure u%. For the process (O? )i>0,
the states of 7 are transient, while the populations in A U (W* \7'9)
form a recurrent class. We apply the renewal result of proposition 8.2 to
the process (Of)i>o restricted to MU (W*\ T?), the set W* \ T, the
occupancy distribution o ,, and the function o — f(0(0)/m). Setting

T =inf {t>0:0{ e W},
T:inf{tZT*:O?ZOint}7

we have
T, 10%0) 0_ o
E ds | Og = 0.
(0) (/7-* f( ) ’ 0 ex1t>
/, o (o) b0 = BT =) .

Yet, whenever the process (O );>¢ is in W*\ T, the dynamics of (0O?(0)):>0
is the same as the birth and death process (Z¢);>o defined at the end of
section 8.2. We suppose that (Z7);>o starts from Z§ = 1. Let 75 be the
hitting time of 0, defined by

Tozinf{nZO:ZfL:O}.
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The process (09)>0 always enters W* at o .. and it always exits W*\ T
at 0% ;,. In particular 7 coincides with the exit time of W* \ T after 7*.
From the previous elements, we see that (Of(()), T <t < 7') has the same
law as (Zf ,0<t < 7'0), whence

00 70 Zg
B[ %Dty et) = w( [ 1(Z)as|2=1),
Moreover, using the Markov property, we have
E( ex1t) - E(T ’ OO - Oenter) = E(T() ’ Zg = 1) .

Reporting back in the formula for the invariant probability measure u%,
we get

o 122ttt - o[ (Z) ] m=1)

m m ) o E(T*|Og—oex1t)+E(To}Z0—1) '

In order to reinterpret this formula, we apply the renewal result stated in
proposition 8.2 to the process (2 )t>0, the set {1,...,m }, the point 0 and
the map f(-/m). Setting

mo=inf {t>0:Z{ =1},

and denoting by /¥ the invariant probability measure of (Z¢);>¢, we have,
with the help of the Markov property,

TN E(/Omf(%g)ds‘zg:1>

Zf(m) V(i) = E(7'1|Zg = 0) —I—E(To ‘ Zg = 1) .

Yet
1 1

) = P(Z0 =120 =0)  Mgu(6,0)"
We conclude finally that

o)\ 18 (o) —
/%f( O aut (0
1
]\4}{(6.7 0) + E(TO ‘ ZO )

E(T*|Og—oex1t)+E(To‘Ze_1 Zf( ) @)

E(ri|Z§=0

To estimate the integral, we must estimate each term appearing on the
right-hand side. In section 9, we deal with the terms involving the birth
and death processes. In section 10, we deal with the discovery time 7*.
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9 Birth and death processes

We first give explicit formulas for a birth and death Markov chain that are
well adapted to our situation. The formula for the invariant probability
measure can be found in classical books, for instance [22].

9.1 General formulas

We consider a birth and death Markov chain (Z,),>0 on the finite set
{0,...,m} with transition probabilities given by
PZpy1=i+1|Z,=1) =6;, 0<i<m-—1,
P(Zn+1:Z—1|Zn:Z):")/Z, 1§Z§m,
for any n > 0. We define
8- 0;
r0)=1, w() = = ., 1<i<m-—1.
Y1V
Let 79 be the hitting time of 0, defined by

o =inf {n>0:2,=0}.

We have the following explicit formula for the expected value of 7¢:
B(ro|Zo=1) = Y —m(i—1).
i=1 "
Let v be the invariant probability measure of (Z,)n>0. We have the fol-
lowing explicit formula for v:
1

v(0) = 1+00E(r0| Zo=1)"

Vie{l,....m} v(i) = i

9.2 The case of (Z7)¢

We will now apply these formula to the birth and death chains (Z¢);>o
introduced at the end of section 8.2. For these two processes, we have the
following explicit formula for the transition probabilities:

oi*(1 = My(0,0)) +i(m — i) (1 — Mu(6,0))
m(ot +m — 1)
oi(m —i)Mg(0,0) + (m — i)* My (0,0)

51': " . 5 OS’LSm—l
m(oi +m — 1)

Vi = ;o 1<i<m,

49



The transition probabilities §;, v; depend on the parameters o, £, m, q as well
as . We seek estimates of the expected value of 7y and of the asymptotic
behavior of v in the regime where

m,{ — 400, q—0.

For this reason, we choose the above specific forms of the formulas, which
are well suited for our purposes. Since the results are the same for § = 1
and 8 = /£, we drop the superscript € from the notation, and we write
simply Z,, v instead of Z?, 1. Our first goal is to estimate the products
7(i). We start by studying the ratio d;/;. We have

Vie{l,...m—-1} - (MH(O,O),MH(H,O),E),

K2

where ¢ :]0,1] x [0, 1[%x]0, 1[—]0, +00[ is the function defined by

(1=p)(oBp+ (1= p)e)
p(o(1=B)p+(1—p)(1—¢))
What matters for the behavior of the products 7(#) is whether the values of

¢ are larger or smaller than 1. The equation ¢(8, ¢, p) = 1 can be rewritten
as

é(B,e,p) =

(c—1)p*+(1—cB+e)p—c=0.
This equation admits one positive root, given by

1
2(c—1)

p(B,e) = (0[3—1—54—\/(05—1—5)24—45(0—1)).

Therefore we have

¢(B,e,p) >1 if  p<p(B,e),
¢(B,e,p) <1 if  p>p(B,e).

This readily implies that

It follows that the product 7(¢) is maximal for i = |p(8,e)m|:

max 7(i) = 7([p(8,e)m]) .

1<i<m

50



We notice in addition that ¢(8, e, p) is continuous and non—decreasing with
respect to the first two variables 3,e. In the next two sections, we com-
pute the relevant asymptotic estimates on the birth and death process.
Lemma 6.1 yields

M(0,0) = (1 —p(1- %))e,
Man(1,0) = (1-p(1- D)2 (e = (2)'
As in theorem 3.1, we suppose that
£ — +oo0, m — 400, qg—0,

in such a way that
lg — a €0, +o00].

In this regime, we have

lim  Mg(0,0) = exp(—a),

L—00,q—0
Lg—a
im  Mg(1,0) = lim  Mg(£,0) = 0.
{—00,q—0 l—00,q—0
Lg—a lg—a

9.3 Persistence time

In this section, we will estimate the expected hitting time E(79 | Zy = 1).
This quantity approximates the persistence time of the master sequence w*.
We estimate first the products ().

Proposition 9.1 Let a €]0, +oo[. For p € [0, 1], we have

1 p
lim —Inn(|pm]) = / Ing(e™?,0,s)ds.
{m—oo M 0

q—0,4g—a

Proof. Let p € [0,1]. For m > 1, we have
1 1 Lemd i
—1 = — 1 Mg (0,0), Mg (60,0), — ) .
nllom) = 257 0.6 (M3 (0,0), M (6,0), - )

Let € €]0,e~?[. For £,m large enough and ¢ small enough, we have

|Mpg(0,0) —e™| < &, 0 < Mg(0,0) < ¢,

o1



therefore, using the monotonicity properties of ¢,

meJ

— Zlnqﬁ(e a—a,(),%) < %hm’(meJ)

meJ

Zln¢(e +€,¢, )

These sums are Riemann sums. Letting ¢, m go to co and g go to 0, we get

p
lim inf i1n7r(meJ) 2/ Ing(e™ —¢€,0,s)ds,

{m—oco M 0
q—0,g—a
1 P
limsup — Inz(|pm]) < / Ing(e™ +¢,¢,5)ds.
£, m—o00 m 0
q—0,Lg—a
We send ¢ to 0 to obtain the result stated in the proposition. (I
We define
oe 4 —1
* _ —— ifoe*>1
p*(a) = p(e™",0) = -1
0 ifoe7* <1

Since ¢(e=*,0,s) > 1 for s < p*(a) and ¢(e=%,0,s) < 1 for s > p*(a), the
integral

P
/ Ing(e™*,0,s)ds
0
is maximal for p = p*(a).

Corollary 9.2 Let a €]0,400[. The expected hitting time of 0 starting
from 1 satisfies

1 " (a)
lim —WE(rn|Zo=1) = / Ing(e™*,0,s)ds.
{m—oco M 0

q—0,Lg—a

Proof. We have the explicit formula

E(ro|Zo=1) = Y —m(i—1)
i=1 "
and the following bounds on ~;:
1—-Mg(0,0
Vie{l,...,m} fg(’)_m-g%
m
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Let € €]0,e~*[. For £,m large enough and ¢ small enough, we have
|Mpg(0,0) —e | < &, 0 < Mg(6,0) < «.
We first compute an upper bound:

m3
= P
E(rolZo=1) £ =3 007 12,

m3

< T (i (0,0), My (0,0))m]).

