MODEL THEORY AND GEOMETRY
(TUTORIAL)
ELISABETH BOUSCAREN

This paper is based on a series of three le tures that I gave during the
LC'2000, in the ontext of the \tutorials" whi h have now be ome a tradition
at the European meetings of the ASL. I have kept fairly lose to the a tual
format and style of the talks.
It is always diÆ ult to identify pre isely the audien e su h a tutorial should
address. A fair number of broad and ambitious surveys have already been
published on the subje t of the appli ations of model theory to algebrai geometry (see se tion 4.4). I did not, during this tutorial, hoose to address the
spe ialists of the subje t. The audien e I had in mind onsisted of both young
\inexperien ed" resear hers in model theory and more \mature" logi ians from
other parts of logi . Rather than attempting one more broad survey, I tried to
present some of the main on erns of \geometri al model theory" by looking
at on rete examples and this is what I will try to do also in the present paper.
We will dis uss three algebrai examples, algebrai ally losed elds, di erentially losed elds and di eren e elds ( elds with automorphisms). The
geometri appli ation we will take up as illustration is Hrushovski's approa h
to the Manin-Mumford onje ture. This is based on a ne study of the model
theory of di eren e elds and is quite emblemati of the method. Perhaps the
key te hni al notion is that of \lo al modularity"(or \one-basedness"), whi h
arises in a purely model theoreti setting. We will see that the Diophantine
onje tures of the Manin-Mumford type an be rephrased in terms of this notion. Furthermore, as one thinks through the rephrasing pro ess, one realizes
the need for the introdu tion of auxiliary algebrai theories su h as the theory
of di eren e elds.
I would like to thank the anonymous referee, despite my temporary sho k
at the initial suggestion that the paper be totally rewritten and turned into
a survey of a ompletely di erent type. Fortunately, he/she also provided a
long list of detailed omments and less dra onian suggestions, in ase I did not
hoose to follow this rst drasti pie e of advi e. I have found these omments
very helpful and have followed most of these suggestions.
x1. \Geometri " model theory. Until ten years ago, the most striking
appli ations of model theory to algebra or number theory had typi ally been
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obtained using only the most basi tools of model theory, notably the ompa tness theorem and the te hnique of quanti er elimination, though the algebrai
and analyti ingredients had been onsiderably deeper and more varied. This
applies for example to the work of Ax-Ko hen-Ershov on valued elds (1965),
with later appli ations by Denef to the omputation of p-adi integrals, to Ax's
work on the elementary theory of nite elds (1968), to work of Denef, van den
Dries and Ma intyre on the p-adi s (1970's and 1980's). It applies also to some
of the more re ent work on o-minimal stru tures, su h as Wilkie's results on
the theory of the reals with exponentiation and it's subsequent generalization
to broad lasses of analyti fun tions (see [10℄).
In parallel pure model theory ourished at the same period, beginning with
Morley's hara terization of un ountably ategori al theories (1965) and then
with Shelah's monumental work on lassi ation theory. Appli ations to algebra of these more sophisti ated notions and results were at rst rather few:
let us mention the existen e and uniqueness of the di erential losure of a differential eld of hara teristi zero (Blum 1977), and the appli ations to the
theory of modules (started by Garavaglia around 1978). It was soon apparent
that the tools of the theory of stability were parti ularly well suited to the
model theoreti analysis of groups and elds. Around 1980, Poizat introdu ed
the notion of generi of a stable group whi h was dire tly inspired by the orresponding notion for algebrai groups and whi h be ame one of the main tools
in the subje t.
Then in the mid-eighties, under the in uen e of Zilber rst and then of
Hrushovski, stability theory started evolving and fo using on the study of the
ne lo al behavior of stru tures of nite dimension. This was the beginning of
what has been for some years known as \geometri stability" or more generally
\geometri model theory".
Stability theory a la Shelah, developed a theory of abstra t independen e
and dimension. Although this generalized the lassi al algebrai notions of independen e (linear independen e, algebrai independen e), the methods used
were often those of in nite ombinatori s. One of the main aspe ts of the theory for example is the lassi ation of stru tures a ording to whi h in nite
ombinatorial obje ts they interpret: orderings, trees...
Geometri stability, as its name indi ates, took mu h of its inspiration from
geometry, both in the sense of ombinatorial geometries (or matroids) and
of algebrai geometry. This relationship turned out to go both ways: the
abstra t notions developed in model theory were applied to the dis iplines
of their origins in order to give new proofs or new results there. We will
not dis uss here ombinatorial geometries nor any of the results that were
proved in this domain by applying model theoreti tools or ideas (results of
Zilber on homogeneous nite geometries for example [46℄ or results of Evans
and Hrushovski about \algebrai matroids"[7℄, [8℄), but we will fo us on the
relationship with algebrai geometry.
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Geometri stability investigates the geometri properties of the abstra t independen e relation introdu ed by Shelah. One of the main fo us points is the
study of the algebrai stru tures oded via this relation (groups, elds). These
questions and the results obtained an be onsidered to be, at a higher level
of generality, in the dire t line of two \ lassi al" and well-known theorems:
{ the old theorem of geometry whi h says that a Desarguesian proje tive
geometry of dimension at least 3 is the proje tive geometry over some division
ring;
{ the theorem of Weil whi h onstru ts an algebrai group from a generi ally
rational asso iative operation on an algebrai variety.
One of the entral notions in the subje t is that of \one-basedness" or lo al
modularity, whi h was introdu ed into the subje t independently from several
di erent points of view. For sets of \dimension one", lo al modularity orresponds exa tly to the ases where the ombinatorial geometry asso iated to
the dependen e relation is aÆne, proje tive or trivial. The Zilber Tri hotomy
prin iple states that if D is a set of dimension one, there are only three possibilities:
{ either the geometry is trivial and there is no group de nable in D (the
geometry asso iated to D is then the in nite set with no stru ture, example
(1) in se tion 3.3);
{ or the geometry is aÆne or proje tive and every group de nable in D is
of linear type (see the pre ise de nition in se tion 2.2). The stru ture D then
behaves very similarly to a ve tor spa e (example (2) in se tion 3.3);
{ or there is an algebrai ally losed eld de nable in D.
This prin iple was shown to be false in general by Hrushovski [12℄. But it holds
with extra assumptions, namely in the ontext of abstra t Zariski geometries,
de ned by Hrushovski and Zilber [20, 21℄. This tri hotomy, or more pre isely
this di hotomy in the ase of a group of dimension one plays an essential role
in the appli ations to the Manin-Mumford type of onje tures.
The general \abstra t" framework in whi h this material was originally developed, namely stability theory, was eventually seen as part of a broader one,
\simpli ity theory", whi h has now be ome a very a tive aera in model theory. This is the point of view we will adopt for the presentation of the abstra t
notions involved.
This ends our introdu tory sket h of geometri stability theory. In the next
se tion (2) we will dis uss the theory of algebrai ally losed elds, whi h is the
model theoreti ontext for lassi al algebrai geometry, and explain how the
Manin-Mumford type of onje tures t within the model theoreti framework.
In the third se tion, we will give the abstra t de nition of independen e and
state the de nition and main results about lo al modularity. These notions will
be illustrated by four basi examples, presented at the end of the se tion (3.3).
In the fourth and last se tion, we present two of the theories of elds whi h
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are used in Hrushovski's proofs of the algebrai geometry results and nish in
4.3 with a brief sket h of the a tual strategy for the proof of Manin-Mumford.
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x2.

Algebrai ally losed elds and the Mordell-Lang onje ture.
2.1. The theory of algebrai ally losed elds. We onsider elds K

as rst-order stru tures in the usual language of rings: LR = f0; 1; +; ; :g.
The theory of algebrai ally losed elds ACF is axiomatized by axioms whi h
say:
(i) K is a eld
(ii) K is algebrai ally losed, that is, every polynomial in one variable with
oeÆ ients in K has a solution in K . This an be axiomatized by the following
s heme: for every n > 1

8y1; : : : 8yn 9x xn + y1 xn

1

+ : : : + yn = 0:

