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Étude de la régularité analytique

de l’application de réflexion CR formelle

Joël Merker

Abstract. La recherche de formes normales1 pour les sous-variétés analytiques
réelles deCn soulève la question de la convergence des normalisations formelles.
En 1983, J.K. Moser et M.W. Webster ont donné des exemples de surfaces an-
alytiques réelles dansC2 à tangente complexe isolée et hyperbolique au sens de
E. Bishop, qui sont formellement mais non holomorphiquement normalisables (à
cause d’un phénomène de petits diviseurs), même lorsque la forme normale est
elle-même analytique ou algébrique. En revanche, il apparaît qu’un tel phénomène
ne se produit pas pour les sous-variétés dont la dimension CRest localement con-
stante, d’après des résultats récents dus à S.M. Baouendi, P. Ebenfelt et L.-P. Roth-
schild, et qui sont énoncés avec des hypothèses de non-dégénérescence relative-
ment simples, mais satisfaites en un point Zariski-générique2. Ces auteurs étab-
lissent notamment que toute application CR formelle inversible entre deux sous-
variétés deCn génériques, analytiques réelles, finiment non-dégénéréeset mini-
males (au sens de J.-M. Trépreau et A.E. Tumanov) est convergente. Nous dé-
montrons ici un théorème de convergence plus général, valable sans aucune hy-
pothèse de non-dégénérescence, et qui confirme la rigidité de la catégorie CR (voir
Théorème 1.23). Ce résultat s’interprète alors comme un principe de symétrie de
Schwarz formel pour les applications CR. Nous en déduisons que toute équiva-
lence CR formelle entre deux sous-variétés deCn génériques, analytiques réelles
et minimales est convergente si et seulement si les deux sous-variétés sont holo-
morphiquement non-dégénérées (au sens de N. Stanton). Enfin, nous établissons
que deux sous-variétés deCn génériques, analytiques réelles et minimales sont
formellement CR équivalentes si et seulement si elles sont biholomorphiquement
équivalentes.
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§1. INTRODUCTION

CetteIntroductionétendue est nécessaire à la présentation des résultats
principaux de ce mémoire. Dans les Sections 3 et 4, qu’il est conseillé de
lire en parallèle, le lecteur trouvera une exposition autonome, élémentaire
et détaillée des concepts de base qui y sont utilisés.

Notre objectif principal est d’élaborer un point de vue conceptuel et syn-
thétique sur le principe de réflexion dit «analytique» en plusieurs variables
complexes. Notamment, nous insisterons sur quatre concepts majeurs : la
minimalité, les jets de sous-variétés de Segre, l’application de réflexion CR
et les conditions CR-horizontales de non-dégénérescence.

Nous espérons qu’un tel point de vue permettra de mieux appréhen-
der l’abondance des théorèmes démontrés récemment dans cette direc-
tion de recherche. Au lieu de céder, comme certains auteurs,à la tenta-
tion d’exprimer tous les résultats et toutes les conséquences possibles, ce
qui nuirait à l’unité du sujet, nous sélectionnerons rigoureusement trois
énoncés : Théorèmes 1.11, 1.23 et 1.39, ainsi que deux applications :
Corollaires 1.45 et 1.46. Puisqu’une telle sélection ne saurait se passer
d’explications motivées, nous détaillerons nos angles d’attaque à partir
d’une analyse de la littérature récente, en formulant des principes combi-
natoires organisateurs.

1.1. Équivalences CR formelles entre sous-variétés deCn analytiques
réelles et génériques.Soit M une sous-variété locale deCn, analytique
réelle, passant par l’origine et envisagée au voisinage de ce point de
référence. Si elle est de codimension1, on l’appelle unehypersurface. En
général, nous supposerons queM est de codimensiond ≥ 1 strictement
positive et qu’elle estgénérique, c’est-à-dire queT0M + JT0M = T0C

n,
oùJ est la structure complexe standard deTCn. Nous supposons aussi que
sa dimension CR, égale àm := n− d, est strictement positive.

Dans les coordonnées holomorphest := (t1, . . . , tn) canoniques de
Cn, la sous-variétéM , entendue comme sous-ensemble deCn, peut être
représentée comme l’ensemble dest ∈ Cn où s’annulent exactementd
séries entières analytiquesρj(t, t̄) ∈ C{t, t̄}, pourj = 1, . . . , d ; de telles
séries entières doivent satisfaire aux conditions de réalitéρj(t, t̄) ≡ ρj(t̄, t)
pour j = 1, . . . , d, s’annuler pourt = 0 et posséder des différentielles
réellesdρ1, . . . , dρd qui sont indépendantes à l’origine. La généricité de
M équivaut alors au fait que les différentielles complexes∂ρ1, . . . , ∂ρd

sont elles aussi, de surcroît, indépendantes à l’origine.

1Voir les travaux fondateurs de S.-S. Chern, J.K. Moser [5] et de J.K. Moser, S.M. Web-
ster [MW1983] ainsi que les articles plus récents de S.M. Webster [We1992], de X. Huang,
S.G. Krantz [HK1995], de X. Gong [Go1996] et de P. Ebenfelt [Eb1998].

2Voir [BER1997], [Za1997], [BER1999a], [BER1999b], [BRZ2001].
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De même, soientρ′1(t
′, t̄′) = 0, . . . , ρ′d′(t

′, t̄′) = 0 des équations cartési-
ennes définissant une autre sous-variété locale deCn′

, analytique réelle,
générique, passant par l’origine, qui est de codimensiond′ ≥ 1 et de di-
mension CR égale àm′ := n′ − d′ ≥ 1, toutes deux strictement positives.

Soit h(t) := (h1(t), . . . , hn(t)) une collection de séries formelles
hi(t) ∈ C[[t]], i = 1, . . . , n, dont les termes constants s’annulent. Par déf-
inition, h induit uneapplication CR formelle entreM etM ′ s’il existe une
matrice de tailled′ × d de séries formellesb(t, t̄) telle que l’on a l’identité
formelle vectorielleρ′(h(t), h(t̄)) ≡ b(t, t̄) ρ(t, t̄), interprétée dans le pro-
duit C[[t, t̄]]d := C[[t, t̄]] × · · · × C[[t, t̄]] contenant exactementd facteurs.
On noterah : (M, 0) −→F (M ′, 0) une telle application, avec en indice la
lettreF , initiale du mot «formel», car une telle application n’a rien d’une
application ponctuelle.

Dans le langage abstrait de la géométrie analytique locale,les appli-
cations formelles s’identifient à des morphismes entre anneaux locaux de
séries entières convergentes, le tout étant inséré dans unethéorie architec-
turée, mais nous pensons qu’il est encore trop tôt pour entreprendre le tra-
vail, certes désirable, d’abstraction de tous les conceptsde géométrie CR
qui interviendront dans ce mémoire.

De notre point de vue, c’est à partir de l’identité formelle de départ
ρ′
(
h(t), h(t̄)

)
≡ b (t, t̄) ρ (t, t̄) que tous nos calculs se déploieront de

manière absolument concrète et structurée.
Nous dirons queh est uneéquivalenceCR formelle sin′ = n et si le

déterminant det
(

∂hi1

∂ti2
(0)
)

1≤i1, i2≤n
ne s’annule pas ; on démontre que ceci

impliqued′ = d etm′ = m.
Ces définitions généralisent au cas formel la notion d’application CR

continue, lisse, analytique ou algébrique entre sous-variétés deCn, ana-
lytiques réelles et génériques. Avant de poursuivre, dressons un bref his-
torique récent du principe de réflexion afin justifier le fait que nous ne tra-
vaillerons pas avec des sous-variétés algébriques.

1.2. Principe de réflexion algébrique et variations.L’étude de la régu-
larité des applications CR formelles est une variation du principe dit «de
réflexion», historiquement initié dans le cas d’applications de classeC 1 en-
tre hypersurfaces strictement pseudoconvexes par S. Pinchuk dans [22] et
plus tard, mais indépendamment, par H. Lewy dans [Le1977]. Le para-
graphe de [5] consacré à la convergence des formes normales formelles
de J.K. Moser contient une démonstration implicite du fait que toute
équivalence CR formelle entre hypersurfaces deCn analytiques réelles et
Levi non-dégénérées est convergente. Dans le premier article [BER1997]
consacré à la paramétrisation des applications CR par un jetd’ordre
fini en un point ainsi qu’à la régularité des applications CR formelles,
S.M. Baouendi, P. Ebenfelt et L.-P. Rothschild démontrent que toute ap-
plication CR formelle entre deux hypersurfaces deCn analytiques réelles
et finiment non-dégénérées est convergente. Ce résultat répondait à une
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question soulevée par F. Treves ; la non-dégénérescence finie généralise la
Levi non-dégénérescence par passage aux dérivées d’ordre supérieur. Peu
de temps après, ces énoncés furent transférés à la codimension quelconque
par les mêmes auteurs dans [BER1998], en supposant la sous-variétéM
minimale à l’origine (au sens de J.-M. Trépreau et A.E. Tumanov). La
preuve est basée sur les itérations de sous-variétés de Segre, appelées «en-
sembles de Segre» dans l’article [BER1996], suite de [BR1995]. Grâce à
cet outil complexe, ces trois auteurs établissent une condition suffisante op-
timale pour l’algébricité des biholomorphismes entre sous-variétés deCn

algébriques réelles et minimales de codimension quelconque (cf. la recen-
sion [Tr2000]).

Évidemment, les résultats précités ne s’appuient pas sur une générali-
sation au cas Levi dégénéré des formes normales de J.K. Moser, car nous
sommes bien loin actuellement de posséder des indications valables pour
édifier une théorie satisfaisante, malgré quelques tentatives incomplètes ef-
fectuées dans cette direction pour la dimension complexe trois (cf. par ex-
emple [Eb1998]).

Par ailleurs, grâce à la notion dedegré de transcendanced’une applica-
tion holomorphe, telle qu’elle apparaît pour la première fois dans le tra-
vail [Pu1990] de Y. Pushnikov, basé sur des indications de S.Pinchuk,
les trois auteurs B. Coupet, F. Meylan et A. Sukhov sont parvenus à élim-
iner dans [CMS1999] toute hypothèse de rang sur une application holomor-
pheh entre sous-variétés algébriques réelles. Cependant, en toute rigueur,
on pourrait se dispenser de la terminologie «degré de transcendance», car
le point-clé de [Pu1990] et de [CMS1999] consiste à raisonner avec des
polynômes minimaux pour les relations algébriques entre les composantes
deh et celles deh. Concrètement, cette approche offre une simplification
élégante des calculs majeurs développés pour les sous-variétés essentielle-
ment finies dans [BJT1985], qui avaient été illustrés auparavant sur un ex-
emple par M. Derridj dans [De1985].

Aussi l’approche «degré de transcendance» a-t-elle conduit à une série
de travaux récents : [CPS2000], [Me2001a], [Da2001], [CDMS2002],
[MMZ2002], [MMZ2003], tous basés sur le même procédé algébrique
d’élimination. En effet, il a été rapidement remarqué que leschéma de
démonstration s’étendait, sans obstacle majeur et modulo quelques varia-
tions mineures, à la situation (légèrement plus générale) où la sous-variété
imageM ′ est supposée algébrique réelle, tandis que la sous-variétésource
M est supposée analytique réelle.

Conjecturalement, on s’attend à ce que presque tous les principes de
réflexion connus soient valides dans le cas oùM et M ′ sont toutes deux
analytiques réelles. Malheureusement, la finitude intrinsèque au concept
d’algébricité, qui est fortement utilisée dans ces travaux, fait défaut dans le
cas général oùM ′ est analytique réelle. On peut alors se demander si une
sous-variété analytique réelle peut être rendue algébrique dans un système
de coordonnées locales adéquat.
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Récemment, en collaboration avec H. Gaussier, l’auteur a établi
dans [GM2004] que la plupart (au sens de R. Baire), des sous-variétés de
Cn minimales et finiment non-dégénérées dont le groupe d’automorphismes
holomorphes locaux est commutatif et de dimensionn, ne peuvent être ren-
dues algébriques dans aucun système de coordonnées holomorphes locales,
quelle que soit la transcendance relative du changement de coordonnées.
On dira que de telles sous-variétés ne sont pas localementalgébrisables.
Par le biais d’arguments heuristiques qui extrapoleraientles théorèmes
spécifiques de [GM2004], on pourrait se convaincre que dans toute classe
de sous-variétés analytiques réelles génériques locales non homogènes
dont le groupe d’automorphismes holomorphes possède une structure fixée,
la plupart d’entre elles ne sont pas localement algébrisables. Quant aux
sous-variétés homogènes, le fait qu’elles soient localement algébrisales
doit se discuter au cas par cas ; cette caractéristique ne dépend en effet
que de la nature de leur groupe transitif de transformation,lequel permet
bien entendu de les reconstruire sans ambiguïté comme l’orbite d’un point
donné, du reste quelconque.

Un tel phénomène général de «non-algébrisabilité» locale générique (au
sens de R. Baire) laisse entrevoir que les résultats précités, qui utilisent
fortement l’algébricité, sont d’une portée restreinte. C’est pourquoi nous
préfèrerons raisonner avec des outils purement analytiques, par exemple les
espaces de jets (§1.7) ou ce que nous appellerons l’application de réflexion
associée àh (§1.12). Commençons par présenter en résumé la géométrie de
la complexification extrinsèque deM .

1.3. Minimalité. C’est un principe général, déjà à l’œuvre dans le
théorème de C.F. Gauss sur l’existence de coordonnées isothermes,
omniprésent dans les mathématiques de la fin du dix-neuvièmesiècle,
dans les travaux d’É. Cartan et dans le développement contemporain
de la géométrie CR, qu’il est judicieux d’introduire dès quepossible
des variables supplémentaires. En suivant S.-S. Chern, J.K. Moser et
S.M. Webster ([5], [We1977], [We1978], [MW1983]), remplaçons donc
t̄ par une variableτ ∈ Cn indépendante ; on obtient la relation vecto-
rielle ρ′

(
h(t), h(τ)

)
≡ b(t, τ) ρ(t, τ), qui exprime que l’application

formelle complexifiée hc(t, τ) :=
(
h(t), h(τ)

)
de l’application CR

formelle h induit une application formelle entre lacomplexification
de M , qui est la sous-variété analytique complexe deC2n définie par
M := {(t, τ) ∈ Cn × Cn : ρj(t, τ) = 0, j = 1, . . . , d}, et la complexi-
ficationM ′ := {(t′, τ ′) ∈ Cn′ × Cn′

: ρ′j′(t
′, τ ′) = 0, j′ = 1, . . . , d′}.

Dorénavant, nous raisonnerons le plus souvent possible directement avec
les objets géométriques complexifiés.

On vérifie (voir le §3.2 pour des explications) que dans tout système de
coordonnées holomorphes locales(z, w) ∈ Cm × Cd telles queT0M +(
{0} × Cd

)
= T0C

n, la sous-variété complexifiéeM peut être représentée
pard équations analytiques complexes graphées de la formeξj = Θj(ζ, t),
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pour j = 1, . . . , d, où τ = (ζ, ξ) ∈ Cm × Cd. Dans ce système de
coordonnées, la collection de séries entièresΘj ∈ C{ζ, t} est alors unique.

Commençons par présenter en résumé le concept deminimalité. On ren-
voie à la Section 3 pour une exposition de sa signification géométrique. Soit
p un pointM de coordonnées(zp, wp, ζp, ξp) ∈ Cm ×Cd ×Cm ×Cd. Soit
z1 ∈ Cm et soitζ1 ∈ Cm. On définit les deux applications
(1.4){

Lz1(zp, wp, ζp, ξp) :=
(
zp + z1, Θ(zp + z1, ζp, ξp), ζp, ξp

)
et

L ζ1(zp, wp, ζp, ξp) := (zp, wp, ζp + ζ1, Θ(ζp + ζ1, zp, wp)) .

Notons queLz1(p) et L ζ1(p) appartiennent àM . Itérons ces applications
en les composant alternativement l’une avec l’autre : en partant de l’origine
0 ∈ M , définissonsΓ1(z1) := L z1

(0), puis

(1.5) Γ2(z1, z2) := Lz2(L z1
(0)),

puisΓ3(z1, z2, z3) := L z3
(Lz2(L z1

(0))), et encore

(1.6) Γ4(z1, z2, z3, z4) := Lz4(L z3
(Lz2(L z1

(0)))),

et ainsi de suite. Pour toutk ∈ N\{0}, on obtient des applications holo-
morphes localesΓk deCmk à valeurs dansM et satisfaisantΓk(0) = 0.

Nous dirons queM estminimale(au sens de J.-M. Trépreau et A.E. Tu-
manov) s’il existe un entierµ0 tel que l’image parΓµ0

d’un voisinage de
l’origine arbitrairement petit dansCmµ0 contient un voisinage de0 dans
M . On démontre que cette condition est invariante par changement de co-
ordonnées holomorphes locales. C’est tout ce que nous aurons besoin de
savoir au sujet de la géométrie de la sous-variété sourceM .

1.7. Jets de sous-variétés de Segre.Pour le principe de réflexion CR
formel, ce sont les équations de la sous-variété imageM ′ qui joueront le
rôle le plus important. Cependant, le défaut majeur des équations analy-
tiques de la formeρ′j′(t

′, τ ′) = 0 réside dans la non-unicité des séries en-
tièresρ′j′. En effet, la sous-variétéM ′ est aussi bien représentée comme le
lieu d’annulation de tout autre jeu ded′ séries entières analytiques définis-
santes qui sont de la formẽρ′j′(t

′, τ ′) :=
∑d′

l′=1 c
′
j′, l′(t

′, τ ′) ρ′l′(t
′, τ ′), où

la matrice de tailled′ × d′ des séries entièresc′j′, l′ ∈ C{t′, τ ′} est in-
versible. Pour éliminer ce défaut qui pourrait s’avérer gênant (cf. les com-
mentaires qui suivent l’énoncé du théorème principal 1.23), il convient
de représenter comme un graphe aussi bienM ′ que M . Soit donc un
système de coordonnées holomorphes locales(z′, w′) ∈ Cm′ × Cd′ avec
T0M

′ +
(
{0} ×Cd′

)
= T0C

n′

, dans lequel la sous-variété complexifiée
M ′ est représentée pard′ équations analytiques complexes de la forme
ξ′j′ = Θ′

j′(ζ
′, t′), pourj′ = 1, . . . , d′, oùτ ′ = (ζ ′, ξ′) ∈ Cm′ × Cd′ .

Fixonst′ ∈ Cn′

et k ∈ N. La sous-variété de Segre complexifiée con-
juguéeest la sous-variété analytique complexe deCn′

définie parS ′
t′ :=

{(ζ ′, ξ′) ∈ Cn′

: ξ′ = Θ′(ζ ′, t′)}. Définissons alors l’application de ses
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jets d’ordrek explicitement par

(1.8) ϕ′
k(ζ

′, t′) :=

(
ζ ′,

(
1

β ′!
∂β′

ζ′ Θ
′
j′(ζ

′, t′)

)

1≤j′≤d′, |β′|≤k

)
.

Elle est à valeurs dansCm′+Nd′, m′, k , pour un certain entierNd′, m′, k. Comme
l’ont compris K. Diederich et S.M. Webster dans [9], ce sont les propriétés
de cette application analytique complexe locale, définie auvoisinage de
l’origine dansCm′ × Cn′

, qui gouvernent les divers principes de réflexion
possibles, y compris pour les applications CR formelles. Nous dirons que
M ′ est

(nd1) Levi non-dégénérée à l’originesiϕ′
1 est de rangm′+n′ en(ζ ′, t′) =

(0, 0) ;
(nd2) finiment non-dégénérée à l’origines’il existe un entierk0 tel queϕ′

k

est de rangn′ +m′ en(ζ ′, t′) = (0, 0), pour toutk ≥ k0 ;
(nd3) Essentiellement finie à l’originesi ϕ′

k est est une application holo-
morphe finie en(ζ ′, t′) = (0, 0), pour toutk ≥ k0 ;

(nd4) Segre non-dégénérée à l’origines’il existe un entierk0 tel que
la restriction deϕ′

k à la sous-variété de Segre complexifiée con-
juguéeS ′

0 (qui est de dimension complexe égale àm′) est de rang
générique égal àm′, pour toutk ≥ k0 ;

(nd5) holomorphiquement non-dégénérées’il existe un entierk0 tel que
l’applicationϕ′

k est de rang générique maximal possible, égal àm′+
n′, pour toutk ≥ k0.

On démontre que ces cinq conditions ne dépendent pas du système de
coordonnées(z′, w′) dans lequel on a représentéM ′ sous la formeξ′ =
Θ′(ζ ′, t′) (voir [Me2003] pour les détails).

Bien entendu, par souci de pureté, on pourrait en toute rigueur éviter
d’introduire une terminologie spécifique pour de telles conditions de non-
dégénérescence. Néanmoins, puisque l’usage a déjà consacré les quatre
conditions que sont(nd1), (nd2), (nd3) et (nd5), nous adopterons ces
dénominations établies, et nous en introduirons de nouvelles ultérieure-
ment.

La nécessité d’introduire la condition(nd4) est due à un exemple intéres-
sant que l’on trouve page 721 de [BER2000].

On vérifie (voir par exemple [Me2003]) les quatre implications

(1.9) (nd1) ⇒ (nd2) ⇒ (nd3) ⇒ (nd4) ⇒ (nd5),

dont seule la troisième est non triviale.
Les conditions(nd2) et (nd3) apparaissent explicitement dans [9].

C.K. Han obtient dans [12] un principe de réflexion avec une formulation
différente de(nd2). Il est important de noter que(nd1), (nd2) sont des hy-
pothèses de rang constant sur l’application de jets (1.4) ; c’est pourquoi elles
sont des plus aisées à manipuler (cf. [BER1996], [BER1997], [BER1998],
[BER1999a], [BER1999b], [BRZ2001]). Quant à la condition(nd3), elle



9

n’est pas très éloignée de(nd2) du point de vue de la théorie des singular-
ités ; elle a été répétitivement posée comme hypothèse du principe de réflex-
ion analytique, suite au travail [BJT1985] qui développaitune technologie
adéquate (cf. [BR1988], [BR1990], [BR1995], [BER1999a], [CPS1999],
[BER2000] et [Da2001] pour une synthèse récente ; voir aussi[8] pour une
approche alternative, plus géométrique).

Il est important de remarquer que les quatre premières conditions(nd1),
(nd2), (nd3) et (nd4) sont ponctuelles, tandis que la dernière ne l’est pas,
puisqu’il s’agit d’un rang générique. Il existe des exemples de sous-variétés
génériques qui sont holomorphiquement non-dégénérées, mais qui ne sont
ni finiment non-dégénérées, ni essentiellement finies, ni même Segre non-
dégénérées en certains points appartenant à un sous-ensemble analytique
réel non vide deM ′. Ainsi, la notion de non-dégénérescence holomorphe
est la plus fine des cinq.

La condition intermédiaire(nd4), qui apparaît dans [Me2000], est déjà
plus délicate. En vérité, pour les sous-variétésM ′ dites rigides dont les
fonctions définissantesΘ′

j′ ≡ Θ′
j′(ζ

′, z′) ne dépendent pas dew′, on véri-
fie que les conditions(nd4) et (nd5) sont équivalentes. Comme la con-
dition (nd5), la condition(nd4) autorise que les fibres(ϕ′

k)
−1(ϕ′

k(ζ
′, t′))

de l’application de jets soient de dimension non localementconstante au
voisinage de l’origine. Il est bien connu alors que les concepts standard de
géométrie différentielle sont insuffisants : on entre dans le domaine de la
théorie des singularités analytiques complexes.

Dans [Hi1973], H. Hironaka met au point un procédé d’éclatements lo-
caux successifs qui permet, par transformations strictes successives, de rem-
placer tout morphisme analytique local par un morphisme «redressé» qui
satisfait la condition algébrique dite de «platitude» introduite par J.-P. Serre.
Ce théorème dit d’«aplatissement local» implique la constance locale de la
dimension des fibres, lorsque les espaces d’arrivée et de butdu morphisme
«aplati» sont lisses. L’existence de ce procédé suggère de l’appliquer à
l’étude des applications CR formelles (cf. [Te1996]). Nous avons con-
staté que cette approche aboutit dans le cas des applications CR définies par
des séries entières, mais dans cet article, nous n’utiliserons pas la théorie
de H. Hironaka. En effet, grâce à un théorème dit d’approximation dû à
M. Artin (voir Théorème 2.5 ci-dessous), nous pourrons résumer en partie
la complexité causée par les singularités de l’applicationde jets d’ordre in-
fini (1.4), pourk = ∞ ; l’utilisation de ce théorème dans le sujet remonte
à M. Derridj dans [De1986], d’après une suggestion de A. Douady. La
complexité de la preuve du résultat principal (Théorème 1.23) ci-dessous
demeurera substantielle, car elle implique un grand nombrede collections
infinies d’identités formelles.

Dans [Me2002], en utilisant la technique géométrique dite des «disques
analytiques», nous avons établi un principe de réflexion pour les difféo-
morphismes CR de classeC ∞ entre hypersurfaces analytiques réelles holo-
morphiquement non-dégénérées. Afin d’obtenir une version de ce résultat
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en codimension quelconque, nous pensons que le théorème d’aplatissement
local de H. Hironaka, M. Lejeune et B. Tessier devrait être appliqué au
morphisme de jets (1.8).

1.10. Non-dégénérescence holomorphe.Dans [St1995] et [St1996],
N. Stanton a introduit la non-dégénérescence holomorphe. Elle dit que
M ′ est holomorphiquement non-dégénérées’il n’existe pas de champ de
vecteursX ′ =

∑n′

i′=1 a
′
i′(t

′) ∂
∂t′

i′
non nul et à coefficients holomorphes qui

est tangent àM ′. On démontre que cette définition équivaut à celle que
nous avons formulée (voir le §3.4 dans [Me2003]).

La condition de non-dégénérescence holomorphe est connue pour être
la condition nécessaire la plus naturelle pour qu’un principe de réflexion
soit valide (cf. le premier article [BR1995] contenant une telle observation
dans un cadre algébrique,cf. [Me2001a] pour un résultat sans condition de
rang dans le cadre algébrique, etcf. [Me2002] pour un résultat récent dans
le cadreC ∞). Rappelons-en le principe. SoitX ′ :=

∑n′

i′=1 a
′
i′(t

′) ∂
∂t′

i′
un

champ de vecteurs non nul et à coefficients holomorphes qui est tangent
à M ′. Soit (s′, t′) 7−→ exp(s′X ′)(t′) le flot local deX ′, où s′ ∈ C et
t′ ∈ Cn′

. Grâce à la condition de tangence, ce flot induit une famille àun
paramètre d’automorphismes holomorphes locaux deM ′. Dans le §2.16
ci-dessous, nous vérifierons qu’il existe de nombreuses séries entièresnon
convergentes̟ ′(t′) ∈ C[[t′]] dont le terme constant est nul, telles que la
composition du flot avec la substition du temps complexes′ par ̟′(t′),
c’est-à-diret′ 7→F exp(̟′(t′)X ′)(t′), est une auto-application CR formelle
inversible deM ′ non convergente. Une obstruction similaire au principe
de réflexion se produit lorsqueM ′ est holomorphiquement non-dégénérée,
dans la catégoris algébrique,C ∞ ouC 0.

La simplicité de cette obstruction laisse évidemment deviner que la non-
dégénérescence holomorphe pourrait être une condition nécessaire et suff-
isante à la convergence deh. En supposantM minimale à l’origine, nous
établissons la réciproque attendue. C’est notre premier résultat principal,
annoncé dans [Me2001c].

Théorème1.11. Soith : (M, 0) →F (M ′, 0) une équivalence CR formelle
entre sous-variétés deCn analytiques réelles, génériques, de même codi-
mensiond ≥ 1 et de même dimension CR égale àm := n − d ≥ 1. SiM
est minimale à l’origine et siM ′ est holomorphiquement non-dégénérée,
l’application CR formelleh est convergente.

Reste à s’interroger sur la nécessité de supposerM minimale à l’origine.
On pourrait formuler et démontrer une version formelle du Théorème 2.7
de [Me2001a] énoncé dans un cadre algébrique, ce qui donnerai : si M
n’est nulle part minimale et s’il existe un groupe à un paramètre réel
d’auto-applications holomorphes locales stabilisantM , il existe de nom-
breuses auto-applications CR formelles deM qui ne sont pas convergentes.
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Par ailleurs, il a été démontré dans [BER1996] que le principe de réflex-
ion algébrique pour les biholomorphismes est valide en supposant seule-
ment que la sous-variété sourceM est minimale en tout point hors d’un
sous-ensemble analytique réel strict. On parle alors de minimalité en un
point Zariski-générique. Il existe donc une conjecture «folklorique» d’après
laquelle le Théorème 1.11 devrait être vrai en supposant seulement queM
est minimale en un point Zariski-générique, ce qui signifie qu’elle n’est pas
forcément minimale à l’origine, mais qu’elle est minimale en des points
arbitrairement proches de l’origine.

Il s’agit là d’une hypothèse fine qui pourrait à nouveau impliquer la
théorie des singularités. Pour l’instant, bien que quelques résultats soient
connus pour le principe de réflexionC ∞ entre hypersurfaces non minimales
(cf. [Eb2002]), aucun analogue formel n’est connu. Les idées font défaut,
mais nous considérons que cette question mérite d’être étudiée.

Une version du Théorème 1.11, valable avec l’hypothèse(nd4) expri-
mant queM ′ est Segre non-dégénérée à l’origine, a été démontrée dans le
travail non publié [Me1999]. Pour les applications entre hypersurfaces, le
Théorème 1.11 a été démontré d’abord dans la première version de [19],
et indépendamment ensuite par N. Mir dans [Mi2000] (publié auparavant),
dont la première version contenait aussi une démonstrationd’un énoncé
plus général : la convergence de l’application de réflexionpour les équiva-
lences CR formelles entre hypersurfaces.

1.12. Application de réflexion. Dans le cas d’une variable complexe, le
principe de réflexion classique dû à K.H.A. Schwarz est valable sans hy-
pothèse de non-dégénérescence sur la frontière. Cela n’estpas étonnant,
puisque tout arc analytique réel est localement biholomorphe à un segment
ouvert de l’axe réel. Dès qu’il y a plus de deux variables complexes, il
est bien connu que le principe de réflexion pour les applications CR entre
hypersurfaces serait faux sans une hypothèse forte de non-dégénérescence,
telle que la Levi non-dégénérescence ou telle que la finitudeessentielle. In-
tuitivement parlant, de telles hypothèses expriment que toutes les variables
horizontalesz′ ∈ Cm′

ainsi que les conjuguées complexifiéesζ ′ ∈ Cm′

sont
(très !) présentes dans les séries définissantesΘ′

j′(ζ
′, z′, w′) de M ′. On

peut toutefois se demander s’il n’existe pas une généralisation du principe
de réflexion de Schwarz, qui soit valide sans faire aucune hypothèse sur la
frontière. Dans un travail antérieur (voir [Me1997b] et aussi la remarque
page 1098 de l’article [MM1999]), l’auteur a effectivementtrouvé un in-
variant dont les propriétés de régularité sont plus générales que celles de
l’application CR.

Pour une application CR formelleh : (M, 0) −→F (M ′, 0), cet invari-
ant se présente comme suit. Soientξ′j′ −Θ′

j′(ζ
′, t′) = 0, j′ = 1, . . . , d′, des

équations complexes arbitraires pourM ′ dans un voisinage de l’origine.
Alors l’application de réflexionassociée àh et à ce système de coordon-
nées s’exprime par une série formelle vectorielle à deux variablesτ ′ ∈ Cn′
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et t ∈ Cn :

(1.13) R ′
h(τ

′, t) := ξ′ − Θ′(ζ ′, h(t)) ∈ C[[τ ′, t]]d
′

.

En toute rigueur, cette applicationR ′
h dépend du système de coordonnées

dans lequel on a représentéM ′, mais grâce à l’invariance biholomorphe
des sous-variétés de Segre, on démontre que la convergence deR ′

h, c’est-à-
dire la propriétéR ′

h(τ
′, t) ∈ C{τ ′, t}d′ , est une propriété invariante (voir la

Section 4 ci-dessous). Dans ce mémoire, nous énoncerons et démontrerons
un résultat de convergence deR ′

h, valable sans aucune hypothèse de non-
dégénérescence surM ′ : le Théorème principal 1.23 ci-dessous.

1.14. Résultats récents.Au cours de la démonstration des résultats prin-
cipaux des articles [BJT1985] et [BR1988] (consacrés au principe de
réflexion pour les applications CR de classeC ∞), une expression voisine
de (1.13) apparaît,mais on n’a pas pas vu qu’elle devrait jouir d’une pro-
priété de régularité analytique, même lorsque la sous-variété imageM ′ est
très dégénérée. Pour les applications CR entre hypersurfaces essentielle-
ment finies, le prolongement holomorphe deR ′

h s’identifie au prolongement
deh en tant que correspondance, tel qu’il est traité dans [8], [DFY1994],
[DP1995], [DP1998], [Sh2000], [PV2001], [13], [Sh2003], parfois avec
l’hypothèse plus forte queM ′ ne contienne pas de courbe holomorphe.

En 1998, inspiré par nos conjectures sur l’application de réflex-
ion dans [Me1997b] et par la remarque de la page 1098 du preprint
de [MM1999], N. Mir a démontré de manière indépendante dans [Mi1998]
que l’application de réflexion associée à un biholomorphisme entre
hypersurfaces algébriques est algébrique. Sa définition del’application
de réflexion élimine la variableξ′ dans (1.13) ; celle-ci a pourtant un
sens géométrique, puisque la définition deR ′

h est intrinsèquement reliée
aux sous-variétés de Segre complexifiées. Ni dans ce travail, ni dans
d’autres travaux ultérieurs [Mi2000], [Mi2002], [BMR2002] consacrés à
l’application de réflexion, N. Mir ne traite l’invariance biholomorphe de
cette application. Or, pour peu que l’on établisse que l’algébricité deR ′

h

est une propriété invariante par changement de coordonnéesalgébriques
(cf. [Me2001a] et [Me2002]), le résultat principal de [Mi1998] devient un
corollaire élémentaire de [BR1995]. En effet (cf. le §11 de [Me2001a]),
en déplaçant légèrement le point de référence en un point où l’application
de jets (1.8) est de rang localement constant – ce qui est autorisé puisque
l’application considérée est déjà holomorphe dans un ouvert – et en
éliminant des variables muettes, on se ramène à un biholomorphisme
local entre deux sous-variétés algébriques réelles, génériques et finiment
non-dégénérées contenues dans des espaces euclidiens complexes de
dimensions inférieures ; alors les résultats de [BR1995] (codimension1)
ou de [BER1996] (codimension quelconque) s’appliquent directement. En
résumé, pour le principe de réflexion algébrique, l’algébricité de la fonction
de réflexion équivaut à l’algébricité d’une application holomorphe entre
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sous-variétés génériques de dimension inférieure (cf. le Théorème 11.4
de [Me2001a] qui établit cette équivalence sans aucune hypothèse de rang).

En revanche, pour les applications CR formelles (ouC ∞), il est vraiment
impossible de déplacer la situation locale en un point où lessingularités de
l’application de jets (1.8) disparaissent.

Avant d’énoncer notre résultat principal, présentons une deuxième
liste hiérarchisée, comportant cinq conditions CR-horizontales de non-
dégénérescence.

1.15. Conditions CR-horizontales de non-dégénérescence.Pour les
sous-variétés génériquesM ′ quelconques, sans aucune condition de
non-dégénérescence, le principe de réflexion implique déjàdes questions
délicates, même en supposant, pour simplifier, que l’application h est
inversible. Mais puisqu’un grand nombre de raffinements onteu cours
durant la dernière décennie et qu’il est presque toujours possible d’arguer
de la «nouveauté» d’un résultat qui suppose l’applicationh toujours un peu
plus dégénérée – pourvu que les techniques connues s’appliquent encore –,
nous pensons qu’il est nécessaire d’exposer un principe organisateur pour
présenter les conditions de non-dégénérescence sur l’applicationh.

Pour exprimer ces conditions, travaillons d’emblée avec les équations
complexes graphées du §1.3 pourM ′, ou plutôt avec les équations con-
juguéeswj′ = Θ

′

j′(z
′, τ ′), j′ = 1, . . . , d′, qui sont équivalentes, d’après le

§3.2. Représentons aussi la complexificationM deM par des équations
complexes de la formewj = Θj(z, τ), j = 1, . . . , d dans des coordonnées
adaptéest = (z, w) ∈ Cm × Cd. Posonsrj(τ, t) := wj − Θj(z, τ) et
r′j′(τ

′, t′) := w′
j′ −Θ

′

j′(z
′, τ ′). Par hypothèse, il existe une matrice de taille

d′ × d de séries formellesb(τ, t) telle quer′
(
h(τ), h(t)

)
≡ b(τ, t) r(τ, t)

dansC[[t, τ ]]d. Décomposons les composantes de l’application d’une
manière compatible avec le scindage(z′, w′) ∈ Cm′ × Cd′ des coordon-
nées, ce qui donneh(t) =: (f(t), g(t)) ∈ C[[t]]m

′×C[[t]]d
′

. En remplaçantw
parΘ(z, τ) dans l’identité fondamentaler′

(
h(τ), h(t)

)
≡ b(τ, t) r(τ, t),

le second membre s’annule identiquement et nous obtenons les identités
formelles suivantes, valables dansC[[z, τ ]] :

(1.16) gj′
(
z, Θ(z, τ)

)
≡ Θ

′

j′

(
f(z, Θ(z, τ), h(τ))

)
,

pour j′ = 1, . . . , d′. En posantτ = 0 dans ces identités, on obtient les
identités

(1.17) gj′
(
z, Θ(z, 0)

)
≡ Θ

′

j′

(
f(z, Θ(z, 0), 0)

)
.

Classiquement, on les interprète en exprimant que la restriction de
l’application formelleh à la sous-variété de SegreS0 passant par l’origine,
définie par{(z, w) ∈ Cn : w = Θ(z, 0)}, induit une application formelle
à valeurs dans la sous-variété de SegreS ′

0 de l’espace image définie par
{(z′, w′) ∈ Cn′

: w′ = Θ
′
(z′, 0)}. Alors la restriction deh àS0 coïncide
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avec l’application formelle
(1.18)

Cm ∋ z 7−→F

(
f
(
z, Θ(z, 0)

)
, Θ

′ (
f
(
z, Θ(z, 0), 0

)))
∈ Cm′ ×Cd′ .

Ce sont les propriétés de non-dégénérescence de cette application formelle
induite qui gouvernent les divers raffinements possibles duprincipe de
réflexion analytique. Par projection sur le sous-espaceCm′ × {0}, on
peut évidemment identifier cette application avec sapartie CR-horizontale
définie par

(1.19) Cm ∋ z 7−→F f
(
z, Θ(z, 0)

)
∈ Cm′

.

Avec ces notations, nous pouvons formuler très concrètement cinq condi-
tions sur l’application (1.19), que nous ordonnons par ordre croissant de
généralité. L’application CR formelleh sera dite

(cr1) CR-inversibleà l’origine sim′ = m et si sa partie CR-horizontale
est une équivalence formelle enz = 0 ;

(cr2) CR-submersiveà l’origine sim′ ≤ m et si sa partie CR-horizontale
est une submersion formelle enz = 0 ;

(cr3) CR-finieà l’origine sim′ = m et si sa partie CR-horizontale est une
application formelle finie enz = 0 ;

(cr4) CR-dominanteà l’origine sim′ ≤ m et si sa partie CR-horizontale
est dominante enz = 0 ;

(cr5) CR-transversaleà l’origine si sa partie CR-horizontale est transver-
sale enz = 0 ;

Nous renvoyons le lecteur au §2.3 pour des définitions complètes de ces
cinq conditions de non-dégénérescence, valides dans la catégorie des appli-
cations formelles quelconques ; la condition(cr5), qui n’impliqueaucune
inégalité entrem′ etm, est expriméein extensoau début du §1.21. Bien
entendu, en utilisant l’invariance biholomorphe des sous-variétés de Segre,
on démontre que ces définitions ne dépendent pas des systèmesde coordon-
nées dans lesquels on représenteM etM ′.

Les cinq conditions du §2.3 sont tout à fait classiques en géométrie ana-
lytique locale. On vérifie les quatre implications

(1.20) (cr1) ⇒ (cr2) ⇒ (cr3) ⇒ (cr4) ⇒ (cr5),

pourvu quem′ = m dans la deuxième et dans la troisième. Dans le con-
texte CR, les conditions(cr1) et (cr2) apparaissent dans [Za1997] ; la
condition(cr3), maintenant classique, est une condition naturelle pour les
applications CR entre hypersurfaces essentiellement finies ; elle apparaît
dans [8], [BR1988] et dans d’autres références. La condition (cr4) apparaît
dans [BR1990]. Enfin, la condition(cr5) apparaît dans [BER2000], avec
une appellation différente. Mais dans cette référence, lesauteurs supposent
la sous-variétéM ′ essentiellement finie : ils travaillent avec la condition
(nd3), bien comprise depuis le travail fondateur [BJT1985].
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Le préfixe commun aux cinq conditions «CR-» se justifie de la manière
suivante : puisque l’espace tangent au point0 ∈ S0 coïncide avec
l’espace tangent complexe àM en 0, lequel absorbe lastructure CR in-
finitésimaledeM en 0, on peut penser que l’application formelle induite
h|S0 : (S0, 0) −→F (S ′

0, 0) est un «prolongement» de l’applicationCR
tangentedh : T c

0M → T c
0M

′.
Sélectionnons maintenant la condition(cr5), puisque c’est la plus

générale.

1.21. Résultat principal. Par définition (cf. le §2.3 ci-dessous), une appli-
cation CR formelleh comme dans le §1.15 estCR-transversale à l’origine
s’il n’existe pas de série formelleF ′(z′1, . . . , z

′
m′) ∈ C[[z′1, . . . , z

′
m′ ]] non

nulle telle que l’on a l’identité

(1.22) F ′
(
f1

(
z, Θ(z, 0)

)
, . . . , fm′

(
z, Θ(z, 0)

))
≡ 0,

dansC[[z]]. Le résultat principal de cet article, dont le Théorème 1.11dé-
coule en vérité comme corollaire, est le suivant.

Théorème1.23. Soith : (M, 0) →F (M ′, 0) une application CR formelle
entre deux sous-variétés deCn,Cn′

analytiques réelles, génériques, de codi-
mensionsd ≥ 1, d′ ≥ 1 et de dimensions CR égales àm := n − d ≥ 1,
m′ := n′−d′ ≥ 1. SiM est minimale à l’origine et sih est CR-transversale,
pour tout système de coordonnées(z′, w′) ∈ Cm′ ×Cd′ dans lequel la com-
plexificationM ′ est représentée parξ′ = Θ′(ζ ′, t′), l’application de réflex-
ion CR formelle associéeR ′

h(τ
′, t) := ξ′ − Θ′(ζ ′, h(t)) est convergente.

Dans le §4.30, nous démontrerons que si cette propriété de convergence
est satisfaite dans un tel système de coordonnées(z′, w′), alors pour tout
autre système de coordonnées(z′′, w′′) centrées à l’origine dans lesquelles
la complexification de la sous-variété transformée est représentée par des
équations similairesξ′′j′ − Θ′′

j′(ζ
′′, t′′) = 0, j′ = 1, . . . , d′, l’application de

réflexion associée est elle aussi convergente.
La force principale de ce théorème réside dans le fait qu’il ne re-

quiert aucune condition de non-dégénérescence surM ′. Comme pour le
Théorème 1.11, nous pensons bien entendu qu’il demeure valide en sup-
posant seulement queM est minimale en un point Zariski-générique.

Attention, il y a un piège ! Par souci de généralité, on pourrait être tenté
comme dans [BMR2002] de raisonner avec des équations définissantes an-
alytiques réelles arbitrairesρ′j′(t

′, t̄′) = 0 pourM ′, telles qu’introduites
dans le §1.1. L’application de réflexion associée serait alors définie par
R̂ ′

h(τ
′, t) := ρ′j′(h(t), τ

′) ∈ C[[t, τ ′]]d
′

, et le Théorème 1.23 exprimerait,
sous les mêmes hypothèses, qu’elle est convergente. Mais en1997, J.-
M. Trépreau nous a fait remarquer qu’un tel énoncé serait trivialement faux.

En effet, choisissons une série entière non convergente̟(z2) ∈ C[[z2]]
telle que̟(z2) = z2 + O(z2

2) et considérons l’application formelle définie
par h(z1, z2, w) := (z1, ̟(z2), w). C’est une équivalence CR formelle
entre l’hypersurface algébriqueM deC3 définie parw = w̄ + iz1z̄1 et (la
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même !) l’hypersurface deC3 définie parr′ = 0, oùr′ := w̄′ − w′ + iz′1z̄
′
1.

Notons queM ′ est holomorphiquement dégénérée, puisque le champ holo-
morphe ∂

∂z′2
lui est tangent. Il est vrai que l’application de réflexion

R ′
h(τ

′, t) égale àξ′−w+ iz1 ζ
′
1 est convergente. Par contre, il est vraiment

faux que l’application de réflexion associée à une équation définissante ar-
bitraire pourM ′ est convergente. En effet, prenons par exemple la fonction
ρ′(t′, t̄′) := [1 + z′1z̄

′
1 + z′2z̄

′
2] r

′(t′, t̄′) ; son lieu d’annulation coïncide avec
M ′. Si l’application de réflexion

(1.24) R̂ ′
h(τ

′, t) := [1 + z1ζ
′
1 +̟(z2) ζ

′
2] · [ξ′ − w + iz1 ζ

′
1]

était convergente par rapport aux six variables(z1, z2, w, ζ
′
1, ζ

′
2, ξ

′), on en

déduirait en considérant∂
2

∂ζ′2∂ξ′
R̂ ′

h(τ
′, t)
∣∣∣
τ ′=0

que la série formelle̟ (z2) est

convergente, ce qui contredirait notre choix initial. Par conséquent, il n’est
pas anodin de choisir d’emblée des équations complexes graphéesξ′ =
Θ′(ζ ′, t′) pour la représentation de la complexifiéeM ′ ainsi que pour la
définition de l’application de réflexion CR formelle.

Comme nous l’avons mentionné à la fin du §1.11, N. Mir a obtenu
dans [Mi2000] une démonstration du Théorème 1.23 pour les équivalences
formelles dans le casd = d′ = 1, mais la méthode, astucieuse, achoppe
dès que la codimensiond de M est supérieure ou égale à2. La pre-
mière version de [19], qui a circulé avant [Mi2000], contenait seulement
le Théorème 1.11 dans le casd = d′ = 1. Dans cette référence, l’existence
de paires d’identités de réflexion conjuguées apparaissaitclairement, bien
qu’exploitée de manière insuffisante. En fait, dans la version publiée [19],
il a suffi d’inclure le court §9 pour obtenir le Théorème 1.23 pour les équiv-
alences formelles dans le casd = d′ = 1. Cettepaire d’identités de
réflexion conjuguéesétant absolument cruciale pour la démonstration du
Théorème 1.23, nous allons l’exposer dans le §1.25 ci-dessous.

En Mai 2000, une démonstration complète du Théorème 1.23 pour les
équivalences CR formelles a été annoncée dans [Me2000]. Cette annonce
électronique a donné lieu à la publication résumée [Me2001c]. Sept mois
plus tard, en décembre 2000, S.M. Baouendi, N. Mir et L.-P. Rothschild
ont annoncé électroniquement le même type de résultats, avec les raffine-
ments attendus sur le rang de l’applicationh, lesquels ne s’élèvent pour-
tant que jusqu’au niveau(cr4). Un examen de la publication [BMR2002]
à laquelle a donné lieu ce travail (qui ne contient plus les références à
nos travaux présentes dans la version électronique) montreque ces auteurs
utilisent les paires d’identités de réflexion conjuguées, ce que seul l’ultra-
spécialiste peut déceler dans le cœur technique de la démonstration prin-
cipale (voir les équations (5.2) et (5.3), la Proposition 6.1 et le Lemme 7.1
de [BMR2002]). Par ailleurs, ces auteurs, qui n’emploient pas la terminolo-
gie «application de réflexion» (utilisée pourtant dans [Mi2000], [Mi2002]),
introduisent une notion alternative d’«idéal de Segre», laquelle est définie
au moyen d’équations analytiques réelles arbitrairesρ′j′(t

′, t̄′) = 0 pour
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M ′. Ce choix pour énoncer leurs théorèmes de convergence, les con-
traint à quelques circonlocutions, puisque la convergencede R̂ ′

h(τ
′, t) :=

ρ′j′(h(t), τ
′) ∈ C[[t, τ ′]]d

′

n’est satisfaite que pour les représentants graphés
de l’idéal engendré par les séries entières complexifiéesρ′j′(t

′, τ ′), comme
nous venons de le voir.

En conclusion de ce paragraphe, la prolixité et le raffinement des résultats
présentés dans [BMR2002] confinent à un certain hermétisme auquel nous
n’adhèrerons jamais, puisque les quatre concepts analytico-géométriques
qui sont impliqués dans le sujet sont relativement simples :

(1) Minimalité locale comme propriété des orbites de champs de
vecteurs CR complexifiés, dont les sous-variétés intégrales coïnci-
dent avec les sous-variétés de Segre complexifiées (Section3) ;

(2) jets d’ordrek des sous-variétés de Segre complexifiées et diverses
conditions de non-dégénérescence (Section 4) ;

(3) application de réflexion CR comme invariant fondamental quijouit
de propriétés de régularité (Sections 1, 5 et 6) ;

(4) conditions de non-dégénérescence CR-horizontales (Section 1) ;

Ce sont ces hypothèses multiples, combinées souvent à l’alternative en-
tre catégorie algébrique et catégorie analytique, qui sontresponsables de
la combinatoire de théorèmes possibles publiés récemment sur le principe
de réflexion analytique. Toutefois, cette diversité s’exerce au détriment de
résultats plus rares où une difficulté substantielle a été surmontée et elle
occulte leur repérage.

Exposons maintenant le point-clé qui est à la base de la démonstration du
Théorème 1.23.

1.25. Paire d’identités de réflexion conjuguées.Soientwj = Θj(z, τ),
j = 1, . . . , d un système ded équations complexes graphées pour la com-
plexificationM deM et soientξj = Θj(ζ, t), j = 1, . . . , d, les équations
conjuguées. On considère la paire de systèmes dem champs de vecteurs
holomorphes tangents àM définis comme suit :

(1.26)





Lk :=
∂

∂zk
+

d∑

j=1

∂Θj

∂zk
(z, τ)

∂

∂wj
, k = 1, . . . , m,

L k :=
∂

∂ζk
+

d∑

j=1

∂Θj

∂ζk
(ζ, t)

∂

∂ξj
, k = 1, . . . , m.

Par hypothèse, l’application CR formelleh(t) = (f(t), g(t)) ∈ C[[t]]m
′ ×

C[[t]]d
′

satisfait lesd′ identités formelles (1.16) et leurs conjuguées complex-
ifiées, que nous écrirons ensemble comme suit :

(1.27)

{
gj′ (ζ, Θ(ζ, t)) ≡ Θ′

j′

(
f(ζ, Θ(ζ, t)), h(t)

)
,

gj′
(
z, Θ(z, τ)

)
≡ Θ

′

j′

(
f
(
z, Θ(z, τ)

)
, h(τ)

)
.
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On les abrègera en les écrivantg(t) = Θ
′ (
f(t), h(τ)

)
et g(τ) =

Θ′
(
f(τ), h(t)

)
, étant entendu que(t, τ) ∈ M . Développons les fonc-

tionsΘ′
j′ par rapport aux puissances deζ ′ : on obtient des expressions de la

formeΘ′
j′(ζ

′, t′) =
∑

γ′∈Nm′ (ζ ′)γ′

Θ′
j′, γ′(t′), avec des séries entières con-

vergentesΘ′
j′, γ′(t′) ∈ C{t′} qui satisfont bien sûr une estimée de Cauchy,

puisque les fonctionsΘ′
j′(ζ

′, t′) sont holomorphes par rapport aux deux
variablesζ ′ et t′. En utilisant ce développement, nous pouvons tout d’abord
réécrire l’application de réflexion (1.13) sous la forme plus explicite

(1.28) R ′
h(τ

′, t) = ξ′ −
∑

γ′∈Nm′

(ζ ′)γ′

Θ′
γ′(h(t)).

Dans la Section 5 ci-dessous, nous établirons que la convergence de
l’application de réflexion est équivalente à la convergencede la collection
infinie de séries formellesΘ′

j′, γ′(h(t)), pour tousj′ = 1, . . . , d′ et tous
γ′ ∈ Nm′

. Nous appelleronscomposantes de l’application de réflexion
ces séries formellesΘ′

j′, γ′(h(t)), parfois notées sous la forme vectorielle
abrégéeΘ′

γ′(h(t)).
En utilisant le même développement partiel en séries entières des

Θ′
j′, γ′(ζ ′, t′), on peut aussi réécrire les relations fondamentales (1.27)sous

une forme plus explicite, dont le mérite principal est de faire clairement
apparaître toutes les composantes de l’application de réflexion :

(1.29)





g(τ) =
∑

γ′∈Nm′

f(τ)γ′

Θ′
γ′(h(t)),

g(t) =
∑

γ′∈Nm′

f(t)γ′

Θ
′

γ′

(
h(τ)

)
,

où (t, τ) ∈ M . Venons-en maintenant aux identités de réflexion. Pour un
multiindice arbitraireβ = (β1, β2, . . . , βm) ∈ Nm, on noteL β et L β les
dérivations holomorphes et antiholomorphes d’ordre|β| définies par

(1.30)

{
L β := (L1)

β1(L1)
β2 · · · (Lm)βm et

L β := (L 1)
β1(L 1)

β2 · · · (L m)βm.

Classiquement, on applique les dérivations antiholomorphes
(L 1)

β1(L 1)
β2 · · · (L m)βm au premier jeu d’équations (1.29). De manière

équivalente, à une conjugaison près, on pourrait appliquerles dérivations
conjuguées(L1)

β1(L1)
β2 · · · (Lm)βm au second jeu d’équations (1.29). Au

total, les deux procédés reviennent à choisir une fois pour toutes les vari-
ablest ou les variables̄t pour écrire les identités de réflexion. C’est le point
de vue qui est adopté dans tous les travaux consacrés au principe de réflex-
ion analytique que sont [22], [Le1977], [We1978], [We1982], [9], [12],
[De1985], [BJT1985], [BR1988], [Pu1990], [BR1990], [BR1995], [27],
[BER1996], [BER1997],[Mi1998], [BER1999a], [CMS1999], [CPS1999],
[BER1999b], [CPS2000], [BER2000], [Me2001a], [BRZ2001],[Me2002],
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[Eb2002], [CDMS2002], [MMZ2002] et [MMZ2003]. Nous l’analyserons
dans le §1.33 ci-dessous.

Respectons une exigence de complétude : nous disposons de deux jeux
de d′ équations formelles fondamentales (1.29) et de deux jeux infinis de
dérivations fondamentales (1.30). Au total, ce ne sont doncpas deux mais
quatre identités de réflexion que nous devrions obtenir.

Pour les écrire, on observe queL k(h) ≡ 0 et queLk

(
h
)
≡ 0 pour

k = 1, . . . , m, ce qui est évident d’après les formules (1.26). Il en dé-
coule queL β(h) ≡ 0 et queL β

(
h
)
≡ 0 puis aussiL βΘ′

γ′(h) ≡ 0 et

L β
(
Θ

′ (
h
))

≡ 0, pourvu bien sûr queβ 6= 0.

Ainsi, en appliquant les dérivations (1.30) pourβ 6= 0 aux iden-
tités (1.29), on obtient quatre familles infinies d’identités de réflexion.
Disposons-les en deux paires conjuguées comme suit : première paire :

(1.31)





L β g(τ) =
∑

γ′∈Nm′

L β
[
f(τ)γ′

]
Θ′

γ′(h(t)),

0 =
∑

γ′∈Nm′

f(t)γ′

L β
[
Θ

′

γ′

(
h(τ)

)]
;

seconde paire, conjuguée (modulo transposition) de la première :

(1.32)





L βg(t) =
∑

γ′∈Nm′

L β
[
f(t)γ′

]
Θ

′

γ′

(
h(τ)

)
,

0 =
∑

γ′∈Nm′

f(τ)γ′

L β
[
Θ′

γ′(h(t))
]
.

Bien entendu,β 6= 0 et (t, τ) ∈ M . Les deux paires (1.31) et (1.32) sont
donc conjuguées terme à terme (modulo une transposition) ; elles ne sont
donc pas essentiellement distinctes. Mais dans chacune desdeux paires,
une différence importante est à noter : tandis que ce sonta priori toutes les
composantesfk′ et gj′ de l’applicationh que l’on différentie dans la pre-
mière identité (1.31), ce sont les composantes conjuguées de l’application
de réflexionΘ

′

γ′

(
h(τ)

)
que l’on différentie à la seconde ligne.

La différence a son importance pour la raison suivante. D’après la
propriété mentionnée après (1.28), le Théorème 1.23 énonceessentielle-
ment que les composantesΘ′

γ′(h(t)) de l’application de réflexion sont des
séries convergentes. Il n’énonce nullement que toutes les composantes
de l’applicationh(t) sont convergentes. L’exemple élémentaire discuté
après le Théorème 1.23 (ou d’autres analogues) montre qu’engénéral, au-
cune contrainte de convergence n’est exercée sur les composantes deh
qui n’apparaissent pas dans les composantes de l’application de réflexion.
C’est pourquoi la première identité de réflexion (1.31) a le défaut majeur de
faire intervenir inévitablement les dérivées d’éventuelles «mauvaises» com-
posantes deh, tout du moins celles qui ne sont pas intrinsèquement liées
à l’application invarianteR ′

h. Au contraire, dans la seconde identité (1.31)
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(tout aussi bien que dans la première identité (1.32)), on différentie les vrais
objets invariants que sont les composantesΘ

′

γ′

(
h
)

(ou leurs conjuguées
Θ′

γ′(h)).
À notre connaissance, les seuls travaux dans lesquels on considère aussi

les seconde identités de réflexion (1.31) (ainsi que sa conjuguée, la première
identité de (1.32)) sont : [19], [Me2001c] et [BMR2002]. Avant de pour-
suivre le commentaire, passons en revue ce qu’il est possible d’énoncer au
moyen de la première identité de réflexion (1.31).

1.33. Conditions de non-dégénérescence surh. Au lieu de for-
muler conjointement des conditions de non-dégénérescencesur M ′

avec des conditions de non-dégénérescence CR-horizontales sur h
(cf. [BR1988], [BER1997], [BER1998], [Za1997], [BER1999a],
[BER1999b], [BER2000], [BRZ2001] et [BMR2002]), formulons des
conditions de non-dégénérescence sur les premières identités de réflex-
ion (1.31) (cf. [Ha1990], [27], [CPS1999], [Me1999], [Da2001]). Pour
cela, introduisons une collection infinie de séries entières formelles
dépendant des trois variablest ∈ Cn, τ ∈ Cn (avec (t, τ) ∈ M ) et
t′ ∈ Cn′

, laquelle est définie en remplaçanth(t) par t′ dans la première
ligne de (1.31), ce qui donne :

(1.34) Ψ′
j′, β(t, τ, t′) := L β gj′ −

∑

γ′∈Nm′

L β
[
f

γ′
]

Θ′
j′, β(t′),

pourj′ = 1, . . . , d′ etβ ∈ Nm. Dans (1.36) ci-dessous, on notera aussi ces
sériesΨ′

j′, β(z, w, ζ, ξ, t′).
Soitk ∈ N. En ne considérant que les multiindicesβ ∈ Nm de longueur

|β| ≤ k, et en posant(t, τ) := 0, définissons l’application formelle suiv-
ante, qui est à valeurs dansCNd′, n′, k pour un certain entierNd′, n′, k :

(1.35) ψ′
k : t′ 7−→

(
Ψ′

j′, β(0, 0, t′)
)
1≤j′≤d′, |β|≤k

.

Puisque les termesL β gj′ et L β
[
f

γ′
]

sont constants lorsque l’on pose

(t, τ) = (0, 0), l’applicationψ′
k est holomorphe au voisinage de l’origine.

L’application CR formelleh sera dite

(h1) Levi non-dégénéréeà l’origine siψ′
1 est de rangn′ ent′ = 0 ;

(h2) finiment non-dégénéréeà l’origine s’il existe un entierℓ0 tel queψ′
k

est de rangn′ ent′ = 0 pour toutk ≥ ℓ0 ;
(h3) essentiellement finieà l’origine s’il existe un entierℓ0 tel queψ′

k est
une application holomorphe finie pour toutk ≥ ℓ0 ;

(h4) Segre non-dégénéréeà l’origine s’il existe des entiers
j′(1), . . . , j′(n′) satisfaisant1 ≤ j′(i′1) ≤ d′ pour i′1 = 1, . . . , n′,
et des multiindices distinctsβ(1), . . . , β(n′) ∈ Nm tels que le
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déterminant suivant :

(1.36) det

(
∂Ψ′

j′(i′1), β(i′1)

∂t′i′2

(
z, Θ(z, 0), 0, 0, h

(
z, Θ(z, 0)

))
)

1≤i′1, i′2≤n′

ne s’annule pas identiquement dansC[[z]].

On vérifie que ces quatre conditions ne dépendent pas du sytème de co-
ordonnées holomorphes locales dans lequel la sous-variétéM ′ est représen-
tée parξ′ = Θ′(ζ ′, t′) (cf. [Me2003]). La condition(h1) apparaît dans [27]
ainsi que dans d’autres références précédentes ; la condition (h2) appa-
raît dans [La2000] ; la condition(h3) apparaît dans [CPS1999], [Me1999],
[Da2001] et [DM2002] ; ces références expriment la condition (h3) en
disant, de manière équivalente, que lavariété caractéristiqueV′

0 := {t′ :
Ψ′

j′, β(0, 0, t′) = 0, j′ = 1, . . . , d′, β ∈ Nm}, qui est un sous-ensemble
analytique complexe deCn′

passant par l’origine, est de dimension zéro en
t′ = 0 ; enfin, la condition nouvelle(h4) apparaît dans [Me1999].

Avant de présenter les quatre principes de réflexion auxquels donnent
naissance les quatre conditions(h1), (h2), (h3) et (h4), nous voudrions
mentionner qu’elles sont satisfaites si l’on effectue une hypothèse de non-
dégénérescence surM ′ combinée à une hypothèse de non-dégénérescence
CR-horizontale surh.

Proposition 1.37.Supposonsh CR-transversale à l’origine.

(1) Si M ′ est Levi non-dégénérée à l’origine,h est finiment non-
dégénérée à l’origine.

(2) Si M ′ est finiment non-dégénérée à l’origine,h est finiment non-
dégénérée à l’origine.

(3) SiM ′ est essentiellement finie à l’origine,h est essentiellement finie
à l’origine.

(4) Si M ′ est Segre non-dégénérée à l’origine,h est Segre non-
dégénérée à l’origine.

Puisque la condition(cr5) est la plus générale, cette proposition se dé-
multiplie en quatre autres propositions énoncées avec(cr1), avec(cr2), avec
(cr3) ou avec(cr4) à la place de(cr5). Une partie de ces vingt assertions,
mais pas la totalité, se trouve implicitement démontrée dans les travaux de
S.M. Baouendi, L.P. Rothschild et divers co-auteurs. Pour la démonstra-
tion relativement technique de ce résultat que nous n’utiliserons pas, nous
renvoyons le lecteur au Théorème 4.3.1 de [Me2003].

Mentionnons toutefois les quatre observations :

(1) h Levi non-dégénérée⇒M ′ Levi non-dégénérée ;
(2) h finiment non-dégénérée⇒M ′ finiment non-dégénérée ;
(3) h essentiellement finie⇒M ′ essentiellement finie ;
(4) h Segre non-dégénérée⇒M ′ Segre non-dégénérée.

Chacune de ces implications est stricte, comme le montreraient des exem-
ples élémentaires analogues à ceux qui sont développés dans[Me2001d].



22

La condition de CR-transversalité surh est la condition la plus fine qu’il
faut ajouter pour garantir les réciproques de ces implications.

1.38. Quatre principes de réflexion CR formels pourh. Ainsi, travail-
lons directement avec les quatre conditions de non-dégénérescence surh.

Théorème1.39. ([Me1999], Theorem 1.2.1) Soith : (M, 0) →F (M ′, 0)
une application CR formelle entre deux sous-variétés deCn, Cn′

analy-
tiques réelles, génériques, de codimensionsd ≥ 1, d′ ≥ 1 et de dimensions
CR égales àm := n − d ≥ 1, m′ := n′ − d′ ≥ 1. Si M est minimale à
l’origine et si

(i) h est Levi ou finiment non-dégénérée à l’origine ; ou si
(ii) h est essentiellement finie à l’origine ; ou si

(iii) h est Segre non-dégénérée à l’origine,

h est convergente.

La partie (i) est essentiellement démontrée dans [BER1997]
et [BER1998] (voir aussi [La2000]). La partie(ii) est essentielle-
ment démontrée dans [BER2000], grâce à une variation sur lesarguments
classiques de [BJT1985], mais avec des conditions de non-dégénérescence
séparées surM ′ et surh. On trouve une copie conforme de cette démon-
stration relativement complexe dans [Mi2002], où la condition (h3) est
empruntée à [CPS1999] et à [Me1999]. Le Théorème 1.2 de [DM2002]
coïncide avec ce même résultat, mais grâce à l’argument élémentaire
de tranchage tiré de [Me1999], on peut affirmer que la complexité de la
preuve donnée dans [BER2000] ou dans [Mi2002] n’a pas lieu d’être.
Répétons que la condition(h3) est paradigmatique depuis le travail
classique [BJT1985].

Lorsque(h1) ou (h2) est satisfaite, en appliquant le théorème des fonc-
tions implicites, on démontre qu’il existe un entierℓ0 ≥ 1 et une application
Φ holomorphe locale telle que les identités de réflexion apparaissant à la
première ligne de (1.31) se résolvent par rapport àh(t), grâce au théorème
des fonctions implicites, sous la forme :

(1.40) h(t) ≡ Φ
(
t, τ, J ℓ0

τ h(τ)
)
,

pour (t, τ) ∈ M (le §5.2 ci-dessous fournit les détails). Ici, la notation
J ℓ0

τ h(τ) désigne le jet d’ordreℓ0 deh(τ). Une telle relation remonte aux
travaux fondateurs de S. Pinchuk [22] et H. Lewy [Le1977]. Elle est ap-
peléeidentité de réflexion basiquedans [BER1999a]. Afin de rendre plus
accessible la démonstration du Théorème 1.23, nous reconstituerons la dé-
monstration très simple de la convergence deh sous cette hypothèse dans
la Section 5, en utilisant notre propre formalisme.

Lorsque(h3) est satisfaite, on démontre grâce à un procédé d’élimination
algébrique standard (cf. les travaux [BJT1985], [BER1999a] reprenant
les détails de ce procédé bien connu depuis le traité de Van der Waer-
den [VdW1970]), qu’il existe un entierℓ0 ≥ 1 et n′ polynômes tels que
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les identités de réflexion qui apparaissent à la première ligne de (1.31)
fournissent une «quasi-résolution polynomiale» deh(t) par rapport au jet
d’ordre ℓ0 deh(τ), c’est-à-dire que l’on an′ relations polynomiales de la
forme

(1.41) hi′(t)
N(i′) +

∑

1≤k′≤N(i′)

A′
i′, k′

(
t, τ, J ℓ0

τ h(τ)
)
hi′(t)

N(i′)−k′ ≡ 0,

pouri′ = 1, . . . , n′ et pour(t, τ) ∈ M , où lesA′
i′, k′ sont des applications

holomorphes locales. Nous renvoyons au Théorème 1.2 de [DM2002] pour
une démonstration épurée de la convergence deh sous cette hypothèse.

Enfin, dans la Section 6, nous exposerons la démonstration non publiée
du Théorème 1.39(iii) contenue dans [Me1999].

1.42. Absence de finitude relative dans le cas analytique réel. Il y a une
explication au fait que la seconde collection d’identités de réflexion n’est
généralement pas considérée dans les références précitées. En effet, les
hypothèses de non-dégénérescence du type(h1), (h2), (h3) ou (h4) perme-
ttent toutes de ramener l’infinité des identités de réflexionà un nombre fini
de relations de dépendance entre les composanteshi′(t) et un jet d’ordre fini
J ℓ0

τ h(τ) de l’application formelle conjuguée. L’essence même du principe
de réflexion de Schwarz à une ou plusieurs variables complexes se joue dans
la possibilité d’exprimerh en fonction deh– cela est bien connu. Mais
lorsqueM ′ n’est ni finiment non-dégénérée ni essentiellement finie, une
telle résolution est impossible : aucune version du théorème des fonctions
implicites n’est valide lorsque le morphisme desk-jets de sous-variétés de
Segre (1.8) est d’une complexité arbitraire. En général, ilest donc néces-
saire de considérer l’infinité des sériesΘ′

j′, γ′(h(t)).
Il y a pourtant un cas où une résolution finie est possible : c’est lorsque

M ′ est algébrique. En fait, dans [Mi2002], N. Mir obtient le Théorème 1.23
pour les applications CR-dominantes en supposantM ′ algébrique, car dans
ce cas (subrepticement simplifié), toutes les séries{Θ′

j′, γ′(t′)}1≤j′≤d′, γ′∈Nm′

sont alorsalgébriquement dépendantespar rapport à un nombrefini d’entre
elles. Grâce à cette propriété cruciale de finitude, on peut obtenir des iden-
tités de réflexion analogues à (1.41) : pour toute composanteΘ′

j′, γ′(h(t)) de
l’application de réflexion, il existe une relation polynomiale, satisfaite pour
(t, τ) ∈ M :

(1.43)
∑

0≤k′≤N ′

0

A′
k′

(
t, τ, J ℓ0

τ h(τ)
) [

Θ′
j′, γ′(h(t))

]
= 0,

où chaqueℓ0, chaqueN ′
0 et chaque série analytiqueA′

k′ dépend dej′ et de
γ′.

Au contraire, dans la catégorie analytique réelle, il est absolument faux
qu’étant donné un nombre infini de séries entières convergentesϕk(x) ∈
C{x}, k = 1, 2, 3, . . . , ∞, x ∈ Cn, n ≥ 1, il en existe un entier
N ≥ 1 tel que pour toutk ≥ N + 1, il existe une application holomorphe
localeGk(x, X1, . . . , XN , Yk) telle queGk (x, h1(x), . . . , hN (x), hk(x))
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≡ 0. Ce phénomène est relié à un exemple classique dû à Osgood,
aux de travaux de A.M. Gabrielov, de E. Bierstone, P.D. Milman, de
B. Malgrange ; il exhibe une différence majeure avec la géométrie al-
gébrique locale. Aussi, l’utilisation des conditions de non-dégénérescence
dans les travaux antérieurs était-elle cruciale, puisqu’àchaque étape de
la démonstration, on peut substituer à la considération de l’ infinité de
séries formelles{Θ′

j′, γ′(h(t))}1≤j′≤d′, γ′∈Nm′ celle desn composantes de
h seulement. Dans ce cas, toutes les{Θ′

j′, γ′(h(t))}1≤j′≤d′, γ′∈Nm′ sont
clairement holomorphes respectivement à(h1(t), . . . , hn′(t)). Mais ici,
dans le cas général, on travaillera directement avec cette collection in-
finie {Θ′

j′, γ′(h(t))}1≤j′≤d′, γ′∈Nm , en utilisant de manière cruciale les deux
paires d’identités de réflexion conjuguées (1.31) et (1.32)(voir le §7.61 ci-
dessous).

1.44. Applications. Terminons cette introduction par l’énoncé de deux
applications principales. D’après le Théorème 1.11, les composantes
Θ′

j′, γ′(h(t)) de l’application de réflexion associée à une équivalence
formelle sont convergentes : elles s’identifient à des séries convergentes
θ′j′, γ′(t) ∈ C{t}. En appliquant le théorème d’approximation de M. Artin
aux équations analytiquesΘ′

j′, γ′(h(t)) − θ′γ′(t) ≡ 0 satisfaites par

l’application formelleh(t) ∈ C[[t]]n
′

, on déduit l’existence d’une appli-
cation convergenteH(t) ∈ C{t}n′

telle queΘ′
j′, γ′(H(t)) − θ′j′, γ′(t) ≡ 0.

Dans le §7.146, nous vérifierons qu’une telle applicationH(t) établit un
biholomorphisme local entreM etM ′. Ainsi :

Corollary 1.45. Deux sous-variétés deCn analytiques réelles génériques
et minimales sont formellement équivalentes si et seulement si elles sont
biholomorphes.

Ce résultat a été obtenu dans [BER1997] par S.M. Baouendi, P.Ebenfelt
et L.P. Rothschild avec l’hypothèse simple de non-dégénérescence finie. Ici,
nous l’obtenons sans hypothèse de non-dégénérescence surM ′, mais en
utilisant fortement la minimalité. Nous pensons qu’il devrait être vrai sans
aucune hypothèse sur les sous-variétésM etM ′ formellement équivalentes,
excepté le fait qu’elles sont génériques.

Grâce au même argument d’approximation, on peut aussi déduire du
Théorème 1.23 que pour tout entierN ≥ 1, il existe une une application
HN (t) ∈ C{t}N dont la série de Taylor coïncide avec celle deh jusqu’à
l’ordre (N − 1) compris, telle queHN(t) établit une application holomor-
phe locale deM à valeurs dansM ′ (voir le Corollaire 7.147).

Enfin, dans le §2.20 nous établirons le corollaire suivant qui donne un
critère général pour la convergence deh.

Corollary 1.46. Sous les hypothèses du Théorème 1.23, supposons de plus
qu’il existe des entiersj′(1), . . . , j′(n′) tels que1 ≤ j′(i′1) ≤ n′ pour
i′1 = 1, . . . , n′ et des multiindices distinctsγ′(1), . . . , γ′(n′) ∈ Nm′

tels
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que le déterminant suivant :

(1.47) det

(
∂Θ′

j′(i′1), γ′(i′1)

∂t′i′2
(h(t))

)

1≤i′1, i′2≤n′

ne s’annule pas identiquement dansC[[t]]. AlorsM ′ est holomorphiquement
non-dégénérée eth est convergente.

Notre premier Théorème 1.11 découle en vérité comme conséquence di-
recte du Théorème 1.23 et de ce corollaire (voir §2.20).

1.48. Remarque finale.Le lecteur aura remarqué que cette introduction
contient de nombreuses références aux travaux de S.M. Baouendi, de
P. Ebenfelt, de F. Meylan, de N. Mir, de L.P. Rothschild et de D. Za-
itsev. Durant la période 1998–2004, ces auteurs ont régulièrement suivi
l’évolution de nos travaux, publiés dans des revues spécialisées ou prépub-
liés électroniquement. Tous nos travaux sur les applications CR font
référence à leurs travaux. En revanche, pour la période 1998–2004, force est
de constater qu’il n’existe qu’une seule publication de cesauteurs, groupée
ou individuelle, dont labibliographiecontienne une référence à l’un de nos
travaux : il s’agit du livre [BER1999a], qui cite notre travail de thèse paru
en 1997, portant sur les singularités éliminables pour les fonctions CR (un
autre sujet de recherche) ainsi que l’article [MM1999], écrit en 1997. Insis-
tons sur le fait que cette absence de citation est constatable non seulement
dans les travaux que nous citons ici, mais aussi danstous les autres travaux
(pré)publiés par ces auteurs durant cette période. Les travaux de N. Mir,
très proches des nôtres, constituent le cas le plus frappantd’absence de ci-
tation bibliographique. Pour cette raison, nous nous devions de détailler
dans cette introduction la chronologie précise de l’apparition des résultats
récents sur les applications CR formelles.

1.49. Remerciement.Je remercie vivement F. Panigeon pour ses relectures
minutieuses sur écran.

§2. PRÉLIMINAIRE : SÉRIES FORMELLES, ANALYTIQUES ET

ALGÉBRIQUES

2.1. Séries formelles, analytiques, algébriques.Dans ce paragraphe limi-
naire et élémentaire, destiné seulement à fixer fermement nos notations et à
présenter le théorème d’approximation de M. Artin, la lettreK désigne ou
bien le corpsR des nombres réels, ou bien le corpsC des nombres com-
plexes. Soitn ∈ N et x := (x1, . . . , xn) ∈ Kn des indéterminées. SoitK[[x]]
l’anneau local des séries formelles en les variables(x1, . . . , xn). Par défini-
tion, un élémentϕ(x) ∈ K[[x]] s’écrit sous la formeϕ(x) =

∑
α∈Nn ϕα xα,

où xα est le monômexα1
1 xα2

2 · · · xαn
n et où les coefficientsϕα, du reste arbi-

traires, appartiennent àK pour tout multiindiceα := (α1, . . . , αn) ∈ Nn.
Une telle série estidentiquement nullesi tous ses coefficientsϕα sont
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nuls. Nous écrirons cette propriétéϕ(x) ≡ 0 (dansK[[x]]). Cette rela-
tion, bien que triviale, sera fréquemment utilisée dans ce mémoire. Lorsque
K = C, la variablex et les coefficientsϕα sont complexes et on définit
ϕ(x) :=

∑
α∈Nn ϕα xα en ne conjuguant que les coefficients de la série, de

telle sorte que l’on aϕ(x) ≡ ϕ(x), la barre de conjugaison se distribuant sur
la série et sur la variable.

La longueurdu multiindiceα est l’entier |α| := α1 + · · · + αn. La
dérivée partielle correspondante sera notée∂α

x := ∂α1
x1
∂α2

x2
· · ·∂αn

xn
et parfois

∂|α|ϕ(x)/∂xα1
1 ∂x

α2
2 · · ·∂xαn

n . Évidemment, on aϕα = [1/α!] ∂α
x ϕ(x)|x=0, où

le symboleα! := α1!α2! · · ·αn! est le produit des factorielles desαj .
Sur Kn, la norme|x| := max {|x1|, |x2|, . . . , |xn|} sera la plus com-

mode. Si les coefficients satisfont une estimée de Cauchy de la forme
|ϕα| ≤ Cρ−|α|, où C > 0 et ρ > 0, on dira que la série formelleϕ(x)
converge normalementdans lecube ouvert�n(ρ) := {x ∈ Kn : |x| < ρ}.
Bien entendu, sous cette condition, une valeur numériqueϕ(x) ∈ K peut
être assignée univoquement àϕ en tout pointx ∈ �n(ρ). On dira queϕ
estK-analytiqueet on écriraϕ ∈ K{x}, les constantesρ etC étant de peu
d’importance pour les problèmes que nous étudierons. Si de plus il existe
un polynômenon nul P (X1, . . . , Xn, Φ) ∈ K[X1, . . . , Xn, Φ]\{0} tel que
P (x1, . . . , xn, ϕ(x1, . . . , xn)) ≡ 0, on dira queϕ estK-algébrique(au sens
de J. Nash) et on écriraϕ(x) ∈ AK{x}. Évidemment, on a les deux inclu-
sions strictes

(2.2) K[[x]] ⊃ K{x} ⊃ AK{x}.

Ces trois ensemblesK[[x]], K{x} et AK{x} sont des anneaux dits deséries
entièresqui sont locaux, nothériens, factoriels et qui satisfont les théorèmes
de préparation et de division de K. Weierstrass. Ils sont stables par com-
position et par différentiation ; le théorème des fonctionsimplicites y est
valide.

2.3. Application formelles. Soientn et n′ deux entiers strictement posi-
tifs. Uneapplication formelle deKn dansKn′

consiste en la donnée d’un
n′-uplet de séries entières formellesϕ(x) := (ϕ1(x), . . . , ϕn′(x)) appar-
tenant àK[[x]] et sans terme constant,i.e. satisfaisantϕi′(0) = 0. Une telle
application est dite

(1) inversiblesi n′ = n et sidet ([∂ϕi1/∂xi2 ](0))1≤i1, i2≤n 6= 0 ;
(2) submersivesi n′ ≤ n et s’il existe des entiers1 ≤ i(1) < · · · <

i(n′) ≤ n tels quedet ([∂ϕi′1
/∂xi(i′2)](0))1≤i′1, i′2≤n′ 6= 0 ;

(3) finie si l’idéal engendré par les composantesϕ1(x), . . . , ϕn′(x) est
de codimension finie dansK[[x]], ce qui implique quen′ ≥ n ;

(4) dominantesi n′ ≤ n et s’il existe des entiers1 ≤ i(1) < · · · <
i(n′) ≤ n tels que le déterminantdet([∂ϕi′1

/∂xi(i′2)](x))1≤i′1, i′2≤n′ 6≡
0 ne s’annule pas identiquement dansK[[x]] ;
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(5) transversales’il n’existe pas de série formelleF ′(x′1, . . . , x′n′) ∈
C[[x′1, . . . , x′n′]] non nulle telle queF ′(ϕ1(x), . . . , ϕn′(x)) ≡ 0 dans
K[[x]].

On démontre de manière élémentaire que ces conditions sont ordonnées
par ordre croissant de généralité (voir [Me2003]). La dernière condition, de
loin la plus générale, n’implique aucune inégalité entre les dimensionsn et
n′.

2.4. Approximation. Le principal outil (non trivial) de géométrie analy-
tique que nous utiliseronsad nauseaménonce que la série de Taylor de
toute solution purement formelle d’équationsK-analytiques peut être cor-
rigée à l’infini de manière à la rendre convergente, de telle sorte que la série
modifiée demeure solution des équations analytiques données.

Théorème2.5. (M. ARTIN : [Ar1968], [Ar1969]) Soitn ∈ N avecn ≥ 1,
soit x = (x1, . . . , xn) ∈ Kn, soit m ∈ N, avecm ≥ 1, soit y =
(y1, . . . , ym) ∈ Kn, soit d ∈ N avecd ≥ 1 et soitR1(x, y), . . . , Rd(x, y)
une collection arbitraire de séries entières appartenant àK{x, y} ou à
AK{x, y} qui s’annulent à l’origine, c’est-à-direRj(0, 0) = 0 pour
j = 1, . . . , d. Supposons qu’il existe une application formelleh(x) =
(h1(x), . . . , hm(x)) ∈ K[[x]]m avech(0) = 0 telle que

(2.6) Rj (x, h(x)) ≡ 0 dans K[[x]], pour j = 1, . . . , d.

Soit m(x) := x1K[[x]] + · · · + xnK[[x]] l’idéal maximal deK[[x]]. Pour tout
entierN ≥ 1, il existe une série entière convergentehN (x) qui appartient à
K{x}m ou àAK{x}m telle que

(2.7) Rj

(
x, hN(x)

)
≡ 0 dans K[[x]], pour j = 1, . . . , d,

et qui approximeh(x) à l’ordreN − 1, c’est-à-dire qui satisfait

(2.8) hN(x) ≡ h(x) mod
(
m(x)N

)
.

