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Abstract

Contact homology was introduced by Eliashberg, Givental and Hofer. In this theory,
we count holomorphic curves in the symplectization of a contact manifold, which are
asymptotic to periodic Reeb orbits. These closed orbits are assumed to be nondegen-
erate and, in particular, isolated. This assumption makes practical computations of
contact homology very di LCcult.

In this thesis, we develop computational methods for contact homology in Morse-Bott
situations, in which closed Reeb orbits form submanifolds of the contact manifold. We
require some Morse-Bott type assumptions on the contact form, a positivity property
for the Maslov index, mild requirements on the Reeb flow, and c¢,(§) = 0.

We then use these methods to compute contact homology for several examples, in
order to illustrate their e Cciehcy. As an application of these contact invariants, we
show that T° and T2 x S2 carry infinitely many pairwise non-isomorphic contact
structures in the trivial formal homotopy class.
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Chapter 1

Introduction

1.1 Contact geometry

The main object of contact geometry is the study of contact structures on dilert
entiable manifolds. These naturally arise in dilerknt branches of physics, such as
classical mechanics and geometric optics.

Definition 1.1. A 1-form a on a (2n — 1)-dimensional manifold M is called contact
if a C(da)"* is a volume form on M.

Equivalently, the 2-form da defines a symplectic form on the hyperplane distribution
& = kera.

Definition 1.2. A hyperplane distribution { [ TM is called a contact structure if it
is defined locally by a contact form. We say that (M, £) is a contact manifold.

Note that, if the hyperplane distribution is co-orientable, then it admits a global
defining 1-form a. In what follows, we will always assume that ¢ is co-orientable.
Any other choice of a contact form for & is given by fa, where f is a nonvanishing
function on M. The conformal class of the symplectic form da on & is independent
of T, since d(fa) restricts to fda on ¢&.

Contact manifolds, like symplectic manifolds, have no local invariants. This is a
consequence of Darboux’ theorem.
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Theorem 1.3. Let (M, ) be a contact manifold with contact form a. For every p [
M, there exist an open neighborhood U of p and a di Cedmorphism ¢ : U — R?""! with
coordinates X1, ... ,Xn—1,Y1,--- , Yn—1, 9 such that ¢'d = dd+x-dy = d9+ i;j Xidyj.

On the other hand, contact structures are stable under isotopy, as shown by Gray’s
theorem.

Theorem 1.4. Let {&}trop be a smooth family of contact structures on a closed
manifold M. Then there exists a smooth path {¢¢}:on; of di Ledmorphisms of M
such that ¢o = Id and ¢[& = &, for all t [0, 1].

This is a fundamental result in contact topology, since it shows that there is a hope of
classifying contact structures on a given closed manifold M. When dimM = 3, many
such classification results have been obtained already (see for example Eliashberg
[2] [3], Giroux [9] [11], Honda [17] [18]) using purely 3-dimensional techniques. The
starting point of this intense research is the result of Martinet [23] that every closed
orientable 3-manifold admits a contact structure.

When dimM > 3, those techniques cannot be used and the only general way that
was available until the mid 90s in order to distinguish contact structures was the
computation of their formal homotopy class.

Definition 1.5. An almost contact structure is the data of a hyperplane distribution
& equipped with a complex structure J. Equivalently, it is a reduction of the structure
group of TM to U(n —1).

A contact structure & defines an almost contact structure, since the set of complex
structures J on & that are compatible with da is contractible and independent of the
choice of a.

Definition 1.6. The formal homotopy class of a contact structure & is the homotopy
class of the corresponding almost contact structure.

But this “classical invariant” can sometimes be very di [cullt to compute. Moreover,
several examples of distinct contact structures in the same formal homotopy class are
known.
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1.2 Contact homology

Contact homology [4] was introduced in the mid 90s by Eliashberg and Hofer, and it
was soon followed by Symplectic Field Theory [5]. These theories are based on the
introduction of pseudo-holomorphic curves in symplectic geometry by Gromov [12].
We count pseudo-holomorphic curves in the symplectization (R <M, d(e'a)) of (M, )
that converge, for t — oo, to closed orbits of the Reeb vector field R, associated
to a by the conditions 1(Ry)da = 0 and a(Ry) = 1. Note that the dynamic proper-
ties of Ry strongly depend on the choice of a contact form o for . We construct a
chain complex generated by the closed Reeb orbits and whose di [erential counts the
pseudo-holomorphic curves mentioned above. Contact homology is the homology of
that chain complex and turns out to be a contact invariant, i.e. is independent of the
choice of a.

The usefulness of contact homology has already been demonstrated by several compu-
tations for certain contact manifolds. Unfortunately, these computations are limited
and uneasy, because of an important assumption in the theory : the closed Reeb
orbits must be nondegenerate (and, in particular, isolated). Therefore, when the con-
tact manifold admits a natural and very symmetric contact form, this contact form
has to be perturbed before starting the computation. As a consequence of this, the
Reeb flow becomes rather chaotic and hard to study. But the worst part comes from
the Cauchy-Riemann equation, which becomes perturbed as well. It is then nearly
impossible to compute the moduli spaces of holomorphic curves. To avoid these dif-
ficulties, one would like to extend the theory to a larger set of admissible contact
forms. That is the goal of this thesis.

Contact homology can be thought of as some sort of Morse theory for the action
functional for loops y in M : A(y) = y O The critical points of A are the closed
orbits under the Reeb flow ¢ and the corresponding critical values are the periods
of these orbits. The set of critical values of A is called the action spectrum and will
be denoted by o(a). If the contact form is very symmetric, the closed Reeb orbits
will not be isolated, so we have to think of A as a Morse-Bott functional. These
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considerations motivate the following definition.

Definition 1.7. A contact form a on M is said to be of Morse-Bott type if the action
spectrum o(a) of a is discrete and if, for every T [ala), Ny ={p M | b1 (p) = p}
is a closed, smooth submanifold of M, such that rank da|n, is locally constant and
TpNt = ker(pr 1 1)p.

The last condition is exactly the Morse-Bott condition for the action functional A,
since the linearized Reeb flow corresponds to the Hessian of A.

We define St to be the quotient of Nt under the circle action induced by the Reeb
flow.

1.3 Main theorems

We will construct a Morse-Bott chain complex (C5d) involving the Reeb dynamics
and holomorphic curves for a contact form a of Morse-Bott type.

Theorem 1.8. Let a be a contact form of Morse-Bott type for a contact structure ¢
on M satisfying ¢,(§) = 0.

Assume that, for all T [a{a), Nt and St are orientable, m;(St) has no disorienting
loop, and all Reeb orbits in St are good. Assume that the almost complex structure
J is invariant under the Reeb flow on all submanifolds Nt. Assume that the orbit
spaces St have index positivity and that the Reeb field Ry has bounded return time.
Then the homology H{C ) of the Morse-Bott chain complex (Czd) of (M, ) is
isomorphic to the contact homology HC (M, &) of (M, & = ker a) with coe Lciehts in
the Novikov ring of Hy(M, Z2)/R.

It is sometimes better to consider instead cylindrical homology, for which we count
cylindrical curves only. In that case, we construct a Morse-Bott chain complex (C2,d)
for each homotopy class a of periodic Reeb orbits.

Theorem 1.9. Let a be a contact form of Morse-Bott type for a contact structure ¢
on M satisfying ¢;(§) = 0.
Assume that, for all T [Cala), Nt and St are orientable, m;(St) has no disorienting
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loop, and all Reeb orbits in St are good. Assume that the almost complex structure
J is invariant under the Reeb flow on all submanifolds N+. Assume that cylindrical
homology is well defined : C/ = 0 for k = —1,0, +1, that all orbit spaces St of con-
tractible periodic orbits have index positivity, and that the Reeb field R, has bounded
return time.

Then the homology H{C2,d) of the Morse-Bott chain complex (C2,d) of (M, a) is
isomorphic to the cylindrical homology HF3(M, &) of (M, & = ker a) with coe [Ciehts
in the Novikov ring of H,(M, Z2)/R.

The assumptions and the notation in these statements will be explained later in this
thesis. The strategy of the proof is to rewrite the chain complex for contact homology
using the Morse-Bott data. Therefore, the homology of the Morse-Bott chain complex
is isomorphic to contact homology, and it is a contact invariant as a consequence of
its original definition [5].

We then apply these Morse-Bott techniques to compute contact homology for certain
families of contact structures. As a result, we obtain some information on the contact
topology of some manifolds.

Corollary 1.10. There are infinitely many pairwise non-isomorphic contact struc-
tures on T° and on T2 x S3 in the trivial formal homotopy class.

This thesis is organized as follows.

In chapter 2, we introduce holomorphic curves in the symplectization of a contact
manifold, with a contact form of Morse-Bott type. We then explain how to perturb
this setup to obtain non-degenerate closed Reeb orbits.

In chapter 3, we study the asymptotic behavior of holomorphic curves with finite
Hofer energy, in the neighborhood of a puncture. We show that the map converges
exponentially fast to a closed Reeb orbit within an orbit space.

In chapter 4, we prove a compactness theorem for holomorphic curves in a symplec-
tization. We also generalize this result to the case of a contact form of Morse-Bott
type with a vanishing perturbation.

In chapter 5, we derive the Fredholm theory for holomorphic curves in a symplecti-
zation. We also work out estimates for gluing holomorphic curves and fragments of
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gradient trajectories in the orbit spaces.

In chapter 6, we explain how to achieve transversality for the moduli spaces of (gen-
eralized) holomorphic curves, using virtual cycle techniques.

In chapter 7, we generalize the construction of coherent orientations for the moduli
spaces of holomorphic curves with a contact form of Morse-Bott type.

In chapter 8, we use the preceding results to construct the moduli spaces of holomor-
phic curves in diLerkent setups and prove the main theorems.

In chapter 9, we use the main theorems to compute contact homology in various
classes of examples, illustrating the e [ciehcy of these Morse-Bott techniques.

In chapter 10, we apply theorem 1.9 to the study of certain families of contact struc-
tures and deduce some information about the contact topology of certain manifolds.



Chapter 2

Morse-Bott setup

2.1 Holomorphic curves with degenerate asymp-
totics

Let (M, a) be a compact, (2n—1)-dimensional contact manifold. We denote the Reeb
vector field associated to a by R,. We are interested in the periodic orbits y of R,
i.e. curvesy :[0,T] - M such that ‘é—‘t’ = Rq and y(0) = y(T). Ther%?riod T ofyis
also called action and can be computed using the action functional y O

If a is not a generic contact form for { = kera but has some symmetries, then the
closed Reeb orbits are not isolated but come in families. Let Nt = {p [CM | ¢+ (p) =
p}, where ¢ is the flow of Ry. We assume that a is of Morse-Bott type in the sense
of definition 1.7, so that Nt is a smooth submanifold of M. The Reeb flow on M
induces an S* action on Ny. Denote the quotient Nt/S?! by St; this is an orbifold
with singularity groups Zy. The singularities correspond to Reeb orbits with period
T/k, covered k times. Since a(a) is discrete, there will be countably many such or-
bit spaces St. We will denote by S; the connected components of the orbit spaces
(i=1,2,...).

The contact distribution & is equipped with a symplectic form da. Let J be the set of
complex structures on &, compatible with da. This set is nonempty and contractible.

7
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Note that J is independent of the choice of contact form a for & (for a given coori-
entation of &), because the conformal class of da is fixed. Let J [C3; we can extend
J to an almost complex structure J on the symplectization (R x M, d(e'a)), where
t denotes the coordinate of R, by J|; = J and J% = Rq. Note that if we replace
a with fa, where f is a positive function on M, we can keep the same J, but the

extension to R < M is modified.

Let (Z,j) be a compact Riemann surface, let x?,...,x% be marked points on X,

+ —_ —

and let xi',..., X%, X;,... X~ [ be a set of punctures. We are interested in

J-holomorphic curves
T=(@u): (ENOG, . x5 xd o X%, X, X)) - (R>xM,J)

which have the following behavior near the punctures : Iimpqxii a(p) = #oo and
the map u converges, near a puncture, to a closed Reeb orbit. We say that x;"
(i=1,...,s") are positive punctures and X; (j = 1,...,s7) are negative punctures.
We will show in chapter 3 that such an asymptotic behavior for the J-holomorphic

maps is guaranteed if the Hofer energy is finite.

Definition 2.1. Let C = {¢ [CP(R,[0,1]) | ¢~= 0}; then the Hofer energy is defined

by 1
E@) =sup G'd(pa).
elCl ¥

We now show that punctures at finite distance can be eliminated if the Hofer energy
is finite.
Lemma 2.2. Let T : (D2\{0},j) —» (R > M,J) be a holomorphic map with E(T) <

oo, Suppose that a is bounded in a neighborhood of the origin. Then U extends
continuously to a holomorphic map v : (D?,j) — (R>xM,J) with E(V) = E(0) < oo.

Proof. Let K be a compact subset of R x M containing G(D? \ {0}). Choose ¢ [Cl
such that @(t) > 0 for all (t,x) K. Then, d(pa) is nondegenerate on K and the
energy of T is its area with respect to the symplectic form d(@a). Hence, we can apply
the usual removable singularity lemma for a compact symplectic manifold [28]. [
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As a corollary of this lemma, we can always assume that the domain of a holomorphic
map in R < M with finite energy has no punctures that are mapped at finite distance.

We want to associate a homology class to a holomorphic map. In order to do this,
we need to fix some additional data. Choose a base point in each orbit space St
and, for the corresponding Reeb orbit, choose a capping disk in M (if the Reeb orbit
is not contractible, we choose instead a representative for its homotopy class, and a
homotopy from the orbit to the representative). Then, given a holomorphic map with
asymptotic Reeb orbits y;",... ,y5,y1,... ,Yo—, We join each asymptotic Reeb orbit
y;~ to the base point of the corresponding orbit space. Gluing the holomorphic curve,
the cylinders lying above the paths and the capping disks, we obtain a homology class
in Hy(M, 2).

However, the result depends on the homotopy class of the chosen path in St. Clearly,
the homology class is well-defined modulo R = Image (it » my* : Hi(S7,2) -
H,(M, Z)), where it : Nt - M is the embedding of Nt into M and iy : Nt - St is
the quotient under the Reeb flow. The elements of R are analogous to the rim tori of
lonel and Parker [19]. Note that c,(&) vanishes on R, because ¢ restricted to a torus
lying above a loop in St is the pullback of a vector bundle over that loop. Hence, the
quotient of the Novikov ring of H,(M, Z) by R is well-defined and we can choose to
work with these somewhat less precise coe [ciehts.

Note that it would be possible to recover more information on the homology class,
using a topological construction as in [19], but this would be very impractical for
computations. Therefore, we prefer to content ourselves with H,(M, Z)/R.

The moduli spaces of such J-holomorphic curves are defined under the following
equivalence relation :

ENT, o XE X, X0, X, X3, )

CONXT . ox T xS xS xS, x50
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if there exists a biholomorphism
he I\, XX, X h ) > EONXT L xS xS x T Y

such that h(xF) = xF fori=1,...,s* h(x?) =x%fori=1,...,s° and i = U h.

We will denote the moduli space of J-holomorphic maps of genus g, of homology
class A [H,(M)/R, with s® marked points, s* positive punctures and asymptotic
Reeb orbits in Si", ..., Sg., with s~ negative punctures and asymptotic Reeb orbits
inS;,...,S_ by

\V/ AR € R SIS SO ) §

S

In addition to the usual evaluation mapsev?: M - M (i =1,...,s°) at the marked
points, this moduli space M will be equipped with evaluation maps ev;” : M - S;
(i=1...,s)andevy : M - S (j =1,...,s7) at the positive and negative
punctures.

Let8,,...,0, be aset of representatives for a basis of H(JM). We introduce variables
t1, ..., tm associated to these cycles, with grading |t;| = dim 6; —2. We formally define
0 = i—; £i6;i and express every possible condition at the marked points using the
fibered product

M x 9... <\ 0
that is defined using the evaluation maps ev?, i =1,...,s%

In order to construct contact homology, we just consider moduli spaces with genus
g = 0 and one positive puncture : s = 1. However, we will construct these moduli
spaces in full generality, since that does not really require more work.

2.2 Perturbation of the contact form

Let us construct a function f_T with support in a small neighborhood of [FdtNto
and such that df_T (Ro) =0 on Nto In particular, f_T will descend to a di[erkntiable
function f; on the orbifold Sy+. We will choose f_T in such a way that it induces a
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Morse function fr on St.

We proceed by induction on T. For the smallest T [ala), the orbit space St is a
smooth manifold. Pick any Morse function fr on it.

For larger values of T [ala), St will be an orbifold having as singularities the orbit
spaces Srosuch that T Hdivides T. We extend the functions froto a function fr on S+,
so that the Hessian of f1 restricted to the normal bundle to Syois positive definite.

Finally, we extend f_T to a tubular neighborhood of Nt so that it is constant on the
fibers of the normal bundle of Nt (for some metric invariant under the Reeb flow).
We then use cut o[depending on the distance from Nt. We can choose the radial
size of the tubular neighborhood of Nt to be very small, so that Ry is C!-close to its
value on Nt in the tubular neighborhood.

Consider the perturbed contact form a, = (1 + )\f_T)a, where A is a small positive

constant.

Lemma 2.3. For all T, we can choose A > 0 small enough so that the periodic orbits
of Ry, in M of action TH< T are nondegenerate and correspond to the critical points
Of fTD

Proof. The new Reeb vector field Ry, = Ry + X where X is characterized by

. _ dfr
i(X)da = )\(1 " z\fT)Z on &,
fr
X) = =\ .
() L+ Ay

The first equation describes the transversal deformations of the Reeb orbits. These
vanish when dfy = 0, that is at critical points of fr. On the other hand, if A is small
enough, the perturbation cannot create new periodic orbits, for a fixed action range,
because we have an upper bound on the deformation of the flow for the corresponding
range of time. The surviving periodic orbits are nondegenerate, because the Hessian
at a critical point is nondegenerate. This corresponds to first order variations of X,
that is of the linearized Reeb flow. O
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Let p [Skobe a simple Reeb orbit that is a critical point of fro Then we will denote
the closed orbit corresponding to p CSkroby yPra(k =1,2,...).

We can compute the Conley-Zehnder index of these closed Reeb orbits for a small
value of A.

Lemma 2.4. If Ais as in lemma 2.3 and kT"< T, then

1 . .
Hez (Yird) = W(Skro) — 5 dim Syr o+ index, (fur o).

Proof. Let H be the Hessian of f1 at critical point p. Then, the ¢-component of X
is given by —AJHX, where X is a local coordinate in a uniformization chart near p.
The linearized Reeb flow now has a new crossing at t = 0, with crossing form —AH.
Its signature is 0(0) = indexy(fir) — (dim S — index,(fir)). Half of this must be
added to u(Skt) to obtain the Conley-Zehnder index of the nondegenerate orbit. [

On the other hand, we have to make sure that all Reeb orbits with action greater
than T do not interfere with the closed orbits characterized above. For this, we need
to make an assumption on the behavior of the Reeb field Rg.

Definition 2.5. We say that the Reeb field Ry has bounded return time if there exists
AT < oo such that, for every Reeb trajectory leaving a small tubular neighborhood U
of Nt at p, we have ¢¢(p) Uk for some 0 <t < AT.

This assumption is automatically satisfied in a number of cases, for example if Nt =
M for some T [ala), or in the more general examples discussed in chapters 9 and
10. We will also need the following definition adapted from [34].

Definition 2.6. We say that the orbit spaces St have index positivity if there exist
constants ¢ > 0, c”such that pu(St) > cT +c for all T Ca{a).

Then, we have the following result.

Lemma 2.7. Assume that the orbit spaces St have index positivity, that c;(§) = 0
and that the Reeb field has bounded return time. Then there exists Ag = 0 such that, if
0 < A < Ao, all period orbits y» of Ry, of action greater than T satisfy pcz(ya) > 5T.
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In order to prove this lemma, we will need the following result from [34].

Lemma 2.8. (Catenation Lemma) Let W;, W, be paths of symplectic matrices
satisfying W;(0) = 1. Then

[u(Wy CW,) — u(Wy) — u(W2)| < 2n.

The catenation W; [W, of the paths W1, W, : [0,1] - Sp(2n) is defined as follows :

L1

W, (2t ifost<1i,
vrwm= o 2
W (W2t —1) ifl<t<1.

Proof of lemma 2.7. First choose a trivialization of TM along the closed orbit y, of
Ra
The Conley-Zehnder index is independent of the choice of the capping disk since

L. If ya is contractible, just take the trivialization induced by any capping disk.
c1(§) = 0. If y, is not contractible, choose a homotopy to a standard representative
of its homotopy class, with a prescribed trivialization. Again, the index will not
depend on the choice of the homotopy.

Note that all closed orbits of Ry, must intersect the neighborhood of Nt where a
is perturbed. By the bounded return time assumption, it is clear that closed Reeb
orbits spend most of their time in a small neighborhood Ut of N, when A > 0 is
su [Cciehtly small. Because of this, we can just concentrate on the contributions to
Hcz due to the portions of trajectories in Ut. Indeed, for A su [ciehtly small, and
for 8 > 0 independent of A, every fragment yi of y, in Ur with length L = % IS
Cl-close to a multiple y' of a non-perturbed orbit in Sr. In particular, we have
lucz(v}) — Mcz(Y)] < 2n. But by assumption, pcz(y') > cL +c” Hence, ez (y}) >
cL +ct—2n.

Next, we catenate the fragments yi to rebuild the closed orbit y,. By a repeated use
of the catenation lemma, we obtain pcz(ya) > (cL + c"—4n){ = cT + (c™— 4n)A+.

Hence, if A is su [ciehtly small, we can make sure that pcz(ya) > 5T. O
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2.3 Morse theory on the orbit spaces

In this section, we indicate how to generalize the results of Morse theory to certain
orbifolds, in the specific case of the orbit spaces St with the functions f+.

Definition 2.9. A Morse function fr on the orbit space St is called admissible if,
for every critical point y of fr with minimal period T/k, the unstable manifold of y
is contained in St /.

By construction, the Morse functions fr introduced in the last section are admissible.
This assumption is enough to extend Morse theory to our orbifolds.

Proposition 2.10. If the Morse function f1 is admissible on the orbit space St,
then the Morse-Witten complex of 1 is well-defined and its homology is isomorphic
to the singular homology of St.

Proof. Let y Sk be a critical point of fr with minimal period T/k. Pick a uni-
formization chart U for St, centered at y. Since 1 is admissible, the unstable sphere
of y is fixed by the group acting on U. Hence, its image in St is topologically a
sphere, and WY(y) is a smooth disk embedded in St.

Moreover, if § is another critical point of f+ with minimal period dividing T/k, then
its stable manifold intersects W"(y) at smooth points only. Therefore, the moduli
spaces of gradient flow trajectories can be defined as in the smooth case. The stable
and unstable manifolds will intersect transversely after a small perturbation of f in
the smooth part of St/k.

Next, we want to show that d> = 0 and homology is isomorphic to H{St). But
we have already seen that the unstable manifolds provide a cell decomposition of
St, so that the Morse-Witten complex of f coincide with the complex of that cell
decomposition. O

Note that the assumption that the unstable manifolds are fixed by the uniformizing
groups is essential. It is easy to construct an example where neither the unstable nor
the stable manifolds of a critical point are fixed, and d? & 0.