Every eld L embeds into an algebrai ally losed eld; there is a smallest
su h algebrai ally losed eld ontaining L, the algebrai losure of L, whi h
we denote by Lalg and whi h is unique up to isomorphism over L. The theory
ACF is not omplete but it suÆ es to spe ify the hara teristi of the eld
to obtain a omplete theory. For p  0, we let ACFp denote the ( omplete)
theory of algebrai ally losed elds of hara teristi p. In fa t the theory ACFp
is ategori al in every un ountable ardinality, that is, has a unique model up
to isomorphism in every un ountable ardinality. Indeed if K; K 0 are two
models of ACFp , then K and K 0 are isomorphi if and only if they have the
same trans enden e degree over the prime eld of hara teristi p.
From now on, for the sake of simpli ation, we onsider only the theory
ACF0 of algebrai ally losed elds of hara teristi zero.
2.1.1. Definable subsets. Let K be a model of ACF0 of in nite trans enden e degree over Q .
In rst-order logi , we study the subsets de ned by rst-order formulas. We
start with the basi or atomi subsets, de ned using the basi operations and
relations in the language. In this parti ular ontext, our basi sets will be:
 the Zariski losed sets: E  K n is Zariski losed if E is the zeroset of a nite number of polynomials over K , that is, if E = f(a1 ; : : : ; an ) 2
K n ; f1 (a1 ; : : : ; an ) = : : : = fr (a1 ; : : : ; an ) = 0g, for f1 ; : : : S
; fr 2 K [X1 ; : : : ; Xn ℄.
The Zariski losed sets de ne a Noetherian topology on n K n, the lassi al
Zariski topology.
 The Zariski onstru tible sets: the nite boolean ombinations ( losure under nite interse tion, nite union and omplement) of the Zariski
losed sets. They are exa tly the sets de nable by quanti er-free formulas in
the language LR .
 Quantifier elimination: the theory ACF0 has quanti er elimination,
whi h means exa tly that the proje tion of a onstru tible set is also onstru tible and hen e that the definable sets are exa tly the onstru tible sets.
Remark: The model theoreti notion of algebrai
losure (see se tion 3.2)
oin ides with the usual eld notion of algebrai losure.
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The theory ACF0 does not only eliminate quanti ers but it also eliminates
: for every de nable equivalen e relation E on K n  K n , there
is a de nable map fE from K n to some K m su h that for all a; b in K n
fE (a) = fE (b) if and only if a and b are E -equivalent.
2.1.2. Varieties and algebrai groups are definable. For those
who already know their way around algebrai varieties and algebrai groups,
the aim of this se tion is to explain how these obje ts an be onsidered as
de nable obje ts in the theory of algebrai ally losed elds. Those unfamiliar
with the subje t an onsider them dire tly as de nable subsets and de nable
groups with some spe i properties and this should be suÆ ient for them to
understand the statement of the Mordell-Lang onje ture in the next se tion.
For a more omplete and elaborate introdu tion to the model theoreti approa h to algebrai varieties see [35℄. For basi de nitions and results in algebrai geometry, see for example [25℄ and [26℄.
n
An affine variety over K is a Zariski losed subset of K , for some
n
n  1, endowed with the indu ed Zariski topology from K . A quasi-affine
variety is a Zariski open subset of an aÆne variety, also endowed with the
indu ed topology. Quasi-aÆne sets are spe ial ases of Zariski onstru tible
sets.
Let V  K n and W  K m be two quasi-aÆne varieties, a morphism from
V to W is a map f from V to W whi h is lo ally rational (or regular): for
every a 2 V , there is an open subset U of V ontaining a and polynomials
P1 ; : : : ; Pm ; Q1 ; : : : ; Qm in K [X ℄ su h that on U , the Qi 's are non zero and
f (x) = (P1 =Q1 (x); : : : ; Pm =Qm (x)):
By the ompa tness theorem, f is a de nable map from V to W , i.e. the graph
of f is de nable: there are open subsets U1 ; : : : ; Uk of V su h that on ea h Ui
f is given by a xed tuple of rational fra tions.
An isomorphism is a bije tive morphism whose inverse is also a morphism.
So far, we an see dire tly that we are dealing with de nable sets and maps.
It is a little more diÆ ult in the ase of an abstra t variety whi h is obtained
by gluing together a nite number of aÆne varieties.
A variety V over K is a set V overed by a nite number of subsets
V1 ; : : : ; Vk together with some maps f1 ; : : : ; fk , where ea h fi is a bije tion
between Vi and some aÆne variety Ui , su h that:
(i) for ea h i; j the set Uij := fi (Vi \ Vj ) is open in Ui
(ii) the map fij := fi Æ fj 1 is an isomorphism from Uji into Uij .
The Ui 's are alled the aÆne harts of V .
The Zariski topology on V is de ned by de laring that S  V is open if
and only if for ea h i, fi (S \ Vi ) is open in Ui . A morphism from a variety
V = (Vi ; fi ; Ui ) to a variety W = (Wj ; gj ; Zj ) is a map h from V to W whi h
is a morphism when read in the harts, i.e. h is ontinuous and for any i; j ,
the map gj Æ h Æ fi 1 restri ted to (the quasi-aÆne variety) fi (h 1 (Wj ) \ Vi ))
is a morphism.
imaginaries
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There are di erent possible ways to identify a variety V , given by a xed
system of aÆne harts, (Vi ; fi ; Ui ), to a de nable set. One way is to onsider V
to be the disjoint union of its aÆne harts U1 ; : : : ; Uk , modded out by the denable equivalen e relation whi h identi es Uij and Uji via the de nable maps
fij . By elimination of imaginaries this will indeed be (de nably isomorphi
to) a de nable subset and the morphisms will be de nable maps.
Notation: If V is a variety de ned over K , we denote by V (K ) the set of
K -rational points of V , or equivalently, if V is seen as a de nable set in K n ,
the subset of tuples in K n whi h belong to the de nable subset V .
We need two more de nitions: An algebrai group G is a variety G
equipped with a group multipli ation : : G  G 7! G and an inverse 1 : G 7!
G whi h are morphisms for the variety stru tures on G and G  G. So in
parti ular, an algebrai group is a de nable group, that is, a group whi h lives
on a de nable set and su h that the group multipli ation is a de nable map.
The additive and multipli ative groups of the eld K , (K n ; +) and ((K  )n ; :)
are aÆne algebrai groups (algebrai groups whi h are isomorphi to aÆne
varieties). So are all the linear groups, i.e. all the losed subgroups of GLn (K ).
We will be interested in very di erent groups, the ones whi h have no aÆne
subgroup at all. An Abelian variety is an algebrai group G whi h is a
omplete irredu ible variety, where omplete means that, for any variety Y ,
the proje tion map  : G  Y 7! Y is losed (i.e. takes losed sets to losed
sets).
The Abelian varieties of dimension one are exa tly the ellipti urves, in fa t
the fundamental examples of Abelian varieties are the Ja obians of urves.
Over C the Abelian varieties are omplex tori, that is they are of the form
C n = where  is a dis rete subgroup of rank 2n (but not every omplex torus
is an Abelian variety).
Abelian varieties are ommutative divisible groups. They have a ertain
number of other rather strong properties of whi h I will only mention one: in
an Abelian variety G, for every n > 0, the number of torsion elements of order
n is nite but the torsion subgroup of G, T or(G) is in nite and Zariski dense
in G.
So we an onsider Abelian varieties over K as a spe i lass of ommutative divisible de nable groups with a ertain number of additional \ni e"
properties.

2.2. The Mordell-Lang onje ture. Re all that a ommutative group
is said to be of nite rank if there is a nitely generated subgroup 0 su h
that for every 2 , for some integer n  1, n 2 0 . In any ommutative
group G, the group of torsion elements T or(G) is of ourse of nite rank.
We now have all the ne essary elements in order to give the statement of
the Mordell-Lang onje ture for Abelian varieties over a eld of hara teristi
zero.
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The Mordell-Lang onje ture. Let K be an algebrai ally losed eld
of hara teristi zero, let A be an Abelian variety over K , X a losed irredu ible
subset of A and a nite rank subgroup of A(K ). Then X \ is a nite union
of translates of subgroups of , that is, there are m  1, H1 ; : : : ; Hm subgroups
of and elements b1 ; : : : ; bm in , su h that

X\

=

m
[

i=1

bi + Hi :

There are two di erent ases, \the number eld ase" when K is the algebrai losure of Q , that is when A is in fa t de ned over a number eld (a
nite algebrai extension of Q ), and \the fun tion eld ase" when A is not
de ned over Q alg .
The Mordell onje ture follows from the ase when X is a urve de ned
over a number eld k, A is the Ja obian of X and is the ( nitely generated)
group of k-rational points of A.
The Manin-Mumford onje ture is the parti ular ase when K is the algebrai losure of Q and the group is the group T or(A). By taking Zariski
losures, one an give the equivalent statement:
The Manin-Mumford onje ture. Let K be an algebrai ally losed eld
of hara teristi zero, let A be an Abelian variety over Q alg and X a losed
irredu ible subset of A. Then for some integer m  0,
X \ T or(A) =

m
[

i=1

bi + T or(Bi )

