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Chapter 2

WKB Solutions Near an Unstable
Equilibrium and Applications

In this chapter, we present some precise results concerning spectral and scattering
problems for the Schrodinger equation in the semi-classical regime, which we have
obtained in a series of papers [ALE 08, BON 07, BON II, BON]. As we can expect,
properties of the underlying classical system playa crucial role in this regime, and we
have studied the case where there exists one hyperbolic fixed point for the associated
Hamiltonian flow. This occurs, for example, when the potential has a local maximum.
Much is encoded in what we call a rnicrolocal Cauchy problem at the fixed point,
which we describe here in detail. In a physicist's language, the study of this microlocal
Cauchy problem is that of the n-dimensional tunneling effect at the hyperbolic fixed
point.

2.1. Introduction

In this chapter, we sum up different results obtained in a series of paper [BON 07,
BON II , BON, ALE 08] concerning spectral or scattering quantities attached to the
semi-classical Schrodinger operator on L2(IRn )

p = _h2~+V(x), [2.1]

Chapter written by Jean-Francois BONY, Setsuro FUJII:E, Thierry RAMOND and
Maher ZERZERI.
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Here, h is a small positive parameter, x = (Xl , X2, ... ,xn), ~ = (~1 , ~2, ... ,~n) and
V(x) is a real-valued smooth potential.

We suppose that V(x) has a local non-degenerate maximum Eo at a point, say at
the origin X = O. We investigate the asymptotic behavior as h -1- 0 of solutions to the
equation

and the corresponding classical Hamiltonian

n

p(x,~) = L ~J +V(x).
j=l

Pu =Eu,

[2.2]

[2.3]

where the complex number J

also appeared, for exampl
a-radioactivity. In that conn
appears to be the half-life tirr

On the mathematical side
more recent. It has permitted
results, in particular, on the I
underlying classical flow. (
resonances is based on the n
SIM 79, HUN 86, SIG 84, I

matter of fact, resonances, b:
are poles in the lower half I
resolvent (P - E)-l from th
(the positive real axis).

when the spectral parameter E is in a vicinity of size tl(h) of Eo. Of course, we are in
a setting where the tunnel effect occurs at the barrier top. We will see quantitatively
that, for such energies, tunneling governs the behavior of the physical quantities we
are interested in.

Here, we have chosen to concentrate on a scattering situation, namely we assume
that Eo > 0 and V(x) -1- 0 as Ixl -1- +00. In this setting, we will describe some results
concerning resonances for the Schrodinger operator P.

In physics, the notion of quantum resonance appeared at the beginning of
quantum mechanics. Its introduction was motivated by the behavior of various
quantities related to scattering experiments, such as the scattering amplitude, the
scattering cross-section or the time-delay (the derivative of the spectral shift
function). At certain energies, these quantities present peaks (now called
Breit-Wigner peaks), which were modelized by a Lorentzian-shaped function

1 b
Wa b : A. 1----7 - (A. )2 2n -a +b

The real numbers a and (nb)-1 > 0 are the location of the maximum of the peak
and its height. The number 2b is the width of the peak (more precisely its width at half
its height). Of course, for p = a - ib E C, we have

In a semi-classical regir
principle, that the underlying
of fact, in our settings, cla
Hormander and others, the
quantities and the classical
analysis, here in the semi-cl:
u E L2(IRn

) is microlocally z
that there exists a smooth cut

XW(x,hD)u(x) = tl(hOO

Here, XW(x ,hD) is the se,
(see definition 2.1).

Of course, the key to the
the solutions u to the Schroc
top energy Eo, and more pn
WKB) behavior as h -1- O. In
clear since V is close to 0 th
description of u in a vicinity
the rnicrolocal behavior of u
phase space is the only thing
truncated microlocally near tl
problem

{

Pv = Ev microlocall:

v has a prescribed be
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where the complex number p is a resonance. Such complex values for energies had
also appeared, for example, in the work of Gamow [GAM 28], to explain
a-radioactivity. In that context, the inverse of the imaginary part of the resonance
appears to be the half-life time of the corresponding pseudo-particle.

On the mathematical side , the study of resonances for Schrodinger operators is
more recent. It has permitted us to give a rigorous framework and obtain very precise
results, in particular, on the location of resonances in relation to the geometry of the
underlying classical flow. One of the most efficient mathematical definitions of
resonances is based on the notion of complex scaling (see, e.g., [AGU 71, BAL 71,
SIM 79, HUN 86, SIG 84, CYC 85, NAK 90, NAK 89, HEL 86, SIC> 91]). As a
matter of fact, resonances, both in the physical sense and in the mathematical sense,
are poles in the lower half plane, say, of a suitable meromorphic extension of the
resolvent (P - E)-1 from the upper half plane through the essential spectrum of P
(the positive real axis) .

In a semi-classical regime, one expects, according to Bohr's correspondence
principle, that the underlying classical system appears in the discussion. As a matter
of fact, in our settings, classical quantities play the main role. Since works by
Hormander and others, the usual way to make the link between the quantum
quantities and the classical quantities has been to use the language of microlocal
analysis, here in the semi-classical setting. In particular, we will say that a function
u E L2(lRn

) is microlocally zero at a point (xo ,~o) of the phase space, which means
that there exists a smooth cut-off function X, with X(xo, ~o) = 1, such that

Here, XW(x,hD) is the semi-classical Weyl quantization of the cut-off function X
(see definition 2.1).

Of course, the key to the study of resonances is to have a good knowledge of
the solutions u to the Schrodinger equation [2.3] for energies E close to the barrier
top energy Eo, and more precisely their asymptotic Wentzel Kramers Brillouin (or
WKB) behavior as h ---+ O. In fact , the behavior of u outside of a compact set is rather
clear since V is close to 0 there, and the main difficulty is to obtain a sharp enough
description of u in a vicinity of the maximum point. More precisely, it appears that
the microlocal behavior of u in a neighborhood of the hyperbolic fixed point in the
phase space is the only thing that matters. The function v = XWu, that is the function u
truncated microlocally near the hyperbolic fixed point, satisfies the microlocal Cauchy
problem

{

Pv = Ev microlocally near the fixed point,

v has a prescribed behavior in some incoming region.
[2.4]
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This kind of microlocal Cauchy formulation is analogous to some normal form
reduction, but can be used in more general geometric settings. Moreover, this
approach avoids the use of an abstract reduction operator, and the solution of the
problem [2.4] can be written explicitly. In the present case, the study of the
microlocal Cauchy problem is given in section 2.2. The knowledge of the solution v

of [2.4] allows us to obtain the asymptotic behavior of the solution u to [2.3], and,
eventually, to compute the physical quantities we study.