7(4)

Using the monotonicity properties of ¢, we get

m(Lp(Mm(0,0), My (6,0))m])
(M (0,0),Mg(0,0))m|

)
= };[1 QS(MH(O,O)’MH(@,O)’ E)
lp(Mg(0,0), Mg (6,0))m] i
= ¢(e‘“+5767_)
' m

Lp(e™ " +e,e)m]

< H (b(e*a—l-a,a,%).

=1

The last inequality holds because the product (i) corresponding to the
parameters e~ % + ¢, € is maximal for ¢ = [p(e™® 4 ¢,€)m]. We obtain that

m3 Lo(e™®+e,e)m] ;
Elro|Zo=1) < — " ( a4 ,—).
(10| Zo )_1—MH(0,O) };[1 Ple " +ee

Taking logarithms, we recognize a Riemann sum, hence

1 ple”+e.e)
limsup —InE(rg|Zp=1) < / Ing(e™ +e,¢e,8)ds.
m 0

£,m— 00
q—0,g—a
Conversely,
Lo(e™",0)m] .
E(ro|Zo=1) > — H ¢(MH(0 0), Mu(0,0) i)
- 20_ Z:1 ) ) ) ,m
Lo(e™",0)m] i
> — o(e—=20,2).
20 i m

53



Taking logarithms, we recognize a Riemann sum, hence

1 p(e”,0)

liminf —InE(r|Zo=1) > / Ing(e™ —€,0,s)ds.
lm—oo M 0

q—0,lg—a

We let € go to 0 in the upper bound and in the lower bound to obtain the
desired conclusion. (I

9.4 Invariant probability measure

In this section, we estimate the invariant probability measure of the process
(Zf)i>0, or rather the numerator of the last formula of section 8.4. As usual,
we drop the superscript 6 from the notation when it is not necessary, and
we put it back when we need to emphasize the differences between the cases
0 = ¢ and 0 = 1. We define, as before corollary 9.2,

ce -1

p'(@) = ple0) = { o1
0 ifoem* <1

ifoe™® >1

Let f : [0,1] = R be a non-decreasing function such that f(0) = 0. We
have the formula

| B Y f(z) i1
> S5 = 15:?0E(70|20=1)

1<i<m

Moreover dg = Mg(6,0), thus the numerator of the last formula of sec-
tion 8.4 can be rewritten as

(5+ Bl =) S 1(2) v = 3 s(5) et = 1),

1<i<m

Our goal is to estimate the asymptotic behavior of the right-hand quantity.

Proposition 9.3 Let f : [0,1] — R be a continuous non—decreasing func-
tion such that f(0) = 0. Let a €]0,+o0c[. We have

> ()i

1<i<m
I == = f(p"(a)).
Z,n%gloo E(TO | ZO = 1) f(p (a))
q—0, lg—a
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Proof. Throughout the proof, we write simply p* instead of p*(a). Let
n > 0. For ¢, m large enough and ¢ small enough, we have

p* = p(M#(0,0), M#(60,0))| < n,

whence
Z f(i)—ﬂ'(l—l)
1<i<m v
1
_ f(—)—w(z—l)—i— S —)—w(z—l)
1<i<m v 1<i<m v
li/m—p=*|<n li/m—p*|>n
< Y S rn=ai-n+ Y fU)=al-1)
1<i<m g 1<i<m ¢
li/m—p*|<n [i/m—p*|>n
< f(p* +n)E(r0| Zo = 1)+
m®f(1)

1= M7(0.0) (W(L(P —mm]) +x([(p" + n)mJ)) :
To obtain the last inequality, we have used the monotonicity properties of

7(i) and the bounds on ~; given at the beginning of the proof of corol-
lary 9.2. The properties of ¢ and the definition of p* imply that

-
/ Inp(e™,0,p)dp >
0

P =n P +n
max (/ Ing(e™*,0,p) dp,/ Ing(e™*,0,p) dp>7
0 0

so that, using proposition 9.1 and corollary 9.2, for m large enough,

m3
i (7L = mm)) + 7 (U + mim))) < 0| Z0 = 1),

Adding together the previous inequalities, we arrive at

> F()ri=1) < (P + )+ ) Bl | Zo = 1).

1<i<m

Passing to the limit, we obtain that

lim su == < ) +n.
Lm%g ElroZo=1) flp"+mn)+n

q—0,4lg—a
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We seek next a complementary lower bound. If ce™® < 1, then p* = 0,
and obviously

> 1(5) o= = 50 = 0.

1<i<m v

If ;e™® > 1, then p* > 0 and

p* P =n
/ Ing(e™*,0,p)dp > / Ing(e™*,0,p)dp.
0 0

By corollary 9.2, for ¢, m large enough and ¢ small enough,

1 m3
_7T’L—1 <77T * m < ET Z:1
1<zi<:m Vi ( ) < 1— Mg(0,0) (Lo =mym]) < nE(ro|Zo=1)
Z-/m:P:<fn

Combining these inequalities, we obtain

Uy - iwi—
> ()= X e i)

1<i<m Vi 1<i<m
i/m—p*>—n
. 1 . 1 .
— s - X 2ei-n- ¥ ta-)
1§i<m% 1<i<m i
i/m—p*<—n

> f(p" =n)E(r0|Zo =1)(1—n).

Passing to the limit, we obtain that

> ()i

1<i<m
liminf —— > f(p* —m)(1—1n).
Il T pmze=ny 2 i)
q—0,g—a

We finally let 17 go to 0 in the lower and the upper bounds to obtain the
claim of the proposition. O
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10 The neutral phase

We denote by A the set of the populations which do not contain the master
sequence w*, i.e.,

f m
N= (A {ur})
Since we deal with the sharp peak landscape, the transition mechanism of
the process restricted to the set A is neutral. We consider a Moran process

(Xn)n>0 starting from a population of N. We wish to evaluate the first
time when a master sequence appears in the population:

Tx :inf{nZO:XngN}.

We call the time 7, the discovery time. Until the time 7y, the process
evolves in A and the dynamics of the Moran model in A/ do not depend on
o. In particular, the law of the discovery time 7, is the same for the Moran
model with ¢ > 1 and the neutral Moran model with ¢ = 1. Therefore, we
compute the estimates for the latter model.

Neutral hypothesis. Throughout this section, we suppose that ¢ = 1.

10.1 Ancestral lines

It is a classical fact that neutral evolutionary processes are much easier to
analyze than evolutionary processes with selection. The main reason is that
the mutation mechanism and the sampling mechanism can be decoupled.
For instance, it is possible to compute explicitly the law of a chromosome
in the population at time n.

The symmetric group &, of the permutations of {1,...,m} acts in a
natural way on the populations through the following group operation:

voe (A)" Vpe&n Vie{l...m}  (p-2)(j) = z(p().

Let pp be an exchangeable probability distribution on (Ag)m, i.e., which
satisfies

Vpe&, Voe (A)" puolp-x) = polz).
Let (X, )n>0 be the normalized neutral Moran process with mutation ma-
trix M and initial law pg. Let vy be the component marginal of pg:

vu € A vo(u) = po({z € (.Ae)m cz(l) =u}).

Let (W,)n>0 be a Markov chain with state space A¢, having for transition
matrix the mutation matrix M and with initial law vg. Let (£,)n>1 be a
sequence of i.i.d. Bernoulli random variables with parameter 1/m:

1 1

¥n>1 Ple,=0=1-—, Pl,=1)=—
n> (e ) — (e )= —
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and let us set
Yn > 1 Nn) =e1+--+en.

We suppose also that the sequence (&,,)n>1 and the Markov chain (W, )n>0
are independent.

Proposition 10.1 Let i € {1,...,m}. For any n > 0, the law of the i—th
chromosome of X, is equal to the law of Wi (y).

Proof. We start by computing the transition matrix of the process
(WN(n))n>0. For u € At and n > 0,

P(WN(n+1) =u) = P(WN(n+1) =u, epy1 = 0)
+ P(WN(n+1) = U, Ep41 = 1)

1 1
= (1 - E)P(WN(H) =u)+ EP(WN(n)-i-l =u).