where for ea h i, Bi is an Abelian sub-variety of A (an irredu ible losed
subgroup of A) and bi + Bi is ontained in X .
The Manin-Mumford onje ture was rst proved by Raynaud in 1983, and
the full Mordell-Lang onje ture was nally proved by Faltings in 1993. For
more history and annotated bibliographies, one an look at [11℄ or [33℄.
Hrushovski gave a new proof of the fun tion eld ase of the Mordell-Lang
onje ture in 1994 [15℄, inspired by a previous proof of Buium's [3℄. At the
same time he also gave the rst full proof of the hara teristi p > 0 version
of the Mordell-Lang onje ture. Then, in 1995, he gave a new proof of ManinMumford. One of the interesting aspe ts of these proofs is that they all t in
a ommon framework whi h was developed a priori in model theory, as I hope
will be ome apparent very soon. Another interesting aspe t of his ManinMumford proof is that it yields rather easily some e e tive bounds for the
number m of translates involved. In fa t I believe that at the time, in 1995,
this was the rst proof giving e e tive bounds whi h did not depend on the
eld of de nition of the variety X .
Now let us onsider again the statement of the Mordell-Lang onje ture and
try to understand its meaning.
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The rst thing to remark is that it deals with two di erent kinds of obje ts:
we have on one hand A and X , whi h are algebrai or from our point of view,
de nable obje ts, and the group on the other hand, whi h is not de nable. In
algebrai geometry, one has tools to deal with algebrai or geometri obje ts,
like varieties; similarly in model theory we have tools to deal with de nable
obje ts. So the rst basi idea in the proof is going to be to repla e the group
by a de nable group.
The se ond remark is that the Mordell-Lang onje ture is usually onsidered
as saying something about urves, or about losed subsets of A, but one an
also onsider that it is in fa t a statement about the group and the topology
indu ed on it by the losed subsets of A. It says that this indu ed topology is
determined by the subgroups and their translates. This is not the ase for the
topology on A itself: onsider for example a urve X of genus stri tly bigger
than one, and A its Ja obian. It is lassi al that a urve of genus stri tly
bigger than one annot be a group (or the oset of a group). In fa t more
generally, the topology on an algebrai group is never determined by its losed
subgroups (see se tion 3.2)). In model theory we are familiar with this type
of questions about the \indu ed stru ture" on a subset. If M is a rst-order
stru ture and if E  M n is a de nable subset, the indu ed stru ture on E is
the new rst-order stru ture onsisting of the set E , together with all relatively
de nable subsets of M : (E; D \ E m ; m  1; D de nable subset of M nm ).
In the ase of de nable groups the following notion is ru ial. A de nable
group is of linear type if the indu ed stru ture on it is similar to a module,
pre isely:
n be a de nable
Definition. Let M be a rst-order stru ture, and G  M
group. We say that G is of linear type if for every integer m  1 and every
de nable D  M nm, D \ Gm is equal to a nite boolean ombination of osets
of de nable subgroups of Gm .
The Mordell-Lang onje ture ts into this framework. There is a formal
equivalen e between the Mordell-Lang onje ture and the following statement:
The model theoreti version of Mordell-Lang. Let K be an algebrai ally losed eld of hara teristi zero, let A be an Abelian variety over K
and a nite rank subgroup of A(K ). Let LK = f+; :; S; f a : a 2 K gg be
the usual language for rings with an extra unary predi ate S (and also onstants for ea h element of K , for te hni al reasons). Then in the theory of
the LK -stru ture (K; +; :; ; a)a2K , where the new predi ate S is interpreted
by the group , the de nable group is of linear type.
To see that the above statement implies Mordell-Lang, one only needs to
he k that if X is a Zariski irredu ible losed subset of A and if X \ is a
nite boolean ombination of translates of subgroups of , then in fa t it is a
nite union of translates of subgroups. This is fairly straightforward, using the
properties of the Zariski topology on groups. For the other dire tion, note rst
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that Mordell-Lang says something not only about A but also about Cartesian
produ ts of A: just onsider An whi h is also an Abelian variety hen e also
satis es the on lusion of Mordell-Lang. Then there remains only to pass from
information about the interse tions with n of all losed irredu ible subsets of
An to the interse tions with n of all de nable subsets of K n , in the new
language.
Model theory has developed abstra t riteria in terms of independen e whi h
hara terize, among the de nable groups, those whi h are of linear type. We
will see this in the next se tion with the de nitions of stable and one-based.
But the problem is that, with this very brutal way of making the group
de nable, by just adding a name for it, it is not easier to show that is now of
linear type than it was to show the original statement. So the strategy is going
to be to add some new stru ture to the eld K , in order to add new de nable
subsets but in a way we an ontrol, for example in su h a way that yields a
good di hotomy between groups of linear type and the others. This is what
will be a hieved, for the group T or(A), by adding a eld automorphism, as we
will explain in the last part of this paper. We will not be able to a tually make
T or(A) itself de nable but will nd a new de nable subgroup of A, ontaining
T or(A), and whi h we will be able to show is of linear type - and this will
suÆ e.
This extension pro ess, in whi h the original theory of algebrai ally losed
elds is repla ed by an enri hed theory, is hara teristi of the model theoreti
approa h to su h questions. It should be noted that this was also the approa h
taken by Buium in [3℄. As Hrushovski did after him, in the fun tion eld ase,
Buium added a derivation, denoted Æ, and on ned the group within a Ælosed subgroup of nite rank. He then pro eeded to use the tools of di erential
algebra and jetspa es in order to rea h the desired result.
In the ase of the model theoreti approa h, there are two good reasons that
make this extension ne essary. This approa h is based on the powerful abstra t
tools that were previously developed around the di hotomy linear type/non
linear type for de nable (or in nitely de nable) groups. In the original theory
of algebrai ally losed elds, the smallest de nable group ontaining T or(A)
is the Zariski losure of T or(A) in A, that is A itself. Even more relevant
is the fa t, already mentioned above, that no in nite group de nable in an
algebrai ally losed eld (in the pure language of elds) is of linear type.

2.3. Independen e and rank. We have just seen how to t the MordellLang onje ture into the model theoreti framework of the theory of algebrai ally losed elds. But algebrai ally losed elds, together with ve tor
spa es, are also the main examples whi h motivated many of the de nitions
essential to stability theory. Before giving the a tual abstra t de nitions of
forking, independen e and rank, we will onsider them in this on rete ontext.
We keep the same onventions and K is still an algebrai ally losed eld of
hara teristi zero and of in nite trans enden e degree over the rationals.
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The abstra t notion of independen e from model theory oin ides with the
lassi al notion of algebrai independen e. Re all that if K0  K1  K and
K0  K2  K , we say that K1 and K2 are algebrai ally independent over K0
if any nite set of elements of K2 algebrai ally independent over K0 remains
independent over K1 . When K0 is algebrai ally losed, this is equivalent to K1
and K2 being linearly disjoint over K0 , i.e. su h that every nite set of elements
of K2 whi h is linearly independent over K0 remains linearly independent over
K1 .
Definition. Let A; B; C be subsets of K ; we say that A and B are independent over C if the two elds (Q (AC ))alg ) and (Q (BC ))alg ) are algebrai ally independent over (Q (C ))alg .
There are many di erent notions of rank that one uses in model theory.
In the ase of algebrai ally losed elds, they all oin ide with the lassi al
algebrai notion of dimension.