Among the applications of this microlocal study, we focus here on the following
two:

- Describe the behavior of the Schrodinger group, in the case where the potential
V has the form of a single barrier of height Eo, for energies close to Eo. It turns
out that the semi-classical expansion of this evolution operator involves resonances
created by the barrier top. The results in section 2.2 are used to compute the non
orthogonal projection operator corresponding to each resonance, which appears in the
representation formula of the evolution operator.

- Prove the existence of a resonance-free zone, i.e. give an estimate from below of
the imaginary part of resonances, when the classical system possesses a homoclinic
orbit. The results in section 2.2 along with the standard Maslov theory enable us to
compute the decay of microlocal solution after a continuation along the homoclinic
trajectories. This leads us to a contradiction if a resonance is assumed to be close
enough to the real axis.

2.2. Connection of microlocal solutions near a hyperbolic fixed point

In this section, we have the following assumption:

(AI) V(x) is a real-valued smooth function near the origin and the origin is a non
degenerate maximal point.

In suitable coordinates, the Taylor expansion at the origin can be written in the
form

WKB~

2.2.1. A model in one dimet

In the remainder of this c
to start with, we recall here
dimensional operator with s
expansion of the solutions to

with respect to the semi-clas
z is a spectral parameter bou:
non-degenerate barrier at x =

Eo = 0. In this one-dimensic
of Weber functions.

If z = -iA (k+ ~), kEN

where Hk is the Hermite pof
for x -+ ±oo (in the sense t

manifold of the correspondi
and 2.2.3).

If z E C \ -iA (N +~) , i.

uy(x,h) := o; (e-~i/4

is a solution to [2.6]. Here

n '12
~ /\,j 2 3

V (x) = Eo - ~ -xj + O(x )
j =l 4

as x -+ 0, [2.5] I roo
Dv(y) = r( -v) Jo e:

with maximal value Eo and positive constants is the Weber function. For a
interval [O,R], we define

roo ('AIv (x,h) = Jo exp lh
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2.2.1. A model in one dimension

In the remainder of this chapter, we will study the general n-dimensional case , but
to start with , we recall here some well-known results concerning the simplest one
dimensional operator with such a hyperbolic fixed point. We study the asymptotic
expansion of the solutions to the one-dimensional Schrodinger equation

.e: focus here on the following [2.6]

in the case where the potential
energies close to Eo. It turns

l operator involves resonances
are used to compute the non
esonance, which appears in the

give an estimate from below of
ystem possesses a homoclinic
rd Maslov theory enable us to
inuation along the homoclinic
nance is assumed to be close

rbolic fixed point

with respect to the semi-classical parameter h ---+ 0. Here, A is a positive constant and
Z is a spectral parameter bounded with respect to h. The potential -A2x2/4 presents a
non-degenerate barrier at x = °and the energy E = hz is close to the maximum.value
Eo = 0. In this one-dimensional simple case, we describe here the solutions in terms
of Weber functions.

If z = -iA (k+ 4), kE N := {a,1,2, ... } , there exists a solution

where Hk is the Hermite polynomial of degree k. The function Uk is an outgoing wave
for x ---+ ±oo (in the sense that its microsupport is included in the outgoing stable
manifold of the corresponding classical Hamiltonian vector field, see sections 2.2.2
and 2.2.3).

If z E <C \ -iA (N + 4), i.e. if v:= iZ/A -1/2 (j. N, then

origin and the origin is a non-

e origin can be written in the

[2.5]

uy(x,h) := o; (e-niI4 fl x)

is a solution to [2.6]. Here

[2.7]

is the Weber function. For any cut-off function X that is identically equal to 1 on an
interval [O,R] , we define

[2.8]
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Then, we see the following . 2.2.2. Classical mechanics

PROPOSITION 2.1.-

1) I y (x,h) is a quasi-mode, i.e. for Ixl < R, we have

(P - hz)Iy(x,h) = d (hOO

) .

Recall that p(x,~) is th
Consider the canonical syste

~ (x) = ( V;P)
dt ~ -VxP

2) Solution [2.7] satisfies uy(x,h) = const·Iy(x,h) + d (hOO

) on L2 ([- R,R]) .

3) Suppose V stays in a compact subset of C \ N for any h small enough. Then, I y

has an asymptotic expansion in powers of h uniformly for x in any compact subset of
IR \ {O}: for x> 0, there exists a symbol a(x,h) rv L'k=Oak(x)hk with ao = 1 such that

The origin (x,~) = (0, (
linearization of Hp at the ori

where Fp is the fundamental

and, for x < 0, there exist symbols b(x,h) rv L'k=obk(x)hk with bo = 1 and C(x,h) rv

L'k=oCk(X)hk with Co = 1 such that

Here, a(x,h) rv L'k=Oak(x)hk means that for any N E N, a(x,h) - L~=Oak(x)hk =
d (hN+I ).

a2p
axa;

a2p
- ax2

{(x,~) E IF

By the stable manifold
manifolds for p:

This matrix has n pos

{-Aj }j=I . The eigenspace
eigenvalues are, respective
quadratic part Po of p:

e~;V/2r(-v: ("'lxl) v e'Ax'/ (4h)b(x ,h)

+e~i/4J2~h Ix!-v-I e-;AX' /(4h)c(x, h).

. Iy(x,h)

The function uy(x,h) describes a wave coming from x < °to the origin and
scattered in the positive and negative directions. In the case of z = 0, in particular,
this proposition states that when the amplitude of the incoming wave is normalized to
Ixl- I / 2 then that of the transmitted wave in the region x > °is x -I12 / J2 and that of
the reflected wave in the region x<°is Ixl - I / 2/ J2 (see [2.33]).