Moreover

PWnmy+1 =u) = Z PWnmy+1 = u, W) =v)
ve AL

= Z PWN(n)+1 =u|Wym) =v)P(Wnp) =v)
ve Al

= > P(Wygm =v)M(v,u).
ve AL

Therefore the transition matrix of the process (Wx(n))n>0 is
1 1
(- Y L
m m

where [ is the identity matrix. We do now the proof by induction over n.
The result holds for n = 0. Suppose that it has been proved until time n.
Let i € {1,...,m}. We have, for any u € A,

PXoni()=w) = Y P(Xun(i) =u, X, = 2)

me(A@)nl
= > P(Xpu(i) =u| X, =2)P(X, =)
TE(AL)™
Yet we have
. 1 1 )
<j<m
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Thus

P(Xpa()=uw) = Y (1—%)1z<i>:uP<Xn=w>

zE(AL)™
Z > Y M(z(j), u)P(X, = z)
_A 1<_]<m
1 1 )
_ (I_E)P( Z — Y MuwPX.() = 0).
c AL 1<j<m

By the induction hypothesis,
wed Vie{l...m} PX,(j)=v) = PWxm) =v),
whence
P(Xns1(i) =) =
1 1
(1 — E)P(WN(H) = u) + E Z P(WN(n) = ’U)M(U u)
ve AL
The result still holds at time n + 1. (I

We perform next a similar computation to obtain the law of an ancestral
line. Let us first define an ancestral line. Fori € {1,...,m} and n > 1, we
denote by Z(i,n,n — 1) the index of the ancestor at time n — 1 of the i—th
chromosome at time n. Let us make its value explicit. Let ¢ € {1,...,m }.
We set first Z(i,n,n) =i. If X,,_ 1 = 2 and X,, = y with y = z(j «
u), where the chromosome u has been obtained by replicating the k—th
chromosome of z, then

i
k ifi=y
For s < n, the index Z(i,n, s) of the ancestor at time s of the i—th chro-
mosome at time n is then defined recursively with the help of the following
formula:
Z(i,n,s) = Z(Z(i,n,n—1),n—1,s).
The ancestor at time s of the i—th chromosome at time n is the chromosome
ancestor(i,n, s) = Xs(Z(i,n,s)) .

The ancestral line of the i—th chromosome at time n is the sequence of its
ancestors until time 0,

(ancestor(i,m, s), 0 < s <n) = (Xs(Z(i,n,s)), 0 < s <n).
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Proposition 10.2 Let ¢ € {1,...,m}. For any n > 0, the law of the
ancestral line (ancestor(i,n,s), 0 < s < n) of the i—th chromosome of X,
is equal to the law of (W oy, - -, Wn(n))-

Proof. We do the proof by induction over n. The result is true at rank
n = 0. Suppose it has been proved until time n. Let ¢ € {1,...,m} and
let ug, ..., upni1 € A, We compute

P(ancestor(i,n+1,s) = us, 0 < s <n+1)

_ Z Z n+1('):un+1,1(i TL+1 n):j
= x, ancestor(j,n,s) =us, 0 < s<n
me _Al m 1<j<m
_ Z Z n+1 (1) = uny1 |ancestor(j,n, s) = us
Z(i,n+1l,n)=j1 0<s<n, X,==x
ze(AH)m 1<j<m

P(ancestor(j,n,s) = us)
0<s<n,X,=z /"

Since we deal with the neutral process, we have

Xn+1(1) = upy1 |ancestor(j,n, s) = ug
Z(i,n+1,n)=j1 0<s<n, X,

_ P(I)?f“( ) = “”“.‘Xn :x)

1 1 . - .
(1 — E) 1m(i):un+1 + WM(:E(Z)’ unJrl) lfj =4

Reporting in the previous equality, we get

P(ancestor(i,n—i— 1,8) =us, 0<s<n+ 1) =

1 ancestor(i,n, s) = us
Z (1_E)1w(i):un+1p( 0<s<n, X,=ux )

ze(AL)™
ancestor(j,n, s) = us
+ Z Z U”H)P(ogsgn,Xn:x>

ze(AL)™ 1<]<m

1
= (1 - —) Ly, =un1 P (ancestor(i,n, s) = us, 0 < s < n)
m

1 .
+ Z WM(un,unH) P(ancestor(g,n, 8) =us, 0<s< n) .
1<j<m

By the induction hypothesis, we have, for any j € {1,--- ,m},

P(ancestor(i,n, s) =us, 0<s< n) = P(WN(O) =g, .., Wnm) = un) .
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Therefore

P(ancestor(i,n +1,8)=us,0<s<n+ 1) =
P(WN(n+1) = Unp+1 | WN(n) = un)P(WN(O) = UQy -+, WN(n) = un)
= P(Wx(o) = u0,- s WN(n41) = Un+1)

and the induction step is completed. (I

10.2 Mutation dynamics

Throughout the section, we consider a Markov chain (Y},),>0 with state
space {0,...,£} and having for transition matrix the lumped mutation
matrix My. By lemma 6.1, for b,c € {0,...,¢}, the coefficient My (b, c)
of the matrix My is equal to

(060D )@ e

0<k<t—b
0<h<b
k—h=c—b
Such a Markov chain can be realized on our common probability space. Its
construction requires only the family of random variables
(Ungyn>1,1<1<4)

with uniform law on the interval [0,1]. Let b € {0,...,¢} be the starting
point of the chain. We set Yy = b and we define inductively for n > 1

)/nfl 4
Yo =Yo1—= Y lucomt Y. lu,,s1-pa-1/m)
k=1 k=Y,_1+1

= MH(Yn—lu Un,lu ey Un,f) .

By lemma 7.1, the map My is non-decreasing with respect to its first
argument. Thus the above construction provides a monotone coupling of
the processes starting with different initial conditions and we conclude that
the Markov chain (Y},),>0 is monotone.

Proposition 10.3 The matrix My is reversible with respect to the bino-
mial law B(¢,1 — 1/k) with parameters £ and 1 — 1/x. This binomial law
is the invariant probability measure of the Markov chain (Y},)n>0-

Notation. We denote simply by B the binomial law B(¢,1 — 1/k). Thus

we{0,...0} B(b) = (i) (1-%)%%)“.
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Proof. We check that the matrix My is reversible with respect to B.
Let b,c € {0,...,£}. We use the identity

<§> <€;b> <2> ~ KA (é—bf!k)!(b—h)!

to write

oy 1_1 bk 1\ Eb N .
2 ) k!h!gﬂ—bﬁ—) k)!((bﬁ—)h)! (1_1’(1_%))@ b k(l_g)b }?

We eliminate the variable h = k + b — ¢ in this formula:

2!

B(b) My (b, c) = MZSH Mk b—0ll—b—R)l(c—R)!
c—b<k<c

TN btk /N L—ctk 1N\ L—b—F c—k
e G B () B O e ) I e
KR K K KR

If we set now h = k + b — ¢ and we eliminate k, we get

2!
B(b) Mp(b,c) = bic;hgic (htc—0Ih({—c—h){b—h)l
0<h<b

pﬂﬂw*b(l_»%)c+h(%)lib+h(l——p(l—»%))ejcjh(l_>§)bih
= B(c) My (c,b).

We obtain the same expression as before, but with b and ¢ exchanged.
Thus the matrix My is reversible with respect to B and B is the invariant
probability measure of Mpg. O

When £ grows, the law B concentrates exponentially fast in a neighborhood
of its mean

4
be = > IB(l) = L(1—-1/k).
=0

We estimate next the probability of the points to the left of /.
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Lemma 10.4 For b < ¢/2, we have

1 /¢\° o
— (=) < < .
Kt (21)) < B) < KE-b

Proof. Let b < {/2. Then

0= ()0-D0 = O = 5= (5) &

The upper bound on B(b) is straightforward. O

The estimates of lemma 10.4 can be considerably enhanced. In the next
lemma, we present the fundamental large deviation estimates for the bino-
mial distribution. This is the simplest case of the famous Cramér theorem.

Lemma 10.5 For p € [0,1], we have

Jim ZnB(lpt]) = ~(1— ) (51 p)) — pin L

Proof. We write

SN G VIER)

Lpt] -1 Lot]

=Y ln(l——) Zln— (- peJ)ln— Lpﬁjln(l—%).

F L)t 4 (1 1)

We recognize Riemann sums for the functions In(1 — z) and Inz, thus

.1 Pol—x 1 1
elggo ZlnB(LpéJ) _/0 In da:—l—(l—p)lng —I—pln(l—;).

We conclude by performing the integration. (I

The minimum of the rate function appearing in lemma 10.5 is ¢,. The
typical behavior of the Markov chain (Y},),>¢ is the following. Starting
from 1, it very quickly reaches a neighbor of its stable equilibrium /.
Then it starts exploring the surrounding space by performing larger and
larger excursions outside ¢,. Starting from ¢, the time needed to hit
the point ¢ € {0,...,£} is of order B(c)~!. Once the process is close to
{,., it is unlikely to visit 0 before time B(0)™! = xf. This is why the
expected value of the hitting time of 0 starting from 1 is of order x¢. In the
next sections, we derive quantitative bounds on the behavior of the chain
(Yn)n>o0, starting from 1 or from ¢. We need only crude bounds, hence
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we use elementary techniques, namely, we compare the process with a sum
of i.i.d. random variables and we use the classical Chebyshev inequality,
as well as the exponential Chebyshev inequality. The resulting proofs are
somehow clumsy, and better estimates could certainly be derived with more
sophisticated tools.

10.3 Falling to equilibrium from the left
For b € {0,...,£}, we define the hitting time 7(b) of {b,..., ¢} by

7(b) :inf{nZO:Yan}.

Our first goal is to estimate, for b smaller than ¢, = ¢(1 —1/k) and n > 1,
the probability
P(r(b) >n|Yy =0).