Dans la démonstration du théorème principal 1.23, nous verrons
très fréquemment apparaître des solutions formelles d’un nombre infini
d’équations analytiques qu’il faudra transformer en solutions convergentes.
Heureusement, la considération d’un nombre fini d’équations analytiques
Rj(x, y) = 0, j = 1, . . . , d dans le théorème de M. Artin n’est en rien re-
strictive. En effet, s’il l’on se donne au contraire un nombre infini de telles
équationsRj(x, y) = 0, pourj = 1, 2, 3, . . . , ∞, grâce à la noethérianité
deK{x, y} ou deAK{x, y}, il existe un entierd ≥ 1 tel que l’idéal engen-
dré par tous lesRj coïncide avec l’idéal engendré parR1, R2, . . . , Rd. En
d’autres termes, pour tout entierl = 1, 2, . . . , ∞ et toutj = 1, . . . , d,
il existe des coefficientsλl, j(x, y) appartenant àK{x, y} ou à AK(x, y)

tels queRl(x, y) ≡ ∑d
j=1 λl, j(x, y)Rj(x, y). On déduit immédiatement

que les équations finiesR1 (x, h(x)) ≡ · · · ≡ Rd (x, h(x)) ≡ 0 sont
satisfaites si et seulement si les équations infiniesRl(x, h(x)) ≡ 0
pour l = 1, 2, . . . , ∞ le sont ; on déduit de même qu’une solution
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convergentehN(x) ∈ K{x} ou hN(x) ∈ AK{x} des équations finies
R1

(
x, hN(x)

)
≡ · · · ≡ Rd

(
x, hN(x)

)
≡ 0 est automatiquement une

solution des équations infiniesRl

(
x, hN (x)

)
≡ 0, l = 1, 2, . . . , ∞. En

définitive, le Théorème 2.5 est tout aussi valide pour un nombre infini
d’équations analytiques.

Notons qu’il n’est pas possible d’appliquer directement leThéorème 2.5
pour démontrer le Corollaire 1.45 ou le corollaire plus général du
Théorème 1.23 cité avant l’énoncée du Corollaire 1.46. En effet, sous
les hypothèses dudit théorème, l’application CR formelle complexifiée
hc : (M , 0) −→F (M ′, 0) satisfait lesd′ équations analytiques complexes
de la première ligne de (1.27), dont les variables sontx := (ζ, t) ∈ Cm+n.
En appliquant le Théorème 2.5, on trouve pour toutN une application
(HN(ζ, t), ΦN (ζ, t)) ∈ C{ζ, t}2n approximanthc jusqu’à l’ordre(N −1)
et satisfaisant les mêmes équations analytiques. Malheureusement, rien
ne permet de s’assurer que la variableζ n’apparaît pas dansHN et plus
encore, queΦN = H

N
. Toutes les différentiations que nous effectuerons

dans les Sections 5, 6 et 7 auront pour véritable but de séparer les variables
t de leurs conjuguées complexifiéesτ .

Énonçons maintenant un corollaire direct (et connu) du Théorème 2.5 qui
fournit un critère puissant pour la convergence d’applications formelles et
rappelons-en une démonstration, élémentaire parmi d’autres.

Corollary 2.9. Sous les hypothèses du Théorème 2.5, sid = m et si le
déterminant

(2.10) det

(
∂Rj

∂yk
(x, h(x))

)

1≤j, k≤m

ne s’annule pas identiquement dansK[[x]], la série formelleh(x) est en
fait convergente analytique ou algébrique, i.e. appartient à K{x}m ou à
AK{x}m.

Proof. Grâce à la formule de Taylor sous forme intégrale, on trouve aisé-
ment des séries entièresSj, k(x, y, y′) analytiques ou algébriques satis-
faisant les formules de division

(2.11) Rj (x, y) −Rj (x, y′) ≡
m∑

k=1

Sj,k (x, y, y′) [yk − y′k] ,

pourj = 1, . . . , d. Notons qu’en faisant tendrey′k versyk, il est clair qu’on
obtient

(2.12) Sj, k(x, y, y) ≡ [∂Rj/∂yk](x, y).

Grâce au Théorème d’approximation 2.5, on trouve pour tout entierN ≥ 1
des séries entières convergentes analytiques ou algébriqueshN(x) qui sont
solutions des équationsRj

(
x, hN(x)

)
≡ 0, pour j = 1, . . . , m, et qui

satisfonthN (x) ≡ h(x) mod
(
m(x)N

)
.
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Remplaçons maintenanty par h(x) et y′ par hN (x) dans les équa-
tions (2.11), ce qui donne

(2.13)





0 ≡ Rj (x, h(x)) − Rj

(
x, hN(x)

)

≡
m∑

k=1

Sj,k

(
x, h(x), hN(x)

)
[hk(x) − hN

k (x)],

pour j = 1, . . . , m. En tenant compte de l’identité (2.12), l’hypothèse
que le déterminant (2.10) ne s’annule pas identiquement s’écrit de manière
équivalente

(2.14) det (Sj,k (x, h(x), h(x)))1≤j, k≤m 6≡ 0 dans K[[x]].

Il en découle aisément que siN est suffisamment grand, le déterminant

(2.15) det
(
Sj, k

(
x, h(x), hN (x)

))
1≤j, k≤m

ne s’annule (lui non plus) pas identiquement dansK[[x]]. Finalement, en
interprétant (2.13) comme un système linéaire homogène dont les incon-
nues sont leshk(x) − hN

k (x), pour k = 1, . . . , m, la non-annulation du
déterminant (2.15) implique immédiatement quehk(x) ≡ hN

k (x) pour
k = 1, . . . , m. En conclusion, l’application formelleh(x) ≡ hN(x), qui
s’identifie donc à l’une des applicationsconvergentesqui sont fournies par
l’approximation de M. Artin pourN assez grand, est effectivement conver-
gente, analytique ou algébrique. �

2.16. Équivalences CR formelles non convergentes entre sous-
variétés holomorphiquement dégénérées.Dans ce paragraphe,
nous vérifions l’assertion faite au §1.10 de l’Introduction. Soit donc
(s′, t′) 7−→ exp(s′X ′)(t′) =: ϕ′(s′, t′) le flot local d’un champ de vecteurs
holomorpheX ′ =

∑n′

i′=1 a
′
i′(t

′) ∂
∂t′

i′
non nul tangent à une sous-variétéM ′

deCn′

analytique réelle, générique et passant par l’origine. Pardéfinition,
cette application holomorphe définie au voisinage de(0, 0) dansC×Cn′

est
uniquement déterminée par la condition initialeϕ′(0, t′) ≡ t′ et par le sys-
tème d’équations différentielles ordinaires∂s′ ϕ

′
i′(s

′, t′) ≡ a′i′(ϕ
′(s′, t′)),

pouri′ = 1, . . . , n′.
SupposonsM ′ représentée par les équations analytiques réelles

ρ′j′ (t
′, t̄′) = 0, pour j′ = 1, . . . , d′. La condition de tangence deX ′ à

M ′ implique évidemment que le flot deX ′ stabiliseM ′, c’est-à-dire qu’il
existe une matrice inversible de tailled′×d′ de séries entières convergentes
c′(s′, t′, s̄′, t̄′) telle que l’on a l’identité vectorielle

(2.17) ρ′ (ϕ′(s′, t′), ϕ′(s̄′, t̄′)) ≡ c′ (s′, t′, s̄′, t̄′) ρ′ (t′, t̄′) .

De plus, commeX ′ ne s’annule pas identiquement, après une renuméro-
tation éventuelle, on peut supposer quea′1(t

′) 6≡ 0. Il en découle que
∂s′ ϕ

′
1(0, t

′) ≡ a′1 (ϕ′(0, t′)) 6≡ 0 dansC{t′}. Autrement dit, dans le
développement en série entière de∂s′ ϕ

′
1(s

′, t′) par rapport aux puissances
de s′, qui s’écrit

∑∞
k=0 (s′)k ϕ′

1, k(t
′), on a ϕ′

1, 0(t
′) 6≡ 0. On vérifie
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alors facilement que pour toute série formelle̟′(t′) ∈ C[[t′]] dont l’ordre
d’annulation est suffisamment élevé,i.e. ̟′(t′) ∈ [m(t′)]N pourN assez
grand, la composition∂s′ϕ

′
1(̟

′(t′), t′) ne s’annule pas identiquement dans
C[[t′]]. Le lemme suivant achève d’établir l’énoncé désiré.

Lemme2.18. Pour toute série entière̟ ′(t′) ∈ C[[t′]] non convergente qui
satisfait∂s′ϕ

′
1 (̟′(t′), t′) 6≡ 0, l’application t′ 7→F ϕ′ (̟′(t′), t′) induit

une auto-application CR formelle deM ′ qui n’est pas convergente.

Proof. En effet, si l’on remplaces′ par̟′(t′) dans (2.17), on voit immédi-
atement quet′ 7−→F ϕ′(̟′(t′), t′) induit une auto-application CR formelle
deM ′.

Supposons par l’absurde qu’elle est convergente. En particulier, sa
première composanteϕ′

1(̟
′(t′), t′) s’identifie à une série convergente.

Notons-laα′
1(t

′) ∈ C{t′} et considérons l’identité formelle

(2.19) ϕ′ (̟′(t′), t′) − α′
1(t

′) ≡ 0,

qui exprime que̟ ′(t′) est solution d’équations analytiques. Puisque l’on
suppose que∂s′ϕ

′
1 (̟′(t′), t′) 6≡ 0, l’hypothèse principale du Corollaire 2.9

est exactement satisfaite, ce qui implique que̟′(t′) est convergente. Cette
contradiction conclut le raisonnement par l’absurde. En conclusion, l’auto-
application CR formellet′ 7→F ϕ′ (̟′(t′), t′) n’est pas convergente. �

2.20. Démonstrations du Corollaire 1.46 et du Théorème 1.11. D’après
le Théorème 1.23, toutes les composantesΘ′

j′, γ′(h(t)) s’identifient à des
séries entières convergentesθ′j′, γ′(t) ∈ C{t}, pourj′ = 1, . . . , d′ et γ′ ∈
Nm′

. Considérons les équations analytiques suivantes, en nombre infini :

(2.21) Θ′
j′, γ′(h(t)) − θ′j′, γ′(t) ≡ 0 ;

elles sont satisfaites par l’application formelleh(t). Les hypothèses du
Corollaire 1.46 sont exactement celles qui assurent que le Corollaire 2.9
s’applique. Donch(t) ∈ C{t}n′

converge. Le Corollaire 1.46 est démon-
tré.

Pour établir le Théorème 1.11, rappelons queM ′ est holomorphiquement
non-dégénérée si et seulement si il existe des entiersj′(1), . . . , j′(n′) tels
que 1 ≤ j′(i′1) ≤ d′ pour i′1 = 1, . . . , n′ et des multiindices distincts
γ′(1), . . . , γ′(n′) ∈ Nm′

tels le déterminant suivant :

(2.22) det

(
∂Θ′

j′(i′1), γ′(i′1)

∂t′i′2
(t′)

)

1≤i′1, i′2≤n′

ne s’annule pas identiquement dansC[[t′]] (cf. [St1996], [BER1999a] ou le
Lemme 3.2.49(5) dans [Me2003]). Sih(t) est inversible à l’origine elle
est à la fois CR-transversale et transversale à l’origine. Le Théorème 1.23
s’applique : les composantesΘ′

j′, γ′(h(t)) s’identifient à des séries entières
convergentesθ′j′, γ′(t) ∈ C{t}, pourj′ = 1, . . . , d′ etγ′ ∈ Nm′

.
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Puisqueh est transversale à l’origine, le déterminant (1.47) pour
les mêmes entiersj′(i′1) et les mêmes multiindicesγ′(i′1) ne peut pas
s’annuler identiquement. L’hypothèse principale du Corollaire 1.46 est
satisfaite, donch(t) ∈ C{t}n′

converge. Nous en déduisons même
que le Théorème 1.11 est vrai avec l’hypothèse plus généraleque h est
CR-transversale et transversale à l’origine, ou avec d’autres hypothèses
intermédiaires.

§3. GÉOMÉTRIE LOCALE DES PAIRES DE FEUILLETAGES MINIMALES

3.1. Avertissement.Nos considérations seront toujours locales, centrées en
un point fixe deCn que l’on supposera être l’origine, sans perte de général-
ité. Nous éviterons soigneusement d’employer le langage des germes, dont
l’ambiguïté fondamentale qui consiste à ne pas préciser dans quels petits
ouverts on travaille, loin de simplifier les énoncés et les démonstrations, en-
tretient des imprécisions qui nuisent à la cohérence de l’ensemble et occul-
tent le sens géométrique concret des concepts, localisés aufur et à mesure
des preuves3.

Dans cette section et dans celle qui suit, nous présentons les notions de
base. Elles sont développées en partie dans d’autres références, mais elles
y sont généralement exposées dans un autre langage ou d’une manière par-
fois incomplète que nous jugeons trop peu conceptuelle ou insuffisamment
épurée. Après une présentation progressive et générale desdeux objets fon-
damentaux que sont la paire de feuilletages invariants (Section 3) et les jets
des sous-variétés de Segre (Section 4), les objets analytiques avec lesquels
nous travaillerons réellement seront clairement et concrètement posés dans
les deux résumés qui apparaissent aux sous-sections 3.31 et4.33.

Bien que les concepts de base possèdent tous un sens géométrique initial,
en vérité, ce qui constituera pour nous l’essence même du Théorème prin-
cipal 1.23, c’est l’architecture purement algébrique des calculs formels qui
apparaîtront dans sa démonstration développée ; c’est l’enchaînement struc-
turé, réglé et épuré des gestes formels ; et surtout, c’est lanature duelle des
calculs, toujours absolument symétriques par conjugaison complexe. C’est
pourquoi nous exprimerons nos calculs en déployant leurs deux versions
parallèles d’une manière simultanée. Enfin, c’est grâce à cette compréhen-
sion interne de la symétrie entre les variables holomorpheset les variables

3Par exemple, le fait de travailler avec des polydisques emboîtés dont les rayons décrois-
sants sont précisés successivement en fonction de contraintes explicites est un ingrédient
substantiel pour démontrer de manière rigoureuse et complète que l’ensemble des automor-
phismes holomorphes locaux d’une sous-variété locale deCn analytique réelle, générique
et finiment non-dégénérée est ungroupe de Lie local de dimension finie, notion qui ne
s’accommode guère du langage des germes si l’on tient à la relier concrètement à l’objet
géométrique qui est stabilisé (voir le Théorème 4.1 dans [GM2004] ; le théorème le plus
général dans cette direction obtenu auparavant par les auteurs de [Za1997] et [BER1999a]
se limite, sans nécessité apparente, au sous-groupe d’isotropie d’un point fixe donné à
l’avance).
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anti-holomorphes que nous serons à même de transférer presque directe-
ment un large pan de la géométrie CR à l’étude des systèmes complètement
intégrables d’équations aux dérivées partielles analytiques (voir [Me2004]).

Ainsi, dans ce mémoire, sera privilégiée la concrétude explicite des cal-
culs par rapport à leur possible abstraction structurale.

3.2. Sous-variétés génériques analytiques réelles deCn. Une sous-
variété analytique réelle localeM de Cn passant par l’origine est dite
génériquesi son espace tangentgénèreCn, c’est-à-direT0M + JT0M =
T0C

n, où J désigne la structure complexe standard deCn. Il en dé-
coule trivialement que la codimension réelled de M satisfait d ≤ n.
Si t = (t1, . . . , tn) ∈ Cn sont des coordonnées centrées à l’origine, on
peut représenter concrètementM par d équations cartésiennes indépen-
dantesρ1(t, t̄) = 0, . . . , ρd(t, t̄) = 0, où les séries entières convergentes
ρj(t, t̄) ∈ C{t, t̄} s’annulent à l’origine et satisfont la condition de réalité
ρj(t, t̄) ≡ ρj(t̄, t). L’hypothèse queM est une sous-variété (sans singular-

ités) deCn équivaut au fait que la matrice
(

∂ρj

∂tk1
(t, t̄)

∂ρj

∂t̄k1
(t, t̄)

)1≤k1, k2≤n

1≤j≤d

à d lignes et à2n colonnes est de rangd à l’origine. En exprimant analy-
tiquement la condition géométriqueT0M + JT0M = T0C

n, on voit aussi

que la généricité deM équivaut au fait que la matrice
(

∂ρj

∂tk
(t, t̄)

)1≤k≤n

1≤j≤d
de

taille d × n est de rangd à l’origine. On vérifie que cette dernière con-
dition est indépendante du choix des équations définissantes et qu’elle est
alors satisfaite en tout pointp ∈ M suffisamment proche de l’origine : la
généricité est une condition ouverte. Sans perte de généralité, on pourra
donc supposer qu’elle est satisfaite en tout point deM .

Les sous-variétés analytiques réelles ditesCauchy-Riemann(CR) deCn

les plus générales ne sont pas forcément génériques, néanmoins, il est bien
connu qu’elles sont génériques dans leur complexification intrinsèque, qui
est une sous-variété complexe localement biholomorphe àCn′

pour un
entier n′ ≤ n ; par conséquent, ne travailler qu’avec des sous-variétés
génériques n’est en rien restrictif.

Grâce à la formule de la dimension pour la somme de deux sous-espaces
vectoriels dimR(E + F ) = dimR E + dimR F − dimR(E ∩ F ), on déduit
que la distribution de sous-espaces linéaires réelsM ∋ p 7→ TpM ∩ JTpM
est de rang constant2(n − d). Le sous-espaceTpM ∩ JTpM est appelé
sous-espace complexe tangent àM et notéT c

pM . PuisqueJ2 = −Id, c’est
l’unique sous-espaceJ-invariant deTpM de dimension maximale. L’entier
m := n− d est appelé ladimension CRdeM .

Seuls deux cas limites sont inintéressants du point de vue dela géométrie
CR locale : lorsque la codimensiond s’annule, auquel casM s’identifie
à un cube ouvert deCn, et lorsque la dimension CRm s’annule, auquel
casM s’identifie à un cube ouvert deRn. Par conséquent,dans tout le
mémoire nous travaillerons avec des sous-variétés génériques locales de
codimension et de dimension CR strictement positives.
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Après une transformation linéaire inversible deCn arbitrairement proche
de l’identité, on peut supposer que dans les coordonnéest scindées en deux
groupest = (z, w) = (z1, . . . , zm, w1, . . . , wd) = (x+iy, u+iv) ∈ Cm×
Cd, l’espace tangentT0M ne contient aucun vecteur réel de l’espace desv ;
de manière équivalente, on a :T0M+

(
{0} ×Rd

v

)
= T0C

n. Puisque la sous-
variétéM est alors graphée au-dessus deCm

z × Rd
u, on peut la représenter

pard équations de la formevj = ϕj(x, y, u), j = 1, . . . , d, où les séries
analytiques réellesϕj(x, y, u) ∈ R{x, y, u} satisfont bien sûrϕj(0) = 0.

De notre point de vue, toute représentation deM par des équations
définissantes réelles possède le défaut majeur de ne pas différencier claire-
ment les variablest et t̄. C’est pourquoi nous utiliserons toujours d’autres
équations définissantes, diteséquations complexes.

Remplaçonsx par (z + z̄)/2, y par (z − z̄)/2i, u par (w + w̄)/2
et v par (w − w̄)/2i dans ces équations, ce qui donnewj − w̄j =
2i ϕj ((z + z̄)/2, (z − z̄)/2i, (w + w̄)/2). La matrice des dérivées par-
tielles de cesd équations scalaires par rapport aux variableswl, calculée

à l’origine, vaut : Id×d − 2i
(

1
2

∂ϕj

∂ul
(0, 0, 0)

)1≤l≤d

1≤j≤d
; elle est non nulle,

puisque sa partie réelle ne s’annule pas. Par conséquent, lethéorème des
fonctions implicites (version analytique complexe) s’applique et il permet
de résoudrew en fonction des variablesz, z̄ et w̄. Notons lesd équations
complexes obtenues sous la formewj = Θj(z, z̄, w̄), j = 1, . . . , d, où les
Θj(z, z̄, w̄) ∈ C{z, z̄, w̄} sont les uniques solutions des identités analy-
tiques4

(3.3)
Θj(z, z̄, w̄) − w̄j

2i
≡ ϕj

(
z + z̄

2
,
z − z̄

2i
,

Θ(z, z̄, w̄) + w̄

2

)
.

On vérifie que de telles équations complexes existent avec l’hypothèse (un
peu plus générale)T0M+({0} × Cn

w) = T0C
n. Un problème de cohérence

surgit alors immédiatement : les séries entièresΘj étant à valeurs com-
plexes, les parties réelles et imaginaires des équationswj = Θj(z, z̄, w̄)
fournissent en vérité2d équations réelles. De manière équivalente, il
faudrait leur ajouter les équations conjuguéesw̄j = Θj(z̄, z, w), j =
1, . . . , d, ce qui semble contredire le fait queM est de codimensiond.
Autre ambiguïté : on aurait pu choisir de résoudre par rapport à w̄ plutôt
que par rapport àw.

Heureusement, on démontre (cf. [BER1999a] ou [Me2003]) qu’il existe
une matrice inversible(ai,j (t̄, t))1≤j≤d

1≤i≤d de séries formelles convergentes, de
taille d × d, égale à−Idd×d à l’origine, telle qu’on a l’identité formelle
vectorielle

(3.4) w̄ − Θ(z̄, z, w) ≡ a(t̄, t)
[
w − Θ(z, z̄, w̄)

]

4Nous notons ici ces solutionsΘj , en les équipant d’emblée d’une barre de conjugaison
complexe, avec l’idée que dans leurs2m + d arguments(z, z̄, w̄), ceux qui sont des con-
jugués de variables complexes dominent. Dans la suite, nousverrons à quel point le jeu
alternatif entre les séries entièresΘj(z, z̄, w̄) et leurs conjuguéesΘj(z̄, z, w) est crucial.
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dansC{t, t̄}d. Réciproquement, on vérifie que pour toute série entière vec-
torielle analytiqueΘ(z̄, z, w) ∈ C{z̄, z, w}d satisfaisant une telle équa-
tion, le sous-ensembleM := {(z, w) ∈ Cn : w = Θ(z, z̄, w̄)} est une
sous-variété locale deCn analytiqueréelle, générique et de codimensiond.

Il découle aussi visiblement de (3.4) qu’on n’obtiendrait aucune équation
indépendante nouvelle pour la représentation deM par les équationswj =
Θj(z, z̄, w̄) en leur ajoutant les équations conjuguéesw̄j = Θj(z̄, z, w).

Mais on se gardera d’en déduire (comme dans [BER1999a]) que l’on peut
choisir définitivement pour la représentation deM l’une de ses deux collec-
tions d’équations définissantes conjuguées. En effet, nousallons constater
nettement dans la Section 7 ci-dessous qu’il est nécessaired’effectuer un
jeu alternatif permanent entre les deux systèmes d’équations, vus comme
un couple d’objets symétriques articulés par la relation (3.4) : cette am-
biguïté est fondamentale.

3.5. Complexification extrinsèque.Soient maintenantζ ∈ Cm et ξ ∈ Cd

des nouvelles coordonnées indépendantes correspondant aux complexifi-
cations des variables̄z et w̄, ce que l’on peut écrire symboliquement
ζ := (z̄)c et ξ := (w̄)c, où la lettre «c» est l’initiale du mot «complex-
ification». On noteraτ := (ζ, ξ) ∈ Cn la complexification dēt. Dans
la suite, on utilisera les notations légèrement abrégéesΘ(z, t̄) et Θ(z̄, t)
plus fréquemment queΘ(z, z̄, w̄) et Θ(z̄, z, w). En remplaçant̄t par τ
dans les séries entières convergentesΘj(z, t̄) =

∑
β∈Nm, α∈Nn Θj, β, α z

β t̄α,
où Θj, β, α ∈ C, on obtient des séries entières convergentesΘj(z, τ) :=∑

β∈Nm, α∈Nn Θj, β, α z
β τα desm + n variables indépendantes(z, τ). La

complexification extrinsèqueM := (M)c deM est alors la sous-variété
analytique complexe deCn × Cn passant par l’origine et de codimension
d qui est définie par l’une des deux collections ded équations définissantes
holomorphes

(3.6) wj = Θj(z, τ) ou ξj = Θj(ζ, t),

qui sont évidemment équivalentes en vertu de la complexification de la re-
lation (3.4), qui s’écrit :

(3.7) ξ − Θ(ζ, t) ≡ a(τ, t)
[
w − Θ(z, τ)

]
.

Notons que dimC M = 2m+d. Notons aussi queM se plonge dansCn×Cn

comme l’intersection de sa complexificationM avec la diagonale antiholo-
morpheΛ := {(t, τ) ∈ Cn × Cn : τ = t̄}. Cependant, dans toute la suite
de ce mémoire, nous ne travaillerons désormais qu’avec des sous-variétés
génériques complexifiées. C’est pourquoinotre objet géométrique fonda-
mental de départ est la sous-variété analytique complexe localeM définie
par les équations(3.6)qui sont articulées par la relation de symétrie(3.7).
Plus analytiquement encore,notre objet fondamental de départ est la col-
lection des séries entières analytiques complexesΘj(z, τ) ainsi que leurs
conjuguéesΘj(ζ, t).
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3.8. Paire de feuilletages invariants.Toute biholomorphisme local deCn

la formet′ = h(t) = (h1(t), . . . , hn(t)) ∈ C{t}n fixant l’origine induit par
conjugaison l’anti-biholomorphismēt′ = h̄(t̄) et par conséquent, il se com-
plexifie en un biholomorphisme(t′, τ ′) = (h(t), h̄(τ)) deCn × Cn qui est
d’une forme particulière, puisqu’il est à variables séparées. Géométrique-
ment parlant, un tel biholomorphisme du produitCn × Cn envoie les sous-
ensembles{t = ct.} et {τ = ct.} sur les sous-ensembles{t′ = ct.}
et {τ ′ = ct.} : il stabilise la paire de feuilletages triviaux qui sont par-
allèles aux axes de coordonnées «horizontales»t et «verticales»τ . Par
conséquent, tous les concepts analytico-géométriques locaux qui sont at-
tachés àM d’une manière qui est invariante par rapport aux changements
de coordonnées holomorphes de la formet 7→ h(t) coïncident avec les ob-
jets analytico-géométriques deM qui sont invariants par rapport au sous-
groupe (infini) de transformations de la forme(t, τ) 7→ (h(t), h̄(τ)). En
particulier, les deux feuilletages deM dont les feuilles sont les intersections
deM avec les sous-ensembles{t = ct.} et{τ = ct.} sont invariants. Ana-
lytiquement, ces feuilles sont ce qu’on appellera lessous-variétés de Segre
complexifiéesSτp et lessous-variétés de Segre complexifiées conjuguées5,
définies par
(3.9){

Sτp :=
{
(t, τ) ∈ C2n : τ = τp, w = Θ(z, τp)

}
= M ∩ {τ = τp} et

S tp :=
{
(t, τ) ∈ C2n : t = tp, ξ = Θ(ζ, tp)

}
= M ∩ {t = tp},

où τp ∈ Cn et tp ∈ Cn sont fixes.

0

{t = tp}

S tp

Λ

{τ = τp}

tp t

L

τp

M
L

Sτp

FIGURE 1: GÉOMÉTRIE DE LA COMPLEXIFICATIONM

La complexification d’une sous-variété

feuilletages invariants qui sont les
sous-variétés intégrales des
complexifiés des champs de
vecteurs de types(1, 0) et (0, 1)
et qui s’identifient aussi aux
sous-variétés de Segre
complexifiées.

analytique réelle porte une paire de

Le diagramme ci-dessus a pour objet de représenter cette paire fonda-
mentale de feuilletages. Cependant, nous mettons le lecteur en garde, parce

5Avant complexification, on peut définir préalablement les sous-variétés de Segre
classiquesSt̄p

⊂ Cn ([Se1931a], [25], [Se1932], [We1977], [We1977]) et conjuguées
Stp

⊂ Cn (traditionnellement ignorées), que l’on envisage d’emblée comme un couple
symétrique articulé par la conjugaison complexe (voir surtout [Me1998] et [Me2003]).
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que sur cette figure bidimensionnelle, la codimension dansM de la paire de
feuilletages semble nulle alors qu’en réalité, elle est strictement positive :

(3.10) dimC M − dimC Sτp − dimC S tp = d ≥ 1.

Pour se représenter intuitivement la situation géométrique d’une manière
plus adéquate, on devrait imaginer par exemple queM est un cube de di-
mension trois équipé de deux feuilletages par des courbes qui sont en posi-
tion générale.

3.11. Flots de champs CR complexifiés.On dira intuitivement queM est
minimale à l’originesi l’on peut recouvrir un voisinage de0 dansM en se
déplaçant alternativement le long des sous-variétés de Segre complexifiées
et le long des sous-variétés de Segre complexifiées conjuguées. Afin de
définir rigoureusement cette condition (voir la Définition 3.19infra), il est
nécessaire d’exprimer mathématiquement ce que l’on entendpar déplace-
ment alternatif le long de la paire de feuilletages invariants.

Pour cela, complexifions une famille génératriceL1, . . . , Lm de champs
de vecteurs CR tangents àM de type(1, 0) ainsi que leurs conjugués
L1, . . . , Lm qui sont de type(0, 1). On peut choisir explicitement les

générateursLk := ∂
∂zk

+
∑d

j=1
∂Θj

∂zk
(z, z̄, w̄) ∂

∂wj
pourk = 1, . . . , m. Les

complexifications fournissent deux collections dem champs de vecteurs à
coefficients analytiques donnés explicitement par

(3.12)





Lk :=
∂

∂zk

+
d∑

j=1

∂Θj

∂zk

(z, ζ, ξ)
∂

∂wj

, k = 1, . . . , m, et

L k :=
∂

∂ζk
+

d∑

j=1

∂Θj

∂ζk
(ζ, z, w)

∂

∂ξj
, k = 1, . . . , m.

On vérifie immédiatement queLk

(
wj − Θj(z, ζ, ξ)

)
≡ 0, ce qui montre

que les champs de vecteursLk sont tangents àM . De manière analogue,
L k (ξj − Θj(ζ, z, w)) ≡ 0, de telle sorte que les champs de vecteursL k

sont aussi tangents àM . De plus, on vérifie immédiatement les relations de
commutation[Lk, Lk′] = 0 et [L k, L k′] = 0 pour tousk, k′ = 1, . . . , m.
D’après le théorème de Frobenius, il découle de ces relations de commu-
tation que chacune des distributionsm-dimensionnelles engendrées par ces
deux collections de champs de vecteurs est intégrable ; celan’a rien de
surprenant, puisque les variétés intégrales de{Lk}1≤k≤m ne sont autres
que les variétés de Segre complexifiées, tandis que les variétés intégrales
de{L k}1≤k≤m ne sont autres que les variétés de Segre complexifiées con-
juguées. Bien sûr, en général lesLk ne commutent pas avec lesL k′ : c’est
justement la non-intégrabilité de la distribution CR complexifiée engendrée
par les deux familles{Lk, L k′}1≤k, k′≤m qui est responsable de la mini-
malité (cf. Lemme 3.22infra).

Grâce à cette paire de familles de champs de vecteurs, on peut
paramétrer les sous-variétés de Segre complexifiées (conjuguées). En
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effet, introduisons les flots «multiples» des deux collections (Lk)1≤k≤m

et (L k′)1≤k′≤m. Si p est un point arbitraire deM dont les coor-
données(wp, zp, ζp, ξp) ∈ C2n satisfont les équations (3.6) et si
z1 := (z1, 1, . . . , z1, m) ∈ Cm est un paramètre de «multitemps» complexe
arbitraire, définissons le «multiflot» deL par
(3.13){

Lz1(zp, wp, ζp, ξp) := exp (z1L )(p) := exp(z1, 1L1(· · · (exp(z1, mLm(p))) · · · ))
:=
(
zp + z1, Θ(zp + z1, ζp, ξp), ζp, ξp

)
.

Bien entendu,Lz1(p) appartient àM . De manière analogue, pourp ∈ M
et ζ1 ∈ Cm, le «multiflot» deL se définit par

(3.14) L ζ1(zp, wp, ζp, ξp) := (zp, wp, ζp + ζ1, Θ(ζp + ζ1, zp, wp)),

et l’on aL ζ1(p) ∈ M . Notons que les deux applications (3.13) et (3.14)
sont holomorphes par rapport à leurs variables.

3.15 Chaînes de Segre.Ainsi, plaçons tout d’abord le pointp à l’origine
et déplaçons-nous le long de la variété de Segre complexifiéeconjuguée
S 0 d’une hauteur dez1 ∈ Cm, c’est-à-dire considérons le pointL z1

(0),
que nous noterons aussiΓ1(z1). Bien sûr, on aΓ1(0) = 0. Soit z2 ∈ Cm.
En partant de ce pointΓ1(z1), déplaçons-nous horizontalement le long de
la variété de Segre complexifiée d’une longueur dez2 ∈ Cm, c’est à dire
considérons le point

(3.16) Γ2(z1, z2) := Lz2(L z1
(0)).

Ensuite, définissonsΓ3(z1, z2, z3) := L z3
(Lz2(L z1

(0))), puis

(3.17) Γ4(z1, z2, z3, z4) := Lz4(L z3
(Lz2(L z1

(0)))),

et ainsi de suite. Le diagramme suivant illustre le procédé :

FIGURE 2 : CHAÎNES DE SEGRE DANSM

0

τ

t

Γ3(z(3))

Γ2(z(2))Γ1(z1)

M

Cn
× Cn

Γ4(z(4))

Par récurrence, pour tout entier positifk, on obtient une application holo-
morphe localeΓk(z1, . . . , zk) à valeurs dansM , définie pourz1, . . . , zk ∈
Cm suffisamment petits et satisfaisantΓk(0, . . . , 0) = 0. Dans la suite,



38

nous utiliserons souvent l’abréviationz(k) := (z1, . . . , zk) ∈ Cmk et nous
appelleronsΓk la k-ième chaîne de Segre conjuguée.

Si l’on commençait cette suite d’applications holomorphescomposées
par le flot deL au lieu de commencer par celui deL , on obtiendrait
des applicationsΓ1(z1) := Lz1(0), puis Γ2(z(2)) := L z2

(Lz1(0)), etc.,
et généralementΓk(z(k)). Nous appelleronsΓk la k-ième chaîne de Segre.

PuisqueΓk(0) = Γk(0) = 0, pour tout entier strictement positifk, il
existe un cube (polydisque) suffisamment petit�mk(δk) centré à l’origine
dansCmk et de rayonδk > 0 tel queΓk(z(k)) etΓk(z(k)) appartiennent àM
pour toutz(k) ∈ �mk(δk).

Il existe une relation de symétrie entreΓk et Γk. En effet, soitσ
l’involution antiholomorphe deCn × Cn définie parσ(t, τ) := (τ̄ , t̄).
Puisque l’on aw = Θ(z, ζ, ξ) si et seulement siξ = Θ(ζ, z, w), cette
involution envoieM dansM et elle fixe aussi point par point la diago-
nale antiholomorpheΛ. En appliquantσ aux définitions (3.13) et (3.14) des
flots deL et deL , on vérifie aisément queσ(Lz1(p)) = L z̄1

(σ(p)). Il
en découle la relation de symétrie généraleσ

(
Γk(z(k))

)
= Γk

(
z(k)

)
. Dans

la suite de ce mémoire, nous travaillerons essentiellementavec les applica-
tionsΓk.

3.18. Minimalité locale. Observons queL0(p) = p et queL 0(p) = p ;
autrement dit,L0 etL 0 coïncident avec l’application identité. Nous en dé-
duisons l’identité :Γk+1(z(k), 0) ≡ [L ou L ]0

(
Γk(z(k))

)
≡ Γk(z(k)). Par

conséquent, les rangs des applicationsΓk croissent aveck. Bien entendu,
ces rangs sont bornés par dimC M = 2m+ d. On déduit aussi des relations
Γk+1(z(k), 0) = Γk(z(k)) que pour toutk ≥ 2, le rang à l’origine deΓk

est invariablement égal à2m, mais en des pointsz∗(k) ∈ �mk(δk) distincts
de l’origine, le rang des applicationsΓk peut augmenter jusqu’à atteindre
2m+d. Nous pouvons maintenant énoncer la définition précise de lanotion
de minimalité.

Definition 3.19. La sous-variété complexifiéeM d’une sous-variété locale
deCn analytique réelle, génériqueM est diteminimale à l’origines’il existe
un entierµ0 ≥ 1 et des pointsz∗(µ0) ∈ �mµ0(δµ0), arbitrairement proches de

l’origine satisfaisantΓµ0

(
z∗(µ0)

)
= 0 tels que l’applicationΓµ0

est de rang

(maximal possible) égal à2m+ d en ces pointsz∗(µ0).

Dans ce cas, l’image d’un petit voisinage d’un tel pointz∗(µ0) dansCmµ0

contient un petit voisinage de0 dansM . Grâce à la relationσ
(
Γk(z(k))

)
=

Γk

(
z(k)

)
, une propriété similaire est satisfaite parΓµ0 , avec le même entier

µ0. On dira aussi queM est minimale à l’origine si sa complexifiéeM
l’est, au sens de cette définition.

Bien qu’il ne soit pas nécessaire,stricto sensu, de commenter cette con-
dition de minimalité pour comprendre la démonstration du Théorème 1.23,
formulons quand même quelques énoncés explicatifs.
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3.20. Commentaires.Rappelons que lerang génériqued’une application
holomorphe entre deux cubes complexes est le maximum de son rang aux
différents points du cube à la source. En travaillant d’abord avec le rang
générique des applicationsΓk, qui lui aussi croît aveck, on démontre des
propriétés élémentaires que nous résumons dans l’énoncé suivant, établi
dans la Section 7 de [Me1998] et dans le Chapitre 2 de [Me2003].

Théorème3.21. La minimalité en0 de la sous-variété générique complex-
ifiée M = (M)c deCn est une propriété invariante par biholomorphisme
local : elle ne dépend ni du choix d’équations définissantes pourM , ni du
choix d’un système de coordonnées holomorphes s’annulant au point de
référence, ni du choix d’un système générateur de champs CR complexifiés
(conjugués)(Lk)1≤k≤m et (L k)1≤k≤m. De plus, il existe un entier invari-
ant ν0 satisfaisantν0 ≤ d + 1, qu’on appellera le type de Segre deM à
l’origine, qui est le plus petit entierk tel que les applicationsΓk et Γk sont
de rang générique égal à2m+ d sur le cube�mk(δk), pour toutk ≥ ν0 +1.
Enfin, l’entier impairµ0 := 2ν0 + 1, que l’on appellera le type de Segre
deM à l’origine, est le plus petit entierk tel que les applicationsΓk et Γk

sont de rang égal à2m+ d en des pointsz∗(k) ∈ �mk(δk) etz∗(k) ∈ �mk(δk)

satisfaisantΓk

(
z∗(k)

)
= 0 et Γk

(
z∗(k)

)
= 0 qui sont arbitrairement proches

de l’origine dansCmk.

Le fait qu’il existe de tels pointsz∗(k) et z∗(k) arbitrairement proches
de l’origine est dû à la propriété qu’ont les applications holomorphes lo-
cales d’atteindre leur rang générique en tout point d’un ouvert de Zariski
dense de l’espace source, grâce au principe du prolongementanalytique
(cf. [Me1998], [Me2003]). Ce fait assez crucial sera utilisé dans le §3.31
ci-dessous.

Le procédé de démonstration de ce théorème est inspiré de la con-
struction des orbites de champs de vecteurs, telle qu’elle apparaît dans
l’article [Su1973], dont la nouveauté principale résidaitdans le traitement
des systèmes de champs de vecteurs de classeC ∞, par opposition aux
champs dont les coefficients sont analytiques. Mais dans la catégorie an-
alytique, un théorème semblable était connu depuis l’article [Na1966],
où l’auteur raisonne plutôt en considérant l’algèbre de Lieengendrée par
un système de champs de vecteurs analytiques. H.J. Sussmanndémontre
une proposition générale établissant l’équivalence entreces deux procédés
([Su1973], Theorem 8.1 et §9), laquelle, spécifiée à la géométrie CR analy-
tique locale, nous offre l’énoncé suivant :

Lemme3.22. ([BER1996], [Me1998]) La sous-variété générique analytique
complexifiéeM = (M)c deCn est minimale à l’origine (au sens de la Déf-
inition 3.19) si et seulement si l’algèbre de Lie engendrée par les sections
locales du fibré tangent complexeT cM = TM ∩ JTM engendre l’espace
tangent àM à l’origine (cette algèbre de Lie est constituée de toutes les
combinaisons linéaires à coefficients analytiques réels decrochets de Lie
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emboîtés[X1[X2[X3[. . . [Xk, Xk+1] . . . ]]]] de longueur finiek arbitraire,
ainsi que tous les crochets de Lie formés à partir de ces crochets, où les
Xl sont des sections deT cM).

Cette deuxième condition, plus ancienne, est classique. Certains auteurs
appellent la sous-variété génériqueM de type fini à l’origine(au sens de
T. Bloom et I. Graham) si les crochets de Lie deT cM de longueur arbitraire
engendrentTM à l’origine. Nous préférons l’appellation deminimalité à
l’origine (au sens de J.-M. Trépreau et A.E. Tumanov), puisque ce sont les
orbites des champs de vecteurs CR complexifiés qui sont les «bons objets»,
et non leurs crochets de Lie. En effet, ce sont les travaux profonds de J.-
M. Trépreau [Tr1986], [Tr1990] et de A.E. Tumanov [Tu1988],[Tu1994]
qui ont fait définitivement comprendre l’adéquation de la correspondance
entre les orbites CR et les wedges attachés pour l’extensionholomorphe
des fonctions CR (cf. aussi [Me1994]).

Rappelons aussi que les deux concepts que sont les flots de champs de
vecteurs et leurs crochets de Lie sont étrangers l’un à l’autre quant à la
combinatoire des calculs, comme l’illustrent les nombreuxexemples que
l’on trouve à la Section 8 de [Me1998]. De plus, la démonstration d’un
théorème essentiellement équivalent au Théorème 3.21 que l’on trouve
dans [BER1996] et dans [BER1999a] utilise fortement les crochets de
champs de vecteurs et un système de coordonnées dites «normales», qui
sont adaptées auxnombres de L. Hörmanderde la structure, lesquels sont
des invariants combinatoires décrivant les sauts de dimension occasion-
nés par le calcul successif des crochets de Lie (voir les chapitres 4 et 10
de [BER1999a]). En adoptant le point de vue «crochets de Lie», les dé-
monstrations deviennent extraordinairement techniques,et ce, sans néces-
sité interne. On pourrait de surcroît s’étonner que dans le livre [BER1999a]
(publié dans une collection prestigieuse) qui contient unecopie de la dé-
monstration du théorème de H.J. Sussmann (§3.1 :Nagano’s theorem;
§3.2 : Sussmann’s theorem), le lien naturel entre le procédé de H.J. Suss-
mann et ce que les auteurs appellent «ensembles de Segre» (qui sont en
vérité des projections surCn des images dansM des applicationsΓk ou
Γk), n’ait pas été observé.

Deux ans après l’apparition de notre prépublication électron-
ique [Me1998] (travail non publié), S.M. Baouendi, P. Ebenfelt et
L.-P. Rothschild ont repris en partie notre point de vue basésur l’article de
H.J. Sussmann, afin de construire plus économiquement leurs«ensembles
de Segre» ; leur prépublication fut publiée dans une revue spécialisée
en géométrie algébrique pure : [BER2003]. Néanmoins, dans cette
référence, le point de vue exprimé par les FIGURES 1 et 2 ci-dessus est
absent : on n’y trouve ni mention de la paire de feuilletages invariants, ni
description intrinsèque de la symétrie par conjugaison complexe ni aucune
«vision» géométrique. De plus, ces auteurs évitent de mentionner que
l’extraordinaire technicité des chapitres 4 et 10 de leur livre [BER1999a]
devient caduque.
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Le point de vue ensembliste qui consiste à considérer les projections
surCn des images des chaînes de Segre,i.e. les ensemblesπt

(
Γk(z(k))

)

n’apporte rien du point de vue fonctionnel. Ce sont au contraire les chaînes
de SegreΓk etΓk vues commeapplications holomorphes localesainsi que
leur propriété de submersivité (dans le cas minimal) qui sont vraiment util-
isées dans l’étude du principe de réflexion analytique. Par conséquent, nous
n’adopterons jamais la terminologie «ensembles de Segre».

En conclusion, retenons seulement la propriété de submersivité de Γk

énoncée dans la Définition 3.19.

3.23. Projections des submersionsΓk et Γk sur M . Soitµ0 = 2ν0 + 1 le
type de Segre type deM à l’origine 0, qui est toujours impair. SiM est
minimale à l’origine, les deux applications holomorphes locales

(3.24) Γµ0 et Γµ0
: �mµ0(δµ0) −→ M

satisfontΓµ0(z
∗
(µ0)) = 0 et Γµ0

(z∗µ0
) = 0 et elles sont submersives enz∗(µ0)

et z∗(µ0), c’est-à-dire de rang (maximal) égal à dimC M .
Si l’on veut quitter l’espaceCn × Cn où vit la complexificationM et

revenir à l’espaceCn des coordonnéest où vit M (ou à l’espace des co-
ordonnéesτ où vit la conjuguéeM deM), on peut aussi utiliser la pro-
priété de submersivité des deux applications (3.24) en les composant à
gauche avec l’une des deux projectionsπt(t, τ) := t et πτ (t, τ) := τ
(sur les sous-espaces de coordonnées «horizontales» et «verticales»), qui
sont bien évidemment submersives, ce qui donne deux couplesde possi-
bilité : πt

(
Γµ0(z(µ0))

)
, πt

(
Γµ0

(z(µ0))
)

et πτ

(
Γµ0(z(µ0))

)
, πτ

(
Γµ0

(z(µ0))
)
.

Pour deux de ces quatre expressions, une légère simplification formelle in-
tervient alors : nous affirmons que l’on a les deux relations

(3.25)

{
πt

(
Γ2ν0+1(z(2ν0+1))

)
≡ πt

(
Γ2ν0

(z(2ν0))
)

et

πτ

(
Γ2ν0+1(z(2ν0+1))

)
≡ πτ

(
Γ2ν0(z(2ν0))

)
.

En effet, puisqueµ0 = 2ν0+1 est impair, le premier terme de flot (à gauche)
de la chaîne de Segre conjuguéeΓ2ν0+1(z(2ν0+1)) est le termeL z2ν0+1

, c’est-
à-dire que l’on peut écrire

(3.26) Γ2ν0+1

(
z(2ν0+1)

)
= L z2ν0+1

(
Γ2ν0

(z(2ν0))
)
.

Si l’on note les quatre coordonnées du pointΓ2ν0
(z(2ν0)) par

(3.27)
(
z(z(2ν0)), w(z(2ν0)), ζ(z(2ν0)), ξ(z(2ν0))

)
,

une application de la formule (3.14) nous donnne
(3.28)



Γ2ν0+1(z(2ν0+1)) = L z2ν0+1

(
Γ2ν0

(z(2ν0))
)

=
(
z(z(2ν0)), w(z(2ν0)), z2ν0+1 + ζ(z(2ν0)),

Θ
(
z2ν0+1 + ζ(z(2ν0)), z(z(2ν0)), w(z(2ν0))

))
.
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Puisqueπt(z, w, ζ, ξ) = (z, w), la première relation (3.25) est évidente.
La seconde se vérifie de manière analogue.

Au total, on obtient deux submersions à valeurs dansCn
t et dansCn

τ .

Corollary 3.29. Si M est minimale à l’origine, il existe un entierν0 ≤
d + 1, le type de Segre deM à l’origine, et il existe des pointsz∗(2ν0) ∈
C2mν0 et z∗(2ν0) ∈ C2mν0 arbitrairement proches de l’origine tels que les
deux applications

(3.30)

{
C2mν0 ∋ z(2ν0) 7−→ πt

(
Γ2ν0

(z(2ν0))
)
∈ Cn et

C2mν0 ∋ z(2ν0) 7−→ πτ

(
Γ2ν0(z(2ν0))

)
∈ Cn

sont de rangn et s’annulent aux deux pointsz∗(2ν0) et z∗(2ν0).

3.31. Résumé : utilisation concrète de la minimalité.Nous sommes
maintenant en mesure de ramener les théorèmes de convergence annoncés
dans l’Introduction à des propriétés de convergence sur leschaînes de Segre
conjuguées.

Lemme3.32. Pour démontrer le Théorème 1.39, il suffit d’établir que pour
tout k ∈ N, les applications formellesz(k) 7−→F h

(
πt

(
Γk(z(k))

))
sont

convergentes,i.e. appartiennent àC{z(k)}n′

. De même, pour démontrer le
Théorème principal 1.23, il suffit d’établir que les applications formelles
z(k) 7−→F ξ′ − Θ′

(
ζ ′, h

(
πt

(
Γk(z(k))

)))
∈ C{ζ ′, z(k)}d′ sont conver-

gentes pour toutk ∈ N. Ces deux propriétés sont satisfaites en remplaçant
Γk parΓk.

Ce sont effectivement ces propriétés de convergence qui apparaîtront na-
turellement dans les Sections 5, 6 et 7 ci-dessous. Par soucid’élégance et de
symétrie, nous travaillerons simultanément avec les deux composantesh et
h de l’application complexifiéehc = (h, h) : sans composer avec les pro-
jectionsπt etπτ , nous démontrerons quez(k) 7−→F hc

(
Γk(z(k))

)
converge

pour toutk

Proof. En effet, prenonsk := 2ν0 et supposons l’application formelle

(3.33) z(2ν0) 7−→F h
(
πt

(
Γ2ν0

(z(2ν0))
))

=: H(z(2ν0))

convergente. Puisque l’on peut choisir un pointz∗(2ν0) arbitrairement proche
de l’origine où la première application (3.30) est submersive, assurons-
nous que ce pointz∗(2ν0) appartient au domaine de convergence normale de
H(z(2ν0)). Soit s := (s1, . . . , sn) ∈ Cn et soits 7→ φ2ν0(s) ∈ C2mν0 une
application affine satisfaisantφ2ν0(0) = z∗2ν0

telle que l’application holo-
morphe locales 7−→ πt

(
Γ2ν0

(φ2ν0(s))
)

est de rangn ens = 0. On déduit
d’abord que

(3.34) h
(
πt

(
Γ2ν0

(φ(2ν0)(s))
))

≡ H(φ2ν0(s)) ∈ C{s}n′

est convergente. Ensuite, puisques 7−→ πt

(
Γ2ν0

(φ2ν0(s))
)

est de rangn en
s = 0, on conclut queh(t) ∈ C{t}n′

est convergente.
La seconde assertion du Lemme 3.32 se vérifie de manière similaire. �
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§4. JETS DE SOUS-VARIÉTÉS DE SEGRE ET APPLICATION DE

RÉFLEXION

4.1. Préliminaire. Dans l’article fondamental [We1978], généralisé plus
tard en codimension supérieure (cf. [We1982]), S.M. Webster a introduit
l’application qui, à un pointp d’une hypersurface analytique réelleM de
Cn, associe le plan tangent complexe àM enp, c’est-à-direp 7→ (p, T c

pM),
et il a observé que l’image de l’hypersurfaceM est une sous-variété an-
alytique totalement réelle deC2n−1 si et seulement siM est Levi non-
dégénérée. Puisque la sous-variété de SegreSp̄ passant parp ∈ M ad-
met comme espace tangent enp le même sous-espaceT c

pM , cette appli-
cation s’identifie avec l’application qui, à un pointp deM , associe le jet
d’ordre1 de la sous-variété de Segre passant parp. Dans [9], K. Diederich
et S.M. Webster ont généralisé cette idée en introduisant les jets d’ordre
arbitraire des sous-variétés de Segre ; ils ont ainsi exhibédes condi-
tions nouvelles de non-dégénérescence, plus générales quela Levi non-
dégénérescence. Puisqu’aucun travail de fondation n’a étépublié jusqu’à
présent pour décrire ces concepts, nous entreprenons de résumer ici les élé-
ments d’une théorie autonome des jets de sous-variétés de Segre. Nous
élaborerons ainsi un point de vue alternatif aux calculs nongéométriques
du Chapitre 11 de [BER1999a].

4.2. Définitions fondamentales.Soit M la complexification extrinsèque
d’une sous-variété analytique réelle générique définie parles deux jeux
symétriques d’équations (3.6). Rappelons que la sous-variété de Segre com-
plexifiéeS t peut être considérée comme le sous-ensemble deCn défini par
{τ = (ζ, ξ) ∈ Cn : ξ = Θ(ζ, t)}, où t est considéré comme fixé. Elle est
paramétrée parζ ∈ Cm. Introduisons alors l’application des jets d’ordrek
deS t en l’un de ses points(ζ, Θ(ζ, t)), qui est définie précisément par

(4.3) Jk
τ S t :=

(
ζ,

(
1

β!
∂β

ζ Θj(ζ, t)

)

1≤j≤d, |β|≤k

)
.

Elle est à valeurs dansCm+Nd, m, k oùNd, m, k := d (m+k)!
m! k!

est le nombre de
dérivées partielles qui apparaissent à droite de la virguledu second membre
de (4.3). Remarquons que les termes(ζ1, . . . , ζm) apparaissent comme pre-
mières composantes de l’application (4.3). Remarquons aussi que sik2 ≥
k1 et siπk2, k1 désigne la projection caoniqueCm+Nd, m, k2 → Cm+Nd, m, k1 ,
on a :πk2, k1(J

k2
τ S t) = Jk1

τ S t. Nous noterons dans la suite cette applica-
tion par(t, τ) 7→ Jk

τ S t, où nous sous-entendons que(t, τ) ∈ M .
De manière analogue, introduisons l’application des jets d’ordre k de la

sous-variété de Segre complexifiéeSτ en l’un de ses points
(
z, Θ(z, τ)

)
.

Elle est définie précisément par

(4.4) Jk
t Sτ :=

(
z,

(
1

β!
∂β

z Θj(z, τ)

)

1≤j≤d, |β|≤k

)
.
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Le lien de symétrie entre ces deux applications est très simple :

(4.5) Jk
t̄ S τ̄ ≡ Jk

t Sτ

En d’autres termes, le diagramme suivant est commutatif :

M
σ

//

Jk
•
S•

��

M

Jk
•
S

•

��

Cm+Nd, m, k

(•)
// Cm+Nd, m, k

,

où (•) désigne l’opérateur de conjugaison complexe. Puisque ces deux ap-
plications de jets sont essentiellement équivalentes, il n’était pas restrictif
de présenter dans le §1.7 les cinq conditions de non-dégénérescence(nd1),
(nd2), (nd3), (nd4) et (nd5) seulement à partir deJk

τ S t.

4.6. Invariance biholomorphe de l’application de jets.Soit t′ = h(t) un
changement de coordonnées holomorphes locales centré à l’origine. Soit
M ′ := hc(M ) l’image de la complexificationM deM par ce changement
de coordonnées. Puisquehc est inversible, la codimension deM ′ est la
même que celle deM . Soientξ′j = Θ′

j(ζ
′, t′), j = 1, . . . , d, ζ ′ ∈ Cm,

ξ′ ∈ Cm, t′ ∈ Cn, des équations complexes graphées pourM ′ dans un
système de cordonnées analogue au système de coordonnées dans lequel
M est représentée. Par hypothèse,hi(t) ∈ C{t} avechi(0) = 0, pour
i = 1, . . . , n, et il existe une matriceb(t, τ) de tailled×d de séries entières
convergentes telle que l’on a l’identité formelle vectorielle r′

(
h(t), h(t̄)

)
≡

b(t, τ) r(t, τ) dansC{t, τ}d, où l’on a posé

(4.7) rj(t, τ) := ξj − Θj(ζ, t), et r′j (t′, τ ′) := ξ′j − Θ′
j (ζ ′, t′) ,

pourj = 1, . . . , d. Puisque nous scindons les coordonnéest′ = (z′, w′) ∈
Cm×Cd etτ ′ = (ζ ′, ξ′) ∈ Cm×Cd en deux groupes, divisons aussi les com-
posantes du biholomorphismeh en deux groupesh(t) := (f(t), g(t)) ∈
C{t}m × C{t}d. En remplaçantξ parΘ(ζ, t) dans l’identité fondamentale
r′
(
h(t), h(t̄)

)
≡ b(t, τ) r(t, τ), le membre de droite s’annule identique-

ment et nous obtenons lesd identités formelles suivantes, valables dans
C{ζ, t} et qui seront notre point de départ

(4.8) gj (ζ, Θ(ζ, t)) ≡ Θ′
j

(
f(ζ, Θ(ζ, t)), h(t)

)
, j = 1, . . . , d.

En différentiant ces identités une infinité de fois par rapport à ζ ∈ Cm,
nous allons établir les relations suivantes, dont l’apparence technique ne
doit pas cacher qu’elles ont une signification géométrique cruciale que nous
expliquons ci-après.

Lemme4.9. Pour toutj = 1, . . . , d et toutβ ∈ Nm, il existe une applica-
tion rationnelleQj, β dont l’expression explicite, qui ne dépend ni deM , ni
deh, ni deM ′, peut être calculée grâce à des formules combinatoires uni-
verselles6, telle que l’on a les identités formelles suivantes, valables dans
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C{ζ, t} :
(4.10)



1

β!

∂|β|Θ′
j

∂(ζ ′)β

(
f(ζ, Θ(ζ, t)), h(t)

)
≡

≡ Qj, β

((
∂β1

ζ Θj1(ζ, t)
)

1≤j1≤d, |β1|≤|β|
,
(
∂α1

τ hi1(ζ, Θ(ζ, t))
)
1≤i1≤n, |α1|≤|β|

)

=: Rj, β

(
ζ,
(
∂β1

ζ Θj1(ζ, t)
)

1≤j1≤d, |β1|≤|β|

)

=: qj, β(ζ, t),

où l’avant-dernière équation définit la série entièreRj, β à partir deQj, β

par simple oubli de la dépendance en les jets deh, et la dernière définit
la série entièreqj, β à partir deQj, β, par simple oubli de toute dépendance
par rapport aux jets deΘ ou deh. Ici, les séries entièresQj, β sont holo-
morphes au voisinage du jet constant obtenu en posant(ζ, t) = (0, 0), i.e.(
(∂β1

ζ Θj1(0, 0))1≤j1≤d, |β1|≤|β|, (∂α1
τ hi1(0, 0))1≤i1≤n, |α1|≤|β|

)
. Des relations

symétriques analogues sont satisfaites en remplaçantΘ, Θ′, ζ , t, f , h par
Θ, Θ

′
, z, τ f , h.

L’existence des séries entièresRj, β exprime que l’application (4.3) des
jets d’ordrek des sous-variétés de Segre complexifiées conjuguées est in-
variante par biholomorphisme, c’est-à-dire que le diagramme suivant est
commutatif :

M
h

//

Jk
•
S

•

��

M ′

Jk
•
S ′

•

��

Cm+Nd, m, k

Rk(h)
// Cm+Nd, m, k

,

où l’applicationRk(h), qui dépend deh, est définie par ses composantes
Rj, β pour j = 1, . . . , d et |β| ≤ k. Commeh est inversible, on vérifie
que la transformation associéeRk(h) est elle aussi un biholomorphisme
local. Grâce à l’inversibilité deRk(h), on démontre sans difficulté que les
cinq conditions de non-dégénérescence(nd1), (nd2), (nd3), (nd4) et (nd5)
introduites dans le §1.7 sont invariantes par biholomorphisme local (voir le
Chapitre 3 de [Me2003] pour les détails).

Proof. Nous allons différentier les équations (4.8) par rapport àζk, pour
k = 1, . . . , m. Rappelons ici les expressions explicites des champs de

6Mais le travail d’explicitation complète serait particulièrement fastidieux, car qua-
tre ingrédients se combineraient ensemble dans le calcul : la formule généralisée de
Faà di Bruno pour la différentiation de fonctions de plusieurs variables composées ;
le développement formel des dérivations composées(L 1)

β1(L 2)
β2 · · · (L m)βm , où

(β1, β2, . . . , βm) ∈ Nm ; la formule universelle pour les dérivations partielles d’ordre
quelconque d’un quotient de deux séries entières ; les déterminants de Cramer. Heureuse-
ment, nous n’aurons pas besoin ici d’une formule explicite pour les séries entières analy-
tiquesQj, β .
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vecteurs CR de type(0, 1) complexifiésL k définis précédemment :

(4.11) L k =
∂

∂ζk
+

d∑

j=1

∂Θj

∂ζk
(ζ, t)

∂

∂ξj
,

pourk = 1, . . . , m. On voit immédiatement que le fait de différenter une
série entière composéeψ(ζ, ξ)|ξ=Θ(ζ, t) = ψ(ζ, Θ(ζ, t)) par rapport àζk
équivaut à lui appliquer le champ de vecteursL k, entendu comme dériva-
tion, c’est-à-dire que l’on a :

(4.12)
∂

∂ζk
ψ(ζ, Θ(ζ, t)) ≡ [L kψ] (ζ, Θ(ζ, t)).

Cette observation est triviale, mais elle a son importance ;géométriquement
parlant, appliquer l’opérateurL k signifie que l’on différentie le long de la
sous-variété de Segre complexifiée conjuguéS t, le tout étant paramétré par
t.

Ainsi, en différentiant les relations (4.8) par rapport àζk et en utilisant la
formule de dérivation composée, on obtient les relations
(4.13)

L kgj(ζ, Θ(ζ, t)) ≡
m∑

l=1

L kf l(ζ, Θ(ζ, t))
∂Θ′

j

∂ζ ′l

(
f(ζ, Θ(ζ, t)), h(t)

)
,

pourk = 1, . . . , m et j = 1, . . . , d.
Par ailleurs, en posantt = 0 dans (4.8), on obtient

(4.14) gj(ζ, Θ(ζ, 0)) ≡ Θ′
j

(
f(ζ, Θ(ζ, 0)), 0

)
.

Ces identités expriment que la restriction dehc = (h, h) à la sous-variété de
Segre complexifiée conjuguéeS 0 = {(0, 0, ζ, Θ(ζ, 0)) : ζ ∈ Cm}, qui
est de dimension complexem, est à valeurs dans la sous-variété de Segre
complexifiée conjuguéeS ′

0 = {(0, 0, ζ ′, Θ′(ζ ′, 0)) : ζ ′ ∈ Cm}, qui est
de même dimension. Puisquehc est un biholomorphisme, cette restriction
est forcément inversible, c’est-à-dire que l’applicationζ 7→ h(ζ, Θ(ζ, 0))
est de rangm enζ = 0. Autrement dit, la matrice (constante) des dérivées

partielle à l’origine
(
L k hi(0)

)1≤k≤m

1≤i≤n
est de rangm. Mais à cause des

relations (4.13), prises ent = 0, les d dernières lignes de la matrice(
L k hi(0)

)1≤k≤m

1≤i≤n
sont des combinaisons linéaires à coefficients constants

de sesm premières lignes. Il en découle finalement que le déterminant
suivant de taillem×m ne s’annule pas :

(4.15) det
(
L k1

fk2
(0)
)
1≤k1, k2≤m

6= 0.

Par conséquent, nous pouvons diviser par le déterminant

(4.16) D(ζ, t) := det
(
L k1

fk2
(ζ, Θ(ζ, t))

)
1≤k1, k2≤m

,

pourvu queζ ∈ Cm et t ∈ Cn soient suffisamment petits pour qu’il ne
s’annule pas.
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Maintenant, envisageons les équations (4.13) àj fixé comme un système
linéaire non homogène dont les inconnues sont lesm dérivées partielles
∂Θ′

j/∂ζ
′
1, . . . , ∂Θ

′
j/∂ζ

′
m. Grâce aux formules de Cramer, nous pouvons

résoudre ce système, ce qui donne des expressions de la forme
(4.17)

∂Θ′
j

∂ζ ′k

(
f(ζ, Θ(ζ, t)), h(t)

)
≡
Tj, k

((
L k′

1
hi1(ζ, Θ(ζ, t))

)
1≤i1≤n, 1≤k′

1≤m

)

D(ζ, t)
.

Ici, en examinant la forme explicite des déterminants de Cramer, on vérifie
aisément que les termesTj, k sont des polynômes universels en leurs vari-
ables.

Traitons maintenant le cas|β| = 2 de (4.10). Pour un mutiindice arbi-
traireβ = (β1, β2, . . . , βm) ∈ Nm, nous noteronsL β la dérivation d’ordre
|β| définie par la composition(L 1)

β1(L 2)
β2 · · · (L m)βm.

Différentions à nouveau les identités (4.13) par rapport aux variablesζk.
Nous obtenons à nouveau des systèmes de Cramer de même déterminant
D(ζ, t) que l’on peut résoudre. Aussi, pour toute paire d’entiers(k1, k2)
avec1 ≤ k1, k2 ≤ m et pour toutj = 1, . . . , d, il existe des polynômes
universelsTj, k1, k2 tels que l’on peut écrire
(4.18)

∂2Θ′
j

∂ζ ′k1
∂ζ ′k2

(
f(ζ, Θ(ζ, t)), h(t)

)
≡
Tj, k1, k2

((
L β1hi1(ζ, Θ(ζ, t))

)
1≤i1≤n, 1≤|β1|≤2

)

D(ζ, t)3
.

Le lecteur aura remarqué l’exposant3 qui apparaît au dénominateur. On
doit le comprendre comme “3”=“2”+“1”, où “2” provient de la différen-
tiation du quotientTj, k/D dans (4.17) et où “1” provient de la seconde
application de la règle de Cramer.

Différentions successivement les relations (4.8) par rapport à ζβ =
ζβ1

1 ζ
β2

2 · · · ζβm
m . En raisonnant par récurrence, on démontre que pour tout

β ∈ Nm et pour toutj = 1, . . . , d, il existe un polynômeTj, β dont
l’expression explicite est complexe, mais universelle, tel que l’identité suiv-
ante est satisfaite, dansC{ζ, t} :
(4.19)

1

β!

∂|β|Θ′
j

∂(ζ ′)β

(
f(ζ, Θ(ζ, t)), h(t)

)
≡
Tj, β

((
L β1hi1(ζ, Θ(ζ, t))

)
1≤i1≤n, 1≤|β1|≤|β|

)

[D(ζ, t)]2|β|−1
.

À ce stade, il est important d’observer qu’en développant les dérivations
multiples L β1, où β1 ∈ Nm est un multiindice fixé, on obtient des
opérateurs différentiels à coefficients non constants. Plus précisément, en
utilisant les expressions explicites (4.11) des champs de vecteursL k, et en
raisonnant par récurrence, il est aisé d’établir que les coefficients des opéra-
teursL β1, exprimés par rapports aux opérateurs∂α

t , sont des polynômes
universels en les dérivées partielles

(
∂|β2|Θj2(ζ, t)/∂ζ

β2
)
1≤j2≤d, 1≤|β2|≤|β1|

.
Ainsi, le numérateur de (4.19) devient un polynôme universel (dont
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l’expression explicite ne nous serait pas utile) en les variables
(4.20)((

∂β1

ζ Θj1(ζ, t)
)

1≤j1≤d, |β1|≤|β|
,
(
∂α1

t hi1(ζ, Θ(ζ, t))
)
1≤i1≤n, |α1|≤|β|

)

De même, en développant le déterminant qui apparaît au dénominateur,
on obtient un polynôme universel en les variables (4.20), pour |β1| ≤ 1.
Concluons que nous avons effectivement construit l’application rationnelle
souhaitéeQj, β := Tj, β/[D ]2|β|−1. �

Il nous reste maintenant à établir l’invariance biholomorphe de
l’application de réflexion CR formelle.

4.21. Inversion. Dans cet objectif, développons les séries entières
Θ′

j par rapport aux puissances deζ ′, ce qui donneΘ′
j (ζ ′, t′) =:∑

β∈Nm (ζ ′)β Θ′
j, β (t′), pour j = 1, . . . , d, où lesΘ′

j, β(t′) sont des séries
entières analytiques complexes. Avec ces notations, nous pouvons dévelop-
per le membre de gauche de (4.10) en conservant pour membre dedroite la
dernière ligne de (4.10), ce qui donne :

(4.22)
∑

γ∈Nm

(β + γ)!

β! γ!
f(ζ, Θ(ζ, t))γ Θ′

j, β+γ(h(t)) ≡ qj, β(ζ, t).

Puisque nous voulons établir l’invariance biholomorphe del’application de
réflexion, nous devrions résoudre les termesΘ′

j, β(h(t)) qui apparaissent
dans le développement de la première ligne de (4.10) par rapport aux autres
termes, de telle sorte que n’apparaissent au final que des termesΘj1, β1(t).

Pour cela, il est utile de savoir qu’une collection infinie d’identités
formelles de la forme

(4.23)
∑

γ∈Nm

(β + γ)!

β! γ!
ζ ′

γ
θ′j, β+γ = qj, β,

où j = 1, . . . , d, où β ∈ Nm, où ζ ′ ∈ Cm et où les constantesθ′j, β ∈ C
et qj, β ∈ C sont arbitraires et indépendantes, peut être résolue formelle-
ment par rapport aux inconnuesθ′j, β au moyen d’une formule totalement
similaire, à des différences de signe près :

(4.24)
∑

γ∈Nm

(−1)γ (β + γ)!

β! γ!
ζ ′

γ
qj, β+γ = θ′j, β,

pour tout j = 1, . . . , d et tout β ∈ Nm. On peut se convaincre de
cette formule d’inversion de deux manières : ou bien en remplaçant
l’expression (4.24) deθ′j, β directement dans (4.23) et en effectuant le calcul,
ou bien en raisonnant avec des séries de Taylor convergentesen deux points
distincts et en extrapolant ensuite la relation obtenue auxséries formelles
non convergentes.
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L’application de cette formule d’inversion aux identités (4.22) nous
donne les relations formelles
(4.25)



Θ′
j, β(h(t)) ≡

∑

γ∈Nm

(−1)γ
(β + γ)!

β! γ!
f(ζ, Θ(ζ, t))γ · qj, β+γ(ζ, t)

≡
∑

γ∈Nm

(−1)γ
(β + γ)!

β! γ!
f(ζ, Θ(ζ, t))γ ·

· Qj, β+γ

((
∂

β1

ζ Θj1(ζ, t)
)

1≤j1≤d, |β1|≤|β|+|γ|
,
(
∂α1

τ hi1(ζ, Θ(ζ, t))
)
1≤i1≤n, |α1|≤|β|+|γ|

)
.

Ici, un argument de convergence est nécessaire. Heureusement, grâce aux
estimées de Cauchy pour les dérivées partielles de séries entières analy-
tiques, il existe des constantesσ′ > 0, ρ′ > 0 etC ′ > 0 telles qu’on a une
estimation de la forme

(4.26)

∣∣∣∣∣
1

β!

∂|β|Θ′
j

∂(ζ ′)β
(ζ ′, t′)

∣∣∣∣∣ < C ′ (ρ′)−|β|,

pour tousζ ′, t′ satisfaisant|ζ ′| < σ′, |t′| < σ′. Soit σ > 0 une constante
suffisamment petite pour que l’on ait|h(t)| < σ′ (d’où aussi

∣∣h(τ)
∣∣ < σ′)

pour tout t tel que |t| < σ. On en déduit la même estimée de Cauchy
que (4.26) pour le membre de gauche de (4.10), avec les mêmes constantes
ρ′ > 0 et C ′ > 0. Ensuite, ces estimations se transfèrent immédiatement
aux membres de la dernière ligne de (4.10) :

(4.27) |qj, β(ζ, t)| < C ′ (ρ′)−|β|.

Cette dernière estimation suffit pour assurer que les formules (4.25) sont
normalement convergentes lorsque|ζ | < σ et |t| < σ.

4.28. Formules fondamentales.Pour terminer, posonsζ = 0 dans les
formules (4.25), ce qui exige quelques commentaires. Notons que les
termesΘj(0, t) s’identifient bien évidemment aux termesΘj, β(t)|β=0 du
développementΘj(ζ, t) =:

∑
β∈Nm ζβ Θj, β(t) deΘj par rapport aux puis-

sances deζ . Par conséquent, les puissancesf(0, Θ(0, t))γ et les jets
∂α1

τ hi1(ζ, Θ(0, t)) qui apparaissent dans (4.25)|ζ=0 sont des séries entières
analytiques par rapport auxd variablesΘj1, 0(t), pour j1 = 1, . . . , d. Au
total, les identités(4.25)|ζ=0 ne font intervenir à droite que les fonctions
Θj1, β1(t). Notons ici que l’indiceβ1 n’est pas borné, à cause de la présence
de la somme

∑
γ∈Nm .

En conclusion, si l’on noteSj, β ce second membre, on obtient des for-
mules absolument fondamentales entre les composantesΘ′

j, β(t′) attachées
à l’équation deM ′ = hc(M ) et les composantesΘj, β(t) attachées à
l’équation deM , formules que nous écrirons :

(4.29) Θ′
j, β(h(t)) ≡ Sj, β

(
{Θj1, β1(t)}1≤j1≤d, β1∈Nm

)
.
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Ici, Sj, β est une série entière qui dépend d’une infinité de variables.Néan-
moins, il ne sera pas nécessaire d’en appeler à la théorie desfonctions holo-
morphes d’une infinité de variables, pourvu queSj, β soit entendu comme
défini par (4.25)|ζ=0, avec les estimées de Cauchy (4.27)|ζ=0.

4.30. Invariance biholomorphe de la convergence de l’application de
réflexion CR formelle. Grâce aux relations (4.29), nous pouvons établir
l’assertion qui fait immédiatement suite à l’énoncé du Théorème 1.23.

En effet, comme dans les hypothèses du Théorème 1.23, soith :
(M, 0) −→F (M ′, 0) une application CR formelle entre sous-variétés
génériques analytiques réelles de codimensiond et d′ dansCn et dansCn′

.
Soit un système de coordonnées holomorphes(z′, w′) ∈ Cm′ × Cd′ dans
lequel la complexificationM ′ est représentée par les équations graphées
ξ′j′ = Θ′

j′(ζ
′, t′), j′ = 1, . . . , d′.

Supposons que l’application de réflexionR ′
h(τ

′, t) := ξ′ −∑
γ′∈Nm′ (ζ ′)γ′

Θ′
γ′(h(t)) converge. De manière équivalente, toutes

les séries formellesΘ′
j′, γ′(h(t)) ∈ C{t} convergent et elles satisfont une

estimée de Cauchy telle que
∣∣Θ′

j′, γ′(h(t))
∣∣ < C ′ (ρ′)−|γ′|, pour|t| < σ.

Soit t′′ := φ′(t′) un biholomorphisme local fixant l’origine qui trans-
formeM ′ enM ′′ := φ′(M ′). Après une renumérotation éventuelle des
coordonnéest′′, on peut supposer qu’elles se scindent ent′′ = (z′′, w′′) ∈
Cm′ × Cd′ de telle sorte queT0M

′′ +
(
{0} ×Cd′

w′′

)
= T0C

n′

t′′ . Soient alors
ξ′′j′ = Θ′′

j′(ζ
′′, t′′), j′ = 1, . . . , d′, des équations graphées pour la com-

plexificationM ′′. Le but est de démontrer que l’application de réflexion
transforméeR ′′

φ′◦h(τ
′′, t) := ξ′′ − Θ′′(ζ ′′, φ′(h(t))) converge elle aussi.

Pour le vérifier, scindons aussi les composantes du changement de coor-
données comme suit :φ′(t′) =: (ϕ′(t′), ψ′(t′)) ∈ C{t′}m′ × C{t′}d′ . Les
relations (4.29) pour la transformationφ′ s’écrivent

(4.31) Θ′′
j′, γ′ (φ′(t′)) ≡ S ′

j′, γ′

({
Θ′

j′1, γ′

1
(t′)
}

1≤j′1≤d′, γ′

1∈Nm′

)
.

Remplaçons-yt′ parh(t), ce qui donne :

(4.32) Θ′′
j′, γ′ (φ′(h(t))) ≡ S ′

j′, γ′

({
Θ′

j′1, γ′

1
(h(t))

}
1≤j′1≤d′, γ′

1∈Nm′

)
.

Puisque lesS ′
j′, γ′ sont analytiques et puisque lesΘ′

j′1, γ′

1
(h(t)) con-

vergent par hypothèse, nous déduisons de (4.32) que les com-
posantesΘ′′

j′, γ′ (φ′(h(t))) de l’application de réflexionR ′′
h(τ ′′, t) :=

ξ′′ − Θ′′(ζ ′′, h(t)) convergent. Un examen de la construction desSj′, γ′

montre que toutes les estimées de Cauchy nécessaires sont satisfaites.
L’assertion est démontrée.

4.33. Résumé.En définitive, toutes les hypothèses du Théorème princi-
pal 1.23 et du Théorème 1.39 sont invariantes par changementde coor-
données. Sans perte de généralité, nous pourrons donc travailler avec un
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système fixé de coordonnées dans lesquelles la complexification M ′ est
représentée parξ′ = Θ′(ζ ′, t′).

§5. CONVERGENCE D’ APPLICATIONS CR FORMELLES FINIMENT

NON-DÉGÉNÉRÉES

5.1. Préliminaire. Afin de rendre plus accessible la lecture du
Théorème 1.39(iii) (Section 6) et du Théorème 1.23 (Section 7),
nous démontrons ici le Théorème 1.39(i) (connu) en utilisant notre
propre formalisme ; cette section est exclusivement consacrée à cette
démonstration. Certaines observations combinatoires, qui seront réutilisées
ultérieurement, apparaîtront au cours des raisonnements (voir par exemple
le Lemme 5.4 ci-dessous). Puisqu’elles sont explicitées d’une manière
parfois incomplète ou exagérément résumée dans [BER1998] et dans
[BER1999a], nous les détaillerons soigneusement.

5.2. Résolution de h(t) en fonction des jets de h(τ). Soit
hc : (M , 0) −→F (M ′, 0) la complexification de l’application CR
formelle du Théorème 1.39(i). Nous utiliserons les notations du §1.25 et
du §1.33.

Rappelons que, d’après le §1.33, en appliquant les dérivation L β à la
première ligne de (1.27), nous obtenons les identités de réflexion écrites à
la première ligne de (1.31), que nous réécrivons plus précisément comme
suit :

(5.3) L β gj′(ζ, Θ(ζ, t)) ≡
∑

γ′∈Nm′

L βf
γ
(ζ, Θ(ζ, t)) Θ′

j′, γ′(h(t)),

pour toutj′ = 1, . . . , d′ et toutβ ∈ Nm. Il est nécessaire d’examiner ce
que donnent les termesL βgj′ etL βf

γ
.

Les lettresβ etγ (resp.β ′ etγ′) désigneront toujours des multiindices de
Nm (resp. deNm′

) ; la lettreα désignera toujours un multiindice deNn. Soit
ℓ ∈ N un entier positif. Nous noteronsJ ℓ

t h(t) := (∂α
t hi′(t))1≤i′≤n′, |α|≤ℓ le

jet d’ordreℓ deh et aussiJ ℓ
τh(τ) :=

(
∂α

τ hi′(τ)
)
1≤i′≤n′, |α|≤ℓ

le jet d’ordreℓ

deh(τ). Le nombre de ces dérivées partielles est égal àNn′, n, ℓ := n′ (n+ℓ)!
n! ℓ!

.
Nous appelleronsjet strictdeh (ou deh) les dérivées partielles deh (ou de
h) d’ordre strictement positif.

En observant que les coefficients des champs de vecteursL k définis à la
deuxième ligne de (1.26) sont analytiques et en raisonnant par récurrence,
on démontre l’assertion suivante.

Lemme5.4. Pour touti′ = 1, . . . , n′ et toutβ ∈ Nm, il existe un polynôme
Pi′, β en le jetJ |β|

τ h(τ) dont les coefficients sont des séries entières con-
vergentes par rapport aux variables(t, τ) qui ne dépendent que des séries
définissantesΘj(ζ, t) deM , tel que

(5.5) L βhi′(τ) ≡ Pi′, β

(
t, τ, J |β|

τ h(τ)
)
,
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pour(t, τ) ∈ Cn × Cn.

Proof. Pourβ = 0, l’existence dePi′, β est évidente. Raisonnons par récur-
rence sur l’entier|β|, en supposant plus précisément que le premier groupe
d’arguments dePi′, β est le jetJ |β|

ζ Θ(ζ, t) par rapport àζ de la série définis-
santeΘ(ζ, t), et en supposant quePi′, β est un polynôme universel par rap-

port aux variables
(
J
|β|
ζ Θ(ζ, t), J

|β|
τ h(τ)

)
. Fixonsℓ ∈ N et supposons les

relations (5.5) vraies pour toutβ ∈ Nm tel que|β| ≤ ℓ. En appliquant la
dérivationL k à (5.5), et en utilisant l’hypothèse de récurrence, nous pou-
vons écrire :
(5.6)



L kL
βhi′(τ) ≡ L k

[
Pi′, β

(
J
|β|
ζ Θ(ζ, t), J |β|

τ h(τ)
)]

≡
∑

β1∈Nm, |β1|≤|β|

d∑

j=1

∂Pi′, β

∂J
|β1|
j

· ∂ζk
∂β1

ζ Θj(ζ, t)+

+

n′∑

i′1=1

∑

α1∈Nn, |α1|≤|β|

∂Pi′1, β

∂Jα1

i′1

· ∂ζk
∂α1

τ hi′1
(τ)+

+

n′∑

i′1=1

∑

α1∈Nn, |α1|≤|β|

d∑

j=1

∂Pi′, β

∂Jα1

i′1

· ∂ζk
Θj · ∂ξj

∂α1
τ hi′1

(τ)

=: Pi′, β+1m
k

(
J
|β|+1
ζ Θ(ζ, t), J |β|

τ h(τ),
)
,

où le symbole1m
k désigne le multiindice(0, . . . , 0, 1, 0, . . . , 0) ∈ Nm,

avec1 à lak-ième place et0 aux autres places. Le calcul (5.6) démontre
bien quePi′, β+1m

k
est un polynôme et qu’il se déduit dePi′, β par une formule

algébrico-différentielle universelle de différentiation composée. Puisque
tout multiindice de longueurℓ + 1 peut s’écrireβ + 1m

k , où |β| = ℓ, ceci
démontre le Lemme 5.4. �

Grâce à la formule de Leibniz pour la différentiation d’un produit de
fonctions, on observe plus généralement qu’un développement polynomial
analogue existe pourL βh

α
(τ), lorsqueα ∈ Nn′

est un multiindice arbi-
traire. Nous n’aurons pas besoin de formules combinatoiresexplicites, que
du reste, nous n’avons pas tenté d’écrire.