However, in the case of z = -iA (k+ i) , the wave is purely outgoing. This means
that for these energies, the incoming wave does not determine the outgoing wave.

In the following, we generalize this fact to the multidimensional case with
potential having a non-degenerate local maximum . Theorem 2.2 guarantees that the
incoming wave determines the outgoing wave except for a discrete set of energies,
and theorem 2.3 provides the asymptotic behavior of the outgoing wave in terms of
that of the incoming wave.

The tangent space of 11
manifolds and can be writter
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2.2.2. Classical mechanics

Recall that pix, ~) is the classical Hamiltonian [2.2] with V (x) satisfying (AI).
Consider the canonical system of p

d(x) (V~P)dt ~ = -VxP . [2.9]

- tJ(hOO
) on L2( [-R,R]).

any h small enough. Then, Iv
:or x in any compact subset of
ak(x)hk with ao = 1 such that

The origin (x, ~) = (0,0) is a fixed point of the Hamilton vector field Hp . The
linearization of Hp at the origin is

[2.10]

where Fp is the fundamental matrix

)hk with bo = 1 and c(x,h) rv

x,h)

;:Pp
axa~

a2p
- ax2

a2p
a~2

a2p
- a~ax

° 2

0Id

) .

idiag (AJ)

x,h).

rom x < °to the origin and
e case of z = 0, in particular,
coming wave is normalized to
r > °is x- I / 2 / V2 and that of
e [2.33]).

s purely outgoing. This means
ermine the outgoing wave.

multidimensional case with
eorem 2.2 guarantees that the
for a discrete set of energies,
:he outgoing wave in terms of

This matrix has n positive eigenvalues {Aj}j=I and n negative eigenvalues

{-Aj }j=I' The eigenspaces A~ corresponding to these positive and negative
eigenvalues are, respectively, outgoing and incoming stable manifolds for the
quadratic part Po of p:

A~ = {(x,~) E JR2n; exp(tHpo)(x,~) -t (0,0) as t -t =foo}

{(x,~) E JR2n; ~j = ±~Xj , j = 1, ... ,n} .

By the stable manifold theorem, we also have outgoing and incoming stable
manifolds for p:

The tangent space of A± at (0,0) is A~. The manifolds A± are Lagrangian
manifolds and can be written near (0,0)
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where the generating functions qJ± behave like

[2.11]

WKE

2.2.3. Review ofsemi-clast

In this section, we re
calculus. For more details,
begin with the definition 0:

quantization.

DEFINITION 2.1.- Let X(x

bounded with all their deri

symbol X is defined by

(XW(x ,hD)u)(x) = (:

for all u in the Schwartz spc

Figure 2.1. The Lagrangian manifolds A± and A~

Now suppose P±= (x±,C;±) E A± \ {(O,O)}. Then by definition exp(tHp)(p±)--+
(0,0) as t --+ =fOO. More precisely, we have the following.

PROPOSITION 2.2.-
00

.exp(tHp)(p±) rv L r;(t)e±J1kf as t --+ =foo,
k=1

where

°< )11 < )12 < ...

are the linear combinations over N of {Aj}j=I' and, in particular.jri = AI. The ~(t)
are vector-valued polynomials in t. Moreover, Yl is independent of t and IS an
eigenvector of Fp corresponding to ±Al. Note that Yle- Arf is a solution to [2.10].

In what follows , we will denote the x-space projection of the vector rt (p±) by

g±(p±).

REMARK 2.1.- By the symmetry with respect to C; of p(x, C;) , we have

If P± = (x,±C;) E A±, then

. In particular, if X(x,C;)
simply the multiplication (
multiplier by X(C;)) . We n
L2 (lRn ) depending on h wid

DEFINITION 2.2.- We say I

X E Co(lR2n
) with X(xQ, C;Q ~

The complement of the set c

In other words, u = °mi
near XQ with semi -classical
true for all X E Co(lR2n

) sUI
that u =°microlocally in !
point in Q (respectively not
microsupport.

PROPOSITION 2.3.- The ill

PROPOSITION 2.4.- Let u
function in a domain Q c n
in Q uniformly with respec

u = °microlocally Ol
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2.2.3. Review ofsemi-classical microlocal analysis

In this section, we recall some basic properties of the h-pseudo-differential
calculus. For more details, we refer the reader to [DIM 99, MAR 02, ZWO 12]. We
begin with the definition of the semi-classical pseudo-differential operators in Weyl
quantization.

DEFINITION 2.1.-Let X(x,~) be a function in Cb(IR~ x IRV (the space offunctions

bounded with all their derivatives). The pseudo-differential operator XW(x,hD) with
symbol X is defined by .

for all u in the Schwartz space S(IRn
) .

In particular, if X(x ,~) = X(x) (respectively X(x ,~) = X( ~)), then XW(x ,hD) is
simply the multiplication operator by X(x) (respectively the semi-classical Fourier
multiplier by X (~)). We now define the notion of microsupport. Let u(x;h) be in
L2(IRn ) depending on h with Ilull ~ 1 and (xo ,~o) a point in the phase space IR2n

.

DEFINITION 2.2.- We say that u = 0 microlocally at (xo,~o) if there exists afunction
X E CO'(IR2n

) with X(xo,~o) = 1 such that

as h --+ O. [2.12]

particular, /-11 = AI. The r{-(t)
independent of t and is an

A)t is a solution to [2.10].

tion of the vector rt= (p±) by

{x ,~), we have

The complement of the set ofsuch points is called the microsupport (or frequency set).

In other words, u = 0 microlocally near (xo,~o) iff the function u does not oscillate
near Xo with semi-classical frequencies closed to ~o. If it is the case, then [2.12] holds
true for all X E CQ(IR2n ) supported in a neighborhood of (xo, ~o). For Q C IR2n

, we say
that u = 0 microlocally in Q (respectively outside Q) iff u = 0 microlocally near each
point in Q (respectively not in Q). We recall now some fundamental properties of the
microsupport.

PROPOSITION 2.3.- The microsupport of a function u is a closed set.

