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Outline of the 5 lectures

@ Statistical learning

@ Model selection for least-squares regression

© Linear estimator selection for least-squares regression
@ Resampling and model selection

@ Cross-validation and model/estimator selection
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Part I11

Linear estimator selection for least-squares

regression
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Outline

@ Linear estimators for regression

© Minimal penalties for linear estimators selection in regression

© Minimal penalties and calibration in the general framework

Model selection and estimator selection for statistical learning Sylvain Arlot



Linear estimators

Outline

@ Linear estimators for regression
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Linear estimators
000000

Linear estimators for regression

@ Definition: N
F =AY

with A deterministic (so, A can depend on X)
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Linear estimators
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Linear estimators for regression

@ Definition: N
F =AY

with A deterministic (so, A can depend on X)

@ Example: Least-squares estimator: A orthogonal projection
matrix

@ Example: “Regularized” estimator: A diagonalizable with
eigenvalues 1 >\ > --- > X, >0
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Linear estimators
000000

Linear estimators for regression

@ Definition:
F =AY

with A deterministic (so, A can depend on X)

@ Example: Least-squares estimator: A orthogonal projection
matrix

@ Example: “Regularized” estimator: A diagonalizable with
eigenvalues 1 >\ > --- > X, >0

@ Assumptions:

Al <1 or JJAl<B

tr(AT A) < tr(A)
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Linear estimators
(o] lelele]e]e]

Kernel ridge regression (1/2)

@ Idea: look for an estimator having a small empirical risk and a
small norm in some functional space F

e F C S the Reproducing Kernel Hilbert Space (RKHS)
associated with a positive-definite kernel kK : X x X — R

1 2 2
f Y — (X f
Eargmeljr;{ E ( (X)) + Xl IIf}

i=1

@ Representer theorem = Ja € R" such that
f= 27:1 aik(Xh )
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Linear estimators
[e]e] lelelele]

Kernel ridge regression (2/2)

S N~y Iy a2 2
f_Za,k(X,,)Eafgm'“{nZ;(Yl F(Xi)) +AHfo}

i=1

o Fixed design: F = ( (xi))1<i<n = K& with
)1<

K = (k(xi, xi)1<ij<n

i)

and
aeargmm{ 1Y — Ka]? —l—)\ozTKa}

E_

= K(K +n\l,) 1
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Linear estimators
[e]e] lelelele]

Kernel ridge regression (2/2)

o Fixed design: F = (f(xi))1<i<n = K@a with
K = (k(xi,xj))1<i,j<n and

1
& € arg min { Y = Ka|? + )\aTKa}
a€cR" n
=  F=K(K+nl,) 1ty

o If (ej)1<j<n orthonormal basis of eigenvectors of K (with
eigenvalues (K)1<j<n):

~

jos
o j
Fej =

/@j+n)\

&
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Linear estimators

[e]e]e] le]ele)
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Linear estimators
0000e00

k-nearest-neighbours estimator (k

A~
= = = Estimateur des 20—ppv
x
% Donnees
X X %
3k
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y x
x
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2 X X < x X
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Linear estimators
00000e0

k-nearest-neighbours estimator

Forallie {1,...,n},

~ 1
Fi= > Y

xje{ k—NN of x;}

1
- Z <k]1xj€{kNN of X,'}Yj>

1<<n
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Linear estimators
00000e0

k-nearest-neighbours estimator

Forallie {1,...,n},

~ 1
Fi=o > Y

x;€{ k—NN of x;}

1
= Z (kﬂxje{k—NN ofx,-}Yj>

=  F=AWKY
1

with  A(k)ij = ;]lxje{k—NN of x;}
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Linear estimators
000000e

Nadaraya-Watson estimator

Let K:X x X — [0,400) be some “kernel”.

.. K(x;i, x;
VI,J€{17...,H}, A(K)I’J:Z g( K(J)z XZ)
1<é<n b

F = AK)Y
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Linear estimators
000000e

Nadaraya-Watson estimator

Let K:X x X — [0,400) be some “kernel”.

.. K(X,',X')
Vi,je{l,...,n}, A(K),-,j:Z ) K(Jx- )
1<e<n K (Xi,

F=AK)Y

e Typically, K(x,y) = g(d(x,y)/h) for some distance d over
X, a bandwidth h > 0 and a non-increasing function
g : [0, +00) — [0, +00).
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Linear estimators
000000e

Nadaraya-Watson estimator

Let K:X x X — [0,400) be some “kernel”.