Grâce à ce préliminaire, en tenant compte du fait queτ = (ζ, Θ(ζ, t))
surM , nous pouvons développer les identités (5.3) comme suit :

(5.7) R′
j′, β

(
ζ, t, J |β|

τ h(ζ, Θ(ζ, t)) : h(t)
)
≡ 0,

où lesR′
j′, β

(
ζ, t, J

|β|
τ h : t′

)
sont des séries entières convergentes, relative-

ment polynomiales par rapport au jet strict deh. Le dernier argumentt′

est placé après un signe «:» pour bien notifier que dans (5.3),ce sont les
composantes deh que l’on dérive en appliquant les opérateursL β, tandis
que les composantes deh ne sont pas différentiées.
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En revenant à la définition (1.34) des applicationsΨ′
j′, β introduites dans

le §1.33, nous avons la coïncidence de notations :

(5.8) Ψ′
j′, β (0, 0, t′) ≡ R′

j′, β

(
0, 0, J |β|

τ h(0) : t′
)
.

D’après l’hypothèse principale du Théorème 1.39(i), pourk assez grand,
l’application t′ 7−→

(
Ψ′

j′, β(0, 0, t′)
)
1≤j′≤d′, |β|≤k

est de rangn′ en t′ = 0.
Nous noteronsℓ0 un tel entierk. De manière équivalente, l’application
holomorphe locale

(5.9) t′ 7−→
(
R′

j′, β

(
0, 0, J |β|

τ h(0) : t′
))

1≤j′≤d′, |β|≤ℓ0

est de rangn′ ent′ = 0.
Grâce à cette hypothèse forte, nous pouvons appliquer le théorème des

fonctions implicites aux identités (5.7), écrites seulement pour |β| ≤ ℓ0,
afin de résoudreh(t) en fonction des autres variables, ce qui donne une
expression de la forme

(5.10) h(t) ≡ Φ
(
ζ, t, J ℓ0

τ h(ζ, Θ(ζ, t))
)
,

où l’applicationΦ est à valeurs dansCn′

, et holomorphe au voisinage de(
0, 0, J ℓ0

τ h(0)
)

dansCm+n+Nn′, n, ℓ0, .
En admettant un léger écart de notation, nous réécrirons l’identité (5.10)

sous la forme

(5.11) h(t) = Φ
(
t, τ, J ℓ0

τ h(τ)
)
,

étant entendu que(t, τ) ∈ M , c’est-à-dire queξ doit être remplacé par
Θ(ζ, t) si l’on veut interpréter (5.11) comme une véritable identité formelle
dansC[[ζ, t]]n

′

.
En partant des identités de réflexion écrites à la deuxième ligne de (1.32)

et en raisonnant comme ci-dessus, on démontre queh(τ) satisfait l’identité
suivante surM :

(5.12) h(τ) = Φ
(
τ, t, J ℓ0

t h(t)
)
,

Pour se convaincre que c’est bien l’application conjuguéeΦ qui apparaît
dans (5.12), on peut aussi poserτ := t̄ dans (5.11), conjuguer de part et
d’autre du signe «=», puis complexifier la variable(t̄)c =: τ dans l’identité
obtenue, ce qui donne (5.12).

En résumé, nous avons obtenu un couple d’identités formelles, valables
pour(t, τ) ∈ M :

(5.13)

{
h(t) = Φ

(
t, τ, J ℓ0

τ h(τ)
)
,

h(τ) = Φ
(
τ, t, J ℓ0

t h(t)
)
.

SoitΠ(t, τ) ∈ C[[t, τ ]] une série formelle sans terme constant, par exemple
hi′(t)−Φi′

(
t, τ, J ℓ0

τ h(τ)
)
, oùi′ est fixé. Quand nous disons queΠ(t, τ) =

0 pour(t, τ) ∈ M , nous entendons que l’on a les deux identités formelles
Π(t, ζ, Θ(ζ, t)) ≡ 0 dansC[[ζ, t]] et Π(z, Θ(z, τ), τ) ≡ 0 dansC[[z, τ ]].
De manière élémentaire, on vérifie qu’en posantr(t, τ) := ξ − Θ(ζ, t)
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et r(τ, t) := w − Θ(z, τ), ces identités sont équivalentes entre elles et
qu’elles sont équivalentes à la propriété suivante : il existe deux matrices
de séries formellesc(t, τ) et d(t, τ) de taille1 × d telles queΠ(t, τ) ≡
c(t, τ) r(t, τ) et Π(t, τ) ≡ d(t, τ) r(τ, t) dansC[[t, τ ]]. Retenons donc
que l’expressionΠ(t, τ) = 0 pour(t, τ) ∈ M signifie rigoureusement que
Π(t, ζ, Θ(ζ, t)) ≡ 0 ou queΠ(z, Θ(z, τ), τ) ≡ 0.

Le couple d’identités (5.13) est absolument fondamental : il signifie que
h(t) (resp.h(τ)) peut être résolu par rapport au jet d’ordreℓ0 deh(τ) (resp.
deh(t)) et que cette résolution estanalytique (puisqueΦ l’est), bien que
h(t), h(τ) et leurs jets soient, par hypothèse, des applicationsformellesqui
sonta priori non convergentes. Ces identités ne permettent pas encore de
démontrer queh(t) et h(τ) convergent : en effet, les variablest et τ sont
encore mêlées dans (5.13), et les deux termesJ ℓ0

τ h(τ), J
ℓ0
t h(t) sonta priori

non convergents. Mais dans le reste de cette section, en «démélangeant»
les variablest et τ , nous allons établir l’énoncé suivant, qui complètera la
démonstration du Théorème 1.39(i).

Assertion 5.14. En supposantM minimale à l’origine, le couple
d’identités (5.13) implique queh(t) ∈ C{t}n′

et queh(τ) ∈ C{τ}n′

convergent.

5.15. Passage aux jets d’ordre quelconque.Notre premier objectif est de
généraliser (5.13) en faisant apparaître, à la place des membres de gauche
h(t) et h(τ), des jets d’ordre arbitrairesJ ℓ

th(t) et J ℓ
τh(τ), où ℓ ∈ N. Nous

verrons ci-après pourquoi cela est nécessaire.
Pour cela, introduisons les champs de vecteursΥj, j = 1, . . . , d, etΥj ,

j = 1, . . . , d, définis comme suit :
(5.16)

Υj :=
∂

∂wj
+

d∑

l=1

∂Θl

∂wj
(ζ, t)

∂

∂ξl
; Υj :=

∂

∂ξj
+

d∑

l=1

∂Θl

∂ξj
(z, τ)

∂

∂wl
.

Ces champs de vecteurs sont tangents àM : en effet, on vérifie immédi-
atement queΥj1 [ξj2 − Θj2(ζ, t)] ≡ 0 et queΥj1

[
wj2 − Θj2(z, τ)

]
≡ 0,

pour j1, j2 = 1, . . . , d. Observons que la collection des2m + d champs
de vecteursLk, L k et Υj engendre le fibré tangentTM . La même pro-
priété est satisfaite par la collectionLk, L k et Υj. Notons au passage des
relations de commutation que nous n’utiliserons pas :[Υj , L k] = 0 et[
Υj , Lk

]
= 0. Considérons l’action surh(t) des champ de vecteursΥj ,

interprétés comme dérivations. Soitδ = (δ1, . . . , δd) ∈ Nd un multiindice
arbitraire. NotonsΥδ la dérivation composée(Υ1)

δ1(Υ2)
δ2 · · · (Υd)

δd, qui
est d’ordre|δ|. On observe immédiatement que

(5.17) Υδh(t) ≡ ∂δ
wh(t).

De manière similaire,Υδh(τ) ≡ ∂δ
ξh(τ).

En procédant comme dans la démonstration du Lemme 5.4, on vérifie
que pour touti′ = 1, . . . , n′ et tout multiindiceα = (β, δ) ∈ Nm × Nd, il
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existe des séries entièresQi′, β, δ telles que

(5.18) L βΥδhi′(t) ≡ Qi′, β, δ

(
t, τ, J

|β|+|δ|
t hi′1

(t)
)
.

Ces séries sont polynomiales par rapport aux variables de jets et possè-
dent des coefficients analytiques par rapport à(t, τ), lesquels coefficients
ne dépendent que des séries définissantesΘj(ζ, t) deM .

Réciproquement, puisque lesn champs de vecteursLk et Υj en-
gendrent l’espace des(t1, . . . , tn), nous pouvons inverser les formules
L βΥδhi′(t) ≡ Qi′, β, δ, en considérant les dérivées partielles∂α1

t hi′1
(t)

comme inconnues. En examinant les termes de plus haute dérivation dans
les polynômesQi′, β, δ, on constate que le système linéaire que l’on doit in-
verser est de type trigonal, et de déterminant1 : l’inversion est élémentaire
et conserve la polynomialité. On en déduit :

Lemme5.19. Pour touti′ = 1, . . . , n′ et tout multiindiceα = (β, δ) ∈
Nm × Nd, il existe une série entièrePi′, α, polynomiale par rapport à son
dernier groupe de variables, dont les coefficients sont des séries entières
convergentes par rapport à(t, τ) qui ne dépendent que des séries définis-
santesΘj(ζ, t) deM , tel que l’identité suivante est satisfaite dansC[[t]] :

(5.20) ∂α
t hi′(t) ≡ Pi′, α

(
t, τ,

(
L β1Υδ1h(t)

)
|β1|≤|β|, |δ1|≤|δ|

)
,

lorsque(t, τ) ∈ Cn ×Cn.

Appliquons maintenant la dérivationL βΥδ à la première ligne de (5.12)
et la dérivationL βΥδ à la seconde ligne de (5.12) : cela est autorisé,
puisque les champs de vecteursLk, L k, Υj et Υj sont tangents àM .
Comme les coefficients de ces dérivations sont analytiques,en utilisant
la «règle de la chaîne» pour différentier les membres de droite Φ et Φ
de (5.12), nous voyons apparaître des expressions polynomiales par rap-
port aux variables de jets stricts, dont les coefficients sont analytiques par
rapport aux variables(t, τ) ∈ M . L’ordre de ces variables de jets monte
jusqu’à ℓ0 + |β| + |δ|. En appliquant le Lemme 5.19, nous pouvons ef-
fectuer des substitutions linéaires sur les identités obtenues afin de résoudre
les dérivées partielles∂α

t hi′(t), ce qui donne des identités de la forme

∂α
t hi′(t) ≡ Φi′, α

(
t, ζ, Θ(ζ, t), J

ℓ0+|β|+|δ|
τ h(ζ, Θ(ζ, t))

)
.

Soitℓ ∈ N un entier arbitraire. Collectons les identités obtenues pour tous
les multiindicesα satisfaisant|α| ≤ ℓ et résumons les calculs effectués.

Lemme5.21. Pour tout entierℓ ∈ N, il existe une série entièreΦℓ =
Φℓ

(
t, τ, J ℓ0+ℓ

)
à valeurs dansCNn′, n, ℓ, polynomiale par rapport aux vari-

ables de jets stricts, dont les coefficients sont des séries entières conver-
gentes par rapport à(t, τ) qui ne dépendent que des séries définissantes
Θj(ζ, t) deM , telle que les deux identités suivantes sont satisfaites :

(5.22)

{
J ℓ

th(t) ≡ Φℓ

(
t, ζ, Θ(ζ, t), J ℓ0+ℓ

τ h(ζ, Θ(ζ, t))
)

et

J ℓ
τh(τ) ≡ Φℓ

(
τ, z, Θ(z, τ), J ℓ0+ℓ

t h(z, Θ(z, τ))
)
,
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dansC[[ζ, t]]Nn′, n, ℓ et dansC[[z, τ ]]Nn′, n, ℓ.

Ces formules constituent la généralisation désirée de (5.12). Elles seront
notre nouveau point de départ.

La deuxième étape cruciale dans la démonstration de l’assertion 5.13 va
consister à effectuer un grand nombre d’«auto-substitutions» entre ces for-
mules, en se «déplaçant» le long des chaînes de Segre (conjuguées). Par
souci de clarté et compréhensibilité, commençons par détailler les deux pre-
mières étapes.

5.23. Restrictions à la première et à la deuxième chaîne de Segre
conjuguée. Rappelons quehc(t, τ) =

(
h(t), h(τ)

)
. Nous admettrons

l’abus de notation suivant : au lieu d’écrire rigoureusement h (πt(t, τ)) et
h (πτ (t, τ)), nous écrironsh(t, τ) = h(t) eth(t, τ) = h(τ).

Soit ν ∈ N, ν ≥ 1, soit x ∈ Cν et soitQ(x) = (Q1(x), . . . , Q2n(x)) ∈
C[[x]]2n une application formelle quelconque satisfaisantQ(0) = 0. Puisque
le flot multiple deL défini par (3.13) n’agit pas sur les variablesτ et que
le flot multiple deL défini par (3.14) n’agit pas sur les variablest, nous
avons deux relations simples :

(5.24)

{
J ℓ

th
(
L z1

(Q(x))
)
≡ J ℓ

th (Q(x)) et

J ℓ
τh (Lz1 (Q(x))) ≡ J ℓ

τh (Q(x)) .

Pour généraliser ces observations, rappelons que lorsquek est impair, la
k-ième chaîne de Segre conjuguéeΓk commence à gauche par le multiflot
L zk

(· · · ) ; de même, lorsquek est pair, elle commence à gauche par le
multiflot Lzk

(· · · ). Nous déduisons alors de (5.24) deux relations triviales,
mais absolument cruciales :

(5.25)

{
J ℓ

th
(
Γk

(
z(k)

))
≡ J ℓ

th
(
Γk−1

(
z(k−1)

))
, si k est impair ;

J ℓ
τh
(
Γk

(
z(k)

))
≡ J ℓ

τh
(
Γk−1

(
z(k−1)

))
, si k est pair.

Des relations similaires sont satisfaites avec la chaîne deSegreΓk.
Restreignons maintenant les relations (5.22) à la premièrechaîne de

Segre conjuguée, c’est-à-dire remplaçons(t, τ) par Γ1

(
z(1)
)
. En tenant

compte de (5.24), nous obtenons :

(5.26)

{
J ℓ

t h (0) ≡ Φℓ

(
Γ1(z1), J

ℓ0+ℓ
τ h (Γ1(z1))

)
et

J ℓ
τh (Γ1(z1)) ≡ Φℓ

(
Γ1(z1), J

ℓ0+ℓ
t h(0)

)
.

La première relation ne sera pas utile ; interprétons la seconde : puique le
jet J ℓ

th(0) est constant et puisqueΦℓ est analytique, le membre de droite
converge par rapport à la variablez1 ∈ Cm ; par conséquent, le membre
de gauche est convergent par rapport àz1, ce qui signifie quela restriction
à la première chaîne de Segre conjuguée du jet d’ordre quelconqueJ ℓ

τh
converge.

Passons maintenant à la deuxième chaîne de Segre conjuguée.Rem-
plaçons(t, τ) par Γ2(z(2)) = Γ2(z1, z2) dans (5.22). En tenant compte
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de (5.24), nous obtenons :

(5.27)

{
J ℓ

th
(
Γ2(z(2))

)
≡ Φℓ

(
Γ2(z(2)), J

ℓ0+ℓ
τ h (Γ1(z1))

)
et

J ℓ
τh (Γ1(z1)) ≡ Φℓ

(
Γ2(z(2)), J

ℓ
th
(
Γ2(z(2))

))
.

La seconde relation ne sera pas utile. Quant à la première, onvoit tout de
suite qu’il faut y remplacer le termeJ ℓ0+ℓ

τ h (Γ1(z1)) par l’expression que
nous venons d’obtenir dans (5.26), sans oublier de remplacer ℓ parℓ0 + ℓ,
ce qui nous donne :

(5.28)





J ℓ
th
(
Γ2(z(2))

)
≡ Φℓ

(
Γ2(z(2)), J

ℓ0+ℓ
τ h (Γ1(z1))

)

≡ Φℓ

(
Γ2(z(2)), Φℓ0+ℓ

(
Γ1(z1), J

2ℓ0+ℓ
t h(0)

))

=: Πℓ, 2

(
z(2), J

2ℓ0+ℓ
t h(0)

)
.

Pour pouvoir effectuer une telle substitution, il était important de formuler
à l’avance les identités (5.22) qui généralisent aux jets d’ordre quelconque
les identités (5.12). Interprétons maintenant le résultat: l’expression de la
seconde ligne de (5.28) est convergente, puisqueΦℓ et Φℓ0+ℓ sont analy-
tiques et puisque le jetJ2ℓ0+ℓ

t h(0) de l’application formelleh est constant.
On en déduit quela restriction à la seconde chaîne de Segre conjuguée du
jet d’ordre quelconqueJ ℓ

th converge.
Le lecteur aura deviné qu’en poursuivant ces substitutionsle long des

chaînes de Segre conjuguées de longueur arbitraire, nous pourrons conclure
la démonstration de l’assertion 5.13, grâce au Lemme 3.32. Écrivons donc
la démonstration finale.

5.29. Substitutions sur les chaînes de Segre conjuguées de longueur ar-
bitraire. L’assertion suivante généralise les substitutions précédentes.

Lemme5.30. Pour tout entierk ∈ N et tout entierℓ ∈ N, il existe une
série formelleΠℓ, k = Πℓ, k

(
z(k), J

kℓ0+ℓ
)

à valeurs dansCNn′, n, ℓ, polyno-
miale par rapport aux variables de jets stricts, dont les coefficients sont des
séries entières convergentes par rapport àz(k) qui ne dépendent que des
séries définissantesΘj(ζ, t) de M , telle que les deux identités formelles
suivantes :
(5.31){

J ℓ
τh
(
Γk(z(k))

)
≡ Πℓ, k

(
z(k), J

kℓ0+ℓ
t h(0)

)
, si k est impair ;

Jth
(
Γk(z(k))

)
≡ Πℓ, k

(
z(k), J

kℓ0+ℓ
t h(0)

)
si k est pair,

sont satisfaites dansC[[z(k)]]
Nn′, n, ℓ.

Ce lemme nous permet de conclure la démonstration de l’assertion 5.13,
et par là-même celle du Théorème 1.39(iii) . En effet, en posantℓ = 0 dans
la seconde identité (5.31), grâce à la convergence deΠ0, k, l’hypothèse du
Lemme 3.32 est satisfaite.
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Proof. Pourk = 1, 2, le travail est achevé. Raisonnons par récurrence en
supposant le lemme vrai pour un entierk. On supposerak impair – le cas
où il est pair se traitera de manière similaire.

Remplaçons(t, τ) par Γk+1(z(k+1)) dans la première ligne de (5.22) ;
utilisons la seconde relation (5.25) pour simplifier ; appliquons l’hypothèse
de récurrence, c’est-à-dire la première ligne de (5.31) : ces trois actions
reviennent à effectuer le calcul suivant :
(5.32)



J ℓ
th
(
Γk+1(z(k+1))

)
≡ Φℓ

(
Γk+1(z(k+1)), J

ℓ0+ℓ
τ h

(
Γk+1(z(k+1))

))

≡ Φℓ

(
Γk+1(z(k+1)), J

ℓ0+ℓ
τ h

(
Γk(z(k))

))

≡ Φℓ

(
Γk+1(z(k+1)), Πℓ0+ℓ, k

(
z(k), J

kℓ0+ℓ0+ℓ
t h(0)

))

=: Πℓ, k+1

(
z(k+1), J

(k+1)ℓ0+ℓ
t h(0)

)
.

Le résultat obtenu n’est autre que la formule (5.31) au niveau k + 1. �

Étudions à présent la convergence deh avec des hypothèses moins sim-
ples que la non-dégénérescence finie(h2).

§6. CONVERGENCE D’ APPLICATIONS CR FORMELLES SEGRE

NON-DÉGÉNÉRÉES

6.1. Préliminaire. Cette section est entièrement consacrée à démontrer le
Théorème 1.39(iii) , valable pour des applications CR formelles satisfaisant
la condition de non-dégénérescence(h4). D’après le §5.2, nous pouvons
développer les identités de réflexion (5.3) sous la forme (5.6). En revenant à
la définition (1.34) des sériesΨ′

j′, β(z, w, ζ, ξ, t′) introduites dans le §1.33,
nous avons la coïncidence de notations :

(6.2)

{
0 ≡ Ψ′

j′, β

(
z, Θ(z, 0), 0, 0, h

(
z, Θ(z, 0)

))

≡ R′
j′, β

(
z, Θ(z, 0), 0, 0, J |β|

τ h(0) : h
(
z, Θ(z, 0)

))
.

Une fois pour toutes, choisissons des entiersj′(1), . . . , j′(n′) et des multi-
indices distinctsβ(1), . . . , β(n′) tels que le déterminant (1.36) ne s’annule
pas. Pour alléger la présentation, nous noterons les sériesR′

j′(i′1), β(i′1) par
R′

i′1
, pouri′1 = 1, . . . , n′. Définissonsℓ0 := max1≤i′1≤n′ |β(i′1)|.

6.3. Proposition principale. Nous ramenons ainsi la démonstration du
Théorème 1.39(iii) à la proposition suivante, légèrement plus générale,
puisqu’on ne suppose pas queh est une application CR formelle à valeurs
dans une sous-variété générique analytique réelle complexifiée M ′, mais
seulement que c’est une application formelle satisfaisantcertaines équa-
tions analytiques.

Proposition 6.4. SoientR′
i′

(
t, τ, J ℓ0 : t′

)
, i′ = 1, . . . , n′, des séries en-

tières holomorphes dans un voisinage de
(
0, 0, J ℓ0

τ h(0) : 0
)

dansCn ×
Cn × CNn′, n, ℓ0 , polynomiales par rapport aux variables de jets stricts.
SoitM la complexification d’une sous-variété analytique réelle générique
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représentée par les équations(3.6) et soith(t) ∈ C[[t]]n
′

une application
formelle, avech(0) = 0. Supposons que pour(t, τ) ∈ M , les deux iden-
tités formelles conjuguées qui suivent sont satisfaites:

(6.5)

{
0 = R′

i′

(
t, τ, J ℓ0

τ h(τ) : h(t)
)
,

0 = R
′

i′

(
τ, t, J ℓ0

t h(t) : h(τ)
)
.

pour i′ = 1, . . . , n′. SiM est minimale en0 et si le déterminant suivant:
(6.6)

det

(
∂R′

i′

∂ti′1

(
z, Θ(z, 0), 0, 0, J ℓ0

τ h(0) : h
(
z, Θ(z, 0)

)))

1≤i′, i′1≤n′

6≡ 0,

ne s’annule pas identiquement dansC{z}, l’applicationh(t) ∈ C{t}n′

est
convergente.

Proof. En travaillant avec les chaînes de SegreΓk (alors que nous avons
travaillé avec les chaînes conjuguéesΓk dans la Section 5), établissons que
h
(
Γk(z(k))

)
∈ C{z(k)}n′

pour toutk ∈ N. D’après le Lemme 3.32, cela
suffira pour obtenir la conclusion de la Proposition 6.4. Commençons par
établir un critère simplifié pour la convergence des jets deh et deh sur les
chaînes de Segre.

6.7. Jets transversaux deh. Rappelons que les champs de vecteursΥj et
Υj tangents àM sont définis par (5.16). Notons les relations

(6.8)

{
J ℓ

τh
(
Γk

(
z(k)

))
≡ J ℓ

τh
(
Γk−1

(
z(k−1)

))
, si k est impair,

J ℓ
th
(
Γk

(
z(k)

))
≡ J ℓ

th
(
Γk−1

(
z(k−1)

))
, si k est pair,

qui sont analogues et équivalentes par conjugaison aux relations (5.25).

Lemme6.9. Soit ℓ ∈ N, soit k ∈ N et soitΓk(z(k)) la k-ième chaîne de
Segre. Les propriétés suivantes sont équivalentes :

(i) Le jet d’ordreℓ deh ou deh converge sur lak-ième chaîne de Segre,
i.e. en tenant compte des simplifications (6.8) :

(6.10)

{
J ℓ

th
(
Γk(z(k))

)
∈ C{z(k)}Nn′, n, ℓ si k est impair,

J ℓ
τh
(
Γk(z(k))

)
∈ C{z(k)}Nn′, n, ℓ si k est pair ;

(ii) pour toutβ ∈ Nm et tout δ ∈ Nd satisfaisant|β| + |δ| ≤ ℓ, les
dérivées suivantes deh ou deh convergent :

(6.11)

{[
L βΥδh

] (
Γk(z(k))

)
∈ C{z(k)}n′

si k est impair,
[
L βΥδh

] (
Γk(z(k))

)
∈ C{z(k)}n′

si k est pair ;

(iii) pour toutδ ∈ Nd satisfaisant|δ| ≤ ℓ, les dérivées suivantes deh ou
deh convergent :

(6.12)

{[
Υδh

] (
Γk(z(k))

)
∈ C{z(k)}n′

si k est impair,
[
Υδh

] (
Γk(z(k))

)
∈ C{z(k)}n′

si k est pair.
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Interprétons la dernière propriété(iii) : on doit se figurer que les dif-
férentiationsL β et L β sont «horizontales», puisqu’elles agissent le long
des sous-variétés de Segre complexifiées (conjuguées) ; au contraire, les
différentiationsΥδ et Υδ doivent être considérées comme «transversales»,
puisque les2m + d champs de vecteursLk, L k et Υj (ou Υj) engendrent
TM (cf. le §5.15). Ainsi, le Lemme 6.9 ramène la convergence(i) des jets
deh et deh à celle(iii) de leurs seuls «jets transversaux».

Proof. Rappelons qu’en développantL βΥδhi′(t) (ou L βΥδhi′(τ)) par
rapport aux jets∂α

t hi′(t), on obtient les formules (5.18) et leurs in-
verses (5.20) (ainsi que leurs conjuguées). Nous en déduisons immédiate-
ment l’équivalence entre(i) et (ii) .

(ii) implique(iii) trivialement. Réciproquement, supposonsk impair pour
fixer les idées. Observons que lak-ième chaîne de SegreΓk(z(k)) s’écrit

Lzk

(
Γk−1(z(k−1))

)
. Soitφ(t) ∈ C[[t]]n

′

une application formelle arbitraire.
Soitz ∈ Cm. D’après la définition (3.13) du flot deL , on ∂

∂zl
[φ(Lz(0))] ≡

[Llφ] (Lz(0)), pourl = 1, . . . , m. Plus généralement, en notantzk; l, l =
1, . . . , m, les composantes dezk ∈ Cm, on a :

(6.13)
∂

∂zk; l

[
φ
(
Lzk

(
Γk−1(z(k−1))

))]
≡ [Llφ]

(
Γk(z(k))

)
.

Pour un multiindiceβ ∈ Nm arbitraire, nous en déduisons l’identité :

(6.14) ∂β
zk

[
φ
(
Γk(z(k))

)]
≡
[
L βφ

] (
Γk(z(k))

)
.

Supposons maintenant que
[
Υδh

] (
Γk(z(k))

)
∈ C{z(k)}n′

est convergent.
Puisque la propriété de convergence d’une série formelle est stable par déri-
vation quelconque par rapport à ses variables, nous en déduisons, en appli-
quant la différentiation∂β

zk
à la série

[
Υδh

] (
Γk(z(k))

)
et en utilisant au pas-

sage la formule (6.14), que
[
L βΥδ

] (
Γk(z(k))

)
est aussi convergent, pour

tout β ∈ Nm. Ceci démontre que(iii) implique (ii) dans le cas oùk est
impair. Le cas oùk est pair se traite de manière analogue. �

6.15 Convergence des jets deh et deh sur la première chaîne de Segre.
Nous pouvons maintenant amorcer la démonstration de la Proposition 6.4.
Rappelons que pourk = 1, on az(1) ≡ z1 ∈ Cm. Remplaçons(t, τ) par
Γ1(z1) dans la première ligne de (6.5), ce qui nous donne lesn′ identités
formelles :

(6.16) 0 ≡ R′
i′

(
Γ1(z1), J

ℓ0
τ h(0) : h(Γ1(z1))

)
,

pour i′ = 1, . . . , n′. Au passage, nous avons utilisé la relation connue
J ℓ0

τ h (Γ1(z1)) ≡ J ℓ0
τ h(0). G râce à l’analyticité desR′

i′ , grâce au fait que
J ℓ0

τ h(0) est constant, grâce au Corollaire 2.9 et enfin, grâce à l’hypothèse
analytique principale (6.6) de la Proposition 6.4, nous déduisons immédi-
atement de (6.16) que la restriction deh à la première chaîne de Segre,i.e.
h(Γ1(z1)) ≡ h

(
z1, Θ(z1, 0)

)
∈ C{z1}n′

, est convergente.
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La prochaine étape consiste à généraliser aux jets deh d’ordre quel-
conque cette propriété de convergence, après composition parΓ1(z1). Nous
verrons dans le §6.29 ci-après pourquoi cela est nécessaire.

Lemme6.17. Pour toutℓ ∈ N, on aJ ℓ
t h (Γ1(z1)) ∈ C{z1}Nn′, n, ℓ .

Proof. Grâce au Lemme 6.9, il suffit d’établir que

(6.18)
[
Υδh

]
(Γ1(z1)) ∈ C{z1}n′

,

pour tout δ ∈ Nd. Pour cela, nous aurons besoin de formules ana-
logues à (6.13) et (6.14), en remplaçantL par Υ et L par Υ. Soient
p = (zp, wp, ζp, ξp) ∈ M , w ∈ Cd et ξ ∈ Cd. Les multiflots des champs
de vecteursΥj etΥj introduits dans (5.16) ont pour expression explicite

(6.19)

{
Υw(p) := (zp, wp + w, ζp, Θ(ζp, zp, wp + w)) et

Υξ(p) :=
(
zp, Θ(zp, ζp, ξp + ξ), ζp, ξp + ξ

)
.

Il est clair queΥw(p) ∈ M et queΥξ(p) ∈ M . Soit φ(t) ∈ C[[t]]n
′

.
L’argument qui nous a permis d’établir (6.14) permet de vérifier que pour
tout δ ∈ Nd, la relation formelle suivante est satisfaite :

(6.20) ∂δ
w [φ (Υw (Γ1(z1)))] ≡

[
Υδφ

]
(Υw (Γ1(z1))) .

Remplaçons maintenant(t, τ) par Υw (Γ1(z1)) ∈ M dans la première
ligne de (6.5), ce qui donne les identités formelles :

(6.21) 0 ≡ R′
i′

(
Υw (Γ1(z1)) , J

ℓ0
τ h (Υw (Γ1(z1))) : h (Υw (Γ1(z1)))

)
,

dansC[[z1, w]], pouri′ = 1, . . . , n′. Dans ces identités, on ne peut effectuer
aucune simplification en utilisant les relations (6.8). Néanmoins, en dif-
férentiant ces identités par rapport àwj, j = 1, . . . , d, et en posantw = 0,
on pourra appliquer la simplification crucialeJ ℓ0

τ h(Γ1(z1)) ≡ J ℓ0
τ h(0).

Pour exprimer précisément ce que fournit l’application de l’opérateur
∂wj

(·)|w=0 à (6.21), groupons les variables dont dépendent les séries con-
vergentesR′

i′ en trois sous-groupes :(t, τ) ; J ℓ0 ; et t′. En appliquant
l’opérateur∂wj

(·)|w=0 à (6.21), grâce à la «règle de la chaîne» pour la
différentiation de séries composées et grâce à (6.20), nousobtenons une
somme massive constituée de trois sous-groupes de polynômes différen-
tiels, que nous écrivons en détail comme suit, juste avant deformuler des
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commentaires explicatifs :
(6.22)



0 ≡ ∂R′
i′

∂wj

(
Γ1(z1), J

ℓ0
τ h(0) : h (Γ1(z1))

)
+

+
n∑

l=1

∂Θl

∂wj

(0, z1, Θ(z1, 0))
∂R′

i′

∂ξl

(
Γ1(z1), J

ℓ0
τ h(0) : h (Γ1(z1))

)
+

+

n′∑

i′1=1

∑

α1∈Nn, |α1|≤ℓ0

∂R′
i′

∂
(
∂α1

τ hi′1

)
(
Γ1(z1), J

ℓ0
τ h(0) : h (Γ1(z1))

)
· Υj∂

α1
τ hi′(0)+

+

n′∑

i′1=1

∂R′
i′

∂t′i′1

(
Γ1(z1), J

ℓ0
τ h(0) : h (Γ1(z1))

)
·
[
Υjhi′1

]
(Γ1(z1)),

pour i′ = 1, . . . , n′ et j = 1, . . . , d. Les deux premières lignes ex-
plicitent les dérivées partielles par rapport au premier groupe de variables
(t, τ) ; la troisième ligne collecte les dérivées partielles par rapport au sec-
ond groupeJ ℓ0

τ h ; la quatrième ligne collecte les dérivées partielles par
rapport au troisième groupet′. D’après le début du §6.15, nous savons déjà
queh(Γ1(z1)) ∈ C{z1}n′

converge. En examinant tous les termes de la pre-
mière, de la deuxième et de la troisième ligne de (6.22), nousvoyons qu’ils
sont convergents. De plus, les termes de la quatrième ligne situés avant
le signe de multiplication «·» sont eux aussi convergents. Par conséquent,
nous pouvons réécrire (6.22) sous la forme contractée :

(6.23) 0 ≡ b′i′, j(z1) +

n′∑

i′1=1

r′i′, i′1, j(z1) ·
[
Υjhi′1

]
(Γ1(z1)) ,

pour i′ = 1, . . . , n′ et j = 1, . . . , d. Ici, comme nous venons de le re-
marquer, les séries entièresb′i′, j(z1) et r′i′, i′1, j(z1) sont convergentes. En
fixant j pour appliquer le lemme suivant, nous déduisons de (6.23) que[
Υjhi′1

]
(Γ1(z1)) ∈ C{z1} converge, pour touti′1 = 1, . . . , n′ et tout

j = 1, . . . , d.

Lemme6.24. Soit ν ∈ N, ν ≥ 1, soit x ∈ Cν , soit n′ ∈ N, n′ ≥ 1,
soit r′i′, i′1(x) ∈ C{x} pour i′, i′1 = 1, . . . , n′ et soit b′i′(x) ∈ C{x} pour
i′ = 1, . . . , n′. Sin′ séries a priori formellesa′i′1(x) ∈ C[[x]], i′1 = 1, . . . , n′,
satisfont formellement le système linéaire

(6.25) 0 ≡ b′i′(x) +

n′∑

i′1=1

r′i′, i′1(x) a
′
i′1
(x),

et si

(6.26) det
(
r′i′, i′1(x)

)
1≤i′, i′1≤n′

6≡ 0

dansC{x}, les sériesa′i′1(x) ∈ C{x} sont en fait convergentes.
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On peut démontrer ce lemme de manière élémentaire en appliquant les
formules de Cramer : pour chaquea′i′1(x), on obtient alors un quotient
de séries convergentes, dont le dénominateur est constituédu détermi-
nant (6.26) ; par unicité des séries formellesa′i′1(x), le dénominateur est
nécessairement absorbé par le numérateur ; en appliquant lethéorème de
division de K. Weierstrass (version formelle et version analytique), on en
déduit que les sériesa′i′1(x) ∈ C{x} convergent. Observons aussi que ce
lemme est un cas particulier du Corollaire 2.9, si l’on considère les équa-
tions analytiquesr′i′(x, y) := b′i′(x) +

∑n′

i′1=1 r
′
i′, i′1

(x) yi′1
= 0.

En résumé, nous avons établi que[Υjh] (Γ1(z1)) ∈ C{z1}n′

pour j =
1, . . . , d, ce qui nous donne le Lemme 6.17 pourℓ = 1.

Pour traiter le cas général, nous allons démontrer (6.18) par récurrence.
Soit ℓ ∈ N tel queℓ ≥ 1 ; supposons la propriété (6.18) satisfaite pour tout
multiindiceδ2 ∈ Nd tel que|δ2| ≤ ℓ. Soitj tel que1 ≤ j ≤ d. Soitδ1 ∈ Nd

un multiindice arbitraire tel que|δ1| = ℓ. Rappelons qu’un multiindice
δ ∈ Nd arbitraire tel que|δ| = ℓ + 1 s’écrit δ = δ1 + 1d

j , où 1d
j désigne le

multiindice(0, . . . , 0, 1, 0, . . . , 0) ∈ Nd, où l’entier1 se situe à laj-ième
place et où0 se trouve aux autres places. En appliquant la dérivation∂wj

∂δ1
w

à (6.21), en utilisant la «règle de la chaîne» pour la différentiation de séries
entières composées et en utilisant la formule de Leibniz pour la différentia-
tion des divers produits qui apparaissent, nous pourrions écrire sous forme
développée une formule (compliquée) qui généraliserait (6.22), mais un tel
travail formel n’est pas réellement nécessaire. En effet, en tenant compte
de l’hypothèse de récurrence, nous affirmons qu’il existe des séries entières
convergentesb′i′, δ1, j(z1) ∈ C{z1} telles que l’application des dérivations
∂wj

∂δ1
w à (6.21) fournit les identités formelles suivantes :

(6.27)

0 ≡ b′i′, δ1, j(z1)+

n′∑

i′1=1

∂R′
i′

∂t′i′1

(
Γ1(z1), J

ℓ0
τ h(0) : h (Γ1(z1))

)
·
[
ΥjΥ

δ1hi′1

]
(Γ1(z1)),

pour i′ = 1, . . . , n′, et pourj = 1, . . . , d. En effet, le termeb′i′, δ1, j(z1)
collecte toutes les dérivées partielles deR′

i′ (par rapport aux trois groupes
de variables(t, τ) ; J ℓ0h ; et t′) autres que celles écrites dans (6.27) ; ces
dérivées partielles peuvent être multipliées par des coefficients entiers et
par des termes de la formeΥδ2hi′2

(Γ1(z1)), pour i′2 = 1, . . . , n′ et pour
|δ2| ≤ ℓ. Tous ces termes convergent, grâce à l’hypothèse de récurrence :
c’est pourquoib′i′, δ1, j(z1) ∈ C{z1}.

Pour terminer, réécrivons (6.27) sous la forme suivante

(6.28) 0 ≡ b′i′, δ1, j(z1) +

n′∑

i′1=1

ri′, i′1, j(z1) ·
[
ΥjΥ

δ1hi′1

]
(Γ1(z1)),

qui est analogue à (6.23), avec les mêmes coefficients convergents
ri′, i′1, j(z1) ∈ C{z1}. Une application directe du Lemme 6.24 permet de
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conclure que
[
ΥjΥ

δ1hi′1

]
(Γ1(z1)) ∈ C{z1} pour toutj = 1, . . . , d, tout

|δ1| = ℓ et touti′1 = 1, . . . , n′. Ceci complète la démonstration de (6.18)
par récurrence sur|δ|. Le Lemme 6.17 est démontré. �

6.29. Convergence des jets deh et deh sur la seconde chaîne de Segre.
Dans le précédent paragraphe, nous n’avons pas insisté sur le fait que les
jets deh convergent sur la première chaîne de Segre, parce que cette pro-
priété est triviale : en effet, grâce à (6.8), le jetJ ℓ

τh (Γ1(z1)) ≡ J ℓ
τh(0) est

constant, donc convergent. Un phénomène analogue prévaut sur la deux-
ième chaîne de Segre : puisque l’on aJ ℓ

th
(
Γ2(z(2))

)
≡ J ℓ

th(Γ1(z1)) grâce
à (6.8), il découle du Lemme 6.17 démontré précédemment que les jets de
h convergent (gratuitement) sur la deuxième chaîne de Segre.

Pour démontrer que la série entièreh
(
Γ2(z(2))

)
converge par rapport à

z(2) ∈ C2m, écrivons la seconde ligne de (6.5) en y remplaçant(t, τ) par
Γ2(z(2)), ce qui nous donne lesn′ identités formelles :

(6.30) 0 ≡ R
′

i′

(
σ
(
Γ2(z(2))

)
, J ℓ0

t h (Γ1(z1)) : h
(
Γ2(z(2))

))
,

pour i′ = 1, . . . , n′. Ici, puisque le premier groupe(τ, t) d’arguments
deR

′

i′ dans (6.5) est écrit dans l’ordre inverse de l’ordre habituel (t, τ),
pour être rigoureux sur le plan notationnel, nous avons composé la chaîne
Γ2(z(2)) avec l’involution holomorpheσ(t, τ) := (τ, t) introduite juste
avant le §3.18. Mais dans la Section 7 ci-dessous, nous admettrons le
léger écart de notation qui consiste à sous-entendreσ. Bien entendu, nous
avons utilisé (6.8) pour simplifierJ ℓ0

t h
(
Γ2(z(2))

)
≡ J ℓ0

t h (Γ1(z1)). Grâce
au Lemme 6.18, le termeJ ℓ0

t h (Γ1(z1)) est convergent : c’est bien parce
qu’il apparaît dans (6.30) que nous avions besoin de démontrer à l’avance
que les jets deh convergent surΓ1(z1), au moins jusqu’à l’ordreℓ0. Par
conséquent, les équations (6.30) sont convergentes par rapport à leurs deux
premiers groupes de variables. Pour appliquer le Corollaire 2.9, il suffit à
présent de vérifier que le déterminant suivant :
(6.31)

det

(
∂R

′

i′

∂t̄′i′1

(
σ
(
Γ2(z(2))

)
, J ℓ0

t h (Γ1(z1)) : h
(
Γ2(z(2))

))
)

1≤i′, i′1≤n′

ne s’annule pas identiquement dansC[[z(2)]] = C[[z1, z2]]. Or, en posant
z1 = 0 et en tenant compte de la relationΓ2(0, z2) = L z2

(Lz1(0))|z1=0 =
L z2

(L0(0)) = Γ1(z2), ce déterminant se simplifie comme suit :
(6.32)



det

(
∂R

′

i′

∂t̄′i′1

(
σ (Γ1(z2)) , J

ℓ0
t h(0) : h (Γ1(z2))

)
)

1≤i′, i′1≤n′

≡ det

(
∂R

′

i′

∂t̄′i′1

(
z2, Θ(z2, 0), 0, 0, J ℓ0

t h(0) : h (z2, Θ(z2, 0))
)
)

1≤i′, i′1≤n′

.
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Grâce à l’hypothèse principale (6.6) (retrouvée ici à une conjugaison près),
ce dernier déterminant ne s’annule pas identiquement dansC[[z2]], donc le
déterminant (6.31) ne s’annule pas identiquement dansC[[z(2)]] et le corol-
laire 2.9 nous permet de conclure queh

(
Γ2(z(2))

)
∈ C{z(2)}n′

converge.
Nous pourrions poursuivre le raisonnement et établir une version

du Lemme 6.17 sur la deuxième chaîne de Segre,i.e. démontrer que
J ℓ

τh
(
Γ2(z(2))

)
∈ C{z(2)}Nn′, n ℓ pour toutℓ ∈ N. Mais puisque nous avons

maintenant passé en revue et commenté en détail tous les points techniques
délicats, nous pouvons d’ores et déjà entamer la démonstration finale de la
Proposition 6.4 en raisonnant par double récurrence sur la longueurk des
chaînes de Segre et sur l’ordreℓ des jets deh.

6.33. Démonstration finale.Pour conclure la Proposition 6.4, nous savons
qu’il suffit d’établir le lemme suivant, qui généralise le Lemme 6.17.

Lemme6.34. Pour toutk ∈ N et toutℓ ∈ N, on a

(6.35)

{
J ℓ

th
(
Γk(z(k))

)
∈ C{z(k)}Nn′, n, ℓ , si k est impair ;

J ℓ
τh
(
Γk(z(k))

)
∈ C{z(k)}Nn′, n, ℓ , si k est pair.

Proof. Pourk = 1, ce lemme est déjà démontré. Supposons que la propriété
(6.35) est satisfaite au niveauk et démontrons-la au niveauk+1. Pour fixer
les idées, nous supposeronsk impair – le cas oùk est pair se traitant de
manière similaire.

L’objectif est de démontrer queJ ℓ
τh
(
Γk+1(z(k+1))

)
∈ C{z(k+1)}Nn′, n, ℓ

converge. Grâce au Lemme 6.9, il suffit de démontrer que

(6.36)
[
Υδh

] (
Γk+1(z(k+1))

)
∈ C[[z(k)]]

n′

,

pour toutδ ∈ Nd. Nous allons raisonner par récurrence sur l’entier|δ|.
Traitons d’abord le casδ = 0, déjà vu ci-dessus pourk + 1 = 2. Pour

cela, posons(t, τ) := Γk+1(z(k+1)) dans la seconde ligne de (6.5), ce qui
nous donne :

(6.37) 0 ≡ R
′

i′

(
σ
(
Γk+1(z(k+1))

)
, J ℓ0

t h
(
Γk(z(k))

)
: h
(
Γk+1(z(k+1))

))
,

pouri′ = 1, . . . , n′. Grâce à l’hypothèse de récurrence, le deuxième argu-
ment deR

′

i′ est convergent. Pour appliquer le Corollaire 2.9, il suffit donc
de vérifier que le déterminant suivant :
(6.38)

det

(
∂R

′

i′

∂t̄′i′1

(
σ
(
Γk+1(z(k+1))

)
, J ℓ0

t h (Γk(zk)) : h
(
Γk+1(z(k+1))

))
)

1≤i′, i′1≤n′

ne s’annule pas identiquement dansC[[z(k+1)]] = C[[z(k), zk+1]]. Or, en
posantz(k) = 0 et en tenant compte de la relationΓk+1(0, zk+1) =
Γ1(zk+1), ce déterminant se simplifie et coïncide avec le déterminant(6.32)
dans lequelz2 est remplaçé parzk+1. Grâce à l’hypothèse principale (6.6), il
ne s’annule pas identiquement dansC[[zk+1]], donc le déterminant (6.38) ne
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s’annule pas identiquement dansC[[z(k+1)]] et le corollaire (2.9) nous permet
de conclure queh

(
Γk+1(z(k+1))

)
∈ C{z(k+1)}n′

converge.
Soit ℓ ∈ N avecℓ ≥ 0 ; supposons la propriété (6.36) vraie pour tout

multiindiceδ2 ∈ Nd tel que|δ2| ≤ ℓ. Soitδ1 ∈ Nd un multiindice arbitraire
tel que|δ1| = ℓ. Considérons le multiindiceδ1 + 1d

j .
En remplaçant(t, τ) par Υξ

(
Γk+1(z(k+1))

)
dans la deuxième ligne

de (6.5), oùξ ∈ Cd, nous obtenons les identités formelles :
(6.39)

0 ≡ R
′
i′

(
σ
(
Υξ

(
Γk+1(z(k+1))

))
, Jℓ0

t h
(
Υξ

(
Γk+1(z(k+1))

))
: h
(
Υξ

(
Γk+1(z(k+1))

)))
,

dans C[[z(k+1), ξ]] pour i′ = 1, . . . , n′. Appliquons la dérivation
∂ξj
∂δ1

ξ (·)
∣∣
ξ=0

à (6.39), ce qui revient à appliquerΥjΥ
δ1(·)|ξ=0. Nous

obtenons un polynôme (compliqué) dont nous extrayons seulement le
terme que nous considérons comme principal ; ainsi nous résumons le
résultat du calcul sous la forme :
(6.40)



0 ≡ b′i′, δ1, j(z(k+1))+

+

n′∑

i′1=1

∂Ri′

∂t̄′i′1

(
Γk+1(z(k+1)), J

ℓ0
t h
(
Γk(z(k))

)
: h
(
Γk+1(z(k+1))

))
·

·
[
ΥjΥ

δ1h
] (

Γk+1(z(k+1))
)
,

pouri′ = 1, . . . , n′, où le termeb′i′, δ1, j(z(k+1)) est le «reste» qui incorpore
tous les termes qui apparaissent, excepté celui qui est écrit à droite du signe
«+». Nous affirmons queb′i′, δ1, j(z(k+1)) est convergent.

En effet, le termeb′i′, δ1, j(z(k+1)) est un polynôme à coefficients entiers qui
contient comme monômes deux catégories de termes. La première catégorie
est constituée des dérivées «transversales» suivantes :

(6.41)
[
Υδ2hi′2

] (
Γk+1(z(k+1))

)
,

où i′2 = 1, . . . , n′ et où, de manière cruciale, la longueur deδ2 satisfait
l’inégalité |δ2| ≤ ℓ : en effet, le seul terme qui incorpore une dérivée
«transversale» d’ordreℓ + 1 est celui qui est écrit à droite du signe «+»
dans (6.40). Grâce à l’hypothèse de récurrence, tous les termes (6.41) con-
vergent. La deuxième catégorie de termes est consitutée desdérivées par-
tielles suivantes deRi′ :
(6.42)




 ∂η2

∂t′i′′(1) · · ·∂t′i′′(η2)

∂ε2

∂
(
∂

α(1)
t hi′(1)

)
· · ·∂

(
∂

α(ε2)
t hi′(ε2)

)Υδ2
(
Ri′
)



(
Γk+1(z(k+1)), J

ℓ0
t h
(
Γk(z(k))

)
: h
(
Γk+1(z(k+1))

))

(dans cette expression, la deuxième ligne désigne l’argument de la première
ligne), où1 ≤ i′′(1), . . . , i′′(η2) ≤ n′, oùα(1), . . . , α(ε2) ∈ Nn, où 1 ≤
i′(1), . . . , i′(ε2) ≤ n′ et oùη2 + ε2 + δ2+ ≤ ℓ+ 1. Grâce à l’hypothèse de
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récurrence (il s’agit en fait de l’hypothèse de récurrence qui porte surk et
non surℓ), les termes (6.42) convergent aussi.

Puisqueb′i′, δ1, j(z(k+1)) converge et puisque le déterminant (6.38) est con-
vergent et ne s’annule pas identiquement, le Lemme (6.24) s’applique.
Nous en déduisons queΥjΥ

δ1hi′1

(
Γk+1(z(k+1))

)
∈ C{z(k+1)} pour j =

1, . . . , d, |δ1| ≤ ℓ et i′ = 1, . . . , n′ : c’est la propriété (6.36) au niveau
|δ| = ℓ + 1.

Ceci complète la démonstration du Lemme 6.34. �

La Proposition 6.4 est démontrée. �

§7. CONVERGENCE DE L’ APPLICATION DE RÉFLEXION CR FORMELLE

7.1. Préliminaire. Cette dernière section est consacrée à démontrer le
Théorème 1.23. Contrairement aux deux précédentes démonstrations, nous
ne pourrons pas ramener les raisonnements à la seule considération des
composantes deh : il nous faudra étudier simultanément le nombreinfini
des composantesΘ′

j′, γ′(h(t)) de l’application de réflexion (1.28). Avertis-
sons dès maintenant le lecteur : la démonstration du Théorème 1.23n’est ni
courte ni simple; ce théorème constitue en effet une avancée substantielle
par rapport aux travaux de S.M. Baouendi, P. Ebenfelt et L.-P. Rothschild,
dont le principe élémentaire a été exposé dans le §5 ; comme nous l’avons
expliqué dans l’Introduction, cette avancée ne se limite pas à à la simple
greffe de techniques connues. Pour toutes ces raisons, nousdevrons faire
preuve dans cette section d’un réel souci d’exposition, afinde présenter nos
calculs majeurs de la manière la plus accessible qui soit.

Soit χ(t) une application formelle et soitℓ ∈ N. Rappelons que
nous notonsJ ℓ

tχ(t) son jet d’ordreℓ. Par exemple, le jet d’ordreℓ de
l’application formelleΘ′

γ′(h(t)) de Cn dansCd′ est constitué de toutes
les dérivées partielles par rapport àt de l’application formelle composée
t 7−→F Θ′

γ′(h(t)). De même, le jetJ ℓ
t R

′
h(τ

′, t) s’identifie à : J ℓ
t ξ

′ −∑
γ′∈Nm′ (ζ ′)γ′

J ℓ
t Θ

′
γ′(h(t)) ; ici, pour α = 0, la dérivée partielle∂α

t ξ
′

s’identifie àξ′, mais disparaît pour|α| ≥ 1.
Pour commencer, énonçons ce que fournit la différentiationde

l’application formelle composéet 7−→F Θ′
γ′(h(t)).

Lemme7.2. Soitα ∈ Nn. Il existe une application polynomiale universelle
Qα à valeurs dansCd′, linéaire par rapport à son second groupe de variables
et ne dépendant que du jet strict d’ordre|α| deh, qui satisfait :

(7.3)




∂α

t

[
Θ′

γ′(h(t))
]
≡ Qα

(
J
|α|
t h(t),

[
J
|α|
t′ Θ′

γ′

]
(h(t))

)
,

0 ≡ Qα

(
J
|α|
t h(t), 0

)
.

La propriété d’annulation écrite à la seconde ligne découlede la linéarité
par rapport au second groupe de variables ; elle sera utilisée dans la dé-
monstration du Lemme 7.7 ci-dessous. Pour établir cet énoncé, on procède
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en raisonnant par récurrence ; la démonstration est élémentaire, puisqu’on
ne demande pas l’expression explicite des applicationsQα, inutile pour la
suite. Mentionnons toutefois qu’une application de la formule de Faà di
Bruno à plusieurs variables fournirait cette expression.

7.4. Estimées de Cauchy.Dans la conclusion du Théorème 1.23, la con-
vergence de l’application de réflexion (1.28) équivaut à deux propriétés bien
distinctes :

(i) pour toutγ′ ∈ Nm′

, la série formelle vectorielleΘ′
γ′(h(t)) ∈ C{t}d′

converge ;
(ii) il existe des constantesσ > 0, C ′ > etρ′ > 0 telles que

(7.5) |t| < σ =⇒
∣∣Θ′

γ′(h(t))
∣∣ < C ′ (ρ′)−|γ′|,

pour toutγ′ ∈ Nm′

.
La seconde propriété est uneestimée de Cauchy. Nous souhaitons énon-

cer dès maintenant qu’elle découle de la première (Lemme 7.7infra).
Grâce à cette remarque, nous pourrons nous dispenser dans lasuite de
toute considération au sujet des estimées de croissance et nous contenter
d’établir seulement des propriétés de convergence (voir la Proposition prin-
cipale 7.18 ci-dessous).

Comme dans la Section 6, nous travaillerons avec la chaîne deSegreΓk,
sans utiliser la chaîne conjuguéeΓk. Soit une série formelleΨ′(t′) ∈ C[[t′]]
sans terme constant. Nous noterons

(7.6)
[
J ℓ

t Ψ
′(h)
] (

Γk(z(k))
)

:=
(
∂α

t [Ψ′(h(t))]|t=Γk(z(k))

)
|α|≤ℓ

le jet de l’application formelle composéet 7−→ Ψ′(h(t)), dans lequel
on remplace l’argumentt par Γk(z(k)). Dans la suite, nous utiliserons
régulièrement des crochets et des grandes parenthèses, en vue d’une clarté
maximale ; en effet, loin d’alourdir les calculs, le respectd’un parenthésage
rigoureux permettra d’éliminer toute ambiguïté notationnelle. Voici donc
l’énoncé qui nous dispensera de mentionner les estimées de Cauchy. Nous
travaillerons avec une chaîne de Segre de longueurk arbitraire et avec des
jets d’ordreℓ arbitraire.

Lemme7.7. Soit k ∈ N et ℓ ∈ N. Si k estimpair, les propriétés suivantes
sont équivalentes :

(1)
[
J ℓ

t R
′
h

] (
τ ′, Γk(z(k))

)
∈ C{τ ′, z(k)}Nd′, n, ℓ ;

(2) pour toutγ′ ∈ Nm′

, on a :
[
J ℓ

t Θ
′
γ′(h)

] (
Γk(z(k))

)
∈ C{z(k)}Nd′, n, ℓ,

et il existe des constantesσ > 0, C ′ > 0 etρ′ > 0 telles que

(7.8) |z(k)| < σ =⇒
∣∣J ℓ

t Θ
′
γ′

(
h
(
Γk(z(k))

))∣∣ < C ′ (ρ′)−|γ′| ;

(3) pour toutγ′ ∈ Nm′

, on a :
[
J ℓ

t Θ
′
γ′(h)

] (
Γk(z(k))

)
∈ C{z(k)}Nd′, n, ℓ.

Si k est pair, on a trois propriétés équivalentes analogues conjuguées,
obtenues en rempaçantt par τ , h par h, Θ′

γ′ par Θ
′

γ′ et R ′
h (τ ′, t) par

R
′

h (t′, τ) := w′ − Θ
′ (
z′, h(τ)

)
.
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La troisième propriété exprime seulement que le jet d’ordreℓ de chaque
composanteΘ′

γ′(h(t)) de l’application de réflexion converge sur lak-ième
chaîne de Segre, sans estimation de Cauchy.

Proof. Puisque

(7.9) J ℓ
t R

′
h

(
τ ′, Γk(z(k))

)
= J ℓ

t ξ
′ −

∑

γ′∈Nm′

(ζ ′)γ′
[
J ℓ

t Θ
′
γ′(h)

] (
Γk(z(k))

)
,

l’équivalence entre les propriétés(1) et (2) provient de la théorie élémen-
taire des fonctions analytiques de plusieurs variables complexes.

L’implication (2) ⇒ (3) est triviale. Réciproquement, supposons que la
propriété de convergence

[
J ℓ

t Θ
′
γ′(h)

] (
Γk(z(k))

)
∈ C{z(k)}Nd′, n, ℓ est sat-

isfaite pour toutγ′ ∈ Nm′

. Notonsθ′γ′, ℓ(z(k)) ∈ C{z(k)}Nd′, n, ℓ ces séries
vectorielles convergentes. L’objectif est d’établir qu’elles satisfont une es-
timée de Cauchy.

Pour cela, partons des identités formelles vectorielles :

(7.10) 0 ≡
[
J ℓ

t Θ
′
γ′(h)

] (
Γk(z(k))

)
− θ′γ′, ℓ(z(k)),

valables dansC[[z(k)]]
Nd′, n, ℓ. Grâce au Lemme 7.2, nous pouvons dévelop-

per le premier terme :

(7.11) 0 ≡ Qℓ

(
J ℓ

th
(
Γk(z(k))

)
,
[
J ℓ

t′Θ
′
γ′

] (
h
(
Γk(z(k))

)))
− θ′γ′, ℓ(z(k)).

Ces identités sont satisfaites par l’application formelleJ ℓ
th
(
Γk(z(k))

)
∈

C[[z(k)]]
Nn′, n, ℓ. Notons que les identités (7.11) sont en nombre in-

fini, puisque γ′ varie dans Nm′

; heureusement, le Théorème
d’approximation 2.4 s’applique dans une telle situation, grâce à la re-
marque qui suit son énoncé. Dans le Théorème 2.4, on suppose aussi que
toutes les séries formelles considérées s’annulent à l’origine. Ici,h(0) = 0,
mais lejet strictdeh d’ordre ℓ à lorigine (i.e. toutes les dérivées partielles
∂α1

t hi′1
(0), pour 1 ≤ |α1| ≤ ℓ et pour1 ≤ i1 ≤ n′) ne s’annule pas

forcément. Heureusement, en soustrayant de l’équation vectorielle (7.11)
l’équation vectorielle (7.11) prise enz(k) = 0, on se ramène à des séries
formelles qui sont toutes sans terme constant.

En appliquant donc le Théorème 2.4 à (7.11) avec l’ordre
d’approximationN = 1, nous déduisons qu’il existe une applica-
tion convergenteHℓ

(
z(k)

)
∈ C{z(k)}Nn′, n, ℓ, que nous écrirons sous

forme développée comme suit :Hℓ

(
z(k)

)
=
(
Hα

(
z(k)

))
|α|≤ℓ

, telle que

Hℓ(0) = J ℓ
t h(0) et telle que les équations formelles suivantes sont

satisfaites :

(7.12) 0 ≡ Qℓ

(
Hℓ

(
z(k)

)
,
[
J ℓ

t′Θ
′
γ′

] (
H0

(
z(k)

)))
− θ′γ′, ℓ(z(k)).

Utilisons maintenant les estimées de Cauchy satisfaites par le jet d’ordreℓ,
par rapport àt′, de la série définissanteΘ′(ζ ′, t′) =

∑
γ′∈Nm′ (ζ ′)γ′

Θ′
γ′(t′) :

il existe des constantesσ′ > 0, C̃ ′ > 0 etρ′ > 0 telles que

(7.13) |t′| < σ′ =⇒
∣∣J ℓ

t′Θ
′
γ′(t′)

∣∣ < C̃ ′ (ρ′)−|γ′|.
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Soit σ > 0 suffisamment petit pour queHℓ

(
Γk(z(k))

)
converge dans le

cube�
km
σ = {z(k) ∈ Ckm :

∣∣z(k)

∣∣ < σ, et pour que|z(k)| < σ implique∣∣Hℓ

(
z(k)

)
− J ℓ

th(0)
∣∣ < σ′, et en particulier

∣∣H0

(
z(k)

)∣∣ < σ′. On en déduit :

(7.14) |z(k)| < σ =⇒
∣∣[J ℓ

t′Θ
′
γ′

] (
H0

(
z(k)

))∣∣ < C̃ ′ (ρ′)−|γ′|.

Enfin, en utilisant le fait que l’application polynomialeQℓ est linéaire par
rapport à son second groupe de variables et en majorant les coefficients de
cette expression linéaire, qui sont des polynômes par rapport aux variables
Hi′1, α1

(
z(k)

)
, pour1 ≤ |α1| ≤ |α| et pouri′1 = 1, . . . , n′, on vérifie qu’il

existe une constanteC ′ ≥ C̃ ′ telle que
(7.15)

|z(k)| < σ =⇒
∣∣Qℓ

(
Hℓ

(
z(k)

)
,
[
J ℓ

t′Θ
′
γ′

] (
H0

(
z(k)

)))∣∣ < C ′ (ρ′)−|γ′|.

Grâce à l’identité (7.12), on en déduit l’estimation de Cauchy désirée :

(7.16) |z(k)| < σ =⇒
∣∣θ′γ′, ℓ(z(k))

∣∣ < C ′ (ρ′)−|γ′|.

Ceci complète la démonstration du Lemme 7.7. �

7.17. Énoncé de la proposition principale.Grâce au Lemme 7.7, nous
ramenons la démonstration du Théorème 1.23 à des énoncés de convergence
pour les jets des composantes de l’application de réflexion.

Proposition 7.18. Pour toutk ∈ N, tout ℓ ∈ N, les propriétés de conver-
gence suivantes sont satisfaites:

(1) si k est impair, pour toutγ′ ∈ Nm′

, on a:

(7.19)
[
J ℓ

t Θ
′
γ′(h)

] (
Γk

(
z(k)

))
∈ C{z(k)}Nd′, n, ℓ ;

(2) si k pair, pour toutγ′ ∈ Nm′

, on a:

(7.20)
[
J ℓ

τΘ
′

γ′(h)
] (

Γk

(
z(k)

))
∈ C{z(k)}Nd′, n, ℓ.

Cette proposition implique le Théorème 1.23, grâce au Lemme7.7 et
grâce au Lemme 3.32. Notons que pourk et ℓ fixés, il y a une infinité de
propriétés de convergence dans (7.19) et dans (7.20) (cf. le §1.42). De plus,
rappelons qu’en vertu de (6.8), on a :
(7.21)



[
J ℓ

τΘ
′

γ′

(
h
)] (

Γk

(
z(k)

))
≡
[
J ℓ

τΘ
′

γ′

(
h
)] (

Γk−1

(
z(k−1)

))
, si k est impair ;

[
J ℓ

t Θ
′
γ′ (h)

] (
Γk

(
z(k)

))
≡
[
J ℓ

t Θ
′
γ′ (h)

] (
Γk−1

(
z(k−1)

))
, si k est pair.

Par conséquent, il n’est pas restrictif de supposerk impair dans (7.19) etk
pair dans (7.20).

Nous allons d’abord établir la Proposition 7.18 dans le cask = 1, ℓ = 0
(§7.65), puis dans le cask = 1, ℓ quelconque (§7.88) et puis dans le cas
k = 2, ℓ = 0 (§7.122). Ensuite, dans le §7.135infra, nous écrirons la
démonstration finale, pourk et ℓ quelconques. Pour commencer, en guise
de préliminaire, formulons deux énoncés cruciaux : un principe d’unicité
relié à la CR-transversalité deh (§7.22 juste ci-dessous) et un principe de



71

symétrie entre les identités de réflexion conjuguées (cf. le §1.25supraet
le Lemme 7.57infra).

7.22. CR-transversalité.Rappelons que l’application CR formelleh est
supposée CR-transversale à l’origine. D’après (1.22), cela signifie que si
une série formelleF

′
(ζ ′) ∈ C[[ζ ′]] satisfait l’identité

(7.23) F
′ (
f 1 (ζ, Θ(ζ, 0)) , . . . , fm′ (ζ, Θ(ζ, 0))

)
≡ 0,

dansC[[ζ ]], elle doit s’annuler identiquement. Analysons cette hypothèse.

Pour toutγ′ ∈ Nm′

, développons la puissancef
γ′

, restreinte à la pre-
mière chaîne de Segre conjuguéeΓ1(ζ) = (0, 0, ζ, Θ(ζ, 0)), par rapport
aux puissances deζ , ce qui nous donne :

(7.24) f
γ′

(ζ, Θ(ζ, 0)) =:
∑

β∈Nm

fγ′, β

ζβ

β!
,

avec certains coefficientsfγ′, β ∈ C. Puisquef(0) = 0, la puissancef
γ′

s’annule à l’ordre|γ′| à l’origine ; nous en déduisons :

(7.25) fγ′, β = 0, pour toutγ′ tel que|γ′| > |β|.
Développons aussi la sérieF

′
(ζ ′) =:

∑
γ′∈Nm′ F

′

γ′ · (ζ ′)γ′

, oùF
′

γ′ ∈ C.

Remplaçons(ζ ′)γ′

par (7.24) dans le développement deF
′
(ζ ′), ce qui donne

la double somme :

(7.26)
∑

β∈Nm

ζβ

β!


 ∑

γ′∈Nm′

F
′

γ′ fγ′, β


 .

Grâce à la propriété (7.25), pour toutβ ∈ Nm, la somme entre parenthèses
dans (7.26) est finie : ces coefficients existent et la double somme a un
sens. Nous en déduisons que l’hypothèse de CR-transversalité se traduit
par l’implication concrète :

(7.27)






∀ β ∈ Nm :

∑

γ′∈Nm′

F
′

γ′ f
′

γ′, β = 0




⇓
(
F

′

γ′ = 0, ∀ γ′ ∈ Nm′

)
.

Cette implication peut s’interpréter en disant que le système linéaire ho-
mogène infini écrit à la première ligne de (7.27) est de noyau nul.

7.28. Notation pour les dérivations CR.SoitL β la dérivation CR définie
par (1.30). Rappelons que différentier (7.24) par rapport àζk revient à ap-
pliquer la dérivationL k, prise en(ζ, t) = (ζ, 0). En posantζ = 0, nous
en déduisons :

(7.29) L βf
γ′

(0) = fγ′, β.
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Avant de poursuivre, effectuons une remarque importante. L’application
formellef(τ) ne dépend que deτ . Mais lorsqu’on lui applique la dérivation
L β, dont les coefficients dépendent det et deτ (voir (3.12)), on obtient une
expression qui dépend det et deτ , à moins queβ = 0. Aussi, pour être pré-

cis et seulement lorsque cela sera nécessaire, nous n’écrirons pasL βf
γ′

(τ),

maisL βf
γ′

(t, τ), ou, de manière équivalenteL βf
γ′

(z, w, ζ, ξ). Voici
l’information utile concernant le développement de ces expressions.

Lemme7.30. Pour toutβ ∈ Nm, il existe un polynôme universelQβ,
linéaire par rapport à son second groupe de variables, tel que l’identité
formelle suivante est satisfaite :

(7.31) L βf
γ′

(t, τ) ≡ Qβ

(
J
|β|
ζ Θ(ζ, t), J |β|

τ f
γ′

(τ)
)
,

dansC[[t, τ ]], pour toutγ′ ∈ Nm′

.

On établit ce lemme grâce à une récurrence élémentaire sur lemultiindice
β ∈ Nm.

7.32. Principe d’unicité. Restreignons (7.31) à la première chaîne de
SegreΓ1(z1) =

(
z1, Θ(z1, 0), 0, 0

)
, oùz1 ∈ Cm, ce qui donne :

(7.33)

L βf
γ′ (

z1, Θ(z1, 0), 0, 0
)
≡ Qβ

(
J
|β|
ζ Θ

(
0, z1, Θ(z1, 0)

)
, J |β|

τ f
γ′

(0)
)
.

Puisque le polynômeQβ est linéaire par rapport à son second groupe de

variables, on a :Qβ

(
J
|β|
ζ Θ, 0

)
= 0. En outre, puisquef(0) = 0, on

a : J |β|
τ f

γ′

(0) = 0 pour toutγ′ tel que|γ′| > |β|. Il découle de ces deux
observations et de (7.33) que :

(7.34) L βf
γ′ (

z1, Θ(z1, 0), 0, 0
)
≡ 0, pour toutγ′ tel que|γ′| > |β|.

Pour tout γ′ ∈ Nm′

, supposons donnée une série formelle arbitraire
F γ′(z1) ∈ C[[z1]]. Grâce à (7.34), pour toutβ ∈ Nm, la somme infinie
de produits de séries formelles définie par :

(7.35)
∑

γ′∈Nm′

L βf
γ′ (

z1, Θ(z1, 0), 0, 0
)
· F γ′(z1),

est en fait une somme finie ; par conséquent, elle possède un sens en
tant que série formelle. Nous pouvons maintenant formuler le principe
d’unicité qui nous sera précieux pour la démonstration de laProposi-
tion 7.18. Rappelons queh est CR-transversale à l’origine, ce qui se traduit
par l’implication (7.27).
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Lemme7.36. L’implication plus générale suivante est satisfaite :
(7.37)




∀ β ∈ Nm : 0 ≡

∑

γ′∈Nm′

L βf
γ′ (

z1, Θ(z1, 0), 0, 0
)
· F γ′(z1)




⇓
(
F

′

γ′(z1) ≡ 0, ∀ γ′ ∈ Nm′

)
.

Proof. Les arguments sont élémentaires. En revenant à (7.29), observons

queL βf
γ′

(0, 0, 0, 0) = f γ′, β. Par conséquent, on peut écrire

(7.38) L βf
γ′ (

z1, Θ(z1, 0), 0, 0
)

= fγ′, β +
∑

γ∈Nm, |γ|≥1

fγ′, β, γ z
γ
1 ,

avec certains coefficientsfγ′, β, γ ∈ C. De même, développons chaque série
formelle

(7.39) F γ′(z1) =:
∑

γ∈Nm

F γ′, γ z
γ
1 ,

oùF γ′, γ ∈ C, et réécrivons la première ligne de (7.37) :
(7.40)

∀ β ∈ Nm : 0 ≡
∑

γ′∈Nm′


fγ′, β +

∑

γ∈Nm, |γ|≥1

fγ′, β, γ z
γ
1


·
(
∑

γ∈Nm

F γ′, γ z
γ
1

)
.

En posant tout d’abordz1 = 0, on obtient les équations linéaires :

(7.41) ∀ β ∈ Nm : 0 =
∑

γ′∈Nm′

fγ′, β · F γ′, 0,

qui impliquent immédiatement queF γ′, 0 = 0, pour toutγ′ ∈ Nm′

, grâce
à l’implication (7.27). Soitℓ ∈ N. En raisonnant par récurrence sur la
longueur des multiindicesγ, supposons que l’on a :F γ′, γ2 = 0, pour tout
multiindiceγ2 ∈ Nm tel que|γ2| ≤ ℓ et pour tout multindiceγ′ ∈ Nm′

.
Dans (7.40), la somme du second terme du produit commence alors pour
|γ| ≥ ℓ. Soit γ1 ∈ Nm un multiindice arbitraire de longueurℓ + 1. En
annulant le coefficient dezγ1

1 dans (7.40), on trouve les équations linéaires

(7.42) ∀ β ∈ Nm : 0 =
∑

γ′∈Nm′

fγ′, β · F γ′, γ1 ,

qui impliquent immédiatement queF γ′, γ1 = 0, pour toutγ′ ∈ Nm′

, en
utilisant de nouveau (7.27). Ceci complète la démonstration. �

7.43. Combinatoire d’identités conjuguées.Avant d’amorcer la démon-
stration de la Proposition 7.18, notre objectif sera d’analyser le lien qui
existe entre les quatre identités de réflexion (1.31) et (1.32). À partir de
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maintenant, nous devrons en effet utiliser de manière exhaustive les rela-
tions qui existent entre les objets analytico-géométriques introduits jusqu’à
présent, et leurs conjugués.

Comme dans le §1.15, posonsr(t, τ) := ξ − Θ(ζ, t) et r(τ, t) :=
w−Θ(z, τ). De même, posonsr′ (t′, τ ′) := ξ′ −Θ′ (ζ ′, t′) etr′ (τ ′, t′) :=

w′ −Θ
′
(z′, τ ′). Rappelons (cf. (3.7)) qu’il existe deux matrices inversibles

a(t, τ) et a′ (t′, τ ′) de séries formelles convergentes, de tailled × d et
d′ × d′, telles qu’on a les quatre identités formelles vectorielles suivantes,
conjuguées par paires verticales :
(7.44){

r(τ, t) ≡ a(t, τ) r(t, τ), r′ (τ ′, t′) ≡ a′ (t′, τ ′) r′ (t′, τ ′) ,

r(t, τ) ≡ a(τ, t) r(τ, t), r′(t′, τ ′) ≡ a′ (τ ′, t′) r′ (τ ′, t′) ,

dansC[[t, τ ]]d et dansC[[t′, τ ′]]d
′

. Par hypothèse (cf. le §1.15), il existe une
matriceb(t, τ) de tailled′×d de séries formelles telle quer′

(
h(t), h(τ)

)
≡

b(t, τ) r(t, τ). Respectons la combinatoire sous-jacente : ce n’est pas une,
mais quatre identités fondamentales, toutes équivalentesentre elles, qu’il
nous faut écrire :
(7.45){
r′
(
h(t), h(τ)

)
≡ b(t, τ) r(t, τ), r′

(
h(τ), h(t)

)
≡ c(t, τ) r(t, τ),

r′
(
h(τ), h(t)

)
≡ b(τ, t) r(τ, t), r′

(
h(t), h(τ)

)
≡ c(τ, t) r(τ, t).

Ici, nous avons poséc(t, τ) := b(τ, t) a(t, τ). Pour (t, τ) ∈ M , on a
r(t, τ) = 0 etr(τ, t) = 0. En partant des quatre identités (7.45), on pourrait
penser qu’il ne reste alors que deux égalités

(7.46) r′
(
h(t), h(τ)

)
= 0 et r′

(
h(τ), h(t),

)
= 0.

lorsque(t, τ) ∈ M , mais on se méprendrait alors sur la véritable nature
des choses : en effet, dire que(t, τ) ∈ M revient à dire quew = Θ(z, τ)
ou queξ = Θ(ζ, t), et par conséquent, en remplaçantw et ξ par ces deux
valeurs possibles dans les deux égalités (7.46), on obtientquatre identités
formelles vectorielles :
(7.47){

r′
(
h(t), h(ζ, Θ(ζ, t))

)
≡ 0, r′

(
h(ζ, Θ(ζ, t)), h(t)

)
≡ 0,

r′
(
h(τ), h

(
z, Θ(z, τ)

))
≡ 0, r′

(
h
(
z, Θ(z, τ)

)
, h(τ)

)
≡ 0,

qui ne sont autres, dans le même ordre, que les quatre relations (7.45) re-
streintes àM . À nouveau, elles sont conjuguées par paires verticales.

Venons-en maintenant aux identités de réflexion. Rappelonsque les
champs de vecteursLk et L k définis par (3.12) satisfontLk r(τ, t) ≡ 0
et L k r(t, τ) ≡ 0. En appliquant ces dérivations à la première colonne
de (7.44), nous en déduisons queL k r(τ, t) ≡ L k a(t, τ) · r(t, τ) et que
Lk r(t, τ) ≡ Lk a(τ, t) · r(τ, t). Par conséquent, nous avonsL k r(τ, t) =
0 et Lk r(t, τ) = 0, pour (t, τ) ∈ M , mais pas d’identité formelle
dansC[[t, τ ]]d. Plus généralement, pour tout multindiceβ ∈ Nm et pour
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(t, τ) ∈ M , nous avons les quatre relations :

(7.48)

{
L β r(t, τ) = 0, L β r(τ, t) = 0,

L β r(τ, t) = 0, L β r(t, τ) = 0,

satisfaites pour(t, τ) ∈ M . Lorsque le multiindiceβ est de longueur
strictement positive, les relations de la deuxième colonnesont des identités
formelles vectorielles dansC[[t, τ ]]d. Cette remarque ne sera pas utilisée
dans la suite.

En appliquant les dérivationsL β et L β aux deux relations (7.46), nous
obtenons les quatre identités de réflexion (1.31) et (1.32) de l’Introduction :

(7.49)

{
0 = L β r′

(
h(t), h(τ)

)
, 0 = L β r′

(
h(τ), h(t)

)
,

0 = L β r′
(
h(τ), h(t)

)
, 0 = L β r′

(
h(t), h(τ)

)
,

oùβ parcourtNm, avec(t, τ) ∈ M , comme à l’accoutumée. La première
ligne de (7.49) coïncide avec (1.31) ; la deuxième ligne, avec (1.32).

Pour obtenir ces quatre identités de réflexion, on peut procéder
d’une manière très légèrement différente en partant des quatre identités
formelles (7.47). En effet, rappelons que le fait de différentier une série
ψ
(
z, Θ(z, τ)

)
par rapport àzβ revient à appliquer la dérivationL β àψ (cf.

aussi (4.12)). Ainsi, en différentiant les quatre identités formelles (7.47)
par rapport àzβ ou par rapport àζβ, nous obtenons quatre familles infinies
d’identités formelles :
(7.50){

0 ≡ L β r′
(
h(t), h(ζ, Θ(ζ, t))

)
, 0 ≡ L β r′

(
h(ζ, Θ(ζ, t)), h(t)

)
,

0 ≡ L β r′
(
h(τ), h

(
z, Θ(z, 0)

))
, 0 ≡ L β r′

(
h
(
z, Θ(z, 0)

)
, h(τ)

)
,

satisfaites pour toutβ ∈ Nm. Elles coïncident avec (7.49).

7.51. Équivalence entre les identités de réflexion.Maintenant, vérifions
que ces quatre familles infinies d’identités sont équivalentes entre elles. Les
deux membres de chaque colonne de (7.49) (ou de (7.50)) sont conjugués
entre eux, donc équivalents. Pour démontrer que les deux familles infinies
écrites à la première ligne de (7.49) (ou de (7.50)) sont équivalentes, partons
des deux identités formelles :

(7.52)

{
r′
(
h(t), h(τ)

)
≡ a′

(
h(τ), h(t)

)
r′
(
h(τ), h(t)

)
,

r′
(
h(τ), h(t)

)
≡ a′

(
h(t), h(τ)

)
r′
(
h(t), h(τ)

)
,

obtenues en remplaçant les variablest′ et τ ′ par h(t) et parh(τ) dans la
deuxième colonne de (7.44). Siβ et γ sont deux multiindices deNm, on
noteraγ ≤ β si γk ≤ βk pourk = 1, . . . , m. Appliquons aux deux iden-
tités (7.52) la dérivationL β en tenant compte de la formule de Leibniz, ce
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qui donne, en n’écrivant pas les arguments(t, τ) pour alléger les formules :
(7.53)



L β r′
(
h, h

)
≡
∑

γ≤β

β!

γ! (β − γ)!
· L β−γ

(
a′
(
h, h

))
· L γ

(
r′
(
h, h

))
,

L β r′
(
h, h

)
≡
∑

γ≤β

β!

γ! (β − γ)!
· L β−γ

(
a′
(
h, h

))
· L γ

(
r′
(
h, h

))
.

Grâce à ces relations, nous déduisons immédiatement l’équivalence
désirée :

(7.54)





(
∀ β ∈ Nm : L β r′

(
h(t), h(τ)

)
= 0
)

m
(
∀ β ∈ Nm : L β r′

(
h(τ), h(t)

)
= 0
)
.

Ainsi, les quatre familles infinies d’identités de réflexions (7.49) sont équiv-
alentes à une seule d’entre elles.

7.55. Spéculation cruciale.Une telle observation semble maintenant con-
tredire notre affirmation au sujet de la nécessité d’utiliser réellement
les deux familles infinies d’identités de réflexion (1.31) (ou leurs con-
juguées (1.32)), comme nous l’avons avancé dans le §1.25. Eneffet, grâce à
l’équivalence (7.54), on peut fort bien soutenir qu’il est redondant de men-
tionner plus d’une famille infinie d’identités de réflexion,les trois autres
n’ajoutant aucune relation nouvelle. C’est le point de vue qui est adopté
dans toutes les références citées après l’équation (1.30),bien que dans au-
cun de ces articles, on ne puisse déceler le moindre souci d’établir de telles
équivalences. Nous admettrons bien sûr que le point de vue classique est
justifié lorsque des hypothèses de finitude telles que(h1), (h2), (h3) ou
(h4), ou encore, telles que l’algébricité deM ′, sont ajoutées au problème
pour en simplifier l’étude. Mais en revanche, lorsqu’aucunehypothèse par-
ticulière de finitude n’est supposée sur la sous-variété générique imageM ′,

le fait que l’on différentieg et les puissancesf
γ′

dans la première ligne
de (1.31), alors qu’on différentie les composantesΘ

′

γ′

(
h
)

de l’application
de réflexion CR conjuguée dans la deuxième ligne de (1.31), constitue une
différence formelle que nous considérons comme majeure, bien qu’elle soit
occultée par l’équivalence (7.54) et qu’on puisse, pour cette raison, la juger
comme infime et négligeable. Mentionnons qu’à ce jour, nous ne sommes
pas parvenu à construire une seconde démonstration du Théorème 1.23 qui
n’utilise pas un jeu alternatif permanent entre chaque couple d’identités de
réflexions (1.31) et (1.32)7. Le reste de cette section est consacré à expliquer
comment doit fonctionner ce jeu alternatif, afin d’établir la Proposition 7.18.

7Dans l’article [BMR2002], cette stratégie est empruntée librement, sans référence à nos
travaux antérieurs [Me2000], [19] et [Me2001c]. Cependant, dans ledit article, l’approche
originale que nous exposons ici est submergée par une technicité quasi-cryptique ; il en
découle un manque certain de clarté conceptuelle qui rend cet article hermétique, même
du point de vue d’un spécialiste rompu au calcul formel.
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7.56. Principe d’équivalence polarisée.Commençons par polariser
l’équivalence (7.54). Soitν ∈ N, ν ≥ 1, soitx ∈ Cν et soientH(x) ∈ C[[x]]n

etQ(x) ∈ C[[x]]2n deux applications formelles sans terme constant.