PROPOSITION 2.4.- Let u(x;h) = a(x;h)eilj>(x) jh, where q,(x) is a real-valued C"
function in a domain Q c IRn and a(x;h) is a COO symbol on Q, i.e. a(x;h) is bounded
in Q uniformly with respect to h with all its derivatives. Then

u = 0 microlocally outside {(x,~) E IR2n
; ~ = ~~ (x)}.
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Eventually, we state the theorem of propagation of singularities that was first
proved by Hormander [HOR 71] in the classical setting.

THEOREM 2.1.- PROPAGATION OF SINGULARITIES - Let u be a solution to [2.3]
such that Ilull ::; 1. The microsupport of u is included in the characteristic set. This
means

u = 0 microlocally outside Char(p - Eo) := {(x ,~) E ffi.2n; p(x,~) = Eo}.

Moreover, for all (xo ,~o) E Char(p - Eo), u = 0 microlocally near (xo, ~o) ~
\It E I ,u = 0 microlocally near exp(tHp)(xo ,~o), where 0 E I is the maximal interval
of existence of exp(tHp)(xo ,~o) .

2.2.4. The microlocal Cauchy problem - uniqueness

In this section, we consider the microlocal Cauchy problem at a hyperbolic fixed
point of the classical flow. As explained in section 2.1, this approach allows us to focus
on the most important region of the phase space and, eventually, to obtain information
on the global problem.

For a small neighborhood Q of (0 ,0) and e > 0 small, we consider the microlocal
Cauchy problem:

WKB

REMARK2.2.- In the analy
of Coo-microsupport (see de
[SIO 82])), we have the sal
r(h) is -igo modulo (j (h),

is the set of eigenvalues of 1

n A}
-L1+ ~ -.Lx~

i..J 4 J '
j=l

see [BON 07, theorem 2.2]
resonances generated by thr

In the Coo case , Helffer
expansion (in powers of h
The set of the first terms 01
included in r(h) modulo o
times the eigenvalues obtai]

with E = Eo +hz, Note that the initial surface C(/ is transversal to the Hamilton flow for
sufficiently small c . Since we want to study quantities associated with the resonances
that are non-real in general, the spectral parameter z may be complex but in a disc of
center 0 and radius bounded with respect to h.

{

PU= EU

u = uo(x)

microlocally in Q ,

microlocally in C(/ := A_ n {Ixl = s},
[2.13]

We start with a unique result for this problem. For the proof, we refer the reader
to [BON 07, section 4]. Let r be any positive number and z be the complex number,
which may depend on h, in a disc D(r) := {z E C; [z] < r}.

THEOREM 2.2.- [BON 07, theorem 2.1]- There exists an h-independent positive
number 8 and an h-dependent finite set r(h) C D(r) n {z E C; Imz < -8}, whose
cardinal number is bounded with respect to h, such that if dist (z, I'(h)) > he for some
C > 0, and if Uo = 0, then any solution u E L2(ffi.n) of [2.13], satisfying Il ull ::; 1, is 0
microlocally in a neighborhood Q' of the origin.

Figure 2.2. The gem

If u = 0 microlocally it
Hence, this result can be ex
incoming stable manifold
assumption on the energy z
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REMARK 2.2.- In the analytic category (i.e. p is analytic near the origin and the notion
of COO -microsupport (see definition 2.2) is replaced by the analytic microsupport (see
[S10 82]) , we have the same theorem with more precision on the set r(h). In fact ,
r(h) is -igo modulo e (h), where

nicrolocally near (xo ,~o) -{::::::::}
: 0 E I is the maximal interval

is the set of eigenvalues of the harmonic oscillator

n A,?
-~+ ~ --Lx~

i...J 4 J '
j =I

[2.14]

problem at a hyperbolic fixed
lis approach allows us to focus
entually, to obtain information

II, we consider the micro local

see [BON 07, theorem 2.2]. Note also that , modulo o(h) , Eo - ihgo is the set of the
resonances generated by the barrier top (see theorem 2.5).

In the Coo case, Helffer and Sjostrand [HEL 84] have constructed the asymptotic
expansion (in powers of hI / 2) of the eigenvalues at the bottom of a potential well.
The set of the first terms of the expansion is go. This means that - igo is necessarily
included in r(h) modulo e (h). We expect that , modulo e (hoo

) , r(h) is the set of -i
times the eigenvalues obtained in [HEL 84].

/ersal to the Hamilton flow for
ssociated with the resonances
ly be complex but in a disc of

},
[2.13]

the proof, we refer the reader
.nd z be the complex number,
r}.

ts an h-independent positive
I {z E C; Imz < -8}, whose
if dist(z,r(h)) > he for some
2.13], satisfying Ilull < 1, is 0

Figure 2.2. The geometrical setting of theorems 2.2 and 2.3

If u = 0 microlocally in Qr, it also vanishes microlocally in A+ by theorem 2.1.
Hence, this result can be expressed as follows : the microsupport propagates from the
incoming stable manifold A_ to the outgoing stable manifold A+ under a generic
assumption on the energy z.
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2.2.5. The microlocal Cauchy problem - transition operator

Theorem 2.2 states that the data uo given on A_ n { ixi = s} uniquely determines
the solution u at any point PF = (XF ' ~F) on A+ (if it exists). Our problem now is to
construct u microlocally near PF in terms of uo that, restricted to the initial surface ce,
has its support in a small neighborhood of a point PI = (Xl ,~I) E ce.

We make two generic assumptions: one is on the spectral parameter zand the other
is on the initial point PI = (Xl ,~I) E ce and the final point PF = (XF ' ~F) E A+:

(A2) There exists v > 0 such that dist(z,T(h)) > v;

(A3) g(XI) .g(XF) -I O.

WKB

We will need an explicit
theorem 2.10, especially for

do(x,y') = e- i1rn
/
4

Here, a = sgn(g(xI) .g(;

where x(t) is the x-space pre

In particular, g(XI) -I O. This means that, in case Al < A2, the Hamilton flow
starting from PI converges to the origin tangentially to the Xl-axis. In case Al = A2,
also , we can assume, without loss of generality, that the Xl-axis is parallel to g(XI ).
Since p is of real principal type near PI, we can modify the initial surface ce so that it
is given by {Xl = s} n A_ near Pl. Hence, denoting xi = (s ,~), the initial data uo on
ce is a function of x' in a small neighborhood of~ and 0 elsewhere.