Let E  K n be a de nable subset of K . Let K0  K be
an algebrai ally losed sub eld ontaining the parameters ne essary to de ne
E . We de ne the rank or dimension of E over K0 , Dim(E=K0 ), to be the
maximum of the trans enden e degrees of the elds K0 (e) over K0 , when e
varies in E .
For E  K n , the dimension of E is at most equal to n, whi h is the dimension
of K n itself.
Note that for a nite tuple e 2 K n, if K0  K1  K , then e is independent
from K1 over K0 if and only if the trans enden e degree of K1 (e) over K1
remains equal to the trans enden e degree of K0 (e) over K0 .
The next two properties will tell us that the theory of algebrai ally losed
elds is stable and is not one-based:
Properties: 1. Let K0  K1  K , be algebrai ally losed sub elds of K .
Suppose that a; b nite tuples in K are su h that (K0 (a))alg and (K0 (b))alg
are K0-isomorphi and that K1 is linearly disjoint from ea h of (K0 (a))alg and
(K0 (b))alg over K0 . It is then lassi al algebra that (K1 (a))alg and (K1 (b))alg
are isomorphi over K1 . This is the uniqueness of \independent extensions"
over models.
2. There exist K1 ; K2 , algebrai ally losed sub elds of K , whi h are not
independent over their interse tion. Take a; b; three trans endental independent elements in K . We laim that Q (a; b)alg and Q ( ; a + b)alg are not algebrai ally independent over L := Q (a; b)alg \ Q ( ; a + b)alg . First we he k that
L = Q alg . Indeed, suppose there is some d 2 L n Q alg ; then a + b 2 Q (d; )alg .
Let P (X; Y ) be an irredu ible polynomial with oeÆ ients in Q (d)alg su h that
P ( ; a + b) = 0. The polynomial P (X; Y ) remains irredu ible over Q (a; b)alg ,
hen e up to multipli ation by an element of Q (a; b)alg it must be equal to
(Y aX b). But this implies that both a and b are in Q (d)alg whi h is impossible. It is now lear that Q (a; b)alg and Q ( ; a + b)alg are not algebrai ally
Definition.
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independent over Q alg as Q (a; b; ; a + b)alg = Q (a; b; )alg has trans enden e
degree three over Q alg and ea h of Q (a; b) and Q ( ; a + b) has trans enden e
degree two.
x3. Independen e, simpli ity, stability, modularity. We are rst going to de ne what we mean when we talk about an abstra t relation of independen e. In model theory, or more pre isely in stability or in geometri
model theory, we often explain that we are working in stru tures where one
an de ne a \good" notion of independen e and then pro eed dire tly to lassial examples whi h are parti ular instan es of su h an abstra t independen e,
without a tually giving the pre ise abstra t de nition. I will give here a pre ise
axiomati de nition be ause I nd it quite remarkable that there is a fairly
\simple" axiomati way to de ne what a relation of independen e should be.
On the other hand one should be aware that this de nition is not a good
pra ti al tool: in pra ti e when given a stru ture, if one wants to see if there
is a good relation of independen e, one will use other de nitions su h as the
original de nition of \forking" of Shelah. One should also be aware that I will
present here as de nitions (of simpli ity and of stability in parti ular) properties whi h were in fa t theorems established a posteriori from the original
de nitions.
In se tion 3.3, I present four easy examples of independen e relations whi h
illustrate the various de nitions and properties given in se tions 3.1 and 3.2.
Conventions: We have a omplete theory T in a ountable rst-order language
L. In order to avoid heavy notation, we suppose that we are working inside
a monster model M of T : this means that all sets of parameters we onsider,
usually denoted A; B; C : : : are subsets of M, of ardinality stri tly smaller
than the ardinality of M, and all models of T , usually denoted M; N : : : are
elementary sub-models of M, also of ardinality stri tly smaller than the ardinality of M. De nable sets will be usually denoted D; E; F : : : , for example,
E is a de nable set in M with parameters from A, will mean that E  Mn for
some n and that E is the set of n-tuples in M satisfying a parti ular formula
(in n free variables) with parameters from the set A. We do not make any
di eren e in notation between elements and nite tuples.
Furthermore we suppose that this monster model M is saturated, whi h has
the following onsequen es:
- any in nite onjun tion of formulas of ardinality stri tly smaller than jMj
whi h is nitely onsistent is realized in M.
- any two n-tuples a and b satisfy exa tly the same formulas over some set
C if and only if there is an automorphism of M whi h takes a to b and xes C
point-wise. In that ase we write that a C b and say that a and b have the
same type over C .
One brutal way to do this is to suppose that the ardinality of M is an
ina essible ardinal. But one should not worry about this, everything that is
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done using using these properties of M, ould be done otherwise, with mu h
more umbersome notation, by onstantly hanging the model we are working
with to an ad ho suÆ iently big one.
3.1. Abstra t independen e. An independen e relation in M is a relation (or a olle tion of triples) I( ; B; A) where ranges over nite tuples of
M and A; B over subsets of M, with A  B  M, whi h satis es the following
onditions:
1. (invarian e) I is invariant under automorphisms of M
2. (lo al hara ter) for any ; B there is some ountable A  B su h that
I( ; B; A)
3. ( nite hara ter) I( ; B; A) if and only if for every nite tuple b from B ,
I( ; A [ fbg; A)
4. (extension) for any ; A and B  A, there is some d su h that  d over
A and I(d; B; A)
5. (symmetry) for any b; ; A I( ; A [ fbg; A) if and only if I(b; A [ f g; A)
also
6. (transitivity) suppose that A  B  C , then I(e; C; B ) and I(e; B; A) if
and only if I(e; C; A).
These properties make it legitimate to say, for any B ,C and A subsets of
M, that B and C are I-independent over A if for every nite subset of C ,
I( ; B [ A; A).
There is a rst trivial example, where one puts in I all possible triples
( ; B; A), A  B . In a (monster) algebrai ally losed eld K , if one sets
I to be the set of triples (e; K2 ; K1 ) where K1 < K2 are algebrai ally losed
sub elds of K and e and K2 are independent over K1 in the sense of se tion 2.3,
then I is an abstra t independen e relation. We give four more examples in
se tion 3.3. In addition, we will see the two theories of enri hed elds presented
in se tion 4, di erentially losed elds of hara teristi zero and algebrai ally
losed elds with automorphisms.
The independen e relations in these di erent examples do not all behave
similarly. For many years, the ru ial dividing line was between stable theories
and unstable theories. In the past few years, this line has shifted to in lude a
mu h larger lass of theories in whi h the tools of \geometri stability" apply,
the simple theories.
Simple theories were originally introdu ed by Shelah in 1980, but it was only
after work of Hrushovski on spe i examples and then of Kim, and Kim and
Pillay, that the following property and its onsequen es was isolated:
The independen e theorem: We say that the independen e relation I
satis es the independen e theorem (over models) if,
For any model M , and any a; b; ; d nite tuples su h that
- a and b are I-independent over M ,
- and a (resp. d and b) are I-independent over M ,
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-  d over M ,
there is some e su h that e and fa; bg are I-independent over M , e  over
M [ fag and e  d over M [ fbg.
The independen e theorem says that one an \amalgamate" types in an
independent way.
Definition.

We say that T is simple if there is a notion of independen e

I in T whi h satis es the independen e theorem over models.

We an already remark (whi h is rather reassuring) that the rst trivial
example, that is the relation I onsisting of all triples, does not satisfy the
independen e theorem (take a 6= b; a = and b = d).
The independen e theorem is in fa t a very strong ondition, as it for es the
independen e relation to be uniquely determined:
Proposition 3.1. If T is simple then the relation I for whi h T satis es the
independen e theorem is uniquely determined (and is the notion of non-forking
as originally de ned by S. Shelah).
Definition. We say that T is stable if there is a notion of independen e I
in T whi h satis es the following property (stationarity over models): for
any model M of T , for any a; b nite tuples su h that b  a over M , and for
any C  M , if a and C (resp. b and C ) are I-independent over M , then a  b
over C .
Stability means that, if M  C , there is (up to isomorphism) only one way
C and a an be independent over M .
If T is stable, then T is simple: given a; b; ; d and M as in the independen e theorem, by the extension property, we know that there is some 0 (resp.
some d0 ) whi h looks like (resp. like d) over M [ a and is independent from
fa; bg over M . By stability, as  d over M , then 0  d0 over M [ fa; bg, so
we also have 0  d over b.
One of the main onsequen es of stability, whi h is used in an essential way
for example in the group on gurations type of onstru tions, is that ertain
subsets turn out to be de nable: given a model M , a formula (x; y) and some
tuple b in M (the monster model), the set of tuples a in M su h that (a; b)
holds is a de nable subset of M , de nable with parameters from M .
Examples (1) and (2) from se tion 3.3 are stable, (3) is simple but not stable and (4) is not simple. Algebrai ally losed elds (ACFp ) are stable, as
shown by Property 1 in 2.3. Di erentially losed elds of hara teristi zero
(DCF0 , se tion 4.1) are stable, algebrai ally losed elds with an automorphism (ACFA, se tion 4.2) are simple but not stable.
Finally, we will need an essential notion whi h was originally introdu ed by
Shelah in the ontext of stable theories, namely orthogonality:
Definition. Let T be a simple theory, M  M, and E and F two de nable
subsets in M. We say that E and F are orthogonal over M if for every nite
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sequen e of elements e from E , and for every nite sequen e of elements f
from F , e and f are independent over M .