.. K(X,',X')
Vi,je{l,...,n}, A(K),-,j:Z ) K(Jx- )
1<e<n K (Xi,

e Typically, K(x,y) = g(d(x,y)/h) for some distance d over
X, a bandwidth h > 0 and a non-increasing function
g : [0, +00) — [0, +00).

o Gaussian kernel g(t) = exp(—t?).
o Window kernel g(t) = T4¢o,1]
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Linear estimators selection

Outline

© Minimal penalties for linear estimators selection in regression
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Linear estimators selection
000000000

Risk, empirical risk, ideal penalty

Y=F+e with E[e7] =07
Fn=AmY
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Linear estimators selection
000000000

Risk, empirical risk, ideal penalty

Y=F+e with E[e7] =07
Fn=AmY

1|~ 2 1 2tr(AL A,
o [ [ £ = e ¢ )

Model selection and estimator selection for statistical learning Sylvain Arlot



Linear estimators selection
000000000

Risk, empirical risk, ideal penalty

Y=F+e with E[e7] =07
Fmn=AnY

1~ 2 1 o?tr(Al Am

IE[HF,,,—FH } — LA = nF|2 4 ZErAnAn)
n n n

pen;q(m) = % (Ame, ) + % ((Am — In)F, €)

2
E[penid(m)]zw = C, (Mallows, 1973)

generalized degrees of freedom: tr(A,)
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Linear estimators selection
O@00000000

No dimension jump with a penalty o tr(A;,)
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Linear estimators selection
[e]e] lelelelele]e]e]

The minimal penalty is not proportional to

2.5

15

empirical error

0.5

00 200 400 600 800 1000

degrees of freedom (tr A)
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Linear estimators selection
[e]e]e] lelelele]e]e]

What is the minimal penalty?

1 1 ~ 2
pa(m) = 2 |Y = Fnl* = = | Y = P

1 2
= e, Ane) = S Amel = = (= An(ln — An)F)
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Linear estimators selection
[e]e]e] lelelele]e]e]

What is the minimal penalty?

1 1 ~ |2
pa(m) = 1Y = Fnll® = 2 ||Y = Fon

2 1 2
= (e, Ane) =~ [Anell” = = (e, An(ln — Am)F )
so that

0% (2tr(Am) — tr(ALAm))

penmin(m) =E [pz(m)] -

Model selection and estimator selection for statistical learning Sylvain Arlot



Linear estimators selection
[e]e]e] lelelele]e]e]

What is the minimal penalty?

1 1 ~ |2
pa(m) = 1Y = Fnll® = 2 ||Y = Fon

2 1 2
= (e, Ane) =~ [Anell” = = (e, An(ln — Am)F )
so that

o2 (2tr(Am) - tr(A;Am))

penmin(m) =K [pz(m)] =

_ T
Mmin(C) € arg min { 1 H y _ //_:mH2 N C (2tr(Am) tr(AmAm)) }
meM, | n n
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Linear estimators selection
[e]e]ele] lelele]le]e]

E[n || Y — Fnl?] + (2tr(Anm) — tr(ALAm))n ™!

N w b [éa) (o2 ~ oo}
T T
| |

E[empirical error + 0* pen min]

BN

o

0 200 400 600 800 1000
degrees of freedom (tr A)
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Linear estimators selection
[e]e]ele] lelele]le]e]

E[n || Y — Fnl?] + (2tr(An) — tr(ALAn))n !
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Linear estimators selection
[e]e]ele] lelele]le]e]

E[n || Y — Fnl?] + (2tr(An) — tr(ALAn))n !
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Linear estimators selection
[e]e]ele] lelele]le]e]

E[n || Y — Fnl?] + (2tr(An) — tr(ALAn))n !
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Linear estimators selection
[e]e]ele] lelele]le]e]

E[n || Y — Fnl?] + (2tr(An) — tr(ALAn))n !
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Linear estimators selection
[e]e]ele] lelele]le]e]

E[n || Y — Fnl?] + (2tr(Anm) — tr(ALAm))n ™!

E[empirical error + 2* pen min]

0 200 400 600 800 1000
degrees of freedom (tr A)
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Linear estimators selection
[e]e]ele]e] lelele]e]

“Dimension” jump (ridge regression)

——minimal penalty
—o—optimal penalty / 2
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Linear estimators selection
0000008000

Penalty calibration algorithm (A. & Bach 2009)

@ for every C > 0, compute

Y — Fm

H2 N C (2tr(Am) — tr(A;Am)) 1

" J

~ . 1
Mmin(C) € arg mrg/l\r)l {n

Q find Emin such that tr(Az  (c)) is “too large” when
C< Emin and “reasonably small” when C > Em;n,

@ select

~ . 1 ~ 2 2Amint Am
m € arg min {HY—FmH +Cr()}
meM, | n n
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Linear estimators selection
0O000000e00

Comparison with least-squares

@ Linear estimators:

o2 (2tr(Am) — tr(ALAm))
IV tr(Am);7

) B gtr(Am)
penin(m)  2tr(Ay) — tr(ALAR)

€ (1,2]
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Linear estimators selection
0O000000e00

Comparison with least-squares

@ Linear estimators:

o2 (2tr(Am) — tr(ALAm))

penmin(rn) = -
2 r
penopt(m) = J(Ztn(Am))
pe“opt(m) 2tr(Apm)
mln(m) 2tr(Am) — tr(A—nrqu) € (17 2]

o Least-squares case:

penopt(m)

Al Am = Anm
penmin(m)

=2 = Slope heuristics
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Linear estimators selection
00000000 e0

The k-nearest neighbours case
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Linear estimators selection
00000000 e0