THEOREM 2.3.- [BON 07 , theorem 2.6]- Assume (AI), (A2) and (A3). The
microlocal Cauchy problem [2.13] has a solution u (unique thanks to theorem 2.2).
Microlocally near PF = (XF ' ~F) , it has the following representation formula '

J(t ,y' ,1]')
(

det-

lim
t -++c

Here

1 n

S(z) = 2L Aj - iz,
j =l

and the symbol d E ~ (1) has the following asymptotic expansion

d(x ,y';h) rv f dk(x,y' ,lnh)hfikiA\ ,
k=O

[2.15]

[2.16]

[2.17]

where x(t ,y',1]') is the x-sp :

and 1]' near ~f, and P(
np-l(Eo).

The main idea of the pro
near the fixed point (0 ,0) as
Schrodinger equation

1 loou(x,h) = ~ e
y2nh 0

Then, the phase cp(t ,x) 1

where 0 = i1D < 111 (= f.12 - f.1l) < 112 < .. . is a numbering of the linear combinations
of {f.1k - f.1dk=O over N, and dk(x,y' ,lnh) are polynomials in lnh. In particular, the
symbol do is independent of In h.

00

cp(t ,x) rv <p+(x) + L
k=l
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We will need an explicit expression of the principal term do of the symbol d for
theorem 2.10, especially for the definition of / o(a ) in [2.31]. It is given by

erator

Ixi = e} uniquely determines
xists). Our problem now is to
:ricted to the initial surface ?f,
(XI, c;I) E ?f .

do (x,y') - i rr:n/4 '1 1/ 2-S(z)/A\ (S(z).) r (S(z))e /l,l exp - ~ xi o ---,--
2/l,1 /l,l

ctralparameter z and the other
It PF = (XF ,c;F) E A+:

1detV;'y,l/>- (e,y')1 Ig(e ,y')1
1 ( ') 5(z)

00 y Ig(e,y'). g(x)l-xJ
[2.18]

Here, (j = sgn(g(xI) .g(XF)),

where x(t) is the x-space projection of the flow exp(tHp)(PF), and

Al < A2, the Hamilton flow
the xl-axis. In case Al = A2 ,

le xl-axis is parallel to g(XI).
the initial surface ?f so that it
=(e ,x~) , the initial data Uo on
) elsewhere.

(AI), (A2) and (A3). The
rique thanks to theorem 2.2).
oresentation formula

J(t .s', 71')
JX(t,y' ,71')

.- det J(t ,y') ,

1· J(t ,y', 71') (- 1:}-\ Aj+2Itdt
.- im I at!' e - ,t-++ooJ(O,y',71') 1J'=at (e,y')

h)uo (y')dy',

expansion

[2.15]

[2.16]

[2.17]

where x(t ,y' ,71') is the x-space projection of the flow exp(tHp)p(y',71') for y' near x~

and 71' near c;j, and p(y' ,71') := (e.v': - J -171'1 2 - V(s.y) ,71') E {Xl = e}
np-I(Eo) .

The main idea of the proof for theorem 2.3 is to express the solution u microlocally
near the fixed point (0,0) as a superposition of WKB solutions to the time-dependent
Schrodinger equation

1 100

u(x h) = - - eiqJ(t ,x)/ha(t x:h)dt.
, y'2nh 0 ' ,

Then, the phase qJ (t,x) has an asymptotic expansion as t ---+ +00

ng of the linear combinations
rials in Inh. In particular, the

00

qJ(t ,x) rv l/>+(x) + L l/>J.1k(t ,x)e-J.1kt,

k=l
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and the symbol a(t ,x;h) has classical expansion in h

00

a(t ,x;h) rv L a£(t ,x)h£,
£= 0

whose coefficients have expansion as t -7 +00

00

a£(t ,x) r-:» L a£,k(t,x)e-(S+J1k)t,
k=O

where a£,k(t ,X) is polynomial in t and S = S(z) is defined by [2.16]. In particular, «o.o
can be explicitly calculated from the initial condition on A_ and gives the value of the
symbol do on A+.

2.3. Applications to semi-classical resonances

We first recall the definition of the resonances by the complex scaling method
(see [AGU 71, HUN 86, SIb 91] and the other references given in section 2.1). This
technique is very efficient in the semi-classical setting since it is well adapted to the
microlocal calculus and since the resonances are seen as the (usual) eigenvalues of a
non-self-adjoint operator. There exist other approaches to define the resonances (poles
of different scattering quantities (see [LAX 89]), poles of the extension of the cut
off resolvent (see [2.20]), etc.). In fact, all these definitions coincide as proved in
[HEL 87].

To define resonances, we assume

(B1) V(x) E c oo(IRn;IR) and extends holomorphically in a sector

Y = {x E e n; [Imx]~ (taneo) IRexl and [Rex ]> C} ,

for some positive constants eo and C. Moreover

V(x) --+ 0 as Ixl-7 00 in Y .

Then, P is a self-adjoint operator on L2(IRn) with (Jess(P) = IR+. To this operator,
we associate a distorted operator

WKB:

for small real Jl and F E Coo I

F(x) = 0 on Ixl < R

for large R. This operator p.
large enough, Pe := ~e is wt
and the spectrum of Pe in C6

DEFINITION 2.3.- Resonaru
resonance E* is the rank of1

IIE* = ~l(E-Pe )
2m r

where y is a small circle eel
are independent ofe in the .I

into account the multiplicit;
Hence, we will denote the se

Equivalently, we can de
(E - p) -l : L~omp(IRn) --+
upper half plane to Ce acros

XR+(E)X = X(E -Pe

for any cut-off function X '"
and the multiplicity of a resc

Let K(E) be the set of tr:

The following result su
distribution of resonances I

corresponding classical dyn:

THEOREM 2.4.- [MAR 02a
e > 0 such that, for any C >

[Eo - £', Eo + £,] + i [ -

for sufficiently small h.
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F(x) =Oon Ixl <R and F(x) = x on Ixl >R+1 ,

for large R. This operator PJ1 is analytic of type-A with respect to u, and, taking R

large enough, Pe := 'Ae is well defined for 8 small enough. Then, cress(Pe) = e- 2ielR+

and the spectrum of Pe in Ce := {E E C\{O}; -28 < argE < O} is discrete.