Lemme7.57. L’équivalence suivante est satisfaite :
(7.58)



(
∀ β ∈ Nm : L β

[
r′
(
h(τ), H(x)

)]∣∣
(t, τ)=Q(x)

≡ 0, dansC[[x]]d
′
)

m
(
∀ β ∈ Nm : L β

[
r′
(
H(x), h(τ)

)]∣∣
(t, τ)=Q(x)

≡ 0, dansC[[x]]d
′

)
.

Puisque les coefficients des dérivationsL β dépendent det et deτ , et que
l’on remplace(t, τ) parQ(x), ces identités formelles sont à interpréter dans
C[[x]]d

′

. Une équivalence analogue est vérifiée, en remplaçantL β parL β

eth(τ) parh(t).

Proof. En adaptant l’argument du §7.51 ci-dessus, partons des deuxiden-
tités formelles conjuguées :

(7.59)

{
r′
(
h(τ), H(x)

)
≡ a′

(
H(x), h(τ)

)
r′
(
H(x), h(τ)

)
,

r′
(
H(x), h(τ)

)
≡ a′

(
h(τ), H(x)

)
r′
(
h(τ), H(x)

)
,

valables dansC[[τ, x]]d
′

, que nous obtenons en remplaçant les variablest′

et τ ′ parH(x) et parh(τ) dans la deuxième colonne de (7.44). Appliquons
les dérivationsL β et la formule de Leibniz, ce qui donne les identités suiv-
antes, dansC[[t, τ, x]]d

′

:
(7.60)



L β r′
(
h, H

)
≡
∑

β1≤β

β!

β1! (β − β1)!
· L β−β1

(
a′
(
H, h

))
· L β1

(
r′
(
H, h

))
,

L β r′
(
H, h

)
≡
∑

β1≤β

β!

β1! (β − β1)!
· L β−β1

(
a′
(
h, H

))
· L β1

(
r′
(
h, H

))
.

Grâce à ces relations, nous déduisons immédiatement l’équivalence désirée.
�

7.61. Écriture définitive des quatre familles d’identités de réflexion.
Dorénavant, pour écrire les identités de réflexion (1.13) et(1.32), nous
adopterons le principe de notation qui est expliqué au §7.28. Plus pré-
cisément, nous les écrirons en respectant un parenthésage rigoureux, en
utilisant le signe «·» pour la multiplication, et en faisant apparaître les deux
arguments(t, τ) des termes auxquels s’appliquent les différentiationsL β
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etL β, ce qui donne :

(7.62)





[
L β gj′

]
(τ, t) =

∑

γ′∈Nm′

[
L βf

γ′
]
(τ, t) · Θ′

j′, γ′(h(t)),

0 =
∑

γ′∈Nm′

f(t)γ′ ·
[
L βΘ

′

j′, γ′

(
h
)]

(τ, t),

[
L βgj′

]
(t, τ) =

∑

γ′∈Nm′

[
L βfγ′

]
(t, τ) · Θ′

j′, γ′

(
h(τ)

)
,

0 =
∑

γ′∈Nm′

f(τ)γ′ ·
[
L βΘ′

j′, γ′(h)
]
(t, τ).

Ici : (t, τ) ∈ M ; j′ satisfait1 ≤ j′ ≤ d′ ; β varie dansNm. Nous
sous-entendons que pourβ = 0, la deuxième ligne de (7.62) coïncide
avec la relation non différentiéegj′(t) =

∑
γ′∈Nm′ f(t)γ′

Θ
′

j′, γ′(h(t)) ; de
même, nous sous-entendrons que la quatrième ligne de (7.62)coïncide avec

gj′(τ) =
∑

γ′∈Nm′ f
γ′

(τ) Θ′
j′, γ′(h(t)) pourβ = 0.

Le Lemme 7.30 fournit l’expression développée de
[
L βf

γ′
]
(t, τ). En

raisonnant par récurrence, on établit aussi l’énoncé suivant, utilse dans le
§7.65 ci-dessous.

Lemme7.63. Pour toutβ ∈ Nm, il existe un polynôme universelP
′

β,
linéaire par rapport à son second groupe de variables, tel que l’identité
formelle suivante est satisfaite :

(7.64)
[
L βΘ

′

j′, γ′

(
h
)]

(t, τ) ≡ P
′

β

(
J
|β|
ζ Θ(ζ, t), J |β|

τ

[
Θ

′

j′, γ′

(
h(τ)

)])
,

dansC[[t, τ ]]d
′

, pour toutj′ = 1, . . . , d′ et toutγ′ ∈ Nm′

.

Pour prévenir une confusion possible, notons que le second argument de

P
′

β dans (7.64) n’est pas le jet
[
J
|β|
τ ′ Θ

′

j′, γ′

] (
h(τ)

)
, mais le jet d’ordre|β| de

l’application formelle composéeτ 7−→F Θj′, γ′

(
h(τ)

)
.

7.65. Convergence des composantes l’application de réflexion sur la
première chaîne de Segre.Après ces préliminaires étendus, nous pouvons
enfin débuter la démonstration de la Proposition 7.18. Nous allons d’abord
établir (7.19) dans le cask = 1, ℓ = 0. Nous affirmons en effet que pour
tout j′ = 1, . . . , d′ et toutγ′ ∈ Nm′

, on a :

(7.66) Θ′
j′, γ′

(
h
(
z1, Θ(z1, 0)

))
∈ C{z1}.

Proof. Pour cela, posons(t, τ) =
(
z1, Θ1, 0, 0

)
dans la seconde ligne

de (7.62), où|β| ≥ 1, ainsi que dans l’identité qui est sous-entendue pour
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β = 0, ce qui nous donne :
(7.67)



gj′
(
z1, Θ(z1, 0)

)
≡
∑

γ′∈Nm′

[
fγ′

] (
z1, Θ(z1, 0)

)
· Θ′

j′, γ′

(
h(0)

)
,

0 ≡
∑

γ′∈Nm′

[
fγ′

] (
z1, Θ(z1, 0)

)
·

· P ′

β

(
J
|β|
ζ Θ

(
0, z1, Θ(z1, 0)

)
, J |β|

τ Θ
′

j′, γ′

(
h
)
(0)
)
.

Ces équations sont analytiques par rapport àz1, puisque le second groupe
d’arguments deP

′

β est constant. Elles sont satisfaites par l’application
formelle z1 7−→F h

(
z1, Θ(z1, 0)

)
. En appliquant le Théorème 2.4 avec

l’ordre d’approximationN = 1, nous déduisons qu’il existe une application
convergenteH(z1) =: (F(z1), G(z1)) ∈ C{z1}m′×C{z1}d′, avecH(0) = 0,
qui satisfait les mêmes équations analytiques,i.e. :
(7.68)



Gj′(z1) ≡
∑

γ′∈Nm′

Fγ′

(z1) · Θ′

j′, γ′

(
h(0)

)
,

0 ≡
∑

γ′∈Nm′

Fγ′

(z1) · P ′

β

(
J
|β|
ζ Θ

(
0, z1, Θ(z1, 0)

)
, J |β|

τ Θ
′

j′, γ′

(
h
)
(0)
)
.

Notons que ces dernières identités (7.68) coïncident avec les identités de
la première ligne de (7.58), si on les écrit avecx := z1, avecQ(x) :=(
z1, Θ(z1, 0), 0, 0

)
et avecH(x) := H(z1).

Grâce au principe d’équivalence(7.58), nous pouvons donc faire bas-
culer ces identités vers la seconde ligne de(7.58), ce qui nous donne, pour
tout j′ = 1, . . . , d′ et toutβ ∈ Nm′

:
(7.69)



[
L β gj′

] (
z1, Θ(z1, 0), 0, 0

)
≡
∑

γ′∈Nm′

[
L βf

γ′
] (
z1, Θ(z1, 0), 0, 0

)
·

· Θ′
j′, γ′(H(z1)).

Presque miraculeusement, nous voyons apparaître dans (7.69) les applica-
tions convergentesΘ′

j′, γ′(H(z1)) ∈ C{z1}. Puisque ces termes constituent
la seule différence par rapport aux identités de réflexion écrites à la pre-
mière ligne de (7.62) et prises en(t, τ) =

(
z1, Θ(z1, 0), 0, 0

)
, que nous

explicitons comme suit :
(7.70)



[
L β gj′

] (
z1, Θ(z1, 0), 0, 0

)
≡
∑

γ′∈Nm′

[
L βf

γ′
] (
z1, Θ(z1, 0), 0, 0

)
·

· Θ′
j′, γ′

(
h
(
z1, Θ(z1, 0)

))
,
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soustrayons immédiatement (7.69) de (7.70) :

(7.71)





0 ≡
∑

γ′∈Nm′

[
L βf

γ′
] (
z1, Θ(z1, 0), 0, 0

)
·

·
{
Θ′

j′, γ′

(
h
(
z1, Θ(z1, 0)

))
− Θ′

j′, γ′(H(z1))
}
.

Pour terminer la démonstration, il ne reste plus qu’à appliquer le principe
d’unicité (7.37) (pour chaquej′) à ces dernières identités, ce qui fournit les
relations :

(7.72) Θ′
j′, γ′

(
h
(
z1, Θ(z1, 0)

))
≡ Θ′

j′, γ′(H(z1)).

Elles établissent la propriété de convergence annoncée (7.66), pour toutj′ =
1, . . . , d′ et toutγ′ ∈ Nm′

. �

Ainsi, en passant de (7.68) à (7.69), nous avons initié un jeualternatif
entre deux familles d’identités de réflexion, et ce jeu crucial se poursuivra
ultérieurement. Puisque les composantesΘ′

j′, γ′(H(z1)) n’étaient pas vis-
ibles dans (7.68), alors qu’elles sont visibles dans (7.69), nous voyons
bien qu’il était nécessaire d’utiliser les deux familles infinies d’identités
de réflexion (7.67) et (7.70), bien qu’elles soient «équivalentes» d’après le
§7.51. Dans la suite de la démonstration de la Proposition 7.18, nous aurons
besoin de généraliser encore l’équivalence (7.58) (voir le Lemme 7.110 ci-
dessous).

7.73. Convergence des jets des composantes de l’application de réflex-
ion sur la première chaîne de Segre.Cette propriété de convergence con-
stitue le point technique le plus complexe de toute la démonstration. Pour
l’expliquer soigneusement, nous ferons alterner l’étude spécifique des cal-
culs formels effectués sur la première chaîne de Segre avec l’énonciation de
propriétés formelles générales, valables sur une chaîne deSegre de longueur
arbitraire. Ces dernières seront utilisées dans la démonstration finale de la
Proposition 7.18, où nous raisonnerons par récurrence sur la longueur des
chaînes (voir le §7.135), ce qui se fera sans mal, grâce à tous nos préparatifs.

Commençons par énoncer un critère pour la convergence des jets de
toutes les composantes de l’application de réflexionR ′

h ou de sa con-
juguéeR

′

h sur les chaînes de Segre. La démonstration, analogue à celle
du Lemme 6.9, ne sera pas détaillée.

Lemme7.74. Soit ℓ ∈ N, soit k ∈ N et soitΓk(z(k)) la k-ième chaîne de
Segre. Les propriétés suivantes sont équivalentes :

(i) Le jet d’ordreℓ de chaque composante de l’application de réflexion
R ′

h ou de sa conjuguéeR
′

h converge sur lak-ième chaîne de Segre,
i.e., en tenant compte des simplifications (7.21), on a pour toutγ′ ∈
Nm′

:

(7.75)





[
J ℓ

t Θ
′
γ′(h)

] (
Γk(z(k))

)
∈ C{z(k)}Nd′, n, ℓ si k est impair,

[
J ℓ

τΘ
′

γ′

(
h
)] (

Γk(z(k))
)
∈ C{z(k)}Nd′, n, ℓ si k est pair ;
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(ii) pour toutβ ∈ Nm et tout δ ∈ Nd satisfaisant|β| + |δ| ≤ ℓ, les
dérivées suivantes deΘ′

γ′(h) ou deΘ
′

γ′

(
h
)

convergent pour tout
γ′ ∈ Nm′

:

(7.76)





[
L βΥδΘ′

γ′(h)
] (

Γk(z(k))
)
∈ C{z(k)}d′ si k est impair,

[
L βΥδΘ

′

γ′

(
h
)] (

Γk(z(k))
)
∈ C{z(k)}d′ si k est pair ;

(iii) pour toutδ ∈ Nd satisfaisant|δ| ≤ ℓ, les dérivées suivantes de
Θ′

γ′(h) ou deΘ
′

γ′

(
h
)

convergent pour toutγ′ ∈ Nm′

:

(7.77)





[
ΥδΘ′

γ′(h)
] (

Γk(z(k))
)
∈ C{z(k)}d′ si k est impair,

[
ΥδΘ

′

γ′

(
h
)] (

Γk(z(k))
)
∈ C{z(k)}d′ si k est pair.

Ainsi, notre objectif est de généraliser la propriété de convergence (7.66)
aux jets des composantes de l’application de réflexion. Soitw1 ∈ Cd. En
nous inspirant de la preuve du Lemme 6.17, remplaçons(t, τ) dans la sec-
onde ligne de (7.62) par la composition de flots(z1, w1) 7−→ Υw1 (Γ1(z1)),
ce qui donne :
(7.78)



gj′ (Υw1(Γ1(z1))) ≡
∑

γ′∈Nm′

[
fγ′

]
(Υw1(Γ1(z1))) · Θj′, γ′

(
h (Υw1(Γ1(z1)))

)
,

0 ≡
∑

γ′∈Nm′

[
fγ′

]
(Υw1(Γ1(z1))) ·

[
L βΘ

′

j′, γ′

(
h
)]

(Υw1(Γ1(z1))) .

La seconde ligne est valable pour toutβ ∈ Nm satisfaisant|β| ≥ 1. Soit
δ ∈ Nd. Appliquons la différentiation∂δ

w1

∣∣
w1=0

à ces identités. Grâce à
la propriétéΥ0 = Id, grâce aux relations (6.20) et grâce à la formule de
Leibniz, nous obtenons :
(7.79)



[
Υδgj′

]
(Γ1(z1)) ≡

∑

γ′∈Nm′

∑

δ1≤δ

δ!

δ1! (δ − δ1)!

[
Υδ−δ1fγ′

]
(Γ1(z1))·

·
[
Υδ1Θj′, γ′

(
h
)]

(Γ1(z1)) ,

0 ≡
∑

γ′∈Nm′

∑

δ1≤δ

δ!

δ1! (δ − δ1)!

[
Υδ−δ1fγ′

]
(Γ1(z1))·

·
[
Υδ1L βΘj′, γ′

(
h
)]

(Γ1(z1)) .

Dans la deuxième identité, on suppose|β| ≥ 1. Pour développer les ter-
mes qui apparaissent à la deuxième et à la quatrième ligne de (7.79), voici
une généralisation du Lemme 7.63. Nous formulons aussi quatre autres
développements, qui seront utiles par la suite.

Lemme7.80. Pour tout toutδ ∈ Nd, toutβ ∈ Nm et toutγ′ ∈ Nm′

, il existe
cinq polynômes scalaires universelsNγ′, δ, Qγ′, β, δ, P

′

β, δ, M
′
δ etKβ, δ tels
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que les quatre identités formelles suivantes sont satisfaites :
(7.81)



[
Υδfγ′

]
(t) ≡ Nγ′, δ

((
Υδ1fk′(t)

)
1≤k′≤m′, δ1≤δ

)
,

[
ΥδL βf

γ′
]
(t, τ) ≡ Qγ′, β, δ

(
J
|β|+|δ|
ζ, t Θ(ζ, t), J |β|+|δ|

τ f(τ)
)
,

[
ΥδL βΘ

′

j′, γ′

(
h
)]

(t, τ) ≡ P
′

β, δ

(
J
|β|+|δ|
ζ, t Θ(ζ, t), J |β|+|δ|

τ

[
Θ

′

j′, γ′

(
h(τ)

)])
,

[
ΥδΘ′

j′, γ′ (h)
]
(t) ≡M ′

δ

((
Υδ1hi′1

(t)
)
1≤i′1≤n′, δ1≤δ

,
[
J
|δ|
t′ Θ′

j′, γ′

]
(h(t))

)
,

[
ΥδL βgj′

]
(t, τ) ≡ Kβ, δ

(
J
|β|+|δ|
ζ, t Θ(ζ, t), J |β|+|δ|

τ gj′(τ)
)
,

dansC[[t, τ ]], pour toutj′ = 1, . . . , d′ et toutγ′ ∈ Nm′

.

Les démonstrations, analogues à celle du Lemme 5.4, seront omises.
Cependant, formulons quelques commentaires explicatifs.Bien que l’on
ait Υδφ(t) ≡ ∂δ

wφ(t), pour toute série formelleφ(t) de la seule vari-
ablet (cf. (5.17)), nous utiliserons exclusivement la notationΥδ par souci
d’uniformité. Les coefficients des champs de vecteursΥj font intervenir
des dérivées partielles des séries définissantesΘj2(ζ, t) par rapport aux
variableswj1. Pour cette raison, nous écrivons dans la deuxième, dans
la troisième et dans la cinquième ligne de (7.81) que le premier groupe
d’arguments deQγ′,β, δ, deP

′

β, δ et deKβ, δ fait intervenir le jet d’ordre
|β| + |δ| de l’applicationΘ(ζ, t) par rapport à toutes les variables(ζ, t).
Remarquons que les polynômesP

′

β, δ etM ′
δ sont indépendants dej′ et de

γ′. Enfin, notons que le deuxième groupe d’arguments deM ′
δ est le jet

d’ordre |δ| par rapport àt′ de l’application convergentet′ 7−→ Θ′
j′, γ′(t′),

dans lequel on remplacet′ parh(t).

Revenons maintenant aux termes de la deuxième et de la quatrième ligne
de (7.79). Plus généralement, soitk ∈ N et considérons lak-ième chaîne
de SegreΓk(z(k)). Grâce au développement donné par la troisième ligne
de (7.81) et surtout, grâce aux relations cruciales (7.21),nous obtenons un
abaissement d’un cran sur les chaînes de Segre dans le deuxième groupe de
variables deP

′

β, δ1
:

(7.82)



si k est impair :
[
Υδ1L βΘ

′

j′, γ′

(
h
)] (

Γk(z(k))
)
≡

≡ P
′

β, δ1

(
J
|β|+|δ1|
ζ, t Θ

(
Γk(z(k))

)
, J |β|+|δ1|

τ

[
Θ

′

j′, γ′

(
h
)] (

Γk(z(k))
))
,

≡ P
′

β, δ1

(
J
|β|+|δ1|
ζ, t Θ

(
Γk(z(k))

)
, J |β|+|δ1|

τ

[
Θ

′

j′, γ′

(
h
)] (

Γk−1(z(k−1))
))

;

si k est pair :
[
Υδ1L βΘ′

j′, γ′ (h)
] (

Γk(z(k))
)
≡

≡ P ′
β, δ1

(
J |β|+|δ1|

z, τ Θ
(
Γk(z(k))

)
, J

|β|+|δ1|
t

[
Θ′

j′, γ′ (h)
] (

Γk(z(k))
))
,

≡ P ′
β, δ1

(
J |β|+|δ1|

z, τ Θ
(
Γk(z(k))

)
, J

|β|+|δ1|
t

[
Θ′

j′, γ′ (h)
] (

Γk−1(z(k−1))
))
.
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En particulier, pourk = 1 :
(7.83)



[
Υδ1L βΘ

′

j′, γ′

(
h
)]

(Γ1(z1)) ≡

≡ P
′

β, δ1

(
J
|β|+|δ1|
ζ, t Θ (Γ1(z1)) , J

|β|+|δ1|
τ

[
Θ

′

j′, γ′

(
h
)]

(0))
)
,

et puisque le deuxième groupe d’arguments estconstant, nous en déduisons
que ces termes sont tous des sériesconvergentespar rapport àz1. Utilisons
alors la première ligne de (7.81) et interprétons le résultat ci-après :
(7.84)



[
Υδgj′

]
(Γ1(z1)) ≡

∑

γ′∈Nm′

∑

δ1≤δ

δ!

δ1! (δ − δ1)!

[
Υδ1Θ

′

j′, γ′(h)
]
(Γ1(z1)) ·

·Nγ′, δ−δ1

((
Υδ2fk′(Γ1(z1))

)
1≤k′≤m′, δ2≤δ−δ1

)
,

0 ≡
∑

γ′∈Nm′

∑

δ1≤δ

δ!

δ1! (δ − δ1)!

[
Υδ1L βΘ

′

j′, γ′(h)
]
(Γ1(z1)) ·

·Nγ′, δ−δ1

((
Υδ2fk′(Γ1(z1))

)
1≤k′≤m′, δ2≤δ−δ1

)
.

Nous obtenons des équations analytiques satisfaites par l’application
formelle

(7.85) z1 7−→F

(
Υδ1 hi′1

(Γ1(z1))
)
1≤i′1≤n′, δ1≤δ

.

Cette application formelle ne s’annule pas forcément enz1 = 0. Heureuse-
ment, puisqueh(0) = 0 et puisque ces équations sont relativement poly-
nomiales par rapport à toutes les variablesΥδ1hi′1

, telles que|δ1| ≥ 1,
nous pouvons appliquer le Théorème d’approximation (2.4) avec l’ordre
d’approximationN = 1 (cf. la démonstration du Lemme 7.7). Nous en
déduisons qu’il existe une application convergente
(7.86)




z1 7−→
(
Hi′1, δ1(z1)

)
1≤i′1≤n′, δ1≤δ

=:
(
(Fk′, δ1(z1))1≤k′≤m′, δ1≤δ , (Gj′, δ1(z1))1≤j′≤d′, δ1≤δ

)
,

avecHi′1, δ1(0) = Υδ1hi′1
(0), qui satisfait les équations analytiques (7.84),

c’est-à-dire :
(7.87)



Gj′, δ(z1) ≡
∑

γ′∈Nm′

∑

δ1≤δ

δ!

δ1! (δ − δ1)!

[
Υδ1Θ

′

j′, γ′(h)
]
(Γ1(z1)) ·

·Nγ′, δ−δ1

(
(Fk′, δ2(z1))1≤k′≤m′, δ2≤δ−δ1

)
,

0 ≡
∑

γ′∈Nm′

∑

δ1≤δ

δ!

δ1! (δ − δ1)!

[
Υδ1L βΘ

′

j′, γ′(h)
]
(Γ1(z1)) ·

·Nγ′, δ−δ1

(
(Fk′, δ2(z1))1≤k′≤m′, δ2≤δ−δ1

)
,
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pour toutj′ = 1, . . . , d′ et toutβ ∈ Nm satisfaisant|β| ≥ 1. Reportons-
nous maintenant à la démonstration de la propriété (7.66). Grâce à
l’équivalence (7.58), nous avons pu faire basculer les identités (7.68) sat-
isfaites par l’application convergenteH(z1), dans lesquelles on ne voit pas
formellement apparaître les composantes de l’applicationde réflexion, vers
les «meilleures» identités (7.69), dans lesquelles on voitapparaître les mod-
ifications convergentesΘ′

j′, γ′(H(z1)) des composantes de l’application de
réflexion. Nous affirmons qu’il est aussi possible detransformer les iden-
tités (7.87), satisfaites par l’application convergente(7.86), en des iden-

tités qui font apparaître les dérivées
[
Υδ1Θ′

j′, γ′

] ((
Hi′1, δ2(z1)

)
1≤i′1, δ2≤δ1

)
:

expliquons soigneusement ce point-clé.

7.88. Comparaison avec la seconde famille d’identités de réflexion.
Au lieu de considérer les identités de réflexion écrites à la seconde
ligne de (7.62), considérons celles qui sont écrites à la première ligne et
remplaçons-y les variables(t, τ) ∈ M parΥw1(Γ1(z1)), ce qui donne :
(7.89)



[
L βgj′

]
(Υw1(Γ1(z1))) ≡

≡
∑

γ′∈Nm′

[
L βf

γ′
]
(Υw1(Γ1(z1))) · Θ′

j′, γ′ (h (Υw1(Γ1(z1)))) .

Appliquons l’opérateur∂δ
w1

∣∣w1 = 0, en tenant compte de la formule de
Leibniz :
(7.90)



[
ΥδL βgj′

]
(Γ1(z1)) ≡

∑

γ′∈Nm′

∑

δ1≤δ

δ!

δ1! (δ − δ1)!

[
Υδ−δ1L βf

γ′
]
(Γ1(z1))·

·
[
Υδ1Θ′

j′, γ′(h)
]
(Γ1(z1)).

Grâce aux développements de la deuxième et de la cinquième ligne
de (7.81), en utilisant au passage la relation cruciale (6.8), nous voyons que

les termes
[
ΥδL βgj′

]
(Γ1(z1)) et

[
Υδ−δ1L βf

γ′
]
(Γ1(z1)) sont des séries

convergentes par rapport àz1. Enfin, utilisons la quatrième ligne de (7.91),
pour développer la deuxième ligne de (7.90), ce qui donne :
(7.91)



[
ΥδL βgj′

]
(Γ1(z1)) ≡

∑

γ′∈Nm′

∑

δ1≤δ

δ!

δ1! (δ − δ1)!

[
Υδ−δ1L βf

γ′
]
(Γ1(z1))·

·M ′
δ1

((
Υδ2hi′1

(Γ1(z1))
)
1≤i′1≤n′, δ2≤δ1

,
[
J
|δ1|
t′ Θ′

j′, γ′

]
(h(Γ1(z1)))

)
,

pour tout j′ = 1, . . . , d′ et tout β ∈ Nm. La même application
formelle (7.85) est donc solution des équations analytiques (7.91), qui
sont visiblement distinctes des équations (7.84). Or nous avons intro-
duit l’applicationconvergente(7.86) qui satisfait les équations (7.87).Il
nous faut maintenant généraliser l’équivalence(7.58) pour vérifier que
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cette même application convergente(7.86) est aussi solution des équa-
tions(7.91), c’est-à-dire qu’il nous faut établir que :
(7.92)



[
ΥδL βgj′

]
(Γ1(z1)) ≡

∑

γ′∈Nm′

∑

δ1≤δ

δ!

δ1! (δ − δ1)!

[
Υδ−δ1L βf

γ′
]
(Γ1(z1))·

·M ′
δ1

((
Hi′1, δ2(z1)

)
1≤i′1≤n′, δ2≤δ1

,
[
J
|δ|
t′ Θ′

j′, γ′

]
(H0(z1))

)
,

pour tout j′ = 1, . . . , d′ et tout β ∈ Nm, où nous avons poséH0 :=(
Hi′1, 0

)
1≤i′1≤n′

. Dans le §7.98 ci-dessous, nous établirons en effet le

Lemme 7.111, qui implique l’assertion suivante.

Lemme7.93. Fixonsℓ ∈ N et supposons qu’une application convergente

(7.94) z1 7−→
(
Hi′1, δ(z1)

)
1≤i′1≤n′, |δ|≤ℓ

telle queHi′1, δ(0) = Υδhi′1
(0), i′1 = 1, . . . , n′, |δ| ≤ ℓ, satisfait les équa-

tions (7.87), pour toutj′ = 1, . . . , d′ et tout δ tel que |δ| ≤ ℓ. Alors
elle satisfait les équations (7.92), pour toutj′ = 1, . . . , d′ et toutδ tel que
|δ| ≤ ℓ.

Grâce à ce lemme, nous pouvons enfin établir que pour toutj′ =
1, . . . , d′, toutδ ∈ Nd, et toutγ′ ∈ Nm′

, on a la propriété de convergence :

(7.95)
[
ΥδΘ′

j′, γ′(h)
] (
z1, Θ(z1, 0)

)
∈ C{z1},

qui généralise (7.66).

Proof. Soit ℓ ∈ N arbitraire. Démontrons que la propriété (7.95) est vraie
pour toutδ tel que|δ| ≤ ℓ. En appliquant le Théorème d’approximation 2.4
aux équations (7.84), écrites pour toutj′ = 1, . . . , d′ et tout δ tel que
|δ| ≤ ℓ, et en appliquant le Lemme 7.93, on trouve une application con-
vergente (7.94) qui satisfait les équations (7.92) pout tout j′ = 1, . . . , d′ et
tout δ tel que|δ| ≤ ℓ. Nous allons démontrer par récurrence que pour tout
δ tel que|δ| ≤ ℓ, on a :
(7.96)



M ′
δ

((
Υδ1hi′1

(Γ1(z1))
)
1≤i′1≤n′, δ1≤δ

,
[
J
|δ|
t′ Θj′, γ′

]
(h(Γ1(z1)))

)
≡

≡M ′
δ

((
Hi′1, δ1(z1)

)
1≤i′1≤n′, δ1≤δ

,
[
J
|δ|
t′ Θj′, γ′

]
(H0(z1))

)
,

pour toutj′ = 1, . . . , d′ et toutγ′ ∈ Nm′

, ce qui établira la convergence
désirée, puisque l’application (7.94) converge.

Pourδ = 0, les relations (7.96) ont déjà été démontrées en (7.72). Soit
ℓ1 ∈ N tel que0 ≤ ℓ1 ≤ ℓ− 1 et supposons les identités (7.96) vraies pour
toutδ tel que|δ| ≤ ℓ1, et bien sûr, pour toutj′ = 1, . . . , d′ et toutγ′ ∈ Nm′

.
Soit δ ∈ Nd un multiindice arbitraire tel que|δ| = ℓ1 + 1. Soustrayons
alors les identités (7.92) des identités (7.91), écrites avec ce multiindiceδ.
Dans la somme

∑
δ1≤δ, on a ou bienδ1 = δ ou bien|δ1| ≤ ℓ1. Grâce à
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l’hypothèse de récurrence, il ne reste donc que le termeδ1 = δ dans cette
somme après soustraction, ce qui donne :
(7.97)



0 ≡
∑

γ′∈Nm′

[
L βf

γ′
]
(z1, Θ(z1, 0), 0, 0)·

·



M ′

δ

((
Υδ1hi′1

(Γ1(z1))
)
1≤i′1≤n′, δ1≤δ1

,
[
J
|δ1|
t′ Θ′

j′, γ′

]
(h(Γ1(z1)))

)
−

−M ′
δ

((
Hi′1, δ1(z1)

)
1≤i′1≤n′, δ1≤δ1

,
[
J
|δ|
t′ Θ′

j′, γ′

]
(H0(z1))

)


 .

Grâce au principe d’unicité (7.37), nous déduisons que les identités (7.96)
sont satisfaites pour ce multiindiceδ de longueurℓ1 + 1, ce qui achève la
démonstration du Lemme 7.93. �

7.98. Transformation des identités de réflexion.Pour formuler la
généralisation de l’équivalence (7.58), quittons provisoirement la première
chaîne de Segre et travaillons avec des variables(t, τ) ∈ M quelconques,
ce qui sera utile pour la démonstration finale de la Proposition 7.18 (voir
le §7.135 ci-dessous). Soitw1 ∈ Cd. Puisque le multiflot deΥ stabilise
M , on aΥw1(t, τ) ∈ M et :

(7.99)

{
0 = L βr′j′

(
h (Υw1(t, τ)) , h (Υw1(t, τ))

)
,

0 = L βr′j′
(
h (Υw1(t, τ)) , h (Υw1(t, τ))

)
,

pour toutj′ = 1, . . . , d′ et toutβ ∈ Nm. Polarisons ces identités en y rem-
plaçanth par t′ et définissons ainsi deux familles infinies de séries comme
suit :
(7.100)



R
′

j′, 0 (w1, t, τ : t′) := r′j′
(
h (Υw1(t, τ)) , t

′
)

= w′
j′ −

∑

γ′∈Nm′

z′
γ′ ·
[
Θ

′

j′, γ′

(
h
)]

(Υw1(t, τ)) ;

R
′

j′, β (w1, t, τ : t′) := L βrj′
(
h (Υw1(t, τ)) , t

′
)

= −
∑

γ′∈Nm′

z′
γ′ ·
[
L βΘ

′

j′, γ′

(
h
)]

(Υw1(t, τ)) ;

S ′
j′, β (w1, t, τ : t′) := L βr′j′

(
t′, h (Υw1(t, τ))

)

=
[
L βgj′

]
(Υw1(t, τ))−

−
∑

γ′∈Nm′

[
L βf

γ′
]
(Υw1(t, τ)) · Θ′

j′, γ′(t′).

À la troisième ligne, on suppose|β| ≥ 1. Avec ces notations, les égal-
ités (7.99) s’écrivent maintenant :

(7.101)

{
0 = R

′

j′, β (w1, t, τ : h (Υw1(t, τ))) ,

0 = S ′
j′, β (w1, t, τ : h (Υw1(t, τ))) ,
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toujours avec(t, τ) ∈ M etw1 ∈ Cd. Dans la suite, on remplacera(t, τ)
parΓk(z(k)), et alors ces égalités deviendront des identités formellesdans
C[[w1, z(k)]].

Notons queRj′, 0 s’identifie avecr′j′
(
h (Υw1(t, τ)) , t

′
)

et queSj′, 0

s’identifie avecrj′
(
t′, h (Υw1(t, τ))

)
. En posantτ ′ = h (Υw1(t, τ)) dans

la deuxième colonne de (7.44), nous obtenons les identités suivantes :
(7.102)



R
′

j′, 0 (w1, t, τ : t′) ≡
d′∑

j′1=1

A
j′1
j′ (w1, t, τ : t′) · S ′

j′1, 0 (w1, t, τ : t′) ,

S ′
j′, 0 (w1, t, τ : t′) ≡

d′∑

j′1=1

B
j′1
j′ (w1, t, τ : t′) · R′

j′1, 0 (w1, t, τ : t′) ,

où nous avons poséAj′1
j′ := a′

j′1
j′ (t′, h (Υw1(t, τ))) et B

j′1
j′ :=

a′
j′1
j′ (h (Υw1(t, τ)) , t

′). En appliquant les dérivationsL β à ce cou-
ple d’identités, nous obtenons les combinaisons linéairessuivantes, que
nous écrivons sans les arguments(w1, t, τ : t′) :

(7.103)





L βR
′

j′, 0 ≡ R
′

j′, β ≡
d′∑

j′1=1

∑

β1≤β

A
j′1, β1

j′, β · S ′
j′1, β1

,

L βS ′
j′, 0 ≡ S ′

j′, β ≡
d′∑

j′1=1

∑

β1≤β

B
j′1, β1

j′, β ·R′

j′1, β1
,

où nous avons posé :

(7.104)





A
j′1, β1

j′, β :=
β!

β1! (β − β1)!
L β−β1

(
A

j′1
j′

)
,

B
j′1, β1

j′, β :=
β!

β1! (β − β1)!
L β−β1

(
B

j′1
j′

)
.

Rappelons que les identités (7.103) nous ont servi pour établir
l’équivalence (7.58). Pour généraliser cette équivalence(et obtenir la
preuve du Lemme 7.93), nous allons les différentier par rapport àw1.

Pour cela, écrivonsw1 = (w1;1, . . . , w1;d) ∈ Cd, choisissons un entierj
compris entre1 etd, et appliquons la dérivation∂

∂w1;j
aux identités (7.101),

sans écrire les arguments, ce qui nous donne :

(7.105)





0 =
∂R

′

j′, β

∂w1;j

+
n′∑

i′1=1

∂R
′

j′, β

∂t′i′1
·
[
Υjhi′1

]
,

0 =
∂S ′

j′, β

∂w1;j
+

n′∑

i′1=1

∂S ′
j′, β

∂t′i′1
·
[
Υjhi′1

]
.
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Introduisons de nouvelles variables indépendantesT ′
i′1, j , qui correspondent

aux dérivées
[
Υjhi′1

]
apparaissant dans (7.105), et définissons :

(7.106)



R
′

j′, β, j

(
w1, t, τ : t′,

(
T ′

i′1, j

)
1≤i′1≤n′

)
:=

∂R
′

j′, β

∂w1;j

+
n′∑

i′1=1

∂R
′

j′, β

∂t′i′1
· T ′

i′1, j,

S ′
j′, β, j

(
w1, t, τ : t′,

(
T ′

i′1, j

)
1≤i′1≤n′

)
:=

∂S ′
j′, β

∂w1;j
+

n′∑

i′1=1

∂S ′
j′, β

∂t′i′1
· T ′

i′1, j.

Plus généralement, soitδ ∈ Nd un multiindice arbitraire. En appliquant
l’opérateur∂δ

w aux identités (7.101), nous obtenons des égalités qui im-
pliquent deux familles infinies de sériesR

′

j′, β, δ et S ′
j′, β, δ, qui sont poly-

nomiales par rapport aux variables différentiées strictement
[
Υδ1hi′1

]
, où

1 ≤ i′1 ≤ n′ et0 6= δ1 ≤ δ, que nous écrirons :

(7.107)





0 = R
′

j′, β, δ

(
w1, t, τ :

([
Υδ1hi′1

]
(Υw1(t, τ))

)
1≤i′1≤n′, δ1≤δ

)
,

0 = S ′
j′, β, δ

(
w1, t, τ :

([
Υδ1hi′1

]
(Υw1(t, τ))

)
1≤i′1≤n′, δ1≤δ

)
.

Introduisons des variables indépendantes
(
T ′

i′1, δ1

)
1≤i′1≤n′, δ1≤δ

correspon-

dant à ces dérivéesΥδ1hi′1
, en convenant queT ′

i′1, 0 s’identifie àt′i′1 , et définis-
sons les nouvelles séries :

(7.108)





R
′

j′, β, δ

(
w1, t, τ :

(
T ′

i′1, δ1

)
1≤i′1≤n′, δ1≤δ

)
,

S ′
j′, β, δ

(
w1, t, τ :

(
T ′

i′1, δ1

)
1≤i′1≤n′, δ1≤δ

)
.

Alors les identités (7.79) et (7.90) (oùδ ∈ Nd est fixé et oùj′ = 1, . . . , d′

etβ ∈ Nm varient) coïncident avec les deux familles d’identités :

(7.109)





0 ≡ R
′

j′, β, δ

(
0, Γ1(z1) :

(
Υδ1hi′1

(Γ1(z1))
)
1≤i′1≤n′, δ1≤δ

)
,

0 ≡ S ′
j′, β, δ

(
0, Γ1(z1) :

(
Υδ1hi′1

(Γ1(z1))
)
1≤i′1≤n′, δ1≤δ

)
.

Après ces préliminaires, nous pouvons enfin énoncer la généralisation at-
tendue du Lemme 7.57. Rappelons que nous avons poséw1 = 0 dans (7.79)
et dans (7.90) ; c’est pourquoi nous poserons aussiw1 = 0 dans le lemme
suivant.

Lemme7.110. Soitν ∈ N, soitx ∈ Cν , soitQ(x) ∈ C[[x]]2n avecQ(0) = 0,

soit δ ∈ Nd, et soit x 7−→F

(
T′

i′1, δ1
(x)
)

1≤i′1≤n′, δ1≤δ
une application
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formelle telle queT′
i′1, δ1

(0) =
[
Υδ1hi′1

]
(0). L’équivalence suivante est sat-

isfaite :
(7.111)






∀ j′ = 1, . . . , d′, ∀ β ∈ Nm, ∀ δ1 ≤ δ, on a dansC[[x]] :

R
′

j′, β, δ1

(
0, t, τ :

(
T′

i′1, δ2
(x)
)

1≤i′1≤n′, δ2≤δ1

)∣∣∣∣
(t, τ)=Q(x)

≡ 0




m



∀ j′ = 1, . . . , d′, ∀ β ∈ Nm, ∀ δ1 ≤ δ, on a dansC[[x]] :

S ′
j′, β, δ1

(
0, t, τ :

(
T′

i′1, δ2
(x)
)

1≤i′1≤n′, δ2≤δ1

)∣∣∣∣
(t, τ)=Q(x)

≡ 0


 .

Grâce à l’équivalence (7.111) ci-dessus, le Lemme 7.93 est démontré : il
suffit de poserx = z1, Q(x) := Γ1(z1) etTi′1, δ1(x) := Hi′1, δ1(x).

Proof. Nous affirmons que les séries (7.108) peuvent être définies par récur-
rence de la manière suivante. En effet, si l’on note1d

j le multiindice
(0, . . . , 0, 1, 0, . . . , 0) ∈ Nd, avec1 à la j-ième place et0 aux autres
places, on a les relations :

(7.112)





R
′

j′, β, δ+1d
j

:=
∂R

′

j′, β, δ

∂w1;j
+

n′∑

i′1=1

∑

δ1≤δ

∂R
′

j′, β, δ

∂T ′
i′1, δ1

· T ′
i′1, δ+1d

j
,

S ′
j′, β, δ+1d

j
:=

∂S ′
j′, β, δ

∂w1;j
+

n′∑

i′1=1

∑

δ1≤δ

∂S ′
j′, β, δ

∂T ′
i′1, δ1

· T ′
i′1, δ+1d

j
,

de telle sorte que
(7.113)




∂δ
w1

[
R

′

j′, β (w1, t, τ : h (Υw1(t, τ)))
]
≡

≡ R
′

j′, β, δ

(
w1, t, τ :

(
Υδ1hi′1

(Υw1(t, τ))
)
1≤i′1≤n′, δ1≤δ

)
,

∂δ
w1

[
S ′

j′, β (w1, t, τ : h (Υw1(t, τ)))
]
≡

≡ S ′
j′, β, δ

(
w1, t, τ :

(
Υδ1hi′1

(Υw1(t, τ))
)
1≤i′1≤n′, δ1≤δ

)
.

Nous affirmons que pour toutδ ∈ Nd, il existe deux collections de séries
formelles :

(7.114)





A
j′1, β1, δ1
j′, β, δ

(
w1, t, τ :

(
T ′

i′1, δ2

)
1≤i′1≤n′, δ2≤δ−δ1

)
,

B
j′1, β1, δ1
j′, β, δ

(
w1, t, τ :

(
T ′

i′1, δ2

)
1≤i′1≤n′, δ2≤δ−δ1

)
,
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telles que les identités formelles suivantes, que nous écrivons d’abord sans
les arguments, sont satisfaites :

(7.115)





R
′

j′, β, δ ≡
d′∑

j′1=1

∑

β1≤β

∑

δ1≤δ

A
j′1, β1, δ1
j′, β, δ · S ′

j′1, β1, δ1
,

S ′
j′, β, δ ≡

d′∑

j′1=1

∑

β1≤β

∑

δ1≤δ

B
j′1, β1, δ1
j′, β, δ · R′

j′1, β1, δ1 ;

par souci de complétude, écrivons-les ensuite avec leurs arguments :
(7.116)



R
′

j′, β, δ

(
w1, t, τ :

(
T ′

i′1, δ1

)
1≤i′1≤n′, δ1≤δ

)
≡

d′∑

j′1=1

∑

β1≤β

∑

δ1≤δ

A
j′1, β1, δ1
j′, β, δ

(
w1, t, τ :

(
T ′

i′1, δ2

)
1≤i′1≤n′, δ2≤δ−δ1

)
·

· S ′
j′1, β1, δ1

(
w1, t, τ :

(
T ′

i′1, δ2

)
1≤i′1≤n′, δ2≤δ1

)
,

S ′
j′, β, δ

(
w1, t, τ :

(
T ′

i′1, δ1

)
1≤i′1≤n′, δ1≤δ

)
≡

d′∑

j′1=1

∑

β1≤β

∑

δ1≤δ

B
j′1, β1, δ1
j′, β, δ

(
w1, t, τ :

(
T ′

i′1, δ2

)
1≤i′1≤n′, δ2≤δ−δ1

)
·

· R′

j′1, β1, δ1

(
w1, t, τ :

(
T ′

i′1, δ2

)
1≤i′1≤n′, δ2≤δ1

)
.

Avant d’établir cette affirmation, notons que les identités(7.116) impliquent
immédiatement l’équivalence désirée (7.111) : il suffit de poserw1 = 0, de
remplacer(t, τ) parQ(x) et de remplacerT ′

i′1, δ1
parT′

i′1, δ1
(x) dans (7.116).

Pourδ = 0, les identités (7.115) ont déjà été vues dans (7.103). Établis-
sons les identités (7.115) pourδ = 1d

j . Pour cela, partons de (7.103), que
nous réécrivons :

(7.117)





R
′

j′, β ≡
d′∑

j′1=1

∑

β1≤β

A
j′1, β1

j′, β · S ′
j′1, β1

,

S ′
j′, β ≡

d′∑

j′1=1

∑

β1≤β

B
j′1, β1

j′, β ·R′

j′1, β1
.
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Appliquons tout d’abord l’opérateur∂w1;j
de part et d’autre de (7.117), ce

qui donne :

(7.118)





∂R
′

j′, β

∂w1;j
≡

d′∑

j′1=1

∑

β1≤β

(
∂A

j′1, β1

j′, β

∂w1;j
· S ′

j′1, β1
+ A

j′1, β1

j′, β ·
∂S ′

j′1, β1

∂w1;j

)
,

∂S ′
j′, β

∂w1;j

≡
d′∑

j′1=1

∑

β1≤β

(
∂B

j′1, β1

j′, β

∂w1;j

· R′

j′1, β1
+B

j′1, β1

j′, β ·
∂R

′

j′1, β1

∂w1;j

)
.

Ensuite, appliquons l’opérateur
∑n′

i′1=1 ∂t′
i′
1

(·)T ′
i′1, j de part et d’autre

de (7.117), ce qui donne :
(7.119)



n′∑

i′1=1

∂R
′

j′, β

∂t′i′1
· T ′

i′1, j ≡
n′∑

i′1=1

d′∑

j′1=1

∑

β1≤β

(
∂A

j′1, β1

j′, β

∂t′i′1
· T ′

i′1, j · S ′
j′1, β1

+

+A
j′1, β1

j′, β ·
∂S ′

j′1, β1

∂t′i′1
· T ′

i′1, j

)

n′∑

i′1=1

∂S ′
j′, β

∂t′i′1
· T ′

i′1, j ≡
n′∑

i′1=1

d′∑

j′1=1

∑

β1≤β

(
∂B

j′1, β1

j′, β

∂t′i′1
· T ′

i′1, j · R
′

j′1, β1
+

+B
j′1, β1

j′, β ·
∂R

′

j′1, β1

∂t′i′1
· T ′

i′1, j

)
.

Additionnons maintenant (7.118) avec (7.119) ; en tenant compte de la déf-
inition (7.106), nous obtenons l’expression désirée (7.115), pourδ = 1d

j :
(7.120)




R
′

j′, β, 1d
j
≡

d′∑

j′1=1

∑

β1≤β

(
A

j′1, β1, 1d
j

j′, β, 1d
j

· S ′
j′1, β1, 1d

j
+ A

j′1, β1, 0

j′, β, 1d
j

· S ′
j′1, β1, 0

)
,

S ′
j′, β, 1d

j
≡

d′∑

j′1=1

∑

β1≤β

(
B

j′1, β1

j′, β · R′

j′1, β1, 1d
j
+B

j′1, β1, 0

j′, β, 1d
j

· R′

j′1, β1, 0

)
,
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où nous avons posé :

(7.121)





A
j′1, β1, 1d

j

j′, β, 1d
j

:= A
j′1, β1

j′, β ,

A
j′1, β1, 0

j′, β, 1d
j

:=
∂A

j′1, β1

j′, β

∂w1;j
+

n′∑

i′1=1

∂Aj1, β1

j′, β

∂t′i′1
· T ′

i′1, j,

B
j′1, β1, 1d

j

j′, β, 1d
j

:= B
j′1, β1

j′, β ,

B
j′1, β1, 0

j′, β, 1d
j

:=
∂B

j′1, β1

j′, β

∂w1;j

+
n′∑

i′1=1

∂Bj1, β1

j′, β

∂t′i′1
· T ′

i′1, j.

En appliquant des dérivations d’ordre arbitraire par rapport à w1, en util-
isant les formules (7.112) et en raisonnant par récurrence,on établit les
identités (7.115). Puisque nous avons expliqué le principede la démon-
stration pourδ = 1d

j , nous ne croyons pas utile de développer ces calculs
formels supplémentaires.

Le Lemme 7.110 est démontré. �

7.122. Convergence des composantes de l’application de réflexion con-
juguée sur la deuxième chaîne de Segre.Nous savons maintenant que
pour toutℓ ∈ N, les propriétés de convergence :

(7.123)
[
J ℓ

t Θ
′
j′, γ′(h)

]
(Γ1(z1)) ∈ C{z1}Nd′, n, ℓ,

sont satisfaites, pour toutj′ = 1, . . . , d′ et toutγ′ ∈ Nm′

. Grâce à cette
propriété, nous pouvons établir le Lemme 7.18 pourk = 2 et ℓ = 0, c’est-
à-dire :

(7.124)
[
Θ

′

j′, γ′(h)
] (

Γ2(z(2))
)
∈ C{z(2)}d′ ,

pour toutj′ = 1, . . . , d′ et toutγ′ ∈ Nm′

.

Proof. Posons(t, τ) = Γ2(z(2)) dans la quatrième famille d’identités de
réflexion (7.62) :
(7.125)



gj′

(
Γ2(z(2))

)
≡

∑

γ′∈Nm′

[
f

γ′
] (

Γ2(z(2))
)
·
[
Θ′

j′, γ′(h)
] (

Γ2(z(2))
)
,

0 ≡
∑

γ′∈Nm′

[
f

γ′
] (

Γ2(z(2))
)
·
[
L βΘ′

j′, γ′(h)
] (

Γ2(z(2))
)
.

Dans la deuxième ligne, on suppose|β| ≥ 1. D’après l’identité conjuguée
de la troisième ligne de (7.81), écrite pourδ = 0 etβ ∈ Nm arbitraire, nous
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voyons que tous les termes
(7.126)



[
L βΘ′

j′, γ′(h)
] (

Γ2(z(2))
)
≡ P ′

β, 0

(
J |β|

z, τΘ
(
Γ2(z(2))

)
,
[
J
|β|
t Θ′

j′, γ′ (h)
] (

Γ2(z(2))
))

≡ P ′
β, 0

(
J |β|

z, τΘ
(
Γ2(z(2))

)
,
[
J
|β|
t Θ′

j′, γ′ (h)
]
(Γ1(z1))

)
.

sont convergents par rapport à(z1, z2) ∈ C2m, grâce à (7.21) et grâce
ce que nous venons d’établir en (7.123). Par conséquent, leséqua-
tions (7.125) sont analytiques par rapport à(z(2), τ

′), et l’application
formelle z(2) 7−→F h

(
Γ2(z(2))

)
les satisfait formellement. Appliquons

le Théorème d’approximation (2.4) avec l’ordre d’approximationN = 1.
Nous en déduisons l’existence d’une application convergente z(2) 7−→
H(z(2)) =

(
F(z(2)), G(z(2))

)
∈ C{z(2)}m′ × C{z(2)}d′ telle que

(7.127)





Gj′(z(2)) ≡
∑

γ′∈Nm′

[
F

γ′
]
(z(2)) · Θ′

j′, γ′(h(Γ1(z1)),

0 ≡
∑

γ′∈Nm′

[
F

γ′
]
(z(2)) ·

[
L βΘ′

j′, γ′(h)
] (

Γ2(z(2))
)
.

Les équations (7.127) coïncident avecL βr′j′
(
h
(
Γ2(z(2))

)
, H(z(2))

)
≡ 0,

pour tout j′ = 1, . . . , d′ et tout β ∈ Nm. En appliquant la conju-
gaison de l’équivalence (7.58), nous pouvons faire basculer ces identités
versL βr′j′

(
H(z(2)), h

(
Γ2(z(2))

))
≡ 0, pour toutj′ = 1, . . . , d′ et tout

β ∈ Nm, ou, de manière développée :
(7.128)[

L βgj′
] (

Γ2(z(2))
)
≡
∑

γ′∈Nm′

[
L βfγ′

] (
Γ2(z(2))

)
· Θ′

j′, γ′

(
H(z(2))

)
,

pour toutj′ = 1, . . . , d′ et toutβ ∈ Nm. Soustrayons ces identités des
identités de réflexion écrites à la troisième ligne de (7.62)avec(t, τ) =
Γ2(z(2)) ; nous obtenons :
(7.129)

0 ≡
∑

γ′∈Nm′

[
L βfγ′

] (
Γ2(z(2))

)
·
(
Θ

′

j′, γ′

(
h
(
Γ2(z(2))

))
− Θ

′

j′, γ′

(
H(z(2))

))
.

Généralisons maintenant le principe d’unicité (7.37). Soit k ∈ N. Pour
toutγ′ ∈ Nm′

, supposons donnée une série formelle vectorielleF γ′(z(k)) ∈
C[[z(k)]]

d′ et supposons que l’application formelleh est CR-transversale, ce
qui se traduit par l’implication (7.27).
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Lemme7.130. Supposons que pour toutβ ∈ Nm, l’identité formelle suiv-
ante est satisfaite :
(7.131)



0 ≡
∑

γ′∈Nm′

[
L βf

γ′
] (

Γk(z(k))
)
· F γ′(z(k)) si k est impair,

0 ≡
∑

γ′∈Nm′

[
L βfγ′

] (
Γk(z(k))

)
· F γ′(z(k)) si k est pair,

dansC[[z(k)]]. Alors :

(7.132) F γ′(z(k)) ≡ 0, ∀ γ′ ∈ Nm′

.

Proof. Traitons seulement le cas oùk est pair. Puisque
[
L βfγ′

]
(0) = fγ′, β

d’après (7.29), et puisqueΓk(0) = 0, il existe des coefficientsfγ′, β, γk
∈ C

tels que l’on peut écrire :

(7.133)
[
L βfγ′

] (
Γk(z(k))

)
≡ fγ′, β +

∑

γk∈Nkm, |γk|≥1

fγ′, β, γk
· zγk

(k).

Développons aussiF γ′(z(k)) =
∑

γk∈Nkm F γ′, γk
·zγk

(k). En raisonnant exacte-
ment comme dans la démonstration du Lemme 7.36, on obtient l’annulation
de tous les coefficientsF γ′, γk

, ce qui achève la preuve. �

Une application directe de ce lemme aux identités (7.129) fournit les
identités

(7.134) Θ
′

j′, γ′

(
h
(
Γ2(z(2))

))
≡ Θ

′

j′, γ′

(
H(z(2))

)
,

pour toutj′ = 1, . . . , d′ et toutγ′ ∈ Nm′

, où le membre de droite est
convergent, ce qui achève la démonstration de (7.124). �

7.135. Démonstration finale.Grâce à tous ces préparatifs, nous pouvons
enfin présenter la démonstration de la Proposition 7.18, en raisonnant par
récurrence sur la longueurk des chaînes de Segre. Nous traiterons seule-
ment le cas oùk est impair – le cas oùk est pair étant similaire.

Ainsi, nous supposons que pout toutℓ ∈ N, les propriétés de conver-
gence :

(7.136)
[
J ℓ

t Θ
′
γ′(h)

] (
Γk(z(k))

)
∈ C{z(k)}Nd′, n, ℓ,

sont satisfaites, pour toutγ′ ∈ Nm′

. L’objectif est de démontrer que pour
tout ℓ ∈ N, les propriétés de convergence au rangk + 1 :

(7.137)
[
J ℓ

τΘγ′

(
h
)] (

Γk+1(z(k+1))
)
∈ C{z(k+1)}Nd′, n, ℓ,

sont satisfaites, pour toutγ′ ∈ Nm′

.
Pour cela, commençons par poser(t, τ) = Υξ

(
Γk+1(z(k+1))

)
dans la

quatrième ligne de (7.62), oùξ ∈ Cd, sans oublier d’écrire l’identité qui est
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sous-entendue pourβ = 0 :
(7.138)



gj′

(
Υξ

(
Γk+1(z(k+1))

))
≡

∑

γ′∈Nm′

[
f

γ′
] (

Υξ

(
Γk+1(z(k+1))

))
·

· Θ′
j′, γ′

(
h
(
Υξ

(
Γk+1(z(k+1))

)))
,

0 ≡
∑

γ′∈Nm′

[
f

γ′
] (

Υξ

(
Γk+1(z(k+1))

))
·

·
[
L βΘ′

j′, γ′(h)
] (

Υξ

(
Γk+1(z(k+1))

))
.

Dans la deuxième identité, on suppose|β| ≥ 1.
Fixons maintenantℓ ∈ N. Pour démontrer (7.137), appliquons les déri-

vations∂δ
ξ

∣∣
ξ=0

aux identités (7.138) pour tout multiindiceδ ∈ Nd tel que

|δ| ≤ ℓ, ce qui donne :
(7.139)



[
Υδgj′

] (
Γk+1(z(k+1))

)
≡

∑

γ′∈Nm′

∑

δ1≤δ

δ!

δ1! (δ − δ1)!

[
Υδ−δ1f

γ′
] (

Γk+1(z(k+1))
)
·

·
[
Υδ1Θ′

j′, γ′(h)
] (

Γk+1(z(k+1))
)
,

0 ≡
∑

γ′∈Nm′

∑

δ1≤δ

δ!

δ1! (δ − δ1)!

[
Υδ−δ1f

γ′
] (

Γk+1(z(k+1))
)
·

·
[
Υδ1L βΘ′

j′, γ′(h)
] (

Γk+1(z(k+1))
)
,

pour toutj′ = 1, . . . , d′, toutβ ∈ Nm tel que|β| ≥ 1 et toutδ ∈ Nd tel que
|δ| ≤ ℓ. Vérifions que tous les termes écrits à la deuxième et à la quatrième
ligne de (7.139) sont des séries convergentes par rapport àz(k+1). En effet,
en remplaçant(t, τ) par Γk+1(z(k+1)) dans l’identité conjuguée de (7.82),
nous obtenons :
(7.140)



[
Υδ1L βΘ′

j′, γ′(h)
] (

Γk+1(z(k+1))
)
≡ P ′

β, δ1

(
J |β|+|δ1|

z, τ Θ
(
Γk+1(z(k+1))

)
,

[
J
|β|+|δ1|
t Θ′

j′, γ′(h)
] (

Γk(z(k))
))
,

et tous ces termes sont convergents, grâce à l’hypothèse de récur-
rence (7.136). Appliquons maintenant le Théorème 2.4 avec l’ordre
d’approximationN = 1 : nous en déduisons qu’il existe une application
convergente
(7.141)


z(k+1) 7−→

(
Hi′1, δ(z(k+1))

)
1≤i′1≤n′, |δ|≤ℓ

=:
((

Fk′, δ(z(k+1))
)
1≤k′≤m′, |δ|≤ℓ

,
(
Gj′, δ(z(k+1))

)
1≤j′≤d′, |δ|≤ℓ

)
,
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avecHi′1, δ1(0) = Υδ1hi′1
(0), qui satisfait les équations analytiques (7.139),

c’est-à-dire telle que :
(7.142)



Gj′, δ(z(k+1)) ≡
∑

γ′∈Nm′

∑

δ1≤δ

δ!

δ1! (δ − δ1)!

[
Υδ1Θ′

j′, γ′(h)
] (

Γk+1(z(k+1))
)
·

·Nγ′, δ−δ1

((
Fk′, δ2(z(k+1))

)
1≤k′≤m′, δ2≤δ−δ1

)
,

0 ≡
∑

γ′∈Nm′

∑

δ1≤δ

δ!

δ1! (δ − δ1)!

[
Υδ1L βΘ′

j′, γ′(h)
] (

Γk+1(z(k+1))
)
·

·Nγ′, δ−δ1

((
Fk′, δ2(z(k+1))

)
1≤k′≤m′, δ2≤δ−δ1

)
,

pour tout j′ = 1, . . . , d′, tout β ∈ Nm satisfaisant|β| ≥ 1 et tout
δ ∈ Nd tel que|δ| ≤ ℓ. Utilisons maintenant l’équivalence (7.111) avec
x := z(k+1), avecQ(x) := Γk+1(z(k+1)), avecT′

i′1, δ1
(x) := Hi′1, δ1(x) et pour

tout δ ∈ Nd tel que|δ| ≤ ℓ : nous en déduisons que la même application
formelle (7.141) satisfait les équations analytiques développées suivantes :
(7.143)



[
ΥδL βgj′

] (
Γk+1(z(k+1))

)
≡

∑

γ′∈Nm′

∑

δ1≤δ

δ!

δ1! (δ − δ1)!
·

·
[
Υδ−δ1L βfγ′

] (
Γk+1(z(k+1))

)
·

·M ′

δ1

((
Hi′1, δ2(z(k+1))

)
1≤i′1≤n′, δ2≤δ1

,
[
J
|δ1|
τ ′ Θ

′

j′, γ′

] (
H0(z(k+1))

))
,

pour toutj′ = 1, . . . , d′, tout β ∈ Nm et tout δ ∈ Nd tel que|δ| ≤ ℓ,
où nous avons poséH0 :=

(
Hi′1, 0

)
1≤i′1≤n′

. Comparons ces identités aux

identités de la troisième ligne de (7.62) dans lesquelles onpose(t, τ) =
Υξ

(
Γk+1(z(k+1))

)
et auxquelles on applique la dérivation∂δ

ξ (·)
∣∣
ξ=0

, ce qui
donne :
(7.144)



[
ΥδL βgj′

] (
Γk+1(z(k+1))

)
≡

∑

γ′∈Nm′

∑

δ1≤δ

δ!

δ1! (δ − δ1)!
·

·
[
Υδ−δ1L βfγ′

] (
Γk+1(z(k+1))

)
·

·M ′

δ1

((
Υδ2hi′1

(
Γk+1(z(k+1))

))
1≤i′1≤n′, δ2≤δ1

,
[
J
|δ1|
τ ′ Θ

′

j′, γ′

(
h
)] (

Γk+1(z(k+1))
))
,
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Soustrayons (7.143) de (7.144), ce qui donne :
(7.145)



0 ≡
∑

γ′∈Nm′

∑

δ1≤δ

δ!

δ1! (δ − δ1)!
·
[
Υδ−δ1L βfγ′

] (
Γk+1(z(k+1))

)
·




M
′

δ1

((
Υδ2hi′1

(
Γk+1(z(k+1))

))
1≤i′1≤n′, δ2≤δ1

,
[
J
|δ1|
τ ′ Θ

′

j′, γ′

(
h
)] (

Γk+1(z(k+1))
))

−

−M
′

δ1

((
Hi′1, δ2(z(k+1))

)
1≤i′1≤n′, δ2≤δ1

,
[
J
|δ1|
τ ′ Θ

′

j′, γ′

] (
H0(z(k+1))

))




,

pour tout j′ = 1, . . . , d′, tout β ∈ Nm et tout δ ∈ Nd tel que
|δ| ≤ ℓ. D’après la définition même deM

′

δ1
donnée à la quatrième

ligne de (7.81)), le terme développé à la deuxième et à la troisième ligne

de (7.145) s’identifie à
[
Υδ1Θ

′

j′, γ′

(
h
)] (

Γk+1(z(k+1))
)
. Notons que le terme

développé à la quatrième et à la cinquième ligne de (7.145) est convergent.
Ainsi, pour conclure que les propriétés de convergence (7.137) sont satis-
faites (en utilisant au passage le Lemme 7.74), il ne nous reste plus qu’à
établir que les termes contenus dans les grandes parentèsess’annulent tous
identiquement.

Écrivons (7.145) pourδ = 0 : la somme
∑

δ1≤δ contient alors un seul
terme et le Lemme 7.130 s’applique. En raisonnant par récurrence sur la
longueur deδ, jusqu’à la longueurℓ, en écrivant les identités (7.145) pour
|δ| croissant, et en appliquant le Lemme 7.130 à chaque étape, nous véri-
fions que les termes contenus dans les grandes parentèses s’annulent tous
identiquement.

Les démonstrations de la Proposition 7.18 et du Théorème 1.23 sont
achevées. �

7.146. Existence d’applications holomorphes.Pour terminer cet article,
démontrons le corollaire suivant du Théorème 1.23, qui implique le Corol-
laire 1.45.

Corollary 7.147. Sous les hypothèses du Théorème 1.23, pour tout entier
N ≥ 1, il existe une application convergenteHN (t) ∈ C{t}n′

avecHN(t) ≡
h(t) mod (m(t))N (d’oùH(0) = 0), qui induit une application holomorphe
locale deM à valeurs dansM ′.

Proof. D’après le Théorème 1.23, les composantesΘ′
j′, γ′(h(t)) de

l’application de réflexion s’identifient à des séries convergentes
θ′j′, γ′(t) ∈ C{t}, pour toutj′ = 1, . . . , d′ et toutγ′ ∈ Nm′

. Appliquons le
Théorème d’approximation 2.4 aux équations analytiques

(7.148) 0 ≡ Θ′
j′, γ′(h(t)) − θ′j′, γ′(t).
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Nous en déduisons que pour tout entierN ≥ 1, il existe une application
convergenteHN(t) ∈ C{t}n′

avecHN (t) ≡ h(t) mod (m(t))N qui satisfait
ces équations analytiques,i.e. :

(7.149) 0 ≡ Θ′
j′, γ′

(
HN (t)

)
− θ′j′, γ′(t).

Nous affirmons quetoute telleHN induit nécessairement une application
holomorphe locale deM à valeurs dansM ′. En effet, il découle d’abord
de (7.148) et de (7.149) queΘ′

j′, γ′(h(t)) ≡ Θ′
j′, γ′(HN(t)) et ensuite :

(7.150)





gj′(ζ, Θ(ζ, t)) ≡
∑

γ′∈Nm′

[
f

γ′
]
(ζ, Θ(ζ, t)) · Θ′

j′, γ′(h(t))

≡
∑

γ′∈Nm′

[
f

γ′
]
(ζ, Θ(ζ, t)) · Θ′

j′, γ′(HN (t)),

pour tout j′ = 1, . . . , d′. Autrement dit, nous avons :
r′j′
(
HN (t), h(ζ, Θ(ζ, t))

)
≡ 0, pour tout j′ = 1, . . . , d′. En rem-

plaçantτ ′ par h(ζ, Θ(ζ, t)) et t′ par HN (t) dans la première ligne de la
deuxième colonne de (7.44), nous en déduisons :

(7.151)





0 ≡ r′j′
(
h(ζ, Θ(ζ, t)), HN (t)

)

≡ GN
j′ (t) −

∑

γ′∈Nm′

FN (t)γ′ · Θ′

j′, γ′

(
h (ζ, Θ(ζ, t))

)
,

pour toutj′ = 1, . . . , d′. Remplaçons alorsw parΘ(z, τ) dans ces iden-
tités, en tenant compte de la relationξ ≡ Θ

(
ζ, z, Θ(z, τ)

)
, qui découle

immédiatement de (3.7), ce qui donne :

(7.152) GN
j′

(
z, Θ(z, τ)

)
≡
∑

γ′∈Nm′

FN
(
z, Θ(z, τ)

)γ′

· Θ′

j′, γ′

(
h(τ)

)
,

pour toutj′ = 1, . . . , d′.

Enfin, pour terminer, remplaçonsΘ
′

j′, γ′

(
h(τ)

)
parΘ

′

j′, γ′

(
H

N
(τ)
)

dans

ces identités (cela est possible, grâce aux conjuguées des relations (7.148)
et (7.149)), ce qui donne :

(7.153) Gj′
(
z, Θ(z, τ)

)
≡
∑

γ′∈Nm′

FN
(
z, Θ(z, τ)

)γ′

· Θ′

j′, γ′

(
H

N
(τ)
)
,

pour toutj′ = 1, . . . , d′. Ces dernières identités démontrent clairement que
HN induit une application deM à valeurs dansM ′. Le corollaire (7.147)
est démontré. �
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ABSTRACT. Searching normal forms1 for real analytic submanifolds ofCn

involves convergence problems. In 1983, J.K. Moser and S.M.Webster pro-
vided examples of real analytic surfaces inC2 having an isolated hyperbolic
(in the sense of E. Bishop) complex tangency, which are formally but not holo-
morphically normalizable (because of the presence of smalldivisors), even if
the normal form is itself real analytic or algebraic. On the contrary, it appears
that such a nonconvergence phenomenon does not appear for submanifolds
of Cn whose CR dimension is locally constant, in view of recent results by
S.M. Baouendi, P. Ebenfelt and L.P. Rothschild. These results hold true with
hypotheses which are relatively simple, but satisfied at a Zariski-generic point2.
Notably, these authors establish that every invertible formal CR mapping be-
tween two submanifolds ofCn which are real analytic, generic, finitely non-
degenerate and minimal (in the sense of J.-M. Trépreau and A.E. Tumanov)
is convergent. In this paper, we establish a more general convergence theo-
rem, which is valid without any nondegeneracy condition, and which confirms
the rigidity of the CR category (seeTheorem 1.23). This result may be inter-
preted as a formal Schwarz reflection principle for CR mappings. We deduce
that every formal CR equivalence between two submanifolds of Cn which are
real analytic, generic and minimal is convergent if and onlyif both submani-
folds are holomorphically nondegenerate (in the sense of N.Stanton). Finally,
we establish that two submanifolds ofCn which are real analytic, generic and
minimal are formally CR equivalent if and only if they are biholomorphically
equivalent.
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On envelopes of holomorphy

of domains covered by Levi-flat hats

and the reflection principle
Joël Merker

Abstract. In the present paper, we associate the techniques of the Lewy-Pinchuk
reflection principle with the Behnke-Sommer continuity principle. Extending a
so-calledreflection functionto a parameterized congruence of Segre varieties, we
are led to studying the envelope of holomorphy of a certain domain covered by a
smooth Levi-flat “hat”. In our main theorem, we show that every C∞-smooth CR
diffeomorphismh : M → M ′ between two globally minimal real analytic hyper-
surfaces inCn (n ≥ 2) is real analytic at every point ofM if M ′ is holomorphically
nondegenerate. More generally, we establish that the reflection functionR ′

h asso-
ciated to such aC∞-smooth CR diffeomorphism between two globally minimal
hypersurfaces inCn (n ≥ 1) always extends holomorphically to a neighborhood of
the graph of̄h in M×M

′
, without any nondegeneracy condition onM ′. This gives

a new version of the Schwarz symmetry principle to several complex variables. Fi-
nally, we show that everyC∞-smooth CR mappingh : M → M ′ between two
real analytic hypersurfaces containing no complex curves is real analytic at every
point ofM , without any rank condition onh.

Annales de l’Institut Fourier,52 (2002), no. 5, 1443–1523
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§1. INTRODUCTION AND PRESENTATION OF THE RESULTS

1.1. Main theorem. Let h : M → M ′ be aC ∞-smooth CR diffeomor-
phism between two geometrically smooth real analytic hypersurfaces inCn

(n ≥ 2). CallM globally minimal(in the sense of Trépreau-Tumanov) if
it consists of a single CR orbit ([Tr1,2], [Tu1,2], [Me1], [MP1]). CallM ′

holomorphically nondegenerate(in the sense of Stanton) if there does not
exist any nonzero(1, 0) vector field with holomorphic coefficients which is
tangent to a nonempty open subset ofM ([St1,2]). Our principal result is
as follows.
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Theorem 1.2. If M is globally minimal and ifM ′ is holomorphically non-
degenerate, then theC ∞-smooth CR diffeomorphismh is real analytic at
every point ofM .

Compared to classical results of the literature, in this theorem, no point-
wise, local or not propagating nondegeneracy condition is imposed onM ′,
like for instanceM ′ be Levi nondegenerate, finitely nondegenerate or es-
sentially finite at every point. With respect to the contemporary state of the
art, the novelty in Theorem 1.2 lies in the treatment of the locus of non-
essentially finite points, which is a proper real analytic subvariety ofM ′,
providedM ′ is holomorphically nondegenerate. There is also an interest-
ing invariant to study, more general thanh, namely thereflection function
R ′

h. Because the precise definition ofR ′
h involves a concrete defining equa-

tion ofM ′, it must be localized around various pointsp′ ∈ M ′, so we refer
to §1.7 below for a complete presentation. Generalizing Theorem 1.2, we
show thatR ′

h extends holomorphically to a neighborhood of each point
(p, h(p)) ∈ M ×M

′
, assuming only thatM is globally minimal and with-

out any nondegeneracy condition onM ′ (Theorem 1.9). We deduce in fact
Theorem 1.2 from the extendability ofR ′

h. This strategy of proof is inspired
from the deep works of Diederich-Pinchuk [DP1,2] (seealso [V], [Sha],
[PV]) where the extension as a mapping is derived from the extension as a
correspondence.

In the sequel, we shall by convention sometimes denote by(M, p) asmall
connected pieceof M localized around a “center” pointp ∈ M . However,
since all our considerations are semi-local and of geometric nature, we shall
neveruse the language of germs.

1.3. Development of the classical results and brief history. The earli-
est extension result like Theorem 1.2 was found independently by Pinchuk
[P3] and after by Lewy [L]: if(M, p) and (M ′, p′) are strongly pseudo-
convex, thenh is real analytic atp. The classical proof in [P3] and [L]
makes use of the so-calledreflection principlewhich consists tosolve first
the mappingh with respect to the jets of̄h (by this, we mean a relation
like h(q) = Ω(q, q̄, jkh̄(q̄)) whereΩ is holomorphic in its arguments and
q ∈ M , cf. (4.10) below) and to apply afterwards the one-dimensional
Schwarz symmetry principle in a foliated union of transverse holomorphic
discs. In 1978 and in 1982, Webster [W2,3] extended this result to Levi non-
degenerate CR manifolds of higher codimension. Generalizing this princi-
ple, Diederich-Webster proved in 1980 that a sufficiently smooth CR dif-
feomorphism is analytic atp ∈ M if M is generically Levi-nondegenerate
and the morphism of jets of Segre varieties ofM ′ is injective (see§2 of
the fundamental article [DW] and (1.11) below for a definition of the Segre
morphism). In 1983, Han [Ha] generalized the reflection principle for CR
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diffeomorphisms between what is today calledfinitely nondegeneratehy-
persurfaces (see[BER2]). In 1985, Derridj [De] studied the reflection prin-
ciple for proper mappings between some model classes of weakly pseu-
doconvex boundaries inC2. In 1985, Baouendi-Jacobowitz-Treves [BJT]
proved that everyC ∞-smooth CR diffeomorphismh : (M, p) → (M ′, p′)
between two real analytic CR-generic manifolds inCn which extends holo-
morphically to a fixed wedge of edgeM , is real analytic, provided(M ′, p′)
is essentially finite. After the work of Rea [R], in which holomorphic ex-
tension to one side of CR functions on a minimal real analytichypersurface
was proved (the weakly pseudoconvex case, which is not very different,
was treated long before in a short note by Bedford-Fornæss [BeFo]; see
also [BT2]), after the work of Tumanov [Tu1], who proved wedge extend-
ability in general codimension, and after the work of Baouendi-Rothschild
[BR3], who proved the necessity of minimality for wedge extension (in
the meanwhile, Treves provided a simpler argument of necessity), it was
known that the automatic holomorphic extension to a fixed wedge of the
components ofh holds if and only if (M, p) is minimal in the sense of
Tumanov. Thus, the optimal extendability result in [Tu1] strengthened con-
siderably the main theorem of [BJT]. In the late eighties, the research on
the analyticity of CR mappings has been pursued by many authors inten-
sively. In 1987–88, Diederich-Fornæss [DF2] and Baouendi-Rothschild
[BR1] extended this kind of reflection principle to the non diffeomorphic
case, namely for aC ∞-smooth CR mappingh between two essentially finite
hypersurfaces which is locally finite to one, or locally proper. This result
was generalized in [BR2] toC ∞-smooth mappingsh : (M, p) → (M ′, p′)
whose formal Jacobian determinant atp does not vanish identically, again
with (M ′, p′) essentially finite. In 1993-6, Sukhov [Su1,2] and Sharipov-
Sukhov [SS] generalized the reflection principle of Websterin [W2,3] by
introducing a global condition on the mapping, called Levi-transversality.
Following this circle of ideas, Coupet-Pinchuk-Sukhov have pointed out in
their recent works [CPS1,2] that almost all the above-mentioned variations
on the reflection principle find a unified explanation in the fact that a certain
complex analytic varietyV′

p is zero-dimensional, which intuitively speak-
ing means thath is finitely determined by the jets ofh̄, i.e. more precisely
that each componentshj of h satisfies a monic Weierstrass polynomial hav-
ing analytic functions depending on a finite jet ofh̄ as coefficients (this
observation appears also in [Me3]). They stated thus a general result in the
hypersurface case whose extension to a higher codimensional minimal CR-
generic source(M, p) was achieved recently by Damour in [Da2]. In sum,
this last clarified unification closes up what is attainable in the spirit of the
so-calledpolynomial identitiesintroduced in [BJT], yielding a quite general
sufficient condition for the analyticity ofh. In the arbitrary codimensional
case, this general sufficient condition can be expressed simply as follows.
LetL1, · · · , Lm be a basis ofT 0,1M , denoteL

β
:= L

β1

1 . . . L
βm

m for β ∈ Nm

and letρ′j′(t
′, t̄′) = 0, 1 ≤ j′ ≤ d′, be a collection of real analytic defining
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equations for a generic(M ′, p′) of codimensiond′. Then the complex ana-
lytic variety, called the (first)characteristic varietyin [CPS1,2], [Da1,2]:

(1.4) V′
p := {t′ ∈ Cn : L

β
[ρ′(t′, h̄(t̄))]|t̄=p̄ = 0, ∀ β ∈ Nm}.

is always zero-dimensional atp′ ∈ V′
p in [L], [P3], [W1], [W2], [W3],

[DW], [Ha], [De], [BJT], [DF2], [BR1], [BR2], [BR4], [Su1,2], [BHR],
[Su1], [Su2], [SS], [BER1], [BER2], [CPS1], [CPS2], [Da] (in [P4], [DFY],
[DP1,2], [V], [Sha], [PV], the varietyV′

p is not defined because these au-
thors tackle the much more difficult problem whereno initial regularity
assumptionis supposed on the mapping; in [DF2], some cases of non-
essentially finite hypersurfaces are admitted). Importantly, the condition
dimp′V

′
p = 0 requires(M ′, p′) to be essentially finite.

1.5. Non-essentially finite hypersurfaces.However, it is known that the
finest CR-regularity phenomena come down to the consideration of a class
of much more general hypersurfaces which are calledholomorphically non-
degenerateby Stanton [St1,2] and which are in generalnot essentially fi-
nite. In 1995, Baouendi-Rothschild [BR3] exhibited this condition as a
necessary and sufficientcondition for the algebraicity of a local biholomor-
phism between two real algebraic hypersurfaces. Thanks to the nonlocality
of algebraic objects, they could assume that(M ′, p′) is essentially finite
after a small shift ofp′, which entails again dimp′V′

p = 0, thus reducing
the work to the application of known techniques (even in factsimpler, in
the generalization to the higher codimensional case, Baouendi-Ebenfelt-
Rothschild came down to a direct application of the algebraic implicit
function theorem by solving algebraicallyh with respect to the jets of̄h
[BER1]). Since then however, few works have been devoted to the study
of the analytic regularity of smooth CR mapping betweennon-essentially
finite hypersurfaces inCn. It is well known that the main technical diffi-
culties in the subject happen to occur inCn for n ≥ 3 and that a great deal
of the obstacles which one naturally encounters can be avoided by assum-
ing that the target hypersurfaceM ’ is algebraic (withM algebraic or real
analytic), seee.g. the works [MM2], [Mi1,2,3], [CPS1] (in caseM ′ is al-
gebraic, its Segre varieties are defined all over the compactificationPn(C)
of Cn, which helps much). Finally, we would like to mention the papers of
Meylan [Mey], Maire and Meylan [MaMe], Meylan and the author[MM1],
Huang, the author and Meylan [HMM] in this respect (nevertheless, after
division by a suitable holomorphic function, the situationunder study in
these works is again reduced to polynomial identities).

1.6. Schwarz’s reflection principle in higher dimension.In late 1996,
seeking a natural generalization of Schwarz’s reflection principle to higher
dimension and inspired by the article [DP1], the author (see[MM2], [Me3])
pointed out the interest of the so-calledreflection functionR ′

h associated
with h. This terminology is introducedpassimin [Hu, p. 1802]; a different
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definition involving one more variable is given in [Me3,5,6,7,8]; the biholo-
morphic invariance ofR ′

h and the important observation thatR ′
h should

extend holomorphicallywithout any nondegeneracy conditionon (M ′, p′)
appeared for the first time in the preprint versions of [MM2],[Me3].

Indeed, the explicit expression of this function depends ona local defin-
ing equation forM ′, but its holomorphic extendability is independent of
coordinates and there are canonical rules of transformation between two re-
flection functions (see§3 below). As the author believes, in the diffeomor-
phic case and providedM is at least globally minimal,this function should
extend without assuming any nondegeneracy condition onM ′, in pure anal-
ogy with the Schwarzian casen = 1. It is easy to convince oneself that
the reflection function is the right invariant to study. In fact, since then, it
has been already studied thoroughly in the algebraic and in the formal CR-
regularity problems,see[Me3,5,6,7,8], [Mi2,3,4]. For instance, the formal
reflection mapping associated with a formal CR equivalence between two
real analytic CR-generic manifolds inCn which are minimal in the sense of
Tumanov is convergent (see[Mi3,4] for partial results in this direction and
[Me6,7,8] for the complete statement). Ifh is a holomorphic equivalence
between two real algebraic CR-generic manifolds inCn which are minimal
at a Zariski-generic point, then the reflection mappingR ′

h is algebraic (see
[Mi2] for the hypersurface case and [Me5] for arbitrary codimension). So
we expect that totally similar statements hold for smooth mappings between
real analytic CR manifolds.

1.7. Analyticity of the reflection function. For our part, we deal in this
paper with smooth CR mappings betweenhypersurfaces. Thus, as above,
let h : M → M ′ be aC ∞-smooth CR mapping between two connected
real analytic hypersurfaces inCn with n ≥ 2. We shall constantly assume
thatM is globally minimal. Equivalently,M is locally minimal (in the
sense of Trépreau-Tumanov) at every point, sinceM is real analytic (how-
ever, there existC 2-smooth orC ∞-smooth hypersurfaces inCn, n ≥ 2,
which are globally minimal but not locally minimal at many point, see[J],
[MP1]). Postponing generalizations and refinements to further investiga-
tion, we shall assume here for simplicity thath is a CR diffeomorphism.
Of course, in this case, the assumption of global minimalityof (M, p) can
then be switched to(M ′, p′). The associated reflection functionR ′

h is a
complex function which is defined in a neighborhood of the graph of h̄
in Cn × Cn as follows. LocalizingM andM ′ at pointsp ∈ M and
p′ ∈ M ′ with p′ = h(p), we choose a complex analytic defining equa-
tion for M ′ in the formw̄′ = Θ′(z̄′, t′), wheret′ = (z′, w′) ∈ Cn−1 × C
are holomorphic coordinates vanishing atp′ and where the power series
Θ′(z̄′, t′) :=

∑
β∈Nn−1(z̄′)β Θ′

β(t′) vanishes at the origin and converges nor-
mally in a small polydisc∆2n−1(0, ρ

′) = {(z̄′, t′) : |z̄′|, |t′| < ρ′}, where
ρ′ > 0 and where|t′| := max(|t′1|, . . . , |t′n|) is the polydisc norm. Here, by
reality ofM ′, the holomorphic functionΘ′ is not arbitrary, it must satisfy
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the power series identityΘ′(z̄′, z′,Θ
′
(z′, z̄′, w̄′)) ≡ w̄′. Conversely, such a

power series satisfying this identity does define a real analytic hypersurface
w̄′ = Θ′(z̄′, t′) of Cn as can be verified easily ([BER2, Remark 4.2.30]). It
is important to notice that once the coordinate systemt′ is fixed, with the
w′-axis not complex tangent toM ′ at 0, then there isonly one complex
defining equation forM ′ of the formw̄′ = Θ′(z̄′, t′).