Chapter 3
Asymptotic behavior

In this chapter, we generalize to any dimension 2n — 1 for M the estimates of Hofer,
Wysocki and Zehnder [16] for the asymptotic behavior of holomorphic maps in a
symplectization when dimM = 3.

3.1 Local coordinates

In order to study the asymptotic behavior of J-holomorphic curves near a submanifold
Nt of closed Reeb orbits, we need to use appropriate coordinate charts.

Lemma 3.1. Let (M, a) be a (2n — 1)-dimensional manifold with contact form a
of Morse-Bott type. Let y be a closed Reeb orbit in N; [Nk, with minimal period
T/m. Then, there exists a tubular neighborhood V of P = y(R) and a neighborhood
U [S1x R?2 of S < {0} and a covering map ¢ : U — V such that

(i) V n N;j is invariant under Reeb flow,
(i) @|sixgoy covers P exactly m times,

(iii) the preimage under ¢ of any periodic orbit y~in V n N; consists of one or more
St x {p}, where p CR¥ [Ri" 2,

(iv) o'd = fa, where f|g« = T and df |z« = 0.

15
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Proof. Let m:V - V be a m-fold covering of V so that all Reeb trajectories in v
are closed with period T. Let N be the preimage of Nt and y be a lift of y. Let A,
be the distribution in N corresponding to the kernel of da on & n TNt. It is easy to
check that this distribution is integrable. A; is invariant under the Reeb flow, so we
can find local coordinates in N so that the first coordinate, 8 CRVZ, is a coordinate
along Reeb orbits, and the integral leaves of A; are flat coordinate planes. Note that
the supplementary coordinate planes to the integral leaves are contact manifolds with
1-form q, since the kernel of da is spanned by just Ry. Therefore, we can apply a
parametric version of Lutz-Martinet theorem and obtain coordinates in N so that o
is standard. Finally, we have to extend these coordinates to V. Choose vector fields
spanning the normal bundle to N so that a and da are standard in TV along N.
Then we obtain coordinates in V by exponentiating these vector fields using some
metric. Using some Moser-type argument, we change the coordinates away from N
so that a = fag. By construction, f =T and df =0 on N. O

In the tubular neighborhood U [CSt x R2"2 the coordinate for the S factor will
be denoted by 9 and the coordinates for the R?"~2 factor will be denoted by z =
(X1, ... s Xn—1,Y1, ... ,Yn—1). In these coordinates, oo = d3 + x - dy and ¢~1(V n N;)
is a linear subspace generated by © and k — 1 components of z. We will denote by
1 [
7 = Zin
Zout

the splitting between the coordinates z;j, tangential to N; and the rest z,, of the
components of z.
Fix 0 > 0. Let I} = [a,b] [CRlbe a sequence of intervals, and let G, = (a,u)) :
S x 1, » R > M be a solution of the Cauchy-Riemann equations with finite energy,
such that u(s,t) St x [—ag, +0]?"~2 for all s [T} t CSE,
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Assume that, for every multi-index a,

sup  |0%zout(s, )] - O,

(s.,t) kSt
sup  |0%(zin(s,t) — zin(s,0))] - 0O,
(s.t) (GKS?
sup  |09(D(s,t) —9(s,0) —t)] - O,
(s,t) kSt

and for every multi-index a with |a| =1,

sup  |0%zin(s,t)] - O,
(s,t) (kS

sup  |0°(®(s,t)—t)] - O,
(s.t) (xSt

when | - oo,

In the local coordinates of lemma 3.1, the Cauchy-Riemann equations read :

Zs+ Mz + (8l —asM)Szge = 0,
as— (O +x-ypf = 0,
aa+ DB +x-y)f = 0,

where M is the matrix of the almost complex structure on & with respect to basis
(Oxyr- - Oxy g —X10s + By, ... — Xn—10s + 0y, ), and S isa (2n —2) x 2n —k — 1)

matrix given by ] ]

~_ 1 0
S=-=

T? 2 JF,

Define A(s) : L2(S?, R2"2) [CLA(SY,R?2) - L?(S!, R2"2) by

AGB)Y = —My;— (ad —asM)Syou
= —MyY: — SYout.
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When & = 3(a,,0) +t, a = Ts, Zoyt = 0 and z;, = zin(a;, 0), we will denote this
operator by A;. These operators are self-adjoint with respect to the inner product

]
W, vid = dag(u, Mv)dt

2y

= W), —JoM,v [dk
0

where J, is the standard complex structure on R?"~2 and [).[3= dop(:, Jo-). The
kernel of A, is independent of | and is generated by constant loops with values in
the tangent space to N;. Let P, be the orthonormal projection to ker A, with respect
to [J-Jand Q, = I — P,. The operator Q, clearly has the following properties :

(Qi2)t = z¢, (Qi2)s = QiZs, (QiZ)out = Zout and QA = A|Q;.

3.2 Convergence to a Reeb orbit

We will first obtain some estimates for the decaying rate of z,,. For s L[], let

gi(s) = 3 [Qz(s) and let Bi(s) = (8(ar, 0) — 9(s, 0), Zin(a1, 0) — Zin(s, 0)).

Lemma 3.2. There exist I, > 0 and B > 0 such that for | = I, and s [Tj satisfying
IBi(s)| < B, we have

9/(s) = c5ai(s)

where ¢; > 0 is a constant independent of |.

Proof. We have

gF](S) = I:QIZSSa QIZ |—I_—~|

Let us compute the right hand side. First

Qizs = QIA(S)z(s)

QiAiZ + Qi[A(s) — Az

= QAZ + QilAize + Aizoue + (BiB1)ze + (D) Zou]

= AQiz + QAI(Qiz): + QA(QIZ)out + QABN(Qi2)e + Q(AIBN(QiZ)out,
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where

A = M(zin(s,0),0,9(s,0) +t) — M,
A = S(zin(s,0),0,9(s,0) +t) — S,
AP = M;—M(zZin(s, 0),0,3(s, 0) + 1),

AB = S —S(zin(s,0),0,9(s,0) +t).

The expressions A, and A. contain the dependence in z,,; so that

sup [0°A(s,t)| - O,
(s,t) L8]
sup |0°A(s,t)] — 0.
(s,t) (B4

On the other hand, the expressions 5. and B. contain the dependence in zj,, therefore

sup [0°A(s,t)| < cCq,
(s,) [E1 _

sup |09A(s,t)] = cq.
(s,t) B

Taking the derivative once more, we obtain

Qs = A(QD)s + QB2+ QU (Qiz),
QUL AN Q2o + QA(Q2)ou)s
QU EIB(QD): + QB B(Q) + QBB
QU BBt + QB Q2o + QBB Qe
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Taking the inner product with Q,z, we obtain

[Qizss, Qiz[d = [Qyzs, A(Qiz) L H EG:—SAu)(Qﬂ)t, QizLH [44(Qizs)r, Qiz ]
+ EG:—S&)(QM)M. QiziH A((QiZ)our)ss Qiz L]

+ @:_SAI)BI(QIZ)U Qizl+ [ %BI)(QIZ)U Qiz ]
+IAPBN(Qizs)t, Quz]

+ 00 A)B(Q2our, Q2 [ B (@, Q2 )
+IAPBN(Q1Zs)out, Az [

Let us denote the 11 terms of the right hand side by Ty, ..., Ty;.
Substitute Q,zs by its value in Ty :

T, = [AQzEH QAQz, AQizH QA(Q1Z)out, AQiZI]
+[Q1(AB)Qize, AQiz [ H QAR (QiZ)out, AiQiZ [

Use integration by parts in Ts and Tg :

T3 = %(les)ty Qiz[]

= [(0Q1Zs), _A|qo|\/| Q,z[dk
0

L 5 L
=  [Qz, (_aA:aOM)QIZ'ﬂt_ [Qizs, —A[FoM Qz, [t
0 0

and similarly

- 3 - = <
Te=— i [Qizs, (=5 (AiP1)JoM)Qiz [dE — . [Qizs, —(AiB1)IoM Qi z¢ L.

Applying Cauchy-Schwarz inequality to all terms T; and taking into account the
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asymptotic behavior of A, A. and of 5., A., we obtain

T

TlO
Tll

\Y

v

\Y

v

v

v

v

\%

v

\Y

\%

[AQiz {3~ 1) [Qhz [TAIQz [+ [(1) [Qhz LIAIQiz ]
—c|Bi| [z LIAIQiz [ 3 c|By| [Qyz LIAIQ,z [,
— ) [Qz: LTz [,

— () [Qzs [Tz L+ [{) [Qhzs LTIz [,
—[0) [Qiz )

— () [Qzs [}z G,

—c|Bi [Qhze [T}z [,

— () [Qhz [T}z [, ]

—C|Bi| [Qzs [}z L c|Bi] [Qhzs LKz [
—c|By| [Qhz )

—[0) [Qiz )

—c|Bi] [Qhzs LYz [,

where [(1) denotes a positive constant converging to zero as | — oo,

Using the expression for Q,zs we obtain

[Qizs &= [AIQz [ [() [Qyz¢ [ F () [Qhz L3 c|B| [z L3 c|B| [Qhz L]

On the other hand, it is clear from the definition of Q, that

[AQiz [ ¢y ((@z), B3+ [Qhz ).

Using these 2 inequalities to eliminate Q,z, Q,zs and Q,z; from the estimates for the

Ti, we end up with

[Qizss, QuzG= (1 — [) — c|Bi]) [AIQiz [£]

Therefore, if we choose |y su Lciehtly large and Esu [ciehtly small, then for | > I



22 CHAPTER 3. ASYMPTOTIC BEHAVIOR

and |Bi(s)| < Ewe will have

[Qiz(s), Qiz(s) = % [AlQiz(s) ]

From this we deduce that

[@Qiz"{s), Qiz(s) X
%lez(S)ﬁzj

2
%l [Qiz = cfgi(s).

g|m€5)

v

\Y

v

]

Define s, = sup{s CH||Bi(sY] < Efor all s []a,,s]}. Then from lemma 3.2, we

deduce that
cosh(ci(s — 252))

cosh(c, #52)

ai(s) = max(gi(ar), gi(s1))

for s 14, s].

Now, let us derive some estimates for zj,. Let e be a unit vector in R?"~2 with
eout = 0

Lemma 3.3. For | =y and s [[d,,s], we have

|Zs), el (@), e < gmaxm.z(a.)mm.z(s.)m

Proof. The inner product of the Cauchy-Riemann equation with e gives

%mew Mz, e[ H [Szoye, e = 0.

But we have

]
Mz, eld = M (Qi2)t, —JoMc g€ [l

£y

d
= [Qiz, &(M oM g)eldt
0
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so that

|M ¢, e[l < d; [Q4z ]
and similarly -

I:S(le)outa 6|_|__|: II:QIZ)outa S Q_\]O)l\/lc,demI
0

so that

|(SZout, el < dp [Qhz [,]
Therefore ]

E(S)!eh——'_ Iz(a-l)lel—l_—|£d I:QIZ(G)IEIO-
Ri

for s Il By lemma 3.2, we have

L1
cosh(cy (s — 252))

cosh(c, 252)

[Qiz(0) £ max(Qiz(a), Qiz(s1))

v v
i(}io [1d,,s)]. Hence, using the fact that coshu < 2cosh and that coshu >
2sinh 3, we obtain

V_ sinh(c, &=t
[205), el 2, e < o max([Qiz(a) Q20 ) 2t

cosh(c, &52)

IA

g max([Qyz(ay) LA z(s)) L)

Combining our estimates, we can now determine the behavior of a holomorphic map
near puncture at infinity.

Proposition 3.4. Let i = (a,u) : R*xS! _, (RxM,J) he a holomorphic map with
E (U) < oo. Suppose that the image of T is unbounded in R < M. Then there exists a
periodic Reeb orbit y in M such that lims_ o, u(s,t) = y(Tt) and lims_, o, a(s, t) = oo
in C*=(SY).
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Proof. By standard results [13], we can find a sequence R, - oo such that

lim u(Ry, 1) y(Tt),

IIim a(R,,t) = =Z£oo

for some periodic Reeb orbit y of period T.

Let & > 0 be the largest number such that u(s,t) S x [—0,+0]?"~2 for all s [
[R, R/ + 8], t CSF. Then, all the above results clearly apply to I, = [R), R, + 8] and

a, =1d,.

By construction, |[Z[R)),eL]l - 0 and [Qz(R,) ]~ 0. On the other hand, we can
extract a subsequence so that u(s;, t) converges to a closed Reeb orbit y Therefore,
[Qhz(s)) L 0. Using lemmas 3.2 and 3.3, we then have

sup [z{s)L L 0.
s Ry,s1]

From this we can deduce the pointwise estimate

sup |zin(s, 1) - 0.
(s.0) IR si<S*

Indeed, arguing by contradiction, if (sj;tj) is such that |zin(sj;t)| = & with s [
[Ri,s1], then |zin(sft)] = 3 for all t [SF, since sup g rxst 102(s, )] - 0. But then
[Zh(sp) = Cg, contradicting the uniform convergence obtained above.

On the other hand, let us prove that we have

sup [Bi(s)| - O.
s L[Ry,s1]

We already know that this is true for z;j,, SO we just have to prove that

sup [9(s, t) —9(R,, )| - O.
(s,t) Ry 51]% ST
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In order to do this, consider the Cauchy-Riemann equations for a and 9 :

1
as— (B +xypf = 0,

ar + (Js + xys)f 0,

where f =T + bzyy. This can be rewritten as

1
as— T9 = TXyr +bzeue(Se + Xyy),
ar+ T = —TXys — bzt (Ts + Xys).

The right hand side is bounded in norm by

cosh(cy (s — Br2ty)

C R
max([Qhz(Ry) LIQkz(si) D cosh(c, R=2)

Indeed, [ZJ:[E CHQizG,] [z CUQz;[Bnd zs can be expressed in terms of
z¢ and z,,¢ using the Cauchy-Riemann equation. Therefore, integrating the second

equation over t, we obtain

L] — Rits
Jsdt =< C max([Qz(R)) LIQz(s)) D]COSh(Cl(S R,—s|2 )
o cosh(c; =)

Integrating over s, we get

-
[9(s, T) — 9(Ry, T)|dT < C max([Qyz(R) LIQyz(s;) O]
0

We already know that 9; — 1 — 0 uniformly, so the above estimate implies uniform
convergence and not just L! convergence.

Therefore

sup |z(s,t)] - O
(s,t) A< S

because for | su Lciehtly large, s; = R, + ¢, since B, will always be smaller than E

Therefore, 8 = +oo for | su [ciehtly large, and u converges uniformly to y on the
corresponding half-cylinder. O
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3.3 EXxponential decay

Knowing that the holomorphic cylinder converges to a given Reeb orbit, we can revisit
our estimates from propositions 3.2 and 3.3, in order to get finer information about
the decaying rate of z.

Proposition 3.5. There exists r > 0 such that, for every multi-index | there is a
constant ¢, so that
|0'z(s, )| < e "

for all s = sy.

Proof. By proposition 3.4, we can assume that u(s, t) [V for s su Lciehtly large. Let
Moo (t) = limg_ oo M (S, t) and S (t) = lims_ o S(s,t). Then

zs = A(s)z

= Aoz + Az + A7t

Where A=S,, — S and A = M, — M. Applying the projection Q corresponding to
the limiting Reeb orbit, we obtain

Ws = AW + Qﬁwt + QAW

where w = Qz. Let W be the vector obtained by catenating ((;"—S)a(Aoo)bw for 0 <
a,b < k. Then W satisfy an equation of the same type :

Ws = AW + QAW; + QAW ¢

where Ac = diag(Aw, ... ,Ax) and Q = diag(Q, ... , Q). Therefore, using the same
estimates as in proposition 3.2, we obtain

(s) = e7"C750) (W (s0) [
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Next we estimate Pz and its derivatives. Applying P to the Cauchy-Riemann equa-
tion, we get

(P2)s = PA(Qz): + PA(QZ)out-
We can apply (%)a to this equation, and express the derivatives of Pz in terms
of quantities converging exponentially to zero. Moreover, by integrating, Pz itself

converges exponentially to zero (we already know its limit is zero, so there is no
constant term). O

Similarly, we obtain decaying rates for a and 9.

Proposition 3.6. For the same r as in proposition 3.5, there is a constant c}’ for
every multi-index 1 so that

0'(B(s,t) —t—8)| = ce™™,
|0'(a(s,t) — Ts—ag)| < cie™"™.

Proof. The proof is identical to the original argument of Hofer, Wysocki and Zehnder
[16], since this is an estimate in 2 dimensions, independently of dim M. Alternatively,
we can use lemma 4.2 in [15]. O

3.4 Energy and area

The results of the last sections show the importance of the Hofer energy. However, it
is sometimes more natural to work with the area of a J-holomorphic map.

DefinitionI:3|.7. The area of a holomorphic map G : (Z,j) - (R > M,J) is defined
by A(f) = , f'da.

Note that the area is a nonnegative quantity, since da is positive on complex lines in
the contact distribution.

The next lemma describes the relationship between finiteness of area and finiteness
of energy.
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Lemma 3.8. Letl: (Z,j) - (R>xM,J) be a holomorphic map. Then the following
are equivalent :

(i) A(U) < oo and U is a proper map,
(i) E(0) < oo and Z has no punctures with a bounded as in lemma 2.2.

Proof. (i) [_(il) By properness of U, each puncture of ¥ can be called positive
or negative, according to the end of R x M that it approaches. In a neighbor-
hood U of a puncture x;°, let z be a complex coordinate vanishing at x;~. Let
D.(x") = {q CU||z(@)] = r} and C,(x;") = [dD,(x;"). Consider Crct
a function of r. It is an increasing function of r ®!since da = 0 on complex lines.

)u'%l as

%1 the other hand, it is a nonnegative function for a negative puncture x; , because
Crix) utd = % crixy & by holomorphicity, and the latter is nonnegative by proper-
ness of U. Hence, this is a decreasing function of % bounded below and it has a
nonnegative limit for r - 0, for all negative punctures.

Consider now a positive puncture X;"; by Stokes theorem, _; Crixh) utd < A(DO) +
=1 Crx) u'd < C < oo. Hence, we obtain an increasing function of £ bounded
above and it has a finite limit for r — 0, for all positive punctures. Now, let
@ [Qand let ¢, QA such that @, = T is constant in D1 (X;") for all punctures
xi". Such functions exist, by properness of T. Moreover, we can choose @, so that
[pl— @ < [4] with [j] - 0 for n - oco. By Stokes theorem, zﬁ'%l‘((pna) =
lim,_o i Ce () utd < C < oco. Moreover, this integral is uniformly convergent in

n. Hence, . U'd(pa)=Ilim,_ . ;0'd(@,0)<C and E(0) <C.

(i) C()ITake @ =1 in the expression for E(T) to obtain A(0) < E(0) < oo. More-
over, U has only positive and negative punctures by assumption. Therefore, for every
compact set K in R x M, there exists, by proposition 3.4, a neighborhood of each
puncture such that its image under T is disjoint from K. Hence, T~*(K) is closed in
2 and away from the punctures, so it is compact. O

In that case, the area and energy of a holomorphic map are easily computable using
Stokes theorem.
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Lemma 3.9. Under the conditions of lemma 3.8, denote by y;', ... .y, y1 ..., Yo"
the periodic Reeb orbits of M asymptotic to the positive and negative punctures of Z.
Then

1
E@= AL
j=1
and -
1 1 q ]
A= AV — AN
j=1 j=1

]
where A(y) = y O is the action functional.
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Compactness

4.1 Fixed asymptotics

4.1.1 Convergence of holomorphic maps

We first introduce in a more systematic way the types of holomorphic maps we will
consider for the compactness theorem.

Definition 4.1. A level k holomorphic map (Z, ], 0) to (R < M, J) consists of the
following data :

(i) A labeling of the connected components of ~™'= 3 \ {nodes} by integers in
{1,...,k}, called levels, such that two components sharing a node have levels
di Cering by at most 1. We denote by Z; the union of connected components of
> Hith level i.

(i1) Holomorphic maps Ui : (Zi,]j) - (RxM,J) with E(T;) < oo, 1 =1,...,k, such
that each node shared by >; and Zj.;, is a positive puncture for U;, asymptotic
to some periodic Reeb orbit y and is a negative puncture for Ujs;, asymptotic
to the same periodic Reeb orbit y, and such that T; extends continuously across
each node within ;.

The area of a level k holomorphic map (Z,J,T) is naturally defined by A(0) =
i;=1 A®D).

30
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Similarly as in the setting of Gromov-Witten theory, there is a notion of stability for
holomorphic maps.

Definition 4.2. A level k holomorphic map (Z,J,0) to (R < M, J) is stable if, for
every i =1,...,k, either A(T0;) > 0 or Z; has a negative Euler characteristic (after
removing marked points).

We now define a notion of convergence for a sequence of stable level k holomorphic
maps.

Definition 4.3. A sequence of stable level k holomorphic maps (=, jn, Un) converges
to a stable level k”(k"= k) holomorphic map (Z, j, 0) if there exist a sequence of maps
On: Zn —» 2 and sequences ) (i=1,...,kb, such that

(i) the maps @, are di Ledmorphisms, except that they may collapse a circle in =,
to a node in =, and @,gn — j away from the nodes of .

(ii) the sequences of maps (t +an @ L, Uy °@-1) : =i - RxM converge in the C*
topology to T; : &; — R < M on every compact subset of =;, for i =1,...,k"

(iii) for each node p of X between adjacent levels, consider a sequence of curves
Yn : (=L} D1 - Z, intersecting @, *(p) transversally at t = 0 and satisfying
On °Yn =Y for all n. Then lim¢_ o+ u(y(t)) = lim¢_ o- u(y(t)).

These conditions automatically imply that lim, _ . A(T,) = A(D).

4.1.2 Compactness theorem

We will denote the minimal distance between two distinct values of the action spec-
trum by 3 0.

Theorem 4.4. Let (Z,,]n, Un) be a sequence of stable level k holomorphic maps to
(R> M, J) of same genus such that E(Ti,) < C. Then there exists a subsequence that
converges to a stable level k™(k“= k) holomorphic map (Z, j,T) to (R x M, J).

In order to prove this theorem, we need the following lemmas.
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Lemma 4.5. (Gromov-Schwarz) Let f : D?(1) - W be a pseudoholomorphic disk
in an almost complex manifold, such that J is tamed by an exact symplectic form. If
the image of T is contained in a compact set K [CWM, then

[IMF(X) [ C(K,k)  for all x IZDZ(%).

Lemma 4.6. (Monotonicity) There are constants [gland ¢, such that for every
[x [gland for every holomorphic curve S, if x [Slis such that S n B(X, DJis compact
with its boundary contained in 0B (X, )] then

1

1L
w=
SAB(X, 0] 1"‘00521

Lemma 4.7. (Hofer) Let (X, d) be a complete metric space, ¥ : X - R be a non-

negative continuous function, x [X, and & > 0. Then there exist y [ X and a
positive number [ 6 such that

d(x,y) < 29, sup T < 2f(y), F(y) = dF (x).
Bty)
Proofs of Gromov-Schwarz lemma and the monotonicity lemma can be found in [28].
A proof of Hofer’s lemma is contained in [14].