3.2. Modularity. First we are going to need a lo al version of stability;
there may be stable de nable subsets inside a model whose theory is not stable,
as we will see in the next se tion when looking at algebrai ally losed elds
with an automorphism.
From now on we suppose that T is a simple theory, hen e that there is a
(unique) notion of independen e whi h satis es the independen e theorem.
We also suppose that T has elimination of imaginaries (this is relevant for
the de nition we give here of modularity). Re all that T has elimination of
imaginaries if for every de nable equivalen e relation E on Mn  Mn , there
is a de nable map fE from Mn to some Mk su h that, for all a; b in Mn ,
fE (a) = fE (b) if and only if a and b are E -equivalent. We mentioned in the
previous se tion that algebrai ally losed elds had elimination of imaginaries.
n
Definition. Let F  M be a de nable subset with parameters from A.
We say that F is stable if, for all model M  M, A  M , for all a; b tuples
from F and all C  M , if a  b over M , a and C are independent over M and
b and C are independent over M , then a  b over M [ fC g.
Keeping in mind that we wish to study the indu ed stru ture on some denable subsets, we are also going to need:
n
Definition. Let F  M be a de nable subset with parameters from A.
We say that F is stably embedded in M if for every k and every de nable
subset D  Mnk , there is some de nable D0  Mnk , de nable with parameters
from F , su h that D \ F k = D0 \ F k . In a stable theory, any de nable set is
both stable and stably embedded. In an unstable theory, a set an be stably
embedded without being stable (it will be the ase for example of the xed
eld in a model of ACFA0 , see se tion 4.2.1) or stable without being stably
embedded.
The model theoreti
algebrai
losure: Re all that we say that a
is algebrai over A (a 2 a l(A)) if there is a nite set F , de nable with
parameters from A, su h that a 2 F ; equivalently if a has a nite number of
onjugates by the automorphisms of M whi h x A point-wise.
n
Definition. Let F be a de nable subset of M . We say that F is lo ally
modular or one-based if for all C , all a; b nite tuples of elements from F ,
a and b are independent over a l(C [ fag) \ a l(C [ fbg). We say that the
theory T is one-based if the formula "x = x" (i.e. F = M) is one-based.
The notion of modularity, in presen e of stability, gives information of an
algebrai type about the stru ture. We will not use this result here but in
parti ular, any non trivial relation between three elements has to ome from
the a tion of an Abelian group. If we have a stable theory T and a de nable
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group (G; :)  Mn , then there are a; b independent elements of G su h that a; b
and a:b are pairwise independent but not independent (a:b is not independent
from fa; bg). I am not going to prove this here but it is easy to he k that
this is true for example in algebrai ally losed elds for both addition and
multipli ation (take a; b two algebrai ally independent trans endental elements
over Q ). So the existen e of three su h elements is ne essary for the existen e
of a stable de nable group. Lo al modularity implies that it is also a suÆ ient
ondition.
Proposition ([2℄). Suppose that T is stable and one-based and that there
are a; b; nite tuples in M whi h are pairwise independent but not independent, i.e. a and b; are not independent. Then there is an in nite Abelian
group de nable in M.
In fa t one an draw mu h stronger on lusions from the existen e of su h
a; b; ; the above is just a very weak version of the existing results. We will not
be using this \group onstru tion" here anyways but in ontrast the following
proposition is fundamental for what we are going to do. It is interesting to note
that it was proved in 1985, hen e long before the relation with Diophantine
questions of the Manin-Mumford or Mordell-Lang type was realized.
n
Proposition ([17℄). Let G be a de nable group in M whi h is stable, stably embedded and one-based. Then for any m and for any de nable set in
Mnm , X \ Gm is a nite boolean ombination of osets of de nable subgroups
of Gm .
It follows that G has a de nable Abelian subgroup of nite index. In any
theory of modules, by the quanti er elimination to positive primitive formulas, it is true that any de nable subset is a boolean ombination of osets
of (positive primitive) de nable subgroups. What the above says is that if
G is one-based, then the stru ture indu ed by M on G redu es to that of a
\generalized module", that is a module with predi ates for some subgroups.
Property 2, in se tion 2.3, shows that algebrai ally losed elds are not onebased. The same argument will be used later in se tion 4 to show that the two
theories of enri hed elds we onsider there are not one-based either. In fa t,
more generally, one-basedness rules out the existen e of a de nable eld. But,
as we will see, some of the de nable subsets inside an enri hed eld an be
one-based and this is at the heart of the appli ations to algebrai geometry. As
we have mentioned earlier, in the theory of (non enri hed) algebrai ally losed
elds, this annot happen, and no de nable set an be one-based. This omes
from the fa t that this theory is \unidimensional", that is, any two de nable
subsets are not orthogonal.
The three stable examples from se tion 3.3, are one-based. In order to
he k this more easily, we will now introdu e the notion of strongly minimal
sets. This notion and its link to ombinatorial geometries was essential to the
development of geometri al stability theory.
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Strongly minimal sets: As we have mentioned above, the use of imaginary elements in the de nition of lo al modularity is ru ial. There is a ontext
though in whi h one an avoid using imaginaries in the de nition (or avoid
assuming that the theory eliminates imaginaries) namely that of strongly minimal sets.
We say that a de nable set D  Mn is strongly minimal if for any other
de nable F  Mn , F \D is nite or D n(F \D) is nite. We say that the theory
T is strongly minimal if the formula "x = x" is strongly minimal. The theory
ACF0 of algebrai ally losed elds of hara teristi 0 is strongly minimal: a
Zariski losed subset of K is the zero set of a nite number of polynomial
equations in one variable, and, by quanti er elimination, any de nable subset
K is a boolean ombination of Zariski losed sets. Our rst three examples
below in 3.3 are also strongly minimal.
In a strongly minimal theory, (model-theoreti ) algebrai losure gives rise
to the unique independen e relation satisfying the independen e theorem,
whi h is also stable: e and C are independent over B if e does not belong
to a l(C ) n a l(B ). Moreover, onsidered as a losure operator, algebrai losure in a strongly minimal set satis es the ex hange prin iple and gives rise to a
pregeometry in the lassi al sense (see for example [30℄). Then one-basedness,
or lo al modularity, orresponds to the lo al modularity of the asso iated pregeometry in the usual ombinatorial use of the word and an be expressed in
the following way:
Let T be a strongly minimal theory (with or without elimination of imaginaries). Then T is lo ally modular, or one-based, if and only if for all a; b
nite tuples of elements from M su h that a l(a) \ a l(b) 6= a l(;), a and b are
independent over a l(a) \ a l(b).

3.3. Some basi examples. We present here four basi examples. In
these four examples, as well as in algebrai ally losed elds, the relation of
independen e is given by the relation of (model theoreti ) algebrai losure.
This means that we de ne A to be independent from B over C if and only
if for no a 2 A, a 2 [a l((A n fag) [ B [ C )℄ n [a l((A n fag) [ C )℄. There
are two important remarks to be made about this: rst, this is a spe ial situation, there are many examples where independen e is not given dire tly by
the algebrai losure, in parti ular the two examples of elds we will see in
the next se tion. Se ondly, it is not always the ase that (model theoreti )
algebrai losure gives rise to an independen e relation in our sense. In parti ular the symmetry axiom is not always true (it orresponds to the fa t that
model-theoreti algebrai losure, onsidered as a losure operator, satis es
the ex hange property, whi h is not always the ase).
(1) Equality. Let L be the language onsisting only of equality, and onsider
the theory in L whi h says that there are in nitely many distin t elements.
This is a totally ategori al theory, that is, it has exa tly one model (up to
isomorphism) in every (in nite) ardinality. It is learly strongly minimal.
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Let E be an in nite set, hen e a model. For A  B  E , and for e 2 E n ,
say that e = (e1 ; : : : ; en) is independent from B over A if for every i, 1  n,
ei 2 B i ei 2 A. This is an abstra t relation of independen e whi h is
stable and one-based (use the hara terization of one-basedness in the ase of
strongly minimal sets at the end of the pre eding se tion as this theory does
not stri tly speaking have elimination of imaginaries: one annot eliminate for
example the equivalen e relation on n-tuples whi h de ne the same n element
set).
Note that any set of pairwise independent elements is independent, hen e
(as one might expe t) there is no de nable group in any model.
(2) Ve tor spa es. Take a ountable division ring S ( nite or in nite) and
V an in nite dimensional ve tor spa e over S . Consider V as an LS -stru ture,
where LS is the language with addition, zero, and a unary fun tion fs for ea h
element s of S , interpreted as s alar multipli ation by s in V . The theory
of in nite S -ve tor spa es, whi h we denote by TS , is omplete and admits
quanti er elimination. If S is nite, TS has one model up to isomorphism
in every in nite ardinality; if S is in nite, TS has ountably many ountable
models and one model in ea h un ountable ardinality. This theory is strongly
minimal. For C  B  V , and for A  V , say that A is independent from B
over C if A and B are linearly independent over C : for every a 2 A, a is in
the subspa e spanned by B [ (A nfag) i a is already in the subspa e spanned
by C [[(A nfag). Then again this is a stable one-based theory. The fa t that
it is one-based orresponds exa tly to the fa t that ve tor spa es satisfy the
lassi al dimension equality: for any nitely generated subspa es X; Y of V ,
dim(X ) + dim(Y ) = dim(X [ Y ) dim(X \ Y ):
There is a group of ourse in V and if v and w are independent, then the
set fv; w; v + wg is an example of a set whi h is pairwise independent but not
independent.
(3) The random graph. Take the language L = fRg with one binary relation R and onsider the theory of the random graph ER whi h is axiomatized
by the following in nite s heme of axioms:
- R is symmetri irre exive
- for every distin t a1 ; : : : ; an and b1 ; : : : ; bm , there exists x su h that for
all i; 1  i  n, R(x; ai ) and for all j; 1  j  m, (not R(x; bj )).
The theory of ER admits quanti er elimination, has only one ountable
model (but has 2 non isomorphi models of power  for every un ountable
ardinal ). De ne independen e as in example (1) above, i.e. for A  B  E ,
and for e 2 E n , say that e = (e1 ; : : : ; en ) is independent from B over A if for
every i, 1  n, ei 2 B i ei 2 A.
With this notion of independen e, this theory is simple, as is easily he ked.
It follows that this is the unique possible way to obtain a relation of independen e satisfying the independen e theorem. But the theory is not stable;
onsider two models M  N and two elements a and b su h that a is not in

MODEL THEORY AND GEOMETRY

19

relation via R to any element of N and b is related to exa tly one element
whi h is in N n M . Then a M b, a and b are ea h independent from N over
M , but it is not the ase that a N b.
(4) Real losed elds. Consider the theory of the reals R in the language
Lord = f0; 1; +; ; :; <g of ordered rings. The theory of R, the theory of
real losed elds, admits quanti er elimination and is o-minimal (i.e. every
de nable subset of R is a nite union of singletons and open intervals, allowing
endpoints from R [ f1; 1g)). Take the relation of independen e given by
real losure (= algebrai losure in the model theoreti sense):
For A  B  E , and for e 2 E n , say that e = (e1 ; : : : ; en ) is independent
from B over A if for every i, 1  n, ei is in the real losure of the eld generated
by B [ fe1; : : : ; ei 1 g if and only if ei is already in the real losure of the eld
generated by A [ fe1 ; : : : ; ei 1 g. This de nes an independen e relation whi h
does not satisfy the independen e theorem: in a big non standard model take
a; b; ; d; su h that R   a  b  d, (where x  y means that y is
in nitely bigger than x), everything being independent over R. No e an
satisfy both e  over R [ fag and e  d over R [ fbg.
The same kind of argument shows more generally that in the presen e of a
de nable total ordering no independen e relation an be simple.