By definition, thereflection functionR ′
h associated withh and with such

a local defining function for(M ′, p′) is the following function of2n com-
plex variables:

(1.8) (t, ν̄ ′) 7→ µ̄′ −
∑

β∈Nn−1

(λ̄′)β Θ′
β(h(t)) =: R ′

h(t, ν̄
′),

where ν̄ ′ = (λ̄′, µ̄′) ∈ Cn−1 × C. It can be checked rigorously that this
function is CR and of classC ∞ with respect to the variablet ∈ M in a
neighborhood ofp and that it is holomorphic with respect to the variable
ν̄ ′ in the polydisc neighborhood{|z′| < ρ′} of p̄′ in Cn (see Lemma 3.8
below). Let us call the functionsΘ′

β(h(t)) the componentsof the reflec-
tion function. SinceM is in particular minimal at the pointp ∈ M , the
componentshj of the mappingh and hence also the componentsΘ′

β(h(t))
of R ′

h extend holomorphically to a one-sided neighborhoodDp of M at
p, obtained by gluing Bishop discs to(M, p). Our first main result is as
follows.

Theorem 1.9.If h : M → M ′ is aC ∞-smooth CR diffeomorphism between
two globally minimal real analytic hypersurfaces inCn, then for every point
p ∈M and for every choice of a coordinate system vanishing atp′ := h(p)
as above in which(M ′, p′) is represented bȳw′ = Θ′(z̄′, t′), the associated
reflection functionR ′

h(t, ν̄
′) = µ̄′ − Θ′(λ̄′, h(t)) centered atp× p′ extends

holomorphically to a neighborhood ofp× p′ in Cn × Cn.

In §3 below, we provide some fundational material about the reflection
function. Especially, we prove that the holomorphic extendability to a
neighborhood ofp × p̄′ does not depend on the choice of a holomorphic
coordinate system vanishing atp′. By differentiating (1.8) with respect to
ν̄ ′, we may observe that the holomorphic extendability ofR ′

h to a neigh-
borhood ofp is equivalent to the following statement:all the component
functionsΘ′

β(h(t)) =: θ′β(t) (an infinite number) extend holomorphically
to a fixed neighborhood ofp and there exist constantsC, ρ, ρ′ > 0 such that
|t| < ρ ⇒ |θ′β(t)| < C (ρ′)−|β| (seeLemma 3.16 below). So Theorem 1.9
may be interpreted as follows: instead of asserting that themappingh ex-
tends holomorphically to a neighborhood ofp, we state that a certain invari-
ant infinite collection ofholomorphic functions of the componentshj of the
mapping(which depends directly onM ′) do extend holomorphically to a
neighborhood ofp. The important fact here is that we do not put any extra
nondegeneracy condition onM ′ atp′ (except minimality). Another geomet-
ric interpretation is as follows. LetS ′

t′ := {(λ̄′, µ̄′) ∈ Cn : µ̄′ = Θ′(λ̄′, t′)}
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denote theconjugate Segre varietyassociated with the fixed point having
coordinatest′ (usually, to define Segre varieties, one fixes instead the point
ν̄ ′; nevertheless conjugate Segre varieties are equally interesting, as argued
in [Me4]). Then Theorem 1.9 can be interpreted as saying thatthe not
rigorously defined intuitive “Segre mapping”t 7→ S′

h(t) extends holomor-
phically atp. In fact, the target value of this mapping should be thought
to be represented concretely by the defining function ofS ′

h(t), namely this
intuitive “Segre mapping”must (and can only) be represented by therig-
orous reflection function(t, ν̄ ′) 7→ µ̄′ − Θ′(λ̄′, h(t)). In sum, Theorem 1.9
precisely asserts that the “Segre mapping” extends holomorphically to a
neighborhood ofp× p̄′, without any nondegeneracy condition on(M ′, p′).
In certain circumstances,e.g. when (M ′, p′) is moreover assumed to be
Levi-nondegenerate, finitely nondegenerate or essentially finite, one may
deduce afterwards, thanks to the holomorphic extendability of the compo-
nentsΘ′

β(h(t)), thath itself extends holomorphically atp (cf. [DF2], [BR1],
[DFY], [DP1,2], [V], [Sha], [PV]). Analogously, in Theorem1.14 below,
we shall derive from Theorem 1.9 above an important expectednecessary
and sufficient conditionfor h to be holomorphic atp.

1.10. Applications. We give essentially two important applications.
Firstly, associated withM ’, there is an invariant integerκ′M ′ with
0 ≤ κ′M ′ ≤ n − 1, called theholomorphic degeneracy degreeof M ′,
which counts the maximal number of(1, 0) vector fields with holomorphic
coefficients defined in a neighborhood ofM ′ which are tangent toM ′ and
which are linearly independent at a Zariski-generic point.In particular,
M ′ is holomorphically nondegenerate if and only ifκ′M ′ = 0. Inspired
by the geometric reflection principle developed in [DW], [DF4], [F], we
can provide another (equivalent) definition of the integerκ′M ′ in terms of
the morphism of jets of Segre varieties as follows (seealso [Me6,7,8];
historically, finite order jets ofC ∞-smooth CR mappings together with
finite order jets of the Segre morphism were first studied in the reflection
principle by Diederich-Fornaess in [DF4]). By complexifying the variable
t̄′ as(t̄′)c =: τ ′ and by fixingτ ′, we may consider thecomplexified Segre
variety which is defined byS ′

τ ′ := {(w′, z′) : w′ = Θ
′
(z′, τ ′)}. For some

supplementary information about the canonical geometric correspondence
between complexified Segre varieties and complexified CR vector fields,
we refer the interested reader to [Me4,5]. Letjk

t′S
′
τ ′ denote thek-jet at

the point t′ of S ′
τ ′ . This k-jet is in fact defined by differentiating the

defining equation ofS ′
τ ′ with respect toz′ as follows. Forβ ∈ Nn−1, we

denote|β| := β1 + · · · + βn−1 and∂β
z′ := ∂β1

z′1
· · ·∂βn−1

z′n−1
. Then thek-jet

provides in fact a holomorphic mapping which is defined over the extrinsic
complexificationM ′ := {(t′, τ ′) : w′ − Θ

′
(z′, τ ′) = 0} of M ′ as shown in

the following definition:
(1.11)

j′k : M ′ ∋ (t′, τ ′) 7→ jk
t′S

′
τ ′ := (t′, {∂β

z′[w
′−Θ

′
(z′, τ ′)]}|β|≤k) ∈ Cn+ (n−1+k)!

(n−1)! k! .



112

Fork large enough, the analytic properties of these jet mappingsj′k govern
the geometry ofM ′, as was pointed out in [DW] for the first time. For in-
stance, Levi nondegeneracy, finite nondegeneracy and essential finiteness of
(M ′, p′) may be characterized in terms of the mappingsj′k ([DW], [DF4],
[Me6,7,8]). In our case, it is clear that there exists an integer χ′

M ′ with
1 ≤ χ′

M ′ ≤ n such that the generic rank ofj′k equalsn− 1 + χ′
M ′ for all k

large enough, since the generic ranks increase and are bounded by2n − 1.
Then the holomorphic degeneracy degree can also be defined equivalently
by κ′M ′ := n − χ′

M ′ . We may notice in particular thatM ′ is Levi-flat if
and only if χ′

M ′ = 1, sinceΘ
′
(z′, τ ′) ≡ τ ′n in this case. Consequently,

we always haveχ′
M ′ ≥ 2 in this paper since we constantly assume that

M ′ is globally minimal. The biholomorphic invariance of Segrevarieties
makes it easy to precise in which sense the jet mappingj′k is invariantly
attached toM ′, namely how it changes when one varies the coordinate sys-
tem. Then the fact thatχ′

M ′ is defined in terms of the generic rank of an
invariant holomorphic mapping together with the connectedness ofM ′ ex-
plains well that the integersχ′

M ′ andκ′M ′ do not depend on the center point
p′ ∈ M ′ in a neighborhood of which we define the mappingsj′k (we prove
this in §3). In particular, this explains whyM ′ is holomorphically degen-
erate at one point if and only if it is holomorphically degenerate at every
point ([BR4]). On the contrary, the direct definition ofκ′M ′ in terms of lo-
cally defined tangent holomorphic vector fields provided in [BR4], [BER2]
makes this point less transparent, even if the two definitions are equivalent.
So, we believe that the definitionofκ′M ′ in terms ofj′k is more adequate.
Furthermore, to be even more concrete, let us add that the behavior of
the map (1.11) depends mostly upon the infinite collection ofholomorphic
mappings(Θ

′

β(τ ′))β∈Nn−1 , since we essentially get rid ofz′ by differenti-

atingw′ −∑β∈Nn−1(z′)β Θ
′

β(τ ′) with respect toz′ in (1.11). Equivalently,
after conjugating, we may consider instead the simpler holomorphic map-

pingsQ′
k : t′ ∋ Cn 7→ (Θ′

β(t′))|β|≤k ∈ C
(n−1+k)!
(n−1)! k! . Then the generic rank of

Q′
k is equal to the same integerχ′

M ′, for all k large enough. This again sup-
ports the thesis that the componentsΘ′

β(t′) occuring in the defining function
of (M ′, p′) and in the reflection function are over all important. In §3 below,
some more explanations about the mappingsQ′

k are provided.
Let χ′

M ′ be as above and let∆ be the unit disc inC. It is known that
there exists a proper real analytic subsetE ′

M ′ of M ′ such that for each point
q′ ∈ M ′\E ′

M ′, there exists a neighborhood ofq′ in Cn in which (M ′, q′)

is biholomorphically equivalent to a productM ′
q′ × ∆n−χ′

M′ of a small real

analytic hypersurfaceM ′
q′ contained in the smaller complex spaceCχ′

M′ by
a (n − χ′

M ′)-dimensional polydisc. As expected of course, the hypersur-
faceM ′

q′ is aholomorphically nondegeneratehypersurface (Lemma 3.54),
namelyκ′M ′

q′
= 0. Now, granted Theorem 1.9, we observe that the local

graph{(t, h(t)) : t ∈ (M, p)} of h is clearly contained in the following
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local complex analytic set passing throughp× p′:

(1.12) C ′
h := {(t, t′) ∈ Cn × Cn : Θ′

β(t′) = θ′β(t), ∀ β ∈ Nn−1}.

It follows from the considerations of §3 below that the various local com-
plex analytic setsC ′

h centered at points(p, h(p)) stick together in a well de-
fined complex analytic set, independent of coordinates. Furthermore, since
the generic rank ofQ′

∞ is equal toχ′
M ′, there exists a well defined irre-

ducible componentC ′′
h of C ′

h of dimension(2n− χ′
M ′) containing the local

graph ofh. We deduce:

Corollary 1.13. Let (n − χ′
M ′) be the holomorphic degeneracy degree of

M ′. Then there exists a semi-global closed complex analytic subsetC ′′
h de-

fined in a neighborhood of the graph ofh in Cn ×Cn which is of dimension
(2n − χ′

M ′) and which contains the graph ofh overM . In particular, h
extends as a complex analytic set to a neighborhood ofM if χ′

M ′ = n, i.e.
if M ′ is holomorphically nondegenerate.

Of course, the most interesting case of Corollary 1.13 is when χ′
M ′ = n.

Extendability ofh as an analytic set can be improved. Using the approxima-
tion theorem of Artin ([Ar]) we shall deduce the following expected result
(seeLemma 4.14), which is identical with Theorem 1.2:

Theorem 1.14.Let h : M → M ′ be aC ∞-smooth CR diffeomorphism
between two connected globally minimal real analytic hypersurfaces inCn.
If M ′ is holomorphically nondegenerate, thenh is real analytic at every
point ofM .

Of course, real analyticity ofh is equivalent to its holomorphic extendability
to a neighborhood ofM inCn, by a classical theorem due to Severi and gen-
eralized to higher codimension by Tomassini. In particular, Theorem 1.14
entails that a pair of globally minimal holomorphically nondegenerate real
analytic hypersurfaces inCn areC ∞-smoothly CR equivalentif and only if
they are biholomorphically equivalent.

1.15. Necessity.Since 1995-6 (see[BR4], [BHR]), it was known that The-
orem 1.14 above might provide an expectednecessary and sufficient con-
dition for h be analytic (provided of course that the local CR-envelope of
holomorphy ofM , which already contains one sideDp of M at p, does not
contain the other side). Indeed, considering self-mappings ofM ′, we have:

Lemma 1.16. ([BHR]) Conversely, if(M ′, p′) is holomorphicallydegener-
ateand if there exists aC ∞-smooth CR function defined in a neighborhood
of p′ ∈ M ′ which doesnot extend holomorphically to a neighborhood of
p′, then there exists aC ∞-smooth CR-automorphism of(M ′, p′) fixing p′

which isnot real analytic atp′.
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1.17. Organization of the paper. To be brief, in §2 we present first a thor-
ough intuitive description (in words) of our strategy for the proof of The-
orems 1.2 and 1.9. This presentation is really important, since it helps to
understand the general point of view without entering excessively technical
considerations. Then §3, §4, §5, §6, §7 and §8 are devoted to complete
all the proofs. We would like to mention that in the last §9, weprovide a
proof of the following assertion, which might be interesting in itself, be-
cause it holds without any rank assumption onh. We refer the reader to the
beginning of §9 for comments, generalizations and applications.

Theorem 1.18.Let h : M → M ′ be aC ∞-smooth CR mapping between
two connected real analytic hypersurfaces inCn (n ≥ 2). If M andM ′ do
not contain any complex curve, thenh is real analytic atevery point ofM .

1.19. Acknowledgement.The author is very grateful to Egmont Porten,
who pointed out to him the interest of gluing half-discs to the Levi flat
hypersurfacesΣγ below. Also, the author wishes to thank Hervé Gaussier
and the referee for clever and helpful suggestions concerning this paper.

§2. DESCRIPTION OF THE PROOF OFTHEOREM 1.2

2.1. Continuity principle and reflection principle. According to the ex-
tendability theorem proved in [R], [BT2] and generalized toonly C 2-
smooth hypersurfaces by Trépreau [Tr1], for every pointp ∈ M , the map-
pingh in Theorems 1.9 and 1.14 already extends holomorphically toa one-
sided neighborhoodDp of M at p in Cn. This extension is performed by
using small Bishop discs attached toM and by applying the approxima-
tion theorem proved in [BT1]. TheseDp may be glued to yield a domain
D attached toM which contains at least one side ofM at every point. In
this concern, we would like to remind the reader of the well known and
somewhat “paradoxical” phenomenon ofautomatic holomorphic extension
of CR functions onM to both sides, which can render the above Theo-
rem 1.9 surprisingly trivial. Indeed, letUM denote the (open) set of pointsq
in M such that the envelope of holomorphy ofD contains a neighborhood
of q in Cn (as is well known, if, for instance, the Levi form ofM has one
positive and one negative eigenvalue atq, thenq ∈ UM ; more generally,
the local envelope of holomorphyof M or of the one-sided neighborhood
D of M at an arbitrary pointq ∈ M is alwaysone-sheeted, as can be es-
tablished using the approximation theorem proved in [BT1]). Then clearly,
then componentsh1, . . . , hn of our CR diffeomorphism extend holomor-
phically to a neighborhood ofUM in Cn, as does any arbitrary CR function
onM . But it remains to extendh holomorphically acrossM\UM and the
techniques of the reflection principle are then unavoidable. Here lies the
“paradox” : sometimes the envelope of holomorphy trivializes the prob-
lem, sometimes near some pseudoconvex points of finite D’Angelo type
(but not all) it helps to control the behavior of the mapping thanks to local
peak functions, sometimes it does not help at all, especially at every point of
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the “border” between the pseudoconvex and the pseudoconcave parts ofM .
In the interesting articles [DF2,3], Diederich-Fornæss succeeded in con-
structing the local envelope of holomorphy at many points ofa real analytic
non-pseudoconvex bounded boundary inC2 for which the border consists
of a compact maximally real submanifold and they deduced that any bi-
holomorphic mapping between two such domains extends continuously up
to the boundary as a CR homeomorphism. In general, it is desirable to
describe constructively the local envelope of holomorphy at every point of
the border ofM . However, this general problem seems to be out of the
reach of the presently known techniques of study of envelopes of holomor-
phy by means of analytic discs. Fortunately, in the study of the smooth
reflection principle, the classical techniques usually do not make any dif-
ference between the two setsUM andM\UM and these techniques provide
a uniform methodof extendingh acrossM , no matter the reference point
p belongs toUM or toM\UM (see[L], [P3,4], [W1], [W2], [DW], [W3],
[BJT], [BR1], [BR2], [DF2], [Su1], [Su2], [SS], [BHR], [BER1], [BER2],
[CPS1], [CPS2]). Such a uniform method seems to be quite satisfactory.
On the other hand, the recent far reaching works of Diederich-Pinchuk in
the study of thegeometric reflection principleshow up an accurate anal-
ysis of the relative pseudo-convex(-concave) loci ofM . Such an analysis
originated in the works of Diederich-Fornæss [DF2,3] and inthe work of
Diederich-Fornæss-Ye [DFY]. In [P4], [DP1,2], [Hu], [Sha], the authors
achieve the propagation of holomorphic extension of a “germ” along the
Segre varieties ofM (or the Segre sets), taking into account their relative
position with respect toM and its local convexity. In such reasonings, vari-
ous discussions concerning envelopes of holomorphy come down naturally
in the proofs (which involve many sub-cases). However, comparing these
two trends of thought, it seems to remain still really paradoxical that both
phenomena contribute to the reflection principle, without an appropriate un-
derstanding of the general links between these two techniques. Guided by
this observation, we have devised a new two-sided technique. In this article,
we shall indeed perform the proof of Theorem 1.9 bycombining the tech-
nique of the reflection principle together with the consideration of envelopes
of holomorphy. Further, we have been guided by a deep analogy between
the various reflection principles and the results onpropagation of analyt-
icity for CR functions along CR curves, in the spirit of the Russian school
in the sixties, of Treves’ school, in the spirit of the works of Trépreau, of
Tumanov, of Jöricke, of Porten and others: the vector fields of the complex
tangent bundleT cM being thedirectionsof propagation for the one-sided
holomorphic extension of CR functions, and the Segre varieties giving these
directions (becauseT c

qM = TqSq̄ for all q ∈ M), one can expect that Segre
varietiesalso propagate the analyticity of CR mappings. Of course, such
a propagation property is already well known and intensively studied since
the historical works of Pinchuk [P1,2,3,4] and since the important more
recent articles of Diederich-Fornæss-Ye [DFY] and of Diederich-Pinchuk
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[DP1,2]. However, in the classical works, one propagates along a single
Segre varietySp̄ and perhaps afterwards along the subsequent “Segre sets”
if necessary ([BER1,2], [Me4,5,6,7,8], [Mi3,4]). But in the present article
we will propagate the analytic properties along abundleof Segre varieties
of M , namelyalong a Levi-flat union of Segre varietiesΣγ := ∪q∈γSq̄,
parametrized by a smooth curveγ transversal toT cM , in total analogy with
the propagation of analyticity of CR functions, where one uses abundle of
attached analytic discs, parametrized by a curve transversal toT cM (cf.Tu-
manov’s version of propagation [Tu2]; in this concern, we would like to
mention that recently, Porten [Po] has discovered a simple strategy of proof
using only CR orbits, deformations of bundles of analytic discs and Levi
forms on manifolds with boundary which treats in an unified way the local
([Tu1]) and the global ([Tr2], [Tu2], [Me1], [J]) wedge extension theorem).
Let us now explain our strategy in full details and describe our proof. To
avoid excessive technicalities in this presentation, we shall discuss the proof
of Theorem 1.2 instead of Theorem 1.9.

2.2. Description of the proof of Theorem 1.2.To begin with, recall from
§1 that the generic rank of the locally defined holomorphic mappingQ′

∞ :
t′ 7→ (Θ′

β(t′))β∈Nn−1 is equal to the integerχ′
M ′. The generic rank of an

infinite collection of holomorphic functions can always be interpreted in
terms of finite subcollectionsQ′

k(t
′) = (Θ′

β(t′))|β|≤k. Of course, using the
CR diffeomorphism assumption, we may prove carefully thatχM = χ′

M ′

(seeLemma 4.3). It is known thatM ′ is holomorphically nondegenerate if
and only ifχ′

M ′ = n. In the remainder of §2, we shall assume thatM ′ is
holomorphically nondegenerate. Letq′ ∈ M ′ be a point where the rank of
Q′

k(t
′) is equal ton, hence locally constant. In our first step, we will show

thath is real analytic at the reciprocal image of each such pointh−1(q′) ∈
M . In fact, these pointsq′ are thefinitely nondegeneratepoints ofM ′, in the
sense of [BER2, §11.2]. In this case, it will appear that our proof of the first
step is a reminiscence of the Lewy-Pinchuk reflection principle and in fact,
it is a mild easy generalization of it, just by differentiating more than one
time. Afterwards, during the second (crucial and much more delicate) step,
to which §5–8 below are devoted, we shall extendh at each pointh−1(q′),
whereq′ belongs to the real analytic subsetE ′

M ′ ⊂ M ′ where the mapping
Q′

∞ is not of rankn. This is where we use envelopes of holomorphy. We
shall start as follows. By §3.47, there exists a proper real analytic subset
E ′

M ′ of M ′ such that the rank of the mappingQ′
∞ localized around points

p′ ∈ M ′ equalsn at each pointq′ close top′ not belonging toE ′
M ′ . Let

E ′
na ⊂ E ′

M ′ ⊂ M ′ (“na” for “non-analytic”) denote the closed set of points
q′ ∈ M ′ such thath is not real analytic in a neighborhood ofh−1(q′). By
the first step,E ′

na is necessarily contained inE ′
M ′ . If E ′

na = ∅, Theorem 1.9
would be proved, gratuitously. We shall therefore assume thatE ′

na 6= ∅ and
we shall endeavour to derive a contradiction in several nontrivial steps as
follows. Assuming thatE ′

na is nonempty, in order to come to an absurd,
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it suffices to exhibit at least one pointp′ of E ′
na such thath is in fact real

analytic in a neighborhood ofh−1(p′). This is what we shall achieve and the
proof is long. In analogy with what is done in [MP1,2], we shall first show
that we can choose a particular pointp′1 ∈ E ′

na which is nicely disposed as
follows (seeFIGURE 1).

Lemma 2.3. (cf. [MP1, Lemma 2.3])LetE ′ ⊂ M ′ be an arbitrary closed
subset of an everyhere locally minimal real analytic hypersurfaceM ′ ⊂
Cn, with n ≥ 2. If E ′ andM ′\E ′ are nonempty, then there exists a point
p′1 ∈ E ′ and a real analytic one-codimensional submanifoldM ′

1 ofM ′ with
p′1 ∈M ′

1 ⊂M ′ which isgenericin Cn and which dividesM ′ nearp′1 in two
open partsM ′

1
− andM ′

1
+ such thatE ′\{p′1} is contained in the open side

M ′
1
+ nearp′1.

To reach the desired contradiction, it will suffice to prove thath is analytic
at the pointh−1(p′1), wherep′1 ∈ E ′

na ∩ M ′
1 is such a special point as in

Lemma 2.3 above. To this aim, we shall pick a long embedded real analytic
arcγ′ contained inM ′

1
− transverse to the complex tangential directions of

M ′, with the “center”q′1 of γ′ very close top′1 (seeFIGURE 1). Next, using
the inverse mappingh−1, we can copy back these objects onM , namely we
setEna := h−1(E ′

na), γ := h−1(γ′), p1 := h−1(p′1), q1 := h−1(q′1), whence
M1 := h−1(M ′

1),M
−
1 = h−1(M ′

1
−) andM+

1 = h−1(M ′
1
+).

M1 M ′

1

M−

1 M+
1

M ′

1
−

M ′

1
+

γ γ′

E′

naEna

q′1 p′

1p1q1

h

FIGURE 1: GEOMETRIC SIMILARITY THROUGH THECR DIFFEOMORPHISMh

To the analytic arcγ′, we shall associate holomorphic coordinatest′ =
(z′, w′) ∈ Cn−1 × C, w′ = u′ + iv′, such thatp′1 = 0 andγ′ is theu′-
axis (in particular, some “normal” coordinates in the senseof [BJT] would
be appropriate, but not indispensable) and we shall consider the reflec-
tion functionR ′

h(t, ν̄
′) = µ̄′ −∑β∈Nn−1 λ̄′

β
Θ′

β(h(t)) in these coordinates
(z′, w′). The functionsΘ′

β(h(t)) will be called thecomponents of the re-
flection functionR ′

h. Next, we choose coordinatest ∈ Cn near(M, p1)
vanishing atp1. To theC ∞-smooth arcγ, we shall associate the following
C ∞-smooth Levi-flat hypersurface:Σγ :=

⋃
q∈γ Sq̄, whereSq̄ denotes the

Segre variety ofM associated to various pointsq ∈M (seeFIGURE 2). Let
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∆n(0, ρ) := {t ∈ Cn : |t| < ρ} be the polydisc with center0 of polyradius
(ρ, . . . , ρ), whereρ > 0. Using the tangential Cauchy-Riemann opera-
tors to differentiate the fundamental identity which reflects the assumption
h(M) ⊂ M ′, we shall establish the following crucial observation.

Lemma 2.4. There exists a positive real numberρ > 0 independent ofγ′

such that all the componentsΘ′
β(h(t)) of the reflection function extend as

CR functions of classC ∞ overΣγ ∩ ∆n(0, ρ).

Furthermore, by global minimality ofM , there exists a global one-sided
neighborhoodD of M to which all CR functions (hence the components of
h) extend holomorphically (see the details in §3.6). We now recall that, by
construction ofM ′

1, the CR mappingh is already holomorphic in a small
neighborhood ofh−1(q′) for every pointq′ ∈M ′

1
−. It follows that the com-

ponentsΘ′
β(h(t)) of the reflection function are already holomorphic in a

fixed neighborhood, sayΩ, of M−
1 in Cn. Also, they are already holomor-

phic at each point of the global one-sided neighborhoodD. In particular,
they are holomorphic in a neighborhoodωγ ⊂ Ω in Cn of γ ⊂ M−

1 . Then
according to the Hanges-Treves extension theorem [HaTr], we deduce that
all the componentsΘ′

β(h(t)) of the reflection function extend holomorphi-
cally to a neighborhoodω(Σγ) of Σγ in Cn, which is a (very thin) neigh-
borhood whose size depends of course on the size ofωγ (and the size ofωγ

goes to zero without any explicit control as the center pointq1 of γ tends
towardsp1 ∈ Ena).

A(∆)

D

D′
M

M ′

Σγ

γ

p1q

q1

A′(∆)
γ′

(γ′)c

Sq̄

h

FIGURE 2: THE DOMAIN AND ITS HEAD COVERED BY A LEVI-FLAT HAT

To achieve the final step, we shall consider the envelope of holomorphy
ofD∪Ω∪ω(Σγ) (in fact, to prevent from poly-dromy phenomena, we shall
instead consider a certain subdomain ofD∪Ω∪ω(Σγ), see the details in §6
below), which is a kind of round domainD ∪ Ω covered by a thin Levi-flat
almost horizontal “hat-domain”ω(Σγ) touching the “top of the head”M
along the one-dimensional arcγ (seeFIGURE 3).

Our purpose will be to show that, if the arcγ′ is sufficiently close toM ′
1

(whenceγ is also very close toM1), then the envelope of holomorphy of
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D ∪ Ω ∪ ω(Σγ) contains the pointp1, even ifω(Σγ) is arbitrarily thin. We
will therefore deduce that all the components of the reflection function ex-
tend holomorphically atp1, thereby deriving the desired contradiction. By
exhibiting a special curved Hartogs domain, we shall in factprove that holo-
morphic functions inD ∪ Ω ∪ ω(Σγ) extend holomorphically to the lower
one sided neighborhoodΣ−

γ (the “same” side asD = M−, seeFIGURE 3);
we explain below why this analysis gives analyticity atp1, even in the (in
fact simpler) case wherep1 belongs to the other sideΣ+

γ .

M

p1

A(∆)

D

Ω

ω(Σγ)

Aσ(∆)

q1

Σ′
γ′

SMOOTHING THE CORNERS

M ′
A′(∆)

D′

p′1

A′(∆)

h

γ′

(γ′)c
Σγ

FIGURE 3: ENVELOPE OF HOLOMORPHY OF THE DOMAIN AND ITSLEVI-FLAT HAT

q′1

(γ′)c
Σ−

γ

Notice that, because the order of contact betweenΣγ andM is at least
equal to two (becauseTqM = TqΣγ for every pointq ∈ γ), we cannot
apply directly any version of the edge of the wedge theorem tothis sit-
uation. Another possibility (which, on the contrary, mightwell succeed)
would be to apply repeatedly the Hanges-Treves theorem, in the disc ver-
sion given in [Tu2] (seealso [MP1]) to deduce that holomorphic functions
in D ∪ Ω ∪ ω(Σγ) extend holomorphically to the lower sideΣ−

γ , just by
sinking progressivelyΣγ intoD. But this would require a too complicated
analysis for the desired statement. Instead, by performingwhat seems to
be the simplest strategy, we shall use some deformations (“translations”) of
the following half analytic disc attached toΣγ alongγ. We shall consider
the inverse image byh of the half-disc(γ′)c ∩ D′ obtained by complex-
ifying γ′ (seeFIGURE 2 and FIGURE 3). Rounding off the corners and
reparametrizing the disc, we get an analytic discA ∈ O(∆)∩C ∞(∆) with
A(b+∆) ⊂ γ ⊂ Σγ , whereb+∆ := b∆ ∩ {Reζ ≥ 0}, b∆ = {|z| = 1} and
A(1) = q1. It is this half-attached disc that we shall “translate” along the
complex tangential directions toΣγ as follows.

Lemma 2.5. There exists aC ∞-smooth(2n− 2)-parameter family of ana-
lytic discsAσ : ∆ → Cn, σ ∈ R2n−2, |σ| < ε, satisfying

(1) The discAσ|σ=0 coincides with the above discA.
(2) The discsAσ are half-attached toΣγ, namelyAσ(b+∆) ⊂ Σγ .
(3) The boundariesAσ(b∆) of the discsAσ are contained inD ∪ Ω ∪

ω(Σγ).
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(4) The mapping(ζ, σ) 7→ Aσ(ζ) ∈ Σγ is a C ∞-smooth diffeomor-
phism from a neighborhood of(1, 0) ∈ b∆ × R2n−2 onto a neigh-
borhood ofq1 in Σγ .

(5) As γ = h−1(γ′) varies and asq1 tends top1, these discs depend
C ∞-smoothly uponγ′ and properties(1-4)are stable under pertur-
bations ofγ′.

(6) If γ(0) = q1 is sufficiently close toM1, and ifp1 ∈ Σ−
γ is underΣγ

(as in FIGURE 3), then the envelope of holomorphy of(an appro-
priate subdomain of) D ∪ Ω ∪ ω(Σγ) containsp1.

Consequently, using these properties(1-6) and applying the continuity
principle to the familyAσ, we shall obtain that the envelope of holomorphy
of D ∪ Ω ∪ ω(Σγ) (in fact of a good subdomain of it, in order to assure
monodromy) contains a large part of the sideΣ−

γ of Σγ in whichD(=: M−)
lies. In the case wherep1 lies in this sideΣ−

γ , and provided that the center
point q1 of γ is sufficiently close top1, we are done: the components of
the reflection function extend holomorphically atp1 (this case is drawn in
FIGURE 3). Of course, it can happen thatp1 lies in the other sideΣ+

γ or in
Σγ itself. In fact, the following tri-chotomy is in order to treat the problem.
To apply Lemma 2.5 correctly, and to complete the study of oursituation,
we shall indeed distinguish three cases.

Case I. The Segre varietySp̄1 cutsM−
1 along an infinite sequence of points

(qk)k∈N tending towardsp1.

Case II. The Segre varietySp̄1 does not intersectM−
1 in a neighborhood of

p1 and it goes underM−
1 , namely insideD.

Case III. The Segre varietySp̄1 does not intersectM−
1 in a neighborhood of

p1 and it goes overM−
1 , namely overD ∪M−

1 .

In the first case, choosing the pointq1 above to be one of the pointsqk which
is sufficiently close top1, and using the fact thatp1 belongs toSq̄1 (because
q1 ∈ Sp̄1), we have in this casep1 ∈ Σγ and the holomorphic extension to a
neighborhoodω(Σγ) already yields analyticity atp1 (in this case, we have
nevertheless to use Lemma 2.5 to insure monodromy of the extension). In
the second case, we haveSp̄1∩D 6= ∅. We then choose the center pointq1 of
γ very close top1. Because we have in this case a uniform control of the size
of ω(Σγ), we again get thatp1 always belongs toω(Σγ) and Lemma 2.5 is
again used to insure monodromy. In the third (a priori more delicate) case,
by a simple calculation, we shall observe thatp1 always belong to the lower
sideΣ−

γ (as in FIGURE 3) and Lemma 2.5 applies to yield holomorphic
extension and monodromy of the extension. In sum, we are donein all
the three cases: we have shown that the componentsΘ′

β(h(t)) all extend
holomorphically atp1. Finally, using a complex analytic set similar toC ′

h

defined in (1.12) and Lemma 4.14 below, we deduce thath is real analytic
atp1.

In conclusion to this presentation, we would like to say thatsome un-
avoidable technicalities that we have not mentioned here will render the
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proof a little bit more complicated (especially about the choice ofq1 suffi-
ciently close top1, about the choice ofγ and about the smooth dependence
with respect toγ of Σγ and ofAσ). The remainder of the paper is devoted
to complete these technical features thoroughly. At first, we provide some
necessary background material about the reflection function.

§3. BIHOLOMORPHIC INVARIANCE OF THE REFLECTION FUNCTION

3.1. Preliminary and notation. Let p′ ∈ M ′, let t′ = (z′1, . . . , z
′
n−1, w

′) =
(z′, w′) be holomorphic coordinates vanishing atp′ such that the projec-
tion T c

p′M
′ → Cn−1

z′ is submersive. As in §1, we can representM ′ by a
complex analytic defining equation of the form̄w′ = Θ′(z̄′, t′), where the
right hand side function converges normally in the polydisc∆2n−1(0, ρ

′)
for someρ′ > 0. Here, by normal convergence we mean precisely that
there exists a constantC > 0 such that if we developeΘ′(z̄′, t′) =∑

β∈Nn−1

∑
α∈Nn (z̄′)β(t′)α Θ′

β,α, with Θ′
β,α ∈ C, then we have

(3.2) |Θ′
β,α| ≤ C (ρ′)−|α|−|β|,

for all multi-indicesα andβ. Furthermore, by the reality ofM ′ the func-
tion Θ′ satisfies the power series identityΘ′(z̄′, z′,Θ

′
(z′, z̄′, w̄′)) ≡ w̄′. It

follows from this identity thatΘ′
0(t

′) does not vanish identically, and in fact
contains the monomialw′ ≡ Θ′

0(0, w
′). We setp := h−1(p′) and similarly,

we represent a local defining equation ofM nearp asw̄ = Θ(z̄, t), whereΘ
converges normally in∆2n−1(0, ρ) for someρ > 0. We denote the mapping
by h := (f, g) := (f1, . . . , fn−1, g). Then the assumption thath mapsM
intoM ′ yields that

(3.3) g(t) = Θ′(f(t), h(t)),

for all t ∈ M nearp. For this relation to hold locally, it is convenient to
assume that|h(t)| < ρ′ for everyt ∈M with |t| < ρ.

Since by assumption thehj are of classC ∞ and CR overM , we can
extend them to a neighborhood ofM in Cn as functions̃hj of classC ∞

with antiholomorphic derivatives∂t̄l h̃j vanishing to infinite order onM ,
l = 1, . . . , n. So, if we develope these extensions in real Taylor series at
each pointq ∈M as follows:

(3.4) T∞
q h̃j = h̃j(q) +

∑

α∈Nn\{0}

∂α
t h̃j(q) (t− q)α/α ! ∈ C[[t]],

there are no antiholomorphic term.
The reflection function associated with such a coordinate system and with

such a defining equation, namely

(3.5) R ′
h(t, ν̄

′) := µ̄′ −
∑

β∈Nn−1

(λ̄′)β Θ′
β(h(t)),

whereν̄ ′ = (λ̄′, µ̄′), converges normally with respect tot ∈M with |t| < ρ
andν̄ ′ ∈ Cn with |ν̄ ′| < ρ′, hence defines a function which is CR of class
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C ∞ onM nearp and holomorphic with respect tōν ′. The main goal of this
paragraph is to study its invariance with respect to changesof coordinates.

3.6. Holomorphic extension to a one-sided neighborhood attached to
M . Before treating invariance, recall that thanks to the localminimality
at every point, all CR functions onM and in particular thehj extend holo-
morphically to one side ofM at every point ofM (the simplest proof of this
result can be found in [R];see also the excellent survey [Tr3] for a proof
using Bishop discs). Of course, the side may vary. We do not require thatM
be orientable, but anyway the small pieces(M, p) always divide locallyCn

in two components(M, p)±. By shrinking these one-sided neighborhoods
covered by attached analytic discs, we may assume that for every point
p ∈ M , all CR functions onM extend holomorphically to the intersection
of a small nonempty open ballBp centered atp with one of the two local
open components(M, p)±. LetDp denote the resulting open side ofM at
p, namelyDp = Bp ∩ (M, p)+ orDp = Bp ∩ (M, p)−. Since the union of
the various open setsDp does not necessarily make a domain, we introduce
the following definition. By aglobal one-sided neighborhoodof M in Cn,
we mean adomainD such that for every pointp ∈ M , D contains a local
one-sided neighborhood ofM at p. In particular,D necessarily contains a
neighborhood of a pointq ∈ M if it contains the two local sides ofM at q.
To construct a global one-sided neighborhood to which allC ∞-smooth and
evenC 0-smooth CR functions onM extend holomorphically, it suffices to
set

(3.7) D :=
⋃

q∈M

Dq

⋃

Dp∩Dq=∅

(
Bp ∩Dp ∩Dq ∩Bq

)
.

The second part of this union consists of an open subset ofM which con-
nects every meeting pair of local one-sided neighborhoods in the case where
their respective sides differ. If the radii of theBp are sufficiently small com-
pared to the geometric distortion ofM , then the open set defined by (3.6) is
a domain inCn. Moreover, using the uniqueness principle for CR functions,
it is elementary to see that every CR functionφ onM extends as a unique
holomorphic function globally defined overD. In this concern, we would
like to mention that a more general construction in arbitrary codimension in
terms of attached wedges is provided in [Me2], [MP1,2] and in[Da2].

Since eachDp is contained in some union of small Bishop discs with
boundaries contained in(M, p), it follows that the maximum modulus of
the holomorphic extension ofφ toDp is less than or equal to the maximum
modulus of the CR functionφ over the piece(M, p), which is a little bit
larger thanDp ∩M . To be precise, after shrinkingBp if necessary, we can
assume that the Bishop discs coveringDp have their boundaries attached
to M ∩ {|t| < ρ}. Since|h(t)| < ρ′ for t ∈ M with |t| < ρ, the same
majoration holds fort ∈ Dp (maximum principle), so it follows that the
series defined by (3.5) also converges normally with respectto t insideDp.
In conclusion, we have established the following.
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Lemma 3.8. With the above notation,R ′
h is defined in the set

(3.9) [Dp ∪ (M ∩ ∆n(0, ρ))] × ∆n(0, ρ′) ⊂ ∆n(0, ρ) × ∆n(0, ρ′).

Precisely,R ′
h is holomorphic with respect to(t, ν̄ ′) in Dp × ∆n(0, ρ′) and

it is CR of classC ∞ over the real analytic hypersurface

(3.10) [M ∩ ∆n(0, ρ)] × ∆n(0, ρ′) ⊂ ∆n(0, ρ) × ∆n(0, ρ′).

3.11. Characterization of the holomorphic extendability of R ′
h. Let x ∈

Cm, x′ ∈ Cm′

and consider a power series of the form

(3.12) R(x, x′) :=
∑

α∈Nm,α′∈Nm′

Rα,α′ xα (x′)α′

,

where theRα,α′ are complex coefficients. Let us assume thatR converges
normally in some polydisc∆m(0, σ) × ∆m′(0, σ′), for some twoσ, σ′ > 0.
By normal convergence, we mean that there exists a constantC > 0 such
that the Cauchy inequalities|Rα,α′| ≤ C (σ)−|α| (σ′)−|α′| hold. Let us define
Rα′(x) :=

∑
α∈Nm Rα,α′ xα =

[
1

α′!
∂α′

x′R(x, x′)
]
x′:=0

. Classically in the
basic theory of converging power series, it follows that forevery positive
σ̃ < σ, there exists a constantCeσ which depends oñσ such that for allx
satisfying|x| < σ̃, the estimate|Rα′(x)| ≤ Ceσ (σ′)−|α′| holds. Indeed, we
simply compute for|x| < σ̃ the elementary series:
(3.13)



|Rα′(x)| ≤
∑

α∈Nm

|Rα,α′ | |x|α ≤

≤ C
∑

α∈Nm

σ−|α| (σ′)−|α′| σ̃|α| = C

(
σ

σ − σ̃

)m

(σ′)−|α′|.

As an application, such an inequality applies to the definingfunction of
M ′: for every positiveρ̃′ < ρ′, there exists a constantCeρ′ such that for all

|t′| < ρ̃′ we have

(3.14) |Θ′
β(t′)| ≤ Ceρ′ (ρ′)−|β|.

The estimation (3.13) also exhibits an interesting basic property. Suppose
for a while that the reflection functionR ′

h defined by (3.5) extends holomor-
phically to the polydisc∆n(0, σ) × ∆n(0, σ′) for some positiveσ, σ′ > 0
with σ < ρ andσ′ < ρ′. Then the functionsθ′β(t) defined by

(3.15) θ′β(t) :=

[
1

β!
∂β

λ̄′
R ′

h(t, ν̄
′)

]

λ̄′:=0

satisfy a Cauchy estimate, namely|θ′β(t)| ≤ Ceσ (σ′)−|β| for all |t| < σ̃ < σ.
By (3.5), notice thatθ′β(t) ≡ Θ′

β(h(t)) overM ∩ ∆n(0, ρ) and insideDp,
so the holomorphic extendability ofR ′

h implies that all the components
Θ′

β(h(t)) extend holomorphically to∆n(0, σ). These preliminary obser-
vations are appropriate to obtain the following useful characterization of
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the holomorphic extendability ofR ′
h which says in substance that it suf-

fices that all its componentsΘ′
β(h(t)) extend atp and then afterwards the

Cauchy estimate holds automatically.

Lemma 3.16.The following three properties are equivalent:

(i) There existsσ > 0 with σ < ρ andσ < ρ′ such thatR ′
h extends

holomorphically to the polydisc∆n(0, σ) × ∆n(0, σ).
(ii) There existsσ > 0 with σ < ρ such that allC ∞-smooth CR func-

tionsΘ′
β(h(t)) defined onM ∩ ∆n(0, ρ) extend holomorphically to

the polydisc∆n(0, σ) as holomorphic functionsθ′β(t) which satisfy
the inequality|θ′β(t)| ≤ C (σ′)−|β| for some two positive constants
C > 0, σ′ < ρ′ and for all |t| < σ.

(iii) There existsσ > 0 with σ < ρ such that allC ∞-smooth CR func-
tionsΘ′

β(h(t)) defined onM ∩ ∆n(0, ρ) extend holomorphically to
the polydisc∆n(0, σ) as holomorphic functionsθ′β(t).

Proof. Of course,(i) implies (ii) which in turn implies(iii) trivially. Con-
versely, let us show that(iii) implies (ii) . By (3.4) withq = 0, the Taylor
series ofhj at the originHj(t) := T∞

0 h̃j(t) involves only holomorphic
monomialstα andno antiholomorphic monomial. We notice that the Tay-
lor series at the origin ofΘ′

β(h(t)) coincides with the composition of formal
power seriesΘ′

β(H(t)). Consequently, by the assumption(iii) , the formal
power series mappingH(t) is a formal solution of some evident complex
analytic equations. Indeed, we have

(3.17) R′
β(t, H(t)) := Θ′

β(H(t)) − θ′β(t) ≡ 0 in C[[t]],

for all β ∈ Nn−1. By the Artin approximation theorem (see [Ar]), there
exists an analytic power series̃H(t) with H̃(0) = 0, which converges nor-
mally in some polydisc, say∆n(0, σ) with σ > 0, and which satisfies

(3.18) R′
β(t, H̃(t)) := Θ′

β(H̃(t)) − θ′β(t) ≡ 0,

for all t ∈ ∆n(0, σ). Shrinkingσ if necessary, we may assume that for|t| <
σ, we have|H̃(t)| < σ′ < ρ′. Then the Cauchy estimate (3.14) valuable for
theΘ′

β(t′) yields by composition a Cauchy estimate forΘ′
β(H̃(t)) which in

turn yields the desired Cauchy estimate for theθ′β(t) as stated in the end of
(ii) , thanks to the relations (3.18). This completes the proof. �

3.19. Invariance of the reflection function. Our definition of the reflec-
tion functionR ′

h seems to be unsatisfactory, because it heavily depends on
the choice of coordinates and on the choice of a local definingfunction
for (M ′, p′). Our purpose is now to show that Theorem 1.9 holds true for
every system of coordinates provided it holds forone such system. This
requires to analyze how the componentsΘ′

β(h(t)) behave under the action
of biholomorphisms. Lett′′ = Λ(t′) be a local biholomorphic mapping
such thatΛ(0) = 0, denotet′′ = (z′′, w′′) = (z′′1 , . . . , z

′′
n−1, w

′′) and denote
Λ = (Φ1, . . . ,Φn−1,Ψ) accordingly. By the implicit function theorem, if
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we assume that the linear mappingπ′′ ◦ dΛ : T c
0M

′ → Cn−1
z′′ is bijective,

whereπ′′ : Cn
z′′,w′′ → Cn−1

z′′ is the projection parallel to thew′′ axis, then the
imageΛ(M ′) can also be defined locally in a neighborhood of the origin
by a defining equation of the form̄w′′ = Θ′′(z̄′′, t′′) similar to that ofM ′.
Equivalently, this differential geometric condition can be expressed by the
nonvanishing

(3.20) det
(
L
′

j Φk(0)
)

1≤j,k≤n−1
6= 0,

where theL
′

j constitute a basis for the CR vector fields onM ′, namely

L
′

j = ∂z̄′j
+ Θ′

z̄′j
(z̄′, t′) ∂w̄′ for j = 1, . . . , n − 1. Thus, we aim to compare

the two reflection functions

(3.21)





R ′
h(t, ν̄

′) := µ̄′ −
∑

β∈Nn−1

(λ̄′)β Θ′
β(h(t)),

R ′′
Λ◦h(t, ν̄

′′) := µ̄′′ −
∑

β∈Nn−1

(λ̄′′)β Θ′′
β(Λ ◦ h(t)).

Without loss of generality, we can assume thatΘ′′ converges normally in
∆2n−1(0, ρ

′′) and thatΛ(∆n(0, ρ′)) is contained in∆n(0, ρ′′). The following
lemma exhibits the desired invariance under biholomorphictransformations
fixing the center pointp′ and Lemma 3.37 below will show the invariance
under local translations of the center point.

Lemma 3.22.The following two conditions are equivalent:

(i) There existsσ > 0 with σ < ρ and σ < ρ′ such thatR ′
h(t, ν̄

′)
extends holomorphically to the polydisc∆n(0, σ) × ∆n(0, σ).

(ii) There existsσ > 0 with σ < ρ andσ < ρ′′ such thatR ′′
Λ◦h(t, ν̄

′′)
extends holomorphically to the polydisc∆n(0, σ) × ∆n(0, σ).

Proof. Of course, it suffices to prove that(i) implies (ii) , becauseΛ is in-
vertible. The proof is a little bit long and calculatory, butthe principle is
quite simple (in advance, the reader may skip to equation (3.35) and to the
paragraph following which explain well the relation between the compo-
nents of the two reflection functions). AsΛ mapsM ′ intoM ′′, there exists
a converging power seriesA(t′, t̄′) such that the following identity holds for
all t′ with |t′| < ρ′:

(3.23) Ψ(t̄′) − Θ′′(Φ(t̄′),Λ(t′)) ≡ A(t′, t̄′) [w̄′ − Θ′(z̄′, t′)]

Replacingw̄′ by Θ′(z̄′, t′) on the left hand side, we get an interesting formal
power series identity at the origin inC2n−1

(3.24) Ψ(z̄′,Θ′(z̄′, t′)) ≡ Θ′′(Φ(z̄′,Θ′(z̄′, t′)),Λ(t′)),

which converges for all|z̄′| < ρ′ and|t′| < ρ′. Puttingz̄′ = 0, we see first
that

(3.25) Ψ(0,Θ′(0, t′)) ≡ Θ′′(Φ(0,Θ′(0, t′)),Λ(t′)).
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Next, we differentiate the relation (3.24) with respect toz̄′j for j =

1, . . . , n − 1. Remembering thatL
′

j = ∂z̄′j
+ Θ′

z̄′j
(z̄′, t′) ∂w̄′, we see that

differentiation with respect tōz′j is the same as applying the operatorL
′

j

and we get by the chain rule
(3.26)

L
′

jΨ(z̄′,Θ′(z̄′, t′)) ≡
n−1∑

k=1

L
′

jΦk(z̄
′,Θ′(z̄′, t′))

∂Θ′′

∂z̄′′k
(Φ(z̄′,Θ′(z̄′, t′)),Λ(t′)).

Consider the following determinant, which, by the assumption (3.20) does
not vanish at the origin:

(3.27) D ′(z̄′, t′) := det
(
L
′

jΦk(z̄
′,Θ′(z̄′, t′))

)
1≤j,k≤n−1

.

Shrinkingρ′ if necessary, we can assume thatD ′ is nonzero at every point
of ∆2n−1(0, ρ

′). Then using the rule of Cramer, we can solve in (3.26) the
first order partial derivatives ofΘ′′ with respect to the rest. We obtain an
expression of the form
(3.28)
∂Θ′′

∂z̄′′k
(Φ(z̄′,Θ′(z̄′, t′)),Λ(t′)) ≡ Rk({(L

′
)γΛi(z̄

′,Θ′(z̄′, t′))}|γ|=1,1≤i≤n)

D ′(z̄′, t′)
.

Here, for every multi-indexγ ∈ Nn−1, we denote by(L
′
)γ the antiholomor-

phic derivation of order|γ| defined by(L
′

1)
γ1 · · · (L′

n−1)
γn−1 . Moreover,

in (3.28), it is a fact that the termsRk are certain universal polynomials in
theirn(n− 1) arguments.

By differentiating again (3.28) with respect to thez̄′j , using Cramer’s rule,
and making an inductive argument, it follows that for every multi-index
β ∈ Nn−1, there exists a certain complicated but universal polynomialRβ

such that the following relation holds:
(3.29)
1

β!

∂|β|Θ′′

∂(z̄′′)β
(Φ(z̄′,Θ′(z̄′, t′)),Λ(t′)) ≡ Rβ({(L′

)γΛi(z̄
′,Θ′(z̄′, t′))}1≤|γ|≤|β|,1≤i≤n)

[D ′(z̄′, t′)]2|β|−1
.

Now, we put z̄′ := 0 in these identities. An important observation
is in order. The composed derivations(L

′
)γ are certain differential op-

erators with nonconstant coefficients. Using the explicit expression of
the L

′

j, we see that all these coefficients are certain universal polynomi-
als of the collection of partial derivatives{∂|δ|Θ′(z̄′, t′)/∂(z̄′)δ}1≤|δ|≤|γ|.
Thus the numerator of (3.29), after puttinḡz′ := 0, becomes a certain
holomorphic function of the collection{Θ′

γ(t
′)}0≤|γ|≤|β| (recall Θ′

γ(t
′) =[

1
γ!
∂|γ|Θ′(z̄′, t′)/∂(z̄′)γ

]
z̄′:=0

). A similar property holds for the denomina-

tor. In summary, we have shown that there exists an infinite collection of
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holomorphic functionsSβ of their arguments such that

(3.30)
1

β!

∂|β|Θ′′

∂(z̄′′)β
(Φ(0,Θ′(0, t′)),Λ(t′)) ≡ Sβ({Θ′

γ(t
′)}|γ|≤|β|) =: sβ(t′),

where the left and right hand sides are holomorphic functions of t′ running
in the polydisc∆n(0, ρ′). Furthermore, by Cauchy’s integral formula, there
exists a positive constantC such that for all|z̄′′|, |t′′| < ρ′′/2, we have the
majoration

(3.31)

∣∣∣∣
1

β!

∂|β|Θ′′

∂(z̄′′)β
(z̄′′, t′′)

∣∣∣∣ ≤ C (ρ′′/2)−|β|.

Consequently we get the estimate|sβ(t′)| ≤ C (ρ′′/2)−|β|. Now, let us
rewrite the relations (3.30) in a more explicit form, takinginto account that
Θ′(0, t′) = Θ′

0(t
′) by definition:

(3.32)





Θ′′
β(Λ(t′)) +

∑

γ∈N
n−1
∗

(Φ(0,Θ′
0(t

′)))γ (β + γ)!

β! γ!
Θ′′

β+γ(Λ(t′)) ≡

≡ Sβ({Θ′
δ(t

′)}|δ|≤|β|) =: sβ(t′),

where we denoteNn−1
∗ := Nn−1\{0}. This collection of equalities may

be considered as an infinite upper triangular linear system with unknowns
being the functionsΘ′′

β(Λ(t′)). This system can be readily inverted. Indeed,
using Taylor’s formula in the convergent case or proceedingdirectly at the
formal level, it is easy to see that if we are given an infinite collection of
equalities with complex coefficients and withζ ∈ Nn−1 which is of the form

(3.33) Θ′′
β +

∑

γ∈N
n−1
∗

ζγ (β + γ)!

β! γ!
Θ′′

β+γ = Sβ,

for all multi-indicesβ ∈ Nn−1, then we can solve the unknownsΘ′′
β in terms

of the right hand side termsSβ by means of a totally similar formula, except
for signs:

(3.34) Sβ +
∑

γ∈N
n−1
∗

ζγ (−1)γ (β + γ)!

β! γ!
Sβ+γ = Θ′′

β,

for all β ∈ Nn−1. Applying this observation to (3.32) and using the above
Cauchy estimates onsβ(t′), we deduce the convergent representation
(3.35)



Θ′′
β(Λ(t′)) ≡ Sβ({Θ′

δ(t
′)}|δ|≤|β|)+

+
∑

γ∈N
n−1
∗

(Φ(0,Θ′
0(t

′)))γ (−1)γ (β + γ)!

β! γ!
Sβ+γ({Θ′

δ(t
′)}|δ|≤|β|+|γ|),

which is valuable for|t′| < ρ′. Here, we recall that the functionsSβ only de-
pend on the biholomorphismΛ and that they are holomorphic with respect
to their arguments. Now, we can prove that(i) implies(ii) in Lemma 3.22.
By the equivalence between(i) and(ii) of Lemma 3.16, it suffices to show
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that all component functionsΘ′′
β(Λ(h(t))) extend holomorphically to a

neighborhood of the origin provided all component functionsΘ′
β(h(t)) ex-

tend holomorphically (by construction, the Cauchy estimates are already at
hand). But this is evident by reading (3.35) after replacingt′ by h(t). This
completes the proof of Lemma 3.22. �

3.36. Translation of the center point. We have shown that the holo-
morphic extendability of the reflection functionR ′

h centered atone point
p × h(p) is an invariant property. On the other hand, suppose thatR ′

h is
holomorphic in the product polydisc∆n(0, σ) × ∆n(0, σ′), for 0 < σ < ρ
and 0 < σ′ < ρ′. Does it follow that the reflection functions cen-
tered at pointsq × h(q) ∈ ∆n(0, σ) × ∆n(0, σ′) also extends holomor-
phically at these points ? Without loss of generality, we canassume that
h(M ∩ ∆n(0, ρ)) ⊂ ∆n(0, ρ′) and thath(M ∩ ∆n(0, σ)) ⊂ ∆n(0, σ′). Let
q ∈ ∆n(0, σ) be an arbitrary point and setq′ := h(q). Recall that as in §3.1
above, we are given coordinatest andt′ centered at the origin in which the
equations ofM and ofM ′ are of the formw̄ = Θ(z̄, t) andw̄′ = Θ′(z̄′, t′),
with Θ converging normally in the polydisc∆2n−1(0, ρ) and similarly for
Θ′. We can center new holomorphic coordinates atq and atq′ simply by set-
ting t∗ := t−q andt′∗ := t′−q′. We shall denote|q| =: ε and|q′| =: ε′. Let
M∗ := M−q andM ′

∗ := M ′−q′ be the two new hypersurfaces obtained by
such geometric translations. In the new coordinates, we naturally have two
new defining equationsw∗ = Θ∗(z̄∗, t∗) andw̄′

∗ = Θ′
∗(z̄

′
∗, t

′
∗) for M∗ and

for M ′
∗ with Θ∗ converging (at least) in∆2n−1(0, ρ − ε) and withΘ′

∗ con-
verging (at least) in∆2n−1(0, ρ

′ − ε′). The explicit expression ofΘ′
∗ will be

computed in a while. Leth∗(t∗) := h(q+ t∗). Let ν̄ ′∗ := (λ̄′∗, µ̄
′
∗) := ν̄ ′− q̄′.

Define the transformed reflection functionR ′
∗h∗

(t∗, ν̄
′
∗) accordingly.

Lemma 3.37. If ε < σ and ε′ < σ′, then the reflection function
R ′

∗h∗
(t∗, ν̄

′
∗) := µ̄′

∗−Θ′
∗(λ̄

′
∗, h∗(t∗)) extends holomorphically to the polydisc

∆n(0, σ − ε) × ∆n(0, σ′ − ε′).

Proof. At first, we compute the defining equation ofM ′
∗. To obtain the

explicit expression ofΘ′
∗, it suffices to transform the equation

(3.38)
w̄′−w̄q′ = Θ′(z̄′, t′)−Θ′(z̄′q′ , t

′
q′) =

∑

β∈Nn−1

(z̄′)β Θ′
β(t′)−

∑

β∈Nn−1

(z̄q′)
β Θ′

β(t′q′)

in the form

(3.39) w̄′
∗ = Θ′

∗(z̄
′
∗, t

′
∗) =

∑

β∈Nn−1

(z̄′∗)
β Θ′

∗β(t′∗).
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Differentiating with respect tōz′ and settinḡz′ := z̄′q′, we obtain

(3.40)





Θ′
∗0(t

′
∗) :=

∑

γ∈Nn−1

(z̄′q′)
γ Θ′

γ(q
′ + t′∗) −

∑

γ∈Nn−1

(z̄′q′)
γ Θ′

γ(q
′),

Θ′
∗β(t′∗) := Θ′

β(q′ + t′∗) +
∑

γ∈N
n−1
∗

(z̄′q′)
γ Θ′

β+γ(q
′ + t′∗)

(β + γ)!

β! γ!
,

for all β ∈ Nn−1
∗ . Now, suppose that the reflection functionR ′

h(t, ν̄
′) in the

old system of coordinates extends holomorphically to the product polydisc
∆n(0, σ) × ∆n(0, σ′) as a function that we shall denote by

(3.41) R′(t, ν̄ ′) := µ̄′ −
∑

β∈Nn−1

(λ̄′)β θ′β(t).

By Lemma 3.16, the functionsθ′β(t) are holomorphic in∆n(0, σ) and they
extend holomorphically theC ∞-smooth CR functionsΘ′

β(h(t)) defined on
M ∩∆n(0, ρ). Immediately,R′ is holomorphic in an obvious product poly-
disc centered atq × q̄′, namely in∆n(q, σ − ε) × ∆n(q̄′, σ′ − ε′). Let
t∗ := t− q andν̄ ′∗ := ν̄ ′ − q̄′. The unique functionR′

∗(t∗, ν̄
′
∗) satisfying

(3.42) R′(t, ν̄ ′) = R′
∗(t∗, ν̄

′
∗) = µ̄′

∗ −
∑

β∈Nn−1

(λ̄′∗)
β θ′∗β(t∗)

possesses coefficients necessarily given by

(3.43)





θ′∗0(t∗) :=
∑

γ∈Nn−1

(z̄′q′)
γ θ′γ(q + t∗) −

∑

γ∈Nn−1

(z̄′q′)
γ θ′γ(q),

θ′∗β(t∗) := θ′β(q + t∗) +
∑

γ∈N
n−1
∗

(z̄′q′)
γ θ′β+γ(q + t∗)

(β + γ)!

β! γ!
,

for all β ∈ Nn−1
∗ . In the new coordinate system, the reflection function

centered atq × h(q) can be defined as

(3.44) R ′
∗h∗

(t∗, ν̄
′
∗) := µ̄′

∗ −
∑

β∈Nn−1

(λ̄′∗)
β Θ′

∗β(h∗(t∗)),

for t∗ ∈ M∗ with |t∗| < σ − ε. Substitutingt′∗ by h∗(t∗) in the equa-
tions (3.40) and using afterwards that theθ′β(t) extend theΘ′

β(h(t)), we
deduce that the functions
(3.45)



Θ′
∗0(h∗(t∗)) =

∑

γ∈Nn−1

(z̄′q′)
γ Θ′

γ(h(q + t∗)) −
∑

γ∈Nn−1

(z̄′q′)
γ Θ′

γ(q
′),

Θ′
∗β(h∗(t∗)) = Θ′

β(h(q + t∗)) +
∑

γ∈N
n−1
∗

(z̄′q′)
γ (β + γ)!

β! γ!
Θ′

β+γ(h(q + t∗))

extend holomorphically to the polydisc∆n(0, σ − ε) as functions oft∗
given by the right hand sides of (3.43). The convergence of these series
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follows from the Cauchy estimates on theθ′β(t). This completes the proof
of Lemma 3.37. �

3.46. Delocalization and propagation.At this stage, we can summarize
what the term “reflection function” really means. Leth : M → M ′ be
a (not necessarily local)C ∞-smooth CR mapping between two connected
real analytic CR manifolds. For any product of pointsp× h(p) lying in the
graph ofh̄ in M × M ′ and for any system of coordinatest′ vanishing at
p′ := h(p) in which the complex defining equation ofM ′ is an uniquely de-
finedgraph of the formw̄′ = Θ′(z̄′, t′), we define the associated reflection
centeredat p × p′ by Rh(t, ν̄

′) := µ̄′ − Θ′(λ̄′, h(t)). If it exists, its holo-
morphic extension atp × p′ is unique, thanks to the uniqueness principle
on the boundary ([P1]). Also, its holomorphic extension does not depend
on the system of coordinatest′ vanishing atp′. And finally, its holomorphic
extension propagates at nearby points. Although for some real analytic hy-
persurfaceM ′ there does not exist aglobal defining equation of the form
w̄′ = Θ′(z̄′, t′), we believe that the transformation rules explained in Lem-
mas 3.22 and 3.37 justify that we speak of “the” reflection function.

The two analytic relations (3.35) and (3.40) are extremely important. In
§3.47 just below, we shall see that they permit to establish that certain CR
geometric concepts defined in terms of the collection(Θ′

β(t′))β∈Nn−1 are
biholomorphically invariant.

3.47. The exceptional locus ofM ′. As above, letp′ ∈ M ′ and as-
sume that the defining equation ofM ′ converges normally in the polydisc
∆2n−1(0, ρ

′). Let us consider the infinite Jacobian matrix of the infinite
holomorphic mappingQ′

∞(t′) = (Θ′
β(t′))β∈Nn−1 introduced in §1.10:

(3.48) J∞(t′) := (∂Θ′
β(t′)/∂t′j)β∈Nn−1,1≤j≤n.

Concretely, by ordering the multi-indicesβ, we may think ofJ∞(t′) as
a horizontally infinite∞ × n complex matrix. Also, it is convenient to
truncate this matrix by limiting the multi-indices to run over |β| ≤ k. Let
us denote such finite matrices by

(3.49) Jk(t
′) := (∂Θ′

β(t′)/∂t′j)|β|≤k,1≤j≤n.

As a holomorphic mapping oft′, the generic rank ofJk(t
′) increases with

k. Letχ′
M ′ denote the maximal generic rank of these finite matrices. Equiv-

alently, there exists a minor of sizeχ′
M ′ of the matrixJ∞ which does not

vanish identically as a holomorphic function oft′, but all minors of size
(χ′

M ′ + 1) of J∞(t′) do vanish identically. We call this integer thegeneric
rank of the infinite matrixJ∞(t′). Of course,χ′

M ′ is at least equal to
1, because the termΘ′

0(t
′) does not vanish identically and is nonconstant

(see§3.1). So we have1 ≤ χ′
M ′ ≤ n. Apparently, the integerχ′

M ′ seems to
depend onp′ and on the choice of coordinates centered atp′, but in fact it is
a biholomorphic invariant of the hypersurfaceM ′ itself, which explains in
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advance the notation. Recall thatM ′ is connected, which is important. We
shall check this invariance in two steps.

Lemma 3.50. Let p′ ∈ M ′, let t′ be a system of coordinates vanishing at
p′ and let t′′ be another system of coordinates vanishing atp′ defined by
t′′ = Λ(t′) as in Lemma 3.22. Then the two generic ranks of the associated
infinite Jacobian matrices are identical.

Proof. Looking at the family of relations (3.35) and applying the rank in-
equality for composed holomorphic mappings, we see that thegeneric rank
of J∞(t′′) is certainly less than or equal to the generic rank ofJ∞(t′). As
the mappingΛ is invertible, a relation similar to (3.35) holds if we reverse
the rôles oft′ andt′′, and we get the opposite inequality between generic
ranks. �

Lemma 3.51. Let p′ ∈ M ′, let q′ ∈ M ′ be close top′ as Lemma 3.37 and
consider the infinite Jacobian matrixJ∞(t′∗) associated with the functions
Θ′

∗β(t′∗) defined by (3.40). Then the generic ranks ofJ∞(t′) and ofJ∞(t′∗)
coincide.

Proof. This is immediate, because the relation (3.40) between the two col-
lections(Θ′

∗β(t′∗))β∈Nn−1 and(Θ′
β(t′))β∈Nn−1 is linear, upper triangular and

invertible. �

So we may prove thatχ′
M ′ is a global biholomorphic invariant of the

connected hypersurfaceM ′. Indeed, any two pointsp′1 ∈ M ′ andp′2 ∈
M ′ can be connected by a finite chain of intermediate points which are
contained in pairs of overlapping coordinate system for which Lemmas 3.50
and 3.51 apply directly.

Here is an interesting and useful application. Locally in a neighborhood
of an arbitrary pointp′ ∈ M ′, we may define aproper complex analytic
subset of∆n(0, ρ′) denoted byE ′ which is obtained as the vanishing lo-
cus of all the minors of sizeχ′

M ′ of J∞(t′). As in the proofs of Lem-
mas 3.50 and 3.51, by looking more closely at the two familiesof infinite
relations (3.35) and (3.40), we observe that the set of points t′ close top′ at
which therank of J∞(t′) is maximal equal toχ′

M ′ is independent of coor-
dinates. Consequently, the complex analytic setE ′, which we shall call the
extrinsic exceptional locus ofM ′, is an invariant complex analytic subset
defined in a neighborhood ofM ′ in Cn. Moreover,E ′ is proper(i.e. of di-
mension≤ n− 1), becauseχ′

M ′ ≥ 1, so there is at least one not identically
zero minor in the definition ofE ′. The intrinsic exceptional locus ofM ′

denoted byE ′
M ′ is defined to be the intersection ofE ′ with M ′. This is also

aproper real analytic subset ofM ′ (maybe empty).

Lemma 3.52. If M ′ is globally minimal, then the real dimension ofE ′
M ′ is

less than or equal to(2n− 3).

Proof. Suppose on the contrary that there exists a stratumS of real dimen-
sion (2n − 2). This stratum cannot be generic at any point, because oth-
erwiseE ′ which containsS would be of complex dimensionn. SoS is
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a complex hypersurface contained inM ′, contradicting local minimality at
every point. �

This dimension estimate should be compared to that of the Levi degen-
eracy locus: unlessM ′ is everywhere Levi degenerate, the set of points at
whichM ′ is Levi degenerate is a proper real analytic subvariety, butin gen-
eral of dimension less than or equal to(2n − 2), with this bound attained.
This is so because the Levi degeneracy locus isnot contained in a complex
analytic subset of a neighborhood ofM ′. The fact that the real codimension
of E ′

M ′ is at least two will be crucial for the proof of Theorems 9.2 and 9.3
below.

3.53. Local product structure at a Zariski-generic point. In the begin-
ning of §4 below we shall need the following geometric straightening state-
ment.

Lemma 3.54. In a small neighborhood of an arbitrary pointq′ ∈M ′\E ′
M ′ ,

the hypersurfaceM ′ is biholomorphic to a productM ′
q′ × ∆n−χ′

M′ by a
polydisc of dimension(n−χ′

M ′), whereM ′
q′ is a real analytic hypersurface

in Cχ′

M′ . Furthermore, at the pointq′, the rank of an associated infinite

matrix J
∞

(t′), wheret′ ∈ Cχ′

M′ are holomorphic coordinates vanishing
at q′, is maximal equal toχ′

M ′ .

Proof. Choose coordinatest′ vanishing atq′. By assumption, the mapping
t′ 7→ (Θ′

β(t′))|β|≤k is of constant rankχ′
M ′ for all t′ near the origin and for

all k large enough. By the rank theorem, it follows that the union of level
setsFr′ := {t′ : Θ′

β(t′) = Θ′
β(r′), ∀ β ∈ Nn−1} for r′ running in a neigh-

borhood ofq′ do constitute a local holomorphic foliation by complex leaves
of dimensionn − χ′

M ′. We can straighten this foliation in a neighborhood
of q′ so that (after an eventual dilatation)Cn decomposes as the product
∆χ′

M′ ×∆n−χ′

M′ , where the second term corresponds to the leaves of this fo-
liation. In these new straightening coordinates, which we will denote byt′′,
we claim that the leaves of this foliation are again defined bythe level sets of
the functionsΘ′′

β(t′′), namelyFr′′ := {t′′ : Θ′′
β(t′′) = Θ′′

β(r′′), ∀ β ∈ Nn−1}.
This is so, thanks to the important relations (3.35). For simplicity, let us de-
note these coordinates again byt′ instead oft′′. We claim that if the point
r′ belongs toM ′, then its leafFr′ is entirely contained inM ′ in a neigh-
borhood ofq′. Indeed, lets′ ∈ Fr′ , so we haveΘ′

β(s′) = Θ′
β(r′) for all

β ∈ Nn−1 by definition. It follows first that

(3.55) 0 = w̄′
r′ − Θ′(z̄′r′ , t

′
r′) = w̄′

r′ − Θ′(z̄′r′ , t
′
s′).

Next, thanks to the reality ofM ′, there exists a nonzero holomorphic func-
tion a′(t′, τ ′), whereτ ′ = (ζ ′, ξ′) ∈ Cn−1 × C, such that

(3.56) ξ′ − Θ′(ζ ′, t′) ≡ a′(t′, τ ′)
[
w′ − Θ

′
(z′, τ ′)

]
,



133

for all t′, τ ′ running in a neighborhood of the origin. Using crucially this
identity, we can transform (3.55) as follows

(3.57) 0 = w′
s′ − Θ

′
(z′s′, t̄

′
r′).

Now, conjugating this new identity, we getw̄′
s′−Θ′(z̄′s′, t

′
r′) = 0 and finally,

using a second timeΘ′
β(s′) = Θ′

β(r′) for all β ∈ Nn−1, we obtain

(3.58) w̄′
s′ − Θ′(z̄′s′ , t

′
s′) = 0,

which shows thats′ ∈ M ′, as claimed. In summary, in the straightened co-
ordinates(t′, t̃′) ∈ Cχ′

M′ × Cn−χ′

M′ , those leaves{t̃′ = ct.} intersectingM ′

are entirely contained inM ′. It follows that there exists a defining equation
for M ′ in a neighborhood of the origin which is of the form

(3.59) w′ = Θ′(z′, t′),

namely it is independent of the coordinatest̃′. We defineM ′
q′ to be the

hypersurface ofCχ′

M′ defined by the equation (3.59). The infinite Jacobian
matrix J∞(t′) of M ′ therefore coincides with the infinite Jacobian matrix
ofM ′

q′. By assumption,J∞(t′) is of rankχ′
M ′ at the origin (this means that

all finite submatricesJk(t
′) are of rankχ′

M ′ for all large enoughk). So the
rank at the origin ofJ

∞
(t′) is also equal toχ′

M ′ . The proof of Lemma 3.54
is complete. �

3.60. Pointwise nondegeneracy conditions onM ′. We shall call the
(always connected) hypersurfaceM ′ holomorphically nondegenerateif
χ′

M ′ = n. By examinating the proof of Lemma 3.54, one can see that this
definition coincides with the original definition of Stanton[St1,2] in terms
of tangent holomorphic vector fields (cf. also [Me5,§9]). By §3.47 above,
holomorphic nondegeneracy is a global property ofM ′. Furthermore, we
shall say thatM ′ is finitely nondegenerateat the pointp′ if for one (hence
for all) system(s) of coordinates vanishing atp′, the rank ofJ∞(t′) is equal
to n at the origin. By the above definitions, a connected real analytic hy-
persurfaceM ′ is holomorphically nondegenerate if and only if there exists
a proper complex analytic subset of a neighborhood ofM ′ in Cn, namely
the extrinsic exceptional locusE ′, such thatM ′ is finitely nondegenerate at
every point ofM ′ not belonging toE ′. Also, Lemma 3.54 above may be
interpreted as a sort of geometric quotient procedure: locally in a neighbor-
hood of a Zariski-generic pointq′ ∈ M ′, i.e. for q′ 6∈ E ′

M ′ , after dropping
the innocuous polydisc∆n−χ′

M′ , we are left with a finitely nondegenerate
real analytic hypersurfaceM ′

q′ in a smaller complex affine space. Finally,
we shall say thatM ′ is essentially finiteat the pointp′ if for one (hence for
all) system(s) of coordinates vanishing atp′, the local holomorphic map-
pingst′ 7→ (Θ′

β(t′))|β|≤k are finite-to-one in a neighborhood of the origin
for all k large enough. It can be checked that this definition coincides with
the one introduced in [DW] and subsequently studied by many authors. We
shall consider essentially finite hypersurfaces in §9 below.
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3.61. Conclusion.All the considerations of this paragraph support well
the thesis thatthe collection of holomorphic functions(Θ′

β(t′))β∈Nn−1 is the
most important analytic object attached to a real analytic hypersurfaceM ′

localized at one of its points.

§4. EXTENSION ACROSS AZARISKI DENSE OPEN SUBSET OFM

4.1. Holomorphic extension at a Zariski-generic point.Leth : M → M ′

be aC ∞-smooth CR diffeomorphism between two connected real analytic
hypersurfaces inCn.

Lemma 4.2. If M is globally minimal, thenM ′ is also globally minimal.

Proof. Indeed, ash is CR, it sends everyC ∞-smooth curveγ ofM running
into complex tangential directions diffeomorphically onto a curveγ′ :=
h(γ) also running in complex tangential directions. Then Lemma 4.2 is
a direct consequence of the definition of CR orbits. We do not enter the
details. �

The starting point of the proof of Theorem 1.9 is to show that the various
reflection functions already extend holomorphically to a neighborhood of
q × h(q) for all pointsq running in the Zariski open subsetM\EM of M ,
whereEM is the intrinsic exceptional locus ofM defined in the end of §3.47
above. It is convenient to observe first thathmapsEM bijectively ontoE ′

M ′ .

Lemma 4.3. A pointq ∈M belongs toM\EM if and only if its imageh(q)
belongs toM ′\E ′

M ′ . Furthermore,χM = χ′
M ′.

Proof. Let q ∈ M be arbitrary, lett be coordinates vanishing atq and lett′

be coordinates vanishing atq′ := h(q) in which we have

(4.4) g(t) − Θ′(f(t), h(t)) = a(t, t̄) [w̄ − Θ(z̄, t)] ,

for all t ∈M close to the origin and for some nonvanishing functiona(t, t̄)
of classC ∞. By developping the Taylor series of allC ∞-smooth functions
in (4.4) and by polarizing, we see that the Taylor seriesH of h at the origin
induces a formal mapping between(M, q) and(M ′, q′), namely there ex-
ists a formal power seriesA(t, τ) with nonzero constant term such that the
following identity holds between formal power series in the2n variables
(t, τ):

(4.5) G(τ) − Θ′(F (τ), H(t)) ≡ A(t, τ) [ξ − Θ(ζ, t)] .

Now, the computations of Lemma 3.22 can be performed at a purely for-
mal level, replacing the mappingΛ there by the formal mappingH. We
obtain a relation similar to (3.35), interpreted at the formal level, with
Λ replaced byH. Using the invertibility ofH to get a second relation
like (3.35) with Λ replaced byH−1, it then follows that the rank of the
mappingt 7→ (Θβ(t))β∈Nn−1 at q is the same as the rank of the mapping
t′ 7→ (Θ′

β(t′))β∈Nn−1 at h(q). This property yields the desired conclu-
sion. �
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Thus, the starting point of the proof of Theorem 1.9 is the following
Zariski dense holomorphic extension result.

Lemma 4.6. If h : M → M ′ is a C ∞-smooth CR diffeomorphism be-
tween two globally minimal real analytic hypersurfaces inCn, then for ev-
ery pointq ∈ M\EM lying outside the intrinsic exceptional locus ofM and
for every choice of a coordinate system vanishing atq′ := h(q) in which
(M ′, q′) is represented bȳw′ = Θ′(z̄′, t′), the associated reflection function
R ′

h(t, ν̄
′) = µ̄′ − Θ′(λ̄′, h(t)) extends holomorphically to a neighborhood

of q × q′ in Cn × Cn.

Proof. First, by Lemma 4.3, we already know thatq′ does not belong to
E ′

M ′ and thatχM = χ′
M ′ . For short, let us denote this integer byχ.

By Lemma 3.22, the holomorphic extendability of the reflection func-
tion is invariant, so let us choose adapted convenient coordinates. Us-
ing Lemma 3.54, we can find coordinates nearq′ ∈ M ′ of the form
t′ = (z′, v′, w′) ∈ Cχ−1 ×Cn−χ ×C1 in which the equation ofM ′ near the
origin is given byw̄′ = Θ′(z̄′, z′, w′). Notice that the(v′, v̄′) coordinates do
not appear in the defining equation, because of the product structure. We
do the same straightening nearq ∈ M , so that we can split the coordinates
as t = (z, v, w) ∈ Cχ−1 × Cn−χ × C1 in which the equation ofM near
the origin is also given in the form̄w = Θ(z̄, z, w). Finally, we split the
mapping accordingly ash = (f, l, g) ∈ Cχ−1 × Cn−χ ×C1. It is important
to notice that in these coordinates, the reflection functionR ′

h(t, λ̄
′, ῡ′, ν̄ ′) =

µ̄′ −Θ′(λ̄′, f(t), g(t)), where(λ̄′, ῡ′, ν̄ ′) ∈ Cχ−1 ×Cn−χ ×C1, neither de-
pends on the(n − χ) middle components(l1, . . . , ln−χ) = (hχ, . . . , hn−1)
of h nor on ῡ′. Clearly, to show that this reflection function extends holo-
morphically atq × q′, it would suffice to show that theχ components
(f1, . . . , fχ−1, g) = (h1, . . . , hχ−1, hn) of h extend holomorphically to a
neighborhood of the origin. We need some notation. Leth denote theseχ
special components(f, g), letM denote the hypersurfacēw = Θ(z̄, z, w)
of Cχ and similarly letM ′ denote the hypersurfacēw′ = Θ′(z̄′, z′, w′) of
Cχ. A priori, it is not clear whetherh induces aC ∞-smooth CR mapping
between(M, q) and(M ′, q′), sinceh might well depend on the variables
(v1, . . . , vn−χ).

Lemma 4.7. Theχ components(f1, . . . , fχ−1, g) of h are independent of
the (n − χ) coordinatesv. Consequently, the mappingh induces a well
defined CR mappingh : (M, q) → (M ′, q′) of classC ∞.

Proof. Let L1, . . . , Ln−1 be a commuting basis ofT 0,1M with real analytic
coefficients, for instanceLj = ∂

∂z̄j
+ Θz̄j

(z̄, z, w) ∂
∂w̄

for j = 1, . . . , χ − 1

and alsoLi = ∂
∂v̄i

, for i = 1, . . . , n − χ. Notice that the(1, 0) vector

field Li, i = 1, . . . , n − χ commute with the(0, 1) vector fieldsLj, j =
1, . . . , χ− 1. Sinceh is aC ∞-smooth CR diffeomorphism, after a possible
linear change of coordinates, we can assume that the determinantD(t, t̄) :=
det
(
Lj f̄k(t̄)

)
1≤j,k≤χ−1

is nonzero at the origin. Applying the derivations
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L1, . . . , Lχ−1 to the fundamental identityg(t) = Θ′(f(t), h(t)) for t on
(M, q), we get first

(4.8) Ljg(t) =

χ−1∑

k=1

Ljfk(t)
∂Θ′

∂z̄′k
(f(t), h(t)).

Shrinkingσ > 0 if necessary, we can assume that the determinantD(t, t̄)
does not vanish for all|t| < σ. By Cramer’s rule, we can solve in (4.8)
the first order partial derivatives∂z̄′k

Θ′ with respect to the other terms. As
in the proof of Lemma 3.22, by induction, it follows that for every multi-
indexβ ∈ Nχ−1, there exists a certain universal polynomialRβ such that
the following relation holds for allt ∈M with |t| < σ:

(4.9)
1

β!