Proof of theorem 4.4. First note that it is enough to consider k = 1, because we can
handle each level separately. Next, after extracting a subsequence, we can assume
that the maps U, are asymptotic to the same Reeb orbits. Indeed, the energy bound
and the discreteness of the action spectrum guarantee that there are finitely many
possibilities for the asymptotics of T,. In order to prove the theorem for this reduced
case, we proceed in 5 steps.

Step 1. Riemann surfaces.

Consider the sequence of Riemann surfaces (=, Jn). If 2, is a plane or a cylinder,
choose additional marked points, so that the Euler characteristic is negative. Then,
we have a unique hyperbolic metric of curvature -1 on each Z,, and we can extract
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a subsequence, such that (=, J,) converges to a nodal curve (C,J). More precisely,
there exist maps ¢, : 2, — C that collapse a circle above some of the nodes of C,
but otherwise are di [edmorphisms, such that ¢,gjn — J away from the nodes of C.

Step 2. Convergence away from the nodes.

Denote by C; (i = 1, ..., m) the connected components of C == C\{nodes}. Let [3> 0
and denote the [(Fthick part of C; by C~) On C'the maps ¢, are di (edmorphisms,
and we can define U} = (ajn, uin) : C{7= R M by T = U, < ¢, *.

i,n

Lemma 4.8. There exist sequences yﬁl), e ,yﬁz')

of points in C)where | is bounded
by energy, so that [H] ik uniformly bounded on C{~for the Poincaré metric on

G, .. y)

Proof. Let x [Cl5'and assume that for every open neighborhood U of x, the diameter
of aj1(U) is unbounded when n — oo. Therefore, there exists a sequence X, — X such
that [T (x,) 3> co. Now, let 3, > 0 such that 3, - 0 and &, CTIT] (Xn) 3 oo.
Applying Hofer’s lemma, we obtain new sequences y, [Cl-and 0 < [;]< 3, such that
Yn — X and

su(p) (IO C= 20 (Ye) 0 GICHES (Yn) £3- 0o,

Bra(yn

Denote ¢, = D]Hiﬁ(yn)ljtnd Rn = [ktn. Consider the rescaled maps VX(z) =
Uin(yn +cy'z). In this definition, we used a fixed complex coordinate on C{—hear x.
This sequence satisfies the following properties :

sBup (VT 2, Rn — oo

Rn

and IERn(vif) 'da is uniformly bounded by the energy of T,. Now, by Ascoli-Arzela,
we can extract a converging subsequence and we obtain a finite energy plane V*. By
proposition 3.4, we deduce that V* is converging to a Reeb orbit y for large radius.
Hence, the energy of ¥* is equal to the action of vy, so it is bounded below by [Bince
the energy of T, is uniformly bounded, and such a point x requires a quantum [af
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energy, there are only finitely many such points : Xg,...,X.

Add two marked points on X, for each of these points X; : yr(fi_l) = ¢;'(yn) and
ygzi) = @, (yn +c;1). Since these 2 sequences converge to the same point, the new

limiting curve C"is going to have an extra spherical component, with two marked

points on it. So, considering the [=thick parts of the components of C we will have

an extra component corresponding to the rescaled map ¥V*, and the component CF
that contained x will have a deleted disk around x.

Now consider x 8 x; (i = 1,...,1). There exists a neighborhood Uy of x such that

the diameter of a;(Ux) is bounded when n - oo. In this case, we can directly

apply Gromov-Schwarz lemma. Indeed, the assumption on a;, implies that, after

translating the map @7}, the image of U, will be contained in a set of the form I < M

where | [Rlis a fixed, bounded interval. As the symplectic form is exact on R < M,

the lemma applies after replacing Uy by a smaller disk centered at x. Therefore,

we obtain uniform gradient bounds in a neighborhood Uy of each point x of C
Extracting a finite cover out of {U,}, we get a finite uniform bound for [T} Cdn

cH O

By a repeated use of the Ascoli-Arzela theorem, we can extract a subsequence con-
verging uniformly on Cin the C" norm, for r as large as we want. Taking the
diagonal sequence, we obtain smooth convergence to a map G- As (3 0 is arbitrary,
we actually obtain smooth, uniform convergence to U; on each compact subset of C;.

Step 3. Convergence in the thin part.

We have to understand the asymptotic behavior of the map U on C; near a node.
First, if a is bounded near the node, then, by lemma 2.2, the map U extends contin-
uously on C; across the node. On the other hand, if a is unbounded near the node,
the behavior of U is described by proposition 3.4 : there exists a closed Reeb orbit y
such that the map U is asymptotic to y near the node.

Then, given a node of C adjacent to the components C; and C;, the asymptotic behav-
ior of U on the 2 components might be di Lerent. For example, U could be asymptotic
to dilerknt Reeb orbits, or be asymptotic to a Reeb orbit on C; and be mapped at
finite distance on C;j, or be mapped at finite distance but to di Lerknt points.
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To each node of C, we can associate two objects y* and y~, one for each component
of C adjacent to the node. If the node is adjacent to only one component C;, then
we define the second object to be the asymptotic Reeb orbit of the maps U, at that
node. When y* is a point, we define its action A(y*) to be zero.

Lemma 4.9. There exist sequences pﬁ,l), e ,pﬁ,r)

of marked points on X%,, where r
is bounded by energy, so that for every node in the limiting stable map (C,j,0),

T+ = A(y") coincides with T~ = A(y™).

Proof. We will work in cylindrical coordinates in the thin part of Z,,. If the injectivity
radius is su Lciehtly small, we know that the curve contains a cylindrical model with
coordinates (s,t), where t [R/Z, s [ I} Rl z = s+ it is a complex coordinate,
and {s = 0} is the shortest closed geodesic in the thinl__glart.

We can translate the s coordinate in such a way that =0y 4 = T* — [Indeed, this
integral is an increasing function of s, is very close to T™ for s large and very close
to T~ for s small. Now, for n - oo, we have I, - R since the injectivity radius
converges to zero. Hence, we obtain a sequence of holomorphic curves on compact
subsets of the cylinder. Add a marked point pﬂ) on S, at the coordinatess = 0,t = 0.
This will create an additional component for C5’and we can obtain gradient bounds
on it using lemma 4.8. It is clear that the Reeb orbit (or point) associated to the
node for s — +oco has action T™, by definition of [,[_hnd that the Reeb orbit (or
point) associated to the node for s - —oo has action T C(T* — [ T~]. Hence, the
number of new components we can generate in this way is finite, so that we end up
in a situation where T* = T~ for every node of C. O

Corollary 4.10. If T* =T~ =0, then T extends continuously to a neighborhood of
the node in C.

Proof. The image of a node belonging to 2 components C; and C; of C consists a
priori of 2 points p™ and p~. Assume that p* 8 p~. Extract from X, a cylinder
I, < St so that the images of the boundary circles lie in small neighborhoods of p*
and p~ respectively. Let p, be a point in the middle of the cylinder. Apply the
monotonicity lemma with a ball centered at p,. On one hand, the energy will then be
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]
bounded away from zero, but on the other hand, the area . d(e‘a) converges to zero

because s=so3 @ 0 for all sg. Hence, we obtain a contradiction, and p* =p~. O

Step 4. Asymptotic convergence.

When T* =T~ > 0, we have to check that the Reeb orbits y* and y~ discussed in
the previous step are geometrically the same.

The convergence of (Z,, Jn) to (C, ) specifies, for each node in C, a limiting angle
allowing us to identify the tangent spaces on each component of C (modulo scaling).
Therefore, given coordinates (s, t) on the 2 cylindral ends near a node, if makes sense
to identify the t coordinates.

Lemma 4.11. f T* =T~ >0, then

s[imw ut(s,t) = s[imw u (s, t).
Proof. Let us first prove that the limiting Reeb orbits belong to the same path com-
ponent of orbit space. By continuity of u, we can find a point p, in the thin part
of Z,, that is mapped to a point away from a fixed neighborhood of the spaces of
orbits with period T* = T~. Translate the coordinates (s, t) so that p, corresponds
tos :IIOI’t = 0. The area of the corresponding sequence of curves converges to zero,

since a becomes independent of sg. Then the sequence converges to a cylinder

s=s
(WithOl{Jt bojbble, since no area is available) with zero area, so it is a vertical cylinder
over a Reeb orbit of period T* = T~. But this is a contradiction with the choice of
the points p,. Hence, the orbits y*© and y~ belong to the same path component of
the orbit space.

Next, let us check that the orbits y* and y~ agree. By contradiction, assume that
y* B y~. Use a local chart around y* as in lemma 3.1, with z;, = 0 along y*. Then,
for n su Cciehtly large, we can extract from (Z,, jn) a finite cylinder [a,, ba] < St so
that z;j,(an,0) — 0 and by, is the largest number satisfying u(s,t) CSt x[—a, +0]*" 2
for all s [[d,,b,], t 3. Reduce o > 0 if necessary to make sure that y~ is not
contained in S! x [—a, +0]*"~2. Since T* = T, the energy of these cylinders con-

verges to zero, and for every ¢, [[dy,bn], the maps Un(c, + S, t) converge uniformly
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with their derivatives to a vertical cylinder over a closed Reeb orbit. Therefore, we
can apply to this situation the estimates of lemmas 3.2 and 3.3. Then, proceeding as
in proposition 3.4, it follows that

sup  [Bn(s)| - O.
s ah,snl
But this would imply that, for n large, s, = b, = +oo, which is absurd.
Finally, note that the parametrizations agree as well. Indeed, suppose that

lim u*(s,t) = lim u=(s,t+29)
S —» —oo S +oo

where d 8 0. Then, we can repeat the above argument with E much smaller than |9|

and obtain a contradiction as well. ]

Step 5. Level structure.

Let us introduce an ordering on the set of components of C~' For two components
Ci and C;j, pick two points x; [CQ; and x; [Q;. Then, we will say that C; < C;
if liMy o @n(Xi) —an(Xj) < oo. If C; = C; and C; = C;, then we will say that
Ci [G. Clearly, this ordering is independent of the choice of points x; and X;.
Now, we can label the components C; with their level number as follows : the set of
minimal components for the above ordering will be of level 1. Then, after removing
these components, the set of minimal components will be of level 2, etc, .... Clearly,
this labelling is constant across nodes that are mapped at finite distance. However,
it may happen that the level number jumps by an integer N > 1 across a node at
infinity. In that case, we have to insert N — 1 additional components between these
two components, each of them a vertical cylinder over the Reeb orbit corresponding
to the above node. Finally, remove the marked points that we added in step 1 of the
proof. If level i becomes unstable because of this, we remove it and decrease by 1
the labeling of higher levels. Hence, we obtain a level structure that satisfies all the
necessary conditions for a stable level k®holomorphic map in a symplectization. [
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4.2 Degenerating the asymptotics

The above compactness results are valid for a sequence J,, of almost complex struc-
tures on the symplectic cobordism (W, w) such that J, — J and J,, is independent of
n near the ends of the cobordism.

However, it would be very useful to extend our compactness results to the case in
which the complex structure on the contact distribution & near the boundary is fixed,
but the Reeb dynamics (and hence J,) vary.

In particular, we wish to consider the case of a, = (1 + }\nf_T)cx, where a is a contact
form of Morse-Bott type, a, has nondegenerate periodic Reeb orbits, fr descends to
a Morse function fr on each orbit space St for a, and A, — 0. Moreover, we assume
that J is invariant under the Reeb flow along the submanifolds Nr.

4.2.1 Convergence of generalized holomorphic maps

For degenerating asymptotics, it turns out that we need to generalize the concept of
level k holomorphic curves in order to obtain a limit. First, we need the following
definition when k = 1.

Definition 4.12. A generalized level 1 holomorphic map T from (Z,j) to (R>xM,J)
with Morse functions fr consists of the following data :

() A labeling of the connected components of === > \ {nodes} by integers in

{1,...,1}, called sublevels, such that two components sharing a node have sub-
levels di Lering by at most 1. We denote by >; the union of connected components
of sublevel i.

(ii) Positive numbers tj, i=1,...,1—1.

(iii) Holomorphic maps G; : (Zi,J) - (RxM,J) with E(;) < oo, i=1,...,1, such
that

= each node shared by >; and Z;.,, is a positive puncture for T;, asymptotic
to some periodic Reeb orbit y [CSk and is a negative puncture for Tj.q,
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asymptotic to a periodic Reeb orbit 8 [Sk, such that d)fiT (y) = 9, where

T is the gradient flow of f;.

e {U; extends continuously across each node within Z;.

We say that the positive asymptotics of U are the critical points of f; obtained by
following [TrIfrom the periodic Reeb orbits corresponding to the positive punctures
of U,. Similarly, the negative asymptotics of U are the critical points of fr obtained by
following — [T+ rom the periodic Reeb orbits corresponding to the negative punctures
of U;. Next, we extend the definition to level k as in section 4.1.1.

Definition 4.13. A generalized level k holomorphic map T from (Z,j) to (R>xM,J)
with Morse functions fr consists of k generalized level 1 holomorphic maps Tj, 1 =
1,...,Kk, such that the positive asymptotics of U coincide with the negative asymp-
totics of Ujsq.

We now extend the definition of stability to generalized holomorphic maps.

Definition 4.14. A generalized level k holomorphic map (Z,j,0) to (R < M,J) is
stable if, for every i = 1,...,k, either A(T;) > 0, or T; contains at least one non-
constant gradient trajectory of fr, or Z; has a negative Euler characteristic (after
removing marked points).

We now define a notion of convergence for a sequence of stable generalized level k
holomorphic maps.

Definition 4.15. A sequence of stable level k J,-holomorphic maps (Zn, jn, Un) con-
verges to a stable generalized level k“(k“= k) J-holomorphic map (Z, j, 0) if there exist
a sequence of maps ¢, : =, —» Z and sequences D i=1,....kYj=1,...,1),
where |; is the number of sublevels in level i, such that

(i) the maps @, are di Ledmorphisms, except that they may collapse a circle in =,
to a node in 2, and ¢ndn — j away from the nodes of .

(ii) the sequences of maps (t57 + a, = @71, Uy = @71) : Zij — R < M converge in
the C* topology to Tjj : i — R x M on every compact subset of Z;;, for
i=1,...,k5j=1,... L.
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(iii) for each node p of Z between adjacent (sub)levels, consider a sequence of curves
Yn : (=L} D1 - Z, intersecting ¢, *(p) transversally at t = 0 and satisfying
On°Yn =Y for all n. Then lim;_ o+ u(y(t)) and lim;_o- u(y(t)) lie on the same
gradient trajectory of fr in Nt.

4.2.2 Compactness theorem

The goal of this section is to prove the following compactness theorem.

Proposition 4.16. Let U, : (Zn,Jn) - (R > M, J,,) be a sequence of holomorphic
curves of fixed genus and asymptotics, such that lim,_. A, = 0 and E(U,) < C.
Then there exists a subsequence that converges to a generalized holomorphic map G
with Morse functions f5.

Clearly, the arguments of section 4.1 are enough to obtain convergence of each sub-
level. Moreover, the study of the asymptotics in section 4.1 show that, in each
sublevel, the holomorphic maps converge to closed Reeb orbits for contact form a.
We just need to show that these orbits are related by the gradient flow of f_T for any
pair of adjacent levels.

We therefore need to modify our arguments in the study of the asymptotics. Let
us write down the Cauchy-Riemann equations in the local coordinates provided by
lemma 3.1. The dilerknce with the equations of the last chapter lies in the fact that
JiZ = Rq, = Rq + X;. We obtain

Zs+ Mz + (atl —asM)v = 0,

;SZ + Al
(L+NF)" T L+ AF)2
as_('st"'X'yt)f = 0,

aa+Bs+x-y)f = 0,

where 1 [
—f,

vV =

Note that, on N, f_3 = 0 so that Mv = [F ith respect to the metric w(:,J-).
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Moreover, since this vector field is tangent to Nt and invariant under the Reeb flow,

it lies in ker Ay for all x [CN. In particular, QxMv = 0.
1 1 L1 ]

a a — ~
Letw = s ; we will also write W = 5 whered=a—(1+Af)Tsand 9 =9—t.
On the other hand let
1 _
~ 0 TA+ANF) d
A| = 1 —.
- _ 0 dt
T+ F)

Clearly, ker A, consists of the functions W(t) that are independent of t. Let P be the
orthonogal projection from L?(S?) to ker A, and 6 =1-P.

We can rewrite the last two Cauchy-Riemann equations as :
Ws = AW + Bzou + Bz + B(Qiz) + C[Piz, z[}]

Here, B stands for a matrix that is bounded with all its derivatives, and C is a
constant. Similarly, for W, we have an equation of the form

Ws = AW + Bzoy + Bz + B(Qz) + C [Pz, zs [ CAsMv, 5[]

where the last term comes from )\.sg in Ws.

We first need to generalize the estimates of lemma 3.2.

Lemma 4.17. There exists Iy > 0, [§> 0 and 6 > 0 such that for | = 1y and s [T
satisfying |Bi(s)] < B, the function H,(s) = [Qiz(s) (2} &2 (WX katisfies

Hs) = K2H(s)

where K > 0 is a constant independent of I.

Proof. Applying Q, to the first Cauchy-Riemann equation, we obtain

Qizs = AIQiz + B(Qiz)out + B(Qiz): + N\BQW
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where we took into account the fact that Q;v = 0. The last term involving W comes
from the last term of the Cauchy-Riemann equation, after substracting from as the
part that is independent of t and that is killed by Q;.

On the other hand, applying Q to the equation for Ws, we obtain

QWs = AQW + B(Qiz) + B(Qiz): + CQPyz, zs [+ CAsQMv, z [,

Replacing z¢ by its expression in the first Cauchy-Riemann equation, we obtain an
equation of the form

QWs = A/QW + B(Qiz) + B(Qiz); + \BQW

where we used the fact that QEEhz, Mv 1= QEIKIIV, Mv[ = 0.
From these expression for Q,zs and Cf)v'\"/S we deduce the following inequalities :

[Qizs[1< [AQz [ 3 TQ) [Qiz: [ 3 TU) [Qyz [ F [(1)C QW]
[QWs < (1 — Q) [AQW[# C [Qyz [# C [Qhz, ]

where T() represents at term of the form [(Q) + C|(3,| following the notations of lemma
3.2.
Taking the derivative of the expression for Q,zs with respect to s, we obtain

Qizss = Ai(Qiz) + TI)Qiz + T)(Qiz)s + T)(Qiz)e + TAN(Qiz)se + [N)QW + [)QWs.

Now consider the scalar product of this expression with Q,z :

d2
qa2 EQIZ I—I_—| = I:QIZ’ lessl—l_—|

ds
= [AQizF T() [Qhz G+ TQ) [Qhzs [z [ 3+ [{T) [Qhz LIIQW ]
_m) I:(JIZ I—I_—l](jVNVs L]
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Using the inequality for [QW, [dn the last term, we obtain

d? ~
42 [Qiz [ ci(1 — Q) [Qhz (3 Q) [Qyz LIQW [
Next, taking the derivative of the expression for QW with respect to s, we obtain
QWss = AIQWs + B(Qiz) + B(Qizs) + B(Qi2): + B(Qiz)st + NBQW + ABQW.

Now consider the scalar product of this expression with QW :

d2 ~
9o [QW, QWss []
> [AQW - ) QW B [QW Dz = B [QW 0z [

—B [QW [TQz, [ B [QW, [TQzs (= [{1) [QW [TOW []

\Y

Using the inequalities for [Qzs[dnd E@WIT_We obtain

E@wli“lzcz(l—ta))@wﬂmwmzm

ds2

Let F, = [Qiz[CaAnd G, = IIJWI:We just obtained the 2 inequalities

(FP)"= lI:| [MF G,
(G)T= C—Z?G,Z —BFG.
Let H; = F? + 32G? for some 3 > 0. Combining the above inequalities, we obtain

H™ = cH, — () + °B)F G,
Q) +623|_|

= cH, - 5

In order to obtain the desired inequality for HZ we need to

H 2 ~2
where ¢ = 7"““(;1”2).

choose & > 0 so that %6528 < c. Clearly, for |y su Lciehtly large, [(dg) will be small
enough so that we can choose a small 6 > 0 satisfying this condition. Then, for
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[d) < [{p), then condition will still be satisfied with the same & > 0. ]

Therefore, under the assumptions of lemma 4.17, the function H, satisfies an estimate

cosh(c(s — 252)

cosh(c22)

Hi(s) = max(H(a), Hi(br))

where Bi(s) < Efor all s [d,,h]. After extracting a subsequence, we can assume
that max(H,(a;), H,(b))) - 0 for | - oo.

Next, let us generalize the estimates of lemma 3.3 in order to understand the behavior
of zin.

Lemma 4.18. For | = |y and s [Ijsatisfying |Bi(s)| < ﬁ we have

o1
1Zn() — 0%z (@), el - max(FiGa), Fio).

Proof. Let e be a constant unit vector in some of the z;, directions. Taking the scalar
product of the first Cauchy-Riemann equation with e, we obtain

d ~_ A
£Ele[+ Mz, e[(F [SZout, e[F ABQW, e[F- ; +)\IfT)2Mv,eI3= 0.

The second and third terms are estimated as in lemma 3.3. The fourth term is
estimated using the upper bound of H,. We then obtain

1
A — cosh(c(s — 2thr))
I%Zin - m I:mel:l]g dD maX(Hl(a|)a H|(b|)) COSh(CaI%bIZ) '

Integrating with respect to s, we obtain, as in lemma 3.3,

1 . a—by
|m”(5)—q>fT/(1+7"fT)Zin(al),e[]] < %D max(HI(al),Hl(bl)) ilnhic 7 )

Ai(s—ar) —b
cosh(c®52)

4dDI—|
= — max(H(a), Hi(b)).
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With these results, we can now prove the generalized compactness theorem.

Proof of proposition 4.16. Let p, be a point in the thin part of . Choose cylindrical
coordinates (s, t) near p, so thats =0 and t = 0 at p,. We can extract a subsequence
so that U, converges to a vertical cylinder over a closed Reeb orbit y [CSk. Fix a
small neighborhood of y where we have the coordinates of lemma 3.1. Let I, be the
largest interval such that the assumptions of lemma 4.17 and 4.18 are satisfied for
s [IJ]. As a consequence of these lemmas, we obtain that T, converges to a cylinder
in Nt over a fragment of gradient trajectory of fr in Sy. Repeating this argument
with the closed orbits at the endpoints of the obtained trajectory, we enlarge the
fragment of gradient trajectory. Indeed, the size of the tubular neighborhood of a
Reeb orbit such that we can apply lemmas 4.17 and 4.18 is bounded away from zero
on a given orbit space.

Proceeding this way, we obtain a maximal gradient flow trajectory, i.e. such that
for every choice of p, as above, U, converges to a vertical cylinder over a closed
Reeb orbit on the obtained trajectory. It follows that the endpoints of the maximal
trajectory coincide with the closed Reeb orbits to which the upper and lower levels
of the holomorphic curve converge.