DEFINITION 2.3.- Resonances are the eigenvalues of Pe in Ceo The multiplicity of a
resonance E* is the rank of the spectral projection

1by [2.16]. In particular, «o.o
t\._ and gives the value of the

111IIE* = - . (E -Pe)- dE ,
2m y

[2.19]

the complex scaling method
es given in section 2.1). This
ince it is well adapted to the
, the (usual) eigenvalues of a
, define the resonances (poles
of the extension of the cut

itions coincide as proved in

l a sector

.C} ,

AP) = lR+. To this operator,

f(x+ f.lF(x)) ,

where r is a small circle centered at E* and we choose 8 with E* E Ceo Resonances
are independent of 8 in the sense that cr(Pe,) n Ce = cr(Pe) nCe for 8 < 8' by taking
into account the multiplicity. Moreover, the resonances are also independent of F .
Hence, we will denote the set of resonances by Res(h) without indicating 8 and F.

Equivalently, we can define the resonances of P by showing that the resolvent
(E - p)-l : L~omp(lRn) ---+ LToc(lRn) has a meromorphic extension R+(E) from the
upper half plane to Ce across (0,00). We have

[2.20]

for any cut-off function X whose support is in Ixl < R. The poles are the resonances
and the multiplicity of a resonance is also given by rank 2~i JyR+ (E)dE.

Let K(E) be the set of trapped trajectories on the energy surface p-l (E):

K(E) = {(x,~) E p-l (E); t f--7 exp(tHp) (x,~) is bounded} .

The following result suggests a close relationship between the semi-classical
distribution of resonances near a real energy E and the geometry of K(E) of the
corresponding classical dynamics.

THEOREM 2.4.- [MAR 02a] Let Eo > 0 be such that K(Eo) = 0. Then, there exists
e > 0 such that, for any C > 0, there is no resonance in the box

[Eo - £,Eo +s]+ i [- Ch!lnh j,O],

for sufficiently small h.
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In the case where V(x) is globally analytic near IRn , it was earlier proved by
Helffer and Sjostrand [HEL 85] and also by Briet et al. [BRI87a] under a stronger
hypothesis called the virial assumption that there is no resonance in an h-independent
neighborhood of Eo such that K(Eo) = 0.

In sections 2.3.1 and 2.3.2, we assume (Al) and (Bl) . The maximal value Eo at the
origin should then be positive. K(Eo) contains at least the point (0,0) and we consider
resonances close to Eo.

2.3.1. Spectral projection and Schriidinger group

Under (Al), the origin (0,0) is a hyperbolic fixed point and is itself a trapped point
in p-l (Eo). Here , we study the case where it is the only trapped point, i.e.

(B2) K(Eo) = {(O,O)} .

This assumption implies that Eo is the global maximum of V and it is attained only
atx = O.

When V(x) is assumed to be analytic globally near IRn , the semi -classical
distribution of resonances is known near the barrier top energy Eo (in [BRI 87b] , a
virial condition is assumed).

THEOREM 2.5. - [BRI 87b, SJO 87]- Let Reso(h) be the discrete set

and let C be an h-independent positive constant such that C -=I- Ej=l Aj (aj + i) for
any a E Nn . Then, in D(Eo,Ch) , there exists a bijection

bh : Reso(h) nD(Eo ,Ch) -----t Res(h) nD(Eo ,Ch),

such that bh(E) = E +o(h).

Let us denote Ea = bh(Eg). We call Eg pseudo-resonance (see [SJO 01]) . We
say that a pseudo-resonance Eg is simple if Eg = E~, implies a = a'. If a pseudo

resonance Eg is simple, then the corresponding resonance Ea is simple for h small
enough (i.e. its multiplicity is one) , and has an asymptotic expansion in powers of h
whose leading term is Eg.

WKB :

THEOREM 2.6.- [BON 11, ~
Res.,(h) is simple. Then, as (

with

where fa = fa (x ,h) is a soh
in the incoming region (in tl
h -+ 0 for x near the origin

-r - d (x h)eiiP+(x)/hJa - a , ,

with

da(x,h) r-;» Eda,j(x)hJ

da,o(x) = xa + O'( lxlla

The proof of theorem
(a Lagrangian distribution w]
A_). Then, we compute the :
using theorem 2.3. Perform
compute the asymptotic of Il
singularity of the function I'
for fa . Finally, the coefficien

Let us consider the Caucl

We denote the solution 1

L2(IRn ) .



lR.n , it was earlier proved by
l. [BRI87a] under a stronger
esonance in an h-independent

WKB Solutions Near an Unstable Equilibrium and Applications 31

THEOREM 2.6.- [BON 11, theorem 4.1]- Assume (Al), (B1), (B2) and suppose Eg E

Reso(h) is simple. Then , as operator from L~omp(IRn) to LToc(IRn), we have

[2.21]

I. The maximal value Eo at the
e point (0,0) and we consider with

[2.22]

.nt and is itself a trapped point
trapped point, i.e.

where fa = fa (x,h) is a solution to Pfa = Eafa , locally L2 uniformly in h, vanishes
in the incoming region (in the microlocal sense) and has an asymptotic expansion as
h ------t °for x near the origin

im of V and it is attained only

near IRn, the semi-classical
p energy Eo (in [BRI87b] , a

~ discrete set

with

da(x ,h) rv Eda,j(x)hj as h ------t 0,

da,o(x) = xa + D'{lxI1al+1
) as x ------t O.

[2.23]

[2.24]

[2.25]

sonance (see [SJO 01]). We
mplies a = at. If a pseudo
tee Ea is simple for h small
tic expansion in powers of h

The proof of theorem 2.6 is as follows. First, we choose a suitable Uo
(a Lagrangian distribution which associated Lagrangian manifold that is transverse to
A_). Then , we compute the solution of the Cauchy problem [2.13] for E close to Ea
using theorem 2.3. Performing the integration in E around Ea as in [2.19], we
compute the asymptotic of IlEa Uo. The leading term with respect to h comes from the
singularity of the function I' in [2.18]. In particular, this gives all the stated properties
for fa. Finally, the coefficient c(h) follows from the computation of (uo,fa).