Rough bound on the drift. Suppose that 7(b) > n. Then Y,,_1 < b and

b
Yn > Ynfl - Z 1Un,lc<10/N + Z 1Un,k>1—17(1_1/“) .
k=1 k=b+1

Iterating this inequality, we see that, on the event {7(b) > n}, we have
Y,, > V,, where

< ZlUtk<p/~+ Z Ly, p>1-p(1— 1/H)>

t=1 k=1 k=b+1

Therefore
P(r(b) >n|Yy=0) < P(V, <b).

We shall bound P(V;, < b) with the help of Chebyshev’s inequality. Let us
compute the mean and the variance of V,,. Since V}, is a sum of independent
Bernoulli random variables, we have

+ (-
Var(V,) = @%@ §)+w—mp1—%x1_p@_%»)
n(bp (£ — b)p) = nip.

We suppose that n is large enough so that 20 < E(V},), that is,

IN

2

p(lx—b)

n >
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By Chebyshev’s inequality, we have then
PV, <b) = P(V, — E(V,)) < b— E(V,,))
< P([Vu — E(V)| > %E(Vn))
3 4Var(Vn2) 3 Antp N
(B (np (6 - b))

We have thus proved the following estimate.

Lemma 10.6 For n such that

ne 2
p(gﬁ_b),

we have

4/
np (EN - b)2 '

We derive next a crude lower bound on the descent from 0 to /.. This
lower bound will be used to derive the upper bound on the discovery time.

P(r(b) > n|Yy =0) <

Proposition 10.7 We suppose that £ — +00, ¢ — 0 in such a way that
lg — a €]0,+o0].

For / large enough and ¢ small enough, we have

P(r(ty) < 2] Yo =0) > (1 - @) (g)l“éefza_

Proof. We decompose
P(r(€,) <Yy =0) > P(r({x —Int) < €2, 7(L,;) < 7Yy = 0)
=3 > P(rlla—Inl) =t Y, =0, (L) < £*| Yy =0)

t<02b>0, —In ¢

=3 > P(rte) <C|r(ls —Inb) =1, Y, = b, Yo = 0)

t<02 >0, —In#
X P(r(l, —Inl) =t, Y, =b| Yy =0).
By the Markov property and the monotonicity of the process (Y, )n>0, we
have, for ¢t < ¢? and b > ¢,. — In ¥,
P(r(t,) < |7(l, —Inl) =t,Y; = b, Yy =0)
= P(1(le) <P —t|Yy=0b) > P(r(ls) <7 —t|Yy =L, —In¥)
> P(Y1=4.|Yo="{y—Inl) = Myl —Inl,¢,).
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Reporting this inequality in the previous sum, we get
P(r(t,) <Yy =0) > P(r(fy —Int) < %Yy =0) My (¢, —Inl,¢,).

By lemma 10.6 applied with b = ¢, — Inf and n = ¢?> — 1, we have for ¢
large enough and ¢ small enough

)
a(lnf)?”

Moreover, for ¢ large enough and g small enough,

My (b —Int,6,) > (%)Mu—q)f > (%)lnge*“‘a.

P(r(l, —Int) > £?Yy =0) <

Putting the previous inequalities together, we obtain the desired lower
bound. (I

We will need more information in order to derive the lower bound on the
discovery time. We wish to control the time and speed at which the Markov
chain (Y,,)n>0, starting from 1, reaches a neighborhood of its equilibrium
{,, without visiting 0. This will require a stronger inequality than the one
stated in lemma 10.6, this is the purpose of the next lemma.

Lemma 10.8 Forn>1,b€{0,...,£} and A > 0, we have

kr—1

(e7* = 1)) .

Proof. We obtain this inequality as a consequence of Chebyshev’s expo-
nential inequality. Indeed, we have

P(7(b) >n|Yy=0) < exp (Ab—l—nb%(e’\ —1)+n(l—-0b)p

P(r(b) >n|Yy=0) < P(V,, <b)
= P(=AV, > —\b) = P(exp(—AV,) > exp(—Ab))

< exp(AD)E(exp(~AV,)) = exp()\b)(E(exp(—)\Vl)))n
Yet

b 14
E(exp(=AW1)) = E(eXP ()\ZlUl,mp/n = 1U1,k>1fp(171/r~)))

k=1 k=b+1
B P, b k=1 _, b
—(1+E(e —1)) (1—|—p — (e —1)) .
Thus
P(r(b) >n|Yy=0) <
K—1

(*=1)+n(t—b)n(l+p

exp ()\b +nbln (1 + d
K

(e - 1))) .

KR
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Using the inequality In(1 + ¢) < ¢, we obtain the desired result. O

We derive next two kinds of estimates: first for the start of the fall, and
second for the completion of the fall.

Start of the fall. We show here that, after a time v/¢, the Markov chain
(Yn)n>o0 is with high probability in the interval [In ¢, £].

Proposition 10.9 We suppose that £ — +0c0,q¢ — 0,43 — a €]0,+o0].
For ¢ large enough and ¢ small enough, we have

1
V>V P(Y,>Inl|Y,=0) > 1—exp(—§(1n€)2).
Proof. We write, fortzx/z,

P(Y, >Inl|Yy=0) > P(Y; >1Inl, 7(2In¢) < V7| Yy =0)
4
= P(Y; >Int,7(2In¢) =n, Y, =k|Yy =0)
=21In¢

¢

> PYi=Intl|r2In0) =n, Y, =k, Yy = 0)x
k=21In/¢

SiMs

Il
-

n

P(r(2Inf) =n, Y, =k|Yy; =0).
Now, for n < V¢ and k > 2In¢, by the Markov property, and thanks to
the monotonicity of the process (Y;)i>o0,
P(Yt >Inl|T72nl)=n,Y, =k Y, = O)
=P, >Wnl|Y,=k) > P(Y, >Inl|Y, = LQInKJ)
= P(Yi—n >Inl|Yy = |2In4]).
For b < In{, we have by lemmas A.1 and 10.4,

B() _ B _ (Myne’

P(Yi—n =b|Yy = [2In¢]) < B(2In¢) — B(2In¢) — ¢

whence

(4k1nf)? e
- .

P(Yiep >Inl|Yy=|2Inf]) > 1—1Inf (
Reporting this inequality in the previous sum, we get

P(Y,>Inl|Yy=0) >

(1 —In# (M)IDZ)P(T(QIDK) <VI|Yy =0).
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By lemma 10.8 applied with A =1n2, n = /¢, b = 2In ¥, for ¢ large enough
and g small enough,

whence
2\ Int
l 4
1
> 1_ _ 1 2
> 1 exp( 2(1n£) ),
where the last inequality holds for ¢ large enough. O

Completion of the fall. We show here that, for ¢ > 0, after a time
4¢/ae, the Markov chain (Y,),>0 is with high probability in the interval
[€x(1—¢),4].

Proposition 10.10 We suppose that £ — +o0o,q — 0,43 — a €]0, +o0.
Let £ €]0,1[. There exists ¢(¢) > 0 such that, for ¢ large enough and ¢
small enough, we have

w2 P(Yy > €(1—¢)| Yo =0) > 1 —exp(—c(e)l).

ag

Proof. Lett > 4¢/(ag). We write

P(Y; > (1 — )| Yo = 0)

4¢
> > — — < — =
> P(Y, 2 L1 - &), 7(te(1 - 2/2)) < — Y 0)
44/ (ae)

Z Z P, > l(1—e)|m(t(1—¢/2)) =n,Y, =k, Y5 =0)

n=1 k>4, (1—¢/2)
X P(r(l.(1—¢/2))=n, Y, =k|Yy=0).
Now, for n < 4¢/(ae) and k > £,(1 — ¢/2), by the Markov property,

P(Y;E2£n(1_5)|7—(£n(1_5/2)):n7 YnZk,Yb:O)
= P(Y; 2 Lu(1—€)| Y =k) = P(Yion > Lu(l—€)| Yo = k)
< P(Yin 2 (1 —2)[ Yo = [£e(1—£/2)]).
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We have used the monotonicity of the process (Y;):>o with respect to the
starting point to get the last inequality. For b < £,(1 — &), we have by
lemmas A.1 and 10.4,

B _ Blu(l-2)

PO =00 = L0 <200) < B 07y = Bien1— /)

whence

B(Eﬁ(]‘ — 5))
B(te(1—€/2))
Thanks to the large deviation estimates of lemma 10.5, we have

. 1 B(én(l _5))
bmave e (0 -5 =273 <

P(Yien > £(1—2) | Yo = [£e(1—¢/2)]) > 1—4.(1—¢)

thus there exists ¢(e) > 0 such that, for ¢ large enough
P(Yien > b1 —€) | Yo = [£e(1 —€/2)]) > 1 —exp(—c(e)l).
Reporting this inequality in the previous sum, we get
P(Y;>(.(1-¢)|Yy=0) >
4¢
(1= exp(=c(©)0) ) P(7(tu(1 /2)) < — | Yo =0)

We apply lemma 10.8 with b = £,(1 —¢/2), A > 0 and n = 4¢/(ag): for ¢
large enough and ¢ small enough,

P(rit1=5)> 1% =0) <
exp (Azn(1—§)+j—ﬁ(eﬁa—g)g(eA—1)+(z—zn(1—g))p”T_l(e—k—n)) .