Finally, let us show that the gradient trajectories between 2 given sublevels have the
same length. By contradiction, assume that we have lengths I, and I, with 1; < I,.
Then, it is always possible to find t, such that one portion of cylinder of T, near
an = t, converges to a portion of gradient trajectory (of total length 1), but another
portion does not. Hence, by lemma 4.18, the second portion of cylinder cannot be
contained in a tubular neighborhood of a closed Reeb orbit. Therefore, this portion
of cylinder must converge to a J-holomorphic cylinder with positive area. But this
contradicts the fact that all positive area fragments of the limit were already taken
care of. Therefore, we must have I, = I,. H



Chapter 5

Fredholm theory

5.1 Fredholm property

5.1.1 Banach manifold with exponential weights

Let us reformulate the results of chapter 3. First, we know that a finite energy holo-
morphic map on a genus g Riemann surface  with s*+s~ punctures to the symplec-
tization of (M, a) is converging to closed Reeb orbits near a puncture. Let X7, ..., X%
be the punctures so that the map converges to Reeb orbits y;” S, ...,y [CS[.
for t - +oo and x,...,X__ be the punctures so that the map converges to Reeb
orbits y; [CS,...,y S fort — —oo. Let B2%(g; Sy, .. ,Se+:S1,...,S)
be the Banach manifold of maps U : X5 — R < M with the prescribed asymp-
totics at the punctures, which are locally in LY and so that, near each puncture,

a(s,t) —Ts—ag, (s, t) —t— Iy, z(s, 1) [[E’d = {f(s, t)[f(s, t)edls’P IF}.

Corollary 5.1. If U : (Zg,]J) - (R < M,J) is holomorphic and has finite energy,
then 0 [BPY(9;S7 ... ,Ss+;S1,...,S_) for some choice of orbit spaces S;*, for all
k=0,allp>2and0<d<r.

Let us now define a Banach bundle E over BX(g; Sy, ... ,S+;S1,...,S) so that
the Cauchy-Riemann operator can be considered as a section d; of E. The fiber Eg
over U will be the Banach space Lﬁ’_dl(/\ovl([])) of Lﬁ‘fl (0, 1)-forms over > with values

46



5.1. FREDHOLM PROPERTY 47

in E = G (R < M). In order to keep notation simple, we will also use LE’d(G) for
the LD sections of E.

We want to allow the conformal structure of the Riemann surface to vary, therefore we
have to consider the enlarged Banach manifold B = Tgsr+s— X B where Ty ¢+, iIs the
Teichmiiller space for Riemann surfaces of genus g and s* +s~ punctures (or marked
points). Similarly, we have a Banach bundle E over B and the Cauchy-Riemann op-
erator induces a section 93 : B - E.

The zero set 5}1(0) of the Cauchy-Riemann section d; : B — E is the set of holo-
morphic maps. We will consider holomorphic maps modulo the following equivalence
relation : U: (Zg,j) — (R>xM,J) is equivalent to G": (Zg5j5 — (R>xM,J) if there
exists a biholomorphism h : (Zg,j) - (Zg7j9 such that G = G h and h(x) = x*;’
i=1,...,s%.

The moduli space of holomorphic maps consists of the equivalence classes in 531(0) L1
B: we will denote it by

M)gA:S+’S—(S+,--' ’S;‘_,Sl_, . ,S_—)

S

where A [H,(M) is the homology class of the holomorphic curves, defined as in sec-
tion 2.1. It follows by elliptic regularity that holomorphic maps are smooth, therefore
the moduli space is independent of the values of p, k and d as long as they satisfy the
assumptions of corollary 5.1.

5.1.2 Linearized operator

Consider the linearization of the section 05 : B — E near some O [BlL We obtain a
linear operator dy between Banach spaces of sections of E :

0y : TaB - Eg = L2, (A°H(@)).
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Near a puncture x;-, this operator is given by

0 0 .
35 +JOa + S;7(s, t)

where (s,t) are cylindrical coordinates, Jo is the standard complex structure and
S;"(s, t) are symmetric matrices. Let us define S;*(t) = lims_ 2o S;°(5, t).

We identify TgB with RN EEﬁld(U), where N = ;izl(dim S;"+2)+ J;zl(dim S; +2).

The terms 2 account for dim span(%, Rq). Let vj(i'i) G=1,...,dimS" +2) be a
basis of solutions for the equation Jo0;v + S;"(t)v = 0 on the circle. Let p;" be a
function with support in a small neighborhood of x;°, depending only on s and equal
to 1 for s large. Then the summand RN is spanned by the functions pi(s)vj(i’i)(t).

Note that, because of the exponential behavior of T, the linear operator is exponen-
tially converging to its asymptotic value at each puncture. Hence, the image of the
RN summand in the domain is contained in LP?, .

Proposition 5.2. The linear operator
9 : RN CLR@) - LY, (A (@)
is Fredholm.

Proof. Clearly, using the elementary properties of Fredholm operators, it is equivalent

to prove the Fredholm property for 0, = gl’leﬁ,d( Moreover, let

)"
¢ 1 Lp(@ ~ L{(@ and ¢ LEYAS (@) ~ LR (@)

be the multiplication by edls¥P: clearly, this map is an isomorphism for every k. Let
now 3 = d™ 9, - ¢~L. Given the explicit expression 0; = ds+ Jod; + S;"(s, t) near the
puncture X;°, we obtain the expression 9= 0s + Jo0¢ + S (s, t) [dZb. Note that with
these perturbed matrices near the ends, the operator 9 : LR(@) - Ly_,(A>X(@)) has
nondegenerate asymptotics. Hence, the usual Fredholm theory applies to 3. Finally,
0, is Fredholm as well since it is conjugate to a Fredholm operator. O
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5.2 Fredholm index

5.2.1 Reduction to Riemann-Roch

The Fredholm index of holomorphic cylinders in Floer homology is classically com-
puted using the analysis of the spectral flow [30]. Later, a gluing method was used to
extend these results to holomorphic curves with diLerent topologies [32]. The strat-
egy was to glue punctured holomorphic curves in order to obtain a compact Riemann
surface, and then apply the Riemann-Roch theorem. However, those results were still
dependent of the original computation using the spectral flow.

We know explain a refinement of the gluing construction that completely reduces the
index computation to the Riemann-Roch theorem, without using the spectral flow
techniques.

Let 0 : LY(E) - LL_,(A%X(E)) be a linearized Cauchy-Riemann operator for sec-
tions of a hermitian vector bundle E over a punctured Riemann surface Z, with
non-degenerate asymptotics. We already know by classical elliptic results that this
operator is Fredholm.

Near a puncture x;-, the operator d has the form 05 + Jo0; + S;*(s, t) where J, is
the standard complex structure, in an appropriate trivialization. We can assume
without loss of generality that, for +s large enough, S;"(s,t) = S;"(t) is a loop
of symmetric matrices. Let W;°(t) be the path of symplectic matrices defined by
WE) = JoSER)WE(L) and WEQO) = 1.

Let us now construct another linearized Cauchy-Riemann operator 9 for sections of
E, almost identical to 0, but with slightly di [efent asymptotics.

Note that W;(1) and its inverse can be joined by a path of symplectic matrices such
that 1 is never an eigenvalue. Indeed, Sp*@2n) = {¥ [Sp(2n)| det(W¥ — 1) E 0}
has exactly 2 connected components, distinguished by the sign of det( — 1), and
det(W—1) = det(W) det(l —W1) = det(W~1—1). Therefore, we can homotope Wi (t)
to a path ¥ (t) with the same Maslov index and satisfying P#(0) = W¥(0) = I and
PE(1) = WE(1) L. Define S(t) by fﬂf(t) = JoSEM)PE(H).

Near the puncture x;°, the operator a will have the form 0s + Jo0; + §ii(s,t) with
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§(s,t) = §°o(t) for xs large enough. It is clear that 9 'and 3 are in the same path
component of the set of Fredholm operators, and therefore have the same index.
We now want to glue two copies of the Riemann surface . Near each puncture x;°,
take a complex coordinate z;" vanishing at the puncture. Cut out a small disk of
radius [3> 0. Then glue the two boundary circles |z;"| = [bn each copy of = by
identifying z;* on one copy of = with E on the other copy of Z. If Z has genus g and
s* + s~ punctures, then the glued Riemann surface ~[3 has genus 2g +s* +s~ — 1.
Next, we want to glue the vector bundles E over each copy on X in order to obtain
a vector bundle E[H over Z[3. To that end, define a clutching function @ in a
neighborhood of |z¥| = Chy ®F(t) = W) PE(1—t)L, where t = CE9F. This is well
defined, since ®;°(0) = ®;°(1) by construction. An elementary computation shows
that the operator d and 9 'then match over the glued boundary and give a glued
operator 91d1.
The first Chern class of the glued vector bundle E[H is given by ¢, (E[EB) = 2¢,(E) +
o () — L}’E'u(q)j‘), where p(®;7°) is the Maslov index of the loop of symplectic
matrices ®;°(t). Let us compute this in terms of the Conley-Zehnder index of Wi".
The loop WE(t)P:E(1 — 1)~ is homotopic to the catenation of the paths W(t) and
lTJii(l —t)~. By the catenation property of the Conley-Zehnder index, we then have

20(0F) = PeZ(WE(D) — Mez(PED ™
= UcZ(WE(L)) + Hez(PE(L))
= 2ucZ(¥).

Hence, by the Riemann-Roch theorem, the Fredholm index of the glued operator ama
is given by

< 1 I 1
NQ—4g—2s" =25 +2)+4ci(E) +  2ucz(W)—  2ucz(¥)).
i=1 j=1
Now we use theorem 3.2.12 of [32], stating that the Fredholm index is additive under
the gluing operation we used above. This theorem was proved using standard analytic
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estimates, and is completely independent of the spectral flow.
Since, 0 and d have the same Fredholm index, we just need to divide the above
expression by 2 in order to obtain

. _ S I | £ 1
index(d) =n(2—29—s" —s7) +2c.(E) +  Hcz(W)—  Hcz(¥)).
i=1 j=1

This is the classical formula that was derived already in [32].

5.2.2 The generalized Maslov index

The Fredholm index of the 0 operator is usually computed in terms of the Conley-
Zehnder index corresponding to the asymptotic conditions. Here however, those
asymptotics are degenerate, so the Conley-Zehnder index is not defined. Robbin
and Salamon [29] introduced a Maslov index for general paths of symplectic matrices.
Let W(t) be a path of symplectic matrices such that W(0) = I; assume that there
are a finite number of values of t (0 <t < 1), t,...,t, called crossings, such that
Vi = ker(W(t) — 1) 80, and that JO%LP(t), the crossing form, is nondegenerate on V.
Denote the signature of that symmetric form by o(t). Then, the Maslov index p(¥)

can be defined by :
1 — 1 4
HW) =500+ o)+ ;0(1)

i=1
where a(1) is defined to be zero if W(1)—1 is invertible. Then, the Maslov index is half-
integer valued, invariant under homotopy with fixed ends, additive under catenation
of paths, and p(¥) + 2dimv, CZ1

5.2.3 Computation of the index

The index of @ is given by index(d,) + N, by elementary properties of the Fredholm
index. Now, 0, and d have the same Fredholm index, since they are conjugate to
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each other. Using the index formula from section 5.2.1, we have :

_ _ S I | 1 1
index@) =n@—29—s* —s) +26(E) + Mz (W~ ez (W

i=1 j=1
In this equation, the paths of matrices LIJiiDare the solutions of

1
Jo0WE(t) + (SiE(s, t) CAAp)W=i(t) = 0,
Ww={0) = I.

The paths of symplectic matrices llJiinor d are related to the paths of symplectic
matrices Wi* for d in the following way :

L1
W=(21) fort< 1/2,

WEAt) =
Q ) W*(1)eHMA=D/P for t > 1/2.

For d > 0 su Lciehtly small, there will be no crossing for t > 1/2. Att = 1/2, however,
there is a crossing with crossing form L[dZpl. Using the definition of the Maslov index
and its catenation property, we deduce that pcz (W= = p(w=*) CEdlimker(W=—1).
Hence, substituting into the index formula for 55, we obtain :

S | | 9 |
index(01) =n(2—2g9 —s* —s7) +2¢,(E) + ww) — uw;) — %N.
i=1 j=1

Therefore we have proved

Proposition 5.3. The Fredholm index of the linear operator
9 RN [LHYE) - L2 (AH(E))

is given by the formula

1 T
NR2—2g—s"—s)+2(E)+ W¥H— W)+ EN'

i=1 j=1
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If we apply this formula to the linearization of the Cauchy-Riemann operator at some

o CBRY(g; Sy, 'I'_'_s_.'.git; Si,...,S.) then we have p(W;") = u(S;"), u(¥;) = u(S;)
and since N = 7, (dimS;" +2) + ~[_,(dimS;” +2), we obtain :
n@—2g)— (N—1)(s" +5) +20,(E) +  TLUEH) +1 T dims;
— J;=1 ues;) + : ngl dimS; .

But for the moduli space we have to consider instead the Banach manifold

Tysr+s— X BPU(G; Sy, ..., 84S, ..., S).

S

Adding dim Ty ¢++s— = 69 — 6 + 2(s™ +s7) to the above index formula, we obtain

Corollary 5.4. The predicted dimension of the moduli space of holomorphic maps

Moo (ST, ... S5 ST, ..., S1)

S

is given by

: |

T— 1o R E—
(n—3)(2—2g—s"—s7)+2¢c,(A)+ p(Si““)+E dim S;"— p(Sj‘)+§ dimS; .

i=1 i=1 j=1 j=1

Note that, if 6g — 6 + 2(s™ + s7) < 0, the Teichmiiller space is trivial but the
automorphism group of (Z, J) fixing the punctures has dimension 6 —6g —2(s* +s7).
Otherwise, this group is discrete.

5.3 Gluing estimates

In this section, we derive the estimates that are necessary to study the structure of
the moduli space near a split (generalized) holomorphic map.
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5.3.1 Holomorphic maps

We first work out the estimates for holomorphic maps. Let U EBE'd(g: S’,....S4;
Si,...,S.) and V I:B,f'd(gm;slq,... ,S?;Sll,... ,S:EL) such that U and V are
asymptotic to the same Reeb orbity; [S[_, ; = SiqF fori=1,...,t<min(s",s™).
We want to construct a glued map

[

UV CBRYQ+9™+t—1;8),..., S5, Sy, .. .S ST, .S _wSy ..., Sn).

-

First, we construct a glued Riemann surface Zr = ZglREg, for R [CR™ su [ciehtly

large. Take cylindrical coordinates (sj, tj) near X . and (sj t;) near yiq, for i =

sT+1—
1,...,t. Pick a Riemannian metric g on M; we could choose the metric induced by
w and J. We have
ag(si,t) = Tsi+ad+n(sit),

as(sit) = Tsp+ad+n{sit),
usiti) = expy,q,Ui(si, ti)),
V(s ) = expy,an(Vi(si ),

where U; and n are decaying exponentially for s; -~ —oo and V; and n"are decaying
exponentially for s” - +oco.

0
__R+ag
T

and the punctured disks s > R%""% near the positive punctures, and identify the

For R > Ry, cut out the punctured disks s; <

near the negative punctures

boundaries of the remaining surfaces via t; =t In each neck, we obtain cylindrical

: 0 —al
coordinates (s, where t'=t; = tPand s{'= s; + “x2u = gl— R&,

Let us define the preglued map TRV on Zg. Away from the necks, this map coincides
with @ on =g and with ¥ on Z. In the neck i, the map TRV (s{Zt is given by

1
Eds™ B(s= 1n(sZ t, exp,, ¢, (B(s= DU; (sDtH)) if s> +1,

sTyi(ti)) if —1<sP<+1,
%SED” B(—=s{"= D' sVt expy, ey B(=si"= DVi(siVt))) if si’< —1,
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where B : R - [0, 1] be a smooth function such that B(s) = 0ifs <0, B(s) =1 if
s>1and 0<BYs) <2

Note that, if we vary U and V, this pregluing map varies smoothly with the matching
Reeb orbits y; [S[,, ,=S;".

We want to show that the glued map ULV is approximately J-holomorphic, or more
precisely that 9, (GLRV) is small in LD, (AL (TilzV)). Note that on LD, (AL (TRN)),
we will not use the Banach norm introduced in section 5.1, but rather the Banach
norm [Ig] with the usual exponential weights near the punctures and the additional

R—Rp _

weights edC=-1s{) in the necks.

Lemma 5.5. With the above Banach structure on L2% (A®1(TIW)), if T and ¥ are

J-holomorphic, then
R|im 3} (URNV) (= 0.

Proof. Since ;0 = 0 and 0,V = 0, it follows from the definition of the glued map
that 0, (TRV) = 0 except in the necks when s{” []32, +2]. Therefore, we have the
estimate

]

- L1
@R EC (I DT sy rosg |, + (T

i T

0 Rr-al )
[ Ta\/_zlﬁ]

But since U and V are maps in BE'd with k = 1, the right hand side converges to zero
when R - oo, O

Let Vg be the vector space generated by the sections pi(s)vj(_'i)(t) A=) for j =
1,...,dimS__ _.+2andi=1,...,t and Vg be the vector space generated by the

sections pi(s)vj(+'i)(t) Q@) forj =1,...,dim SiEL +2andi=1,...,t. The vector
space Vg is naturally a summand of Tgl_sf. Let A be the diagonal in Vg [\

Consider the linearized Cauchy-Riemann operators dg : Vg CLR(@) - L, (AL(T))
and 9y : Vg CLPY@) - LD (A®1(¥)). Pick a finite dimensional subspace W of
CE& (AL (T)) CTPAL(V)) LR, (AL (@) LY (AL(V)), such that

W + 9g(LE(@) + 0u(LE @) + Bz CAD(A) = LR (A (@) + L (A (@)
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We define the stabilization of 0y [Cdd by

g\ﬁ/Yv W CAICERY(@) O - LY (A% @) CR, (AH(@)
W, (v,v), & &) - W+ 0g(v+ &) + 0g(v + &).

With such a choice of W, the operator E\U’Yv is surjective and has a bounded right
inverse Qoo.

Note that, on LE’d(UIEV), we will not use the Banach norm introduced in section 5.1,
but a modified norm. For & CL*(GIRN), we define & = <o Ti€ dti} where m; is the
orthonormal projection to R < N;. We then multiply thelvector a by the function
p; [Rlp;” having support near the neck i; we denote by E_the sum of these sections. We
define the norm of & to be [+ E_LEH- i=1 |5|, where the Banach norm [Ixzlhas the
usual exponential weights near the punctures and additional weights I =15 iy
the necks.

Proposition 5.6. Assume that W is chosen so that the operator 5\0{\,/\7 IS surjective.
Then the operator

Ok = gy - W CLRY@IED) — LPY, (AL(TRR))

has a uniformly bounded right inverse Qg, if R is su Lciehtly large.

In order to prove this proposition, we adapt the gluing construction of McDu [—and
Salamon [25].

R/2—Rg

Let yr : R - [0,1] be a smooth function such that yr(s) = 1 for s = =%,

yR(s)=OforsslandOS%VR(S)SﬁforlSSs@.

Let us define the gluing map

S gR:AI%(ﬁ) e - LE“‘(”uErv')lzI
(C vitp;y (),  viOpy (). &n &) - &=+  vi()p; [Rb; (s)
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where, in the neck with coordinates (si”t,

L1
EdsPth + yr(sHE(sT Y if s> +1,
it = Ea(sith + & (s th if —1<si<+1,
R(—sD&a(s, t) + &(sith if s < —1,

and &° coincides with & (resp. &) on the rest of g (resp. =g).
Let us define the splitting map

sr 1 LES (AN (URD) — LES(AT(@) TS (A (@)
n - (a9

where, near the puncture x__,, . (resp. yiq),

1
na(si,ti) = BEPHNEELY,
ne(sht) = @ —BEHnEE),

and ng, Ny coincide with n away from these punctures.
Note that the operators gr and sr are uniformly bounded in R.

57

Let us define an approximate right inverse Qk for 9g using the following commutative

diagram :
LpY, (A (T[-W)) =, W CW° L (RY)
|
SR [ IR |

LPS, (0K @) TR, (A@) —= W D7 LA CL)(0) C0}@).

Note that QR is uniformly bounded in R, since gr and sr are.

Proof of proposition 5.6. By construction, ERQRn =1 away from the necks. On the
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other hand, in the neck i, we have

5R5Rn = 0rE
= 9r(Vi(t) + Yr(s)E& + Yr(—S{)&)
= Yr(s)0u€a + Yr(—51)0s&s + %VR(SBEG - %VR(—Simjﬁv
+YR(SD(Or — 05)& + Yr(—S)(Or — 09)&s.

But

YR (Sﬁgaza + YR (_Si[[%vzv = VYR (Siu%a + VYR (_Simjrlv
= No+Nw
=n

because yr(s) =1 (resp. yr(—s) = 1) when ng (resp. ny) is not zero.
Therefore,

2T
R/2 — Ry —

|0rQrN — N T (1€al + &) + [AG ek + LAy L]

where Az = dr — 05 and Ay = dr — Oy are matrices. Note that, because of the
(exponential) convergence of U and V to closed Reeb orbits, the norms of these matrices
uniformly converge to zero when R - oo.

Hence, we can rewrite the above pointwise estimate as

10rQrN — Nl < C(R)(Yr (s IEal + Yr(=sDEs)

where C(R) is a constant depending only on R such that limg_ . C(R) = 0.
We now have to integrate this estimate on the neck i, using the appropriate weight
72 =Is for norm =[] We obtain

[@kQrN — N[ C(R)([& # [EID)
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Therefore, if R is su [ciehtly large, then

— o~ 1
[OkQr — I [X 3"
Hence, the operator 9rQr is invertible. Let Qg = 6R(5R6R)‘1. By construction,

Qr is a right inverse for dg, and it is uniformly bounded in R. O

We now turn to the Fredholm section defined by the linearized Cauchy-Riemann
operators over the extended spaces B, including changes in the conformal structure.
Let us denote by S the subspace of Vg [V spanned by the sections pi(s)vj(i'i)(t)
that are tangent to the orbit spaces. Then we have natural maps ng : TgB — S and
Ty : Tg¢B - S.

Corollary 5.7. Suppose that the operators 5\9/ W LB - L2 (AL(D)) and
5¥V WHLTGB - L2 (A%L(¥)) are surjective, and that ng(ker5\ﬁlv)+n\7(ker5\7w ) =S.
Then, the operator

=W Wi =Y ~
Oggy W [CWI"[TdgeB - LYY (A (TRV))

has a uniformly bounded right inverse Qg, if R is su [ciehtly large.

Proof. In view of proposition 5.6, we just have to show that the restriction of the
operator 3y (a4 toW [WI? NI [(Tk8 [ TB) is surjective, where N denotes
the orthogonal complement to TgT LCTJIT in TageT .

The summand N has 2 real dimensions for each glued pair of punctures. Those
degrees of freedom correspond to varying the radius [and the angle of identification
when gluing Zg and .

The angular degree of freedom amounts to replace the complex structure jy on Xy
with @y, where @, (s, t) = (s, t+pp(s)) and p is a decreasing function that vanishes
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for s large and is equal to 1 for s small. We then compute

%'FO(J odVeo@urgjos+dVds) = JodVo (Lps]j)os
= —JodVej[poy,0s]
= pJodVejo
= —p'Rq.

The radial degree of freedom amounts to replace the complex structure jy on Zy with
Pudv, where Y, 8, t) = (s + pp(s), t). We compute

%h{:o(\] o0 o Yure J0s +0T0;) = J o dV o (Lpo.i)os
= —=JodVej[pos, 0s]
= pF o dvojo.
= —p'or.