Let us consider the Cauchy problem for the time-dependent Schrodinger equation

{

. dlfl
lhat(t ,x) = PlfI(t ,x) ,

lfI(O ,x) = lfIo(x).

We denote the solution lfI(t,x) by e-itP/hlflo. The operator e-itP/h is unitary on
L2(IRn).
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Recall that if E* is an isolated eigenvalue of P, then for any o/(E) E CO'(IR)
supported near E*, we have

where I1E* is the orthogonal projection to the eigenspace of E* generated by
orthonormal eigenfunctions {/j},

I1E* = EC/j)/j.
j

In the case of resonances associated with a single barrier top, we have, using the
projection operator of the previous theorem, the following theorem.

THEOREM 2.7.- [BON 11, theorem 6.1]- Assume (Al), (Bl), (B2). Let C be any
positive constant such that C # [')=1(f3j + ! )Aj for all f3 E Nn

. Then, for any X E
CO'(IRn ) and any 0/ E CO'(IR) supported in a sufficiently small neighborhood of Eo,
there exists K >°such that for any t, we have as h ---t 0,

If, in particular, all the pseudo-resonances in D(Eo,Ch) are simple, we have, for
any t, and as h ---t 0,

WKB~

2.3.2. Resonance-free zone.

Here, we assume, instead
homoclinic trajectories assoc

This is the case when the
that there may be infinitely II

When the dimension is I
reduced microlocally near (0
combined with the complex'

THEOREM 2.8.- [FUJ 98, the
of a unique curve and V(x)
disc centered at Eo with radii

So - (2k-
Ek = Eo - Al JIn!.

where So = lYe; .dx is the
particular,

Here, I1Ea is the spectral projection given by [2.19].

REMARK 2.3.- We see in theorem 2.6 that XI1EaX rv h- lal-n /2 when Eg is simple.

Since, on the other hand, le-itEa/hl = e-tllmEa l/h rv e-t'LJ=l Aj(aj+5;) for Ea E Res(h) n
D(Eo,Ch), the a-th term of the RHS of [2.27] is greater than the errors for

xe-itP/hXO/(p) = E e-itEa/h XI1EaX o/(P)
Ea ERes(h )nD(Eo ,Ch) [2.27]

[2.28]

Let us consider the mull
assumption corresponding to

(B4) g(x) .g(x') # °for any

When there is only one
homoclinic trajectory should
curvature. When the barrie
trajectories as in example 3.1

We will see that the imagi
trap. We start with a case wlu

REMARK 2.4.- If {Aj}')=1 are Z-independent, all the pseudo-resonances are simple
and [2.27] holds for any C.

(B5) Either (B5)a) or (B5)b

a) Al < An;
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• Then , for any X E
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2.3.2. Resonance-free zone for homoclinic trajectories

Here, we assume , instead of (B2), that K(Eo) consists of the fixed point (0,0) and
homo clinic trajectories associated with this point. More precisely,

(B3) K(Eo) = A+ nA_ and Ye := A+ nA_ \{(O,O)} -10.

This is the case when there is another suitably shaped bump higher than Eo. Note
that there may be infinitely many homoclinic trajectories (see example 2.2).

When the dimension is 1 and the potential is analytic, the operator P - E can be
reduced microlocally near (0,0) to the Weber equation [2.6], see [HEL 89]. This fact
combined with the complex WKB method lead us to the following result:

THEOREM 2.8.- [FUJ 98, theorem 0.7]- Assume n = 1, (A1), (B1), (B3), Ye consists
of a unique curve and V (x) is globally analytic near R. Then, the resonances in the
disc centered at Eo with radius Ch/Ilnhl with C > °satisfy

R+(Z))X lfI(P)

0) + tJ(e-Ct h-K ) .

[2.26]

So - (2k+ l)nh ln2 h 2
Ek = Eo - Al Ilnhl - iT Al Ilnhl + tJ(h/ l lnhl ),

where So = lYe ~ .dx is the action along the homoclinic curve Ye and kEN. In
particular,

-;h) are simple, we have, for

[2.27]

- lal-n/2 when Eg is simple.

=1 Aj(aj+1 ) for Ea E Res(h) n
than the errors for

[2.28]

seudo-resonances are simple

ln2 h 2
ImEk = --AI-I-I + tJ(h/ l lnhl ).

2 lnh

Let us consider the multidimensional case. To apply theorem 2.3, we need an
assumption corresponding to (A3):

(B4) g(x) .g(x') -10 for any x,x' E IlxYe.

When there is only one homoclinic trajectory, this condition requires that the
homoclinic trajectory should reach the barrier top in the direction of the minimum
curvature. When the barrier top is isometric and there are many homoclinic
trajectories as in example 3.14, this condition requires e1 < n/ 4.

We will see that the imaginary part of resonances depends on the "strength" of the
trap . We start with a case where the trapping is weak:

(B5) Either (B5)a) or (B5)b) holds:

a) Al < An;
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THEOREM 2.9.- [BON]- Assume (AI), (Bl), (B3), (B4) and (B5) . Then, there exists
8 >°such that, for all C > 0, P has no resonance in

Assumption (B5)a) means that £ is small near the fixed point (0 ,0) in the sense
that x-space projection of every Hamilton curve in £ is tangent to a subspace of ToIRn

of dimension ::; n - 1. Ate(a ) = ~(t~ (a), o
~ (t~ ( a ), o

Let a E £;; g. For any
satisfying Ix+(tl (a) ,a) I=
the quantity

represents the evolution of t
from the time t~ (a) to the .
Ate(a) has a positive limit ~

[2.29][Eo -Ch,Eo+Ch) +i[-8h,0),

for sufficiently small h. Moreover, for all X E CO'(IRn ) , there exists M > °such that
for any E in this domain, we have

which is continuous with re:
constant associated with the

Next, we consider the complementary case- where the trapping is strong. We
assume an isotropic condition on the barrier top:

The amplification arounc
In this special setting, proposition 2.2 about the Hamiltonian flow on A± can be

expressed as follows:

LEMMA 2.1.- For any a E §n-l , there exists a unique Hamiltonian curve p+(t ,a) =
(x+(t,a) ,~+(t , a)) on A+ such that, for any e > 0, REMARK 2.5.- In the one-d

a E £00, we have

Then, we define Ato(a ) = 1, / o(a )

THEOREM 2.10.- [BON]- P

the set of the points at which A+ and A_ are tangent, and
~< 1.