3.4. Some referen es. Simple theories were rst introdu ed by Shelah in
1980 in [42℄ as a lass stri tly ontaining stable theories. It was not known
at the time if in simple theories, as de ned there, forking was a symmetri
relation. The interest for this lass of theories was revived in the past few years
for two reasons. First, it was realized by Hrushovski that many very interesting
lasses of algebrai stru tures were simple and that in these stru tures forking
seemed to have very good properties (the independen e theorem, symmetry
et ). This was in parti ular the ase of smoothly approximated stru tures
([16℄, for surveys see for example [6℄, [28℄ ), pseudo- nite elds (see [18℄) and
of ourse a little later of algebrai ally losed elds with an automorphism whi h
we des ribe in the next se tion. At around the same time, Kim proved that
in simple theories forking was symmetri [22℄. This hanged the perspe tive
on simple theories and also on what having a good relation of independen e
should mean. The de nitions of independen e, simpli ity et . whi h I gave
in the pre eding se tions ome from further work on the subje t by Kim and
Pillay [23℄. For a survey on simple theories with the main results and open
questions, there is [24℄. A book by F. Wagner has re ently appeared on this
subje t [44℄
Con erning geometri stability, the main referen e is A. Pillay's book \Geometri Stability" ([34℄). More spe i ally on stable groups, see the books by
B. Poizat(the original [37℄ or the re ent english version [38℄) and by F. Wagner
[43℄.
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x4. Fields with extra stru ture and the appli ations. All the present
appli ations of model theory to lassi al Diophantine geometry questions t
into a ommon general framework. Ea h time, one uses a eld with more
de nable sets than just the lassi al onstru tible ones and where a good dihotomy theorem is available whi h enables one to re ognize when a group is
one-based. Three theories have been used so far:
(1) separably losed elds of hara teristi p > 0 for the fun tion eld MordellLang onje ture in hara teristi p [15℄;
(2) di erentially losed elds of hara teristi zero for the fun tion eld MordellLang onje ture in hara teristi 0 [15℄;
(3) algebrai ally losed elds with an automorphism, in hara teristi zero for
the Manin-Mumford onje ture [13℄ and the Tate-Volo h onje ture [39℄, as
well as in hara teristi p for the ase of Drinfeld modules [40℄.
We will present the two theories of elds used in the hara teristi zero ases,
di erentially losed elds and algebrai ally losed elds with an automorphism,
and then nish with a short sket h showing how to apply the model theoreti
results in the ase of a eld with an automorphism in order to obtain the
Manin-Mumford onje ture. At the end (se tion 4.4) we give a sele tion of
referen es for surveys or introdu tory papers to all of these appli ations.
Both the theories we are going to dis uss are expansions of algebrai ally
losed elds by a unary fun tion.

4.1. Di erentially losed elds of hara teristi zero. (see [32℄ or
[1℄).
The language is the usual language of rings LR , whi h we already used for
algebrai ally losed elds, together with a map Æ.
The theory (DCF0 ) onsists of the following s heme of axioms (i) to (iii):
(i) K is a eld of hara teristi zero
(ii) (K; Æ) is a di erential eld, that is, Æ is a derivation :
Æ : K 7! K , su h that, for all x; y in K , Æ (x + y ) = Æ (x) + Æ (y ) and Æ (xy ) =
xÆ (y ) + yÆ (y ).
Before stating the third set of axioms, we need some de nitions. Given a
di erential eld (K; Æ), we de ne the ring KÆ [X ℄ of di erential polynomials (in
one variable) over K to be the ring of polynomials in in nitely many variables
K [X; Æ (X ); Æ 2 (X ); : : : ; Æ n (X ) : : : ℄.
The order of the di erential polynomial f (X ) in KÆ [X ℄ is 1 if f 2 K and otherwise the largest n su h that Æn (X ) o urs in f (X ) with non zero oeÆ ient.
For example the di erential polynomial equation Æ(X ) = 0 whi h de nes the
onstants for the derivations Æ has order 1.
(iii) K is existentially losed. In this ontext, this an be axiomatized by
saying (an in nite s heme): for any non- onstant di erential polynomials f (X )
and g(X ), where the order of g(X ) is stri tly less than the order of f (X ), there
is a z su h that f (z ) = 0 and g(z ) 6= 0.
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Basi Results: DCF0 is a omplete theory whi h admits quanti er elimination and elimination of imaginaries. We all the models of DCF0 the di erentially losed elds. It is the model ompletion of the theory of di erential elds
of hara teristi zero, so, in parti ular, any di erential eld (K; Æ) embeds into
a di erentially losed eld (L; Æ). Di erentially losed elds are algebrai ally
losed elds and one an show that they have in nite trans enden e degree
over Q .
From now on (K; Æ) is a monster model of DCF0 .
4.1.1. Definable sets in DCF0 . We saw earlier that in a \pure" algebrai ally losed eld, the basi de nable sets are the zero sets of polynomials.
Here we start with the zero sets of di erential polynomials. For any n let
KÆ [X1 ; ::; Xn ℄ = K [X1 ; ::; Xn ; Æ (X1 ); ::; Æ (Xn ); Æ 2 (X1 ); ::; Æ 2 (Xn ); ::℄:
We say that F  K n is a Æ- losed set if there are f1 ; : : : ; fr 2 KÆ [X1 ; : : : ; Xn℄
su h that F = f(a1; : : : ; an ) 2 K n ; f1 (a1 ; : : : ; an ) = : : : = fr (a1 ; : : : ; an ) =
0g. The ring KÆ [X1 ; : : : ; Xn℄ is of ourse not Noetherian but the Æ- losed
sets (whi h orrespond to radi al di erential ideals) form the losed sets of a
Noetherian topology on K , the Æ-topology.
We now onsider the Æ- onstru tible sets, that is, the nite boolean ombinations of Æ- losed sets. The elimination of quanti ers for DCF0 means that
this lass is losed under proje tion hen e that all de nable sets (we all them
Æ -de nable sets) are Æ - onstru tible.
Examples: First, if D  K m is a set de nable in the language LR , without
using Æ, as K is algebrai ally losed, D is onstru tible. This is a parti ular
ase of a Æ- onstru tible set. Exa tly as in the ase of algebrai ally losed
elds, if V is a variety de ned over K , we an onsider V as a Æ-de nable set.
The eld of onstants of K , Cons(K ) = fa 2 K ; Æ(x) = 0g is a Æ- losed
set whi h is not onstru tible; it is an algebrai ally losed sub eld of K .
The indu ed stru ture on Cons(K ) is that of a pure algebrai ally losed
eld: if D is a Æ-de nable subset of K n, D \ Cons(K )n is a onstru tible
subset (in the language of rings LR ) of Cons(K )n , de nable with parameters
from Cons(K ).
We de ne the Æ-algebrai losure of A, a lÆ (A), to be equal to the algebrai losure (in the usual sense of elds) of the di erential eld generated by
A, i.e. the algebrai losure of the eld (A)Æ := Q (Æ i (a); a 2 A; i  0) (this is
exa tly the algebrai losure of A in the usual model theoreti sense).
4.1.2. Independen e and rank. If C  A; B  K , we say that A and
B are Æ -independent over C if a lÆ (A) and a lÆ (B ) are algebrai ally independent (or equivalently linearly disjoint) over a lÆ (C ). This Æ-independen e
is a notion of independen e in the sense of se tion 3.1 and DCF0 is stable.
One an he k the stability easily thanks to the quanti er elimination: let
K0 < K be a sub-model and let a and b be su h that a  b over K0 . So in
parti ular, the ideal I (a=K0) of the di erential polynomials f in K0Æ [X ℄ vanishing on a is equal to the orresponding ideal for b, I (b=K0). By de nition of
Æ -independen e, if K0 < K1 < K and if a (resp. b) and K1 are Æ -independent
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over K0 , then the ideal I (a=K1 ) is generated by I (a=K0), and similarly for b,
I (b=K1 ) is the ideal generated by I (b=K0 ). It follows that I (a=K1 ) = I (b=k1 ),
and by quanti er elimination this implies that a  b over K1 .
In fa t the theory DCF0 is more than stable, it is what is alled !-stable,
whi h means that it is possible to assign a rank (taking possibly in nite ordinal
value) to ea h de nable set. We are only going to onsider de nable sets with
nite rank and give the de nition of one rank, whi h will be suÆ ient for our
purpose. The reader should be aware though that there are many di erent
notions of rank available in model theory and that it is now known that no
two of them oin ide everywhere in DCF0 (the Las ar rank, the Morley rank,
the Æ-degree we are going to de ne below...).
If E is a di erential sub eld of K and if a is a nite sequen e of elements
of K , we de ne the Æ-degree of a over E , dÆ (a=K ), to be the trans enden e
degree of the eld (E (a))Æ , the di erential eld generated by E and a, over E .
If D  K n is a Æ-de nable set, we de ne the Æ-degree of D to be the maximum
of the Æ-degrees of the elements of D.
The eld Cons(K ) has Æ-degree equal to one: for any di erential sub eld
E , for any a element of Cons(K ), the di erential eld generated by E and a is
equal to the eld E (a). Moreover, and this is fundamental for the appli ation
to Diophantine geometry, up to de nable isomorphism, Cons(K ) is the unique
Æ -de nable eld with nite Æ -degree .
In ontrast, if V is any variety (of positive dimension) de ned over K , as
a Æ-de nable set, V has in nite Æ-degree; this is in parti ular the ase of K
itself. When it is nite the Æ-degree is a good notion of rank, in parti ular, if
dÆ (a=E ) is nite, then a and B  E are Æ -independent over E if and only if
dÆ (a=E ) = dÆ (a=B ).
4.1.3. Modularity and the di hotomy theorem. The results below
ome from [19℄ and [15℄.
The eld (K; Æ) is not one-based, but neither is the de nable sub eld Cons(K ),
by exa tly the same argument as for the theory ACFA0 : onsider a; b; in the
eld Cons(K ) whi h are trans endental over Q and algebrai ally independent.
In order to be able to do this, we have to suppose that Cons(K ) has big enough
trans enden e degree over Q , but we an always suppose that by going to some
big model K 0 extending K . Then a lÆ (a; b) = Q (a; b)alg (the eld algebrai
losure) and a lÆ ( ; a + b) = Q ( ; a + b)alg interse t in Q alg , but they are not
algebrai ally independent over Q alg .
For our purpose, the interesting feature of di erentially losed elds of hara teristi zero, is that really, the onstant eld is the \unique" de nable set of
Æ -degree one whi h is not one-based. Let us make this statement more pre ise.
Let D be a de nable set, we have de ned in 3.1 the notion of orthogonality. In this parti ular ontext, D and Cons(K ) are orthogonal if, for every
nite sequen e of elements d from D, for every nite sequen e of elements b
from Cons(K ), and for every sub eld E = a lÆ (E ), a lÆ (Ea) and a lÆ (Eb) are
algebrai ally independent over E .
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Re all that a Æ-de nable set D  K n is strongly minimal if, for any Æde nable F  K n , F \ D is nite or o nite in D. A strongly minimal set has
nite Æ-degree. The onstant eld is strongly minimal.
Let D  K n be a strongly minimal Æ-de nable subset. Then D is one-based if and only if D and the eld of
onstants, Cons(K ), are orthogonal.
The di hotomy theorem for DCF0 .