These computations show that the cokernel of 5\G/V Dﬁlmdoes not increase when we
replace the span of (0, piRy) and (0, pjo;) with N in the domain.

On the other hand, the restriction of the domain relative to S decreases, by as-
sumption, the dimension of the kernel by dimS. Therefore, it does not increase the
dimension of the cokernel, so the above operator is surjective. O

5.3.2 Generalized holomorphic maps

We now turn to generalized holomorphic maps, including fragments of gradient flow
trajectories on the orbit spaces when A - 0. We first need to understand the asymp-
totic behavior of these maps, in order to introduce the appropriate Banach structures.

Proposition 5.8. Let U be a Jy-holomorphic map with finite energy. Suppose that U
converges, near a puncture, to a closed Reeb orbit y corresponding to a critical point
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of fr in St. Then there exists r > 0 su [ciehtly small and independent of A so that

|0'(a(s,t) — Ts—ay)|] < Cie™ ",
|0'(3(s,t) —t— )| < Cie"s,
10'Zout(s,t)] =< Cie™",

10" @in(s,t) = o3 @) = Cre

for every multi-index I and for some constants C, > 0.

Proof. The first three inequalities follow from lemma 4.17 applied to a half-cylinder
mapping to a small tubular neighborhood of the Reeb orbit vy.

The last inequality follows from the proof of lemma 4.18 after replacing the hyperbolic
cosine with a negative exponential. O

Let BRMg;y7, ... YYD, .- ,Yo) be the Banach manifold of maps U : 3 -
R < M with the prescribed asymptotics at the punctures, which are locally in LY and
so that, near each puncture, a(s, t)—T (1+Aft)s—ay, 9(s, t) —t—>30, Zout (S, t), Zin (S, t)—
¢I\T/(1+)\fT)(Z ) EEEd

S

Let y : R - St be a gradient trajectory for 1+fATfT. Note that this is just a
reparametrized gradient trajectory of fr. Let B, : R - R be a smooth increas-
ing function such that B,p(s) = s for s [Jd + 1,b — 1], Bap(s) = a for s < a and
Bap(s) = b for s = b. We choose a family of such functions depending smoothly on
a<b [R

Let Txyap: R S* -~ R x M be the map characterized by

a;\,y,a,b(s, t) =T (1 + )\fT)S,
U)\,y,a,b(sl t) :NT,
T © Uny.an(R > SY) = y([a,b]),
0
&u)\,y,a,b(sl t) = )\B b (S)

9
ot

[T
(1 + Afr)2’

u)\’y’a,b(s, t) = T Ro(.
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First consider the case a = —oco and b = +oo; we abbreviate the corresponding
map by Ty y. This is the case of a holomorphic cylinder degenerating into a gradient
trajectory. We denote by D, the linearized operator in Morse theory corresponding to
this trajectory. We want to show that this map @y y is approximately J,-holomorphic
for small A.

Lemma 5.9. The map Ty, B (y(+o0);y(—o0)) and
)l\l_ln) E(_I“h)\ﬁ)\’y = 0.

Proof. Note that

0 A
Therefore, N
990y = T arpyz T
But since I+ 1= %Zf | CEeqy(s))|Pedlslds < oo for d > 0 su Lciehtly small, we have
[}, Ty (X CALT 1T ]
and the latter clearly converges to zero as A - 0. O

Consider now the linearized Cauchy-Riemann operator 0 at the maps Uy y,ap-

Oxy.ab

We will use the following Banach structures :

O, o - LR OV LV - LY (A™L(D)).

The finite dimensional vector spaces V_ and V.. are defined as follows : ifa = —oo, V_
is spanned by p_(s)%,p_(s)Ra and p_(s)v'.(s), i = 1,...,dimWY(y(—o0)), where
the functions v' (s) span the tangent space of the stable manifold of y(—co) along y
and satisfy Dyv' (s) = 0.

If ais finite, V_ is spanned by p_(s)%, p—(s)Rq and p_(s)w;, i =1,...,dim Sy, where
the vectors w; span TSt. The space V. is defined similarly, distinguishing between
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b = +oco and b finite, and using the unstable manifold of y(+o0).

Proposition 5.10. The Fredholm index of EUM is given by

a,b

index¢, (Y(+00)) — indexg, (Y(—o0)) +2 if a = —oo,h = +oo,

indexs, (Y(+00)) + 2 if a> —oo,bh = +oo,
dim St — index¢, (Y(—o0)) + 2 ifa=—oo0,b < 400,
dimSy +2 if a> —oo,bh < +oc0,

Proof. The index of the operator EGM,M restricted to Lﬁ'd(ﬁ) is always equal to
—dimS + 2. This is proved as before by conjugating with multiplication by e*dls,
The perturbation terms due to the Morse functions fr do not contribute since A > 0

is very small.
Then, the above index formulas follow from adding to —dim S + 2 the dimension of
V_ [V in the various cases. O

We now want to glue holomorphic maps and gradient trajectories. Consider maps

0 CBPYg:S;,....S5iST,...,S2) and ¥ CBPU(g5S, ..., Sh; Si... . Sia)
such that T is asymptotic to the Reeb orbits y;" S fori =1,...,s" andy; [
S for i = 1,...,s7; similarly, ¥ is asymptotic to the Reeb orbits y;* [3.* for
i=1,...,s%andy; CSI fori=1,...,s". Assume that there exists t”> 0 for
i=1,...,t<min(s",s "), such that ¢I5 (Voo jry) = yiq.

We denote lim; . 4o &7 (yi¥) by ¥ and similarly lim; . +eo &7 (y;¥) by 7.
We then construct a map

0LV CBRMg + 9™+ t =597, V0 Ty V¥ Vo T )

by gluing U and ¥V with fragment of gradient trajectories.

We construct the map GLY by gluing T and V with the trajectories U,y ap and Vi y ap.
Therefore, we just need to know how to glue a holomorphic map U to a gradient
trajectory U,y ap With b finite.

Assume that R = ~% is su Lciehtly large, so that T is very close to vertical cylinders
for t = —R, and we can cut the map at t = —R. On the other hand, the map
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Uxy,ap Will be cut at s = % We glue the corresponding Riemann surfaces along the
boundary circles, and we define as in the previous section the glued map GLT,y ap
using a cuto [filinction.

Lemma 5.11. We have

lin% [a}, (ULY) = 0.
Proof. Since 0;0 = 0, we have
[@}, 0 |J — Jy| (I

where the norms are computed on g with disks removed aroud the punctures. Since
R= s«% and the factor Dl’ig@rows proportionally to R near the punctures, the right
hand size is estimated by C A for some constant C > 0.

On the other hand, the map Ty y . is approximately Jy-holomorphic between s = £+1
and s =2 —1, by lemma 5.9.

Finally, in the finite portion of cylinder where the maps are glued, the glued map

converges to a vertical cylinderas A - 0 and R - oo. O

Note that the vector spaces Vg for U and V.. for U,y are isomorphic. Let A be the
diagonal in Vg [C\ZJ.

Consider the linearized Cauchy-Riemann operators 0g : Vg EEﬂd(U) - Lﬁ’fl(/\o'l(ﬁ))
and g, ., © Vo CLBOryap) — LE% (A% (Uayap)). Pick a finite dimensional

subspace W of Cg>(A%1(T)) CCF (A% (Uny.ap)) CLFS (AXH@)) LAY, (A (T y.a0)),
such that

W+ 9g(LP(@) + 0gy . (LY (Try.ap)) + 0o Cad,,,,) (D)
= P4 (A @) + LR (A (Tay ).

We define the stabilization g\u{\fﬁx,y,a,b of 05 [dd, ., by

W CAICLYY@0) CLR(Thyan) — LROAMH@) LI (A ([Tay.an))

(W! (V, V), Eﬁ! E.U;\,y,a‘b) - W+ EU(V + Eﬁ) + aﬁ)\,y,a,b (V + EG)\,y,a,b)'
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With such a choice of W, the operator an
inverse Q.

G.0nyap 1S SUrjective and has a bounded right

On Lﬁ'd(UIIfU;\,y,a,b), we will use a modified Banach norm : the norm of an element
¢ is given by £ &E0LH  _, [&l, where &; is defined as in the last section, and the
Banach norm [-1[ Jhas exponential weights ed515 in the necks.

Proposition 5.12. Assume that W is chosen so that the operator E\quxyab is sur-

jective. Then the operator

9 = Tgsgy, 2y - W CLE @Ry a0) — LB (AL (@ RTny 1))

has a uniformly bounded right inverse Q,, if A is su Lciehtly small.

Proof. This is just proposition 5.6 applied to R = ~7‘7 It is indeed clear that both

operators dg and O0g converge, on the cylinders [-R, +R] > S? in the center of the

Ux,y,a,b

necks, to the linearized operator of a vertical cylinder over a closed Reeb orbit. [

Next, we want to show that realizing transversality for these Cauchy-Riemann oper-
ators, and obtaining a uniformly bounded right inverse, is not harder than realizing
transversality for the corresponding gradient flow.

Lemma 5.13. If the pair (f,gt) is Morse-Smale and A > 0 is su [ciehtly small,
then the linearized Cauchy-Riemann operator

da,. ., . LPUO) O O - LPY (A%N(@)

Uxy,a,b
IS surjective.

Proof. First, the linearized Cauchy-Riemann operator will be of the form

O«

U)\,y,a,bE -

E J0 E + S(As)én + AA(As)Er

where &1 (resp. &) is the tangent (resp. normal) component of & with respect to the
submanifold R < Nt. Moreover, the operator Dy.p,, = g—s + A(S) is the linearized
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gradient flow equation for 1+fTTfT on Nr.
Claim. If & [Kkérdg, ., then & = 0.

Let F(s) = Jo2 + S(As) + AA(Xs). If & [kérd we have

U)\,y,a,b’
2 e+ [ FOk =0
052 s’ e
Taking the scalar product with &y, we obtain
92 0
N, @EN [+ [EKS)én i+ [EQ, %S()\S)EN [+0

since [Eh, A(s)ér [ 0.
By the Morse-Bott assumption, we have [El(s)én (=2 kL&Y L1Therefore, after rear-
ranging, we obtain 5 .

35 F = Ekz & 2]
if A is suLciehtly small. Suppose that &y does not vanish. Then, since &y must
vanish for s - Zoo, it must have a maximum for some s. But this contradicts the
above inequality, therefore &y = 0.
Claim. If§ =& [kérodg,,,, then 2& =0.
This is a variant of a proposition due to Salamon and Zehnder [31].

,a,b

Note that, since {y = 0, we can replace S(As) with 0. Let us denote the resulting
operator by dr, so that we have 0+& =0,
Next, if & [kéro, then &(s) = , &(s,t)dt Ckérdg,,, and & — & [kéro
Therefore, we can assume without loss of generality that {; = 0. We have
b 0
E(s,tY—&(s, 1) = aE(s, 0) db.

t

Uxy,ab? Ony
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After integrating with respect to t, we obtain

h
E(s, )] = Efg flac;e)dedJ§
0y ot

0
< I5s0d

0 2
= —&(s,0)|°de

FCDI

Therefore, after integrating with respect to s and t5 with appropriate exponential

weights,

(ELds < L8

Bs1s

Hence,

[T 111
0
%z + 30800
(03¢ [ [AA(As)Er L]
CALEL

C)\I%%EI:I

If A is su Lciehtly small, this inequality forces %E = 0 and therefore £ = 0. Hence, in
general &(s,t) = &(9).

When a = —oo and b = +oo, we conclude that ker5ghy = ker Dy [sphn(Rq, 0¢). The
second summand corresponds to reparametrization of the cylinder and is not counted

IA

IA

IA

in the index formula. Hence, the Fredholm operators dg, , and D, have the same

Ux,y
index, therefore EGM is surjective if (fr,gr) is Morse-Smale.
When a and b are finite, the Cauchy-Riemann operator is approximated, for A small,
by

95+ 3028 + sOAs)e

os° ‘ot N

The kernel of this operator is isomorphic to R < TN+t. Hence, by the index formula,
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this operator is surjective. When A is su Lciehtly small, the operator 5gm is sur-

.a,b
jective as well.

When exactly one of a and b is finite, we can approximate the Cauchy-Riemann op-
erator by cutting o [Cthe term AA(As) near the corresponding end. The kernel of the
approximate operator is then spanned by the stable or unstable manifold of y(%oo),

% and Rq. Again, it follows that EGM IS surjective. O

,a,b

Proposition 5.14. Under the assumptions of lemma 5.13, the linearized Cauchy-
Riemann operator
0y, 00 1 LPY@ OO OO - L (A (W)

Ay.a,b

has a right inverse that is bounded uniformly in A.

Proof. When S is independent of s and t, lemma 5.13 shows that the corresponding
linear Cauchy-Riemann operator has a right inverse Qs. This is true for all opera-
tors ds obtained as linearized Cauchy-Riemann operator at a vertical cylinder over a
closed orbit in the gradient trajectory y. Since the image of that trajectory is com-
pact, there is a uniform bound for the norm of all right inverses Qs.

Consider now a linear Cauchy-Riemann operator 0 with matrix S(s) such that [S{(s)—
S IEI%S(S)IE sroc - then 0 has a right inverse Q satisfying [QIC< 2[Qs [
Indeed, the assumption implies that [d1— ds [ ﬁm Then, we have [AQs — | (&
[00s — 0sQs [ 3, so that 0Qs is invertible and [(dQs) ' [ 2. We can define the
right inverse as Q = Qs(0Qs) ™.

This assumption is certainly satisfied by S(As) when A > 0 is su Lciehtly small and if

we restrict ourselves to a su Lciehtly small portion of the gradient trajectory y. We
therefore subdivide y into a finite number of small enough portions, obtain a uni-
form bound in A for the right inverses of the corresponding operators, and glue these
Cauchy-Riemann operators. In order to glue trajectories Ty y,an and Uy ycaspowith a
and b™finite, we cut the first map at s = 2 and the second map at s = b; Then, we
can apply the estimates of proposition 5.12 to see that the glued operator has a right
inverse that is uniformly bounded in A as well. Since only trajectories are involved,
the Banach structures have no exponential weights in the necks. Moreover, by lemma
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5.13, the kernels of the operators to be glued are transversal in TS. Therefore, we
can choose W = 0 in proposition 5.12.
Finally, the glued operator can be made arbitrarily close to the actual operator

aﬁ)\,y,a,b’

bounded right inverse for that operator. O

by choosing A su Lciehtly small. Therefore, we also obtain a uniformly

We now return to the holomorphic maps U and V and the corresponding glued map

Gy
- - Lo 1

LetS= {_,T,~S+ i=1 Ty~
tion g : TgB — S by restriction to the punctures of Zg. We also define the projection

T oS+ -S+ ELS We define the projec-

i=t+1 Yi

n¥: TgB — S by restriction to the punctures of =g, followed by the linearized gradient
flowq) TD—S—»T S,wheni=1,...,t

S +1—i

Combining prop03|t|ons 5.12 and 5.14, we obtain the following result.

Corollary 5.15. Let G and V be as above. Suppose that the operators 0~ W [
TaB - L2 (A(D)) and v WELTHB - LP9 (A®L(V)) are surjective, and that

T[D‘(kerg\év) + T[Vt(kerggvt)l + i=1 y+Wu( ) + i=t+1 "y;
L] — — L1 _
+ i=1 Tyl_Ws(yl ) + i=1 yIELWs(yI ) + i=1 Ijmys—+1—i) = S

T, s WU

Then, for A su Lciehtly small, the operator
a~ W WP CTdeeB -~ LD (ACL(UGLT))
has a uniformly bounded right inverse Q.

Proof. By proposition 5.14, it is not necessary to stabilize the linearized operators
corresponding to gradient trajectories. Therefore, only W and W "are needed.
Moreover, lemma 5.13 and the above transversality assumption on the evaluation
maps show that the cokernel does not grow when we restrict ourselves to the diagonal
A of the space of sections not vanishing at a puncture where we glue.

Therefore, we can apply proposition 5.12 with stabilization by W [\ O
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5.3.3 Implicit function theorem

In this section, we show how to use the gluing estimates from the previous sections
in order to glue holomorphic curves. We need the following result, used in [21], that
is a consequence of the Banach fixed point theorem.

Proposition 5.16. Assume that a smooth map f : E - F of Banach spaces has a
Taylor expansion
(&) = £(0) + DF(0)E + N(£)

such that Df(0) has a finite dimensional kernel and a right inverse Q satisfying

[QN(§) — QN () [= C(Le1# MDIeHnl]

for some constant C. Let § = % If [Qf(0)Cx % then £71(0) n B5(€) is a smooth
manifold of dimension equal to dim ker D (0).

More precisely, there exists a smooth function
¢ : kerDT(0) n B5(§) - Q(F)

such that (& + @(&)) = 0 and all zeroes of T in B;(¢) are of the form & + @(g).

We want to apply this proposition to the section @, : B — E. By proposition 5.2, the
di [erkntial 0y of 95 is Fredholm. By propositions 5.6 and 5.12, this linear operator
has a uniformly bounded right inverse Q.

It follows from standard results [6] that the remainder N of the Taylor expansion
satisfies an estimate

[Q(E) — Q(n) = CH{ &L+ MIIE- nL]

Indeed, the operators 0; and dg have the same form as in Floer homology, and this
result is independent of the nature of the asymptotics.

The constant C is then given by [QICIN< co. By lemmata 5.5, 5.9 and 5.11, we can
find glued maps with £(0) as small as we want. Therefore, we can apply proposition
5.16 in order to find nearby holomorphic maps.



Chapter 6

Transversality

6.1 Transversality conditions

In order to realize our moduli spaces as nice geometric objects with the virtual di-
mension predicted by the Fredholm index, we have to make sure that the Fredholm
operators obtained by linearizing the Cauchy-Riemann equation are surjective.

Using the results of the previous chapter, we can write su Lcieht conditions to ensure
that d; : B - E is everywhere transverse to the zero section. Let M = 531(0) be the
set of J-holomorphic curves in B.

The following properties must hold for every moduli space of level k (generalized)
holomorphic maps.

(i) For every level 1 map T [, the linearized Cauchy-Riemann operator 0y is
surjective.

(i) The pair (fr,g) is Morse-Smale.

(iii) For every M and MY for every collection S;,...,Sy of orbit spaces in the
negative asymptotics of M and in the positive asymptotics of M"Y the evaluation
mapsev. : M - Sy x ... xS andevt: M. S; x ... xS, are transverse.

(iv) For every M, its positive (resp. negative) evaluation map to the product of its

71
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positive (resp. negative) asymptotic orbit spaces is transverse to any product
of unstable (resp. stable) manifolds for f+.

(v) For every M and MY for every collection S;,...,S of orbit spaces in the
negative asymptotics of M and in the positive asymptotics of M"Y the evaluation
map ev™ : M - S; x ... xS, and the generalized evaluation map ¢ o ev™* :
R* < M"Y Sy x ... xS (t,T) - ¢ - ev* (D) are transverse.

When these conditions are satisfied, we can construct the moduli spaces M of gen-
eralized holomorphic maps, using the moduli spaces M with degenerate asymptotics
and the gradient flow of f+, in the following way :
M™ (ST, ...,S5; ST, ..., S0)
= M({,...,S5;S;,...,S2)
COM(S, ..., S5iSn -+, Se) Xsix xspRT X M(Sp,. .., S Sp, .+, S0)

where we use ev™ and ¢ - ev* in the fibered products, and we take the union over
any number of successive fibered products. Note that this union is finite, since the
action spectrum is discrete.

Then, we make the transition to non-degenerate asymptotics using the stable and
unstable manifolds of 1 :

M (v, YYD Ye)
= (WU X WD) X s,
M (ST, SEiST, 1 57) Xermms (WD) X .. WE(Y)).

If the above transversality conditions are not automatically satisfied, we have to mod-
ify the section d; : B — E so that the perturbed section satisfies these properties.

In order to construct the moduli spaces with degenerate asymptotics, we choose to
keep the almost complex structure J fixed and perturb the right hand side of the
Cauchy-Riemann equation. Indeed, the greatest benefit of this Morse-Bott setup is
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to work with symmetric Reeb dynamics and symmetric almost complex structures.
Therefore, we prefer to keep this symmetry during all steps of the construction of the
moduli spaces : it is probably much easier to solve the Cauchy-Riemann equations
for a natural J, and then understand the obstruction bundle in this natural setup,
than to solve those equations for generic J.

Moreover, a generic J is generally not enough in contact homology to guarantee
transversality, because of multiply covered cylinders, for example. The almost com-
plex structure would have to depend on the points of the Riemann surface as well,
which would make things even harder for computations.

Therefore, we will use the virtual cycle techniques developed in [20] and in [21], for
example, in order to obtain a branched, labeled pseudo-manifold with corners, as
explained in [24].

6.2 Virtual neighborhood

6.2.1 Holomorphic maps

We now describe the space B in which we will construct the virtual cycle.

Eﬁ'd (9,m;S;,...,S5;Sy,...,S_) = {stable maps of genus g

with m marked points and the given asymptotics, each level in BE'd}/ 1

where (Z,j,0) [C(AYj5TY if and only if they have the same number k of levels, and
for each level i, 1 = 1,... ,k, there is §; [CR and a biholomorphism ¢; : (Zi,j) -
(=55 preserving the marked points such that u; = uf> @; and a; + 3; = af> @;.

The space B can be described as the union of finitely many strata: B = @D, where
D are the patterns corresponding to holomorphic maps in B.

The pattern of a stable holomorphic map (Z, J, U) consists of the following data :
the intersection pattern of the domain X, with its labeling by levels, the number of
marked points on each component of 2, and the orbit space corresponding to each
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node or puncture of X.

Lemma 6.1. There exists a neighborhood W of the set of holomorphic maps in B
admitting the structure of a stratified Banach orbifold.

Proof. Fix a pattern D; for each holomorphic map (Z, j, 0) E§ID, let us construct a
uniformization chart n2 : UP — UP containing it.

First consider the domain . We can add finitely many points Xy, ... , X, to make it a
stable curve. LetH; (j =1,...,1) be asmall piece of real codimension 2 hypersurface
in RxM that is transversal to G(Z) at T(x;). Such hypersurfaces H;, j =1,...,1, can
always be found, provided the corresponding marked points are chosen generically.
We add in each level Z; one more marked point X;; let I:Ii be a small piece of real
codimension 3 hypersurface in R < M that is transversal to R x T(Z) at TG(X;). For
this, we need to choose X; so that % is not tangent to G(X) at U(X;). If this cannot
be achieved in level i, then this level consists of one or more vertical cylinders over a
closed Reeb orbit. By the stability condition, there is at least one marked point on
each cylinder. We then choose one of these points, call it X;, and let H; be a small
piece of real codimension 1 hypersurface in R < M that is transversal to R at T(X;).
Each component of = with its marked points is represented by a point in My, for
appropriate g and n. Pick a uniformization chart of My, centered at this point, and
let T2 : VP _ VD be their product.

We define

0° = (=509 cBF =5y 7P, m- o= 0
U'0q) CH;, 0(%) CH}.