∂|β|Θ′

∂(z̄′)β
(f(t), h(t)) =

Rβ({(L)γ h(t)}|γ|≤|β|)

[D(t, t̄)]2|β|−1
.

Next, since by assumption the pointq′ does not belong toE ′
M ′, the second

sentence of Lemma 3.54 tells us that there exists a positive integerk such
that the rank of the mappingCχ ∋ (z′, w′) 7→ (Θ′

β(z′, w′))|β|≤k is maximal
equal toχ = χ′

M ′. Writing the equalities (4.9) only for|β| ≤ k and apply-
ing the implicit function theorem, it follows finally that wecan solveh(t)

with respect to the derivatives ofh(t), namely there existχ holomorphic
functionsΩj in their variables such that forj = 1, . . . , χ andt ∈ M with
|t| < σ (shrinkingσ if necessary), we have:

(4.10) hj(t) = Ωj({(L)γ h(t)}|γ|≤k) = Ωj(t, t̄, {∂γ
t̄ h(t)}|γ|≤k).

Applying now then − χ vector fieldsLi = ∂
∂vi

, i = 1, . . . , n − χ, to these
identities, using the fact that these∂vi

do commute with the antiholomor-
phic derivationsL

γ1

1 · · ·Lγχ−1

χ−1 , and noticing that theh(t) are anti-CR, we
obtain that the∂vi

hj(t) do vanish identically onM near the origin. Since
the hj(t) are CR and of classC ∞, we already know that the derivatives
∂v̄i
hj(t) also vanish identically onM near the origin. This proves that the

hj are independent of the coordinates(v, v̄), as desired. �

Finally, the following lemma achieves to prove that the reflection func-
tion, which only depends onh, does extend holomorphically to a neighbor-
hood ofq × q′, as claimed.

Lemma 4.11. The mappingh extends holomorphically to a neighborhood
of the origin.

Proof. The proof of this lemma is an easy generalization of the Lewy-
Pinchuk reflection principle and in fact, it can be argued that Lemma 4.11 is
almost completely contained in [P3] (and also in [W2,3], [DW]). Formally
indeed, the calculations in the proof of Lemma 4.7 above are totally similar
to the ones in the Levi nondegenerate case except for the order of deriva-
tions. Of course, the interest of derivating further the equations (4.8) does
not lie in this (rather evident or gratuitous) generalization of the reflection
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principle. Instead, the interest lies in the fact that thereare large classes
of everywhere Levi-degenerate hypersurfaces for which it is natural to in-
troduce the concept of finite nondegeneracy expressed in terms of the fun-
damental functionsΘ′

β(t′). Indeed, finite nondegeneracy correspond to the
(not rigorous, in the folklore) intuitive notion of “higherorder Levi-forms”.
Furthermore, holomorphically nondegenerate hypersurfaces are almost ev-
erywhere finitely nondegenerate. In sum, from the point of view of local
analytic CR geometry, higher order derivations are very natural.

Although Lemma 4.11 is explicitely stated or covered by [DW], [Ha],
[BJT], etc., we shall summarize its proof for completeness. Recall thatby
§3.6, the components ofh extend holomorphically to a global one-sided
neighborhoodD of M which contains one sideDq of M at q. Let M−

denote the side of(M, q) containingDq and letM+ denote the other side.
As in the Lewy-Pinchuk reflection principle, using the real analyticity of
the coefficients of theLj and using the one-dimensional Schwarz reflection
principle in the complex lines{w = ct.} which are transverse toM near the
origin, we observe that the functionsΩj in the right hand side of (4.10) ex-
tendC ∞-smoothly toM+ as functionsωj which are partially holomorphic
with respect to the transverse variablew. Since by (4.10) the values of the
hj coincide on(M, q) with the values of theωj and since thehj are already
holomorphic insideDq, it follows from a rather easy (because everything is
C ∞-smooth) separate analyticity principle that thehj and theωj stick to-
gether in holomorphic functions defined in a neighborhood ofq. This pro-
vides the desired holomorphic extension ofh and hence the holomorphic
extension ofR ′

h. The proofs of Lemmas 4.6 and 4.11 are complete. �

4.12. Holomorphic extension of the mapping.We end up this paragraph
by showing that Theorem 1.9 implies Theorem 1.14 (or equivalently Theo-
rem 1.2). Under the assumptions of Theorem 1.14, letp ∈ M be arbitrary
and lett be coordinates vanishing atp. By the holomorphic extendability
of the reflection function, we know that all theC ∞-smooth CR functions
Θ′

β(h(t)) extend as holomorphic functionsθ′β(t) to a fixed neighborhood of
p. Thanks to the holomorphic nondegeneracy ofM ′, there existn different
multi-indicesβ1, . . . , βn ∈ Nn−1 such that the generic rank of the holomor-
phic mappingt′ 7→ (Θ′

βk(t
′))1≤k≤n equalsχ′

M ′ = n, or equivalently

(4.13) det ([∂Θ′
βk/∂t

′
l](t

′))1≤k,l≤n 6≡ 0 in C{t′}.

Let H(t) denote the formal Taylor series ofh at the origin. Since the Ja-
cobian determinant ofh at 0 does not vanish, it follows that (4.13) holds in
C[[t]] after t′ is replaced byH(t). Then the holomorphic extendability ofh
at the origin is covered by the following assertion.

Lemma 4.14.Letp ∈M , let t be coordinates vanishing atp, leth1, . . . , hn

be CR functions of classC ∞ on (M, p) vanishing at the origin, letHj(t)
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denote the formal Taylor series ofhj at 0, let Q′
1(t

′), . . . , Q′
n(t′) be holo-

morphic functions satisfying

(4.15) det ([∂Q′
k/∂t

′
l](H(t)))1≤k,l≤n 6≡ 0 in C[[t]].

Assume that there exist holomorphic functionsq′1(t), . . . , q
′
n(t) defined in a

neighborhood of the origin such thatQ′
k(h(t)) ≡ q′k(t) for all t ∈ (M, p)

close to the origin. Thenh1(t), . . . , hn(t) extend holomorphically to a
neighborhood of the origin.

Proof. Clearly, the holomorphic functionsS ′
k,l(t

′, t′∗) defined by the rela-
tions

(4.16) Q′
k(t

′) −Q′
k(t

′
∗) =

n∑

l=1

S ′
k,l(t

′, t′∗) (t′l − t′∗l)

satisfy the relationS ′
k,l(t

′, t′) = [∂Q′
k(t

′)/∂t′l](t
′). We first prove that the

Taylor seriesHj(t) are convergent. By the Artin approximation theorem
([Ar]), for every integerN ∈ N∗, there exists aconverging power se-
ries mappingH (t) ∈ C{t}n with H (t) ≡ H(t) mod |t|N such that
Q′

k(H (t)) ≡ q′k(t). If N is large enough, it follows from the main as-
sumption of Lemma 4.14 that the following formal determinant does not
vanish identically inC[[t]]:

(4.17) det (S ′
k,l(H(t),H (t)))1≤k,l≤n 6≡ 0.

Finally, by the relation

(4.18)





0 = q′k(t) − q′k(t) = Q′
k(H(t)) −Q′

k(H (t)) =

=
n∑

l=1

S ′
k,l(H(t),H (t)) [Hl(t) − Hl(t)]

and thanks to the invertibility of the matrixS ′
k,l (see(4.17)), we deduce that

Hj(t) = Hj(t) is convergent, as claimed. Secondly, fort ∈ (M, p) close
to the origin, we again use (4.16) witht′ := h(t) andt′∗ := H (t), which
yields a relation like (4.18) withH(t) replaced byh(t), namely

(4.19) 0 = Q′
k(h(t))−Q′

k(H (t)) =
n∑

l=1

S ′
k,l(h(t),H (t)) [hl(t)−Hl(t)].

Then the corresponding determinant (4.17) (withH(t) replaced byh(t))
does not vanish identically on(M, p), because it has a nonvanishing formal
Taylor series by (4.17) and because(M, p) is generic. Consequently, rela-
tion (4.19) implies thathl(t) ≡ Hl(t) for all t ∈ (M, p) close to the origin.
This completes the proof of Lemma 4.14 (similar arguments are provided
in [N]). Also, the proof of Theorem 1.14 (taking Theorem 1.9 for granted)
is complete. �
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§5. SITUATION AT A TYPICAL POINT OF NON-ANALYTICITY

Thus, we already know thatR ′
h is analytic at every pointq × h(q) for

q running in the open dense subsetM\EM of M . It remains to show that
R ′

h is analytic at all the pointsp × h(p), wherep ∈ EM , which entails
h(p) ∈ E ′

M ′ by Lemma 4.3. This objective constitutes the principal task
of the demonstration. In fact, we shall prove a slightly moregeneral semi-
global statement which we summarize as follows.

Theorem 5.1. Let h : M → M ′ be a C ∞-smooth CR diffeomorphism
between two globally minimal real analytic hypersurfaces in Cn. If the
local reflection mappingR ′

h is analytic atone point q × h(q) ofM ×M ′,
then it is analytic ateverypointp× h(p) of the graph of̄h in M ×M ′.

To prove Theorem 5.1, we shall proceed by contradiction. We define the
following subset ofM ′

(5.2)
A ′ := {p′ ∈M ′ : R ′

h is analytic in a neighborhood ofh(−1)(p′) × p′}.

A similar subsetA of M such thath mapsA bijectively ontoA ′ can
be defined, but in fact, it will be more adapted to our purposesto work in
M ′ with A ′. Recall that we already know that Theorem 1.9 implies Theo-
rem 1.2. However, for a direct proof of Theorem 1.2 (cf. §2), it would have
been convenient to define the setA ′ above as the set of pointp′ ∈M ′ such
thath is analytic in a neighborhood ofh−1(p′). Anyway, the setA ′ defined
by (5.2) is nonempty, by the assumption of Theorem 5.1. For the proof of
Theorem 1.9,A ′ is also nonempty, because it containsM ′\E ′

M ′ thanks to
Lemma 4.6 above. So let us start with (5.2). IfA ′ = M ′, Theorem 5.1
would be proved, gratuitously. As in §2.2, we shall therefore suppose that
its complementE ′

na := M ′\A ′ is nonempty and we shall endeavour to de-
rive a contradiction. In fact, to derive a contradiction, itclearly suffices to
prove that there exists at least one pointp′ ∈ E ′

na such thatR ′
h is analytic

ath(−1)(p′)× p′. It is convenient to choose a “good” such pointp′1 which is
geometrically well located, namely it belongs toE ′

na and in a neighborhood
of p′1, the closed setE ′

na is not too pathological or wild: it liesbehind a
smooth generic “wall”M ′

1.

5.3. Construction of a generic wall.As in Lemma 2.3, this pointp′1 will
belong to a generic one-codimensional submanifoldM ′

1 ⊂ M ′, a kind of
“wall” in M ′ dividing M ′ locally into two open sides, which will be dis-
posed conveniently in order that one open side of the “wall”,sayM ′

1
−, will

contain only points whereR ′
h is already real analytic. To show the exis-

tence of such a pointp′1 ∈ E ′
na and of such a manifold (“wall”)M ′

1, we shall
proceed similarly as in [MP1, Lemma 2.3]. The following picture summa-
rizes how we proceed intuitively speaking.
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M ′

1

E′

na

γ′

p′

1

q′
γ′

FIGURE 4: CONSTRUCTION OF THE GENERIC WALL BY BLOWING OUT ELLIPSOIDS

Υ′

L′

Q′

δ1

p′

Lemma 5.4. There is a pointp′1 ∈ E ′
na and a real analytic generic hyper-

surfaceM ′
1 ⊂ M ′ passing throughp′1 so thatE ′

na\{p′1} lies nearp′1 in one
side ofM ′

1 (see FIGURE 4).

Proof. Let q′ ∈ E ′
na 6= ∅ be an arbitrary point and letγ′ be a piecewise real

analytic curve running in complex tangential directions toM ′ (CR-curve)
linking q′ with another pointp′ ∈ M ′\E ′

na. Such a curveγ′ exists because
M ′ andM ′\E ′

na are globally minimal by assumption (in fact, every open
subset ofM ′ is globally minimal, becauseM ′ is locally minimal at every
point). After shorteningγ′, we may suppose thatγ′ is a smoothly embedded
segment, thatp′ andq′ belong toγ′ and are close to each other. Thereforeγ′

can be described as a part of an integral curve of some nonvanishing real an-
alytic CR vector field (i.e. a section ofT cM ′) L′ defined in a neighborhood
of p′.

LetH ′ ⊂ M ′ be a small(2n− 2)-dimensional real analytic hypersurface
passing throughp′ and transverse toL′. IntegratingL′ with initial values
in H ′ we obtain real analytic coordinates(u′, v′) ∈ R × R2n−2 so that for
fixed v′0, the segments(u′, v′0) are contained in the trajectories ofL′. After
a translation, we may assume that the origin(0, 0) corresponds to a point of
γ′ close top′ which is not contained inE ′

na, again denoted byp′. Fix a small
ε > 0 and for realδ ≥ 1, define the ellipsoids (seeagain FIGURE 1 above)

Q′
δ := {(u′, v′) : |u′|2/δ + |v′|2 < ε}.

There is a minimalδ1 > 1 withQ′
δ1
∩E ′

na 6= ∅. ThenQ′
δ1
∩E ′

na = ∂Q′
δ1
∩E ′

na

andQ′
δ1
∩ E ′

na = ∅. Observe that every boundary∂Q′
δ is transverse to the

trajectories ofL′ out off the equatorial setΥ′ := {(0, v′) : |v′|2 = ε} which
is contained inM ′\E ′

na. Hence∂Q′
δ1

is transverse toL′ in all points of
∂Q′

δ1
∩ E ′

na. So∂Q′
δ1
\Υ′ is generic inCm+n, sinceL′ is a CR field.

To conclude, it suffices to choose a pointp′1 ∈ ∂Q′
δ1
∩E ′

na and to take for
M ′

1 a small real analytic hypersurface passing throughp′1 which is tangent
to ∂Q′

δ1
atp′1 and satisfiesM ′

1\{p′1} ⊂ Q′
δ1

. �
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In summary, it suffices now for our purposes to establish the following
assertion.

Theorem 5.5. Let p′1 ∈ E ′
na and assume that there exists a real analytic

one-codimensional submanifoldM ′
1 with p′1 ∈ M ′

1 ⊂ M ′ which is generic
in Cn such thatE ′

na\{p′1} is completely contained in one of the two open
sides ofM ′ divided byM ′

1 at p′1, say inM ′
1
+, and such thatR ′

h is analytic
at the pointsh−1(q′) × q′, for every pointq′ belonging to the other side
M ′

1
−. Then the reflection functionR ′

h extends holomorphically at the point
h−1(p′1) × p′1.

By the CR diffeomorphism assumption, the formal Taylor series ofh at p1

induces an invertible formal CR mapping between(M, p1) and (M ′, p′1).
It is shown in [Me6,8] that the associated formal reflection function con-
verges atp1 × p′1 and (as a corollary) that there exists a localbiholomorphic
equivalencefrom (M, p1) onto (M ′, p′1). Consequently, it would be pos-
sible to suppose, without loss of generality, that(M ′, p′1) = (M, p1) in
Theorem 5.5. However, since the proof would be completely the same (ex-
cept in notation), we shall maintain the general hypotheses. In coordinates
t′ vanishing atp′1, we can assume thatM ′ is given by thereal equation
Imw′ = ϕ′(z′, z̄′,Rew′), i.e. v′ = ϕ′(z′, z̄′, u′) if w′ := u′ + iv′, or equiv-
alently by thecomplexequationw̄′ = Θ′(z̄′, t′) with Θ′ converging in the
polydisc∆2n−1(0, ρ

′) and satisfyingw̄′ ≡ Θ′(z̄′, z′,Θ
′
(z′, z̄′, w̄′)). In fact,

givenϕ′, the functionΘ′ is the unique solution of the implicit functional
equationw′ − Θ′(z̄′, t′) ≡ 2i ϕ′(z′, z̄′, (w′ + Θ′(z̄′, t′))/2). It is convient
to choose the coordinates in order thatT0M

′ = {w′ = w̄′}. Moreover,
an elementary reasoning using only linear changes of coordinates and Tay-
lor’s formula shows that, after a possible deformation of the manifoldM ′

1

in a new manifold still passing throughp′1 which is bent quadratically in
the left sideM ′

1
−, we can assume for simplicity thatM ′

1 is given by the
two equationsw̄′ = Θ′(z̄′, t′) andx′1 = −[y′1

2 + |z′♯|2 + u′2], where we
decomposez′1 = x′1 + iy′1 in real and imaginary part and where we denote
z′♯ := (z′2, . . . , z

′
n−1). In this notation, the new sideM ′

1
− is given by:

(5.6) M ′
1
−

: {(z′, w′) ∈M ′ : x′1 < −[y′1
2
+ |z′♯|2 + u′

2
]}.

(Warning: For ease of readability, in Figure 5 below, we have drawnM ′
1 as

if the defining equation ofM ′
1 was equal tox′1 = +[y′1

2 + |z′♯|2 + u′2], so
Figure 5 is slightly incorrect.) Shrinkingρ′ if necessary, by Lemma 5.4, we
know thatE ′

na\{p′1} is contained in the rightopen partM ′
1
+ ∩ ∆n(0, ρ′).

We setp1 := h−1(p′1) andM1 := h−1(M ′
1). ThenM1 is one-codimensional

generic submanifold ofM which is only of classC ∞, because the CR dif-
feomorphismh is only of classC ∞. The reader may observe that even if
we take the conclusion of the proof of Theorem 5.5 for granted, namely
even if we admit thatR ′

h is real analytic ath−1(p′1)× p′1, it doesnot follow
necessarily (unlessM ′ is holomorphically nondegenerate) thath is real an-
alytic (cf. Lemma 1.16), so the hypersurfaceh−1(M ′

1) is not real analytic in



142

general. LetD be the global one-sided neighborhood of automatic extend-
ability of CR functions onM constructed in §3.6. LetDp1 ⊂ D be a small
local one-sided neighborhood of(M, p1). Since we are working atp1, we
shall identify the two notationsDp1 andD in the sequel. By the considera-
tions of §3.6, the reflection functionR ′

h associated with these coordinates is
already holomorphic inD×∆n(0, ρ′), shrinkingρ′ > 0 if necessary. More-
over,R ′

h is also holomorphic at each pointh−1(q′)× q′, for all q′ belonging
to M ′

1
− in a neighborhood of the origin. Using the computation of §3.36

(especially, equations (3.40)), we can make this property more explicit. Let
(Ψ′

q′)q′∈M ′ denote the family of biholomorphisms sendingq′ ∈M ′ to 0 sim-
ply obtained by translation of coordinatest′ 7→ t′∗ := t′ − q′. TheΨ′

q′ are
holomorphically parametrized byq′ ∈ ∆n(0, ρ′/2). Let w̄′

∗ = Θ′
∗(z̄

′
∗, t

′
∗)

denote the corresponding equation ofΨ′
q′(M

′). Lethq′ denote the mapping
h−q′ obtained by this translation of coordinates, namelyh∗(t) := h(t)−q′.
Let q := h−1(q′). By assuming that the reflection function extends holomor-
phically to a neighborhood ofh−1(q′) × q′ for every pointq′ ∈ M ′

1
−, we

mean precisely that each translated reflection functionR ′
∗,h∗

in these coor-
dinates vanishing atq′ extends holomorphically to a neighborhood ofq×0.
By Lemma 3.22, this property is invariant under changes of coordinates fix-
ing q × 0. However, we need to express this property in terms of asingle
coordinate system, for instance in the systemt′ vanishing atp′1, and this is
not obvious.

5.7. Holomorphic extendability in a fixed coordinate system. This part
is delicate and we begin with some heuristic explanations. As presented
in §2 with a slightly different definition ofE ′

na, in the situation of The-
orem 1.2 (whereM ′ is holomorphically nondegenerate) and of the corre-
sponding Theorem 5.5, the mappingh already extends holomorphically to
a neighborhood ofM−

1 in Cn. However, in the situation of Theorems 1.9
and 5.5, this is untrue in general. Consequently, we raise the following
question: if we fix the coordinate systemt′ vanishing at the pointp′1 ∈ M ′

1

of Theorem 5.5, is it also true that the componentsΘ′
β(h(t)) extend holo-

morphically to a neighborhood ofM−
1 in Cn ? Let q′ ∈ M ′

1
− be close to

the pointp′1, which is the origin in the coordinatest′. Let t′∗ := t′ − t′∗ as in
§3.36. Letw̄′

∗ = Θ′
∗(z̄

′
∗, t

′
∗) be the translated equation ofM ′. Also, denote

h(t)−q′ byh∗(t). By assumption, the reflection function̄µ′
∗−Θ′

∗(λ̄
′
∗, h∗(t))

extends holomorphically to∆n(q, σq) × ∆n(0, σ′
q′), for some two positive

real numbersσq > 0 andσ′
q′ > 0. By Lemma 3.16, we have a Cauchy esti-

mate for the holomorphic extensionsθ′∗β(t) of the componentsΘ′
∗β(h(t)) of

the reflection function, say|θ′∗β(t)| ≤ C (σ′
q′)

−|β| for all |t− q| < σq. Pos-
sibly, σ′

q′ is smaller than|q′|. In the previous coordinate systemt′, it would
be natural to deduce that theC ∞-smooth CR functionsΘ′

β(h(t)) extend
holomorphically to a neighborhood ofq in Cn. Unfortunately, by formu-
las (3.43), we would necessarily have the following representation for the
desired holomorphic extensionsθ′β(t) of the componentsΘ′

β(h(t)) of the
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reflection function (if the series would be convergent for|t− q| ≤ σq):

(5.8) θ′β(t) := θ′∗β(t) +
∑

γ∈N
n−1
∗

(z̄′q′)
γ (−1)γ θ′∗β+γ(t)

(β + γ)!

β! γ!
.

For this formulas to convergenormally and to define a holomorphic func-
tion of t, it would be necessary that the modulus ofz̄′q′ be smaller thanσ′

q′ ,
which isnot a priori true in general. This difficulty is meaningful, unavoid-
able and important.

At present, we may nevertheless observe a useful trick:if z̄′q′ vanishes,
then formulas (5.8) automatically yield holomorphic functionsθ′β(t) in the
polydisc{|t − q| < σq}. Indeed, if z̄′q′ = 0, there are no infinite series
at all ! Indeed,θ′β(t) ≡ θ′∗β(t). So choosing a pointq′ with vanishing
coordinatez̄′q′ is a crucial observation allowing to bypass the nonconver-
gency of the series (5.8). Moreover, we will crucially use this trick in the
proof of Lemma 7.7 (corresponding to Lemma 2.4). In sum, we have ob-
served that Cauchy estimates might be killed after complex tangential dis-
placement whereas they are trivially conserved after complex transversal
displacement.

5.9. Holomorphic extension to a neighborhood ofM−
1 . Fortunately,

thanks to Artin’s approximation theorem, we can bypass the general dif-
ficulty above and we can makeσ′

q′ larger than̄z′q′ at the cost of reducingσq.
In advance, the following Lemma 5.10 is adapted to its application in §7
below. Letq′1 ∈ M ′ be close top′1, let t′ be a fixed system of coordinates
centered atq′1, so q′1 is identified with the origin. Without loss of gener-
ality, we can assume thath(M ∩ ∆n(0, ρ/2)) ⊂ M ′ ∩ ∆n(0, ρ′/2). Let
E ⊂M ∩∆n(0, ρ/2) be an arbitrary closed subset, not necessarily passing
through the origin. SetE ′ := h(E). As in Theorem 5.5, let us assume that
the reflection function centered at pointsq×h(q) is locally holomorphically
extendable, for allq ∈ (M\E) ∩ ∆n(0, ρ/2). Then the following holds.

Lemma 5.10. In the fixed system of coordinatest′ centered atq′1, there
exists a neighborhoodΩ of (M\E) ∩ ∆n(0, ρ/2) in Cn to which the com-
ponentsΘ′

β(h(t)) of the reflection function extend holomorphically.

Proof. So, let q ∈ (M\E) ∩ ∆n(0, ρ/2) be an arbitrary point and let
q′ := h(q). As in Lemma 3.37, lett′∗ := t′ − q′, let t∗ := t − q
and let ν̄ ′∗ − ∑

β∈Nn−1 (λ̄′∗)
β Θ′

∗β(h∗(t∗)) be the reflection function cen-
tered atq × q′. Here, we have|q| < ρ/2 and |q′| < ρ′/2. Let σq > 0
and σ′

q′ > 0 be such thatR ′
h(t, ν̄

′) extends as a holomorphic function
R′

∗(t∗, ν̄
′
∗) := µ̄′

∗ −
∑

β∈Nn−1 (λ̄′∗)
β θ′∗β(t∗) for |t∗| < σq and |ν̄ ′∗| < σ′

q′ .
Of course, it follows that the holomorphic functionsθ′∗β(t∗) converge for
|t∗| < σq and that ifH∗(t∗) denotes the formal power series ofh∗(t∗)
at t∗ = 0, then Θ′

∗β(H∗(t∗)) ≡ θ′∗β(t∗) in C[[t∗]]. By Artin’s approxi-
mation theorem, there exists a holomorphic mappingH∗(t∗) defined for
|t∗| < σ∗ < σq such thatΘ′

∗β(H∗(t∗)) ≡ θ′∗β(t∗) in C{t∗}. By the Cauchy
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estimates forΘ′
β(t′), since|q′| < ρ′/2, there exists a constantC > 0 such

that we have|Θ′
∗β(t′∗)| ≤ C (ρ′/2)−|β| for all |t′∗| < ρ′/4. Shrinkingσ∗ if

necessary, we can assume that|H∗(t∗)| < ρ′/4 for all |t∗| < σ∗. It follows
that

(5.11) |Θ′
∗β(H∗(t∗))| = |θ′∗β(t∗)| < C (ρ′/2)−|β|,

for all β ∈ Nn−1. Finally, this Cauchy estimate is appropriate to de-
duce that the series defined in equations (5.8) do converge normally and
do define holomorphic extension to the polydisc∆n(q, σ∗) of the compo-
nents of the reflection function centered atq1 × q′1. For all q running in
(M\E) ∩ ∆n(0, ρ/2), the various obtained extensions of course stick to-
gether thanks to the uniqueness principle at the boundary ([P1]). The proof
of Lemma 5.10 is complete. �

In particular, in the situation of Theorem 5.5, it follows from Lemma 5.10
(with q1 := p1) that we can assume that the components of the reflection
function centered atp1 × p′1 extend holomorphically to a neighborhood of
(M ∩ Ena) ∩ ∆n(0, ρ/2). Now we can begin our principal geometric con-
structions. As explained in §2.2, we intend to study the envelope of holo-
morphy of the union ofD ∪Ω together with an arbitrary thin neighborhood
of a Levi-flat hypersurfaceΣγ . We need real arcs and analytic discs.

§6. ENVELOPES OF HOLOMORPHY OF DOMAINS WITHLEVI-FLAT HATS

6.1. A family of real analytic arcs. To start with, we choose coordinates
t andt′ as above nearM and nearM ′ in which p1 := h−1(p′1) andp′1 are
the origin and in which the complex equations ofM and ofM ′ are given
by w̄ = Θ(z̄, t) andw̄′ = Θ′(z̄′, t′) respectively. Geometrically speaking,
it is convenient to assumeT0M = {Imw = 0} andT0M

′ = {Imw′ = 0}.
We shall denote the real equations ofM and ofM ′ by v = ϕ(z, z̄, u) and
v′ = ϕ′(z′, z̄′, u′) respectively. We assume that the power series defining
Θ andΘ′ converge normally in the polydisc∆2n−1(0, ρ) and∆2n−1(0, ρ

′)
respectively. Forq′1 ∈ M ′ close to the origin in the target space, we now
consider a convenient, sufficiently rich, family of embedded real analytic
arcsγ′q′1(s

′), depending on(2n− 1) very small real parameters(z′q′1, u
′
q′1

) ∈
Cn−1 × R satisfying|z′q′1| < ε′, |u′q′1| < ε′, whereε′ << ρ′, with the “time
parameter”s′ satisfying|s′| ≤ ρ′/2, which are all transverse to the complex
tangential directions ofM ′, and which are defined as follows:
(6.2)


γ′q′1 :=

{
(x′1,q′1

− s′
2 − (y′1,q′1

+ s′)2 − |z′♯q′1|
2 − u′q′1

2
+ i[y′1,q′1

+ s′],

, z′♯q′1 , u
′
q′1

) ∈M ′ : s′ ∈ R, |s′| ≤ ρ′/2
}
.

Here, in the definition ofγ′q′1, we identify a point ofM ′ with its (2n −
1) real coordinates(z′, u′) = (x′1 + iy′1, z

′
♯, u

′). We also recall thatz′♯ =

(z′2, . . . , z
′
n−1) and thatM ′

1
− is given by (5.6). The following figure, in
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which we have reversed the curvature ofM ′
1 for easier readability, explains

how theγ′q′1 andM ′
1 are disposed.

E′

na

M ′

1
−

M ′

1

M ′

1
+

p′

1

FIGURE 5: THE FAMILY OF REAL ANALYTIC ARCS ON THE LEFT SIDE OF THE WALL

u′

y′

1, z
′

∗

x′

1

γ′

q′1

q′1q′1 q′1

We identify the arcsγ′q′1 with the mappingss′ 7→ γ′q′1
(s′). It can be

straightforwardly checked that the following properties hold:

(1) The mapping(z′q′1, u
′
q′1

) 7→ γ′q′1
(0) is a real analytic diffeomorphism

onto a neighborhood of0 in M ′. Furthermore, the inverse image
of M ′

1 and ofM ′
1
− simply correspond to the sets{x′1,q′1

= 0} and
{x′1,q′1

< 0}, respectively.

(2) For x′1,q′1
< 0, we haveγ′q′1 ⊂⊂ M ′

1
−.

(3) For x′1,q′1
= 0, we haveγ′q′1 ∩M

′
1 = {γ′q′1(0)}.

(4) For x′1,q′1
= 0, the order of contact ofγ′q′1 withM ′

1 at the pointγ′q′1(0)

equals2.
(5) For all |z′q′1|, |u

′
q′1
| < ε′, we haveγ′q′1([−ρ

′/2,−ρ′/4]) ⊂ M ′
1
− and

γ′q′1
([ρ′/4, ρ′/2]) ⊂M ′

1
−.

6.3. Inverse images.Sinceh is aC ∞-smooth CR diffeomorphism, by in-
verse image, we get inM a family of C ∞-smooth arcs, namelyh−1(γ′q′1

).
In analogy with the notationγ′q′1(s

′), we shall denote these arcs byγq1(s).
By the index notation·q1, we mean that these arcs are parametrized by the
point q1 := h−1(q′1) ∈ M . Of course, a pointq1 ∈ M can be identified
with its coordinates(zq1 , uq1) ∈ Cn−1 × R, so the arcsγq1 are concretely
parameterized by(zq1 , uq1) ∈ Cn−1 × R and by the “time”s ∈ R. It is
convenient to identify the pointp1 with the origin (in the coordinate system
t) and the pointq1 close top1 with its coordinates(zq1 , uq1). Of course,
shrinking a bitρ if necessary, there existsε << ρ such that the parameters
satisfy|zq1| < ε, |uq1| < ε and|s| ≤ ρ/2. Evidently, theC ∞-smooth arcs
γq1 satisfy four properties similar to(1–5) above with respect toM1. Let
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us summarize the geometric properties that will be of important use later,
when envelopes of holomorphy will appear on scene.

Lemma 6.4. For all small x1,q1 < 0 andz♯,q1 , uq1 arbitrary, the following
two properties holds:

(1) The center pointsγq1(0) of the smooth arcsγq1 cover diffeomor-
phically the left negative one-sided neighborhoodM−

1 of M1 in a
neighborhood ofp1.

(2) The arcs γq1 are entirely contained inM−
1 and satisfy,

γq1([−ρ/2,−ρ/4]) ⊂ M−
1 and γq1([ρ/4, ρ/2]) ⊂ M−

1 , even
for smallx1,q1 ≥ 0.

6.5. Construction of a family of Levi-flat hats. Next, if γ is aC ∞-smooth
arc inM transverse toT cM at each point, we can construct the union of
Segre varieties attached to the points running inγ: Σγ :=

⋃
q∈γ Sq̄. We re-

mind that the Segre varietySq̄ associated to an arbitrary pointq close to the
origin is the complex hypersurface of∆n(0, ρ) of equationw = Θ(z, t̄q).
For various arcsγq1, we obtain various setsΣγq1

which are in factC ∞-
smooth Levi-flat hypersurfaces in a neighborhood ofγq1. The uniformity of
the size of such neighborhoods follows immediately from thesmooth de-
pendence with respect to(zq1, uq1). Shrinkingρ if necessary, the Levi-flat
hypersurfaceΣγq1

is closed in∆n(0, ρ/3). What we shall need in the sequel
can then be summarized as follows.

Lemma 6.6. There existsε > 0 with ε << ρ such that, if the param-
eters ofγq1 satisfy |zq1|, |uq1| < ε, then the setΣγq1

∩ ∆n(0, ρ/3) is a
closedC ∞-smooth(and C ∞-smoothly parametrized) Levi-flat hypersur-
face of∆n(0, ρ/3).

6.7. Two families of half-attached analytic discs.Let us now define in-
verse images of analytic discs. Complexifying the real analytic arcsγ′q′1, we
obtain local transverse holomorphic discs(γ′q′1

)c, closed in∆n(0, ρ/2), of
which one half part penetrates insideD′ := h(D). Uniformly smoothing
out the corners of such half discs (see the right hand side of FIGURE 3),
using Riemann’s conformal mapping theorem and then an automorphism
of ∆, we can easily construct a real analytically parameterizedfamily of
analytic discsA′

q′1
: ∆ → Cn which areC ∞-smooth up to the boundaryb∆

and are embedding of∆ such that, if we denoteb+∆ := b∆ ∩ {Reζ ≥ 0}
(andb−∆ := b∆ ∩ {Reζ ≤ 0}), then we haveA′

q′1
(1) = γ′q′1

(0) and also:

(6.8) γ′q′1 ∩ ∆n(0, ρ′/4) ⊂ A′
q′1

(b+∆) ⊂ γ′q′1 ∩ ∆n(0, ρ′/3),

for all |z′q′1 |, |u
′
q′1
| < ε′ (cf. FIGURES 2 and 3). Consequently, the composi-

tion withh−1 yields a family of analytic discsAq1(ζ) := h−1(A′
q′1

(ζ)) which
satisfy similar properties, namely:

Lemma 6.9. The mapping(q1, ζ) 7→ Aq1(ζ) is C ∞-smooth and it provides
a uniform family ofC ∞-smooth embeddings of the closed unit disc∆ into
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Cn. Furthermore, we haveAq1(1) = γq1(0) and

(6.10) γq1 ∩ ∆n(0, ρ/4) ⊂ Aq1(b
+∆) ⊂ γq1 ∩ ∆n(0, ρ/3).

Finally, we haveAq1(b
−∆) ⊂⊂ D ∪M−

1 .

This familyAq1 will be our starting point to study the envelope of holo-
morphy of (a certain subdomain of) the union ofD together with a neigh-
borhoodΩ ofM−

1 and with an arbitrarily thin neighborhoodω(Σγq1
) of Σγq1

(seeFIGURE 3 and FIGURE 6 below). At first, we must includeAq1 into a
larger family of discs obtained by sliding the half-attached part insideΣγq1

along the complex tangential directions ofΣγq1
.

6.11. Deformation of half-attached analytic discs.To this aim, we
introduce the equationv = Hq1(z, u) of Σγq1

, where the mapping
(q1, z, u) 7→ Hq1(z, u) is of courseC ∞-smooth and||Hq1 − Hp1||C∞(z,u)

is very small. Further, we need some formal notation. We denote
Aq1(ζ) := (zq1(ζ), uq1(ζ)) andAq1(1) = γq1(0) =: (z1

q1
, u1

q1
). To deform

these discs by applying the classical works on analytic discs and because
Banach spaces are necessary, we shall work in the regularityclassC k,α,
wherek ≥ 1 is arbitrary and where0 < α < 1, which is sufficient for our
purposes. LetT1 denote the Hilbert transform vanishing at1 (see[Tu1,2,3],
[MP1,2]). By definition,T1 is the unique (bounded, by a classical result)
endomorphism of the Banach spaceC k,α(b∆,R), 0 < α < 1, to itself such
thatφ+ iT1(φ) extends holomorphically to∆ andT1φ vanishes at1 ∈ b∆,
i.e. (T1(φ))(1) = 0. Our next reasoning below is similar to the one in
Aı̆rapetyan [Ăı]: we shall “translate” a small analytic disc which is attached
to a pair of transverse hypersurfaces. We know that the discAq1 has one
half of its boundary attached to the smooth hypersurfacev = Hq1(z, u).
After a possible linear change of coordinates, we can assumethat the other
half is attached to another real hypersurfaceΛq1 of equationv = Gq1(z, u)
smoothly depending on the parameterq1. Indeed, since the half disc is
transverse toΣγq1

alongb+∆ and an embedding of∆ into Cn, there exist
infinitely many such hypersurfacesΛq1. Furthermore, we can asssume that
Aq1 sends neighborhoods ofi and−i in b∆ into the intersection of the two
hypersurfacesΣγq1

∩ Λq1. Let ϕ− andϕ+ be twoC ∞-smooth functions
on b∆ satisfyingϕ− ≡ 0, ϕ+ ≡ 1 on b+∆ andϕ− + ϕ+ = 1 on b∆. The
fact that our disc is half attached toΣγq1

and half attached toΛq1 can be
expressed by saying that

(6.12) vq1(ζ) = ϕ+(ζ)Hq1(zq1(ζ), uq1(ζ)) + ϕ−(ζ) Gq1(zq1(ζ), uq1(ζ)),

for all ζ ∈ b∆. Since the two functionsuq1 andvq1 on b∆ are harmonic
conjugates, the following (Bishop) equation is satisfied onb∆ by uq1:

(6.13) uq1(ζ) = −
[
T1

(
ϕ+Hq1(zq1 , uq1) + ϕ−Gq1(zq1, uq1)

)]
(ζ).

We want to perturb these discsAq1 by “translating” them along the complex
tangential directions toΣγq1

. Introducing a new parameterσ ∈ Cn−1 with
|σ| < ε, we can indeed include the discsAq1 into a larger parameterized



148

family Aq1,σ by solving the following perturbed Bishop equation onb∆
with parameters(q1, σ):
(6.14)
uq1,σ(ζ) = −

[
T1

(
ϕ+Hq1(zq1 + σ, uq1,σ) + ϕ−Gq1(zq1 + σ, uq1,σ)

)]
(ζ).

For instance, the existence and theC k,β-smoothness (with0 < β < α
arbitrary) of a solutionuq1,σ to (6.14) follows from Tumanov’s work [Tu3].
Clearly the solution discAq1,σ is half attached toΣγq1

. Differentiating the
mappingCn−1×b+∆ ∋ (σ, ζ) 7→ (zp1(ζ)+σ, up1,σ(ζ)) ∈ Σγp1

at the point
0 × 1, using the fact thatAp1(b

+∆) is tangent to theu-axis atp1 (sinceγp1

is tangent to theu-axis atp1) which gives[ d
dθ

(zp1(e
iθ))]θ=0 = 0, we obtain

easily property(3) of the next statement. Notice that since the discs areC k,β

for all k, and since the solutionuq1,σ of the modified Bishop equation (6.14)
is the same inC k,β and inC l,β, the discsAq1,σ are in fact of classC ∞ with
respect to all the variables.

Lemma 6.15. TheC ∞-smooth deformation(“translation” type) of ana-
lytic discs(q1, σ, ζ) 7→ Aq1,σ(ζ) is defined for|q1| < ε and for |σ| < ε and
satisfies the following three properties:

(1) Aq1,0 ≡ Aq1 .
(2) Aq1,σ(b+∆) ⊂ Σγq1

for all σ.
(3) The mappingCn−1 × b+∆ ∋ (σ, ζ) 7→ Ap1,σ(ζ) ∈ Σγp1

is a local
C ∞ diffeomorphism from a neighborhood of0×1 onto a neighbor-
hood ofAp1(1) = p1 in Σγp1

.

6.16. Preliminary to applying the continuity principle. At first, we shall
let the parameters(q1, σ) range in certain new precise subdomains. We
choose a positiveδ < ε with the property that the range of the mapping in
(3) above, when restricted to{|σ| < δ} × b+∆, containsthe intersection
of Σγp1

with a small polydisc∆n(0, 2η), for someη > 0. Recall thatp1 is
identified with the origin0 ∈ Cn. Of course, there exists a constantc > 1,
depending only on the Jacobian matrix of the mapping in(3) at 0 × 1 such
that c−1 δ ≤ η ≤ c δ. Let ∆(1, δ) denote the disc of radiusδ centered at
1 ∈ C. Furthermore, since the boundary of the discAp1,0 is transversal to
T c

0Σγp1
, then after shrinking a bitη if necessary, we can assume that the set

{Ap1,σ(ζ) : |σ| < δ, ζ ∈ ∆∩∆(1, δ)} contains and foliates by half analytic
discs the whole lower side∆n(0, 2η)∩Σ−

γp1
(seeFIGURE 6). Of course, the

sideΣ−
γp1

is “the same side” asM−, i.e. the side ofΣγp1
where the greatest

portion ofD lies. However,D is in generalnot entirely contained inΣ−
γp1

,
because the Segre varietiesSq̄ for q ∈ γp1 may well intersectD.

As presented in §2, we now fix a neighborhoodΩ of M−
1 in Cn to which

all the components of the reflection function extend holomorphically. Such
a neighborhood is provided by Lemma 5.10 above. Letω(Σγq1

) be an ar-
bitrary neighborhood ofΣγq1

in Cn. Our goal is to show that the enve-
lope of holomorphy ofΩ ∪ D ∪ ω(Σγq1

) contains at least the lower side
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∆n(0, η) ∩ Σ−
γq1

for all q1 small enough. We shall apply this to the compo-
nents of the reflection function in §7 below.

By construction, the half partsAq1,σ(b
+∆) are all contained inΣγq1

. It
remains now to control the half partsAq1,σ(b

−∆). Using the last property
of Lemma 6.9, namelyAq1,0(b

−∆) ⊂⊂ D ∪ M−
1 , it is clear that, after

shrinkingδ if necessary, then we can insure thatAq1,σ(b−∆) ⊂⊂ D ∪ Ω
for all |q1| < ε and all |σ| < δ. Of course, this shrinking will result in
a simultaneous shrinking ofη, and we still have the important inclusion
relation: {Ap1,σ(ζ) : |σ| < δ, ζ ∈ ∆ ∩ ∆(1, δ)} ⊃ ∆n(0, 2η) ∩ Σ−

γp1
.

Finally, shrinking againε if necessary, we then come to a situation that we
may summarize:

Lemma 6.17.For all |q1| < ε and|σ| < δ, we have:

(6.18)

{
{Aq1,σ(ζ) : |σ| < δ, ζ ∈ ∆ ∩ ∆(1, δ)} ⊃ ∆n(0, η) ∩ Σ−

γq1
,

Aq1,σ(b
+∆) ⊂ Σγq1

and Aq1,σ(b
−∆) ⊂⊂ D ∪ Ω,

Shrinkingε if necessary we can also insure that the intersection ofD with
∆n(0, η) ∩ Σ−

γq1
is connectedfor all |q1| < ε. Implicitely, we assume that

ε << δ, hence alsoε << η.

6.19. Envelopes of holomorphy.We are now in position to state and to
prove the main assertion of this paragraph. Especially, thefollowing lemma
will be applied to each member of the collection{Θ′

β(h(t))}β∈Nn−1 in §7
below.

M

Ω D

∆n(0, η)

FIGURE 6: PART OF THE ENVELOPE OF HOLOMORPHY OF THE HAT DOMAIN

Σ−

γq1

Aq1,σ(∆)

Σγq1

Aq1,0(∆)

ω(Σγq1
) γq1

Σγp1

γp1

p1

Lemma 6.20. Let δ, η, ε > 0 as above, namely satisfyingδ ≃ η, ε << δ
and ε << η. If δ > 0 is sufficiently small, then the following holds. If a
holomorphic functionψ ∈ O(D ∪ Ω) extends holomorphically to a neigh-
borhoodω(Σγq1

) in Cn, then there exists a unique holomorphic function
Ψ ∈ O(D ∪ [∆n(0, η) ∩ Σ−

γq1
]) such thatΨ|D ≡ ψ.
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Proof. This is an application of the Behnke-Sommer Kontinuitätssatz (see
FIGURE 6). Let q1 with |q1| < ε. We shall explain later how we choose
δ > 0 sufficiently small. Letψ ∈ O(D ∪ Ω). By assumption, there exists
a holomorphic functionψω ∈ O(ω(Σγq1

)) such thatψω = ψ in a neighbor-
hood ofγq1([−ρ/2, ρ/2])∩∆n(0, ρ/3) inCn. First of all, we must construct
a domainBq1 ⊂ D ∪ Ω sufficiently large such thatψ andψω stick together
in a unique holomorphic function defined in the unionBq1∪ω(Σγq1

). To get
this extension property, we need thatBq1 ∩ ω(Σγq1

) be connected. For this
to hold, we construct (equivalently, we shrink) the neighborhoodω(Σγq1

)
as a union of polydiscs of very small constant radius centered at points of
Σγq1

. Next, we construct in two partsBq1 as follows. The first part ofBq1

consists of a small neighborhood ofAq1,0(∆) in Cn, for instance a union of
small polydiscs centered at points ofAq1,0(∆) which are of constant very
small radius in order to be contained inD ∪Ω. The second part ofBq1 con-
sists of three subparts, namely the union of polydiscs of radius 2δ centered
at points ofAp1(b

−∆), at points ofAp1(b
+∆) ∩ γp1([−ρ/2,−ρ/4]) and at

points ofAp1(b
+∆) ∩ γp1([ρ/4, ρ/2]). This part is the same for allBq1. By

Lemma 6.4(2), if δ is small enough, the second part ofBq1 will be contained
in D ∪ Ω. This is how we chooseδ > 0 small enough. Moreover, because
Ap1(∆) are non-tangentially half-attached toΣγp1

alongb+∆, the intersec-
tionBq1 ∩ ω(Σγq1

) is connected. So we get a well defined semi-local holo-
morphic extension, again denoted byψ ∈ O(Bq1∪ω(Σγq1

)). Geometrically
speaking, this domainBq1∪ω(Σγq1

) is a kind of curved Hartogs domain. We
claim that such a functionψ extends holomorphically to a neighborhood of
the union of discAq1,σ(∆) for |σ| < δ. Indeed, we first observe that for all
|q1| < ε and|σ| < δ, the boundariesAq1,σ(b∆) are contained in this domain
Bq1 ∪ ω(Σγq1

). This is evident for the half boundariesAq1,σ(b
+∆) which

are contained inΣγq1
by Lemma 6.15(2). On the other hand, the boundaries

Aq1,σ(b−∆) stay within a distance of order say3δ/2 with respect to the
boundaryAp1(b

−∆), by the very construction of the smooth familyAq1,σ,
which proves the claim. We remind the notion ofanalytic isotopyof ana-
lytic discs ([Me2, Definition 3.1]) which is useful in applying the continuity
principle. For fixedq1 and for varyingσ, all the discsAq1,σ are analytically
isotopic to each other with their boundaries lying inBq1 ∪ ω(Σγq1

). More-
over, forσ = 0, we obviously see thatAq1,0 is analytically isotopic to a point
in the domainBq1 ∪ ω(Σγq1

), just by the trivial isotopy(r, ζ) 7→ Aq1,0(r ζ)

with values in the neighborhoodω(Aq1,0(∆)) ⊂ Bq1 . By Lemma 3.2 in
[Me2], it follows thatψ restricted to a neighborhood ofAq1,σ(b∆) extends
holomorphically to a neighborhood ofAq1,σ(∆) in Cn, for all |σ| < δ.
Furtermore, thanks to the fact that the map(ζ, σ) 7→ Aq1,σ(ζ) is an embed-
ding, we get a well defined holomorphic extensionψq1 of ψ to the union
Cq1 := ∪|σ|<δ Aq1,σ(∆ ∩ ∆(1, δ)). Of course, this extension coincides with
the oldψ ∈ O(D ∪ Ω) in a neighborhood of the intersection of the half
boundaryAq1,0(b

+∆) with Cq1. SinceCq1 ∩ D is connected and sinceCq1
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contains∆n(0, η) ∩ Σ−
γq1

by Lemma 6.17, after stickingψ with ψq1, we get
the desired holomorphic extensionΨ ∈ O(D ∪ [∆n(0, η) ∩ Σ−

γq1
]). The

proof of Lemma 6.20 is complete. �

§7. HOLOMORPHIC EXTENSION TO ALEVI-FLAT UNION OF SEGRE

VARIETIES

7.1. Straightenings. For each parameterq′1, we consider the real analytic
arcγ′q′1 defined by (6.2). To this family of analytic arcs we can associate a
family of straightened coordinates as follows.

Lemma 7.2. For varying q′1 ∈ M ′ with |q′1| < ε′ << ρ′, there exists a
real analytically parameterized family of biholomorphic mappingsΦ′

q′1
of

∆n(0, ρ′/2) sendingq′1 to the origin and straighteningγ′q′1 to theu′-axis,
such that the imageM ′

q′1
:= Φq′1

(M ′) is a closed real analytic hypersur-
face of∆n(0, ρ′/2) close toM ′ in the real analytic norm which is given by
an equation of the form̄w′ = Θ′

q′1
(z̄′, t′), with Θ′

q′1
(z̄′, t′) converging nor-

mally in the polydisc∆2n−1(0, ρ
′/2) and satisfyingΘ′

q′1
(0, 0, w′) ≡ w′ and

Θ′
q′1

(z̄′, t′) = w′ + O(2).

7.3. Different reflection functions. Let us develope these defining equa-
tions in the form:

(7.4) w̄′ = Θ′
q′1

(z̄′, t′) =
∑

β∈Nn−1

(z̄′)β Θ′
q′1,β(t

′).

Here,Θq′1,0(0, w
′) ≡ w′. We denote byhq′1

= (fq′1
, gq′1

) the mapping in
these coordinate systems. To every such system of coordinates, we associate
different reflection functionsby setting:

(7.5) R ′
q′1,hq′

1

(t, ν̄ ′) := µ̄′ −
∑

β∈Nn−1

λ̄′
β
Θ′

q′1,β(hq′1
(t)).

7.6. Holomorphic extension to a Levi-flat hat.Recall from §6.5 that the
Levi-flat hypersurfacesΣγq1

are defined to be the union of the Segre vari-
etiesSq̄ associated to pointsq varying inγq1, intersected with the polydisc
∆n(0, ρ/3). Here, we establish our main crucial observation.

Lemma 7.7. If q1 with |q1| < ε belongs toM−
1 , then all the components

Θ′
q′1,β(h(t)) extend as CR functions of classC ∞ overΣγq1

∩ ∆n(0, ρ/3).

Proof. Let L1, . . . , Ln−1 be the commuting basis ofT 0,1M given byLj =
∂

∂z̄j
+ Θz̄j

(z̄, t) ∂
∂w̄

, for 1 ≤ j ≤ n − 1. Clearly, the coefficients of these
vectors fields converge normally in the polydisc∆2n−1(0, ρ). By the dif-
feomorphism assumption, we have det(Lj fq′1,k(0))1≤j,k≤n−1 6= 0. At points
(t, t̄) with t ∈M ∩ ∆n(0, ρ/3), we shall denote this determinant by:

(7.8) det (Lj fq′1,k(t̄))1≤j,k≤n−1 := D(t, t̄, {∂t̄lfq′1,k(t̄)}1≤l≤n, 1≤k≤n−1).
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Here, by its very definition, the functionD is holomorphic in its vari-
ables. Replacingw by Θ(z, t̄) in D , we can writeD in the form
D(z, t̄, {∂t̄lfq′1,k(t̄)}1≤l≤n, 1≤k≤n−1), whereD is holomorphic in its vari-
ables. Shrinkingρ > 0 if necessary, we may assume that for all fixed
point t̄q ∈M with |t̄q| < ρ/3, then:

(1) The polarizationD(z, t̄q , {∂t̄lfq′1,k(t̄q)}1≤l≤n, 1≤k≤n−1) is convergent
on the Segre varietySt̄q ∩ ∆n(0, ρ/3) = {(z, w) ∈ ∆n(0, ρ/3) :

w = Θ(z, t̄q)}, i.e. it is convergent with respect toz ∈ Cn−1 for all
|z| < ρ/3.

(2) This expressionD(z, t̄q, {∂t̄lfq′1,k(t̄q)}1≤l≤n, 1≤k≤n−1) doesnot van-
ish at any point of the Segre varietySt̄q ∩∆n(0, ρ/3), i.e. it does not
vanish for all|z| < ρ/3.

Let us chooseq′1 satisfyingγ′q′1 ⊂ M ′
1
−, with |q′1| < ε′. We pick the cor-

responding parameterq1 := h−1(q′1) with |q1| < ε. By the choice ofΦ′
q′1

,
we then havefq′1

(γq1(s)) = 0 for all s ∈ R with |s| ≤ ρ/2. This property
will be really crucial. As the mappinghq′1

is of classC ∞ overM , we can

apply the tangential Cauchy-Riemann derivationsL
β1

1 · · ·Lβn−1

n−1 , β ∈ Nn−1

of order|β| infinitely many times to the identity:

(7.9) gq′1
(t) = Θ′

q′1
(fq′1

(t), hq′1
(t)).

which holds fort ∈ M ∩ ∆n(0, ρ). To begin with, we first apply the CR
derivationsLj to this identity (7.9). This yields

(7.10) Lj gq′1
(t̄) =

n−1∑

k=1

Lj fq′1,k(t̄)
∂Θ′

q′1

∂z̄′k
(fq′1

(t̄), hq′1
(t)).

Applying Cramer’s rule as in the proofs of Lemmas 3.22 and 4.7, we see
that there exist holomorphic functionsTk in their arguments such that

(7.11)
∂Θ′

q′1

∂z̄′k
(fq′1

(t), hq′1
(t)) =

Tk(z, t̄, {∂t̄lhq′1,j(t̄)}1≤l,j≤n)

D(z, t̄, {∂t̄l fq′1,k(t̄)}1≤l≤n, 1≤k≤n−1)
.

By CR differentiating further the identities (7.11), usingCramer’s rule at
each step and making inductive arguments, it follows that for every multi-
indexβ ∈ Nn−1

∗ , there exist holomorphic functionsTβ in their variables
such that

(7.12)





Θ′
q′1,β(hq′1

(t)) +
∑

γ∈N
n−1
∗

(fq′1
(t))γ Θ′

q′1,β+γ(hq′1
(t))

(β + γ)!

β! γ!
=

=
Tβ(z, t̄, {∂γ

t̄ hq′1,j(t̄)}1≤j≤n, |γ|≤|β|)

[D(z, t̄, {∂t̄lfq′1,k(t̄)}1≤l≤n, 1≤k≤n−1)]2|β|−1
.

Precisely, the termsTβ are holomorphic with respect to(z, t̄) and relatively
polynomial with respect to the jets{∂γ

t̄ hq′1,j(t̄)}1≤j≤n, |γ|≤|β|. Also, the vari-
able t runs inM in a neighborhood ofγq1(s). Now, we remind that by
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Lemma 5.10, all the functionst 7→ Θ′
q′1,β(hq′1,β(t)) are already holomor-

phically extendable to a neighborhood ofγq1 in Cn, sinceγq1 ⊂ M−
1 . Let

us denote byθ′q′1,β(t) these holomorphic extensions. We shall first prove
Lemma 7.7 in the simpler case whereM ′ is holomorphically nondegen-
erate, in which case the mappingh in fact extends holomorphically to a
neighborhood ofM−

1 in Cn. In this case, for every pointq ∈ γq1 of the form
q = γq1(s), the terms in the right hand side of (7.12) extend holomorphically
to a neighborhood(q, q̄) of the complexificationM ofM , which is the com-
plex hypersurface inCn × Cn given by the defining equationw = Θ(z, τ).
So, for(t, τ) close to(q, q̄), we can complexify (7.12), replacinḡt by τ and
t by (z,Θ(z, τ)), which yields an identity between holomorphic functions:
(7.13)



Θ′
q′1,β(hq′1

(z,Θ(z, τ))) +
∑

γ∈N
n−1
∗

(fq′1
(τ))γ Θ′

q′1,β+γ(hq′1
(z,Θ(z, τ)))

(β + γ)!

β! γ!
≡

≡ Tβ(z, τ, {∂γ
τ hq′1,j(τ)}1≤j≤n, |γ|≤|β|)

[D(z, τ, {∂τl
fq′1,k(τ)}1≤l≤n, 1≤k≤n−1)]2|β|−1

.

Next, we putτ := t̄q = γq1(s), whencet belongs to the Segre varietySq̄,
namelyt = (z,Θ(z, t̄q)), where the variablez is free. From the important
fact thatfq′1

(t̄q) = 0, becauseh(q) belongs toγ′q′1, it follows thatthe queue
sum

∑
γ∈N

n−1
∗

in (7.13) disappears. Consequently, we get the following
identity onSq̄ for z close tozq:
(7.14)

Θ′
q′1,β(hq′1

(z,Θ(z, t̄q))) ≡
Tβ(z, t̄q, {∂γ

t̄ hq′1,j(t̄q)}1≤j≤n, |γ|≤|β|)

[D(z, t̄, {∂t̄lfq′1,k(t̄q)}1≤l≤n, 1≤k≤n−1)]2|β|−1
.

The crucial observation now is that the right hand side of (7.14) converges
over a much longer part of the Segre varietySq̄. Indeed, by(1) after (7.8),
it converges for|z| < ρ/3. Furthermore, the right hand side of (7.14) varies
in a C ∞ way whent̄q varies onγq1. This proves Lemma 7.7 in the case
whereh extends holomorphically to a neighborhood ofM−

1 in Cn, which
holds true for instance whenM ′ is holomorphically nondegenerate.

In the general case, it is no longer true thath extends holomorphically
to a neighborhood ofM−

1 in Cn, so different arguments are required. Let
q ∈ γq1 be arbitrary. By assumption, the componentsΘ′

q′1,β(hq′1
(t)) extend

holomorphically to a neighborhood ofq in Cn as holomorphic functions
θ′q′1,β(t) defined, say in the polydisc{|t − tq| < σq}, for smallσq > 0. By
expandinghq′1

in formal power series atq, we get a seriesHq′1
(tq+(t−tq)) ∈

C[[t− tq ]]
n. Also, we may expandθ′q′1,β(tq +(t− tq)) ∈ C{t− tq}. Then we

have the following formal power series identities

(7.15) Θq′1,β(Hq′1
(tq + (t− tq))) ≡ θq′1,β(tq + (t− tq))
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in C[[t− tq]] for all β. Since the Taylor series of(hq′1
, hq′1

) at (tq, t̄q) induces
a formal CR mapping between the complexificationsM centered at(q, q̄)
and the complexificationM ′ centered at(q′, q̄′), it follows that we can write
the following formal power series identities valuable inC[[t− tq , τ − t̄q]] for
(tq + (t− tq), t̄q + (τ − t̄q)) in M :
(7.16)



Θ′
q′1,β(Hq′1

(tq + (t− tq)))+

+
∑

γ∈N
n−1
∗

Θ′
q′1,β+γ(Hq′1

(tq + (t− tq))Fq′1
(t̄q + (τ − t̄q))

γ ≡

≡
Tβ(zq + (z − zq), t̄q + τ − t̄q, {∂γ

τHq′1,j(t̄q + (τ − t̄q))}1≤j≤n, |γ|≤|β|)

[D(zq + (z − zq), t̄q + (τ − t̄q), {∂τl
Fq′1,k(t̄q + (τ − t̄q))}1≤l≤n, 1≤k≤n−1)]2|β|−1

.

Puttingτ := t̄q in (7.16), taking (7.15) into account, and using the important
fact thatFq′1

(t̄q) = 0, we get the formal power series identities between two
holomorphic functions which are valuable for|z − zq| < σq in C{z − zq}
and for allβ:

(7.17)





θ′q′1,β(zq + (z − zq),Θ(zq + (z − zq), t̄q)) ≡

≡ Tβ(zq + (z − zq), t̄q, {∂γ
t̄ hq′1,j(t̄q)}1≤j≤n, |γ|≤|β|)

[D(zq + (z − zq), t̄q, {∂t̄lfq′1,k(t̄q)}1≤l≤n,1≤k≤n−1)]2|β|−1
.

Consequently, we get onSq̄ the following identities between holomorphic
functions ofz valuable for|z − zq| < σq and for allβ:

(7.18) θ′q′1,β(z,Θ(z, t̄q)) ≡
Tβ(z, t̄q, {∂γ

t̄ hq′1,j(t̄q)}1≤j≤n, |γ|≤|β|)

[D(z, t̄q, {∂t̄lfq′1,k(t̄q)}1≤l≤n, 1≤k≤n−1)]2|β|−1
.

As in the holomorphically nondegenerate case, we see that the right hand
side of (7.18) converges for|z| < ρ/3, so the holomorphic functions
θ′q′1,β(z,Θ(z, t̄q)) converge in a long piece of the Segre varietySq̄. TheC ∞-
smoothness of the right hand side extension overΣγq1

∩ ∆n(0, ρ/3) yields
a CR extension toΣγq1

which is of classC ∞. This completes the proof of
Lemma 7.7. �

Lemma 7.19. If q1 with |q1| < ε belongs toM−
1 , then all the components

Θ′
q′1,β(hq′1

(t)) of the reflection functionRq′1,hq′
1

extend as holomorphic func-

tions to a neighborhoodω(Σγq1
) of Σγq1

in Cn.

Proof. By the hypotheses of Theorem 5.5 and by Lemma 5.10, we remind
the reader that the componentsΘ′

q′1,β(hq′1
(t)) already extend holomorphi-

cally to a neighborhoodω(γq1) ⊂ Ω of γq1 ⊂M−
1 in Cn as the holomorphic

functionsθ′q′1,β(t). Thanks to Lemma 7.7, the statement follows by an ap-
plication of the following known propagation result: �
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Lemma 7.20.LetΣ be aC ∞-smooth Levi-flat hypersurface inCn (n ≥ 2)
foliated by complex hypersurfacesFΣ. If a continuous CR functionψ de-
fined onΣ extends holomorphically to a neighborhoodUp of a pointp be-
longing to a leafFΣ of Σ, thenψ extends holomorphically to a neighbor-
hoodω(FΣ) of FΣ in Cn. The size of this neighborhoodω(FΣ) depends
on the size ofUp and is stable under sufficiently small(even non-Levi-flat)
perturbations ofΣ.

Proof. The first part of this statement was first proved by Hanges and Treves
([HaTr]) using microlocal concepts, theFBI transform and controlled defor-
mations of manifolds. Interesting generalizations were given by Sjöstrand
and by Trépreau ([Tr2]) in arbitrary codimension. Another proof using de-
formations of analytic discs has been provided by Tumanov ([Tu2]). Both
proofs are constructive and the second statement about the size of the neigh-
borhoods to which extension holds follows after a careful inspection of the
techniques therein. Since it is superfluous to repeat the arguments word by
word, we do not enter the details. �

§8. RELATIVE POSITION OF THE NEIGHBOURINGSEGRE VARIETIES

8.1. Intersection of Segre varieties.We are now in position to complete
the proof of Theorem 5.5, hence to achieve the proof of Theorem 1.9. It
remains to show that the functionsΘ′

q′1,β extend holomorphically atp1, for
γq1 chosen conveniently. For this choice, we are led to the following di-
chotomy: eitherSp̄1 ∩M−

1 = ∅ in a sufficiently small neighborhood ofp1 or
there exists a sequence(qk)k∈N of points ofSp̄1 ∩M−

1 tending towardsp1.
In the first case, we shall distinguish two sub-cases. EitherSp̄1 lies below
M−

1 or it lies aboveM−
1 . Let us write this more precisely. We may choose

a C ∞-smooth hypersurfaceH1 transverse toM at p1 with H1 satisfying
H1∩M = M1 andH−

1 ∩M = M−
1 (seeFIGURE 7). ThusH1 together with

M dividesCn near0 in four connected parts. More precisely, we say that
eitherSp̄1∩H−

1 is contained in the lower left quadrantH−
1 ∩M− = H−

1 ∩D
or it is contained in the upper left quadrantH−

1 ∩M+. To summarize, we
have distinguished three possible cases:

Case I. The half Segre varietySp̄1∩H−
1 cutsM−

1 along an infinite sequence
of points(qk)k∈N tending towardsp1.

Case II. The half Segre varietySp̄1 ∩H−
1 does not intersectM−

1 in a neigh-
borhood ofp1 and it passes underM−

1 , namely insideD.
Case III. The half Segre varietySp̄1 ∩H−

1 does not intersectM−
1 in a neigh-

borhood ofp1 and it passes overM−
1 , namely overD ∪M−

1 .
In the first two cases, for every pointq1 close enough top1, the Segre va-
riety Sq̄1 will intersectD ∪ Ω and the neighborhoodsω(Σγq1

) constructed
in Lemma 7.20 will always contain the pointp1 (we give more arguments
below). The third case could bea priori the most delicate one. But we can
already delineate the following crucial geometric property, which says that
Lemma 6.20 will apply.
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Lemma 8.2. If Sp̄1 ∩H−
1 is contained inM+, thenp1 lies in the lower side

Σ−
γq1

for every arcγq1 ⊂M−
1 of the family(6.2).

Proof. In normal coordinatest vanishing atp1, the real equation ofM is
given byv = ϕ(z, z̄, u), whereϕ is a certain converging real power series
satisfyingϕ(0) = 0, dϕ(0) = 0 andϕ(z, 0, u) ≡ 0. We can assume that
dh(0) = Id. We can assume that the “minus” sideD ≡ M− of automatic
extension of CR functions is given by{v < ϕ(z, z̄, u)}. Replacingu by
(w + w̄)/2 andv by (w − w̄)/2i, and solving with respect tow, we get
for M an equation as above, sayw = w̄ + iΞ(z, t̄), with Ξ(0, t̄) ≡ 0.
We haveΘ(z, t̄) ≡ w̄ + iΞ(z, t̄) in our previous notation. We claim that
every such arcγq1 ⊂ M−

1 contains a pointp ∈ M−
1 whose coordinates

are of the form(zp, 0 + iϕ(zp, z̄p, 0)). Indeed, by construction, the arcs
γq1 are all elongated along theu-coordinate axis, since it is so forγ′q′1 and
sincedh(0) = Id. In normal coordinates, the Segre varietySp̄1 passing
through the originp1 has the simple equation{w = 0}. By assumption,
the point(zp, 0) ∈ Sp̄1 lies overM in M+, so we haveϕ(zp, z̄p, 0) < 0.
Then the Segre varietySp̄ (which is a leaf ofΣγq1

), has the equationw =

−iϕ(zp, z̄p, 0) + iΞ(z, z̄p,−iϕ(zp, z̄p, 0)). Therefore, the intersection point
{z = 0} ∩ Sp̄ ⊂ Σγq1

has coordinates equal to(0,−iϕ(zp, z̄p, 0)). This
point clearly lies above the originp1, sop1 lies in the lower sideΣ−

γq1
, which

completes the proof of Lemma 8.2. �

8.3. Extension across(M, 0) of the componentsΘ′
q′1,β. We are now pre-

pared to complete the proof of Theorems 5.5 and 1.9. We first chooseδ, η, ε
and various points|q1| < ε as in Lemma 6.20 and we consider the two as-
sociated arcsγq1 andγ′q′1, the associated mappinghq′1

and the associated re-
flection functionR ′

q′1,hq′
1

. By Lemma 6.20, for each such choice ofq1, then

all the componentsΘ′
q′1,β extend holomorphically toD ∪ [Σ−

γq1
∩∆n(0, η)].

Our goal is to show that for suitably chosenγq1 in Cases I, II and III, then
the componentsΘ′

q′1,β extend holomorphically to a neighborhood ofp1. Af-
terwards, thanks to Artin’s approximation theorem, the Cauchy estimates
are automatic, as explained in Lemma 3.16.

8.4. Case I. In Case I, we choose one of the pointsqk ∈ M−
1 ∩ Sp̄1 which

is arbitrarily close top1 and we denote it simply byq1. We can assume
that |q1| < ε. Next, we consider the associated arcγq1. By an application
of Lemma 7.19, all the componentsΘ′

q′1,β(hq′1
(t)) of the reflection function

Rq′1,hq′
1

extend holomorphically to a neighborhoodω(Σγq1
) of Σγq1

in Cn.

Of course, this neighborhood contains the pointp1 ∈ Sq̄1 ⊂ Σγq1
. However,

because of possible pluridromy, the extension atp1 might well differ from
the extension in the one-sided neighborhoodD nearp1. Fortunately, thanks
to Lemma 6.20, all these holomorphic functions extend holomorphically in
a unique way toD ∪ [Σ−

γq1
∩ ∆n(0, η)]. The neighborhoodω(Σγq1

) being
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constructed as a certain union of polydiscs of small radius,it is geometri-
cally smooth, so its intersection withD∪ [Σ−

γq1
∩∆n(0, η)] is connected. In

sum, we get unique holomorphic extensions of the functionsΘ′
q′1,β(hq′1

(t))

to the domain

(8.5) ω(Σγq1
) ∪ D ∪ [Σ−

γq1
∩ ∆n(0, η)],

which yields the desired holomorphic extensions atp1. Case I is achieved.

8.6. Case II. Case II is treated almost the same way as Case I. SinceSp̄1 ∩
H−

1 is contained inD, we can choose a fixed pointq̃ of Sp̄1 which belongs
to D. So there exists a radius̃ρ > 0 such that the polydisc∆n(q̃, ρ̃) is
contained inD. For |q1| < ε sufficiently close top1, there exists a point
q̃1 ∈ Sq̄1 sufficiently close tõq such that the polydisc∆n(q̃1, ρ̃/2) is again
contained inD. Thanks to Lemma 7.20, ifq1 is sufficiently close top1,
the neighborhoodω(Σγq1

) constructed by deformations of analytic discs as
in [Tu2] will contain the pointp1, since its size alongSq̄1 depends only on
the fixed size of the polydisc∆n(q̃1, ρ̃/2) which is of radius at least̃ρ/2
uniformly. Finally, as in Case I, the monodromy of the extension follows
by an application of Lemma 6.20.

M

M−

1

M+
1

H+
1H−

1

H1

p1, M1, γ0

Sp̄1

FIGURE 7: THE SEGRE VARIETYSp̄1 INTERSECTSD LEFT TO H1 NEAR p1

Σγq1

q1, γq1

Ω

ω(Σγq1
)

Aq1,σ(∆)

D

∆n(q̃1, ρ̃/2)

8.7. Case III. For Case III, thanks to Lemma 8.2, we know already thatp1

belongs to the lower sideΣ−
γq1

. Thus Case III follows immediately from the
application of Lemma 6.20 summarized in §8.3 above. Case IIIis achieved.
The proofs of Theorems 5.5, 1.9 and 1.2 are complete. �

§9. ANALYTICITY OF SOME DEGENERATEC ∞-SMOOTH CR MAPPINGS

9.1. Presentation of the results.Theorems 1.9 and 1.14 are concerned
with C ∞-smooth CRdiffeomorphisms. It is desirable to remove the dif-
feomorphism assumption. Taking inspiration from the very deep article of
Pinchuk [P4], we have been successful in establishing the following state-
ment. We refer the reader to the work of Diederich-Fornæss [DF1] and to
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the book of D’Angelo [D’A] for fundamentals about complex curves con-
tained in real analytic hypersurfaces.

Theorem 9.2.Leth : M → M ′ be aC ∞-smooth CR mapping between two
connected real analytic hypersurfaces inCn (n ≥ 2). If M andM ′ do not
contain any complex curve, thenh is real analytic ateverypoint ofM .

At first, we need to recall some known facts about the local CR geometry
of real analytic hypersurfaces.

(1) If M does not contain complex curves, it is essentially finite. This is
obvious, because the coincidence loci of Segre varieties are complex
analytic subsets which arecontainedin M (cf. [DP1,2]).

(2) If M is essentially finite at every point, it is locally minimal atevery
point, so it consists of a single CR orbit, namely it is globally min-
imal. As we have seen in §3.6 above, CR functions onM (and in
particular the components ofh) extend holomorphically to a global
one-sided neighborhoodD of M in Cn.

(3) If M does not contain complex curves, thenM is Levi nondegen-
erate at each point of the complement of some proper closed real
analytic subset ofM . On the contrary, the everywhere Levi degen-
erate CR manifolds are locally regularly foliated by complex leaves
of dimension equal to the dimension of the kernel the Levi form,
at points where this kernel is of maximal hence locally constant
dimension. This may happen in the class of essentially finitehyper-
surfaces.

(4) If M does not contain complex curves, then eitherh is constant or
it is of real generic rank(2n − 1) over an open dense subset ofM
and its holomorphic extension is of complex generic rankn over
D. This is easily established by looking at a point whereh is of
maximal, hence locally constant, rank.

(5) In Theorem 9.2, there exists at least an everywhere dense open sub-
setUM of M such thath is real analytic at every point ofUM .

Based on these observations, Theorem 9.2 will be implied by the follow-
ing more general statement to which the remainder of §9 is devoted.

Theorem 9.3. Let h : M → M ′ be aC ∞-smooth CR mapping between
two connected real analytic hypersurfaces inCn (n ≥ 2). If M andM ′ are
essentially finite ateverypoint and if the maximal generic real rank ofh
overM is equal to(2n− 1), thenh is real analytic ateverypoint ofM .

In [BJT], [BR1], [BR2], an apparently similar result is proved. In these
articles, it is always assumed at least that the formal Taylor series ofh at
every point ofM has Jacobian determinant not identically zero. It follows
that all the results proved in these papers are superseded bythe unification
provided in the recent articles [CPS1,2] and [Da2] expressed in terms of the
characteristic variety (1.4). However, the difficult problem would be to treat
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the points ofM wherenothing is a priori known about the behavior ofh,
for instance points where all thehj could vanish to infinite order hence have
an identically zero formal Taylor series. In this case, of course, the charac-
teristic variety is positive-dimensional. UnlessM is strongly pseudoconvex
or there exist local peak functions, it seems impossible to showab initio that
h is not flat at every point ofM . Thus the strategy of workingonly at one
fixed “center point” ofM might well necessarily fail (cf. [BJT], [BR1,2,4],
[BER1,2,3]). On the contrary, a strategy of propagation from nearby points
as developed in [P3,4], [DFY], [DP1,2], [Sha], [V], [PV] (and also in the
previous paragraphs) is really adequate. Philosophicallyspeaking, there is
no real surprise here, because the propagation along Segre varieties is a
natural generalization of the weierstrassian conception of analytic continu-
ation.

9.4. Dense holomorphic extension.LetD be a global one-sided neighbor-
hood ofM in Cn to which CR functions extend holomorphically. It follows
from the assumptions of Theorem 9.3 that the generic complexrank ofh in
D equalsn. Recall that the two everywhere essentially finite hypersurfaces
M andM ′ are of course holomorphically nondegenerate, namelyχM = n
andχ′

M ′ = n. At first, we prove the following lemma. Recall that the intrin-
sic exceptional locusEM defined in §3.47 is a proper real analytic subset
of M . Let UM denote the open subset consisting of pointsp ∈ M\EM at
which the real rank ofh equals(2n− 1).

Lemma 9.5. The open subsetUM is dense inM .

Proof. Indeed, suppose on the contrary thatM\UM contains an open set
V . Then the rank ofh is strictly less than(2n − 1) overV . By the prin-
ciple of analytic continuation and by the boundary uniqueness theorem, it
follows thath is of generic complex rank strictly less thann in the domain
D, contradiction. �

Lemma 9.6. The mappingh extends holomorphically to a neighborhood of
every pointp ∈ UM .

Proof. Indeed, at such a pointp ∈ UM , h is a local CR diffeomorphism of
classC ∞. By Lemma 4.3, the imagep′ := h(p) of p belongs toM ′\E ′

M ′ .
Then Lemma 4.11 applies directly (withχ′

M ′ = n of course) to show thath
extends holomorphically atp. �

9.7. Holomorphic and formal mappings of essentially finite hypersur-
faces. Let h : M → M ′ be as in the a hypotheses of Theorem 9.3. Let
p ∈ M and let p′ := h(p). Let t be coordinates vanishing atp and
let as usual a complex equation for the extrinsic complexification M of
M be of the formw = Θ(z, ζ, ξ), wheret = (z, w) ∈ Cn−1 × C and
τ = (ζ, ξ) ∈ Cn−1 × C. Similarly, letw′ = Θ

′
(z′, ζ ′, ξ′) be an equation of

M ′. As in the proof of Lemma 4.3, theC ∞-smooth CR mappingh induces
a formal CR mapping(H(t), H(τ)) between(M , (p, p̄)) and(M ′, (p′, p′)).
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Precisely, this means that the Taylor seriesHj(t) =
∑

γ∈Nn Hj,γ t
γ of hj at

the origin and there conjugatesH(τ) satisfy a formal power series identity
of the form

(9.8) G(t) − Θ
′
(F (t), F (τ), G(τ)) ≡ A(t, τ)

[
w − Θ(z, ζ, ξ)

]
,

where we denoteH = (F1, . . . , Fn−1, G) and whereA(t, τ) is a formal
power series. Without loss of generality, we can assume thatthe coordi-
nates(z, w) and(z′, w′) are normal, namely the defining functions satisfy
Θ(0, ζ, ξ) ≡ Θ(z, 0, ξ) ≡ ξ and idem for Θ

′
. Such coordinates are not

unique, but they specify a certain componentHn = G of the formal CR
mappingH which is called atransversal component. In [BR2], two facts
about formal CR mappings between small local pieces of real analytic hy-
persurfaces (and even betweenformal hypersurfaces) are established. Re-
call thatM andM ′ are assumed to be essentially finite at the origin and that
the coordinates are normal.

1. If the transversal power seriesG does not vanish identically, thenH
is of finite multiplicity, namely (cf. [BR88]), the ideal generated by
the power seriesF1(z, 0), . . . , Fn−1(z, 0) is of finite codimension in
C[[z]]. We denote this codimension byMult (H, 0). It is independent
of normal coordinates.

2. If H is of finite multiplicity, then a formal Hopf Lemma holds
at the origin, which tells us that the induced formal mapping
T0M/T c

0M → T0M
′/T c

0M
′ represented byG(0, w) is of formal

rank equal to1. Equivalently,(∂G/∂w)(0) 6= 0.

The multiplicityMult (H, 0) is independent of normal coordinates, so it is a
meaningful invariant ofh at an arbitrary point ofM . In normal coordinates,
essential finiteness ofM atp is characterized by the finite codimensionality
inC{t} of the ideal generated by theΘβ(t) for all β ∈ Nn−1. This codimen-
sion is independent of coordinates and denoted byEss Type (M, p). Recall
thatM\EM is defined to be the set of pointsq ∈ M at which the mapping
t 7→ (Θβ(t))β∈Nn−1 is of rankn in coordinates vanishing atq. Consequently

Lemma 9.9. For everyq ∈M\EM , we haveEss Type (M, q) = 1.

A refinement of the analytic reflection principle proved in [BR1] is as
follows ([BR2, Theorem 6]).

Lemma 9.10.TheC ∞-smooth CR mappingh extends holomorphically to
a neighborhood of a pointq ∈ Cn provided that in normal coordinates
centered atq and atq′ = h(q), the normal componentg of h is not flat at
the origin, namely its formal power seriesG does not vanish identically.

Furthermore, in the case where the mappingh extends holomorphically
at one point, four interesting nondegeneracy properties hold:

Lemma 9.11.With the same assumptions as in Theorem 9.3, letq ∈M , let
q′ := h(q) and assume thath extends holomorphically to a neighborhood
of q. Then
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(1) The induced differentialdh : TqM/T c
qM → Tq′M

′/T c
q′M

′ is of rank
1.

(2) The mappingh is of finite multiplicitym := Mult (h, q) < ∞ and
h is a localm-to one holomorphic mapping in a neighborhood ofq.

(3) We have the multiplicative relation

(9.12) Ess Type (M, q) = Mult (h, q) · Ess Type (M ′, q′).

(4) If q ∈M\EM , thenh is a local biholomorphism atq.

9.13. Installation of the proof of Theorem 9.3.LetEna be the closed set
of points ofM at which the mappingh is not real analytic. By Lemma 9.6,
the complementM\Ena is nonempty and in fact dense inM . If Ena is
empty, then Theorem 9.3 is proved, gratuitously. As in §2 and§5 above, we
shall assume thatEna is nonempty and we shall construct a contradiction
by showing that there exists in fact a pointp1 of Ena at whichh is real
analytic. By Lemma 5.4, we are reduced to the following statement, which
is analogous to Theorem 5.5.

Theorem 9.14.Let p1 ∈ Ena and assume that there exists a real analytic
one-codimensional submanifoldM1 ofM with p1 ∈M1 which is generic in
Cn such thatEna\{p1} is completely contained in one of the two open sides
of M divided byM1, say inM+

1 , and such thath is real analytic at every
point q ∈M\Ena. Thenh is real analytic atp1.

To prove this theorem, we shall start as follows. We remind that the in-
trinsic exceptional locusEM ofM is of real codimension at least two inM .
At each pointq ∈ M\EM , the hypersurfaceM is finitely nondegenerate.
It follows from Lemma 9.11(4) that at each pointq ∈ M\(EM ∪ Ena), the
mappingh extends as a local biholomorphism from a neighborhood ofq in
Cn onto a neighborhood ofh(q) in Cn. Consider the relative disposition of
the center pointp1 with respect toEM . In principle, there are two cases to
be considered. Eitherp1 ∈ EM or p1 ∈ M\EM . In both cases, we have the
following useful existence property.

Lemma 9.15.There exists a small two-dimensional open real analytic man-
ifold K passing throughp1 and contained inM such that

(1) K is transversal toM1.
(2) K ∩ EM = {p1} and the lineTp1K ∩ Tp1M1 is not contained in

T c
p1
M .