Non-orthogonality between two strongly minimal sets is a very strong relation. In parti ular, if D is a Æ-de nable group whi h is non-orthogonal to the
eld Cons(K ), then D will be Æ-de nably isomorphi to G(Cons(K )), where
G is an algebrai group de ned over the eld Con(K ). The di hotomy theorem
then means that the only strongly minimal groups whi h are not one-based
are exa tly the ones arising from algebrai groups over the onstants.
Hrushovski's proof of the di hotomy theorem in [15℄ uses the fa t that
strongly minimal sets in DCF0 are abstra t Zariski geometries in the sense
of Hrushovski-Zilber ([21℄). One an then apply their abstra t di hotomy theorem whi h says that if a strongly minimal set D is a non lo ally modular
Zariski geometry, there is a strongly minimal eld de nable in D. Then one
uses the fa t that the eld Cons(K ) is, up to de nable isomorphism, the
unique strongly minimal eld Æ-de nable in K . For introdu tory surveys to
Zariski geometries, see [20℄ or [31℄. A dire t proof of the di hotomy theorem
for DCF0 was given very re ently (two years after this tutorial a tually took
pla e) in [36℄.

4.2. Algebrai ally losed elds with an automorphism. An exposition of the basi properties (axiomatizability, de idability et .) of ACFA, an
be found in Ma intyre's introdu tory paper [27℄. The in-depth model theoreti analysis was arried out rst by Chatzidakis and Hrushovski in [4℄, and
ontinued in [5℄.
The way we are going to present this theory will make it seem very similar
to the previous one, di erentially losed elds. But although the results are
very similar, the a tual proofs need not be. One should note though that again
in [36℄, a new proof of the di hotomy theorem for ACFA in hara teristi zero
is given, along similar lines as the one for the di erential ase.
A di eren e eld is a eld K together with an automorphism , whi h
we onsider as an LR [ fg-stru ture.
The lass of existentially losed models for di eren e elds turns out to be
axiomatizable (this fa t needs a proof of ourse). Here we restri t ourselves to
the ase of hara teristi zero.
The axioms (ACFA0 ) say that:
(i) K is a an algebrai ally losed eld of hara teristi zero
(ii) (K; ) is a di eren e eld, i.e.  is an automorphism of K .
(iii) K is existentially losed : every di eren e equation whi h has a solution
in some extension of K has a solution in K .
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ACFA0 is not a omplete theory and in order to make it omplete one
needs to des ribe the a tion of the automorphism  on the algebrai losure
of Q . This theory does not have elimination of quanti ers, but it does have
elimination of imaginaries. Every di eren e eld of hara teristi zero embeds
into a model of ACFA0 .
Let us mention a striking re ent result about ACFA [14℄ answering the long
open question: what is the theory of a nonstandard Frobenius automorphism
or more pre isely, what is the theory of an ultraprodu t of the di eren e elds
p
(Falg
p ;  : x 7! x ) for all p prime numbers ? The answer is that ACFA is
q
exa tly the theory of all nonprin ipal ultraprodu ts of (Falg
p ; q : x 7! x ),
when q varies on the set of powers of prime numbers.
From now on (K; ) is a monster model of ACFA0 .
4.2.1. Definable sets in ACFA0 . Here the basi sets are the zero sets
of di eren e polynomials: for any n let
K [X1 ; ::; Xn ℄ = K [X1 ; ::; Xn ;  (X1 ); ::;  (Xn );  2 (X1 ); ::;  2 (Xn ); ::℄:
We say that F  K n is a - losed set if there are f1 ; : : : ; fr 2 K [X1 ; : : : ; Xn ℄
su h that F = f(a1; : : : ; an ) 2 K n ; f1 (a1 ; : : : ; an ) = : : : = fr (a1 ; : : : ; an ) =
0g. The - losed sets form the losed sets of a Noetherian topology on K , the
 -topology. Consider now the  - onstru tible sets. It is not true that every
 -de nable set is  - onstru tible (the theory does not eliminate quanti ers).
Here is one example of a -de nable set whi h is not - onstru tible: pi k a
in some extension of K , and extend  to the eld K (a) by setting (a) = a.
In order to extend  to the algebrai losure of K (a), there are hoi es to
be made, in parti ular one an either hoose to have  x point-wise the two
square roots of a , or to have  ex hange them. This means that the set
fx; (x) = x ^ 9t (t2 = x ^ (t) 6= t)g is not - onstru tible.
The lass of -de nable sets is the losure under nite boolean operations
and proje tions of the - losed sets.
The eld F ix(K ) = fa 2 K ; (a) = ag, the xed eld of  in K , is losed. It is not algebrai ally losed but it is pseudo- nite, i.e. it is an in nite
model of the theory of all nite elds. It is also a \pure" eld : if D is any
 -de nable subset of K n , D \ F ix(K )n is a de nable subset (in the language
LR ) of F ix(K )n de nable with parameters from F ix(K ).
We de ne the -algebrai losure of A, a l (A), to be equal to the algebrai losure (in the usual sense of elds) of the di eren e eld generated by
A, i.e. the algebrai losure of the eld (A) := Q ( i (a); a 2 A; i 2 Z).
4.2.2. Independen e, stability and modularity. If C  A  K and
C  B  K , we say that A and B are  -independent over C if a l (A) and
a l (B ) are algebrai ally independent (or equivalently linearly disjoint) over
a l (C ). We de ne the  -degree of a de nable set exa tly like the Æ -degree;
if D  K n is a -de nable set, the -degree of D is the maximum of the
trans enden e degrees of the di eren e elds generated by elements of D. The
xed eld of , F ix(K ) has -degree one.
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This gives a notion of independen e whi h satis es the independen e theorem over models, whi h we will not prove here. Hen e the theory is simple.
But it is not stable, be ause the eld F ix(K ) is not stable: one an nd
E = a l (E )  K and a; b; 2 F ix(K ) n E , su h that a and on the one
hand,
on the other
p hand, are -independent over E , but su h that
pa b2and
F ix(K ) and b
2= F ix(K ) (note that this is the same example
whi h shows that quanti er elimination does not hold). This ontradi ts the
uniqueness of independent extensions.
Exa tly as in the ase of the eld of onstants in DCF0 , the eld F ix(K ) is
not one-based and there is also a very powerful di hotomy theorem.
n
The di hotomy theorem for ACFA0 . Let D  K
be a -de nable
subset of nite -degree. Then D is stable, stably embedded and one-based if
and only if D and the xed eld, F ix(K ), are orthogonal.