{a E §n-l; p+(-, a) E £ } ,

{a E §n -l; p+(-,a) E Yti'ang} ,

the asymptotic directions of the Hamiltonian curves in £ and Yti'ang. Note that these
two sets are compact subsets of §n- l .

Then, for all e > 0, there

[Eo - vh,Eo+vh] +iI
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Let a E £f;g' For any sufficiently small e > 0, there exist unique times t~ (a)
satisfying Ix+ (t~ (a) ,a) I= e and t1 (a) --+ =f00 as £- --+ 0. Then, it is well known that
the quantityfixed point (0,0) in the sense

tangent to a subspace of ToRn

) and (B5). Then, there exists

-// (a) = ~(t~ (a), a) ~()
J f/t £ ~(t~(a) ,a) with t ,a = Id ax+(t ,a) I

et a(t ,a) ,

[2.29]

represents the evolution of the amplitude of WKB solutions along the curve x+(t, a)
from the time t~ (a) to the time t~ (a) (see, for example, [MAS 81]). This function
/It£(a) has a positive limit /Ito(a) as £- tends to°

there exists M > °such that /Ito(a) := lim /It£(a) ,
£--+0

[2.30]

which is continuous with respect to a E £f;g and hence bounded. We also define a
constant associated with the quantum propagation through the fixed point:

REMARK 2.5. - In the one-dimensional case, £00 = £f;g C {-1 , I} and, for each
a E £ 00, we have

: the trapping is strong. We

miltonian flow on A± can be

Iamiltonian curve p+(t, a) =

The amplification around the trapped set is then controlled by the quantity

J<1cJ:= max /Ito(a) /o(a) E [0, +00[.
aE£f;g

[2.31]

[2.32]

.#lo(a) = I , fora) = J~/h
lh

if £00 = 0,

if £00 = {I} or {-1},

if £00 = { - 1, I}.

[2.33]

d

THEOREM 2.10. - [BON]- Assume (AI), (BI), (B3), (B4), (B6) and

J<1cJ < 1. [2.34]

Then , for all e > 0, there exists v > °such that P has no resonance in the box

'ytJ and ~ang. Note that these [Eo - vh,Eo+ vh] + i [(A IndoH) II:hl 'Ol [2.35]
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for sufficiently small h. Moreover, for all X E CO'(Rn ) , there exists a positive constant
M such that, for any E in this domain, we have

[2.36]

for sufficiently small h.

WKBS

resonance-free domain [2.29
normalized resonant state be
continuation along homoclini

For the continuation alon,
theory of Maslov, which stat
WKB solutions does not char

When ao = 0, we use the convention that In(ao) appearing in [2.35] can be taken
as any arbitrary large negative constant. We refer to [BON] for a result in a larger zone .

EXAMPLE 2.1.- Consider the case n = 1. Because of remark 2.5, condition [2.34]
is satisfied if £00 consists of one point but not satisfied if £00 = { -1 , I}. When
£00 = {I} or £00 = {-1 }, the precise location of the resonances is given in theorem
2.8. This result implies that our estimate [2.35] from below the imaginary part of the
resonances is optimal. When £00 = { - 1, I}, on the contrary, we are in the "well in
an island" situation, and the resonances are exponentially close to the real axis.

-/~V(x)

:J \.., I
0\\ .~
~Ox \ <;

O ~

For the continuation throi
We first show that the resom
this implies that it is microloc
asymptotic behavior on A+ n
of theorem 2.9, the amplitud
for some a > 0, which come :
and from a stationary phase
In the case of theorem 2.10,
small constant independent c
the principal symbol.
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Figure 2.3. The potential ofexample 2.1 and the spatial projection of£

EXAMPLE 2.2. - In dimension n = 2, let (r,0) be the polar coordinates. We consider

where the q.(r)'s are even non-degenerate bumps in CO'(R) with rq~(r) < °for r =I°and Eo = qo(O) < ql (0), a is a sufficiently large constant such that suppqo(r) n
suppql(r -a) = 0 and lfI(O) E CO'([-OI-c,OI +c]) is equal to 1 for 101 ::; 01 and
olfI'(0) < °for 01 < 101 < 01 +e for 01 < n / 4 and small enough e > 0. The setting
is illustrated in Figure 2.3. It can be checked that conditions (Al), (Bl), (B3), (B4)
and (B6) are all satisfied, and, moreover, £00 = ~;g = [- 01 , 01] and .4"0 (a) = 1.
/o(a) can also be computed explicitly, and condition [2.34] is satisfied if sin(201) <
tanh(2n).

We conclude this review by sketching the proofs of theorems 2.9 and 2.10 . For the
detail , we refer to [BON]. Assuming that there existed a resonance in the expected
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resonance-free domain [2.29] or [2.35], we would conclude that the corresponding
normalized resonant state becomes smaller microlocally at any point on £ after a
continuation along homoclinic trajectories and the fixed point.

For the continuation along the homoclinic trajectories, we use the standard WKB
theory of Maslov, which states, in particular, that the order in h of the amplitude of
WKB solutions does not change along Hamiltonian flow.

For the continuation through the fixed point, we apply the results in section 2.2.
We first show that the resonant state has its microsupport only on A+. In particular,
this implies that it is microlocally 0 on A_ outside £. Hence, theorem 2.5 gives us its
asymptotic behavior on A+ n £ from the knowledge of that on A+ n£. In the case
of theorem 2.9, the amplitude of the resonant state changes by multiplication by ha

for some a > 0, which comes from the prefactor hS(Z)/Aj in [2.15] when (B5)a) holds
and from a stationary phase expansion of the integral in [2.15] when (B5)b) holds.
In the case of theorem 2.10, the amplitude changes only by the multiplication by a
small constant independent of h, therefore we need the explicit expression [2.18] of
the principal symbol.
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