We work with k = 2 so that that the Lﬁ’d norm is stronger than the C* norm. In par-
ticular, if (3> 0 is su Lciehtly small, all maps in upb keep the transversality properties
as above with respect to the hypersurfaces H;, j =1,...,1, and Hi,i=1,...,k

Let I" be the automorphism group of (Z,J,T). We define an action of ¢ [Tlon upb
by o(Z5j50Y = (Z@jTTY where == o(ZY, j¥=ogf; 0®P=0" o1 If (30 is
chosen su Lciehtly small, then for j = 1,...,1, there is a unique point p; in a small
neighborhood of a(x;) such that 0"(p;) [H;. We define ij = p; and we proceed
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similarly to define X} i =1,... ,k.
Let UP = UP/r and let n2 : UD — UP be the corresponding projection map.

Next, let us construct a uniformization chart my : U - U across the strata.

First, we need to take care of the nodes inside each stratum. For each node g;,
i =1,...,v, we introduce a complex coordinate c; that is used to glue (%, ) near
gi : on the 2 components of Z adjacent to p;, we cut out small disks centered on g;
of radius |cj| and identify the boundaries with relative angle argc;. We denote the
obtained Riemann surface by (g, j). Given (Z, j, T) Bl we define the glued map Tz
on (Zg, j) in the standard way using the exponential map at p; and a cuto Cflinction.
Now, suppose that (=,j,0) [CB has two levels (Zi,j,T1) and (2, j,0.), and t
ends need to be glued together. We now define the twisted map Tg U1, where
0 = (04,...,6) and | = (l1,..., 1)) CBY Near puncture x;, the map T5il; is
given by

Tas,t) = a(s,t) + lipi(s),
To(s, ) = 3(s, 1) +0ipi(9),
Tgiz(s,t) = z(s,t).

L1 L[]
We define the map Uggi = Tgils [RG. We denote the domain of this map by
(Zrai )
We define

U = {(E8;5i509 CBI(=TjY O0,R > Ry, 6,1 [BLC [BY,
EEF— UREEEE EEQXJ') EElj,ﬁ%‘(‘i) Eﬁ.}

where B is the ball of radius [gentered on the origin of RX.

We then extend the action of the automorphism group I" to U in the following way.
For every element (ZRe K 0Ty of U, the Riemann surface (Z oI C,ﬁ is in a small
uniformization chart V around (Z, j) in My . Since I” consists of automorphisms of
(Z,j) and the latter act on V, we can define the action of ¢ [Tas : o(=7jJ0Y =
ET3HTY where ™= g(=5, j™= o] G™= G o~t. The images of the additional
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marked points, associated to pieces of hyperplanes, are defined as before.
Finally, we letU = U/randletmy : U — U bethe corresponding projection map. [

For holomorphic curves in a symplectic cobordism, the same constructions can be
used. The only dilerknce is that no marked point X is introduced in the level corre-
sponding to the cobordism itself.

There is a bundle E — B that is obtained from the vector bundles E — B introduced
in the previous chapter, over each stratum B”. There is no topology on E across
the strata. All we need for the virtual cycle construction is the natural way to glue
sections of E vanishing in a neighborhood of the nodes.

6.2.2 Generalized holomorphic maps

We now describe the space B that is appropriate for generalized holomorphic maps.

§IT’p'd (9. m;yy, ..., Y&iYr, - Vo) = {generalized stable maps of genus g

with m marked points and the given asymptotics, each sublevel in BE’d}/ 1

where the equivalence relation [Cisldefined as in the last section.

As before, we have a stratification of this space according to the pattern D of a
generalized stable map. In addition to the information of the last section, the pattern
D also contains the labeling of the sublevels.

Lemma 6.2. There exists a neighborhood W of the set of generalized holomorphic
maps in B admitting the structure of a stratified Banach orbifold.

Proof. This is just a variant of lemma 6.1, and we just have to take care of the extra
variables tjj, forj =1,... ,li—landi=1,...,k, where |; is the number of sublevels
in level i and k is the number of levels.
We stabilize each sublevel of a stable map as before, and we let

0P = =559, 0) 87| (=59 0P, 6 (R, [t —ti;| <

- 0= COYx;) CH;, (%) CHi}
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so that U™r-® has codimension k—1 in §fT’D, independently of the number of sublevels.
The quotient by the automorphism group I' is defined as before.

For the uniformization charts 7 : Ut _ UT" across the strata, we need to glue
gradient trajectories of f1 at critical points, between adjacent levels. We use a large
gluing parameter R; between level i and level i + 1, so that all glued trajectories
have length R;. The result is a generalized level 1 stable curve with  ;_, I; sublevels.
Therefore, when all t;; > 0, we define
0f = {=2i%¢, R, T CBIT (=555 Ch,¢ B,
t; ORI, [t — 6] < LR > Ro,;, [P 0= ]
i'tx;) CH;, 0%:) CHiY.

On the other hand, when some variable t;; = 0, we must allow for 2 types of defor-
mation : t; ; can become positive, and the sublevels j and j +1 in level i can be glued
into a single sublevel, with a large gluing parameter R;j. This degree of freedom can
be parametrized by a single variable 1;; [R, given by T;; = t;; when 1;; = 0 and
Tij = —%J_ when 1;; < 0.

We will construct the open set U™ in the case of one variable tij = 0, the general
case being analogous. Then, we have Ufr = thTj I]Z'EJ where thTj is defined as U™
above, with the restriction t;; = 0, and UQJ is defined as U in lemma 6.1, with the
additional variables tjgo

Ok, = {5, 5iei s B (2759 OO, Ri; > Ro,6,1 CBLE (B,
titjo LRI, [tijo— tigd < G- Ok, | gic (= [
GQXJ') EBJ',U%)R(}) Eﬁ.}

where the vectors 6 and I_correspond to the nodes between sublevels j and j + 1 in
level i only.
The quotient by the automorphism group is defined as before. O
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Next, we describe the space B for Jy-holomorphic maps, 0 < A < A,.

§I((o,Ao],p,d @M YT, Yo Yo Ye) = {\T) |0 < A< Ao, T stable maps

of genus g with m marked points and the given asymptotics,
each level in BP**}/ [

with the equivalence relation [“ad before.

We want to construct the relative virtual cycle in the following compactification of
that space :

—1[0,A\o0],p,d —(0,M0],p,d —fr.p.d
B[k ol,p :Bﬁ ol:p TP.

Lemma 6.3. There exists a neighborhood Wl of the set of Jx-holomorphic maps
in B! admitting the structure of a stratified Banach orbifold.

Proof. The definition of the uniformization charts UP when A = 0 is identical to
lemma 6.2. When A > 0, we use the uniformization charts UP and U from lemma
6.1, multiplied by a small interval in A.

Therefore, we just have to construct uniformization charts i : A _, yl0Ad]
near a stable map with A = 0. Note that we must have ULl n {A = 0} = UTr.
Then, for any G° CUI™, we have to glue its adjacent sublevels using O+ DO We
denote the result of this operation by TF, with domain .

We then define

gerl = o\, =20 (B o= A< [EP=5]
[f’— G/C= Clor some G° CUIT}.

Since =Y is obtained by gluing Z"with long cylinders at some of the nodes, it is still
true that = is in a small uniformization chart around (Z, j) in My ,. Therefore, we
can extend the action of the automorphism group I as before, and define U0l =
g/, 0
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6.3 Relative virtual cycle

We now want to use virtual cycle techniques to obtain the following results.

Proposition 6.4. There exists a relative cycle MY'" in §E’d of dimension equal to
the Fredholm index of d; and such that

anir — I%/Iir Xg Mvir

where all fibered products are transverse. The isotopy class of these relative virtual
cycles depends only on (M, a, J).

Proposition 6.5. There exists a relative virtual cycle M‘[’Oi,rxo] in ELO’AO]’p’d of dimen-

sion equal to the Fredholm index of d; and such that
g 0 A =0} =M

and
i 0 A= Mo} = MY
The isotopy class of these relative virtual cycles depends only on (M, {a, Ia}a rrope))-

These results will be proved using the same techniques.

First, for each holomorphic map T, we can choose a finite dimensional subspace Wg
of the target space of d;, consisting of smooth functions with support away from
the nodes, in order to make the linear operator dgy surjective. There exists a small
neighborhood UP of T in WP such that, for all ¥ [CUJP, the stabilized operator 5¥VG
IS surjective.

By propositions 5.6 and 5.12, there exists a small neighborhood Ug of U in W such
that, for all V [U};, the stabilized operator 5\7WU IS surjective.

On the other hand, for each holomorphic map U, there exists a finite dimensional
subspace W{' of TgB, consisting of smooth functions with support away from the
nodes, such that the di[erkntial at T of the evaluation map ev* x ev™ maps W sur-
jectively to the direct sum of the tangent spaces of the asymptotic orbit spaces of T.
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If the neighborhood Ug is su LCciehtly small, the same will hold for any V [Uy. Let
ij - EU(WGE)

~

We define Ry = Wy [\M;. By the compactness results 4.4 and 4.16, we can extract
from the collection Ug a finite covering U; of the set of holomorphic maps in W.
Let R = [R] be the corresponding finite dimensional space. By proposition 5.16,
the set M‘L’ji’rR = (3;)"Y(R) of maps U in a uniformization chart U for W satisfying
050 is a smooth manifold with corners, of dimension index 05 +dimR. In order
to obtain a local virtual cycle, we need to choose a generic element v and define
MY = (8, +v)7(0) n U.

We are now in position to use the construction of multi-sections from [21] in order
to construct the relative virtual cycle. Indeed, this construction is purely topological
and is based on the stratified Banach orbifold structures that we obtained in lemmata
6.1, 6.2 and 6.3. Each element of R corresponds to a multi-section on W. We now
explain how to choose a generic element of R in order to obtain relative virtual cycles
satisfying the propositions 6.4 and 6.5.

Let E and A be the energy and the area of the stable curves, as in lemma 3.9. Each
virtual neighborhood W with given asymptotics has a well-defined pair (E, A). We
use the lexicographic ordering on these pairs : (Ei, A1) < (B, Ay) iIf E; < E; or if
E, = E, and A; < A,. Note that if T is a stable map consisting of several adjacent
levels in a stable map V, then (Eg, Ag) < (Eq, Ay).

We construct relative virtual cycles in the virtual neighborhoods W in the lexico-
graphic order for the pairs (E, A). Therefore, when we construct MV'", the relative
virtual cycles that should appear in its boundary dMV'" are already constructed. In
other words, we already have a generic multi-section v on the strata D corresponding
to stable maps with several levels. Note that there exist generic multi-sections in W
extending the given multi-section v. Indeed, by propositions 5.6 and 5.12, we keep
surjectivity of the linearized operator if we extend v in the natural way on glued
holomorphic curves.

Hence, by Sard’s theorem it is possible to choose a generic element v Rl extending
v and such that, for each U;, the preimage of v under the natural evaluation map
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MV‘TR - R is a branched manifold with corners, of dimension index 0;.

On the other hand, we want to choose v so that the evaluation maps to the orbit
spaces satisfy the transversality conditions (iii), (iv) and (v) from section 6.1. When

Q

constructing the virtual cycle MV, we need to enforce these conditions with respect
to the finite number of virtual cycles we already constructed. Hence, each evaluation
map ev : MY'" . S must be transverse to finitely many given maps f : X - S. By
construction of R, it is clear that the map evg : MY - S is transverse to any map
T : X - S. Therefore, we just need to find a regular value of the natural evaluation
map MY’ xg X - R. By Sard’s theorem, we can achieve this if we choose v outside
a set of measure zero in R. Therefore, we can find v [R satisfying all the above
requirements simultaneously.

Finally, once the virtual cycles MV'" are constructed, we can also construct the vir-
tual cycles M VI" as explained in section 6.1. Then, we extend the corresponding
multi-sections from W2l n fA = 0} to W2l as above. This way, we can construct
all the virtual cycles My, ;.

In what follows, we will refer to the moduli spaces of holomorphic maps or the virtual
cycles as M, in order to keep the notation simple.

6.4 Free actions on virtual neighborhood

In this section, we assume that a compact Lie group G acts on the contact manifold
M, preserving the contact form a and the almost complex structure J. We also
assume that this action on M induces a free action on the virtual neighborhood W of
(a connected component of) the set of J-holomorphic maps to R < M.

Proposition 6.6. Under the above assumptions, if dimG > indexw(0;), then the
relative virtual cycle in W is empty.

Proof. We adapt the construction of section 6.2 to construct a stratified Banach orb-
ifold structure on W/G. In addition to the marked points X;, i = 1,... ,k, designed
to eliminate the free action of R by translation, we introduce marked points to eli-
matinate the free action of G. Let vq,...,v, be a basis for the Lie algebra G of G.
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Let vM, ... ,vM be the corresponding vector fields on M. Choose marked points X,
J =1,...,hon X, and small pieces of real codimension 3 hyperplanes HjG passing
through T(X?) in such a way that Ul Z) [RyM [HY = TaxeyM. Since the action
of G on W s free, it is always possible to find these marked points and hyperplanes.
We then define the uniformization charts UP:G and U as before, with the additional
requirement that 0(x’) CHJ for j = 1,... ,h. The action of the automorphism
group I of @ is extended to UP© and U as before, and we define the quotients UP-C
and U®. Note that, if those local slices near T are chosen su Lciehtly small, then 2
distincts points are not in the same G-orbit, because the action of G on W s free.
Hence, UP:G and U® are neighborhoods of T in W/G, and they induce as before a
stratified Banach orbifold structure.

Since the almost complex structure J is preserved by the action of G, the Fred-
holm section 9; descends to W/G. We are therefore in the same situation as in
the previous section, and we can construct a relative virtual cycle for the Fredholm
section in W/G. Moreover, the relative virtual cycle in W is the preimage under
the natural projection m : W - W/G of the relative virtual cycle in W/G. But
indexw,c(0;) = indexw(0;) — dimG < 0, hence both relative virtual cycles are

empty. O



Chapter 7

Coherent orientations

7.1 Nondegenerate asymptotics

The construction of a set of coherent orientations for the moduli spaces in Symplectic
Field theory has been carried out in a joint work with Klaus Mohnke [1].

This abstract construction is done at the level of Fredholm operators. Therefore, we
will consider the space O(y;",...,Ye:; V1. . ,Yo) of Fredholm operators with ana-
lytical expression near the punctures corresponding to the given closed Reeb orbits.
For fixed asymptotics, this space is contractible.

Moreover, O carries a natural real line bundle L, the determinant line bundle of the
Fredholm operators, defined as the top external power of the index bundle of these
operators. Since O is contractible, L is trivial and has a global nonvanishing section.
The choice of such a section (up to homotopy) is equivalent to the choice of an ori-
entation on the corresponding moduli space M, because ™ is naturally isomorphic
to APTM, where m : M - O associates to every holomorphic map its linearized
Cauchy-Riemann operator.

It is important to realize that the abstract construction in O is independent of the
construction of the moduli spaces M, and in particular of the specific way we achieve
transversality.

Coherent orientations satisfy the following axioms :

(i) The coherent orientation of O(Y;,... Vi Yierr--- Yor: Y1+ .-+ Ys-) and the

83
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coherent orientation of O(y;", ... ,Yie1, Y-+ Yar: Y1+ - - » Vo) COiNCide up to
a factor (—1)Vk Wil where |y#| = pez () +n — 3.
A similar statement holds for reordering of negative punctures.

(i) The disjoint union map u
OV, YaiVe - V) <X O(YT .. Y3 v, Vs
= O(Yr . Yo YT o YRV Y YY)

preserves coherent orientations up to a factor

(=)W TtV DOV ety )

(iif) The gluing map @

OV - YauiVe - YD) <X O(YT .. ¥ 3 v, Vs
@] (V7S VA Vo AP VL S Vo VAR Vo B Vot

that is defined when y_,, . =y fori=1,...,t, preserves coherent orienta-
tions up to a factor

(_1)(IVE&1I+---+IVE;BI)(Ivfl+---+lvs___tl).

7.2 Degenerate asymptotics

We now explain how to generalize the construction of coherent orientations to the
Morse-Bott case.

First, the definition of coherent orientations requires that the orbit spaces S; are
orientable. Indeed, in order to induce an orientation on A x5 B from orientations on
A and B, we also need an orientation on S. Then, we define an orientation of A xg B



7.2. DEGENERATE ASYMPTOTICS 85

so that the isomorphism

Tan(Axs B) LI [TIA [T,B

changes the orientations by a sign (—1)4mMBdimS = This sign is necessary to make the
fibered product associative.

Then, note that the moduli spaces are not always orientable. Indeed, when the asymp-
totic expression of the linearized Cauchy-Riemann operator is not fixed, theorem 2
of [7] shows that the determinant line bundle over the space O of Cauchy-Riemann
operators is not trivial. Therefore, a non contractible loop in Nt may induce a “dis-
orienting loop” of asymptotic linearized Cauchy-Riemann operators that makes the
determinant line bundle non orientable.

If the projection of that disorienting loop to St is contractible, then the original loop
in Nt is homotopic to a closed Reeb orbit with period dividing T. That Reeb orbit
is then bad in the following sense :

Definition 7.1. A Reeb orbit y is said to be bad if it is the 2m-cover of a simple
orbit y? Sk and if (U(Szr) 21 dimSyr) — (U(St) =1 dim St) is odd. If a Reeb orbit
y is not bad, then we say it is good.

This definition extends the definition of bad orbits in the non-degenerate case that
was formulated in [1].

Note that there are no bad orbits if and only if there are no orbits y [Sk so that
(U(Szr) — 3dim Sp7) — (U(St) — 3 dim St) is odd and if dim Syr — dim St is even. If
dim S, — dim St is odd, then the Poincaré return map of a Reeb orbit contained in
N+t is orientation reversing in Not. This implies that N, is not orientable.

Assume that there are no bad orbits. Then a disorienting loop in Nt for the de-
terminant line bundle of the linearized Cauchy-Riemann operator projects to a non-
contractible loop in St. Therefore, in order to guarantee that the moduli spaces are
orientable, we also have to assume that 1, (St) has no disorienting loops.

Summing up, we have
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Lemma 7.2. Assume that, for all T [Cala), Nt and St are orientable, 1m,(St) has
no disorienting loop, and all elements of St are good. Then the moduli spaces M of
holomorphic maps are orientable.

We now assume that the moduli spaces are orientable. Let us define a gluing map for
the kernel of linearized Cauchy-Riemann operators with degenerate asymptotics. Let
O and O"be spaces of such operators such that some orbit spaces S in the negative
asymptotics of O are also present in the positive asymptotics of OY Then we can
define O to be the space of operators d[sD , where d [Q and 8 A" Clearly,
the choice of an orientation on O[glO"is equivalent to the choice of an orientation on
M x5 MY where M and M"are the corresponding moduli spaces. Indeed, if the
operators d and 3 are surjective (for example after stabilization), then the kernel of
OTs0"is isomorphic to kerd [sHerd .

We want to define a gluing map ¢ inducing from this an orientation on the space
O"of operators obtained by gluing operators in O and operators in O"at punctures
asymptotic to orbit spaces S.

Proposition 7.3. There is a natural isomorphism
©:kerd [sRerd - ker(3(d)
that is defined up to homotopy.

Proof. Let Qg be the uniformly bounded right inverse for the glued operator 0r CQ™
as in proposition 5.6. We define ¢ to be the composition of the map gr, as in section
5.3, and the projection map | — Qr0r from the domain of dg to its kernel, along the
image of Qg. In other words, ¢ = (I — QrOR) ° gr.

We claim that the restriction of ¢ to ker 0 [sKer 3 lis an isomorphism. By the index
formula, the dimensions of both spaces agree, and it is enough to show that ¢ is
injective.

By contradiction, assume that for any large R, we can find &g [kéro and &5 [kerd
such that Eg[#F [EFF 1 and gr(ér, &) = QrNr, for some ng. Applying dr
to the last equation, we see that limg .. 0rgr(ér, &R) = 0. But since 0grQr = I,
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it follows that nr - 0 when R - oo. Using this in the original equation gives
limg .« gr(€r, &) = 0. But this contradicts (£ [# [EY[ = 1. m

With this definition of the gluing map, we can construct, as in [1], a set of coherent
orientations on the moduli spaces.
Coherent orientations satisfy the following axioms :

(i) The coherent orientation of O(S{",...,S;,S/4,...,S&:;S;,...,S_) and the
coherent orientation of O(S", ..., S, S¢,... S5 Sy, ..., S) coincide up
to a factor (—1)S<HSkl, where |SF| = u(S¥) £ L dimS* +n — 3.
A similar statement holds for reordering of negative punctures.

(ii) The disjoint union map u
O(S;,...,S%:Sr,....,S)><0O(sT,...,s¥5;85,...,S%L)
- O(Sy,...,85,87,..., 8T8, ..., S, ST, ST
preserves coherent orientations up to a factor

(—1) (85 IS DS T I+ S )

(iii) The gluing map @

O(Sy .+ SLiST -+ SO hys+O(ST ..., STiST,... ,ST)
L O(SY,..., 85, 5%, ... ,S4iST, ... ST ST,...,STL)

——t1

that is defined when S__

sT+1—i

=S fori =1,...,t, preserves coherent orien-
tations up to a factor

(1) Toabrer IS Ty DTl gy oS S gD,

Lemma 7.4. Under the assumptions of lemma 7.2, the moduli spaces of holomorphic
maps can be equipped with coherent orientations.
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We construct coherent orientations following the same steps as in [1].

Step 0. Operators on closed Riemann surfaces are oriented using their natural
complex orientation.

Step 1. Operators on spheres with one positive puncture corresponding to asymp-
totics in the orbit space S are given an arbitrary orientation.

Step 2. Operators on spheres with one negative puncture corresponding to asymp-
totics in the orbit space S are given the orientation so that the induced orientation
on O(L3)O(S; Ds the complex orientation of step 0.

Step 3. Operators on general Riemann surfaces with positive and negative punc-
tures are given the orientation so that the induced orientation on

O(C37)L), ... O(CS))}
O(S{,...,S5;ST,. .. ,S;_)I;SL_O(SS__; DH.. GHO(Sy; I

is the complex orientation of step 0.

From now on, we will use directly the moduli spaces in our notation, since that makes
it easier to see the fibered products, keeping in mind that our construction is actually
at the level of operators in O.

Proof of lemma 7.4. We need to check that the orientations constructed above satisfy
the 3 axioms for coherent orientations.
First, for reordering punctures, we use the identity

A XSJ_ Bl sz B2 =A sz BZ x81 Bl(_l)(dim S1+dim B1)(dim Sy+dim B3)

and apply it to A = M and B; moduli spaces of holomorphic spheres with one
positive puncture. Since dimB; =n—3+ %dim Si + U(Sj), the parity of a negative
puncture is given by |ST| = n—3— %dim S™ + u(S7). For a positive puncture,
we use B; moduli spaces of holomorphic spheres with one positive puncture, with
dimBj = n—3+ 2dimS; — pu(Si), so that [S*| = n—3+ 2dimS~ + pu(S™), after
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changing the sign and adding 2(n — 3).
Next, for disjoint union, we use the identity

A x (B xg A% = B xg (A x A%(_l)(dim5+dim8)dimA

and apply it to A = M(L3%) xg+ M(S*;S7),AP= M(S™;S™) xgo M(S™; )]
S =S and B = M(LC3$ ™). The corresponding exponent is given by |S™|.|S™], as
desired. The case of multiple punctures is completely similar.