We send ¢ to co and ¢ to 0 in such a way that ¢q converges to a > 0. We
obtain

1 € 44
hzrisogp élnP(T(E,.i(l 2))>aa|YO O)_
q—0,lg—a
k—1 e, 4 e 1, 1 evk—1, _,
A (1—§)+g((1—§);(e )t (g ) (e —1)).

Expanding the last term as A goes to 0, we see that it is negative for A
small enough, therefore there exists ¢/(¢) > 0 such that for ¢ large enough
and ¢ small enough,

p(T(eH(l - §>> > j—ﬁ 1Yo = o) < exp(=c(e)0).
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Reporting in the previous inequality on Y;, we obtain that
P(¥ > lu(1-2) Yo = 0) > (1= exp(—c(=)0)) (1 - exp(~c(2)0) )

and this yields the desired result. ([l

10.4 Falling to equilibrium from the right
For b € {0,...,¢}, we define the hitting time 6(b) of {0,...,b} by
0(b) = inf{nZO:Yngb}.
Proposition 10.11 We suppose that £ — +00, ¢ — 0 in such a way that
lg — a €]0,+o00].
For ¢ large enough and ¢ small enough, we have

P(O(t) < @Yo =) = (1- @) (g)“‘%za_

Proof. Our first goal is to estimate, for b larger than ¢,, = (1 — 1/k)
and n > 1, the probability

P(O(b) >n|Yo=1¢).

Suppose that 8(b) > n. Then Y;,_; > b and

b 3
Yn S Y’ﬂ—l - Z 1Un,k<p/’i + Z 1Un,k>17p(171/"{) :
k=1 k=b+1

Iterating this inequality, we see that, if Yy = ¢, on the event { 8(b) > n }, we
have Y,, < ¢+ V,,, where V,, is the random variable defined in section 10.3.
Therefore

PO(b) >n|Yo=1() < P({L+V,>D).

We suppose that b — ¢ > np (éﬁ — b). By Chebyshev’s inequality, we have
then
P(e+V2b) = P(Va = E(Va) 2 b= £—np (6~ b))
< Var(V,) .
(b—ﬁ—np(éﬁ—b))
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We take n = ¢? and b =In/ + ¢,,. Then, for ¢ large enough,
b—Ll—np (b —b) = Inl+ L, —(+Pplnl ~ ’plnl > 0,

whence, by the previous inequalities, for ¢ large enough and ¢ small enough,

1
> ¢2 =) < — .
PO(Inl+4,) >0 |Yy=1) < YL

We decompose next
P(O(L:) <Yy =10) > P(0(L, +1nl) < 02,0(4,) < 02]Yy =)
=3 Y PO(le+In0)=tY, =b,0(L) < *|Yy =)

t<€2 b<l,+In¢l

=3 > PO(t) <0l +Inb) =t, Y, =b, Yy =)

t< 02 b<l,,+1In ¢
X P(0(Ly +Inb) =1, Y, =b| Yy = ().

By the Markov property and the monotonicity of the process (Y, )n>0, we
have, for t < ¢ and b < £, +1In¥,

P(O(6,) <10l +Inl) =1, Y, =b, Yy =)
= P(0(t,) <0?—t|Yo=b) > P(6(Ls) < *—t|Yy =L, +1n¥)
> P(Y1=10,|Yo =0, +Inl) = My(l, +1Int,L,).

Reporting this inequality in the previous sum, we get
P(O(L,) <Yy =10) > POty +Inl) < ?|Yy =€) My (€, +1n0,L,) .
For ¢ large enough and ¢ small enough, we have
P In¢ ’ P In¢ 24
> (£ —¢)f > (£
Ma(te+Int,6) > (B) 1 -qf = (B)" e

Using the previous bound on P((Inl + ¢,.) > €*|Yy = £), we obtain that

Pl < 13- = (1= i) (2)" '

as requested. O

We derive next a large deviation upper bound for the time needed to go
from ¢ to 0. This will yield an upper bound on the discovery time. We
define

o =inf {n>0:Y,=0}.
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Proposition 10.12 For any a €]0, +o0],

lim sup llnE(TO |Yo=1¢) < Ink.
£—00,q—0 14
lg—a

Proof. We prove that, starting from ¢, the walker has probability of order
1/k% to visit 0 before time ¢2. To do this, we decompose the trajectory
until time ¢? into two parts: the descent to the equilibrium ¢,, which is
very likely to occur, and the ascent to 0, which is very unlikely to occur.
We estimate the probability of the ascent with the help of a beautiful
technique developed by Schonmann [35] in a different context, namely the
study of the metastability of the Ising model. More precisely, we use the
reversibility of the process to relate the probability of an ascending path to
the probability of a descending path. It turns out that the most likely way
to go from /¢, to 0 is obtained as the time-reverse of a typical path going
from 0 to ¢,. Thanks to the monotonicity of the process, this estimate
yields a lower bound on the hitting time of 0 which is uniform with respect
to the starting point. We bound then easily E(ry|Yy = £) by summing
over intervals of length ¢? and using the Markov property.

We should normally work with [£,] instead of £,. To alleviate the
notation, we do as if ¢,, was an integer. We write

P(ro <20%|Yy =10) > P(0(L,) < 0%, 70 < 20| Yy = {)
=YY P(O(ts) =t, Yi=b, 7 <207 Yy =)

<02 <L,
=YY P(ro<20]0(6) =1, Y =b, Yy =)
<02 <L,
X P(@(é,{) =t Y :b|Y0:€).
By the Markov property and the monotonicity of the process (Y, )n>0, we
have, for t < ¢? and b < /,,
P(ro <20%|0(Ls) =t, Y, = b, Yo =)
=P@Ene{t,....20?} Y, =0]0(l) =t Y, =b,Yy=0)
= P(ro <202 —t|Yo=b) > P(r0 < 7Yy ={y).
Reporting this inequality in the previous sum, we get
P(ro <20%|Yo =1£) > P(0(L:) < £2|Yo =) P(70 < £7| Yo = Ly) .
We estimate next the probability of the ascending part, i.e., the last proba-
bility in the above formula. We start with the estimate of proposition 10.7:
5

P(r(6,) < %Yy =0) > (1 - W) (g)“e—%_
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Yet

P(r(t,) < |Yy=0) = P(3t<* Y, >(,]Yy=0)
<) PEt<L Y, =b|Yy=0).

b>0,,

From the last inequalities, we see that there exists b > /,; such that

et o =02 - ) (2)"

Using the reversibility of My with respect to B (see proposition 10.3), we
have

B(b) P(ro < £%| Yy = b)
=> > B®)Muby) ... Mg(yi-1,0)

t<2y1,..,yt—1>0

=Y Y BOMu(0,y:-1) - Mu(ys,b)
=BO)PEt<? Y, =b|Yy=0).

P(ro <Yy =0) = @P(atgﬁ Y, =b|Yy=0)

B(b)
ot me
> (- a(1§€)2)(§) e

By monotonicity of the process (Y:):>0, since b > ¢,;, then
P(ro <Yy =1.) > P(ro < %Yy =1b).

Using proposition 10.11 and the previous inequalities, we conclude that

ozt 2 57 (= gmm) ()

Let € > 0. For ¢ large enough and ¢ small enough,

1

2 _
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Now, for n > 0,

P(T() > 2n€2|Y0 26)

= ZP(TO > 27162,}/2(”_1)@2 =b, 19> 2(n - 1)62 | Yo = é)
b>1

= ZP(TO > 2nl> | }/2(71—1)@2 =b, 19> 2(n — 1)62, Yo = 6)
b>1

x P(Yogno1yez = b, 70 > 2(n — 1)*| Yo = £) .
By the Markov property and the monotonicity of the process, we have

P(10 > 2n% | Yo(_1y2 = b, 70 > 2(n — 1)¢%, Yy = {)
= P(10 > 2n0% | Yau_1ye2 = b) = P (10 > 20*| Yy = b)

< P(rg>20%|Yy=10) < 1-—

PIES
Reporting in the previous sum, we get
1
2 _ 2 _
P(r > 2n0% | Yo =€) < (1— m)P(TO >2n— D)%Yy = 1)
Iterating, we obtain
1 n
2
Thus
E(r|Yo=0) = > Plro>n|Yy =10
n>1
2(n+1)€2
<> Y Prozt|Yo=10) <) 20°P(rg > 2nl* | Yy = ()
n>0t=2nl2+1 n>0
1 n
2 _ _ 9p2, 0(1+€)
<22 (1- ) = 2261049,

n>0

This bound is true for any € > 0. Sending successively ¢ to co and € to 0,
we obtain the desired upper bound. ([l

10.5 Discovery time

The dynamics of the processes (O);>0, (O!);>0 in N are the same as
the original process (Oy)¢>0, therefore we can use the original process to
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compute their corresponding discovery times. Letting
T =inf {t>0:0;eW*}, ' =inf {t>0:0; e W},
T = inf{tEO:OtEW*},
we have indeed

E(T*’é|0€20€ ):E(T*|00:(070707"'7m))7

exit
E(r'|0f = okyy) = E(t*] 0y = (0,m,0,...,0)).

exit

In addition, the law of the discovery time 7* is the same for the distance
process and the occupancy process. With a slight abuse of notation, we let

™ :inf{tZO:DtEW*}.