Proof. Indeed, introducing real analytic coordinates onM , this follows
from a more general statement. Given a locally defined real analytic set
E in Rν of dimension1 ≤ µ ≤ ν − 1 passing through the origin, then for
almost all(ν − µ)-dimensional linear planesK passing through the origin,
the intersection ofK withE consists of the singleton{0} in a neighborhood
of the origin. �

It follows from Lemma 9.15 that the intersectionK ∩M1 coincides with
a geometrically smooth real analytic arcγ1 passing throughp1 which is not
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complex tangential atp1. By construction,γ1\{p1} is contained in the locus
M\Ena whereh is already real analytic. Moreover,γ1\{p1} is also con-
tained inM\EM . Its complexification(γ1)

c is a complex disc transversal
toM with (γ1)

c ∩M = γ1. Recall thath already extends holomorphically
to a one-sided neighborhoodD ofM . To fix ideas, we can assume thatD is
in the lower sideM− of M in Cn. Moreover,h extends holomorphically to
an open neighborhoodΩ of M\Ena in Cn. We choosenormal coordinates
t vanishing atp1 in which the equation ofM is of the formw̄ = Θ(z̄, t),
with Θ(0, t) ≡ w. Especially, we choose such coordinates in order thatγ1

coincides with a small neighborhood of the origin in theu-axis in these nor-
mal coordinates, which is possible. Also, we choose some arbitrary normal
coordinatest′ vanishing atp′1 := h(p1) in which the equation ofM ′ is of
the formw̄′ = Θ′(z̄′, t′), with Θ′(0, t′) ≡ w′. We denote the mapping by
h = (f, g) = (f1, . . . , fn−1, g) in these coordinates.

Suppose for a while that we have proved that the normal componentg of
the mapping extends holomorphically to a neighborhood of the pointp1 in
the transverse holomorphic disc(γ1)

c, which coincides with a small neigh-
borhood of the origin in thew-axis. Notice that we speak only of holomor-
phic extension to the single transverse holomorphic disc passing through
p1, because our method below will not give more. Then we claim that the
proofs of Theorems 9.14 and 9.3 are achieved. Indeed, it suffices to show
that the holomorphic extensiong(0, w) at w = 0 does not vanish identi-
cally, since then it follows afterwards that the Taylor seriesG at the origin
of the normal componentg does not vanish identically, whenceh extends
holomorphically atp1 thanks to Lemma 9.10. To prove that the extension
g(0, w) is nonzero, we reason as follows. According to Lemma 9.11(1), at
every pointq ∈ γ1 sufficiently close top1 and different fromp1, the induced
differentialdh : TqM/T c

qM → Tq′M
′/T c

q′M
′ is of rank one. This entails

that the differential∂wg(0, w) is nonzero atw := wq, which shows that
the holomorphic extensiong(0, w) does not vanish identically, as desired.
In summary, to prove Theorems 9.14 and 9.3, it remains to establish the
following crucial statement.

Lemma 9.16. TheC ∞-smooth restrictionsf1|γ1 , . . . , fn−1|γ1 and g|γ1 ex-
tend holomorphically to a small neighborhood ofp1 in the complex disc
(γ1)

c.

9.17. Holomorphic extension to a transverse holomorphic disc. This
subsection is devoted to the proof of Lemma 9.16. Using the manifold K
of Lemma 9.15, we can includeγ1 into a one-parameter familyγs of real
analytic arcs, withs1 < s ≤ 1, contained inK which foliateK ∩M−

1 for
s1 < s < 1. Since fors1 < s < 1, the arcsγs are contained inM−

1 , we
haveγs ∩ Ena = ∅. By Lemma 9.15, we also have the important prop-
erty γs ∩ EM = ∅. We consider the complexifications(γs)

c, which are
transversal toM . One half of the complex discs(γs)

c is contained inD.
The crucial Lemma 9.19 below is extracted from [P4, Lemma 3.1] and is
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particularized to ourC ∞-smooth situation. In the sequel, it will be applied
to the one-dimensional domains of the complex planeC defined by

(9.18) Us := (γs)
c ∩ D ∩ {|w| < r},

wherer > 0 is sufficiently small and to certain antiholomorphic functions
to be defined later. First of all, we introduce some notation.As the complex
disc(γs)

c is transverse toM and almost parallel to thew-axis, it follows that
Us is a small one-dimensional simply connected domain in(γs)

c bounded
by two real analytic parts which we shall denote byδs ⊂ γs and byβs ⊂
{|w| = r} ∩ (γs)

c ∩ D. These two real analytic arcs join together at two
pointsq+

s ∈ γs andq−s ∈ γs, namely{q−s , q+
s } = γs ∩ {w = r} = δs ∩

βs. Then the boundariesδs andγs depend real analytically ons, even in
a neighborhood ofs = 1. We consider the twoopen real analytic arcs
δ◦s := δs\{q−s , q+

s } and similarly forβ◦
s . Here is the lemma.

Lemma 9.19. Let Us ⊂ C be a one-parameter family of bounded simply
connected domains inC having piecewise real analytic boundaries with
two open piecesδ◦s andβ◦

s depending real-analytically on a real parameter
s1 < s ≤ 1, let ϕs, ψs be antiholomorphic functions defined inUs which
dependC ∞-smoothly ons and setθs := ϕs/ψs. Assume that the following
four conditions hold.

(1) For s < 1, the two functionsϕs andψs extend antiholomorphically
to a certain neighborhood ofU s inC and there exists a pointp1 ∈ δ◦1
so thatϕ1 andψ1 extend antiholomorphically to a neighborhood of
U1\{p1} in C andC ∞-smoothly up to the open arcδ◦1.

(2) The quotientθ1 := ϕ1/ψ1 is of classC ∞ overδ◦1.
(3) For s < 1, the functionψs doesnot vanish on∂Us and there exists

a constantC > 0 such that|θs| ≤ C on∂Us for all s1 < s < 1.
(4) The functionψ1 does not vanish onU1\{p1}.

Then the quotientθ1 satisfies|θ1| ≤ C onU1 and it extends as an antiholo-
morphic function toU1 which is of classC ∞ up to the open real analytic
pieceδ◦1 of the boundary.

Proof. In view of the nonvanishing ofψs in ∂Us, the functionψs has inUs

a certain numberm (counting multiplicities) of zeros which is constant for
all s1 < s < 1. Using a conformal isomorphism ofUs with the unit disc and
an antiholomorphic Blaschke product, we can construct an antiholomorphic
functionbs onUs extendingC ∞-smoothly to the boundary with|bs| = 1 on
∂Us such that them zeros ofbs coincide with them zeros ofψs. Thenbsθs is
holomorphic inUs for s1 < s < 1. It follows from the maximum principle
that |bs θs| ≤ C onU s for all s1 < s < 1. Sinceψ1 6= 0 in U1\{p1}, when
s → 1, all zeros of the functionψs converge to the single pointp1 ∈ ∂U1.
From the form of a Blaschke product, we observe thatlims→1 |bs(z)| = 1
for every pointz ∈ U1. Therefore, forz ∈ U1, we have

(9.20) |θ1(z)| = lim
s→1

|θs(z)| = lim
s→1

|bs(z) θs(z)| ≤ C.
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So the functionθ1 is bounded inU1. Since its boundary valueϕ1/ψ1 is
of classC ∞ on δ◦1, it follows that the antiholomorphic functionθ1 extends
C ∞-smoothly up toδ◦1 ∪ β◦

1 . The proof of Lemma 9.19 is complete. �

We can bow begin the proof of Lemma 9.16. LetL1, . . . , Ln−1 denote
the commuting basis ofT 0,1M given byLj = ∂

∂z̄j
+ Θz̄j

(z̄, t) ∂
∂w̄

, for j =

1, . . . , n − 1. In a neighborhood of the arcγs for s < 1, the mapping
h extends holomorphically as a local biholomorphism. It follows that the
determinant

(9.21) det (Lj fk(t̄))1≤j,k≤n−1 := D(z, t̄, {∂t̄lfk(t̄)}1≤l≤n, 1≤k≤n−1)

does not vanish fort ∈ M in a neighborhood ofγs. Also, it extends as a
certain antiholomorphic function to the domainUs. Let us denote this ex-
tension byψs. In order that the functionψs satisfies the assumption(4) of
Lemma 9.19, we first observe that the determinant (9.21) doesnot vanish
on the partδ1\{p1} of ∂U1\{p1}. Indeed, sinceh is real analytic at every
point of δ1\{p1} and sinceδ1\{p1} is contained inM\EM , this follows
from Lemma 9.11(4). For the second partβ1 of ∂U1, we observe that for
every smallr > 0 as in (9.18), the determinant (9.10), extends as an anti-
holomorphic function toU1 and is in fact real analytic in a neighborhood
of β1. Since the determinant (9.21) does not vanish onδ1\{p1}, there exist
arbitrarily smallr > 0 such thatψ1 does not vanish overβ1. Shrinkings1,
we can assume thatψs does not vanish onβs for all s1 < s ≤ 1. Finally,
we know already that fors < 1, the functionψs does not vanish onδs,
thanks to the fact thatγs ∩ EM is empty. Sinceψs does not vanish on the
boundary∂Us for all s1 < s < 1, it follows from Rouché’s theorem that the
number of zeros ofψs in Us is constant equal tom (counting multiplicities).
Therefore, even fors = 1, the functionψ1 has inU1 not more thanm zeros.
Decreasingr > 0 once more, we can assume thatψ1 does not vanish inU1.
This shows thatψs satisfies all the assumptions of Lemma 9.19.

Next, as the mappingh is of classC ∞ overM , we can apply the tan-
gential Cauchy-Riemann derivationsL

β1

1 · · ·Lβn−1

n−1 , β ∈ Nn−1, of order|β|
infinitely many times to the identity

(9.22) g(t) = Θ′(f(t), h(t)),

which holds for allt ∈ M in a neighborhood ofp1. As in §7 above, using
the nonvanishing of the determinant we get for allβ ∈ Nn−1 and for all
t ∈ γs with s < 1 the following identities

(9.23)
1

β!

∂|β|Θ′

∂(z′)β
(f(t), h(t)) =

Tβ(z, t̄, {∂γ
t̄ hj(t̄)}1≤j≤n, |γ|≤|β|)

[D(z, t̄, {∂t̄lfk(t̄)}1≤l≤n, 1≤k≤n−1)]2|β|−1
.

Precisely, theTβ ’s are holomorphic with respect to(z, t̄) and relatively
polynomial with respect to the jets{∂γ

t̄ hj(t̄)}1≤j≤n, |γ|≤|β|. It follows that the
numeratorTβ extends antiholomorphically toUs for everys1 < s ≤ 1 as a
certain function which we shall denote byϕβ,s. We setψβ,s := [ψs]

2|β|−1.
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For t ∈ γs ⊂M with s < 1, let us rewrite (9.23) as follows:

(9.24) (1/β!) [∂|β|Θ′/∂(z′)β](f(t), h(t)) = ϕβ,s(t̄)/ψβ,s(t̄).

As the left hand side of (9.24) is of classC ∞ onγs, it follows that the right
hand side is of classC ∞ on δ◦s , for all s ≤ 1. By construction, for all
β ∈ Nn−1, the functionψβ,s has no zeros on the boundary∂Us for s < 1
and it also has no zeros on∂U1\{p1}. Furthermore, these two functions
ϕβ,s andψβ,s both extend antiholomorphically to a neighborhood ofUs in
(γs)

c for s < 1 and to a neighborhood ofU1\{p1} for s = 1. Let us
defineθβ,s := ϕβ,s/ψβ,s. By Lemma 9.19, fors = 1, the functionsθβ,1

extend antiholomorphically toU1 as bounded functions andC ∞-smoothly
up to the open real analytic arcδ◦1. In summary, we have shown that for all
β ∈ Nn−1, there exist functionsθβ,1(t̄) defined fort ∈ δ1 and extending as
antiholomorphic functions toU1 which are of classC ∞ up toδ◦1 such that
the following identities hold onδ1:

(9.25) (1/β!) [∂|β|Θ′/∂(z′)β](f(t), h(t)) = θβ,1(t̄).

Next, we may derive some polynomial identities in the spiritof [BJT],
[BR1]. By the relation (9.25) written fort := p1 ∈ δ◦1, we see that
θβ,1(p̄1) = 0, becauseh(p1) = p′1 sends the originp1 (in the coordinate
systemt) to the originp′1 (in the coordinate systemt′) and because the coor-
dinates are normal. AsM ′ is essentially finite at the origin, there exists an
integerκ ∈ N∗ such that the ideal(Θ′

β(t′))|β|≤κ is of finite codimension in
C{t′}. It follows from (9.24) and from a classical computation (cf. [BJT],
[BR1]) that there exist analytic cooeficientsAj,k in their variables which
vanish at the origin and integersNj ≥ 1 such that, after possibly shrinking
r > 0, we have

(9.26) h
Nj

j (t) +

Nj∑

k=1

Aj,k(f(t), {θβ,1(t̄)}|β|≤κ) h
Nj−k
j (t) = 0,

for all t ∈ δ1. It follows that these coefficientsAj,k, considered as functions
of one real variable inδ1, extend as antiholomorphic functions toU1. In
summary, we have constructed some polynomial identities for the compo-
nents of the mappingh with antiholomorphic coefficients which hold only
on the single transverse half complex discU1 = (γ1)

c∩D in a neighborhood
of p1. These polynomial identities are crucial to show that the mappingh
restricted to(γ1)

c ∩D extends holomorphically to a neighborhood ofp1 in
(γ1)

c.
Indeed, by following the last steps of the general approach of [BJT],

[BR1,§7], we deduce that the reflection function (as denotedin equa-
tion (8.1) of [BR1,§8]) extends holomorphically to a neighborhood of the
point p1 in (γ1)

c as a function of one complex variablew (remember that
(γ1)

c is contained in thew-axis). We would like to mention that in the
strongly pseudoconvex case, such a holomorphic extension to a single trans-
verse holomorphic disc was first derived by Pinchuk in [P4] inthe more
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general case whereh is only continuous atp1 and real analytic inM\Ena.
Finally, using the real analyticity of the reflection function, using theC ∞-
smoothness ofh|γ1 and using Puiseux series as in [BJT], we deduce that
h|γ1 is real analytic atp1. The proof of Theorem 9.3 is complete. �

A careful inspection of the above arguments shows that thereis no obvi-
ous possibility to get an extension to the complex discs(γs)

c with a uniform
control of the size of the domains of extension. Only the extension to the
limit complex disc(γ1)

c can be obtained.

9.27. Strong uniqueness principle for CR mappings.We end up this sec-
tion by an application of Theorem 9.2. A similar applicationof Theorem 9.3
may be stated.

Theorem 9.28.Let h : M → M ′ andh∗ : M → M ′ be twoC ∞-smooth
CR mappings between two connected, real analytic hypersurfaces inCn

and letp ∈ M . If M andM ′ do not contain complex curves, then there
exists an integerκ ∈ N∗ which depends only onp, onM and onM ′ such
that if the twoκ-jets ofh andh∗ coincide atp, thenh ≡ h∗ overM .

Proof. By Theorem 9.2, we can assume thath andh∗ are both holomorphic
in a neighborhood ofp and nonconstant. By Lemma 9.11, the two map-
pingsh andh∗ satisfies the Hopf Lemma atp and are of finite multiplicity.
It follows from a careful inspection of the analytic versions of the reflection
principle given in [BR1], [BR2] that ifκ is large enough, then the two map-
pingsh andh∗ coincide in a neighborhood ofp. In fact, the complete argu-
ments already appeared in a more general context in [BER3, Theorem 2.5].
Thenh ≡ h∗ all overM by analytic continuation. For the particular case of
germs, Theorem 9.28 is conjectured in [BER4, p. 238]. �

§10. OPEN PROBLEMS AND CONJECTURES

In the celebrated article [DP2], the following conjecture statedwithout
pseudoconvexity assumption, was solved in the casen = 2.

Conjecture10.1. Let h : D → D′ be a proper holomorphic mapping be-
tween two bounded domains inCn (n ≥ 2) having real analytic and geo-
metrically smooth boundaries. Thenh extends holomorphically to an open
neighborhood ofD in Cn.

To the author’s knowledge, the conjecture is open forn ≥ 3. In fact,
among other conjectures, it has been conjectured for a long time that every
such proper holomorphic mappingh : D → D′ extendscontinuouslyto
the boundaryM of D and that in this case,h is real analytic at every point
of M . In the much easier case whereh extendsC ∞-smoothly up toM ,
Theorem 9.2 above, in which no formal rank assumption is imposed on the
Taylor series ofh at points ofM , provides a positive answer. Analogously,
in Theorems 1.2 and 1.9, it would be very desirable to remove the diffeo-
morphism assumption and also theC ∞-smoothness assumption. We have
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strongly used these two assumptions in the proof and we have found no way
to do without. Nevertheless, inspired by above conjectures, it is natural to
suggest the following two open problems.

Conjecture10.2. Let h : M → M ′ be a continuous CR mapping between
two globally minimal real analytic hypersurfaces inCn (n ≥ 2) and assume
that the holomorphic extension ofh to a global one-sided neighborhoodD
of M in Cn is of generic rank equal ton. Then the reflection function
extends holomorphically to a neighborhood of every pointp × h(p) in the
graph ofh̄.

The rank assumption is really necessary, as shown by the following triv-
ial example. LetM ⊂ C4 be the product ofC1

z2
× C1

z3
with the unbounded

representation of the3-sphere given by the equationw = w̄ + izz̄, let
M ′ ⊂ C4 be given byw′ = w̄′ + iz′1z̄

′
1 + iz′2z̄

′
3 + iz̄′2z

′
3, let h2(z1, w)

be a CR function onM independent of(z2, z3), of classC ∞, which does
not extend holomorphically to the pseudoconcave side ofM at any point.
Then the degenerate mapping(z1, z2, z3, w) 7→ (z1, h2(z1, w), 0, w) maps
M intoM ′ but does not extend holomorphically to a neighborhood ofM in
C2. Suppose by contradiction that the globally defined reflection function
R ′

h(t, ν̄
′) = µ̄′ − w − iλ̄′1z1 − iλ̄′3h2(z1, w) extends holomorphically to a

neighborhood of0 × 0 in C4 × C4. Differentiating with respect tōλ′3, we
deduce thath2(w1, z) extends holomorphically at the origin inC4, contra-
diction. In fact, to speak of the extendability of the reflection function, one
has to choose forM ′ the minimal for inclusion real analytic subset con-
taining the imageh(M), as argued in [Me5]. In the case where the generic
complex rank ofh overD equalsn, thenM ′ necessarily is the minimal for
inclusion real analytic set containingh(M). This explains the rank assump-
tion in Conjecture 10.2.

Finally, in the holomorphically nondegenerate case, we expect thath be
holomorphically extendable to a neighborhood ofM .

Conjecture10.3. Let h : M → M ′ be a continuous CR mapping between
two globally minimal real analytic hypersurfaces inCn (n ≥ 2), assume
that the holomorphic extension ofh to a global one-sided neighborhoodD
of M in Cn is of generic complex rank equal ton and assume thatM ′ is
holomorphically nondegenerate. Thenh is real analytic at every point of
M .
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On the partial algebraicity of holomorphic

mappings between two real algebraic sets in

complex euclidean spaces of

arbitrary dimension
Joël Merker

Abstract. The rigidity properties of the local invariants of real algebraic Cauchy-
Riemann structures imposes upon holomorphic mappings someglobal rational
properties (Poincaré 1907) or more generally algebraic ones (Webster 1977). Our
principal goal will be to unify the classical or recent results in the subject, building
on a study of the transcendence degree, to discuss also the usual assumption of min-
imality in the sense of Tumanov, in arbitrary dimension, without rank assumption
and for holomorphic mappings between two arbitrary real algebraic sets.

RÉSUMÉ. La rigidité des invariants locaux des structures de Cauchy-Riemann
réelles algébriques impose aux applications holomorphes des propriétés globales
de rationalité (Poincaré 1907), ou plus généralement d’algébricité (Webster 1977).
Notre objectif principal sera d’unifier les résultats classiques ou récents, grâce à
une étude du degré de transcendance, de discuter aussi l’hypothèse habituelle de
minimalité au sens de Tumanov, et ce en dimension quelconque, sans hypothèse
de rang et pour des applications holomorphes quelconques entre deux ensembles
algébriques réels arbitraires.

Bull. Soc. Math. France 129 (2001), no. 3, 547–591

§1. INTRODUCTION

The algebraicity or the rationality of local holomorphic mappings be-
tween real algebraic CR manifolds can be considered to be oneof the
most remarkable phenomena in CR geometry. Introducing the consid-
eration of Segre varieties in the historical article [18], Webster general-
ized the classical rationality properties of self-mappings between three-
dimensional spheres discovered by Poincaré and later extended by Tanaka
to arbitrary dimension. Webster’s theorem states that biholomorphisms
between Levi non-degenerate real algebraic hypersurfacesin Cn are al-
gebraic. Around the eighties, some authors studied proper holomor-
phic mappings between spheres of different dimensions or between pieces
of strongly pseudoconvex real algebraic hypersurfaces, notably Pelles,
Alexander, Fefferman, Pinchuk, Chern-Moser, Diederich-Fornaess, Faran,
Cima-Suffridge, Forstneric, Sukhov, and others (completereferences are
provided in [2,5,8,14,16,18,19]). In the past decade, removing the equidi-
mensionality condition in the classical theorem of Webster, Sukhov for
mappings between Levi non-degenerate quadrics [16], Huang[8] for map-
pings between strongly pseudoconvex hypersurfaces, and Sharipov-Sukhov
[14] for mappings between general Levi non-degenerate realalgebraic CR
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manifolds have exhibited various sufficient conditions forthe algebraicity
of a general local holomorphic mapf M → M ′ between two real alge-
braic CR manifoldsM ⊂ Cn andM ′ ⊂ Cn′

. A necessary and sufficient
condition, but with a rank condition onf is provided in [2]. Recently, us-
ing purely algebraic methods, Coupet-Meylan-Sukhov ([5] ;seealso [6])
have estimated the transcendence degree off directly. Building on their
work, we aim essentially to study the algebraicity questionin full generality
(cf.Problem 2.4) and to unify the various approaches of [2,5,8,12,14,18,19].
Notably, we shall state necessary and sufficient conditionsfor the algebraic-
ity of f without rank condition and we shall study the geometry of themin-
imality assumption thoroughly.

§2. PRESENTATION OF THE MAIN RESULT

2.1. Algebraicity of holomorphic mappings and their transcendence de-
gree. Let U ⊂ Cn be a small nonempty open polydisc. A holomorphic
mappingf U → Cn′

, f ∈ H (U,Cn′

), is calledalgebraic if its graph
is contained in an irreduciblen-dimensional complex algebraic subset of
Cn × Cn′

. Using classical elimination theory, one can show that, equiva-
lently, each of its componentsg := f1, . . . , fn′ satisfies a nontrivial polyno-
mial equationgrar + · · ·+a0 = 0, theaj ∈ C[z] being polynomials. We re-
call that a setΣ ⊂ U is called real algebraic if it is given as the zero set inU
of a finite number ofreal algebraic polynomialsin (z1, . . . , zn, z̄1, . . . , z̄n).

Let us denote byA = C[z] the ring of complex polynomial functions
overCn and byR = C(z) its quotient field Fr(A ). By R(f1, . . . , fn′) we
understand the field generated byf1, . . . , fn′ over R, which is a subfield
of the field of meromorphic functions overU and which identifies with the
collection of rational functions
(2.2)
R(f1, . . . , fn′) = P (f1, . . . , fn′)/Q(f1, . . . , fn′), P,Q ∈ R[x1, . . . , xn′ ], Q 6= 0.

Following [5], the transcendence degree∇tr(f) of the field
R(f1, . . . , fn′) with respect to the fieldR provides an integer-valued in-
variant measuring the lack of algebraicity off . In particular,∇tr(f) is zero
if and only if f is algebraic. Indeed, by definition∇tr(f) coincides with
the maximal cardinal numberκ′ of a subset{fj1, . . . , fjκ′

} ⊂ {f1, . . . , fn′},
1 ≤ j1 < · · · < jκ′ ≤ n′ which is algebraically independent over
R. In other words,∇tr(f) = κ′ means that there exists a subset
{fj1, . . . , fjκ′

} ⊂ {f1, . . . , fn′} such that there does not exist a nontrivial
relationP (fj1, . . . , fjκ′

) ≡ 0 in H (U), P ∈ R[x1, . . . , xκ′]\{0}, but that
for everyλ, κ′ + 1 ≤ λ ≤ n′, every1 ≤ j1 < · · · < jλ ≤ n′, there exists
an algebraic relationQ(fj1, . . . , fjλ

) ≡ 0, Q ∈ R[x1, . . . , xλ]\{0}. Of
course,∇tr(f1, . . . , fn′) ≤ n′. An equivalent geometric characterization
of ∇tr(f) states that∇tr(f) = κ′ if and only if the dimensionof the
minimal for inclusioncomplex algebraicsetΛf ⊂ U × Cn′

containing the
graph Γf = {(z, f(z)) ∈ U × Cn′

z ∈ U} of f is equal ton + κ′ (this
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complex algebraic setΛf is of course necessarily irreducible). In other
words, ∇tr(f) is an invariant intrinsically attached tof which is given
with f and which possesses an algebraicand a geometric signification.
In a metaphoric sense, we can think that∇tr(f) measures thelack of
algebraicity of f , or conversely, that it provides an estimation of the
maximal partial algebraicity propertiesof f .

2.3. Presentation of the main result.Then, because the transcendence
degree is an appropriate invariant, more general than the dichotomy be-
tween algebraic and non-algebraic objects, we shall as in [5] study directly
the transcendence degree of holomorphic mappings between two real al-
gebraic sets. Our main goal is to provide a synthesis of the results in
[2,5,8,14,18,19]. Thus, quite generally, letf U → Cn′

be a local holo-
morphic mapping sending an arbitrary irreducible real algebraic setΣ ∩ U
into another real algebraic setΣ′ ⊂ Cn′

. As the algebraicity off is a non-
local property, we shall assume in the sequel thatΣ ∩ U is a smooth closed
CR-submanifold ofU and that there exists a second polydiscU ′ ⊂ Cn′

with
f(U) ⊂ U ′ such thatΣ′ ∩ U ′ is also a smoooth closed CR-submanifold of
U ′. We shall denote byM andM ′ these connected local CR pieces ofΣ in
U and ofΣ′ in U ′. Of course, after shrinking againU andU ′, we can sup-
pose thatf is of constant rank overU . The topic of this article is to study
in full generality the following problem by seeking an optimal bound :

Problem 2.4Estimate∇tr(f) in terms of geometric invariants off , Σ, Σ′.

To begin with, we shall first assume thatM is somewhere minimal in the
sense of Tumanov, as in [2,5,8,14,18,19]. In the sequel, we shall say that a
propertyP holds at a Zariski-generic pointp ∈ Σ if there exist a proper
real algebraic subsetE of Σ, depending onP, such that the propertyP
holds at each point ofΣ\E. Let∆ be the unit disc inC. Our main result lies
in the following statement from which we shall recover everyalgebraicity
result of the cited literature.

Theorem 2.5Assume thatM is CR-generic, connected and minimal in the
sense of Tumanov at a Zariski-generic point, and letΣ′′ be the minimal(for
inclusion, hence irreducible) real algebraic set satisfyingf(M) ⊂ Σ′′ ⊂ Σ′.
Let κ′ denote the transcendence degree∇tr(f) of f . Then near a Zariski-
generic pointp′′ ∈ Σ′′, there exists a local algebraic coordinate system in
which Σ′′ is of the form∆κ′ × Σ′′ for some real algebraic varietyΣ′′ ⊂
Cn′−κ′

.

This theorem says that the degree of nonalgebraicity off imposes some
degeneracy conditionon Σ′, namely to contain a smaller real algebraic set
Σ′′ which is “degenerate” in the sense that it can be locally straightened
to be a product by a complex∇tr(f)-dimensional polydisc at almost every
point. The main interest of Theorem 2.5 lies in fact in its various reciprocal
forms which are listed in §3 below. Of course, the assumptionthat∇tr(f)
equals an integerκ′ is no assumption at all, since∇tr(f) is automatically
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given withf , but in truth abstractly, namely in a non-constructive way,as
is Σ′′. The only unjustified assumption with respect to Problem 2.4is the
minimality of M in the sense of Tumanov and it remains also to explain
why the estimate given by Theorem 2.5 is sharp and satisfactory.

Thus, let us firstly consider the sharpness. IfΣ′′ is an irreducible real al-
gebraic set as above, it can be shown that there exists the largest integerκΣ′′

such thatΣ′′ is a product of the form∆κΣ′′ ×Σ′′ near a Zariski-generic point
in suitable local algebraic coordinates (seeTheorem 9.10). This integer will
also be abbreviated byκΣ′′ and we shall say thatΣ′′ is κΣ′′-algebraically
degenerate. We shall also writeΣ′′ ∩ V ′′ ∼=A ∆κΣ′′ × Σ′′ to mean thatΣ′′

intersected with the small open setV ′′ is equivalent to a product incomplex
algebraic(abbreviation :A ) coordinates. Then Theorem 2.5 states in sum-
mary thatκΣ′′ ≥ ∇tr(f). With this notion defined and this rephrasing of
Theorem 2.5 at hand, we now notice that it can of course well happen that
κΣ′′ > ∇tr(f). For instance, this happens whenn = n′, whenf is an alge-
braic biholomorphic map, so∇tr(f) = 0, and whenΣ = Σ′ = Σ′′ = Cn

simply. So what ? In case whereκΣ′′ > ∇tr(f), by an elementary observa-
tion we shall show thata suitable perturbation off can raise and maximize
its possible transcendence degree. The precise statement, which establishes
the desired sharpness, is as follows.

Theorem 2.6Assume thatf is nonconstant and thatΣ′′ is the minimal for
inclusion real algebraic set satisfyingf(M) ⊂ Σ′′ ⊂ Σ′. Remember that
Σ′′ is locally equivalent to∆κΣ′′ ×Σ′′ at a Zariski-generic point. Then there
exist a pointp ∈M such thatf(p) =: p′′ ∈ Σ′′ is a Zariski-generic point of
Σ′′ and a local holomorphic self-mapφ of Σ′′ fixing p′′ which is arbitrarily
close to the identity map, such that∇tr(φ ◦ f) = κΣ′′ (of course, because
of Theorem 2.5, it is impossible to produce∇tr(φ ◦ f) > κΣ′′).

Secondly, let us discuss the (until now still unjustified) minimality in
the sense of Tumanov assumption. Remember that CR manifold without
infinitesimal CR automorphisms are quite exceptional and inany case carry
few self-maps. In §13.2 below, we shall observe the following.

Theorem 2.7LetM be a nowhere minimal real algebraic CR-generic man-
ifold and assume that the space of infinitesimal CR-automorphisms ofM
is nonzero. ThenM admits a local one-parameter family of nonalgebraic
biholomorphic self-maps.

§3. FIVE COROLLARIES

The direct converse of the main Theorem 2.5 bounds∇tr(f) as follows
and gives an optimal sufficient condition forf to be algebraic.

Theorem 3.1Let f ∈ H (U,Cn′

) with f(M) ⊂ Σ′ and assumeM is CR-
generic and minimal at a Zariski-generic point. Then∇tr(f) ≤ κΣ′′ =
algebraic degeneracy degree of the minimal for inclusion real algebraic set
Σ′′ such thatf(M) ⊂ Σ′′ ⊂ Σ′. In particular,f is necessarily algebraic if
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there does not exist an1-algebraically degenerate real algebraic setΣ′′′ with
f(M) ⊂ Σ′′′ ⊂ Σ′.

As Theorem 2.6 shows that, otherwise,f can be slightly perturbed to be
nonalgebraic, this theorem provides anecessary and sufficientcondition for
f to be algebraic. Thanks to this synthetic general converse,we will recover
results of the cited litterature as corollaries. We also obtain as a corollary
the celebrated algebraicity result in [18] from the following statement.

Corollary 3.2 ([2]) Any biholomorphism between pieces of smooth real al-
gebraic CR-generic holomorphically nondegenerate manifolds inCn which
are minimal at a Zariski-generic point must be algebraic.

Proof. Let f M → M ′ biholomorphic. Suppose by contradiction that
∇tr(f) = κ′ ≥ 1. We prove in this paper (Corollary 9.14) thatM ′ is holo-
morphically degenerate if and only ifM ′ is algebraically degenerate. Since
f(M) ≡ M ′ is locally onto, necessarilyM ′′ = M ′ is κ′-holomorphically
degenerate, by Theorem 2.5, a contradiction. � �

For instance, here is another more general consequence of Theorem 3.1.
By VCn(p), we denote a small open polydisc centered atp whose size may
shrink. LetΣ′

reg denote the regular part ofΣ′ in the sense of real algebraic
geometry.

Corollary 3.3 Let f ∈ H (U,Cn′

) with f(M) ⊂ Σ′ and assumeM is
CR-generic and minimal at a Zariski-generic point. Iff(M ∩ VCn(p))) ⊃
V

Cn′ (f(p)∩Σ′
reg) for some pointp ∈M , thenΣ′′ = Σ′ and∇tr(f) ≤ κΣ′.

Recall now that a CR-generic manifoldM is calledSegre-transversalat
p ∈ M if ∀ V = VCn(p), ∃ k ∈ N∗, ∃ q1, . . . , qk ∈ V ∩ Sp̄ such that
TpSq̄1 + · · · + TpSq̄k

= TpC
n, theSr̄ denoting Segre varieties, hencep ∈

Sq̄1, . . . , p ∈ Sq̄k
. Segre-transversalM ’s are always minimal. In fact, Segre-

transversality atp ∈M appears to be equivalent to minimality atp (see[5])
in codimension one, whenM is a hypersurface, but in codimension≥ 3
there exist already some minimal and not Segre-transversal(M, p)’s. Since
the question whether minimal CR-generic manifolds(M, p) of codimension
two are Segre transversal was left open in [5], we devote §10 to answer it
affirmatively. Now, another important and direct consequence of our main
Theorem 2.5 is the following statement, implying in particular [8].

Corollary 3.4 ([5]) Let f ∈ H (U,Cn′

) with f(M) ⊂ Σ′ and assume that
M is Segre-transversal atp. Then∇tr(f) ≤ m′ := the maximal dimension
of a complex algebraic varietyA′

f(q) with f(q) ∈ A′
f(q) ⊂ Σ′, whereq runs

in M .

Proof. First, M is minimal at p ([5]; see also §14 here). Clearly, if
κ′ = ∇tr(f), thenΣ′ contains a piece of algebraic setA′ ∼=A ∆κ′

by
Theorem 2.5, soκ′ ≤ m′. � �
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A fourth consequence of Theorem 3.1 is :
Corollary 3.5 ([19]) Let f ∈ H (U,Cn′

) with f(M ∩U) ⊂ Σ′ and assume
thatM is minimal at a Zariski-generic point. IfΣ′ does not any contain
complex algebraic varieties, then∇tr(f) = 0, i.e. f is algebraic.

Proof. As above, ifκ′ = ∇tr(f) ≥ 1, thenM ′ ⊃ A′ ∼=A ∆κ′

. � �

In conclusion, we therefore unify the results in the papers
[2,5,8,14,18,19].

3.6. Second reflection.Let f M → M ′, M ρ(z, z̄) = 0, 0 ∈ M ,
M ′ ρ′(z′, z̄′) = 0, 0 ∈ M ′, ρ, ρ′ real algebraic polynomials :ρ ∈ C[z, z̄]d,
ρ′ ∈ C[z′, z̄′]d

′

, d = codimRM , d′ = codimRM
′, and letSw̄, S ′

w̄′ denote
Segre varieties,w ∈ VCn(0) := U , w′ ∈ V

Cn′ (0) := U ′, Sw̄ := {z ∈
U ρ(z, w̄) = 0}, S ′

w̄′ := {z′ ∈ U ′ ρ′(z′, w̄′) = 0}. Following [7,10,19],
for every subsetE ′ ⊂ U ′, we define thefirst and thesecond reflectionof E ′

(which appears in an article of Diederich-Fornaess, Ann. Math. 107(1978),
371–384) by

(3.7) rM ′(E ′) := {w′ ∈ U ′ S ′
w̄′ ⊃ E ′}, r2

M ′(E ′) := rM ′(rM ′(E ′)).

One establishes easily that givenf M →M ′, then (see[10]) :

(3.8) f(z) ∈ X′
z,w̄ := rM ′(f(Sz̄)) ∩ r2

M ′(f(Sw̄)).

Although the paper [19] contains a slightly different statement using the
double reflection determination (3.8), we shall summarize its main theorem
by the following statement :

(3.9)
〈

dimCX
′
z,w̄ = 0 ∀ z, w ∈ VCn(0), with z ∈ Sw̄

〉
⇒ ∇tr(f) = 0.

In fact, to review the version [10], the condition dimCX
′
z,w̄ = 0 ∀ z, w ∈

VCn(0), z ∈ Sw̄, yields easily thatf is algebraic on every Segre varietySw̄

and it suffices afterwards to apply Theorem 5.1 below to get∇tr(f) = 0.
But the main point here is again that, contrary to the one in Theorem 2.5,
this condition(3.9) is only sufficient. Indeed, it appears that there is no
natural reason why there should exist a nonalgebraic perturbationφ ◦ f
as in Theorem 2.6 in case where dimCX

′
z,w̄ ≥ 1 for all z, w, z ∈ Sw̄.

For instance, there are cases where dimCX
′
z,w̄ ≥ 1 ∀ z, w ∈ VCn(0), z ∈

Sw̄, but a suitable modification of the method in [7,10,19] yields another
determinacy setM′

z,w̄ such thatf(z) ∈M′
z,w̄ again, such that dimCM′

z,w̄ = 0
∀ z, w ∈ VCn(0), z ∈ Sw̄ and such that, moreover,M′

z,w̄ is also appropriate
for showing thatf is algebraic as in (3.9) above. By examples similar to
the ones in [10], it can be shown that neither the condition dimCX

′
z,w̄ ≥ 1

∀ z, w ∈ VCn(0), z ∈ Sw̄, nor dimCM
′
z,w̄ ≥ 1 ∀ z, w ∈ VCn(0), z ∈ Sw̄

mean that we can find a nonalgebraic perturbationφ ◦ f : both conditions
are only sufficient. Further, the preprints [7,10] explains the unexpected
phenomena which are caused by the action of second reflectionr2

M ′ . By an
examination of the examples in [10], the reader can realize that the trouble
in them comes from the fact thatM ′ is not a priori a piece of the minimal
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for inclusion real algebraic setΣ′′ containingf(M). And we can add that
these puzzling phenomena are essentially due to the fact that rM ′ reverses
inclusion of sets: E ′ ⊂ F ′ impliesrM ′(E ′) ⊃ rM ′(F ′) and for this reason,
E ′∩rM ′(E ′) andF ′∩rM ′(F ′) cannot be comparablea priori. For instance,
if f(M) ⊂ M ′′ ⊂ M ′ are as above, one hasrM ′(f(Sz̄)) ⊂ rM ′′(f(Sz̄)) but
the two double reflection sets
(3.10)
X′

z,w̄ := rM ′(f(Sz̄))∩r2
M ′(f(Sw̄)) and X′′

z,w̄ := rM ′′(f(Sz̄))∩r2
M ′′(f(Sw̄))

are not comparablein general. Explicit examples showing that one can
play very freely with these inclusions are given in [7,10]. This shows that
it is more natural to have a condition aboutX′′

z,w̄ with M ′′ being a piece of
the minimal for inclusion real algebraic setΣ′′ which is smooth. We can
of course assume smoothness after shrinkingM andU a little bit, since if
otherwisef(M) is contained in the (real algebraic) singular part ofΣ′′ then
Σ′′ is not minimal for inclusion. Finally, after assuming thatM ′ is already
minimal for inclusion, we can derive quickly from our Theorem 2.5 the
contraposition of Theorem 1.1 in [19].
Corollary 3.11 Let f ∈ H (U,Cn′

), f(M) ⊂M ′, withM CR-generic and
minimal at a Zariski-generic point. Assume thatM ′ is minimal for inclusion
real algebraic CR-generic containingf(M) and smooth. If∇tr(f) ≥ 1,
then there existsDM ⊂ M ∩ U a Zariski-open subset ofM such that
∀ p ∈ DM , dimCX

′
z,w̄ ≥ ∇tr(f) ≥ 1, ∀ z, w ∈ VCn(p), z ∈ Sw̄. Equiva-

lently, if dimCX
′
z,w̄ = 0 on an open set, thenf is algebraic. In particular, if

dimC rM ′(f(Sz̄)) = 0 on a open set, thenf is algebraic.

Proof. Let κ′ := ∇tr(f). By Theorem 2.5,M ′ is at leastκ′-algebraically
degenerate,i.e. κM ′ ≥ κ′. Then (M ′, p′) ∼=A ∆κM′ × M ′ locally in a
neighborhood of a Zariski-generic pointp′ ∈ M ′. Let DM be the open
set of pointsp ∈ M ∩ U such thatM ′ ∩ V

Cn′ (f(p)) ∼=A ∆κM′ × M ′.
SinceM ′ is minimal for inclusion, we claim thatDM is Zariski-open in
M ∩ U . Indeed, otherwise,f(M ∩ U) would be contained in the set of
pointsp′ ∈M ′ whereM ′∩V

Cn′ (p′) 6∼=A ∆κM′ ×M ′, which is aproperreal
algebraic subvariety ofM ′ seeTheorems 9.10 and 9.16 below, contradicting
the choice ofM ′. Assume therefore thatM ′ = ∆κM′ ×M ′ in U ′ = VCn(0).
Let π′ Cn′ → Cn′−κM′ × 0 be the projection. It is easy to show that for an
arbitrary setE ′ ⊂ U ′, we have
(3.12)
rM ′(E ′) = rM ′(∆κM′ × π′(E ′)), r2

M ′(E ′) = rM ′(rM ′(∆κM′ × π′(E ′))).

Consequently,X′
z,w̄ ⊃ ∆κM′ × π′(f(z)) and dimCX

′
z,w̄ ≥ κM ′ ≥ κ′ =

∇tr(f) ≥ 1. � �

3.12. Summary of the proof of Theorem 2.5.Let ∇tr(f) =: κ′. Equiva-
lently, the graph off is contained in an algebraic(n+κ′)-dimensional man-
ifold in Cn × Cn′

and someκ′ components off , say(f1, . . . , fκ′) := f(κ′),
make a transcendence basis of the field extensionR → R(f1, . . . , fn′). By
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the assumptionf(M) ⊂ Σ′, there exist algebraic relations betweenf andf̄
and then betweenf(κ′) andf̄(κ′), after elimination. The main argument in §4
below shows that an algebraic dependenceR′(z, z̄, f(κ′)(z), f̄(κ′)(z̄)) ≡ 0,
for z ∈ M , can be transformed into an algebraic dependenceS ′(z, f(κ′)) ≡
0 which does not involve the antiholomorphic componentsin case(M, p) is
minimal. This fact strongly relies on the Theorem 8.2 about propagation of
partial algebraicity along the Segre surfaces of(M, p). ThenS ′ ≡ 0, and
this will show easily that the setΣ′′ is κ′-algebraically degenerate.

3.13. Organization of the article. §4 provides the proof of Theorem 2.5,
except the theorem on propagation of algebraicity, to which§5, §6, §7 and
§8 are devoted. §7 contains the proof of Theorem 2.7. §9 presents the notion
of algebraic degeneracy. §10 studies the notion of Segre-transversality in
the real algebraic context. Finally, §11 shows how to produce a statement
equivalent to our main Theorem 2.5 using the so-called reflection mapping.
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§4. ESTIMATE OF TRANSCENDENCE DEGREE

4.1. Necessity in the main theorem.We proceed here first to the proof of
the easy Theorem 2.6. Thanks to the existence of algebraic stratifications
and thanks to delocalization (i.e. choice of a smallerU centered at Zariski-
generic point), we reduce the problem to anonconstantholomorphic map
fM → ∆κ′×Σ′′, κ′ ≥ 1. To begin with, assume first thatf is algebraic, that
p = 0 andf(p) = 0. We writef = (f

1
, . . . , f

n′′
, f1, . . . , fκ′). Obviously,

all perturbations(f
1
, . . . , f

n′′
, g1, . . . , gκ′) of f , where the mapgVCn(0) →

∆κ′

, g(0) = 0, is an arbitrary holomorphic map,still sendM into ∆κ′ ×Σ′′.
We need to find such a perturbation of the formφ ◦ f with transcendence
degreeκ′.

BecauseΣ′′ is assumed to be minimal for inclusion containingf(M),
we havef1 6≡ 0. Next, we choose a transcendent entire holomorphic
function with high order of vanishing̟ ∆ → ∆, ̟(0) = 0, say for
instance̟(z1) = (sin z1)

a, a ∈ N∗, a >> 1, and we define the map
φ∆κ′ ×Σ′′ → ∆κ′ ×Σ′′ byφ(z1, . . . , zn′′ , z1, . . . , zκ′) := (z1, . . . , zn′′ , z1 +
̟(z1), z2+̟

◦2(z1), . . . , zκ′+̟◦κ′

(z1)), where we denote̟ ◦k := ̟◦· · ·◦̟
(k times). Then we have∇tr(̟,̟◦2, . . . , ̟◦k) = k for all k ∈ N∗ and
φ ◦ f = (f

1
, . . . , f

n′′
, f1 +̟(f1), . . . , fκ′ +̟◦κ′

(f1)). If f was algebraic,
then clearly∇tr(φ ◦ f) ≥ κ′ and the rank at0 ∈ Cn (or the generic rank) of
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f is preserved after composition byφ, becauseφ is arbitrarily close to the
identity map in a neighborhood of the origin.

Now, if f was not algebraic, we choose instead functions
̟1, . . . , ̟κ′ ∆ → ∆ with high order of vanishing at0 such that
∇tr(f1 +̟1(f1), f2 +̟2(f1), . . . , fκ′ +̟κ′(f1)) = κ′, which is possible.
Then again∇tr(φ ◦ f) ≥ κ′. �

4.2. Sufficiency in the main theorem.We establish here Theorem 2.5.
This paragraph will essentially follow the lines of the mainargument given
in [5]. Let κ′ := ∇tr(f) and choose a pointp ∈ M at whichM is minimal
such thatΣ′′ is smooth (in the sense of real algebraic geometry) and CR
at f(p). This choice can be simply achieved by avoiding some two proper
real algebraic subvarieties in the source and in the target.Of course, the real
algebraic setΣ′′ which is minimal for inclusion satisfyingf(M) ⊂ Σ′′ ⊂ Σ′

is irreducible andf(M) is not contained inΣ′′
sing. Suppose we have proved

that Σ′′ is κ′-algebraically atf(p). Then Theorem 9.10 below yields that
Σ′′

reg,CR is κ′-algebraically degenerate everywhere. We are thus reduced
to prove Theorem 2.6 at one point. To summarize, thanks to theabove
simplifications, it is clear that it suffices now to establishthe following local
statement.

Theorem 4.3 Assume thatf (M, p) → (M ′, p′) is a holomorphic map
of constant rank between two smooth CR-generic small manifold pieces
of real algebraic sets and letκ′ := ∇tr(f). If (M, p) is minimal and
(M ′, p′) minimal for inclusion containingf(M, p), then(M ′, p′) is at least
κ′-algebraically degenerate.

Proof. For basic definitions about algebraic or transcendental extensions
that will be needed in this demonstration, we refer the reader to §2 of [5]
and the references therein. We only recall the following important lemma.
If k is a subfield of a fieldE, thenE is said to be anextension field ofk. We
write k → E.

Lemma 4.4Let E = k(α1, . . . , αn) be a finite extension of a fieldk, n ∈
N∗, consisting of rational functions of(α1, . . . , αn) with coefficients ink.
Then∇tr(k → E) = κ′ ≥ 1 if and only if, after renumbering :

• "(1)" α1 is transcendent overk, · · · , ακ′ is transcendent over
k(α1, . . . , ακ′−1);

• "(2)" ακ′+1, . . . , αn are algebraic overk(α1, . . . , ακ′).

LetR := Fr(A ) = C(z) denote the quotient field of the ring of algebraic
functionsA := C[z] overCn and let us considerR(f1, . . . , fn′), the field
of rational functions generated by the componentsf1, . . . , fn′ of f , i.e. by
fractions of the form
(4.5)
P (f1, . . . , fn′)

Q(f1, . . . , fn′)
, P (f1, . . . , fn′) =

∑

J

aJf
J , Q(f1, . . . , fn′) =

∑

J

bJf
J ,
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P andQ being polynomials with coefficientsaJ ∈ R, bJ ∈ R. If κ′ denotes
the transcendence degree of the field extensionR → R(f), one can assume
(after renumbering) thatf1, . . . , fκ′ is the basis of transcendence, which
means (cf. 4.4)

• "1." f1 is transcendent overR, . . ., fκ′ is transcendent over
R(f1, . . . , fκ′−1);

• "2." fκ′+1, . . . , fn′ are algebraic overR(f1, . . . , fκ′).

In particular 1 implies that there are no algebraic relations between
(f1, . . . , fκ′). Let us denotef(κ′) := (f1, . . . , fκ′). Also, 2 means that there
are irreducible monic polynomials
(4.6)

S ′
κ′+1(z, f(κ′);X) ∈ R(f(κ′))[X], . . . , S ′

n′(z, f(κ′);X) ∈ R(f(κ′))[X]

such that writing
(4.7)
S ′

j =
∑

0≤k≤mj

S ′
jk(z, f(κ′))X

mj−k, S ′
j0 = 1, one hasS ′

j(z, f(κ′); fj(z)) ≡ 0

identically forz ∈ U , j = κ′ + 1, . . . , n′ with S ′
jk(z, f(κ′)) ∈ R(f(κ′)). In

other words, the graph off
(4.8)
Γ(f) = Γ(f1, . . . , fn′) = {(z, z′) ∈ Cn×Cn′

; z′1 = f1(z), . . . , z
′
n′ = fn′(z), z ∈ U}

is contained in the complex algebraic set

(4.9)
Λ′ = {(z, z′) ∈ Cn × Cn′

; S ′
j(z, z

′
(κ′); z

′
j) = 0,

j = κ′ + 1, . . . , n′, z ∈ U, z′ ∈ U ′} ⊂ Cn × Cn′

,

equipped with a natural projectionτ ′Cn×Cn′ → Cn×Cκ′

, which is a local
algebraic biholomorphismτ ′Λ′\(τ ′)−1(Υ′) → Cn×Cκ′

outside the inverse
image(τ ′)−1(Υ′) of the unionΥ′ of the discriminant loci of the irreducible
polynomialsS ′

j (henceΥ′ is a complex algebraic subset ofCn × Cκ′

of
dimension≤ n+ κ′ − 1).

Consider now the graph of the transcendent basis
(4.10)
Γ(f1, . . . , fκ′) = {(z, z′(κ′)) ∈ Cn×Cκ′

; z′1 = f1(z), . . . , z
′
κ′ = fκ′(z), z ∈ U}.

Lemma 4.11For any nonempty open setVM ⊂M , one has

(4.12) Γ(f1, . . . , fκ′)|VM
6⊂ Υ′.

Proof. AssumingVM = V ∩M with bothV ⊂ Cn andVM ⊂M connected,
it would imply Γ(f1, . . . , fκ′)|V ⊂ Υ′ (identity principle), so there would
be a nontrivial algebraic relation betweenf1, . . . , fκ′. � �
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After delocalization, we then have(p, f(κ′)(p)) 6∈ Υ′ for all p ∈ U , so the
complex algebraic setΛ′ in U × U ′ can be locally defined by equations of
the form

(4.13) z′κ′+1 = h′κ′+1(z, z
′
1, . . . , z

′
κ′), . . . , z′n′ = h′n′(z, z′1, . . . , z

′
κ′),

using the algebraic implicit function theorem, where theh′j areholomorphic
algebraicfunctions,i.e. holomorphic functions whose graph is contained
in a complex algebraic set of dimensionn+ κ′.

By hypothesis,M ′ is given by real polynomial equationsP ′
j(z

′, z̄′) =

0, j = 1, . . . , σ′, near p′ and we haveP ′
j(f(z), f̄(z̄)) ≡ 0 for z ∈

M . As in classical elimination theory, we can replace the variables
z′κ′+1, z̄

′
κ′+1, . . . , z

′
n′, z̄′n′ by the above values (4.13) and their conjugate val-

ues (theh′j satisfy polynomial equations, so consider the other “conjugate”
roots of these polynomials), take the product of these equations, use New-
ton’s identities and get thatπ′(f(M)) = f(κ′)(M) is contained in a real al-
gebraic set with polynomial equationsR′

j(z, z̄, z
′
1, . . . , z

′
κ′, z̄′1, . . . , z̄

′
κ′) = 0,

j = 1, . . . , σ′. We thus have

(4.14) R′
j(z, z̄, f(κ′)(z), f̄(κ′)(z̄)) ≡ 0, j = 1, . . . , σ′, z ∈M.

In summary, insofar we have eliminated the relatively algebraic compo-
nentsfκ′+1, . . . , fn′ and we are now left with some algebraic relations be-
tween the transcendence basis and its conjugate, namely (4.14) above.The
crucial Proposition 4.16 below shows that allR′

j ≡ 0 necessarily. We then
claim that this fact will readily imply thatM ′ contains (and is equal, by min-
imality for inclusion) aκ′-algebraically degenerate set like in Theorems 2.5
and 4.3.

Indeed, asR′
j ≡ 0, 1 ≤ j ≤ σ′, then for eachz ∈ M , theκ′-dimensional

algebraic manifoldA′
z = {z′j = h′j(z, z(κ′)), j = κ′ + 1, . . . , n′} is con-

tained inM ′. Let π′ (z, z′) 7→ z′. Then the set of complex algebraicA′
z

parameterized byz ∈ U

(4.15) C = {(z, z′(κ′), h
′
(n′−κ′)(z, z

′
(κ′)))} ⊂ U × U ′

algebraically projectsvia π′ into M ′, wheneverz ∈ M . The fibers
of π′|C only depend onz, so there exists an algebraic submanifoldN
of M where π′ has constant rank andπ′ C ∩ (N × U ′) → M ′ is an
algebraic real diffeomorphism by minimality ofM ′ for inclusion. Let
Qj(z, z̄) = 0, j = 1, . . . , µ be some local real polynomial equations
for N . As C ∩ (N × U ′) is given by the equationsQj(z, z̄) = 0,
z′(n′−κ′) = h′(n′−κ′)(z, z

′
(κ′)), the local algebraic biholomorphism defined

by z̃(n′−κ′) := z′(n′−κ′) − h′(n′−κ′)(z, z
′
(κ′)), z̃

′
(κ′) := z′(κ′), z̃ := z clearly

straightensC ∩ (N × U ′) to be the product of the real algebraic mani-
fold {(z̃, z̃′(n′−κ′)) Qj(z̃, ¯̃z) = 0, j = 1, . . . , µ, z̃′(n′−κ′) = 0} by theκ′-
dimensional local polydisc{(0, z̃′(κ′), 0)}. As π′ C ∩ (N × U ′) →M ′ is an
algebraic CR-diffeomorphism, this shows thatM ′ is at leastκ′-algebraically
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degenerate. Granted Proposition 4.16 below, then Theorem 4.3 will be
proved. � �

It remains to show that no algebraic relation can be satisfiedby the tran-
scendence basisf(κ′) together with its conjugatēf(κ′). This is where the
reflection principle and the minimality ofM come on scene.

Proposition 4.16Let g := (g1, . . . , gκ′), with gj(z) holomorphic inU . As-
sume that∇tr(g) = κ′. Then any polynomial relation satisfied byg andḡ
over the field of rational functions is trivial, namelyR(z, z̄, g(z), ḡ(z̄)) ≡ 0,
z ∈M , impliesR ≡ 0.

Proof. Let us proceed by contradiction. Then there exists an integer
µ ∈ N∗, such that we can writeR(z, z̄, g, ḡ) =

∑
1≤i≤µ g

αi ri(z, z̄, ḡ)

where αi ∈ Nκ′

and whereri 6= 0 for i = 1, . . . , µ and such that
R(z, z̄, g(z), ḡ(z̄)) ≡ 0, for z ∈ M . Here, R and theri’s are poly-
nomial. Of course, we can assume thatµ is the minimal integer for
such a property. We shall use the minimality ofµ to derive the contra-
diction. Here, since theri(z, z̄, ḡ) are nonzero polynomials in(z, z̄, ḡ),
then for z running in U , the termsri(z, z̄, ḡ(z̄)) (pull-back toM) can
be considered, after obvious reordering, aspolynomials inz with coeffi-
cients being holomorphic functions ofz̄ (we loose algebraicity in̄z, be-
cause the terms̄g(z̄) are only holomorphic). We can thus write them as
ri(z̄; z) :=

∑
J ai,J(z̄) zJ , where such a sum is understood to be finite. By

minimality of µ, necessarily nori(z̄; z) vanishes identically onM . For
i = 2, . . . , µ, we can setti(z̄; z) := ri(z̄; z)/r1(z̄; z), which are terms
of the form

∑
J ai,J(z̄) zJ/(

∑
J a1,J(z̄) zJ ) and each sum is finite. Then

we have the following relation forz running over the Zariski open subset
DM := {r1 6= 0} of M :

(4.17) gα1(z) +
∑

2≤i≤µ

ti(z̄; z) g
αi(z) ≡ 0, z ∈ DM .

Now, let L̄1, . . . , L̄m be a basis ofT 0,1M with polynomial coefficients,
wherem = dimCRM . Of course, sinceg(z) is holomorphic,L̄k(gi) ≡ 0
on M , for all 1 ≤ k ≤ m and1 ≤ i ≤ κ′. Applying these CR deriva-
tions to (4.17), we then see that the termgα1(z) is automatically killed. We
therefore come to a dichotomy. EitherL̄k(ti(z̄; z)) ≡ 0, for all 1 ≤ k ≤ m
and all2 ≤ i ≤ µ, z ∈ DM , or there exists1 ≤ k∗ ≤ m and2 ≤ i∗ ≤ µ
such thatL̄k∗

(ti∗(z̄; z)) 6≡ 0 on M . But this last possibility would read-
ily contradict the minimality ofµ. Indeed, as the coefficients of thēLk’s
are polynomial in(z, z̄), all the termsL̄k∗

(ti(z̄; z)) are still of the rela-
tively rational form

∑
J ci,J(z̄) zJ/(

∑
J di,J(z̄) zJ) and after applying the

CR derivationL̄k∗
to (4.17), and after chasing the denominators, we would

obtain a similar polynomial relation
∑

2≤i≤µ g
αi(z) r′i(z̄; z) ≡ 0, z ∈ M ,

r′i(z̄, z) =
∑

J ei,J(z̄) zJ , with a numberµ1 ≤ µ − 1 of terms strictly
less thanµ, and this relation isnontrivial, becausēLk∗

(ti∗(z̄; z)) 6≡ 0,
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which yields a contradiction in this case. Thus, we are left to discuss
the first possibility, wherēLk(ti(z̄; z)) ≡ 0, for all 1 ≤ k ≤ m and all
2 ≤ i ≤ µ, z ∈ DM . This case means that the real analyticti(z̄; z)’s
are smooth and CR overDM . Hence they admit a holomorphic extension
si(z) to a neighborhood ofDM in Cn. The important Proposition 4.18
below shows that this holomorphic extension is in factholomorphic alge-
braic. But then relation (4.17) givesgα1(z) +

∑
2≤i≤µ si(z) g

αi(z) ≡ 0,
for z ∈ DM , which is a nontrivial algebraic relation between(g1, . . . , gκ′),
with ∇tr(g1, . . . , gκ′) = κ′ : this is again a contradiction. Granted Proposi-
tion 4.18 below, then Proposition 4.16 will be proved. � �

Proposition 4.18If M is minimal at a Zariski-generic point and a relatively
rational with respect toz function t(z̄; z) :=

∑
J aJ(z̄) zJ/(

∑
J bJ(z̄) zJ),

where the coefficientsaJ(z̄) andbJ(z̄) are holomorphic with respect tōz,
is CR on a Zariski open subsetDM of M , then its holomorphic extension
s(z) to a neighborhood ofDM in Cn is algebraic.

Proof. We localize first at a minimal point ofDM . Now assuming
the equation ofM is given by some local equations as in §6.1 be-
low, we split the old coordinatesz in the new coordinates(w, z) ∈
Cm × Cd and we complexify the equalitys(w, z̄ + iΘ̄(w, w̄, z̄)) ≡∑

I,J aI,J(w̄, z̄)wIzJ/(
∑

I,J bI,J(w̄, z̄)wIzJ ), where each sum is finite,
which is valuable for(w, z) ∈ DM , to obtain
(4.19)

s(w, ξ+iΘ̄(w, ζ, ξ)) ≡
[
∑

I,J

aI,J(ζ, ξ)wIzJ

/(
∑

I,J

bI,J(ζ, ξ)wIzJ

)]

z:=ξ+iΘ̄(w,ζ,ξ)

identically on the extrinsic complexificationM , i.e. identically as power
series in(w, ζ, ξ). Of course, to complexify, we use the fact thatM =
M ∩ {ζ = w̄, ξ = z̄} is maximally real inM , hence a uniqueness set.
Then (4.19) shows thats is algebraic on each Segre surfaceSζp,ξp and
S wp,zp

of M , see(6.4) for their definition. We shall prove in Theorem 5.1
below that a holomorphic function defined in a neighborhood of a minimal
CR-generic manifold is algebraic if and only if all its restrictions to Segre
varieties are algebraic. Therefores is algebraic, as desired. Granted Theo-
rem 5.1 below, this will complete the proof of Theorem 4.3. � �

§5. VECTOR FIELDS WITH COMPLEX ALGEBRAIC FLOW AND PARTIAL

ALGEBRAICITY OF HOLOMORPHIC MAPPINGS

To conclude the proof of Theorem 4.3 above, it remains thus toestablish
the following statement about separate algebraicity of holomorphic map-
pings, which has been established by Sharipov-Sukhov ([14], seealso [5]
and §10 below) in the case whereM is Segre-transversal, instead of being
minimal.
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Theorem 5.1Let g ∈ H (VCn(M),C) be a holomorphic function,M being
a real algebraic CR-generic manifold which is minimal at a Zariski-generic
point. Theng is algebraic if and only if its restriction to each Segre variety
of M is algebraic.

After complexifyingM in a neighborhood of a minimal point, we shall
be naturally led to deduce Theorem 5.1 from a more general statement.
By slight abuse of terminology, we will call a Frobenius-integrablek-
dimensional distributionL over a complex manifold a “k-vector field”.
Such a distribution is said to have “complex algebraick-flow” if the lo-
cal foliation that it induces (by Frobenius’ theorem) coincides with a trivial
product foliation by thek-dimensional polydiscs

⋃
θ ∆k×{θ} in some local

complex algebraic coordinate system. Its leaves will be called “k-curves”.
We refer the reader to §7.1 for further material aboutL-orbits.

Theorem 5.2Let L = {Lα}α∈A be a system ofkα-vector fields with com-
plex algebraic flow on a small open connected setU ⊂ Cn. Then

• "(1)" For p ∈ U , theL-orbitsOL(U, p) are complex algebraic man-
ifolds.

• "(2)" A holomorphic functiong ∈ H (U,C) is algebraic on each
L-orbit if and only if it is algebraic on each(complex algebraic)
integralkα-curve of every element ofL.

In particular, ifOL(U, p) contains an open subset ofCn for somep ∈ U ,
then a functiong ∈ H (U,C) is algebraic onU under the sole assump-
tion that it is algebraic onL-integral curves. This theorem, as well as its
preliminary version given by Sharipov-Sukhov, generalizes the well known
separate algebraicity principle inCn proved in the book of Bochner-Martin
[4] : A holomorphic functiong ∈ H (∆n,C) is algebraic if and only if its
restriction to every coordinate discs is algebraic. As a corollary to this The-
orem 5.2, we shall also provide a new proof of the following theorem (cf.
[2]).

Theorem 5.3The CR orbits of a real algebraic CR manifold are algebraic.

We begin by explaining how Theorem 5.2 applies to provide a proof of
Theorem 5.1. For this, we follow and summarize the constructions of [9].

§6. FOLIATIONS BY COMPLEXIFIED SEGRE VARIETIES AND

ALGEBRAICITY OF CR-ORBITS OF AN ALGEBRAIC CR MANIFOLD

6.1. The extrinsic complexification ofM . Let M ⊂ Cn be a real alge-
braic CR-generic submanifold and setm := dimCRM , d := codimR M ,
m + d = n. Using the theory of algebraic functions, one can see that
there exist holomorphic coordinatest =: (w, z) ∈ Cm × Cd and aholo-
morphic algebraicd-vectorial functionQ(w̄, t) = (Ql(w̄, t))1≤l≤d such that
M is given by the two equivalent systems of cartesian defining functions
z = Q̄(w, t̄) or z̄ = Q(w̄, t). AsM is real, these two systems of equations
are equivalent and there exists an invertibled×d matrix power seriesa(t, t̄)
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such thatz − Q̄(w, t̄) ≡ a(t, t̄) (z̄ − Q(w̄, t). We can furthermore assume
thatT0M = Cm

w × Rd
x, in which case we shall write the equations ofM as

follows : z = z̄ + iΘ̄(w, w̄, z̄) or z̄ = z − iΘ(w̄, w, z), whereΘ vanishes
to second order at the origin. In substance, such functions are locally holo-
morphic functions whose graph is contained in a complex algebraic set of
the same dimension as the basis. Let nowτ := (t̄)c =: (ζ, ξ) ∈ Cm × Cd

denote the complexification variable oft̄. Then the extrinsic complexifi-
cation ofM is given by the two, again equivalent, systems of cartesian
defining equationsz = Q̄(w, τ) or ξ = Q(ζ, t). Following [9], we recall
that there exist two systems ofm-vector fieldsL = (L 1, . . . ,L m) and
L = (L 1, . . . ,L m), which are by definition thecomplexificationsof two
conjugate systems ofm-vector fields spanningT 1,0M andT 0,1M . These
two systemsL andL span two integrable subbundles ofTM and they in-
duce therefore two flow (Frobenius) foliationsFL andFL of M , thanks
to the integrability condition[L i,L j] ⊂ L and [L i,L j ] ⊂ L . As in
[9], this fact can be rendered visible and straightforward just by writing in
coordinates these twom-vector fields, using a vectorial and symbolic nota-
tion :

(6.2) M L =
∂

∂w
+Q̄w(w, ζ, ξ)

∂

∂z
and L =

∂

∂ζ
+Qζ(ζ, w, z)

∂

∂ξ
.

Secondly, it is easy to observe that the twodifferent(exercise) Segre vari-
eties and conjugate Segre varieties as defined in [9], which can be rewritten
as

(6.3)

{
St̄p := {(w, z) z = z̄p + iΘ̄(w, w̄p, z̄p)} and

Stp := {(w̄, z̄) z̄ = zp − iΘ(w̄, wp, zp)}
admit two different complexifications inM , which we will denote bySτp

andStp , and which can be written as follows :

(6.4)

{
Sτp = Sζp,ξp ζ = ζp, ξ = ξp, z = ξp + iΘ̄(w, ζp, ξp) and

S tp = S wp,zp
w = wp, z = zp, ξ = zp − iΘ(ζ, wp, zp).

Here, the coordinatestp, t̄p or τp are thought to befixed and the equa-
tions (6.3) define twom-dimensional complex submanifolds ofM which
coincide in fact with the coordinate intersectionsM ∩ {τ = τp} and
M ∩ {t = tp} respectively. ApplyingL to the equation ofSτp andL
to the equations ofS tp , we see thatL is tangent toSτp and thatL is
tangent toS tp . We can thus summarize these observations :

• "1." The Sτp and theS tp form families of integral complex alge-
braic manifolds forL andL respectively.

• "2." The Sτp are leaves of the flow foliationFL of M by L and
theS tp are leaves of the flow foliationFL of M by L .

• "3." Therefore, the twom-flows of L and of L are both com-
plex algebraic, because the familiesFL =

⋃
τp∈Cn,|τp|<δ Sτp and
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FL =
⋃

tp∈Cn,|tp|<δ S tp are clearly tangentially and transversally
algebraic.

Finally, we will need the following straightforward lemma about complex-
ifications of Lie algebras including a well known characterization of finite
type (orbit-minimality) at a point, valuable in the real analytic and real al-
gebraic categories (seealso [9]). Letpc := (p, p̄) ∈ M be the complexifi-
cation of the pointp. Then :

Lemma 6.5The following five properties are equivalent :

• "(a)" Liep (T 1,0M,T 0,1M) = C⊗ TpM .
• "(b)" Liep (T cM) = TpM .
• "(c)" (M, p) is T cM-orbit-minimal.
• "(d)" Liepc (L ,L ) = TpcM .
• "(e)" (M , pc) is L ,L }-orbit-minimal. �

6.6. Deduction of Theorem 5.1.As announced in §5, Theorem 5.1 can be
therefore deduced from the more general statement Theorem 5.2, thanks to
the following two facts. Let there be given a holomorphic function g ∈
H (VCn(p0),C) defined in a neighborhood of a minimal pointp0 of M ,
which we think to be the origin in the above coordinates(w, z) for M .
Then :

• "1." This function g induces a functiongc M → C defined by
gc(w, z, ζ, ξ) := g(w, z). Since by assumptiongc is algebraic on
every Segre varietySt̄p, thengc is algebraic on every complexified
Segre varietySτp . On the other hand,gc is also clearly algebraic on
every conjugate complexified Segre varietyS tp , because it is then
constantequal tog(wp, zp).

• "2." According to Lemma 6.5,M is orbit-minimal at(p0, p̄0) for
the systemL := {L ,L } composed of (only) twom-vector fields.
Because by step1 above,gc is algebraic on eachm-integral mani-
fold of this system, then Theorem 5.2 clearly yields the algebraicity
of gc overM , whenceg is algebraic. �

6.7. Deduction of Theorem 5.3.Theorem 5.3 can also be deduced from
Theorem 5.2, because of the following relation between the CR-orbits
OCR(M, p) = OL,L̄(M, p) of points p in M and the{L ,L }-orbits
OL ,L (M , pc) of pointspc ∈ M , which is established in [9]. Letπt(t, τ) 7→
t denote the projection on the first coordinate space, which isdefined over
the complexification spaceCn

t × Cn
τ . Let Λ := {(t, τ) τ = t̄} denote the

antidiagonal.

Proposition 6.8([9]) We have the following reciprocal complexication re-
lations :

• "(1)" OCR(M, p)c = OL ,L (M , pc).
• "(2)" OCR(M, p) = πt(Λ ∩ OL ,L (M , pc)).
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Granted this proposition and thanks to the observation thatthe them-
flows of L and ofL are naturally algebraic, it now follows from Theo-
rem 5.2(1) that the orbitsOL ,L (M , q) of various pointsq ∈ M are all al-
gebraic, whence withq := pc, we deduce from(2) above that the CR-orbits
OCR(M, p) are all real algebraic. To conclude the proof of Theorem 2.5,it
now only remains to establish Theorem 5.2.

§7. ALGEBRAICITY OF ORBITS OF VECTOR FIELDS HAVING

ALGEBRAIC FLOW AND LOCAL HOLOMORPHIC MAPPINGS OF

NOWHERE MINIMAL CR-GENERIC MANIFOLDS

7.1. Definition of the concatenated flow maps.As in Theorem 5.2, let
L = {Lα}α∈A be a finite set of nonzero holomorphickα-vector fields de-
fined on an open connected setU ⊂ Cn. For the moment’s discussion,
we do not assume algebraicity of their flows. As all our reasonings will
be local, we shall assume thatU = ∆n. Of course, after demultiplying
any suchkα-vector in somekα linearly independent1-vector fields, we can
also assume that all theLα’s are (usual)1-vector fields. Thus, denote these
vector fields byLα =

∑n
j=1 ajα

∂
∂zj

, whereajα(z) ∈ H (∆n). By a well
known theorem, the global flow of each such vector fieldLα ∈ L, say
φα (t, p) 7→ exp (t Lα)(p) ∈ ∆n, is defined over a certain maximal sub-
domainΩα of C × ∆n which contain∆n × {0} and this global flow is a
holomorphic map over that subdomain. However, following our version
of Sussmann’s constructions elaborated in [9] in the (paradigmatic) ana-
lytic context, we shall proceed as follows in order not to deal with these
domains of the global flowsφα’s. Let us now denote by(t, p) 7→ Lα

t (p)
these flow maps in the sequel. To defineL-orbits, we shall need to con-
sider concatenated flow maps of the formLαk

tk
◦ · · · ◦ Lα1

t1 (p). By defini-
tion, theL-orbit OL(∆n, p) of a pointp ∈ ∆n is just the set of all such
elementsLαk

tk
◦ · · · ◦ Lα1

t1 (p) ∈ ∆n whereα1, . . . , αk ∈ A and where
k ∈ N∗ is a priori unbounded. Nevertheless, after comparison with the
(semi-global) constructions in [17], it appears that, due to the fact that the
Lα’s are defined over∆n, this set of points gives nothing more interest-
ing for k > 3n. According to Nagano’s theorem (revisited by Sussmann
with the above definitions), the main property ofL-orbits lies in the fact
that they are closed complex analytic submanifolds of∆n passing through
p and for this,k ≤ 3n suffices. Furthermore, there is another phenomenon
which is due to the principle of analytic continuation and which is quite
well known (cf. [17]) : the local and the global CR-orbits coincide locally
in the real analytic category, which is false in the smoothC ∞ category.
Therefore, to study orbits and to fix the domains of the concatenated flow
maps, it suffices to choose some positive numberδ > 0 such that for all
p ∈ 1

2n ∆n, all k ∈ N∗ with k ≤ 3n and allt1, . . . , tk with |tj | ≤ δ, one
hasLαk

tk
◦ · · · ◦ Lα1

t1 (p) ∈ ∆n, which is clearly possible by continuity of
the flow maps. In summary, there is no restriction to define from the be-
ginning theL-orbits of various pointsp ∈ 1

2n ∆n as the set of all elements
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Lαk
tk

◦ · · · ◦ Lα1
t1 (p) ∈ ∆n whereα1, . . . , αk ∈ A, wherek ≤ 3n and where

|tj| ≤ δ. We shall say that the pointp isL-orbit-minimal if itsL-orbit (with
this definition) contains an open neighborhood ofp in ∆n.

7.2. Algebraicity of theL-orbits. Assuming now that all the flows of the
elements ofL are complex algebraic, we can easily check part(1) of Theo-
rem 5.2. Indeed, according to the construction given in [9],for an arbitrary
fixed pointp ∈ 1

2n ∆n, there exists a integerep ≤ n such that

• "1." The holomorphic maps(t1, . . . , tk) 7→ Lαk
tk

◦ · · · ◦Lα1
t1 (p) ∈ ∆n

are of generic rank equal toep for all ep ≤ k ≤ 3n.
• "2." There existt∗1, . . . , t

∗
ep

∈ C arbitrarily close to0 such that the
map

() Γep (t1, . . . , tep) 7→ Lα1
−t∗1

◦ · · · ◦ Lαep

−t∗ep
◦ Lαep

tep
◦ · · · ◦ Lα1

t1 (p) ∈ ∆n

is of constantrank ep over a neighborhoodT ∗ of (t∗1, . . . , t
∗
ep

) in
(δ∆)ep.

• "3." The mapΓep (clearly) satisfiesΓep(t
∗
1, . . . , t

∗
ep

) = p.
• "4." The imageΓep(T

∗) is anep-dimensional submanifold of∆n

throughp which coincides with theL-orbit OL(∆n, p) of p in a
neighborhood ofp in ∆n.

Notice that this statement clearly shows that theL-orbit of p is asubman-
ifold and that it provides this orbit with the regularity of the concatenated
flow mapΓep.

Proof. End of proof of Theorem 5.2 As we supposed that the flows are
complex algebraic, the above mapsΓep are algebraic and then clearly the
orbits are complex algebraic by4, q.e.d.Of course, similar other regularity
properties of orbits in other differentiable categories rely upon the regularity
C ∞, C k, C l,α of the flow maps. This proves part(1) of Theorem 5.2 and
we shall establish part(2) in §8 below. � �

7.4. Flow-bow theorem. Now, as in the differentiable theory, it is easy to
deduce from the above four properties1,2,3,4acomplex algebraicflow-box
theorem, that will be useful.

Theorem 7.5Let p ∈ U and setep = dimOL(∆n, p). Then there exist a
neighborhoodV of p in ∆n and a biholomorphismΦ V → ∆ep × ∆n−ep

with complex algebraic components such that

• "(1)" Φ−1(∆ep × {0}) = OL(∆n, p) ∩ V .
• "(2)" ∀ ζ(n−ep) ∈ ∆n−ep, Φ−1(∆ep × {ζ(n−ep)}) is contained in a

singleL-orbit.
• "(3)" The function∆n ∋ p 7→ dimCOL(∆n, p) ∈ N is upper semi-

continuous.

As usual, we can now derive from Theorem 7.5 a complex algebraic Frobe-
nius theorem. As the dimension of orbits is an integer depending upper-
semi-continuously on the pointp, it assumes its maximal value:= e at a
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Zariski-generic pointp ∈ ∆n. Let VM(p) be the intersection of a small
polydiscVCn(p) with M .
Corollary 7.6 Let p ∈ ∆n with dimC OL(∆n, p) =
maxq∈V∆n (p) dimCOL(∆n, q) =: e. Then V∆n(p) is algebraically foli-
ated byL-integral manifolds of dimensione.

Using the properties summarized in (7.3), it is also easy to show that there
exists a proper algebraic subvariety of∆n outside of which the dimension
of L-orbits is maximal equal toe. Finally, we can derive from the previ-
ous considerations a real algebraic CR-foliation theorem,useful to prove
Theorem 2.7.
Corollary 7.7 Suppose thatp ∈ M is a point at which the dimension of
nearby CR orbits is maximal and locally constant equal to2m+d−e. Then
a neighborhoodVM(p) is real algebraically foliated by CR-orbits and there
existe holomorphic algebraic functionsh1, . . . , he with ∂h1∧· · ·∧∂he(p) 6=
0 such that

• "(1)" M is contained in{h1 = h̄1, . . . , he = h̄e}. In other words,M
is contained in a transverse intersection ofe Levi-flat hypersurfaces
in general position.

• "(2)" Each manifoldMc = M ∩ {h1 = c1, . . . , he = ce} is a CR-
orbit ofM .

Proof. As in the proof of Proposition 6.8(2), we can intersect the foliation
provided by Corollary 7.6 with the antidiagonalΛ to produce the algebraic
foliation of M by its CR orbits. Let thereforeh1, . . . , he be real algebraic
functions over(M, p) with linearly independent differential such that the
level-sets{h1 = c1, . . . , he = ce}, cj ∈ R, are the plaques of this foliation.
Since thehj ’s are constant on CR-orbits, they are CR onM . Consequently,
they extend as holomorphic algebraic functions in a neighborhood of(M, p)
in Cn, by the theorem of Severi-Tomassini. � �

Granted Corollary 7.7, a nowhere minimal CR-genericM is contained in
at least one Levi-flat algebraic hypersurface in a neighborhood of a Zariski-
generic point. We are now in position to prove Theorem 2.7.
Theorem 7.8LetM be a real algebraic CR-generic manifold inCn, let p ∈
M , assume that(M, p) is contained in the Levi-flat hypersurface{zn = z̄n}
and thatM possesses a nontrivial infinitesimal CR-automorphism inducing
an algebraic foliation. ThenM admits a local one parameter family of
nonalgebraic biholomorphic self-maps.

Proof. Let X be a(1, 0)-vector field with holomorphic algebraic coeffi-
cients in a neighborhood ofp and letK := Re(X ) be the associated
infinitesimal CR-automorphism, which is tangent to(M, p). Since by as-
sumption, the foliation induced byX is complex algebraic, we can assume
after perharps multiplyingX by a nonzero algebraic function that its com-
plex flow (u, z) 7→ exp(uX )(z) =: ϕ(u, z) is algebraic,seeLemma 9.12
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below. It is well known that foru real, the flow ofX coincides with
the real flow ofK = ReX , hence it stabilizes(M, p). By definition,
∂uϕ(u, z) = X (ϕ(u, z)). SinceX 6= 0, then obviously∂uϕ(u, z) 6≡ 0.
Let now̟(zn) be an arbitrary nonzero holomorphicnonalgebraicfunc-
tion with ̟(0) = 0 which is real, i.e. ̟(zn) ≡ ̟(zn) and satisfies
∂uϕ(̟(zn), z) 6≡ 0. Then the mapz 7→ exp(̟(zn)X )(z) = ϕ(̟(zn), z)
is a holomorphic nonalgebraic biholomorphism, because, ifit where alge-
braic, the two conditions :ϕ(̟(zn), z) is algebraic and∂uϕ(̟(zn), z) 6≡ 0
would clearly imply that̟ is algebraic. Finally, this map sendsM intoM ,
because ReX is an infinitesimal CR-automorphism ofM and because̟
is real onM , which is the crucial point. To get a one-parameter family of
such maps, just takeϕ(s̟(zn), z) with s ∈ R small. � �

§8. PARTIAL ALGEBRAICITY

8.1. Propagation of algebraicity. Let L = {Lα}α∈A be a set of vector
fields defined over∆n in Cn with complex algebraic flow. Without loss of
generality, we can assume thatkα = 1 for all α ∈ A. Following our scheme
of proof for Theorem 2.5, it remains now only to prove Theorem5.2 (2),
namely :

Theorem 8.2A holomorphic functiong ∈ H (∆n,C) is algebraic on each
L-orbit if and only it is algebraic on eachL-integral curve.

Proof. We can assumeL 6= {0}. Of course, any small open piece of an
L-orbit being algebraically locally equivalent to some∆e by part (1) of
Theorem 5.2, part(2) is then reduced to the case whereU is a singleL-
orbit, i.e.U isL-minimal. � �

Theorem 8.2’ Assume that∆n is L-minimal at0 and letg ∈ H (∆n,C).
If g is algebraic on eachL-integral curve, theng is algebraic over∆n.

Remark 1. Remark This theorem is proved by Sharipov-Sukhov in
[14] in case there existL1, . . . , Ln ∈ L and p ∈ U such that
rkC (L1(p), . . . , Ln(p)) = n, an assumption which corresponds es-
sentially to Segre-transversality ofM [5] in Cn in place of the more general
assumption of{L ,L }-orbit minimality in the complexificationM .