Finally, for gluing, we use the first identity to deduce that, if S_, = S}, = S,

BEZ xsEIZB+ Xs, M(S+; S—ly S—Z) Xs (M(SEy SEZ; Sg) XSE' BE') xSfl B—l
= B-olj-z xso, By xg, M(S+;5-1,5-2) xs_, B3 Xg (M(Sfl, SEZ; 89) Xgo BE)
(_1)|S—1I(ISE'1I+ISE'2I)
= B, xsy, By s, M(S4;S-5,51) %s_, By x5 (M(S5;, S55; S5) x50 BY)
(—1)IS-1HSl

In the last line, B4+ <5, M(S4+;S—2,S-1) %Xs_, B_; has by definition the same ori-
entation as BY,, therefore, the last line has the complex orientation up to sign
(—1)IS-1HS=2l This is the desired result, and the case of multiple punctures is again
completely similar. O

7.3 Generalized holomorphic maps

First, we need to determine whether the perturbed orbits yf; -are good or bad. This
is one of the reasons we chose to extend the Morse functions f using a positive
definite Hessian on the normal bundle of St.

Lemma 7.5. Under the assumptions of lemma 7.4, all perturbed Reeb orbits yf; are
good.

Proof. The orbit yf;-is bad if and only if k is even and pcz(yhr0) — Hez(YRo is
odd. By lemma 2.4, the last condition reads : (U(Szt9) — % dim Syr o+ indexy (for0)) —
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(M(StH) — %dim Sto+ index,(fro) is odd. But index,(foro) = index,(fro), since the
normal bundle to Syoin S,rodoes not contribute to the Morse index of foro Hence,
yrrois bad if and only if the non perturbed orbit p CSkrois bad. There are no such
orbits under the assumptions of lemma 7.4. O

Lemma 7.6. A coherent set of orientations on M, as in section 7.2, induces a co-
herent set of orientations for the moduli spaces with non-degenerate asymptotics by

WD) Xy - WG X2,
M (S),... 808y, ..., 8) s WA(pY) ... Xs— WE(pg)

S

multiplied with the sign (—1)>"*3", where

17 ) CE I
0t = (index(p;") +dimS")  [S]"] ,
i=1 j=1
S B S I |-
- = index(p;’) 1S;1 -
i=1 j=i+1

Proof. In order to make the transition from degenerate asymptotics in S;" to non-
degenerate asymptotics at critical point p;” [S]", we need to consider linear Cauchy-
Riemann operators on cylinders corresponding to the moduli space M(ypr; S;"). By
proposition 5.14, these operators are surjective and their kernel is given by WY(p;") 1
span(%, Ry). The second summand is canonically oriented by the complex orienta-
tion. Note that choosing an orientation for the first summand is equivalent to choosing
an orientation for the operator on a sphere with one negative puncture corresponding
to the asymptotics at p;. Choosing such an orientation is equivalent to extend step
1 of the construction of coherent orientations to non-degenerate asymptotics.

For negative asymptotics, we consider similarly M(Si_;ypi—). In this case, the corre-
sponding operator is surjective and its kernel is W*(p;") I_s—pan(%, Rq). This time, the
orientation must be chosen so that the orientation on M(S;y,) < M(y,;S) induces
the positive orientation on M(S;S) [CSI In other words, we choose the orientation
of W3(p) so that T,W*(p) CTJW"(p) LTJIS as oriented vector spaces. This is the
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convention we use in Morse theory.
Gluing those cylinders at the positive punctures, we obtain

W) xgp ... WU(ps.) %gr MTT(S[,...SL:S ..., S7)
= M(vpl,Sl)xsl ...lvl(yp;,si ) X2, M™(S;,...S%; ST, ..., SZ)
= M(Yp+:S1) X - M(Ype, ; S Xsz,
M™ (S5, Sy, .. St ST, s—_)(—l)ls;l(lISj*D
= M(Yps;S1) Xs+ .- M(ypS++ Sii_y) X

.
M (V- ,S¥. S5 _yiST, . s—_)(—1)lss+l< SosyD
= M(fo,sf) XSI— . M(yp:+ S+ 1) X S+_1
M™ (S}, ... S5 1 Yo+ i ST ,S)(— 1)(index(pg o+ )+dimS +)(__11IS )
vorSgrp Ypr 151

and we proceed similarly for the l’e;npaining punctures. The sign e finally obtain
corresponds to the exponent ;_, (index(p;")+dimS;") J:;l S;"| =293 as desired.
The case of negative punctures is completely similar. O




Chapter 8

Proof of the main theorems

8.1 Cylindrical homology

We now want to use the results of the previous chapters to prove theorem 1.9.

The Morse-Bott chain complex C2 s the graded vector space generated by the nonde-
generate periodic orbits yf;, in homotopy class a with grading p(Skr) — %dim Skt +
index(p) + n — 3.

On the other hand, the chain complex C 2 for cylindrical homology, with contact form
a,, generally contains additional generators, corresponding to closed Reeb orbits we
might have created as a result of the perturbation. We need to check that these
‘extra’ orbits do not contribute to cylindrical homology, so that we can compute it
using the Morse-Bott chain complex.

If a 8 0, the arguments of lemma 2.7 show that we can choose A > 0 su [ciehtly
small so that all ‘extra’ orbits have homotopy class very close to a large multiple of
a. Therefore, they are not contained in C 2,

If a =0, fix k 2t by lemma 2.7, we can choose A > 0 su [ciehtly small so that all
‘extra’ orbits have grading much larger than k. Hence the following part of the chain
complex

dichy di
cé, L ocd . C2,

92
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does not contain any ‘extra’ generator and does not involve any J-holomorphic cylin-
der converging to an ‘extra’ orbit, when t = 0.

If t 8 0, the multiplication by cohomological variables t can lower the grading of an
‘extra’ orbit. But there are only 2 types of t variables having negative grading : the
variable t, with grading —2, corresponding to the positive generator of H°(M, Q),
and the variables tj1 with grading —1, for j = 1,...,b;(M), corresponding to the
generators of H1(M, Q).

On one hand, note that the dilerkntial d does not involve variable ty, because no
non-constant holomorphic curve with a free marked point is rigid. Therefore, we
can simply omit variable t, from the coe Lcieht ring of cylindrical homology. Alter-
natively, since this variable cannot be destroyed by d, we can keep it and observe
that cylindrical homology with tg is just the tensor product of cylindrical homology
without ty and Q[to]. In particular, we see that this variable does not bring new
information.

On the other hand, the variables tjl are odd, hence each of them can appear at most
once in a non-vanishing product. Therefore, these variables can lower the degree of
an ‘extra’ orbit by at most b;(M). Then, we just need to choose A > 0 su [ciehtly
small so that the ‘extra’ orbits have grading much larger than k + b;(M).

From this we deduce that homology of the Morse-Bott chain complex in degree k
agrees with HF2(M, &). But since k was arbitrary, we deduce that homology of the
Morse-Bott chain complex is isomorphic to contact homology.

Next, we want to rewrite the di[erkential d for cylindrical homology with contact form
o, using moduli spaces of generalized J-holomorphic curves instead.

In order to do this, let us consider the moduli space Méf’ff’]k(yﬂ y ™) of Jx-holomorphic

cylinders, 0 < A < A, with the prescribed asymptotics. The restriction of this moduli
space to A = A is used to compute cylindrical homology with the perturbed contact
form a,, and almost complex structure J,,. On the other hand, by the results of the
previous chapters, the compactification of this moduli space at A = 0 is given by the
moduli space of generalized holomorphic cylinders WU(y*) xs M (S; S xsoWs(y™)
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with the same asymptotics.
(0,Ad]
0,1,1,s°

ponents at A (D, A), if holomorphic cylinders split in several cylinders, with at

In general, the moduli space M (y*;y~) can have additional boundary com-
least one cylinder of index 0. But if we choose A > 0 su Lciehtly small, the gluing
estimates of section 5.3 show that the linearized Cauchy-Riemann operators will be
surjective (after stabilization at A = 0) and this cannot happen. Therefore, we obtain
a cobordism between the moduli spaces at A =0 and A = A,.

We deduce that the algebraic number of elements in

ME2L (v yT) Xm 8. X 8

agrees with the algebraic number of elements in

WU(Y*) xs MTT(S: S xgoWS(y™) Xy 8... Xy 6.

Hence, the dilerkntial d can be computed in terms of the Morse-Bott data.

In order to facilitate practical computations, it is convenient to consider separately
the moduli spaces of Jx-holomorphic cylinders converging to critical points p and q
of fr in the same orbit space S and with no marked points.

In that case, we obtain for A — 0 the moduli space

WU (p) xs M 1 o(S; S) xs W3(q) = W"(p) n WE(q)

of gradient trajectories of the Morse function f+ on S, joining critical points p and
g. Hence, the contribution of these trajectories to the dilerkntial d is exactly the
Morse-Witten di Lerential 0 of the Morse functions fy.

Therefore, the diLerkntial d for cylindrical homology can be expressed as

 —
dp=0p+  NgQ
q
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where nq is the sum over s° of the polynomials in t given by the 0-dimensional part
of the fibered products

] . 1 _ _
WU(p) xs M ; (S; S xsoW3(q) Xm  *wm 8... %y /R

fors®=0,1,2,... ands°820if S =S¢

8.2 Contact homology

We now generalize the arguments of the previous section to compute contact homology
and prove theorem 1.8.

The Morse-Bott chain complex Cjs the free supercommutative algebra with unit
generated by the critical points p of all Morse functions f, or equivalently by the
nondegenerate periodic orbits y;, with grading u(SkT)—% dim Syt +index(p)+n—3.

On the other hand, the chain complex CEfor contact homology, with contact form
a,, generally contains additional generators, corresponding to closed Reeb orbits we
might have created as a result of the perturbation. We need to check that these
‘extra’ orbits do not contribute to contact homology, so that we can compute it using
the Morse-Bott chain complex.

As in the previous section, we consider the chain complex at a fixed degree k [Z.
By lemma 2.7, we can choose A > 0 small to make the grading of the ‘extra’ orbits
much larger than k.

This grading can be lowered by some of the t variables, and we can handle them as
before : the variable t, contains no information, so we can omit it or include it using
a slightly more refined argument as in the last section. The variables t; contribute to
a bounded shift only.

However, the grading of the ‘extra’ orbits can also be lowered by multiplication with
closed Reeb orbits with negative grading. Let y be an ‘extra’ orbit, with grading |y]|
and action T, both very large, and assume that the product yy; ...y, has grading less
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or equal than k + 1. Note that the grading of closed Reeb orbits is bounded below
by —%(dim M + 1), hence | is bounded below by a multiple of |y|. Since the action
spectrum is bounded away from zero and |y| > 5T, the total action of the product
YY1 ...V is bounded below by (1 + DT, where 0 < [X 1 is a constant independent
of A>0.

Hence, the action of each term in d(yy:...y)) is bounded below by [1. Let us
introduce some notation

Ch = {x CahAN(X) < 0},
zL, = {x ddx =0},

B = {x CC}x =dy for somey [Cl},
Z[,
Brn Cl

HE, =

and analogous definitions for the chain complex CE;
Then the above conclusions can be reformulated as H.T, = H[, for C% k. On the
other hand, note that

H?:,: {x CHC(M, ) | x has a representative in Cg} = HCKM, ay).

In particular, it follows that IEIOHE = HCHM,&). We would like to deduce from
this that the homology of the Morse-Bott chain complex is isomorphic to contact
homology, but we have to decrease A > 0 in order to increase T, and the action
filtering is not invariant under a general change of contact form for &.

Note that we can assume fr > 0, after adding a large positive constant, that does not
change the gradient dynamics. In particular, if 0 < A< A, then 1 + A < 1+ Afr.
Hence, there exists a smooth function

g [0, 1] %M = R:(t,p) - gn(p)



8.2. CONTACT HOMOLOGY 97

such that gi, = 1+ Af7 if t =0, g{, = 1+ Afr if t = 1 and 2%, > 0.
According to [5], the symplectic cobordism ([0, 1] < M, d(gi,)) induces an isomor-
phism @xon : HCAM, ) - HCH{M, a9 by counting holomorphic curves in the
completed cobordism. Since d(g;,0) = 0 on holomorphic curves, it follows that
An(X) = An(a (X)), for all x CTHM, o).

Hence, gax(HC{M, ax)) CHIC{M, a,). In particular, we can conclude that the
homology of the Morse-Bott chain complex coincides with contact homology, as a
vector space.

It is easy to check that the product structure is recovered as well : note that if

X,y AL, then xy [CC2T. Hence, it follows that the isomorphism between H-and

HC [ preserves the product of elements in H2.

Next, we rewrite the dilerential d for contact homology with contact form a, using
moduli spaces of generalized J-holomorphic curves instead.

As in the previous section, we use the moduli space MS} k(Y™ v, ... ,y7) of Ja-
holomorphic curves, 0 < A < Aq, with the prescribed topology and asymptotics. For
Ao > 0 su Lciehtly small, this is a cobordism between the moduli spaces

Mo1rk(Y YL - Yr)
at A = A\g and
W (p) xs M™(S;Sy,...,Ss) x5, WS(p1) ... xs, W3(ps)

at A=0.

As before, we consider separately the holomorphic cylinders without marked points
and with asymptotics in the same orbit space. Their contribution to d is the Morse-
Witten di Lerkential 0 for the Morse function f+.

By the graded Leibniz rule, the dilerkntial d for contact homology is characterized
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by its value on a critical point p St it is given by

I:I p!Ll is
dp=0p+  Ngp it re
ip! ig!
where we sum over all unordered monomials pi* ...pls and NG,,... i)t IS the sum over
s? of the polynomials in t given by the 0-dimensional part of the fibered product

= L1 _ _
(—1)> WY(p) xs MT(S;Sy,...,Ss) x5, WS(p1) ... xs, W3(ps) >xm 0... %y 6/R

fors®=0,1,2,... ands°E0ifs=1and S = S;.



Chapter 9

Examples

9.1 Case of a circle bundle

Let (M, w) be a compact symplectic manifold of dimension 2n — 2, and assume that
[0] CH?(M, Z). Let: L — M be the complex line bundle over M with c¢;(L) = [w].

For any choice of hermitian metric on L, the unit circle bundle m : V - M is a
contact manifold. A contact form is obtained by choosing a connection form ia on
V so that %da = n'd. For such a choice of a, the Reeb field Ry is tangent to the
S* fibers of V. Therefore, every Reeb orbit is closed, and the space of Reeb orbits in
every multiplicity k = 1,2, ... is naturally identified with M.

The symplectization of (V, a) is, as a manifold, the line bundle L with its zero section
removed; we will denote it by LY An almost complex structure Jon & = kera
compatible with da induces an almost complex structure M on M compatible with
. The extension J of J on L5is compatible with the standard complex structure on
the fibers of L.

Let Ay,..., A, be a basis of HXM). Pick a basis of HYV ) of the form A , ...,

A o A .., Awhere the elements A, ... ,m"A;  span T M). Introduce
variables t;,, ..., t ti,...,ts corresponding to these basis elements of HV), and
introduce variables px; and qx; (i =1,...,r) corresponding to the basis elements of

99
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H M), for every positive integer k.

Let B1,...,By be a basis of Hy(M, Z), so that w(;) = ... = w(By) = 0and | =
®w(B1) > 0. Introduce variables z4, ... ,z, corresponding to these basis elements. Let
Zi (i=2,...,u) be the variable corresponding to the image of (3; in H,(L) under the
inclusion of M into L as the zero section. Those homology classes generate exactly
H,(V)/R.

The grading of these variables is defined as follows :

|ti| = deg(Ai) — 2, |G| = deg(AyY — 2,
IPk,il = deg(Ai) —2 — 27K, [gik| = deg(Ai) — 2 + 25k,
|Zi] = —2[ci(TM), B; L]

where ¢ = [c](T M), B;[INote that this grading is fractional if | 8 1, because in that
case H;(L5'contains torsion elements.

The grading of variables g; x coincides with the grading of contact homology. Indeed,
a tubular neighborhood of the closed orbit of multiplicity | above p [CM has the form
U x S*, where U is a neighborhood of p in M. With the product framing, the Maslov
index vanishes. On the other hand, in order to obtain a capping disk for that orbit,
consider a sphere C homologous to 3; passing through p. The disk is realized by a
section of L over C with a zero of order | at p and no pole. The Maslov index in that
trivialization will be 2c, so we obtain %k for an orbit of multiplicity k.

Define

| ) A | ]

u= 4+ 0O (A pie'* + e
j=1 i=1 k=1
where [k an odd variable, m—s the integration along the fiber of V, px = ;.: Pr.i\i
|:| =1 ,
and qx = i=1 Ui,i;.

Let

_ L P Ji 1 ,di _
F(v,z) = mil”m...,v@md

d n=0

be the Gromov-Witten potential (for genus 0) of (M, w).
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Proposition 9.1. Let (M, w) be a symplectic manifold with [0] CH?(M, Z) and sat-
isfying ¢;(TM) = t[w] for some T [CR. Assume that M admits a perfect Morse
function and that only one of the t variables is nonzero and has odd parity. Then
contact homology HC{V, &) is the homology of the chain complex generated by in-
finitely many copies of H{M, R), with degree shifts 2tk — 2, k = 1,2,... and with
di Cerkntial d, given by

S—T )
qu,l = k (g )Ij—H(pl q1t1 t1z)|p=0
i=1 0Pk j

where 1

L]
~ 1 _ :
= Fa—ilE (L)X

]
and where Jij = m JAY IIIJ-.
Recall that the e[edt of integrating with respect to an odd variable [is to pick the
coe [cieht B of [in the integrand A + B[]

Proof. First observe that ¢;(§) = p'ei(TM) = tp'd = 0. Next, since M admits
a perfect Morse function, the chain complex for contact homology involves directly
homology of the orbit spaces, all di Ledmorphic to M.

Since the projection p is holomorphic, it is clear that holomorphic curves in L™are
equivalent to the data of a closed holomorphic sphere C in M, with a holomorphic
section of L over C. The zeroes and poles of that section correspond to the positive
and negative punctures in L tespectively, and their multiplicities match.

Note that, once the position and multiplicities of zeroes and poles of a section have
been chosen, the only remaining degree of freedom is the phase of the section. Then,
pulling back a single class E,'to the moduli space amounts to fix the phase of the
section, and then require an extra constraint at that marked point, corresponding to
the class Ay

After the phase is fixed, by proposition 6.6, the virtual neighborhood of level 1 holo-
morphic curves in L™is isomorphic to an open set in the virtual neighborhood of
holomorphic spheres in M. Hence, we can compactify the moduli space of holo-
morphic curves in L5by adding strata of codimension at least 2, the result being



102 CHAPTER 9. EXAMPLES

isomorphic to the virtual cycle of holomorphic spheres in M. This explains the rela-
tionship between d and F.

Moreover, generalized holomorphic curves (including pieces of gradient flow trajecto-
ries between several components) do not contribute to the dilerential, because the
unique t variable can kill the S* degree of freedom for only one component of the
generalized holomorphic curve. Therefore, the dilerential of the Morse-Bott chain
complex is given by the above formula. ]

9.2 Standard 3-sphere

We can apply the results of the previous section to compute explicitly contact homol-
ogy of the standard contact 3-sphere. In this case, the base M is CP!, and we obtain
variables qx o and qx 1 (K =1,2,...) corresponding to the generators of H°(CP!) and
H2(CP?') respectively. It is convenient to reindex these variables in the following
way : 1 1

Qi = G, and P2i = DPio,

Goi—-1 = Gi0» P2i-1 = Piz-

Proposition 9.2. Contact homology HC{S3, &) of the standard contact 3-sphere
is isomorphic to the free supercommutative algebra with unit generated by ty and g;,
(1=2,3,...), where |tg] = —2 and |q;| = 2i.

Proof. In this case, M = CP! with its standard Kahler structure. Its Gromov-Witten
potential is given by

>

,

|

1
F(v,z) = Evgvl +z

=

n=0
where vo generates HO(CP 1), v, generates H2(CP!) and z generates H,(CP 1) so that
w(z) = 1. Using proposition 9.1, we obtain

1, - F—1 _E I 1 .
H = Etot +1 P2if2i—1 + T ] P2i+102j; - - - U2j, + O(P7)

i=1 n=0 o =i

where t is the variable corresponding to the volume form on S3. From this we deduce
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the formula for the di[Cerkntial :
dozi = ittpis

and

o
dogi+g = (I + D)t

11 1
q2j1 q2jn'

1
T

!
n=0 1= 1=i

Claim 1. Every expression containing a t factor is exact.

Let us prove this by induction on the largest index of the q present in the expression,
and on the exponent of that variable. First note that tok = ﬁd(q'l‘”). Then, let us
assume that the expression has the form tqXF, where F involves only variables t, and
qi (i =1,...,n—1). By the induction hypothesis, tF has a primitive B involving

variables to and g; (i=1,...,n—1) only as well. We have
d(a5B) = tg5F + kay*dgnB.
Since dg, is an expression containing only variables with index lower than n, by the

induction hypothesis kqk~1dg,B is exact.

Claim 2. For every monomial g (n = 2), there exists an expression C containing
only variables t; and ¢; (i=1,...,n—1) and g, up to power k — 1, such that gk + C
is closed.

Such a C would have to satisfy
dC = —kgX tdgp.

But since dg, contains a factor t, the right hand size is exact and we can find a
solution C.

Note that the above claim is not true for n = 1, since dgq; = t. Moreover, an expression
without a t factor cannot be exact. The proposition now clearly follows. O
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9.3 Brieskorn spheres

We now turn to a more general example involving the Brieskorn spheres. Let V (a) =
V(ag,...,an) ={(0,...,2zn) CAM|z5+ ...+ 2% =0} and Z(a) =V (a) n S**1.

Theorem 9.3. (Brieskorn) When n =2m + 1 and p = £1(mod 8), ag = p,a; =
2,...,a, =2, then () is di Ledmorphic to S*M*1,

On C™, consider the 1-form ap = § L;t”_olaj (zjdz; — zjdz;). Its restriction to >(a)
is a contact form, with Reeb field Ry, = 4i(;—g, e ,g—:). Denote the corresponding
contact structure by &,. These are distinguished by contact homology. This result is
originally due to Ustilovsky [35], and was proved by perturbing contact form oy in
order to have non-degenerate closed Reeb orbits.

Note that the quotient of S?"** 3 C"*! by the flow of Rg, is a weighted projective
space CP, i.e. an orbifold. The quotient of Z(a) = S?"! by this Reeb flow is the
zero locus of the polynomial z§ +z2 +...+z2 in CPJ, i.e. a complete intersection in
a toric orbifold. Z(a) is a principal circle orbi-bundle over this orbifold.

Theorem 9.4. (Ustilovsky) Under the assumptions of theorem 9.3, the contact
homology for cylindrical curves HF(Z, ;) = Q% where

—
[ if k is odd or k < 2n — 4,

C = %iszzﬁ%az(l\l +1)(n—2), for N CZIN =1,2N + 1 [ F,

otherwise.

Here, we will prove this theorem using the contact form o, and the Morse-Bott
formalism, instead of perturbing a, to obtain nondegenerate Reeb orbits.