The k-nearest neighbours case

1
Vi,jE{l,...,n}, Ai’je{07k}

. 1 n
vie{l,...,n}, Ai,i:E and ;A,-le
J:

= tr(A) = % =tr(ATA)

= pengpe = 2 penmin
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Linear estimators selection
O00000000e

Simulation study (ridge regression, choice of \)

T 3 —
3 _[ - --10-fold CV
A N Gev
% 2f<:‘:{'”{-1\1\':[\‘ —— min. penalty
g 1.5\\-\ "{:‘LL
(b} 1‘~i- i :'_:
= 1 '
@
o]
€ 05

L L L L
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Linear estimators selection
[ le]

Theorem (1): dimension jump (A. & Bach, 2009)

@ polynomial complexity: Card(M,) < Cypyn®
@ homoscedastic Gaussian noise, fixed design

e dmy, my € M, s.t. tr(Am,) > n/2, tr(Am,) < +/n and
Vie {1,2}, n7 (I — Am)F|I? < 02y/In(n)/n

Theorem (Minimal penalty; A. & Bach 2009)

With probability at least 1 — 8Cyqn—2, if n > no(),

vc<<1_La 'n(")>a2, tr (Ampn(C)) =

In(n)
VC > (1 = Lanl/4> 0'2 , tr(A’,ﬁmin(C)) S n3/4
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Linear estimators selection
o] ]

Theorem (2): oracle inequality (A. & Bach, 2009)

Additional assumption:

—~ 112
k>1, Yme M, , tr(Am)02§”"E[HF_F’"H }

Theorem (Oracle inequality; A. & Bach 2009)
Then, with probability at least 1 —8Cpan~2, si n > ng(a),

1 ~ 12 2Ctr(An
Vm € arg min {—HY—FmH —I-M} ,

meM

;F_fﬁ,H%(H“OR) inf {HF H}
In(n) ) meMm,
Jr36(,‘<;—|—Cv—|-2)|n(n)(7

n

1
n

v
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Minimal penalties

Outline

© Minimal penalties and calibration in the general framework
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Minimal penalties
[ ele}

Minimal penalties: general case

r/ﬁmin(c) € arg rg}a {'Dn’y (/S\m) + CpenO(m)}

@ risk burst for C < C*

min

@ oracle inequality for C > C*

min
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Minimal penalties
[ ele}

Minimal penalties: general case

r/ﬁmin(c) € arg rg}a {'Dn’y (/S\m) + CpenO(m)}

@ risk burst for C < C*.

min

@ oracle inequality for C > C*.

min

@ jump of some complexity C(c) around C = CJ.

@ pen.;, = Cx. peng with peny known (or can be estimated)
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Minimal penalties
[ ele}

Minimal penalties: general case

r/ﬁmin(c) € arg rg}a {'Dn’y (/S\m) + CpenO(m)}

@ risk burst for C < Cx..

e oracle inequality for C > CJ.

@ jump of some complexity Cz(c) around C = CJ.

@ pen.;, = Cx. peng with peny known (or can be estimated)
@ optimal oracle inequality when pen = pen,;

® pen,, known (that can be estimated) up to C*
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Minimal penalties
[ ele}

Minimal penalties: general case

r/ﬁmin(c) € arg rg}a {'Dn’y (/S\m) + CpenO(m)}

@ risk burst for C < Cx..

e oracle inequality for C > CJ.

@ jump of some complexity Cz(c) around C = CJ.

@ pen.;, = Cx. peng with peny known (or can be estimated)
@ optimal oracle inequality when pen = pen,;

® pen,, known (that can be estimated) up to C*

@ known relationship between C. and C*
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Minimal penalties
oeo

Calibration with minimal penalties

Inputs:  (peng(m)) perr,  (Peni(M))mert,  (Com)mem, f

e _ 1 _ 1
Assumptions:  peng = T PeNmin  PeN; = 7y PeNgp

@ for every C > 0, compute

Mmin(C) € arg min {Puy (5m) + Cpeng(m) }

Q find Emin such that C7, . () is “too large” when
C< an;n and “reasonably small”" when C > Em;n

@ select

m € arg min { Py (Sm) + f(Crin) Penl(m)}
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Minimal penalties
ooe

Known mathematical results

@ Concentration of py: minimum contrast estimators with
bounded contrast (Boucheron & Massart, 2010)
@ Burst of the risk if C < C*,

min*
e OLS, Gaussian noise, exponential complexity of M,, (Birgé &
Massart, 2007)
e OLS, Gaussian noise, medium range complexity of
M, and s* = 0 (Birgé & Massart, 2007)
o Density estimation, Dantzig estimator, special case (Bertin, Le
Pennec & Rivoirard, 2009)
o Estimation of intensity of a Poisson process by thresholding
(Reynaud-Bouret & Rivoirard, 2009), with C*/C*.. € [1,12]
@ Burst of the dimension if C < C. : OLS, Gaussian noise,
multiplicative penalties, polynomial or exponential complexity
of M, and s* = 0 (Baraud, Giraud & Huet, 2009)
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