4.3. Appli ation to the Manin-Mumford onje ture. Re all the statement of the onje ture from se tion 2.2. Let A be an Abelian variety de ned
over Q alg and let X be a sub-variety of A; then T or(A) \ X is a nite union
of translates of subgroups of T or(A).
We have explained already that this is the same as showing that T or(A) is
of linear type (se tion 2.2), and hen e, by se tion 3.2 \stable, stably embedded
and one-based", ex ept that T or(A) is not de nable in the algebrai ally losed
eld K . Indeed, as we remarked earlier, there are no de nable one-based
subsets in a \pure" algebrai ally losed eld , so to make this approa h work
one must put additional stru ture on the eld.
So the strategy is going to be: go to some bigger algebrai ally losed eld L
and add new stru ture on L, hen e getting new de nable sets, in su h a way
that there is some new de nable subgroup of A, denoted H , whi h ontains
T or(A), and whi h we an prove is stable, stably embedded and one-based.
It is not immediately obvious that this is enough: this would say that
T or(A) \ X is ontained in H \ X , whi h itself is a boolean ombination
of translates of subgroups of H (de nable in the bigger eld with the extra
stru ture). But it is then fairly straightforward to he k, using the fa t that
X is Zariski losed, that this does imply that X \ T or(A) is a nite union of
translates of subgroups of T or(A).
Let k < Q alg be a nite extension of Q su h that A is de ned over k.
We want to nd an algebrai ally losed eld L and an automorphism  of L
su h that (L; ) is a model of ACFA0 and su h that there is some -de nable
subgroup of A(L) (the group of L-rational points of the Abelian variety A)
ontaining T or(A) and whi h is stable, stably embedded and one-based.
What kind of group H are we looking for in (L; )? How an we be sure
that this H will indeed be stable, stably embedded and one-based, i.e. by
the di hotomy theorem, will be orthogonal to F ix()? Let us onsider groups
de ned by rather simple di eren e equations. First H1 = fa 2 A(L); (a) a =
0g. This is A(F ix()), so of ourse H1 is not orthogonal to F ix() and hen e

26

ELISABETH BOUSCAREN

is not stable one-based. Similarly if Hn = fa 2 A(L); n (a) a = 0g, this is
A(F ix( n )). The eld F ix( n ) is a nite extension of F ix( ) and it follows
that there is a -de nable map (with nite bers) from (F ix())r (for some
r > 0) onto Hn whi h is hen e also not orthogonal to F ix( ).
Now these groups are parti ular ases of groups de ned by polynomial equations. Let P (T ) = mn T n + : : : + m1 T + m0 , where the mi 's are in Z. Then
de ne
HP = fa 2 A(L); mn  n (a) + : : : + m1  (a) + m0 a = 0g
where + denotes addition in A, and for a 2 A(L) and m 2 N , ma denotes as
usual a + ::: + a, m times.
Then HP is a -de nable subgroup of A(L) of nite -degree. If, for some
n  1, the polynomial P [T ℄ is not prime to X n 1, i.e. if P [T ℄ has a root whi h
is also a root of unity, then HP is ontained in Ker(n 1) and the argument
given just above implies that HP is not stable one-based. The remarkable
result at the heart of Hrushovski's proof of the Manin-Mumford onje ture for
number elds is that the onverse is true:
Proposition 4.1. The group HP is orthogonal to the
eld F ix() if and
only if P [T ℄ has no root whi h is also a root of unity.
The proof of this result goes through an analysis of the ring of -de nable
endomorphisms of A(L) when A is a simple Abelian variety and then various
redu tions to minimal ases, using in parti ular the following fa t: if 0 7!
A1 7! A2 7! A3 7! 0 is an exa t sequen e of  -de nable homomorphisms,
where the Ai 's are -de nable groups, then A2 is one-based if and only if both
A1 and A3 are one-based.
So from the di hotomy theorem for ACFA0 one now knows that if P [T ℄ has
no root whi h is also a root of unity, then HP is stable, stably embedded and
one-based.
Now in order to apply this, one needs to show that there is an automorphism
 of Q alg , xing the number eld k , and a polynomial P [T ℄ with integer
oeÆ ients su h that no root of P [T ℄ is a root of unity and HP ontains
T or(A). This part of the proof involves no model theory and onsists of two
steps. First, one xes a prime p (of good redu tion for A) and one onsiders
only the p0 -torsion of A, denoted T orp (A), that is, the torsion elements of
order prime p. By applying a lassi al result of Weil ([45℄) one gets su h
an automorphism 1 and a polynomial P1 (T ) with HP1 ontaining T orp (A).
Then using two di erent primes p and q, and a result of Serre ([41℄, pages 33-34
and 56-59), one gets the required automorphism working for the full torsion
subgroup.
Fix su h an automorphism , and extend the di eren e eld (Q alg ; ) to
a model (L; ) of ACFA0 . In (L; ), the group HP is of linear type, hen e
X \ HP is a nite boolean ombination of translates of ( -de nable) subgroups
of HP . And we an on lude that X \ T or(A) is a nite union of translates
of subgroups of T or(A).
0

0
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An important remark: this sket h of the proof is orre t but does not yield
e e tive bounds for the number of translates involved in the representation of
X \ T or(A) as a nite union. In fa t Hrushovski shows that one an bound the
number of translates involved by a fun tion of the degree of the polynomial
P [T ℄ and of the size of its oeÆ ients. But if one is not areful, one looses
tra k of any e e tive bounds on the degree and oeÆ ients of the polynomial
P [T ℄ during the passage from the p0 -torsion to the full torsion via the Serre
result.
So Hrushovski in fa t, in order to deal with the full torsion group, gives
a more ompli ated proof, whi h uses model theory and yields sharper information. What I have des ribed above is exa tly his proof for the ase of the
elements of p0 -torsion , T orp0 (A). In that ase, the lassi al result of Weil mentioned above, (a result about the hara teristi polynomial of the Frobenius
in an Abelian variety de ned over Fp ), provides dire tly a polynomial P (T )
su h that its degree and the size of its oeÆ ients are bounded by a fun tion
of p, and of invariants of A (dimension, degree). In order to deal with the full
torsion and keep e e tive bounds, one needs to work simultaneously with two
di erent automorphisms,  and  , hen e two distin t models of ACFA0 , and
two di erent polynomials, P [T ℄ and Q[T ℄, su h that in (Q alg ; ), HP ontains
the torsion elements of order prime to p, and in (Q alg ;  ), HQ ontains the
torsion elements of order a power of p.
One last remark: in fa t Hrushovski's result in [13℄ is more general than the
one I quoted. He proves the result for all ommutative algebrai groups, and
not only Abelian varieties.

4.4. A sele tion of referen es on the model theory of elds and the
appli ations to Algebrai Geometry. Some general surveys on geometri

model theory and appli ations:
 A. Pillay, Model Theory, Di erential Algebra and Number Theory, in
Pro eedings of the ICM 94, Zuri h, Birkhauser 1996.
 A. Pillay, Model Theory and Diophantine geometry, Bull. Am. Math.
So . 34 (1997), 405-422.
 D. Marker, Strongly minimal sets and geometries, Tutorial, LC '95, in
[29℄.
 E. Hrushovski, Geometri model theory, in Pro eedings of the ICM 98,
Berlin, Vol. I,, Do . Math., 281{302, 1998.
 A. Pillay, Geometri Model Theory, Tutorial, LC '99, preprint.
 T. S anlon, Diophantine geometry from model theory, o Bulletin of Symboli Logi 7 (2001), 37{57.
For surveys on algebrai ally losed elds with an automorphism (ACFA)
and the Manin-Mumford onje ture or on the Mordell-Lang onje ture:
 J.B. Goode (B. Poizat) H.L.M. (Hrushovski-Lang-Mordell), Seminaire
Bourbaki, expose 811, Fevrier 1996.
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Z. Chatzidakis A survey on the model theory of di eren e elds, in Model
Theory, Algebra and Geometry, D. Haskell and C. Steinhorn ed., MSRI
Publi ations 2000, 65-96 ([10℄).
E. Bous aren Theorie des Modeles et Conje ture de Manin-Mumford
[d'apres E. Hrushovski℄, Seminaire Bourbaki, Expose 870, Mars 2000.

Books:

- One an nd an introdu tion to the model theory of elds with spe ial
emphasis on di erentially losed elds of hara teristi zero and a survey on
separably losed elds in Model theory of elds, D. Marker, M. Messmer and
A. Pillay, Le ture Notes in Logi 5, Springer 1996 ([32℄). (The Le ture Notes
in Logi are now published by the ASL; a new edition of this book is planned).
- For a reasonably self- ontained introdu tion to Hrushovski's proof of the
Mordell-Lang onje ture, based on the le tures given at a summers hool held
in Man hester in 1994, see Model Theory and Algebrai Geometry, Le ture
Notes in Mathemati s 1696, E. Bous aren Ed., Springer, 1998 ([1℄).
- In Algebrai Model Theory, B. Hart, A. La hlan and M. Valeriote eds.,
NATO ASI Series, Kluwer A ademi Publishers 1997 ([9℄), one an nd introdu tory le tures with proofs (by Z. Chatzidakis and A. Pillay) to Hrushovski's
proof of the Manin-Mumford Conje ture .[9℄
- In Model Theory, Algebra and Geometry, D. Haskell, A. Pillay and C. Steinhorn Eds., MSRI Publi ations 2000, one an nd the pro eedings of the introdu tory workshop of the MSRI semester on \Model theory of elds" (January
98 - June 98) ([10℄).
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