Notation. For b € {0,...,¢}, we denote by (b)™ the vector column whose
components are all equal to b:

)™ =

We have
E(7"100 =(0,0,...,0,m)) = E(r*| Dy = (O)™),
E(t"10g = (0,m,0,...,0)) = E(*| Dy = (1)™).

We will carry out the estimates of 7* for the distance process (Dj,)n>0.
Notice that the case @ = +00 is not covered by the result of next proposi-
tion. This case will be handled separately, with the help of the intermediate
inequality of corollary 10.14.

Proposition 10.13 Let a €]0,4+o00] and « € [0, 400[. For any d € N,

1
limsup -InE(r"|Dy=d) < Ink.
l,m—00,q—0 14

Lg—a, %—)a

Proof. Since we are in the neutral case ¢ = 1, by corollary 7.6, the
distance process (Dy,)n>0 is monotone. Therefore, for any d € N, we have

E(T*|D0:(1)m) S E(T*|D0=d) S E(T*|D0:(£)m)

As in the section 10.2, we consider a Markov chain (Y;,)n>0 with state
space {0,...,£} and having for transition matrix the lumped mutation
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matrix My. We consider also a sequence (€;,)n>1 of i.i.d. Bernoulli random
variables with parameter 1/m and we set

Yn>1 Nn) =e1+--+en.

We suppose also that the processes (N(n)),>1 and (¥3,)n>0 are indepen-
dent. Let us look at the distance process at time n starting from (£)™.
From proposition 10.1, we know that the law of the i—th chromosome in
D,, is the same as the law of Yy (,) starting from ¢. The main difficulty
is that, because of the replication events, the m chromosomes present at
time n are not independent, nor are their genealogical lines. However,
this dependence does not improve significantly the efficiency of the search
mechanism, as long as the population is in the neutral space N'. To bound
the discovery time 7* from above, we consider the time needed for a single
chromosome to discover the Master sequence w*, that is

To=inf {n>0:Yyg,) =0}

and we observe that, if the master sequence has not been discovered until
time n in the distance process, that is,
Vi<n Vie{l,....m} D.(i) > 1,

then certainly the ancestral line of any chromosome present at time n does
not contain the master sequence. By proposition 10.2, the ancestral line of
any chromosome present at time n has the same law as

Yoy Yn@ays -+ Yne) -
From the previous observations, we conclude that
Vn >0 P(t" >n|Dy=(0)™) < P(7o >n|Yy=1).
Summing this inequality over n > 0, we have
E(r" Do = (O)™) < BT |Yo=1).

Forn >0, let
T, =inf {t>0:N(t)=n}.

The variables T,, — T,,_1, n > 1, have the same law, therefore
Vn >0 E(T,) = nE(Th) = nm.
We will next express the upper bound on 7* as a function of

70 :inf{nZO:Yn:O}.
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The following computation is a simple case of Wald’s identity (see for in-
stance chapter 5, problem 11 of [6]):

Ef|Yo=0) = > P(T,>t m=n|Yy=1)

t,n>1

= Y P, >t)P(ro=n|Yo=10)
n,t>1
n>1

We obtain the desired conclusion with the help of proposition 10.12. (I

In fact, we have derived the following upper bound on the discovery time.

Corollary 10.14 Let 7o be the hitting time of 0 for the process (Y )n>0.
For any d € N, any m > 1, we have

E(t"|Dog=d) < mE(r|Yy=1{).

The harder part is to bound the discovery time 7* from below. We give first
an estimate showing that a visit to 0 becomes very unlikely if the starting
point is far from 0.

Lemma 10.15 For b€ {1,...,¢}, we have
Vn>0  P(t" <n|Do=(b)™) <nm@.
Proof. Letn>0andbe {1,...,£}. We write
P(r" <n|Dg=()") =

P(3t<n 3Fie{l,...,m} Dyi)=0|Do= (b))

< > 3 P(Dy(i) =0] Dy = (b)™).

1<t<n 1<i<m
By proposition 10.1, for any t > 0, any i € {1,...,m},
P(Dy(i) =0|Do = (b)™) = P(Ynuy =0|Yo=b).

Using proposition 10.3 and lemma A.1, we have

o]

P(YN(t)=0|Y0=b) < %
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Putting together the previous inequalities, we get

P(t* <n|Dy=(b)™) < nmw

as requested. ([

We derive next the lower bound on 7*.

Proposition 10.16 Let a €]0,4+o00] and « € [0, 4+o00[. For any d € N,

1
imi - * =d) > .
e,mlgnogqu;o EIHE(T | Do =d) > Ink
Lg—a, %—)a

Proof. The main difficulty to obtain the adequate lower bound on 7* is
that the process starts very close to the master sequence, hence the proba-
bility of creating quickly a master sequence is not very small. Our strategy
consists of exhibiting a scenario in which the whole population is driven
into a neighborhood of the equilibrium ¢,. Once the whole population is
close to /., the probability to create a master sequence in a short time
is of order 1/k, thus it requires a time of order x‘. The key point is to
design a scenario whose probability is much larger than 1/x’. Indeed, the
discovery time is bounded from below by the probability of the scenario
multiplied by ‘. We rely on the following scenario. First we ensure that
until time m¢3/4, no mutation can recreate the master sequence. This im-
plies that 7% > m#3/%. Let us look at the population at time m¢3/4. Each
chromosome present at this time has undergone an evolution whose law
is the same as the mutation dynamics studied in section 10.2. The initial
drift of the mutation dynamics is quite violent, therefore at time m#¢3/4, it
is very unlikely that a chromosome is still in {0,--- ,In¢ }. The problem is
that the chromosomes are not independent. We take care of this problem
with the help of the FKG inequality and an exponential estimate. Thus, at
time m¢3/4, in this scenario, all the chromosomes of the population are at
distance larger than In ¢ from the master sequence. We wait next until time
ml?. Because of the mutation drift, a chromosome starting at In¢ has a
very low probability of hitting 0 before time m¢2. Thus the process is very
unlikely to discover the master sequence before time m¢?. Arguing again as
before, we obtain that, for any € > 0, at time m#2, it is very unlikely that a
particle evolving with the mutation dynamics is still in {0,--- ,£,(1—¢) }.
Thus, according to this scenario, we have 7* > m/? and

Vie{l,...,m}  Dype(i) > lo(l—¢).

Let us make precise next the scenario and the corresponding estimates. We
suppose that the distance process starts from (1)™ and we will estimate
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the probability of a specific scenario leading to a discovery time close to x*.
Let &€ be the event

E={vn<mf* Vi<l U >p/s}.

If the event £ occurs, then, until time m¢3/4, none of the mutation events
in the process (Dy,)n>0 can create a master sequence. Indeed, on &,

Vbe {1,....0} Yn<me*
MH(b, Un,la-'-aUn,é) 2 MH(laUn,lu---uUn,f)
0

> 1+21Un,l>17p(171/n) > 1.
1=2

Thus, on the event &, we have 7* > m¢3/4. The probability of £ is

©)

Let € > 0. We suppose that the process starts from (1) and we estimate
the probability

P(E) = (1 B B)mfa/‘llnf.

K

P(T* > Iig(l_g)) > P(T* > k=9, 5)
> P(vte {me/,. -9} DN €)

=3 P(Vt e {me/4,. K'Y Dy e N, D, pn = d, 5)

deN
> ¥ P(\ﬁ e {me,. . k"1"9Y D, e N|D, s = d, 5)
d>(Ine)m
X P(Dmgam = d, 5) . (21)

Using the Markov property, we have
P(\ﬁ e (meP, .. &Y D, e N|D,, s = d, 5)
- P(Vte 0,...,k"179 3/ D, e N| Dy :d)
= P(7* > &0 —m4| Dy =d) = P(r" > k"= Dy = d).

In the neutral case, by corollary 7.6, the distance process is monotone.
Therefore, for d > (In¢)™,

P(r* > k"9 | Dy =d) > P(r* > k"9 | Dy = (In0)™).
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Reporting in the previous sum (31), we get

P(r* > #079)) > (°)

P(T* > gl=e) | Dy = (1n€)m) P(Dm€3/4 > (Ino)™, 8) :

Estimation of P(D,, s/ > (In¢)™, £). The status of the process at time
m#3/4 is a function of the random vectors

Ry = (Sus T Jus Uty Uni), 1 <n<me®/*.
We make an intermediate conditioning with respect to Sy, I, Jn:
P(Dme3/4 > (Inf)™, 5)
- E(P(szs/4 > (0™, €| Sy Iy Jn, 1 < ngmg3/4)),

The variables Sy, I, Jn, 1 < n < ml3/* being fixed, the state of the process
at time m/3/* is a non-decreasing function of the variables

Uniy--o s Uns, 1<n<mb*.