Let us first study the periodic orbits of Ry, and their Maslov indices. The Reeb flow
is given by

de(20, . .. 1 Zn) = (1YPzy, €52y, ..., %Z,).

Hence, all Reeb orbits are periodic, and there are 2 values of the action for simple
orbits :
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(i) Action =1 (when zg = 0).
In that case, the orbit space is

Sn={[21,... ,Zn] |:C|Pn_1|Z%+.__+ZI?]:0}’

i.e. the nondegenerate quadric Q,—, in CP"1,

Lemma 9.5. If n is odd, then H{Q,—,) CHHCP"?).

Proof. Note that Q,—, is the Grassmannian of oriented 2-planes in R". Indeed,
the manifold N, = {(z1,...,z,) CQ"|z? +...,z2 = 0} is the unit tangent
bundle of the sphere S"™1, and the Reeb flow coincides with the geodesic flow
on S"~1. The computation of the homology is then standard and gives, for n
odd, the announced result. O

Let us compute the Maslov index of these periodic orbits. The linearized Reeb
flow splits into the tangential and normal bundles to S;;. For the tangential
part, the linearized flow is e?*l,_, for 0 < t < m, so we obtain contribution
2(n — 2)N, where N is the multiplicity of the orbit, and for the normal part,
the linearized flow is just multiplication by e*“P, so we obtain contribution
1+ 2I‘%NL [ IHence, the Maslov index is :

p:2N(n—2)+1+2I£,p!IZI

(i) Action = pmt (when zy 8 0).
In that case, the orbit space incorporates the p-covered orbits of case (i) as a
singularity with group Z,.

Lemma 9.6. Sy, is homeomorphic to CP".

Proof. We follow the arguments of [33]. Consider the projection ¢ : 2(a) -

Sl (zo,...,2Z0) - ﬁm Clearly, this map is surjective, and equivari-

ant with respect to the Reeb flow on 2(a) and multiplication by a phase on
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S2n~1 Moreover, any two points in =(a) projecting to the same point in S2"~1
lie on the same Reeb orbit. Hence, the orbit spaces are homeomorphic. But the
one of S2"1 is clearly CP"1, O

The Maslov index is very easy to compute, since the Reeb flow is now completely
periodic. For the tangential part to S;;, we obtain p times the previous result,
and for the normal part, we obtain 2 (one complete turn). Hence

H=2N((n—2)p +2).

Proof of Theorem 9.4. Note that all holomorphic cylinders come in S* families, since
they can be pushed along the Reeb field. Therefore, the di Lerential coincides with the
Morse-Witten di [erential of the orbit spaces. Hence, cylindrical homology is just the
direct sum of the homology of all orbit spaces, with the appropriate degree shiftings.

The grading corresponding to the homology classes in Syy, for N Y pZ, is given by :
2N(n—2)+2|£,pllj-2k k=0,...n—2,

Hence, we obtain one generator in each even degree, starting at degree 2n — 4 corre-
sponding to N = 1 and k = 0. Moreover, there is an overlap between N (k = n —2)
and N +1(k=0) at

2(N+1)(n—2) +2I£pﬁ[l

when the integral part of % does not jump between N and N + 1. We get exactly
two generators for these degrees. However, there will be a jump when N +1 [pF
or 2N + 1 [pE. In the first case, N +1 = mp, and we actually have to use the
generators of case (ii) above. The degrees of the generators corresponding to the
homology classes in Sy, are given by

2mp(n —2) +4m — 2 + 2k k=0,...,n—1.
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For N =mp—1and k = n— 2, we obtain a generator in degree
2(mp—1)(n—2) +2(2m —1).
But the generator for mp and k = 0 has degree
2mp(n —2) +4m —2—2(n — 2).

So we still have 2 generators in that degree, despite the jump. However, when 2N+1 []
pZ, there is nothing to compensate for the jump, and we do not have an overlap.
Therefore, we obtain exactly the ranks given in theorem 9.4. O

9.4 Unit cotangent bundle of torus

Let M = ST " be the unit cotangent bundle of T", with respect to the standard flat
metric. M is equipped with a natural contact form a, which is obtained by restricting
the Liouville 1-form 6 = ;_, pidgi; on M.

The Reeb flow on M coincides with the geodesic flow on T", so we obtain closed Reeb
orbits when the coordinates p; (i = 1,...,n) are rationally dependent 2 by 2. Each
connected component of I}IJ_Q?rresponds to a nonzero element a = (a,...,a,) [
m(T") =2Z", where T = a?+...+a2 = [al,and is a copy of the torus T".

The symplectization of M is isomorphic to T “F" minus its zero section.Ewe szmplec-
tic form is the standard w = ., dp; [dd; if we substitute et =r = _, P We
can equip the symplectization with almost complex structure J, preserving &, defined

by J a% = %6%. Note that this almost complex structure is not integrable.

The linearized Reeb flow along a periodic Reeb orbit is given, in the g;, p; coordinates,
by T —

|t
YO= o
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Therefore, all the periodic orbits have Maslov index ”T_l since we have to restrict
ourselves to the unit cotangent bundle. Subtracting half the dimension of the orbit
space and adding n — 3, we get grading n — 3.

Since there are no contractible periodic orbits, cylindrical homology is well defined,
and we can even restrict ourselves to a fixed homotopy class a of closed Reeb orbits.
On the other hand, holomorphic cylinders have zero energy, since the period of a
Reeb orbit depends only on its homotopy class. Hence, all holomorphic cylinders
are vertical cylinders over a Reeb orbit. Therefore, the dilerential d of our chain
complex coincides exactly with the Morse-Witten complex of the orbit space T" 1 in
homotopy class a. Gathering our results, we have shown

Proposition 9.7. Cylindrical homology HF2(ST 7", €) in homotopy class a is iso-
morphic to the standard homology Hzn—3(T"™1) of T"2, shifted by degree n — 3.

As a corollary of this result, we can reprove a theorem originally due to Giroux [10].
On T3, let o = cos2mkz dx + sin2mkz dy and denote the corresponding contact
structure by &. Then &, is the contact structure considered above, when n = 2. The
contact structure & is obtained from &, by a k-fold covering of T3.

Corollary 9.8. (Giroux) Contact structures & on T2 are pairwise non isomorphic.

Proof. The computation of HF3(T3, ) is analogous to the above computation, ex-
cept that we now have k copies of the orbit space S* in homotopy class a. Therefore,
cylindrical homology is the direct sum of k copies of H=(S?!). In particular, we
obtain di Lerent results for di Lerent values of k. ]

The proof of corollary 9.8 using cylindrical homology was already mentioned in [5],
but its proof relies on the techniques developed in this thesis.

9.5 Unit cotangent bundle of Klein bottle

This last example is a little more exotic. It will turn out that theorem 1.9 does not
apply to this case. However, we will see that our Morse-Bott techniques still allow us
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to compute cylindrical homology without working out an explicit perturbation of the
contact form.

As in our previous example, the contact form is the Liouville 1-form restricted to the
cotangent bundle of K2. The Reeb flow on ST "K? coincides with the geodesic flow.
We choose of course to work with the flat metric of K2,

We see the Klein bottle K? as the quotient of R? under the discrete group generated
by (X,y) - (x+1,1—y) and (X,y) - (Xx,y +1). The homotopy class a = (ai, a,) of
loops in K? contains the projection of the line y = 22x in R?.

Let us determine the orbit spaces in homotopy class (a;, @) :

(i) a; 80, a, odd.
There are no periodic orbits, because the projection of the liney = g—ix to K?2
closes with an angle.

(i) a; B0, a, even.
This time, the projection of the liney = :—ix to K2 closes smoothly. Therefore,
the closed orbits foliate a torus, and the orbit space is S*.

(iii) a; =0, a, odd.
The projection of the line y = y, to K? is closed if and only if y, |:§z.
Therefore, there are exactly 2 closed orbits.

(iv) a; =0, a, 80 even.
This time, the projection of the line y =y, is always closed. Therefore, the
closed orbits foliate K2, and the orbit space is a closed interval. The endpoints
are ap-covers of the 2 simple orbits in homotopy class (0, 1).

As in the previous example, Eh% period of a closed Reeb orbit in homotopy class
a=(a,ay) isgivenby T = a?+ as.

When aj, is even, the Reeb dynamics are identical to the case of ST "2, therefore the
corresponding closed Reeb orbits have grading n —3 = —1.
When a; = 0 and a; is odd, the pull-back of the contact distribution to a closed Reeb
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orbit is not trivial. Therefore, we have to trivialize & along a double cover of that
orbit and use fractional grading as explained in [5].

On the other hand, for a; = 0, a, B 0 even, the submanifold Nt is not orientable,
so lemma 7.5 does not apply and we have to check for bad orbits. Use a Morse
function fr on the closed interval with 2 minima at the endpoints and a maximum
in the middle. Clearly, the perturbed Reeb orbits at the maximum is good, because
its index is independent of the multiplicity.

Claim. The perturbed Reeb orbits corresponding to the endpoints are bad.

Consider a linear Cauchy-Riemann operator on a rank 2 vector bundle E over a 1-
punctured sphere, with the asymptotics of those perturbed Reeb orbits. Since the
asymptotics of that operator will be invariant under rotation, we can choose the linear
operator to be invariant under rotation as well. The change of trivialization of such
a double Reeb orbit corresponds to a Z, action on E : (z,X1,X2) - (—z, =Xy, —X2).
Clearly, (z,X1,X2) - (—z,X1,X2) induces the identity on the kernel and cokernel,
because that induced map is homotopic to the identity via (z, X1, X2) — (eiez, X1, X2),
0<sf=m

On the other hand, (z, X1, X2) - (z, —X1, —Xy) clearly induces —I on the kernel and
cokernel. Since the index of the Cauchy-Riemann operator is odd (it is —1, see
above), this action reverses the orientation of the determinant line. Therefore, the
corresponding perturbed Reeb orbits are bad.

Summing up, we have

Proposition 9.9. Cylindrical homology HF3(ST "K?, &) = Q°, where the non-zero
ranks cy are given by

1
%1 =1c=1 ifa; 80,a, even,

%1 =2 if a; =0,a, odd,
=1 if a; =0,a, 80 even.
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Applications

10.1 Invariant contact structures

Lutz [22] studied contact structures that are invariant under the action of a Lie
group G. In particular, he obtained a general construction method for Tk-invariant
contact structures on manifolds Tk x B**! such that B admits a knotted fibration
B\> . Sk,

Definition 10.1. A knotted fibration along the knot N, over the sphere Sk™2, is a
triplet (E, m, N) such that

(i) E is a connected, compact, orientable manifold.
(ii) N is either empty or a closed submanifold of codimension k in E.
(iii) m: E\N - S* is a locally trivial fibration.

(iv) If N is non-empty, there is an open neighborhood W of N and a di [edmorphism
h: N x DK —. W such that h(z,0) = z and the following diagram commutes :

_h

k
N x (DX\{0}) —— W \N
| ]
p2
DX\ {0} — Sk
n

111
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where p, is the projection on the second factor and n is the normalization map.

A knotted fibration can also be described by certain maps ¢ : E — RK. The corre-
spondence is given by N = ¢~%(0) and m = n © ¢.
The existence result for invariant contact structures can be stated as follows.

Proposition 10.2. (Lutz) Let M = Tk x B**1, where B is a closed, orientable
manifold. Let (B,m, %) be a knotted fibration over Sk=%. Then there exists a Tk-
invariant contact structure on M, corresponding to the given knotted fibration.

We now describe the contact structure corresponding to a knotted fibration given by
amap ¢ : B - R, following Lutz [22].
We construct a contact form a on M of the form

1
a=  ¢;idé; +p;B

i=1
where (84, ... ,8) are the coordinateson T* and p, : M - B is the natural projection.
The 1-form 3 on B is obtained as follows. In a small open neighborhood W of = [CBI
pick a closed 1-form o such that By [Cdd, 1. [Cddy > 0.
Choose trivialization charts U; < F for m: B\ Z - Sk™1 such that the open sets U;
cover SK~1, On the Riemann surface with boundary F, choose a symplectic form w
and a primitive q;. IL%gf be a partition of unity on SK~! with respect to covering
Uj. We define B; = ; g;0;.
Let f : R™ - R be a smooth decreasing function such that f(t) = 1ift < EE'and
f(t) =0if t > [JLet g : R* -~ R be a smooth, C! small, decreasing function with
support slightly larger than f~1(1) and lim;_ 9%‘) =0.
Then, we define B = (f(LQIOH g(LPIIBo + (1 — F(LHIDIB,.
It turns out that the 1-form a is a contact form, for any such choice of 3. The
isomorphism class of the corresponding contact structure ¢ = ker a is independent of
the choices made in that construction.
In what follows, it will be convenient to multiply the function ¢ by a small positive
constant 0, in order to obtain simpler Reeb dynamics.
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10.2 Computation of cylindrical homology

We first want to find the closed Reeb orbits of the contact form constructed in the
previous section. Let p; : TK x B - TX be the natural projection. If y is a closed
Reeb orbit in M, then we define its reduced homotopy class to be the homotopy class

a=(ag,...,ax) of pi(y) in my(TX).

We will denote the connected components of 0F by o;F, j = 1,...,f. For each
component, we introduce a rotation number |; = 1(0;F) : there are 2 natural triv-
lalizations of the tangent bundle along 0;F. The first one is the fixed trivialization
of that closed Reeb orbit, coming from a capping disk or a homotopy to a represen-
tative with fixed trivialization. The second one corresponds to the basis formed by
the vectors -, i = 1,... ,k, followed by the vectors J %, i = 1,... k. The second
trivialization is related to the first one by a loop of unitary matrices. We define [; to

be the corresponding element in 11, (U (k)) = Z.

Lemma 10.3. The closed Reeb orbits in the reduced homotopy class a = (ay, ... , ax)
lie all on the fibre Fz = n_l(%%; there are 2 families of orbit spaces :

(i) in the jth connected component of £~!(1), orbit spaces S; = T with u(S{;) —
sdimsSf; =2il, fori=1,2,... andj=1,...,f.

(i) in £71(0), orbit spaces S2 = T*~* with u(S3) — 3 dimS2 = index(p) — 1, for
each critical point p of [QIZJon Fs.

Proof. First note that the Reeb field satisfies dp(Ry) = 0 everywhere. Otherwise,
I(Rq)da would contain some terms in d6 that cannot be canceled. Therefore, the
Reeb field has the form

Ry = Ci— +cX
’ i=1 '06;

where X is tangent to the level curves of [¢Idn each fiber F.
Hence, in £71(0), we can choose X to be the Hamiltonian vector field on F of the
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function [@IZwith respect to the symplectic form . gida;. We then have

1 I | I 1
IRyda = —  cd; +1(X)  gidoj +c¢  a;(X)dg;

i=1 i i

1 L 1
= — cdpi +cd@PHc  o;(X)dgi.
i=1 i

1 _
Therefore, we deduce that ¢; = 2c(¢i+ ; q (X)%)' The value of ¢ is then computed

using the condition a(Ry) = 1.

Note that ;_; ‘biaiei scales like 3 and X scales like 3. Hence, for 3 > 0 small enough,
the only closed orbits in reduced homotopy class a are obtained when X =0, i.e. at

critical points of [@I%Z] There, the Reeb field is given by Ry = 2¢ Ebia%i, SO we
must be in F3 to obtain an orbit in the reduced homotopy class a. These orbits foliate
the TX factor in M, hence form orbit spaces Tk,

The linearized Reeb flow splits in 2 summands : on the complex subspace generated

by the complementary of  :_, ‘Piaiei on the T factor, we obtain

1 1
l—1 0
[ PSS )

with a single crossing at t = 0 giving contribution % On TFg, if the Morse index
of p is 0 or 2, we obtain a rotation by a very small angle, positive for index 2 and
negative for index 0. Hence, we get contribution index(p) — 1. If the Morse index of
p is 1, the linearized flow is hyperbolic, giving contribution 0.

Next, we can always choose 6 > 0 small enough so that there are no closed Reeb
orbits when 0 < f([pID) k 1, for the same reason as above.

Finally, in £71(1), we can choose X so that Bo(X) = 1. Since By is closed, we have

S—
I(Ro)da =~ cidd; — cg{ [pId [
i=1

[m]

Therefore, we must have ¢; = —cgﬁﬂ?i. All integral curves of _C?i?:u i;:l(

Piaiei are
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closed in T*, and the period to attain reduced homotopy class a is diverging to +oo
as [@1 0. On the other hand, all integral curves of X on F are closed and their
period is bounded when [@I3. 0. Hence, in each connected component of f~1(1),
we obtain an orbit space S}lj = Tk when the ratio of the 2 periods is an integer
i =1,2,... This time, the linearized flow is given by

L1 L1
Ik O
the g

with a single crossing at t = 0 giving contribution g However, the trivialization we
used for this index computation does not necessarily agree with the fixed trivialization
of 0;F. Hence, we must add correction term 2l; to take this into account. O

Using the orbit spaces and the TX symmetry, we can now compute cylindrical homol-
ogy for a non-zero reduced homotopy class a.

Proposition 10.4. The cylindrical homology HF2(M, €) is isomorphic to

—1
(H=u(F) CHIn—a(TH ™) L@@ u;Q[uj]) CHn—3(TY))

j=1
where u; is a variable of degree 2I;.
Proof. First, let us find all holomorphic cylinders that are invariant under the T

action. Note that, in this case, we must have 3(s,t) = i;=1 aia%i. Therefore, we
have

ou ou
%(511:) - _Ja(s,t)
—"
= =J aiﬁ
i=1 !
= —=J (%Ra —X)
= }2 + JX.

cot
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Moreover, we have da(X,JX) = I%ﬁIO(i(X,JX) = d[pIr2ZQWX) = 0. Therefore,
JX is a gradient-like vector field for [gIl2]and counting its trajectories [26] gives the
Morse-Witten di Lerkntial for the homology of F.

Note that the linearized Cauchy-Riemann operator at these holomorphic cylinders is
invariant under t - t+c, and if > 0 is small, it depends very slowly on s. Hence,
using the arguments of proposition 5.14, this operator is surjective. Therefore, these
holomorphic cylinders are generic and isolated elements in the set of all holomorphic
cylinders.

Therefore, if there are holomorphic cylinders that are not invariant under the TK
action, then TK acts freely on their virtual neighborhood. Their index is given by
k — 1+ Aindex — 1, which is strictly less than k for Morse index di [erence 1. Hence,
by proposition 6.6, these cylinders do not contribute to the di [erential d. For a Morse
index di Lerence of 2, it is not possible to obtain a rigid cylinder using the evaluation
maps ev*.

On the other hand, there are no rigid cylinders joining two orbits in the orbit spaces
S2, since their gradings diled by at least 2. Indeed, the index of such cylinders is
then at least k +2— 1, and the use of evaluation maps ev* can reduce this dimension
by k only. Hence, the dilerential of cylindrical homology coincides with the Morse-
Witten di [erential of [ICdn Fj, for each generator of HT %), and we obtain the
announced result. ]

10.3 Contact structures on T2 x S3

In this section, we consider T2-invariant contact structures &,, on T2 x S3, corre-
sponding to the knotted fibrations given by

$:S° [Ct - C:(z1,25) - 20 + 2]

where the integers p,q = 2 are relatively prime. Such a function clearly defines a
knotted fibration, by standard results on singularities of complex hypersurfaces [27].

Classical methods cannot distinguish this infinite family of contact structures.
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Proposition 10.5. The formal homotopy class of &, is trivial, for all p,q = 2
relatively prime.

Proof. We can equip &4 with a T?-invariant CR structure J. Therefore, the com-
plex vector bundle (§,4,J) is the pull-back of a complex vector bundle over S3.
These bundles are classified by the homotopy class of their clutching function, that
is M,(U(2)) = 0. Therefore, the complex bundle is trivial and the formal homotopy
class of &, 4 is the reduction of the structure group to the trivial group. Any two such
reductions are homotopic. ]

However, contact homology can distinguish infinitely many contact structures in this
family.

Corollary 10.6. There are infinitely many pairwise non-isomorphic contact struc-
tures on T2 x S2 in the trivial formal homotopy class.

Proof. Let us compute the genus g of F. Since F has exactly one boundary com-
ponent, corresponding to the single component of >, we have F 2, St Hence,
the genus of F can be computed using the Milnor number [27] : u = 2g. This num-
ber can be computed as the dimension of the vector space C[zl,zz]/(a%q), 0672‘1’) =

Clz1, 22)/(20 7", 28™). Hence, we obtain g = ®207D " Since HFA(T? x S8,&,,)
depends on this value, we obtain infinitely many di [erknt results. ]

10.4 Contact structures on T°

In this section, we consider T 2-invariant contact structures &, on T°. The contact
structure &; ; ; was constructed explicitly by Lutz [22]. It corresponds to the knotted
fibration given by ¢ : T3 - R? where

¢: = sinB;cos6z —sinB;sin b3,

b2

sin B sin 63 + sin 6, cos B3,
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and it admits the following invariant contact form :
o = ¢,d0, + $,dBs + sin 6, cos 6,d0; — sin B, cos B,d6, + cos B, cos B,dBs.

Then, we define &, ¢, for integers a,b,c = 1, as ﬂé%',cﬁl,l,l, where Tape 0 T® — T2
(91, Ce 95) - (a91, b92, 063, 94, 95)

Again, classical methods cannot distinguish this infinite family of contact structures.
Proposition 10.7. The formal homotopy class of &, is trivial, for all a,b,c = 1.

Proof. According to a result of Geiges [8], the formal homotopy class of a contact
structure in dimension 5 is determined by its first Chern class. Therefore, we just have
to show that c;(§11) = 0, because it will follow that ¢;(§apc) = nﬁyccl(ﬁl,m) = 0.
We rather compute ¢;(T(R x M),J) = ¢;({§ CC) = c1(&), where J is an almost
complex structure on the symplectization of M, compatible with the symplectic form
d(eta). An explicit choice of such a J is given by

0 0
J3g, = T
0 0
Joe. T Tk,

1 0
IX = iEE(EIf!—B(X)a.

The first two equations give two trivial summands in (T (R=<M), J). The last equation
shows that the last summand is isomorphic to (T T2, j), which is trivial as well. Hence
c, =0. OJ

However, contact homology can distinguish infinitely many contact structures in this
family.

Corollary 10.8. There are infinitely many pairwise non-isomorphic contact struc-
tures on T° in the trivial formal homotopy class.

Proof. Let us determine the homotopy type of the fibre F for the contact structure
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& 11. Since we have

1 CIT1 [
_ cosB; —sinB; sin 9,
sin;  cosB; sing,

it is clear that the projection T3 — T2 : (84,6,603) — (81,0,) induces a homeomor-
phism between F and T2\{(0, 0), (0, ), (m, 0), (1, m)}. Hence, F is a torus with 4 disks
removed. After the finite cover my ., the projection T3 - T2: (61,0,,03) — (61,0,)
induces a branched cover with 4ab completely branched points and ¢ branches. Hence,
there are 4ab components and the genus is given by the Riemann-Hurwitz formula :
2—2g =c.0—(c—1)4ab. Hence, g = 2ab(c — 1) + 1.

On the other hand, the natural trivialization along Z is simply given by (84, 8,). Since
the corresponding branch points have multiplicity ¢, we deduce that 1(0Z) = c.
Therefore, HFA(M, &,,,c) depends on ab and on c. O
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