Indeed, the mutation map Mg (-, uq, ..., ur) is non—decreasing with respect
to u1,...,ue. Thus the events £ and { D, ps4 > (Inf)™ } are both non—

decreasing with respect to these variables. By the FKG inequality for a
product measure (see the end of the appendix), we have

P(Dypssa > (In0)™, €| Sy I, Ju, 1 < < mt®/t) >
P(Dysrs > (In0)™| Sy, I, Jny 1 < < mit®/*)
X P(E] Sn,In, Jn, 1 < < ml¥/*) .
Yet £ does not depend on the variables S,,, I,,, J,, therefore
P(E|Sn, I, Jn, 1 < < mtP) = P(E).
Reporting in the conditioning, we obtain
P(D,ppsa = (InO)™, &) >
E(P(me > (I 0)™ | Sy, Iy Ty 1 < 0 < me*/4) P(g))
= P(Dyypssa > (In€)™) P(E). (m)
Next, we have

P(Dysse > (In0)™) = 1—P(3ie{1,...,m} Do (i) <1n€>

>1— > P(Dpssa(i) <Int). ()

1<i<m
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From proposition 10.1,
Vie{l,...,m} P(D,p34(i) <Intl) = P (Yy(mesray < In?),
therefore
P(Dyppsra > (In0)™) > 1— mP(YN(me3/4) <Inf),

The random variable N (m¢3/4) follows the binomial law with parameter
me3/* and 1/m, therefore

P(N(m€3/4) < \/Z) < P(exp(—N(m€3/4)) >exp (— \/Z)) <

exp (\/Z)( L L )méa/; exp (\/Z+€3/4(é—1)) < exp (\/Z—%KBM) .

— 4+ 1——
em m
The previous estimate and proposition 10.9 yield

+oo
P(Yy sy 2108) > 37 P(Yyesssy) > Int, N(m¥/*) = t)
t=Vt
+oo
= > P(Y; >Int) P(N(mt**) =1t)
t=v¢

> (1—exp(—%(ln€)2))(1—exp (\/Z—%KBM)) > 1—exp(—%(ln€)2),

the last inequality being valid for ¢ large enough. Plugging this inequality
in the sum (X3), we get

1

P(D,ppssa > (In0)™) > (1 — mexp ( — §(1n€)2)) .

The last estimate, the inequalities ((J) and (M) together give
1 ) py et ne

> mog) > (1- _Z P ,
P(D,yp4 > (InO)™, &) > (1 mexp( 3(ln€) )) (1 H) (v)
Estimation of P(7* > x/(1=2) | Dy = (In£)™) . Let &’ > 0. We have

P(T* > pt-e) ‘ Dy = (lné)m)

= P(T* >ml?, D, € N for mf? <t < xt—e) ‘ Dy = (lnf)m)

7" > ml? Dy =d B m
- Z P(Dt e N for me? <t < gt-9) Do = (Inf) )
deN
> Z P(Dt e N for me? <t < g9 ‘T* > ml?, Dy = d)
d>(le(1—€’))™
X P(T* > ml?, Dy = d| Dy = (me)m) . (3s)
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Using the Markov property and the monotonicity of the process (Dy);>0,
we have for d > (£,(1 —¢'))™,

P(Dt €N for m <t < k' |7 > me2 D, = d)
= P(Vte {0,..., k") —me®} D, e N'| Dy :d)
= P(r > 079 —m? [ Dy = d) > P(r" > w079 | Dy = d)
> P(r* > k79 | Dy = (€e(1— &)™)
Reporting in the previous sum (3), we get
P(T* > 5!0=) | Dy = (m@m) > P(r* > k079 | Dy = (6.1 — )™
x P(T* > me?, Dy > (Le(1 — €)™ | Dy = (me)m) ()

Estimation of P(7* > mf? D2 > ((x(1 — €)™ | Dy = (In0)™). We
write

P(T* > ml%, Dpgr > (Le(1 — €)™ | Dy = (w)M) > (1)
P(Dmp > (L,(1— €)™ | Dy = (mf)m) - P(T* <m®| Dy = (1n£)m) .

To control the last term, we use the inequality of lemma 10.15 with n = m¢?
and b= In/:

P(r* <ml?*| Dy = (In)™) < (ml)?

By lemma 10.4, we have

2o < 2ty

whence

P(r* <ml*| Dy = (Inl)™) < (m)?(%)lné. ()

For the other term, we use the monotonicity of the process (Dy)¢>o to get
P(Dynez = (t(1 = )™ | Do = (m0)™)
> P(Dpez 2 (6e(1 = )™ | Dy = (0)")
=1- P(Hi €{l,....,m} Dppli)<l(1—¢)|Do= (0)’”)
>1- Y P(Dmp(i) <ly(1—¢)| Dy = (0)”) .

1<i<m
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From proposition 10.1, for any i € {1,...,m},
P(Dmp (i) < Lu(1—€') | Dy = (O)m) - P(YN(mgz) <lo(1—€)| Yo = 0) ,
therefore
P(Dmgz > (£e(1— &)™ | Dy = (1nz)m)
> 1= mP (Yo < a1 =) [ Yo =0). ()

The random variable N (m¢?) follows the binomial law with parameter m¢?
and 1/m, therefore

P(N(mﬁQ) < j—i) < P(exp(— N(ml?)) > exp (- j—i))

<o () (1)
< exp (4—€ —0—62(l — 1)) < exp (j—i — 562) .

ag’ e

The previous estimate and proposition 10.10 yield
P(YN(mgz) >0 (1— E/) ’ Yy = 0)

44
> P(Yigme) = a1l =€), N(mi?) > — | Yy = 0)

+oo
> ¥ P(YN(mgz) > 0 (1), N(mf?) =t Yy = 0)

t=40/(ae’)
+oo
- ¥ P(Yt > (,(1—¢) | Yo = o) P(N(me2) =t)
t=44/(ac’)
> (1 —exp (— c(a’)ﬁ)) (1 —exp (4—6 - 162)) >1—exp(— lc(s’)é)
- ag’ 2 - 2 ’

where c¢(e’) > 0 and the last inequality is valid for ¢ large enough. Plugging
this inequality in the inequality (f), we obtain

1
P(Dmg2 > (Le(1 =€) | Dy = (111[)’") > 1—mexp(— 50(5’)6) .
This inequality, the estimates (§) and (b) together give

P(T* > ml2, Dygz > (a(1 = €)™ | Dy = (1n£)m) > (%)

w)lnll

1 —mexp(— %c(a’)f) — (m€)2( 7
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Estimation of P(7* > k=% | Dy = (£,(1—¢"))™) . We use the inequality
of lemma 10.15 with n = k0~ and b = £,(1 — ¢'):

B(0)

P(r < W07 Dy = (61 =)™) < W0 Impad

For &’ small enough, using the large deviation estimates of lemma 10.5, we
see that there exists ¢(g,¢’) > 0 such that, for £ large enough,

P(r* < gt | Do = (€.(1—€")™) < exp(—c(e,e')l). (W)
Plugging the inequalities (&) and (#) into (), we obtain
P(r* > 5029 | Dy = mO)") = (2)

% (1 — exp(—c(e, g’)ﬂ)) (1 — mexp ( — %c(a’)f) — (mﬁ)z(y)lnz) '

Reporting the inequalities (57), (A) into (o), we conclude that, for ¢ large
enough,

P(T* > #0179 | Dy = (1)’”) > (1—mexp(—%(ln€)2>> (1_8)’”’53/4“

K
X (1 — exp(—c(e, a’)E)) (1 — mexp ( — %c(s’)é) — (me)? (%)IM) )
Moreover, by Markov’s inequality,
E(T* | Do = (1)m) > 1o P(T* > 09| Dy = (1)m) .
It follows that

1
liminf - lnE(T* | Dy = (1)m) > (1-¢)lnk.
£,m—00,q—0 14

Lg—a, %—»a

Letting € go to 0 yields the desired lower bound. ([
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11 Synthesis

As in theorem 3.1, we suppose that
{— 400, m — +oo, q—0,
in such a way that
g — a €]0, +oo], %—er[(),—l—oo].

We put now together the estimates of sections 9 and 10 in order to evaluate
the formula for the invariant measure obtained at the end of section 8.4.
For 8 = ¢, 1, we rewrite this formula as

o0 0 E(n| 28 =1)
/pﬂlf( )d“O( ) = E(r*]0f = o) + E(ro | 25 = 1)

8 (MH(G,O)E(lro Zi=1) " 1) ;f(%)ve(i)-

Recall that Mg (0,0) = &y. By proposition 9.3,

pm (MH(@,O)E(lTo (28 =1) + 1) ;f(%)ye(i) = (" (@).

q—0, lg—a

By corollary 9.2, and using the function ¢ defined in section 9.2,

1 p*(a)
lim —InE(np|Z=1) = / Inp(e™?,0,5)ds.
f{m—oo M 0

q—0,lg—a

By propositions 10.13 and 10.16, for « € [0, 40o0],

1
lim “mE(r|0% =07 ) = Ink.
£,m—o00,q—0 V4 ( | 0 ex1t)

Lg—a, %—)a

For the case o« = +00, by corollary 10.14 and proposition 10.12,

. 1 1 0 0
Z - * — . < .
. hrr}q . fln(mE(T | OF oex!t)) Ink
Lg—a, —Z—M)o

These estimates allow to evaluate the ratio between the discovery time and
the persistence time. We define a function ¢ : |0, +o0o[— [0, +00] by setting
¢(a) =0if @ > Ino and

" (a)
VYa <lno ¢(a) = / Ing(e™*,0,s)ds.
0
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We have then, for a € [0, +o00[ or a = +00,

E(Tolzgzl) 0 ifag¢(a)<lnk
i =

tm—o0,q—0 B (7% [Of = 0l 4) +oo ifag(a) >Ink
lg—a, %—)a

Notice that the result is the same for § = £ and § = 1. Putting together
the bounds on v given in section 8.4 and the previous considerations, we
conclude that

) 7 0 if ad(a) <Ilnk
é,m—1>10rél,q—>0 /[011] de = {f(p*(a)) if Oé(b(a’) >Ink

Lg—a, %—ny

This is valid for any continuous non—decreasing function f : [0,1] — R
such that f(0) = 0. To obtain the statement of theorem 5.1, it remains to
compute the integral. For a < Ino,

“(a)
oa) = /OP Ingp(e™,0,s)ds
B @) oe” (1 —s)
B /0 n oc(l—e s+ (1—29) ds

oc(l—e %) In % + In(ce™®)

(1—o(l—e"))

and we are done.
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A Appendix on Markov chains

In this appendix, we recall classical definitions and results from the theory
of Markov chains with finite state space. The goal is to clarify the objects
involved in the definition of the model, and to state the fundamental general
results used in the proofs. This material can be found in any reference book
on Markov chains, for instance [7], [18], [22]. The definitions and results on
monotonicity, coupling and the FKG inequality are exposed in the books
of Liggett [26] and Grimmett [20].

Construction of continuous time Markov processes. The most con-
venient way to define a continuous time process is to give its infinitesimal
generator. The infinitesimal generator of a Markov process (X¢)t>0 with
values in a finite state space £ is the linear operator L acting on the func-
tions from £ to R defined as follows. For any function ¢ : £ — R, any
reE,

Lo(r) = lim +(B(6(X)|Xo = 7) — 6(x)) .

t—0

It turns out that the law of the process (X} ):>0 is entirely determined by the
generator L. Therefore all the probabilistic results on the process (X¢)i>o0
can in principle be derived working only with its infinitesimal generator.

In the case where the state space of the process is finite, the situation
is quite simple and it is possible to provide direct constructions of a pro-
cess having a specific infinitesimal generator. These constructions are not
unique, but they provide more insight into the dynamics. Suppose that the
generator L is given by

Vee€ L) = Y clw,y)(d(y) — d(x)) .

ye€

The evolution of a process (X;);>0 having L as infinitesimal generator can
loosely be described as follows. Suppose that X; = x. Let

e(a) = Y ela,y).

y#T
Let 7 be a random variable whose law is exponential with parameter c(z):
Vs >0 P(r > s) = exp(—c(z)s).

The process waits at = until time ¢t 4+ 7. At time ¢ + 7, it jumps to a state
y # x chosen according to the following law:

c(z,y)
clz)

P(Xt-i-r = y) =
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The same scheme is then applied starting from y. In this construction, the
waiting times 7 and the jumps are all independent.

Construction of discrete time Markov chains. To build a discrete
time Markov chain, we need only to define its transition mechanism. When
the state space £ is finite, this amounts to giving its transition matrix

(p(z,y), 2,y € E).
The only requirement on p is that it is a stochastic matrix, i.e., it satisfies

Yo,y € & 0<plz,y) <1,
Vee€ Y play) = 1.

yel

In the sequel, we consider a discrete time Markov chain (X¢):>¢ with values
in a finite state space £ and with transition matrix (p(z,y))s yee-

Invariant probability measure. If the Markov chain is irreducible and
aperiodic, then it admits a unique invariant probability measure y, i.e., the
set of equations

ply) = > p@)pla,y), yeE,

el

admits a unique solution. The Markov chain (X );>0 is said to be reversible
with respect to a probability measure v if it satisfies the detailed balanced
conditions:

Ve,ye & v(z)p(z,y) = v(y)p(y,z).

If the Markov chain (X;);>0 is reversible with respect to a probability
measure v, then v is an invariant probability measure for (X;);>0. In
case (X¢)¢>o is in addition irreducible and aperiodic, then v is the unique
invariant probability measure of the chain.

Lemma A.1 Suppose that p is an invariant probability measure for the
Markov chain (Xt):>0. We have then

Ve,ye & Vvt>0 w@)P (X =y| Xo=x) < p(y).
Proof. The proof is done by induction on ¢. For ¢t = 0, we have

P(Xo=y|Xo=2) =0 if y#uz,
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and the result holds. Suppose it has been proved until time ¢ € N. We
have then, for z,y € &,

pa) P(Xpa =y| Xo=2) = Y pu(z) P(Xp31 =y, X, = 2| Xo = 2)

z€E&
= Zu(m)P(Xt =z|Xo=12) P(X431 =y| Xy = 2)
ze&
<> w(z)p(z,y) = ply)
ze&
and the claim is proved at time ¢ + 1. O

We state next the ergodic theorem for Markov chains. We consider only
the case where the state space £ is finite.

Theorem A.2 Suppose that the Markov chain (X;):>¢ is irreducible ape-
riodic. Let p be its invariant probability measure. For any initial distribu-
tion pg, for any function f : £ — R, we have, with probability one,

t—oo t

im 1 [ p(x) ds = [ rwrante).

Lumping. The basic lumping result for Markov chains can be found in
section 6.3 of the book of Kemeny and Snell [23]. Let (E4,...,E,) be a
partition of £. Let f: & — {1,...,7} be the function defined by

1 if xz€Ey
vees  f@) =4 i
r if xe€kE,
The Markov chain (X;);>¢ is said to be lumpable with respect to the par-
tition (E4,..., E,) if, for every initial distribution uo of Xy, the process

(f(Xt))t>O is a Markov chain on {1,...,r } whose transition probabilities
do not depend on py.

Theorem A.3 (Lumping theorem) A necessary and sufficient condi-
tion for the Markov chain (X;)¢>0 to be lumpable with respect to the
partition (E1, ..., E,) is that,

Vi,je{l,...,r} Va,ycE Zp(:v,z): Zp(y,z).

z€E; z€E;

Suppose that this condition holds. For i,5 € {1,...,7}, let us denote by
pe(i,j) the common value of the above sums. The process (f(Xt))t>0 is
then a Markov chain with transition matrix (pe (%, 5))1<i j<r- B
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Monotonicity. We recall some standard definitions concerning mono-
tonicity for stochastic processes. A classical reference is Liggett’s book
[26], especially for applications to particle systems. We consider a discrete
time Markov chain (X;);>0 with values in a space £. We suppose that the
state space £ is finite and that it is equipped with a partial order <. A
function f : & — R is non—decreasing if

Vo, y € & r<y = f(z)<fy).

The Markov chain (X;):>0 is said to be monotone if, for any non-decreasing
function f, the function

ze€€ E(f(Xy)| Xo=1)

is non—decreasing.

Coupling. A natural way to prove monotonicity is to construct an ad-
equate coupling. A coupling is a family of processes (X7 );>o indexed by
x € £, which are all defined on the same probability space, and such that,
for x € £, the process (X[ )¢>0 is the Markov chain starting from X, = «.
The coupling is said to be monotone if

Vr,y € € r<y = Vt>1 X7 < X{.

If there exists a monotone coupling, then the Markov chain is monotone.

FKG inequality. We consider the product space [0, 1]™ equipped with the
product order. Let p be a probability measure on [0, 1] and let us denote by
u®™ the product probability measure on [0, 1]” whose marginals are equal
to pu. The Harris inequality, or the FKG inequality in this context, says
that, for any non—decreasing functions f,g: [0,1]" — R, we have

/ fgdu®" 2/ fdu®"/ gdp®".
[0.1]" [0,1]" [0.1]"

The case of Bernoulli product measures is exposed in section 2.2 of Grim-
mett’s book [20].
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