We denote byU a neighborhood of0 in ∆n such that at every pointq ∈ U ,
the localL-orbit of q in U contains an open neighborhood ofq. We shall say
thatU isL-minimal (locally). Hence for each germΛ ⊂ U of aC-algebraic
manifold with dimΛ < n andΛ 6= ∅, there existp ∈ Λ andL ∈ L such
thatL(p) 6∈ TpΛ. Otherwise,Λ would beL-integral, in contradiction with
L-minimality of U . Of course,{q ∈ Λ L(q) ∈ TqΛ ∀ L ∈ L} is a proper
closedC-algebraic subset ofΛ. More generally, we shall need to consider
this non-tangentiality property along some families of such manifoldsΛ
which foliate subdomains of∆n.
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8.3. Complex algebraic foliations.A regular holomorphic foliationF
of a subdomainV ⊂ Cn is calledalgebraic if its transition maps areC-
algebraic. For short, we shall say in the sequel that “F is anA -foliation”.
We denote byA (X,C) the ring of holomorphic algebraic functions on the
complex manifoldX. Let nowΛF (p) be the leaf ofF throughp and let
m := dimC F . We will consider only local foliations, so that there is no
restriction to assume that all neighborhoodsVCn(q), V , W , etc. in the se-
quel arefoliation boxes, which will simplify our considerations. Recall that
this means thatF is represented in an open set, sayV , by an algebraic
(global) coordinate systemΦ V → ∆m × ∆m−n, with respect to which the
leaves ofF in ∆n are represented by the “plaques”∆m × {ζ(n−m)}. Thus,
in V , the leaves ofΛF (q) of theA -foliation F are simply the preimages
Φ−1(∆m×{ζ(n−m)(q)}), if we denoteΦ(q) = ζ(m)(q)×ζ(n−m)(q). Let now
p ∈ V , and choose an arbitrary complex algebraic(n−m)-dimensional sub-
manifoldH ⊂ V passing throughp and satisfyingTpH⊕TpΛF (p) = TpV .
Thus dimC H + dimC F = n. Then there exists a neighborhoodW :=
VCn(p) such that∪q∈HΛF (q) ∩W = F |W . Again,W is a foliation box
here and the leavesΛF (q) are embedded closedC-algebraic submanifolds
of W which are the plaques ofF |W . Finally, recall that to any vector field
L ∈ Lwith L 6= 0 and to any pointp ∈ U withL(p) 6= 0, there is associated
a neighborhoodV = VCn(p) which is algebraically foliated byL-integral
curves. Such foliations will be denoted byFL in the sequel.

8.4. Description of the proof of Theorem 8.2’.We now introduce an im-
portant notation. We shall writeg ∈ AF (V ) if g restricted to each leaf of
F |V is algebraic. To establish Theorem 8.2’, we will prove the following
statement by induction on the integerm ∈ N :

• "(∗)" For all m, 1 ≤ m ≤ n, there existp ∈ U and anm-
dimensional foliationF of V = VCn(p) such thatg ∈ AF (V ).

Then the desired Theorem 8.2’ will be just(∗) form = n. We already know
(∗) for m = 1, sinceg ∈ AF (FL) for every nonzero vector fieldL ∈ L.
Letm ≤ n− 1. We have to assume(∗) for m, i.e. (∗)m and to deduce(∗)
for m+ 1, i.e. (∗)m+1. We can describe now this inductional implication in
the large, except some two main lemmas that will be rejected below. First,
byL-minimality ofU , we have obviously :

Lemma 8.5Let p ∈ U , V = VCn(p), and letF be anA -foliation ofV with
dimC F = m, 1 ≤ m ≤ n− 1. Then for allq ∈ V , there existr ∈ ΛF (q)
arbitrarily close toq andL ∈ L such that the vectorL(r) is not tangent to
the leafΛF (q).

Indeed, otherwise, the manifoldΛF (q) would be anL-integral manifold
in a neighborhood ofq of positive codimension, a contradiction with local
L-minimality of U at every point. Let nowz = (z1, . . . , zn) denote alge-
braic coordinates onU . Here is our first main lemma, inspired from [14],
which will be the first step of our proof of the inductional implication. This
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lemma will state that ifg is algebraic on the leaves ofF |V , theng and all its
derivatives are algebraic on the leaves ofF |W after restriction to a possibly
smaller subdomainW ⊂ V .

Lemma 8.6If g ∈ AF (V ), then there exists a nonempty subdomainW ⊂
V such that all partial derivatives∂β

z g ∈ AF (W ) too, for allβ ∈ Nn.

It is easy to check that this condition is independent of coordinates.

Lemma 8.7 Let V ⊂ Cn be a domain, letz be complex algebraic coor-
dinates onV , let F be anA -foliation on V , let g ∈ H (V,C) and let
Φ V → Φ(V ) be anA -biholomorphism,w = Φ(z). If ∂β

z g ∈ AF (V )
∀ β ∈ Nn, then∂β

w(g ◦ Φ−1) ∈ AΦ∗F (Φ(V )), ∀ β ∈ Nn.

Proof. Simple application of the chain rule, because there exist universal
polynomialsPβ with ∂β

w(g ◦ Φ−1) = Pβ({∂γ
wΦ−1}γ≤β, {(∂γ

z g) ◦ Φ−1}γ≤β).
� �

To achieve the second step of the proof, we have to construct afoliation
F 1+ with dimF 1+ = m + 1 satisfying(∗)m+1. Let p, V andF be as in
(∗)m and letq ∈ V be arbitrarywith V like theW in Lemma 8.6(shrinking
V if necessary). Choose nowr ∈ ΛF (q) as in Lemma 8.5 withL(r) 6∈
TrΛF (q). Changing notation, we will now denote thisr by p. Further, let
H be a piece of anA -manifold throughp with TpH ⊕ TpΛF (p) = TpV ,
so dimC H = n − m. ThenF |V = ∪q∈HΛF (q) ∩ V (after shrinkingV
and still with the convention about small open sets being foliation boxes),
where, of course,ΛF (q) ∩ ΛF (q′) = ∅ if q 6= q′. Now, instead ofH, let
us choose an arbitrary pieceH1+ of an A -manifold with p ∈ H1+ and
TpH

1+ ⊕ CL(p) ⊕ TpΛF (p) = TpV , so dimCH
1+ = n − m − 1. To

the triple (F , L,H1+), we can finally associate anA -foliation F 1+ =
F 1+(F , L,H1+) of VCn(p) with dimC F 1+ = m+ 1, which is defined as
follows and will be the important object to get(∗)m+1. Simply, this foliation
will be constructed by flowing the leaves ofF a bit along the nontangential
flow lines ofL, thus gaining one unit in dimension. Precisely :

• "1." The leavesΛF1+(q) := {Ls(r) |s| < δ, r ∈ ΛF (q)}, for q ∈
H1+,

• "2." F 1+ = ∪q∈H1+ΛF1+(q).

By construction, the foliationF 1+ clearly has the following structure :

• "3." FL is a subfoliation ofF 1+ in VCn(p).
• "4." F is not in general a subfoliation ofF 1+, but each leaf ofF 1+

contains at least one leaf ofF : ΛF1+(q) ⊃ ΛF (q) for q ∈ H1+.

Remark2. Important remark Such a step-by-step construction of several
foliations is necessary because, even if there may existn linearly inde-
pendent vector fieldsL1, . . . , Ln in L overU , there might not exist a co-
ordinate system whose coordinate line correspond to the flowlines of the
Lj ’s. More specifically, and for the same reason, even in the above con-
struction ofF 1+, there does not exist in general a system of coordinates
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(x1, . . . , xm, xm+1, y1, . . . , yn−m−1) such that thexm+1-lines correspond to
the integral curves ofL and such that, simultaneously, the(x1, . . . , xm)-
planes correspond to leaves ofF . In particular, one cannot in fact reduce
our Theorem 8.2’ directly to a classical theorem due to Bochner-Martin
(1949) [3] which states that giveng ∈ H (∆n,C) algebraic onzi-lines,
i = 1, . . . , n, theng is algebraic. To argue this general impossibility, let
us consider for instance forn = 2, some two linearly independent vector
fieldsL1 := ∂/∂x andL2 := ∂/∂y + a(x, y)∂/∂x (general form of such a
pair of vector field after a convenient choice of coordinates(x, y)). In this
case, it is easy to see that there further exists a biholomorphism ofVC2(0)
transformingL1 andL2 into ∂/∂x and∂/∂y. However, this fails ifn = 3.
Indeed, letL1 = ∂/∂x andL2 = ∂/∂y + x ∂/∂z in C3(x, y, z). Then there
does not existΦ = (Φ1,Φ2,Φ3) a biholomorphism ofVC3(0) transforming
L1 in ∂/∂x andL2 in ∂/∂y, because suchΦ would have to satisfyΦ3x = 0
andΦ3y + xΦ3z = 0, whenceΦ3z = 0, Φ3y = 0, Φ3 = ct., a contradiction.

The lemma below is analogous to Lemma 8.7 and is also elementary.

Lemma 8.8Let g ∈ H (V ), ∂β
z g ∈ AF (V ), ∀ β ∈ Nn. Let q ∈ H1+,

let Λ := ΛF (q), let Λ1+ = ΛF1+(q) (⊃ Λ). Let z+ be A -coordinates
on Λ1+ and putg+ = g|Λ1+. Then∂β

z+(g+|Λ) is algebraic onΛ, for all
β ∈ Nm+1. �

Our second main lemma will be as follows. To understand it con-
cretely, the reader may read parallely its formulation in coordinates given
in Lemma 8.12 below. With our notations, in an arbitrary fixedleaf
ΛF+(q), this lemma will state that the restriction ofg to ΛF+(q) is al-
gebraic provided it is algebraic on every “vertical1-dimensional leaf”
ΛFL

(r) ⊂ ΛF+(q), r ∈ ΛF (q) and provided all its jets of any order are al-
gebraic, when restricted to the fixed “horizontal”m-dimensional manifold
ΛF (q) ⊂ ΛF+(q).

Lemma 8.9 Let p, V , F , F 1+ andL be as above and letz+
q ∈ Cm+1

denote some algebraic local coordinates onΛF1+(q). Let g ∈ H (V,C).
Theng ∈ AF1+(V ), i.e. its restrictiong|Λ1+

F
(q) is algebraic for allq ∈ H1+,

provided it satisfies the following two conditions for eachq :

• "1." Algebraicity on the flow lines ofL : g ∈ AFL
(V ).

• "2." Algebraicity of all the differentials ofg after restriction to
the central one-codimensional leafΛF (q) : ∂β

z+
q
(g|Λ1+

F
(q))|ΛF (q) ∈

A (ΛF (q),C), ∀ β ∈ Nm+1.

Remark3. Remarks1. Notice that the first main assumption of this lemma
is already in the hypotheses of Theorem 5.2, and that the second one follows
from Lemma 8.6.

2. In coordinatesz+
q = (zq, wq) with ΛF (q) = {wq = 0}, it suffices

in fact to require above that all the∂k
wq
g(zq, 0) are algebraic, since then
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∂β
zq
∂k

wq
g(zq, 0) are algebraic, by the stability of algebraicity under differen-

tiation. In other words, it suffices to require only that the transversal jets are
algebraic, since the horizontal jets are then automatically algebraic.

In conclusion, the foliationF 1+ is the sought foliation satisfying(∗)m+1.
Theorem 8.2’ will then be proved once we have proved Lemmas 8.6 and
8.9. �

8.10. Proofs of Lemmas 8.6 and 8.9.It is now possible to reformulate
our two main lemmas. Passing to coordinates, there is given an open set
U = S × T ⊂ Ca × Cb, with, sayS = ∆a, T = ∆b, with a ∈ N∗,
b ∈ N∗, 0 ∈ S , 0 ∈ T , (s, t) ∈ S × T , and a holomorphic function
g (s, t) 7→ g(s, t) defined overS × T . Here, we shall choosea := m,
b := n − m for Lemma 8.6 anda := m, b := 1 for Lemma 8.9. Let
c := a + b.
Lemma 8.11If [S ∋ s 7→ g(s, t) ∈ C] ∈ A (S ,C), ∀ t ∈ T , then there
exists a nonempty open subsetT1 ⊂ T such that[S ∋ s 7→ ∂γ

s,tg(s, t) ∈
C] ∈ A (S ,C), ∀ t ∈ T1, ∀ γ ∈ Nc.

Remark4. Remark For Lemma 8.6, the setsS × {t} play the rôle of the
leaves ofF .

Lemma 8.12If [S ∋ s 7→ ∂β
t g(s, 0) ∈ C] ∈ A (S ,C) ∀ β ∈ Nb and if

[T ∋ t 7→ g(s, t) ∈ C] ∈ A (T ,C), ∀ s ∈ S , theng(s, t) ∈ A (S ×
T ,C).

Remark5. Remark For Lemma 8.9, after fixingq ∈ H1+, the setS ×{0} is
ΛF (q), the sets{s}×T are leaves ofFL contained inΛ1+

F (q) andS ×T
is Λ1+

F (q).

Proof. Proof of Lemma 8.11 By assumption,∀ t ∈ T , ∃Nt ∈ N, Nt ≥ 1,
∃At ∈ N, At ≥ 1, ∃ aiα,t ∈ C, 1 ≤ i ≤ Nt, |α| ≤ At, α ∈ Na and
irreduciblepolynomials

(8.13) C[X, s] ∋ Pt(X, s) :=

Nt∑

i=0

∑

|α|≤At

aiα,t X
i sα,

such thatPt(g(s, t), s) ≡s 0. Here, the notationΦ(s, t) ≡s 0 means that the
formal power seriesΦ(s, t) vanishes identically when considered as a series
in s only. Let us transform theaiα,t first to make them depend in a nice way
with respect tot.
Lemma 8.14Then there exists a nonempty open setT1 ⊂⊂ T and an irre-
ducible polynomial of uniformly bounded degree having coefficientsaiα(t)
holomorphic overT1, namely there exists :
(8.15)

H (T1)[X, s] ∋ P (X, s; t) :=
N∑

i=0

∑

|α|≤A

aiα(t) X i sα, aiα ∈ H (T1),
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such thatP (g(s, t), s; t) ≡s,t 0, for all s ∈ S andt ∈ T1.

Proof. End of proof of Lemma 8.11 Taking Lemma 8.14 for granted, it
then suffices to differentiateP (g(s, t), s; t) ≡ 0 with respect tot, namely
to apply∂β

t , |β| = 1, and to eliminateg(s, t) from the system of algebraic
equations :
(8.16)



N∑

i=0

∑

|α|≤A

(
∂β

t aiα(t) g(s, t) + i aiα(t) ∂β
t g(s, t)

)
g(s, t)i−1 sα = 0,

P (g(s, t), s; t) = 0

this giving the algebraicity ofs 7→ ∂β
t g(s, t) for all |β| = 1. General induc-

tion is analogous : simply replaceg(s, t) by ∂β
t g(s, t). � �

�

Proof. Proof of Lemma 8.14 To prove the assertion, consider the countable
many setsEN,A = {t ∈ T ; Nt = N,At = A} whose union

⋃
N≥1,A≥1 EN,A

equalsT , by (8.13). Of course, the union of their closures
⋃

N≥1,A≥1 EN,A

equalsT as well. Thanks to Baire’s category theorem, at least one closure
EN,A has nonempty interior. This is the main trick. Thus, there exists a
nonempty open polydiscT1 ⊂⊂ T with centert1 ∈ T1 such thatT1 ⊂
EN,A. Then we have polynomial relations :
(8.17)

Pt(g(s, t), s) =
N∑

i=0

∑

|α|≤A

aiα,t g(s, t)
i sα ≡s 0, for t ∈ T1 ∩ EN,A,

with a uniform bound for the degrees on a dense subset ofT1. This means
that the finite set of functions

(8.18) Ct = {S ∋ s 7→ g(s, t)i sα ∈ C}0≤i≤N,|α|≤A

is always linearly dependent fort ∈ T1 ∩ EN,A, and in particular fort = t1.
Let us normalize oneai∗α∗,t1 = 1, for somei∗, α∗ and let us denote, af-
ter renumbering its elements, the setCt by Ct := {S ∋ s 7→ hk(s, t) ∈
C}1≤k≤B, with B ∈ N∗ andhB(s, t) =: gi∗(s, t) sα∗. Further, let us devel-
ope eachhk in power series with respect tos :

(8.19) hk(s, t) =
∑

l∈Na

hkl(t) s
l, hkl ∈ H (T1).

Lemma 8.20Now, the following properties hold :

• "(1)" The functionsh1(s, t1), . . . , hB−1(s, t1) are linearly indepen-
dent overC.

• "(2)" There exist (B − 1) pairwise distinct multi-
indices l∗1, . . . , l∗B−1 ∈ Na such that the determinant
det((hkl∗j

(t1))1≤k,j≤B−1) is nonzero.
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• "(3)" Consequently, the functions ofs, h1(s, t), . . . , hB−1(s, t) are
linearly independent overC for all t running in a neighborhood of
t1.

Proof. Suppose by contradiction that there existd1, . . . , dB−1 ∈ C not all
zero such thatd1h1(s, t1) + · · · + dB−1hB−1(s, t1) ≡s 0. Reexpressing
thehk’s in terms ofg ands, this means that there exists a nonzero poly-
nomialQ(X, s) such thatQ(g(s, t1), s) ≡s 0. As Pt1(X, s) was assumed
to be irreducible, it follows that there exists a nonzero polynomialu(X, s)
such thatQ(X, s) ≡ u(X, s)Pt1(X, s). But the monomials ofQ are exactly
the same as those ofPt1 , except one missing termX i∗ sα∗. For reasons of
degree,u is then a nonzero constant. This contradicts the fact thatPt1 incor-
porates the monomialX i∗ sα∗, sinceai∗,α∗,t1 = 1 by our previous choice.
Thus,(1) is proved. Then the(B − 1) ×∞-matrix of complex coefficients
(hkl(t1))1≤k≤B−1, l∈Na possesses a nonzero(B−1)× (B−1) minor, which
yields(2) and then(3) evidently. � �

Proof. End of proof of Lemma 8.14 ShrinkingT1 if necessary, we can
therefore assume that the functionsh1(s, t), . . . , hB−1(s, t) are linearly in-
dependent for allt ∈ T1. Remembering thath1(s, t), . . . , hB(s, t) are, on
the contrary, linearlydependentfor all t ∈ T1 ∩ EN,A, we obtain that there
exista1,t, . . . , aB−1,t ∈ C such that

(8.21) a1,t h1(s, t)+· · ·+aB−1,t hB−1(s, t) ≡s hB(s, t), ∀ t ∈ T1∩EN,A,

or equivalently, using the developement (8.19),
(8.21)
a1,t h1 l(t) + · · · + aB−1,t hB−1 l(t) = hB l(t), ∀ t ∈ T1 ∩ EN,A, ∀ l ∈ Na.

Writing in particular these equations forl = l1∗, . . . , lB−1 ∗, using prop-
erty (2) of Lemma 8.20 and Cramer’s rule, we deduce that the coefficients
a1,t, . . . , aB−1,t can be uniquely expressed as rational functions with respect
to thehk,l∗j

(t), k = 1, . . . , B, j = 1, . . . , B − 1, with the denominator
det((hkl∗j

(t))1≤k,j≤B−1), nonvanishing overT1. We thus have got holo-
morphic functionsa1(t), . . . , aB−1(t) overT1 which are rational in the co-
efficientshk,l∗j

(t) and which satisfy

(8.23) a1(t) h1(s, t) + · · ·+ aB−1(t) hB−1(s, t) ≡s hB(s, t),

for all t ∈ T1 ∩ EN,A and then for allt ∈ T1, by continuity. Reexpressing
thehk’s in terms ofg ands, we finally get (8.15). � �

�

Proof. Proof of Lemma 8.12 Direct differentiations with respect tot yield
the following more explicit version of (8.19), where the rôles ofs andt are
exchanged :
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Lemma 8.24There exist integersck,β,γ and universal polynomialsφk,β,γ

such that each monomialg(s, t)k tβ can be expressed as

(8.25) g(s, t)k tβ =
∑

γ∈Nb

φk,β,γ({∂β
t g(s, 0)}|β|≤ck,β,γ

) tγ.

Proof. Applying the differentiations∂γ
t |t=0 to g(s, t)k tβ, we simply get

() φk,β,γ({∂β
t g(s, 0)}|β|≤ck,β,γ

) := ∂γ
t |t=0(g(s, t)

k tβ)/γ!. �

�

This expression is very appropriate, because the partial derivatives
∂β

t g(s, 0) appear in an algebraic way. On the other hand, the maps
t 7→ g(s, t) are algebraic by assumption. Inversing the rôles ofs and
t, Lemma 8.14 then yields an open subsetS1 ⊂⊂ S and an irre-
ducible polynomialR(Y, t; s) =

∑N
k=0

∑
β∈Nb,|β|≤B bkβ(s) Y k tβ such that

R(g(s, t), t; s) ≡t,s 0. Here, the functionsbkβ(s), which are holomorphic
overS1, are in factrational with respect to a finite number of the coeffi-
cientsφl,β,γ({∂β

t g(s, 0)}|β|≤cl,β,γ
) appearing in (8.25), as we have observed

just after (8.22) in our application of Cramer’s rule. In summary, there exist
an integere ∈ N∗ and a polynomial relation
(8.27)

R(g(s, t), t) =
∑

β∈Nb,|β|≤B

N∑

k=0

ψkβ({∂β
t g(s, 0)}|β|≤e) g(s, t)

k tβ ≡s,t 0,

with the ψkβ being rational. As by assumption, the partial derivatives
∂β

t g(s, 0) are all algebraic, using elimination theory, we can trans-
form (8.27) into a polynomial relationS(g(s, t), s, t) = 0, where
S(Z, s, t) ∈ C[Z, s, t], which shows thatg(s, t) is algebraic. The proofs of
Lemmas 8.14 and 8.12 are complete. � �

In conclusion, Theorem 5.2 and Theorem 2.5 are now fully established.
It remains now to explain what is the degree of algebraic degeneracy. �

§9. ALGEBRAIC DEGENERACY

9.1. Real algebraic sets.We denote byC[z, z̄]R ⊂ C[z, z̄] the ideal of
real polynomialsP (z, z̄), namely those satisfyingP (z, z̄) ≡ P̄ (z̄, z). Then
C[z, z̄]R is isomorphic toR[Rez, Im z]. Let Σ ⊂ Cn be a real algebraic set,
defined as the zero set of a collection of elements ofC[z, z̄]R. Let J (Σ)
denote the ideal of polynomials vanishing onΣ. This ideal is prime if and
only if Σ is irreducible, which we will suppose throughout §9. The field of
fractionK(Σ) of the entire ringC[z, z̄]R/J (Σ) is called thefield of ratio-
nal functions onΣ. Its transcendence degree overC is called thedimension
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of Σ. Let δ be this dimension. IfP1, . . . , Pσ ∈ C[z, z̄]R is a system of gen-
erators of the prime idealJ (Σ), the generic rank of the complexσ × 2n
Jacobian matrix

(9.2) JP (z, z̄) :=

(
∂Pi

∂zk

(z, z̄)
∂Pi

∂z̄k

(z, z̄)

)

1≤i≤σ, 1≤k≤n

,

is then equal tod := n − δ overΣ, thecodimensionof Σ. The setΣreg at
which the rank ofJP (z, z̄) is equal tod does not depend on the choice of
a system of generators forJ (Σ) and is called theset of regular points of
Σ, in the algebraic sense. Its complementΣsing := Σ\Σreg is a proper real
algebraic subvariety ofΣ called itsset of singular points.

Example1. Example 9.3 The celebratedWhitney umbrellais the cubic of
R3 defined byW := {(x1, x2, x3) ∈ R3 x3x

2
1 = x2

2}. In the algebraic
sense,Wsing = 0 × 0 × R and the setWreg = W ∩ {(x1, x2) 6= (0, 0)} ⊂
{x1 6= 0} is not connected and not dense inW for the euclidean topology.
This example also shows that the set of geometrically singular points of
W , equal to{(0, 0, x3) x3 ≥ 0} is only semi-algebraic. Let us consider
the tubeΣ := W × (iR)3 overW in C3, namelyΣ := {(z1, z2, z3) ∈
C3 x3x

2
1 = x2

2}, xj = Rezj . The setΣsing = {x1 = x2 = 0} = R× R× C
is then1-algebraically degenerate and nowhere minimal. The setΣreg =
Σ ∩ {x1 6= 0} is a rigid real algebraic hypersurface globally defined as the
graphx3 = x2

2/x
2
1 onC3\{x1 = 0} which carries the two CR vector fields

L̄1 := x1∂/∂z̄1 − 2x3∂/∂z̄3 and L̄2 := x2
1∂/∂z̄2 + 2x2∂/∂z̄3. Since the

Lie bracket[L2, L̄2] = x2
1∂/∂z̄3 − x2

1∂/∂z3 is linearly independent with
(L̄1, L̄2) at every point, the hypersurfaceΣreg is minimal at every point.
Further, ifT :=

∑3
j=1 aj(z)∂/∂zj is a local holomorphic algebraic vector

field tangent toΣreg, we havea1(z)x1x3−a2(z)x2+a3(z)x
2
1/2 = 0, whence

a1 = a2 = a3 = 0, namelyΣreg is algebraically nondegenerate (it is even
Levi-nondegenerate at every point). This contrasts withΣsing. Let us finally
illustrate Theorems 2.5, 2.6 and 3.1. Letf (Σ, p) → (Σ, p) be a germ of
biholomorphism fixingp. If p ∈ Σsing ∩ {x3 < 0}, there exists a local
perturbationφ ◦ f of f such that∇tr(φ ◦ f) = 1. If p ∈ Σ∩{x3 ≥ 0}, then
f is necessarily algebraic.

9.4. Extrinsic complexification. We defineΣc := {(z, ζ) ∈ C2nP (z, ζ) =
0, ∀P ∈ J (Σ)}. ThenΣc is a complex algebraic subset ofC2n with
Σc ∩ Λ = Σ, whereΛ = {ζ = z̄}, if we identify {(z, z̄) z ∈ Σ} with
{z ∈ Σ}. This setΣc is useful becauseΣreg need not be connected. Using
the rank property of the Jacobian (9.2) and the connectedness of the regular
part of complex algebraic sets, one can check thatΣc is irreducible if Σ
is. Further, using the connectedness of the regular partΣc

reg of Σc, one can
show that if there exists a pointp ∈ Σ such thatr(p, p̄) 6= 0, wherer(z, z̄) ∈
C[z, z̄]R, then the set{z ∈ Σ r(z, z̄) 6= 0} is dense inΣreg for the euclidean
topology. An arbitrary union of sets of the form{z ∈ Σr(z, z̄) 6= 0}, where
r does not vanish identically onΣ, will be called a Zariski open subset of
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Σ. A point p ∈ Σ will be calledZariski-genericif it runs in some Zariski
open subset ofΣ.

9.5. Intrinsic complexification. By noetherianity ofC[z], the intersec-
tion of all complex algebraic subvarieties containingΣ is a complex al-
gebraic subvariety, called theintrinsic complexificationof Σ and denoted
by Σic . Again, passing to extrinsic complexification, from the relation
(Σic)c = Σic ×Cn

ζ and using the principle of analytic continuation for com-
plex algebraic subsets, it follows thatΣic is irreducible.

9.6. Locus of CR points.We denote byΣCR the set of pointsz ∈ Σreg

at which the rank of theσ × n complex matrix(∂Pi

∂zk
(z, z̄))1≤i≤σ, 1≤k≤n is

maximal, hence locally constant. It is called the set ofCR pointsof Σ.
Of course, its extrinsic complexification(ΣCR)c, the set of points(z, ζ) ∈
Σc

reg at which the complex matrix(∂Pi

∂zk
(z, ζ))1≤k≤n, 1≤i≤σ is maximal and

locally constant, is also connected. Letd1 be this generic point. We have
0 ≤ d1 ≤ d. Notice thatΣ is CR-generic at a Zariski-generic rank if and
only if d1 = d. Let the CR-codimension codimCR Σ bed − d1. It is well
known that in a neighborhood of a pointp ∈ ΣCR, thenΣ is contained in
a holomorphic algebraic submanifold of codimension(d − d1), which is
the local intrinsic complexificationΣic

loc of Σ. Clearly,Σic
loc is contained in

a unique irreducible complex algebraic subset ofCn. Passing to extrinsic
complexification to use the connectedness ofΣc, one can check that this
irreducible complex algebraic subset does not depend onp ∈ ΣCR and is
nothing else than the (global) intrinsic complexificationΣic defined in §9.5
above.

9.7. Nonlocality of algebraic degeneracy.At an arbitrary pointp ∈ ΣCR,
we define the integerκΣ,p to be the maximal number of(1, 0) vector fields
L1, . . . , Lj with algebraic coefficients in a neighborhood ofp which in-
duce a complex algebraic foliation ofVCn(p) (possibly with singularities ;
of course, algebraic foliation implies algebraicity of thecoefficients) such
that

• "(1)" L1, . . . , Lj are tangent toΣCR ∩ VCn(p).
• "(2)" L1, . . . , Lj are linearly independent : ifb1, . . . , bj are algebraic

holomorphic inVCn(p) and ifb1L1+. . .+bjLj = 0, thenb1 = . . . =
bj = 0.

Then the vectorsL1(q), . . . , LκΣ,p
(q) areC-linearly independent forq vary-

ing in a Zariski open subset ofΣCR ∩ VCn(p). Evidently, the function
ΣCR ∋ p 7→ κΣ,p ∈ N is lower semi-continuous.
Lemma 9.8Let p, q ∈ ΣCR. ThenκΣ,p = κΣ,q.

Proof. Let L1, . . . , LκΣ,p
satisfy (1) and (2) above inVCn(p). The coeffi-

cients ofLj :=
∑n

k=1 aj,k(z)
∂

∂zk
being holomorphic algebraic in a neigh-

borhood ofp, j = 1, . . . , κΣ,p, there exists a complex algebraic subvariety
E of Cn with p 6∈ E, such that
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• "(3)" The coefficientsaj,k(z) extend holomorphically along any
continuous pathγ with origin p which is contained inCn\E and
with endpoint an arbitrary pointq ∈ Cn\E.

• "(4)" The extended vector fields atq have holomorphic algebraic
coefficients, they induce an algebraic foliation and they are linearly
independent atq in the sense of(2) above.

Notice that the vector fields(L1)
c, . . . , (LκΣ,p

)c are tangent to(ΣCR)c in a
neighborhood ofp. Let q ∈ ΣCR be arbitrary. Remember that ifA, B
are complex algebraic sets withA irreducible,Areg\B is connected and
nonempty unlessB containsA. Hence(ΣCR)c\(E × Cn

ζ ) is connected.
By (3), there exists a continous pathγ from (p, p̄) to (q, q̄) running in
(ΣCR)c\(E × Cn

ζ ). By the principle of analytic continuation, it follows
that the extended vector fields alongγ, sayL′

1, . . . , L
′
κΣ,p

are tangent to
(ΣCR)c ∩ VC2n(q, q̄). We deduceκΣ,p ≤ κΣ,q, and thenκΣ,p = κΣ,q, as
desired. � �

9.9. Local straightening property. LetκΣ denote the common value of all
theκΣ,p for p ∈ ΣCR and call it thedegree of algebraic degeneracyof Σ.
The following statement achieves to explain Theorem 2.5.

Theorem 9.10There exists a proper real algebraic subvarietyF of Σ with
Σ\F ⊂ ΣCR such that in a neighborhood of every pointp ∈ Σ\F , there
exist local holomorphic algebraic coordinates in whichΣ is of the form
∆κΣ × Σp, whereΣp ⊂ Cn−κΣ is a piece of smooth CR real algebraic
subset satisfyingκΣp

= 0.

Proof. We check firstκΣp
= 0. Otherwise, letL be a(1, 0) vector field in

Cn−κΣ inducing an algebraic foliation tangent to0×Σp. Of course,L is lin-
early independent withL1 = ∂/∂z1, . . . , LκΣ

= ∂/∂zκΣ
. This contradicts

κΣ,p = κΣ.
Let us now establish the product property. According to the preceding

considerations, there exist multivalued global vector fieldsL1, . . . , LκΣ
de-

fined outside a complex algebraic subsetE ofCn. EnlargingE if necessary,
we can assume that the vectorsL1(q), . . . , LκΣ

(q) are linearly independent
at every pointq ∈ Cn\E. Let ΣNCR ⊃ Σsing be the set of non-CR points
of Σ. Clearly, ΣNCR is a proper real algebraic subvariety ofΣ. We set
F := ΣNCR ∪ (E ∩ Σ). According to §9.6 above,ΣCR is CR-generic
in its local intrinsic complexification(ΣCR ∩ VCn(p))ic = Σic ∩ VCn(p),
which is a smooth complex algebraic subvariety of codimension equal to
codimCRΣic. The vector fieldsL1, . . . , LκΣ

being tangent toΣCR, their re-
striction toΣic ∩ VCn(p) is tangent to it. To prove Theorem 9.10, we can
therefore reason directly insideΣic ∩ VCn(p). In other words, we come to
the following statement. �
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Lemma 9.11LetM ⊂ Cn be a CR-generic real algebraic submanifold, let
p ∈ M and letL1, . . . , Lκ, κ ≥ 1, be (1, 0) vector fields with algebraic
coefficients such that

• "(1)" The vectorsL1(q), . . . , Lκ(q) are linearly independent.
• "(2)" The induced foliationsFL1 , . . . ,FLκ are algebraic inVCn(p).
• "(3)" The vector fieldsL1, . . . , Lκ are tangent toM ∩ VCn(p).

Then there exist local algebraic coordinates atp in whichM = ∆κ ×M ,
whereM ⊂ Cn−κ is a CR-generic real algebraic submanifold.

Proof. According to §6.1, there exist local coordinatest = (w, z) ∈
Cm × Cd in which p = 0 andM zl = Q̄l(w, t̄), l = 1, . . . , d. We
shall identify (t1, . . . , tm) = (w1, . . . , wm). Of courseκ ≤ m. Let
L1 =

∑n
k=1 ak(t) ∂/∂tk. We can assume thata1(0) 6= 0. Sinceak/a1

is still holomorphic algebraic,k = 2 . . . , n, we come down toL1 =
∂/∂w1 +

∑n
k=2 ak(t) ∂/∂tk. Due toa1(t) ≡ 1, the following lemma puts in

concrete form the assumption of algebraicity ofFL1 .

Lemma 9.12The foliationFL1 is algebraic if and only if the flow ofFL1

is algebraic.

Proof. For smallu ∈ C andt ∈ Cn, let ϕ1(u, t) := exp(uL1)(t), be the
local flow ofL1 in a neighborhood of0. If it is algebraic, then the algebraic
biholomorphismΦ(w1, t2, . . . , tn) := ϕ1(w1, 0, t2, . . . , tn) produces some
new straightened algebraic coordinates in which the integral curves ofL1

are the affine lines{t2 = c2, . . . , tn = cn}, sinceΦ∗(∂/∂w1) = L1. This
shows the algebraicity ofFL1 .

Conversely, letΦ C × Cn−1 ∋ (x, y) 7→ Φ(x, y) ∈ Cn, Φ(0) = 0, be
a local algebraic coordinate system in which the lines{y = c} coincide
with the complex integral curves ofL1. As a1(t) ≡ 1, for fixed u∗, the
flow of L1 at timeu∗, restricted to the algebraic hypersurface{w1 = 0},
namely the map(t2, . . . , tn) 7→ ϕ1(u∗, 0, t2, . . . , tn), sends{w1 = 0} onto
the algebraic hypersurface{w1 = u∗}. Thanks to the coordinates defined
by Φ, we deduce that

• "1." The maps(t2, . . . , tn) 7→ ϕ1(w1∗, 0, t2, . . . , tn) are algebraic.
• "2." The mapsw1 7→ ϕ1(w1, 0, t2∗, . . . , tn∗) are algebraic.

According to the separate algebraicity principle [3], the map
(w1, t2, . . . , tn) 7→ ϕ1(w1, 0, t2, . . . , tn) is then algebraic. Thanks to
a1(t) ≡ 1, we haveϕ1(w1, t1, t2, . . . tn) ≡ ϕ1(w1 + t1, 0, t2, . . . , tn), so the
total flow ofL1 is algebraic, as desired. � �

Proof. End of proof of Lemma 9.11 Since the straightened field∂/∂w1 is
tangent toM , in coordinates like in §6.1, the functions̄Ql are independent
of (w1, w̄1). ThusM is the product∆ × M , whereM ⊂ Cn−1 is given
by zl = Q̄l(w2, . . . , wm, t̄2, . . . , t̄n), l = 1, . . . , d. If κ ≥ 2, let L2 =∑n

k=1 ak(t) ∂/∂tk be linearly independent with∂/∂w1 at0. We can assume
thata2(t) ≡ 1, namelyL2 = a1(t) ∂/∂w1 + ∂/∂w2 +

∑n
k=3 ak(t) ∂/∂tk.
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Thanks to Lemma 9.12 above, its flowϕ2(u, t) := exp(uL2)(t) is al-
gebraic. ThenΦ(t2, t3, . . . , tn) := exp(t2L2)(0, 0, t3, . . . , tn) is alge-
braic. DenoteΦ := (Φ1,Φ2, . . . Φn) andΦ := (Φ2, . . . ,Φn). We have

det(
∂Φj

∂tk
(0))2≤j,k≤n 6= 0. The mapΦ therefore induces a local algebraic

biholomorphism of0 × Cn−1 fixing 0. SinceL2 is tangent toM , we
have(0, 0, t3, . . . , tn) ∈ M iff Φ(t2, t3, . . . , tn) ∈ M . As the equations
of M do not depend on(w1, w̄1), it follows thatΦ(0, t3, . . . , tn) ∈ M iff
Φ(t2, t3, . . . , tn) ∈ M . Consequently the vector fieldL2 := Φ∗(∂/∂t2)
is tangent toM . Further, the foliationFL2

is algebraic, sinceΦ is. In
the coordinates overCn−1 defined byΦ, we haveL2 = ∂/∂t2. As above,
we deduce that the equations ofM are independent of(w2, w̄2), whence
M = ∆2 ×M , with M ⊂ Cn−2 being CR-generic. Ifκ ≥ 3, we proceed
analogously,etc.up toLκ, which completes the proofs of Lemma 9.11 and
of Theorem 9.10. � �

�

9.13. Holomorphic degeneracy.Let Σ be an irreducible real algebraic
subset ofCn. Let p ∈ ΣCR. Let κhol

Σ,p denote the maximal number of(1, 0)
vector fieldsL1, . . . , Lj with holomorphic coefficients which are tangent
to ΣCR ∩ VCn(p) and linearly independent overH (VCn(p)) (cf. [2,15]).
Clearly, we haveκhol

Σ,p ≥ κΣ, since we do not require the induced foliations
to be algebraic. Nevertheless, we can deduce from Theorem 2.5 that these
two integers coincide.

Corollary 9.14 For all p ∈ ΣCR, we haveκhol
Σ,p = κΣ,p = κΣ.

Proof. Set χ := κhol
Σ,p. Let us chooseq ∈ VCn(p) with the vectors

L1(q), . . . , Lχ(q) being linearly independent, in a neighborhood of which
Σ = ∆κΣ × Σq. As χ > κΣ, a linear combination of theLj ’s is tangent
to 0 × Σq. We are thus reduced to prove the corollary in the case where
κΣ = 0 andχ ≥ 1. By contradiction, assume thatκΣ = 0 but there exists
a holomorphic vector fieldL with L(p) 6= 0 tangent toΣ ∩ VCn(p). Let
ϕ(u, t) := exp(uL)(t) be the flow ofL, written in coordinatest vanishing
atp. Setua,b(t) := b+

∑n
k=1 ak tk, with smalla ∈ Cn andb ∈ C. Accord-

ing to the separate algebraicity principle,ϕ(u, t) is algebraic if and only if
t 7→ ϕ(ua,b(t), t) is algebraic for all(a, b). If ϕ(u, t) was algebraic, there
would exist an algebraic biholomorphism straighteningL in ∂/∂t1 (seethe
proof of Lemma 9.12), whenceκΣ ≥ 1, which is untrue. Thus there exista
andb such thatt 7→ ϕ(ua,b(t), t) is a nonalgebraic biholomorphic self-map
of (Σ, p). Then Corollary 3.3 impliesκΣ ≥ 1, contradiction. � �

9.15. Link with the defining equations. Finally, we describe a useful
mean of calculatingκΣ (cf. [2,15]). Without loss of generality, we can pick a
small connected pieceM of ΣCR centered at one of its pointsp at whichM
is CR-generic and given by holomorphic algebraic equationsz̄l = Ql(w̄, t),
l = 1, . . . , d. Let us writeQl(w̄, t) =

∑
β∈Nm w̄β Ql,β(t). Let Q(t) denote
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thed ×∞ matrix of holomorphic algebraic functions(Ql,β(t))1≤l≤d, β∈Nm .
After a dilatation of coordinates, we can assume that all theQl,β are holo-
morphic in∆n. Let us study abstractly the situation where we are given
such a denumerable collectionΦ(t) := (ϕk(t))k∈N ∈ C∞ of holomorphic
functions over∆n. By the Jacobian JacΦ(t) of Φ(t), we understand the
n × ∞ matrix (∂ϕk

∂tl
(t))1≤l≤n, k∈N. Let i be an integer with1 ≤ i ≤ n.

We consider the denumerable collection of alli × i minors of JacΦ(t).
Let χ denote the generic rank of the mapΦ(t). In other words, all the
(χ + 1) × (χ + 1) minors of JacΦ(t) vanish identically over∆n and there
exists aχ × χ minor of JacΦ(t) that does not vanish identically. We shall
denote by gen-rk

C
Φ = χ the generic rank ofΦ. The setE ⊂ ∆n of points

where all theχ × χ minors vanish is then a proper real algebraic subset of
∆n. According to the constant rank theorem (also valuable for adenumer-
able collection of holomorphic functions), for each pointp ∈ ∆n\E, there
exists a neighborhoodV of p contained in∆n\E such that for eachq ∈ V ,
the setFq := {t ∈ V ϕk(t) = ϕk(q) ∀k ∈ N} is a complex algebraic
variety and the union of theFq equipsV with a holomorphic algebraic fo-
liation of dimensionn−χ. Applying this toQ(t), we deduce the following
fundamental result.

Theorem 9.16Let M be a connected local piece of a real algebraic CR-
generic submanifold ofCn of CR dimensionm and of codimensiond pass-
ing through the origin which is given in coordinatest = (w, z) ∈ Cm ×Cd

by thed scalar equations̄zl = Ql(w̄, t) =
∑

β∈Nm w̄β Ql,β(t), l = 1, . . . , d,
let Q(t) denote thed × ∞ matrix of holomorphic algebraic functions
(Ql,β(t))1≤l≤d, β∈Nm . Let χM denote the generic rank ofQ(t). Then the
degree of algebraic degeneracyκM of M defined in §9.7 above has the fol-
lowing properties :

• "(1)" The relationsκM + χM = n andκM ≤ m hold.
• "(2)" The set of pointst ∈ M where the rank ofQ(t) is< χM is a

proper real algebraic subvariety ofM .

Proof. It remains only to check thatκM = n − χM . At first, applying
Theorem 9.10, we see immediately thatχM ≤ n − κM . Conversely, at a
point p close to the origin at which the matrixQ(t) is of constant rank, a
neighborhoodV of p algebraically foliates by(n−χM)-dimensional leaves
defined byFq = {t ∈ V Ql,β(t) = Ql,β(q), ∀ l, β}. Of course, such a
foliation is algebraically biholomorphic to a product by a polydisc∆n−χM .
It remains only to show that the foliation istangenttoM , namely that one of
its leaf is entirely contained inM if and only if it intersectsM . But suppose
q ∈ M , i.e. zq = Q̄(wq, t̄q), and lett ∈ Fq which by definition satisfies
Q̄l,β(t̄) = Q̄l,β(q̄) for all l, β. We deducezq = Q̄(wq, t̄). Remember that
there exists an invertibled × d matrix a(t, τ) satisfyingz − Q̄(w, τ) ≡
a(t, τ) (ξ − Q(ζ, t)). We deducēz = Q(w̄, tq). Finally, z̄ = Q(w̄, t),



205

again sinceQl,β(t) = Ql,β(q) for all l, β. Hencet ∈ M . This shows that
κM ≥ n− χM , as desired. � �

§10. SEGRE-TRANSVERSALITY

10.1. Definitions. Our goal in this paragraph is to establish that up to and
including codimension two, Segre-transversality is equivalent to minimal-
ity, at Zariski-generic points. At first, we need preliminary definition. As
above, letM be a CR-generic submanifold ofCn with m := dimCRM and
d = codimRM . We assume thatM is real analytic or real algebraic. Let
p ∈ M . Let Sq̄ denote the Segre varieties associated withq ∈ VCn(p),
cf. (5.3). Remember thatq ∈ Sp̄ iff p ∈ Sq̄. Following [5] and slightly
refining the notions, we shall say thatM is called Segre-transversalat p if
for each neighborhoodV = VCn(p) of p, ∃ k ∈ N∗, ∃ p1, . . . , pk ∈ Sp̄ ∩ V
such that

(10.2) TpSp̄1 + · · · + TpSp̄k
= TpC

n.

Also, M is called Segre-transversalin p if for each neighborhoodV =
VCn(p) of p, ∃ k ∈ N∗, ∃ q ∈ V , ∃ p1, . . . , pk ∈ Sq̄ ∩ V such that

(10.3) TqSp̄1 + · · · + TqSp̄k
= TqC

n.

Remark6. Remarks1. Obviously, Segre-transversalityat p implies Segre-
transversalityin p.

2. We observe that Segre-transversality atp does not entailthat the sec-
ondSegre set(cf. [2]) S2

p̄ := ∪q∈Sp̄∩V
Sq̄ ∩ V contains an open set inCn, as

shows the following example inC3, M z1 = z̄1 + iww̄, z2 = z̄2 + iw2w̄2,
or, more generally, as shows anyM of codimensiond > 2m.

3.Nevertheless, it is known and clear thatSegre-transversality atp entails
minimality atp, because it is easy to check in coordinates that all the Segre
varietiesSp̄1, . . . , Sp̄k

must be contained in the intrinsic complexification
O ic

p of the CR orbit ofp (see also [2,9,14]), whence condition (10.2) forces
O ic

p to be of dimensionn.

Proposition 10.4The following properties hold :

• "(1)" A connected CR-generic manifoldM ⊂ Cn of codimension1
or 2 is minimal at a Zariski-generic point if and only if it is Segre-
transversal in at least one pointp ∈M .

• "(2)" The CR-generic manifoldM ⊂ C4 of codimension3 given by
z1 = z̄1 + iww̄, z2 = z̄2 + iww̄(w2 + w̄2) andz3 = z̄3 + iw3w̄3 is
minimal at0 but not Segre-transversal in any point.

Proof. The example in part(2) is borrowed from [5]. Part(1) is new for
the codimensiond = 2. In order to prove this proposition, we plan now to
give characterizations of Segre-transversalities. In fact, a characterization of
Segre-transversality at a point is given in [5], but forM rigid algebraiconly.
We seek a general formulation. Thus, we assume thatp = 0, V = ∆n and
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thatM is given by (6.3). Letq ∈ ∆n, let k ∈ N∗, let p1, . . . , pk ∈ Sq̄ ∩ ∆n,
i.e.

(10.5) zpj
= z̄q + iΘ̄(wpj

, w̄q, z̄q), j = 1, . . . , k.

To computeTqSp̄j
is easy :TqSp̄j

is in fact generated by them-vector field
(cf. (6.2))

(10.6) L =
∂

∂w
+ iΘ̄w(wq, w̄pj

, zq − iΘ(w̄pj
, wq, zq))

∂

∂z
,

i.e. by a collectionvl = vl(wq, zq, w̄pj
) of vectorsl = 1, . . . , m of the form

(10.7) (0, . . . , 1, . . . , 0, vl
1(wq, zq, w̄pj

), . . . , vl
d(wq, zq, w̄pj

)) ∈ Cm × Cd,

with 1 at them-th place,j = 1, . . . , k. Let us denote byΛ(wq, zq, w̄pj
)

the linear space generated by thevl, for l = 1, . . . , m. By definition,M is
Segre-transversal inp if and only if there existsq arbitrarily close top and
p1, . . . , pk ∈ Sq̄ such that

(10.8) Span(Λ(wq, zq, w̄p1), . . . ,Λ(wq, zq, w̄pk
)) = Cn.

Of course it suffices to choosek = d + 1 to test (10.8). We can also com-
plexify (10.8) and get

(10.9) Span(Λ(w, z, ζ1), . . . ,Λ(w, z, ζd+1)) = Cn.

Introducing alln×n minors of the system ofm(d+ 1) vectorsvl(w, z, ζj),
l = 1, . . . , m, j = 1, . . . , d+ 1, denoting byN the number of such minors,
we may build a holomorphic mapXM d+1

♮ → CN whose components are
these minors and which satisfiesX(t, 0, . . . , t, 0) ≡ 0. We may equip with
a projectionπ♮ M d+1

♮ → Cn
t the set

(10.10)
M d+1

♮ = {(t1, τ1, . . . , td+1, τd+1) ∈ M d+1 ti = tj, 1 ≤ i, j ≤ d+ 1}
such that (10.9) holds at(w, z) if and only if there existsp♮ ∈ π−1

♮ (w, z)
with X(p♮) 6= 0. Consequently (10.9) holds att = (w, z) if and only if

(10.11) X(t, ζ1, . . . , t, ζd+1) 6≡ζ1,...,ζd+1
0 ∈ CN .

Now writing
(10.12)

X(t, ζ1, . . . , t, ζd+1) =
∑

γ♮∈N
m(d+1)
∗

ζ
γ♮

♮ Xγ♮
(w, z), Xγ♮

(w, z) ∈ CN ,

we have got that there existγ♮ ∈ N
m(d+1)
∗ and (w, z) ∈ ∆n such that

Xγ♮
(w, z) 6= 0. As a usual consequence of analyticity (here ofX) we see

that (10.9) holds at(wq, zq) if and only if (10.9) holds for every(w, z) ∈ ∆n

minus a proper complex analytic subset. We thus have proved :

Proposition 10.13A connected real analytic or real algebraic CR-generic
manifold M is Segre-transversal in a point if and only if it is Segre-
transversal in every point. In that caseM is Segre-transversal at every point
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outside a proper real analytic or real algebraic subvariety. In this case,M is
be called Segre-transversal.

Proof. Proof of Proposition 10.4(1) If d = 1, it is very easy to check that
M is Segre-transversal if and only ifM is not Levi-flat if and only if it is
minimal at a Zariski-generic point,cf. [5]. Thus, letd = 2 and assume
thatM is minimal at a Zariski-generic point. To simplify the notation,
let us assume thatm = 1. Then at a Zariski-generic pointp ∈ M , the
vector-valued Levi-form ofM has rank1. Further, the second order Lie
brackets ofT cM must complete the tangent space toM at a Zariski-generic
point (otherwise, the distribution spanned byT cM and its first order Lie
brackets is involutive and thenM locally foliates in three-dimensional CR
orbits, contradiction). Thus, there are holomorphic coordinates(w, z1, z2)
vanishing at such a Zariski-generic pointp in which the equations ofM are
z2 = z̄2 + iww̄ [1 + O(|w|) + O(z̄2, z̄3)] and z3 = z̄3 + iww̄ [w + w̄ +
O(|w|2) + O(z̄2, z̄3)]. Choosing then a pointq = (wq, 0, 0) with wq 6= 0
small, it is easy to check that condition (10.8) is satisfied for suitable points
p1, p2, p3 ∈ Sq̄ with wp1 = 0, andwp2, wp3 small. The general casem ≥ 2
is similar or can be reduced to the casem = 1 by slicing. This completes
the proof of Proposition 10.4. � �

�

§11. ALGEBRAICITY OF THE REFLECTION MAPPING AND

TRANSCENDENCE DEGREE OF THE MAPPING

11.1. Introduction. Now, to end-up this article, we come to the descrip-
tion of an equivalent formulation of our main Theorem 2.5. Aninteresting
invariant of which to show analyticity (in casef is in C ∞

CR andM , M ′

are real analytic) or algebraicity (in casef is already holomorphic, and
M , M ′ are real algebraic), is the so-called “reflection mapping” (see[11],
where the interest of its studywith no nondegeneracy condition onM ′ was
pointed out for the first time). The reflection mapping is the holomorphic
mapCn×Cn′ ∋ (t, τ ′) 7→ ξ′−Q′(ζ ′, f(t)) ∈ Cd′ , wherez̄′ = Q′(w̄′, t′) is a
local system ofd′ defining equations forM ′ as in §6.1 above. Let us denote
it by R ′

f(t, τ
′), whereτ ′ = (ζ ′, ξ′). Clearly,R ′

f is relatively algebraic with
respect toτ ′ anda priori only holomorphic with respect tot.
Theorem 11.2(d = 1 : [12]) Let h M → M ′ be a holomorphic map of
generic rankn between two small pieces of connected somewhere minimal
CR-generic real algebraic submanifolds ofCn of the same CR dimension
m ≥ 1 and of codimensiond ≥ 1. Then the reflection mappingR ′

h associ-
ated withh and an arbitrary local system of coordinates forM ′ as above is
complex algebraic with respect to both variables(t, τ ′).

Proof. Using the biholomorphic invariance of Segre varieties, onecan
check that the algebraicity ofR ′

h is preserved under changes of algebraic
coordinates fixing a point and under small shifts of a center point p′ ∈ M ′
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(exercise). Thus, after a slight delocalization, namely after an arbitrarily
small shift of the center point, and after a change of algebraic coordinates
as in Theorem 9.10, we can assume thatf (M, p) → (M ′, p′) is a local
biholomorphic mapping withM ′ = ∆κ′ ×M ′, κ′ := κM ′. Composingf
with a projection, we get a submersive local holomorphic mapf M → M ′,
with M ′ minimal for inclusion. SinceκM ′ = 0, Theorem 3.1 yields thatf
is algebraic. Notice that there exist coordinatest′ = (w′, z′) = (u′, v′, z′) ∈
Cm′−κ′ × Cκ′ × Cd′ as in §6.1 such that the equations of(M ′, p′) are inde-
pendent of(v′, v̄′), namelyz̄′ = Q′(ū′, u′, z′). Let (u′, v′, z′)c =: (µ′, ν ′, ξ′).
Finally, the reflection mappingR ′

f(t, τ
′) = ξ′ − Q′(µ′, f(t)) ∈ Cd′ is then

obviously algebraic, becausef is. The proof of Theorem 11.2 is com-
plete. � �

11.3. Algebraicity of the reflection mapping with no rank assumption.
More generally, by similar arguments, we shall now establish that the al-
gebraicity of the reflection mapping associated withf M → M ′ is in fact
equivalent to Theorem 2.5.An important assumption will be thatM ′ is here
minimal for inclusion containingf(M).

Theorem 11.4Let f be a local holomorphic map(M, p) → (M ′, p′)
between two real algebraic CR-generic manifolds with(M, p) minimal
at a Zariski-generic point, with(M ′, p′) minimal for inclusion containing
f(M, p) and given byd′ equations of the form̄z′l = Q′

l(w̄
′, t′), l = 1, . . . , d′.

Then the reflection mapping :

(11.5) (Cn, p) × (Cn′

, p̄′) ∋ (t, ν̄ ′) 7→ (ξ′l −Q′
l(ζ

′, h(t)))1≤l≤d′ ∈ Cd′

extends as an algebraic map of(t, τ ′) ∈ Cn×Cn′

. Conversely, if the above-
defined reflection mapping is algebraic, then∇tr(f) ≤ κM ′.

Proof. SinceM ′ is minimal for inclusion and since the exceptional set of
pointsq′ in a neighborhood of whichM ′ ∩ V

Cn′ (q′) is not equivalent to a
product∆κM′ ×M ′ is a proper real algebraic subvariety ofM ′ (cf. Theo-
rems 9.10 and 9.16), thenf(M) encounters in fact the set of pointsq′ for
whichM ′ ∩V

Cn′ (q′) ∼=A ∆κM′ ×M ′. As in the proof of Theorem 11.2, we
then deduce the algebraicity ofR ′

f .
Conversely, letM ′ be minimal for inclusion, letM ′ = ∆κ′ × M ′ in

a neighborhood ofq′ close top′, with κ′ := κM ′, choose coordinates
(u′, v′, z′) vanishing atq′ as above and assume thatξ′ − Q′(µ′, f(t)) is al-
gebraic. Differentiating with respect toµ′, we deduce that the functions
1
β!

[∂β
µ′Q′(µ′, f(t))]µ′=0 =: Q′

β(f(t)), β ∈ Nm′−κ′

, are algebraic. By The-
orem 9.16(2), it follows from the assumptionκM ′ = 0 that the setE ′

of points (u′, z′) ∈ M ′ at which alld′ × d′ minors of the Jacobian ma-
trix of Q′(t′) = (Q′

l,β(u
′, z′))1≤l≤d′, β∈Nm′−κ′ vanish is a proper real alge-

braic subvariety ofM ′. By minimality for inclusion ofM ′, it follows that
f(M, p) is not contained inE ′. Using then the algebraic implicit function
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theorem we deduce thatf is algebraic. This implies that∇tr(f) ≤ κ′, as
desired. � �

11.6. Algebraic approximation. Let us conclude this paper with a nice
application of Theorem 11.4. We need some preliminary. Under the as-
sumptions of Theorem 11.4, lett ∈ Cn, t′ ∈ Cn′

be coordinates vanishing
atp, p′. Let us denoter(t, τ) := z−Q̄(w, τ) andr′(t′, τ ′) := z′−Q̄′(w′, τ ′),
whencēr(τ, t) = ξ−Q(ζ, t) andr̄′(τ ′, t′) = ξ′−Q′(ζ ′, t′). BecauseM and
M ′ are real, there exist ad×dmatrixa(t, τ) of holomorphic algebraic func-
tions witha(0) = −Id×d andr(t, τ) ≡ a(t, τ) r̄(τ, t), and similarlya′(t′, τ ′)
with a′(0) = −Id′×d′ and r′(t′, τ ′) ≡ a′(t′, τ ′) r̄′(τ ′, t′). Since(M, p) is
mapped in(M ′, p′), there exist ad′ × d matrix b(t, τ) of holomorphic func-
tions such thatr′(f(t), f̄(τ)) ≡ b(t, τ) r(t, τ). Here,f(t) ∈ C{t}n′

is a
power series vanishing at0. Finally, we setQ′(ζ ′, t′) :=

∑
β∈Nm′ ζ ′β Q′

β(t′).
Then it follows from Theorem 11.4 that for eachβ ∈ Nm′

, the func-
tion ϕ′

β(t) := Q′
β(f(t)) = 1

β!
[∂β

ζ′Q
′(ζ ′, f(t))]ζ′=0 is algebraic. By ap-

plying the algebraic approximation theorem of Artin [1] to the collection
of holomorphic algebraic equationsQ′

β(t′) − ϕ′
β(t) = 0, we deduce that

for each integerN ∈ N∗, there exists a holomorphic algebraic mapping
F (Cn, p) → (Cn′

, p′), namelyF (t) ∈ C{t}n′

, which is algebraic, such
thatQ′

β(F (t)) = ϕ′
β(t) for all β ∈ Nm′

andF (t) ≡ f(t) (mod|t|N). We
observe that it follows thatF maps(M, p) in (M ′, p′).

Lemma 11.7Suppose thatF (t) ∈ C{t}n′

satisfiesQ′
β(F (t)) = Q′

β(f(t)).
Thenr′(F (t), F̄ (ζ, Q(ζ, t))) ≡ 0 in C{ζ, t}n′

.

Proof. Indeed, if we denotef = (g, h) ∈ Cm′ × Cd′, we have
first h̄(ζ, Q(ζ, t)) ≡ ∑

β∈Nm′ ḡ(ζ, Q(ζ, t))β Q′
β(F (t)). Let us write

F = (G,H) ∈ Cm′ × Cd′ . First, from the relationr′(F (t), f̄(τ)) ≡
a′(F (t), f̄(τ)) r̄′(f̄(τ), F (t)), we deduceH(t) ≡∑β∈Nm′ G(t)β Q̄′

β(f̄(τ)).
As the coordinates(ζ, t) and (w, τ) are equivalent onM , we deduce
H(w, Q̄(w, τ)) ≡ ∑

β∈Nm′ G(w, Q̄(w, τ))β Q̄′
β(f̄(τ)). Finally, we get

H(w, Q̄(w, τ)) ≡∑β∈Nm′ G(w, Q̄(w, τ))β Q̄′
β(F̄ (τ)), as desired. � �

In particular, we obtain the following interesting application. Let
f (M, p) → (M ′, p′) be a biholomorphic equivalence between two real
algebraic CR-generic manifolds such that(M, p) is minimal at a Zariski-
generic point. Then there exists an algebraic holomorphic equivalence
F (M, p) → (M ′, p′). Is such a property also true for nowhere minimal
CR-generic manifolds ?
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Propagation of analyticity

for essentially finite

C ∞-smooth CR mappings
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Abstract. An analytico-geometric reflection principle is established by means of
normal deformations of analytic discs.
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§1. INTRODUCTION

The analyticity of localC ∞-smooth CR diffeomorphisms between two
essentially finite generic real analytic submanifolds ofCn is established
in [3], as a kind of reflection principle, provided that all the components
of the CR diffeomorphism extend holomorphically to a fixed wedge (the
so-called notion ofessential finitenessappeared in the work [14] by K.
Diederich and S.M. Webster; a further geometric reflection principle for
locally finite C ∞-smooth CR mappings appeared in the work [12] by
K. Diederich and J.E. Fornæss). In [4], [5] and more recentlyin [8], [9], [8],
[25] (cf. also the applications [7], [26]), separate assumptions on the map
and on the target have been unified: instead, it is assumed that the so-called
characteristic varietyis zero-dimensional at the central point. However, in
these references, it is always supposed that the source generic submanifold
is minimal at the central point, whereas, in [3], no minimality assumption
was needed. This article is devoted to fill the gap between these two trends
of thought, applying the technique of normal deformations of analytic discs
borrowed from [34], [23], [24].
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§2. PRELIMINARIES AND STATEMENT OF THE MAIN THEOREM

2.1. Initial data. Let K = R or C. Let ν ∈ N. Let x ∈ Kν . Set|x| :=
max1≤i≤ν |xi|. Forρ > 0, denote∆n(ρ) := {x ∈ Kν : |x| < ρ}.

Consider a localC ∞-smooth CR mapping between two local generic
submanifoldsM in Cn andM ′ in Cn′

, definedpreciselyas follows (back-
ground material may be found in [2], [21]). The purpose is to avoid the
(ambiguous) language of germs.

Definition 2.2. A localC ∞-smooth CR mappingconsists of the following
data.

(I) A local generic submanifoldM in Cn of positive codimensiond ≥
1 and of positive CR dimensionm := n− d ≥ 1 passing through a
pointp0 ∈ Cn and defined in coordinatest = (z, w) = (x+ iy, u+
iv) ∈ Cm × Cd vanishing atp0 as a graph:

(2.3) M = {(z, w) ∈ ∆n(ρ1) : vj = ϕj(x, y, u), j = 1, . . . , d},
where the functionsϕj are real analytic on∆2m+d(2ρ1), for some
ρ1 > 0. It is also required for allρ with 0 ≤ ρ ≤ 2ρ1, that
|ϕ(x, y, u)| < ρ if |(x, y, u)| < ρ, namelyM is a uniformly ap-
proximatively horizontal graph. Of course, after perhaps shrinking
ρ1 > 0, this condition is automatically satisfied if the coordinates
are adjusted at the beginning in order thatT0M = {v = 0}. In fact,
it is more convenient to work with a local representation ofM by
complex defining equations

(2.4) M = {(z, w) ∈ ∆n(ρ1) : w̄j = Θj(z̄, z, w), j = 1, . . . , d},
obtained by applying the implicit function theorem to (2.3), where
of course, one may assume that theΘj converge normally for
|(z̄, z, w)| < 2ρ1 and that for allρ with 0 ≤ ρ ≤ 2ρ1, one has
|Θj(z̄, z, w)| < ρ if |(z̄, z, w)| < ρ.

(II) A local generic submanifoldM ′ in Cn′

with central pointp′0 of pos-
itive codimensiond′ ≥ 1 and of positive CR dimensionm′ :=
n′ − d′ ≥ 1 passing through a pointp′0 ∈ Cn and defined in co-
ordinatest′ = (z′, w′) ∈ Cm′ × Cd′ similarly as in (2.4).

(III) A C ∞-smooth mappingt′ = h(t) = (f(t), g(t)) = (z′, w′) with
h(p0) = p′0 which is defined inM∩∆n(ρ1) ≡ M and which satisfies
for some two radiiρ2, ρ′2 with 0 < ρ2 < ρ1, 0 < ρ′2 < ρ′1, the
condition

(2.5) h (M ∩ ∆n(ρ2)) ⊂M ′ ∩ ∆′
n′(ρ′2).

By [6] (and also [2]), after shrinking (if necessary)ρ1 > 0 andρ2 > 0
with 0 < ρ2 < ρ1:

(IV) everyC ∞-smooth CR function defined onM ∩∆n(ρ1) (and in par-
ticular then′ componentsh1, . . . , hn′ of h) is a uniform limit of
polynomials onM ∩ ∆n(ρ2).
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Definition 2.6. A complete wedge in∆n(ρ2) with edgeM ∩ ∆n(ρ2) is a
subset ofCn of the formW = W (M,C,∆n(ρ2)) = {(z, w) ∈ ∆n(ρ2); v−
ϕ(x, y, u) ∈ C}, whereC is some open strictly convex infinite (i.e. not
truncated) cone inRd.

As in [3], it will be assumed that:

(V) there exists a complete wedgeW2 in ∆n(ρ2) with edgeM ∩∆n(ρ2)
such that then components ofh extend holomorphically toW2.

2.7. CR differentiations. Putrj(t, t̄) := w̄j − Θj(z̄, z, w) for j = 1, . . . , d
and andr′j′(t

′, t̄′) := w̄′
j′ −Θ′

j′(z̄
′, z′, w′) for j′ = 1, . . . , d′. LetL1, . . . , Lm

be an arbitrary basis of(0, 1) vector fields tangent toM having real analytic
coefficients (the most convenient is written in (3.2) below). Consider the
first characteristic variety ofh atp0 to be the complex analytic subsetV′

0 of
∆′

n′(ρ′2) consisting of elementst′ satisfying the equations

(2.8)
[
L

β
r′j′(t

′, h(t))
]∣∣∣

t̄=0
= 0, for all j′ = 1, . . . , d′ and allβ ∈ Nm.

It is indeed a complex analytic subset defined as the zero set of an infi-
nite collection of functions which are holomorphic in∆n′(ρ′2). By (2.5),

r′j′
(
h(t), h(t)

)
= 0, for j′ = 1, . . . , d′ and for allt ∈ M . It follows that

the originp′0 belongs to the complex analytic subsetV′
0. The focus is on the

dimension atp′0 of V′
0. The maph will be calledessentially finite atp0 if

dimp′0
V′

0 = 0. Denote byOCR(M, p0) the (not local) CR orbit ofp0 in M .
The main result is as follows.

Theorem 2.9. Let h : M → M ′ be a localC ∞-smooth CR mapping be-
tween two real analytic local generic submanifolds ofCn and ofCn′

. As-
sume that there exists a complete wedgeW2 in ∆n(ρ2) with edgeM∩∆n(ρ2)
such that then′ components ofh extend holomorphically toW2, assume that
there exist points

(2.10) q0 ∈ OCR(M, p0) ∩ ∆n(ρ2)

arbitrarily close top0 at whichh is real analytic and assume thath is essen-
tially finite atp0. Then there exists a radiusρ3 > 0 with 0 < ρ3 < ρ2 < ρ1

such thath extends holomorphically to∆n(ρ3).

In the version of Theorem 2.9 published in [8], [25], it is assumed that
M is minimal atp0, which entails the holomorphic extendability assump-
tion (V), thanks to [33]. In [8], [25], there is a crucial propositionabout
envelopes of meromorphy (same statement and same proof in the two ref-
erences – albeit notations differ), relying on subtle geometric arguments
which stem from the theory of deformations of analytic discsdeveloped
in [1], [33], [23]. In this article, the purpose is to clean upand to simplify
these geometric arguments, by means of the propagation of wedge extend-
ability theorem established in [32], [34] (cf. [16] for a preliminary version).



214

The stronger Theorem 2.9 will be established thanks to this change of geo-
metric point of view. An elementary lemma applies to recoverfrom Theo-
rem 2.9 the main result of [8], [25].

Lemma 2.11. Let h : M → M ′ be a localC ∞-smooth CR mapping be-
tween two real analytic local generic submanifolds ofCn and ofCn′

. As-
sume thatM is minimal atp0, so thatOCR(M, p0) containsM ∩∆n(ρ2) for
someρ2 > 0 and so that(thanks to[33]) after perhaps shrinkingρ2 > 0,
the assumption(V) holds. Ifh is essentially finite atp0, then there exist
pointsq0 ∈M ∩ ∆n(ρ2) arbitrarily close top0 at whichh is real analytic.

Finally, in order to recover the main result of [3], remind that the essen-
tial finiteness ofM ′ atp′0 together with the CR diffeomorphism assumption
entails the essential finiteness ofh at p0 ([8], Lemma 4.1; a more general
version is Corollary 1.3 in [25]; the most general version appears as The-
orem 4.3.1(3) in [21], in which it is shown that CR-transversality ofh at
p0 together with essential finiteness ofM ′ atp′0 implies thath is essentially
finite atp0). In [3], it is observed that essential finiteness of a hypersurface
M at one of its pointsp0 implies its minimality (finite type in the sense of
Lie-Chow-Kohn-Bloom-Graham) atp0. Here are further observations.

Lemma 2.12. If M ′ is a local generic submanifold ofCn′

passing through
a point p′0 which is essentially finite atp′0, then dimR OCR(M ′, p′0) ≥
2CRdimM ′ + 1 and the CR orbitOCR(M ′, p′0) itself is essentially finite
at p′0. Furthermore, in the case whereM is a real analytic hypersurface,
essential finiteness ofh at p0 implies thatM is minimal atp0.

Assume thatn = n′ and thath is a CR diffeomorphism. Then there
exists a Zariski-dense open subset of pointsq′0 ∈ OCR(M ′, p′0) at whichM ′

is finitely nondegenerate. It follows thath itself is finitely nondegenerate at
q0 := h−1(q′0), and by a known result ([28], [9], [2], [19]),h is real analytic
at q0. Applying then Theorem 2.9:

Corollary 2.13. ([3]) Leth : M →M ′ be a localC ∞-smooth CR mapping
which is a CR diffeomorphism. IfM is essentially finite atp0 and if the
components ofh extend holomorphically to a wedge atp0, thenh is real
analytic atp0.

Further applications (in the spirit of [7], [26]) that may bestated are left
to the interested reader. The remainder of this article is devoted to the proofs
of Theorem 2.9, of Lemma 2.11 and of Lemma 2.12.

§3. POLYNOMIAL IDENTITIES

3.1. Differentiations. Denote byL1, . . . , Lm the basis of(0, 1) vector
fields tangent toM defined explicitely by

(3.2) Lk :=
∂

∂z̄k
+

d∑

j=1

∂Θj

∂z̄k
(z̄, z, w)

∂

∂w̄j
.
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Here, the coefficients of the vector fieldsLk are holomorphic with respect
tow. Since it will be more convenient for later use to have antiholomorphic
dependence with respect tow, replacew by Θ(z, z̄, w̄) (which is possible
when(z, w) belongs toM), and write the vector fields under the form

(3.3) Lk :=
∂

∂z̄k
+

d∑

j=1

∂Θj

∂z̄k

(
z̄, z,Θ(z, z̄, w̄)

) ∂

∂w̄j
.

Apply the derivations(L)β, β ∈ Nm, to r′j′
(
h(t), h(t)

)
= 0, which yields

(3.4) (L)β r′j′
(
h(t), h(t)

)
= 0,

for t ∈M ∩ ∆n(ρ2) and forj′ = 1, . . . , d′.
As the coefficients of the vector fieldsLk are holomorphic with respect

to (z, t̄), the differentiated equations (3.4) may be rewritten underthe de-
veloped form:

(3.5) R′
j′,β

(
z, t̄, J

|β|
t̄ h(t) : h(t)

)
= 0.

Here,J ℓ
t̄h(t̄) :=

(
∂α

t̄ hi′(t)
)

1≤i′≤n′, |α|≤ℓ
denotes theℓ-th jet ofh(t̄). By con-

struction, the functionsR′
j′,β = R′

j′,β

(
z, t̄, J

|β|
: t′
)

are holomorphic with

respect toz, t̄ with |z| < ρ2, |t̄| < ρ2, they are holomorphic with respect to
the zero-th order jetJ0

t̄ h(t̄) ≡ h(t̄) with |J0
t̄ | < ρ′2, they are relatively poly-

nomial with respect to the nonzero derivatives
(
∂α

t̄ hi′(t)
)

1≤i′≤n′, 1≤|α|≤|β|
,

and they are relatively holomorphic with respect tot′ with |t′| < ρ′2.
By the main assumption of essential finiteness, there existsan integer

ℓ0 ≥ 1 such that the complex analytic subset defined by the equations

(3.6) R′
j′,β

(
0, 0, J

|β|
t̄ h(0) : t′

)
= 0, j′ = 1, . . . , d′, |β| ≤ ℓ0,

which passes through the origin inCn′

, is of dimension zero at the origin.
By [2], chapter 5, it follows that there existsρ3 with 0 < ρ3 < ρ2,

there existsρ′3 with 0 < ρ′3 < ρ′2, there existsε with ε > 0 and for all
i′ = 1, . . . , n′, there exist monic Weierstrass polynomialsPi′

(
z, t̄, J ℓ0

t̄ : t′i′
)

of the form

(3.7) Pi′
(
z, t̄, J ℓ0

t̄ : t′i′
)

= (t′i′)
N ′

i′ +
∑

1≤I′≤N ′

i′

Hi′,I′
(
z, t̄, J ℓ0

t̄

)
(t′i′)

N ′

i′
−I′,

with coefficientsHi′,I′ being holomorphic with respect toz, t̄ with |z| < ρ3,
|t̄| < ρ3 and with respect toJ ℓ0

t̄ with
∣∣J ℓ0

t̄ − J ℓ0
t̄ h(0)

∣∣ < ε, with moreover∣∣∣J ℓ0
t̄ h(t) − J ℓ0

t̄ h(0)
∣∣∣ < ε for all t ∈ M ∩ ∆n(ρ3), such that the complex

analytic set
(3.8){(

z, t̄, J ℓ0
t̄ , t

′
)

: R′
j′,β

(
z, t̄, J

|β|
t̄ : t′

)
= 0, j′ = 1, . . . , d′, |β| ≤ ℓ0

}
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is contained in the zero-set of all Weierstrass polynomialsPi′ , namely the
set:

(3.9)
{(
z, t̄, J ℓ0

t̄ , t
′
)

: Pi′
(
z, t̄, J ℓ0

t̄ : t′i′
)

= 0, i′ = 1, . . . , n′
}
.

Thanks to Hilbert’s Nullstellensatz, there exists an integer ν ≥ 1 such that
for i′ = 1, . . . , n′, the powers(Pi′)

ν belong to the ideal generated by the
R′

j′,β. Consequently, each componenthi′(t) satisfies the monic polynomial
equation

(3.10) (hi′(t))
N ′

i′ +
∑

1≤I′≤N ′

i′

Hi′,I′

(
z, t̄, J ℓ0

t̄ h(t)
)

(hi′(t))
N ′

i′
−I′ = 0,

for all t ∈ M ∩ ∆n(ρ3). Here, notably, each componenthi′(t) is separated
from the others.

§4. PROOF OFLEMMA 2.11

To establish Lemma 2.11, letρ2 be as in its statement and letρ3 be as in
§3 just above. Shrinkingρ3 if necessary, assume0 < ρ3 < ρ2 to fix ideas.

Fix i′ := 1 and consider the following trivial dichotomy: either

(4.1)
∂P1

∂t′1

(
z, t̄, J ℓ0

t̄ h(t) : h1(t)
)

= 0,

for all t ∈ M ∩ ∆n(ρ3) or

(4.2)
∂P1

∂t′1

(
z, t̄, J ℓ0

t̄ h(t) : h1(t)
)
6≡ 0,

over M ∩ ∆n(ρ3). In the first case, replace the equation

P1

(
z, t̄, J ℓ0

t̄ h(t) : h(t)
)

= 0 by the equation (4.1), which is a monic poly-

nomial of degreeN ′
i′ −1 in hi′(t). After a finite number of steps, the second

case (4.2) holds, with a monic polynomial of lower degree, still denoted by
P1. Pick a pointq1 ∈ M ∩ ∆n(ρ3) together with an open neighborhood

ω1 ⊂ M ∩ ∆n(ρ3) of q1 so that∂P1

∂t′
i′

(
zq1, t̄q1 , J

ℓ0
t̄ h(tq1) : h(tq1)

)
6= 0 for

all t ∈ ω1, whereasP1

(
zq1, t̄q1 , J

ℓ0
t̄ h(tq1) : h(tq1)

)
≡ 0 overω1. Fix now

i′ := 2. Apply the same dichotomy as (4.1), (4.2) to∂P2

∂t′2
, but for t running

only overω1. Process as in the casei′1 = 1 to replaceP2 by a monic
polynomial of minimal degree, choseq2 andω2, etc.

After n′ steps, there exists a pointq0 ∈M ∩∆n(ρ3), there exists an open
neighborhoodω0 ⊂M ∩∆n(ρ3) of q0, there exists monic polynomials, still
denoted byP1, . . . , Pn′ which are of the form (3.7), such that

(4.3) Pi′

(
z, t̄, J ℓ0

t̄ h(t) : hi′(t)
)

= 0,

for all t ∈ ω0 but

(4.4)
∂Pi′

∂t′i′

(
z, t̄, J ℓ0

t̄ h(t) : hi′(t)
)
6= 0,
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for all t ∈ ω0. Apply then the implicit function theorem to the identi-
ties (4.3), to solve

(4.5) h(t) = Ψ
(
z, t̄, J ℓ0

t̄ h(t)
)
,

for all t in a (possibly smaller) neighborhood ofq0, whereΨ is a cer-
tain complex analyticCn′

-valued mapping defined in a neighborhood of(
zq0 , t̄q0, J

ℓ0
t̄ h(tq0)

)
in Cm × Cn × CNn′,n,ℓ0 . It then follows from standard

arguments which are easy modifications of the original phenomenon dis-
covered in [28] thath extends holomorphically to a neighborhood ofq0 in
Cn, or equivalently thath is real analytic in a neighborhood ofq0 in M .

The positive radiusρ3 could have been shrunk from the beginning to be
arbitrarily small, and the same reasoning provides a pointq0, arbitrarily
close top0, at whichh is real analytic.

The proof of Lemma 2.11 is complete. �

§5. DESCRIPTION OF THE PROOF OFTHEOREM 2.9

5.1. Summary and statement of Main Proposition 5.2.Let ρ1 be as
in Definition 2.2, letρ2 be as in the assumptions of Theorem 2.9 and
let ρ3 be as in §3 above. By hypothesis, there exists at least one point
q0 ∈ OCR(M, p0) ∩∆n(ρ3) at whichh is real analytic (it will not be neces-
sary to deal with such points which are closer top0).

By assumption, the componentshi′(t) extend holomorphically to the
complete wedgeW2 in ∆n(ρ2) with edgeM ∩ ∆n(ρ2). Define a complete
wedgeW3 in ∆n(ρ3) with edgeM ∩ ∆n(ρ3) as the intersection ofW2 with
∆n(ρ3). Here is an illustration, whereW3 is on the top and its symmetric
W̃3 (to be introduced later) is on the bottom:

M M

z, z̄, Re w

Imw

p0

∆n(ρ2)
∆n(ρ1)

∆n(ρ2)

W3

fW3

∆n(ρ3)
∆n(ρ1)

q0 V4

FIGURE 1: HOLOMORPHIC EXTENSION TO A NEIGHBORHOOD OFM ∩ ∆n(ρ3)
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In these conditions, the componentshi′(t) of h extend holomorphically
to W3. Also, the jetJ ℓ0

t̄ h(t) in the arguments of the functionsHi′,I′ in (3.10)
extends antiholomorphically toW3.

It is now time to state an independent general proposition, whereM ′

disapears, where each componenthi′ is replaced by aC ∞-smooth CR func-
tion a, not necessarily coming from a CR mapping, where the jetJ ℓ0

t̄ h(t)

is replaced by an independent vector valued mappingb which extends anti-
holomorphically toW3, For similar statements,see [30], [31], [8], [9], [8],
[25], [7], [26].

Main Proposition5.2. As above, letM be a real analytic local generic sub-
manifold defined as a graph in∆n(ρ1) by (2.4), letρ3 with 0 < ρ3 < ρ1

and letW3 be a complete wedge in∆n(ρ3) with edgeM ∩ ∆n(ρ3). Let
a(t) be aC ∞-smooth CR function defined overM ∩∆n(ρ3) which extends
holomorphically to the complete wedgeW3 and which is real analytic in a
neighborhood of at least one pointq0 ∈ OCR(M, p0) ∩ ∆n(ρ3). Let ν ∈ N,
let ε > 0 and letb(t) be aCν-valuedC ∞-smooth CR mapping defined on
M ∩∆n(ρ3) which satisfies|b(t)−b(0)| < ε for all t ∈M ∩∆n(ρ3), which
extends holomorphically toW3 and which is real analytic in a neighborhood
of the same pointq0 ∈ OCR(M, p0) ∩ ∆n(ρ3). Let N ∈ N with N ≥ 1,
and forℓ = 0, 1, . . . , N , letHℓ = Hℓ

(
z, t̄, b̄

)
be some functions which are

holomorphic for|z| < ρ3, for |t̄| < ρ3 and for|b̄ − b(0)| < ε. Assume that
a(t) satisfies the (not necessarily monic) polynomial equation

(5.3)
∑

0≤ℓ≤N

Hℓ

(
z, t̄, b(t)

)
a(t)N−ℓ = 0,

for all t ∈ M ∩ ∆n(ρ3) and that theC ∞-smooth functionsHℓ

(
z, t̄, b(t)

)

are not all identically zero. Then there exists an open neighborhoodV4 of
OCR(M, p0) ∩ ∆n(ρ3) in Cn to whicha(t) extends holomorphically.

This proposition, applied to eachhi′ , completes the proof of Theorem 2.9.
The remainder of this section is devoted to describe its proof, intuitively
speaking.

5.4. Heuristic. Although the equations (3.10) (of a form similar to (5.3))
were obtained by applying the(0, 1) vector fields tangent toM , it will be
crucial to reapply the vector fieldsLk to (5.3).

But before applying theLk, it is also crucial to assume thatN is the
smallest possible integer with the property that there exists a relation of the
form (5.3) onM ∩ ∆n(ρ3). This assumption is of course free. Sincea(t)
is CR, it may be considered as a constant by the derivationsLk. Suppose

for a while that dividing byH0

(
z, t̄, b(t)

)
is allowed in some sense. Then
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rewrite (5.3) as follows:

(5.5) a(t)N +
∑

1≤ℓ≤N

Hℓ

(
z, t̄, b(t)

)

H0

(
z, t̄, b(t)

) a(t)N−ℓ = 0.

Applying now the derivationsLk, the termLk

[
a(t)N

]
vanishes (crucial

fact), which yields the identities
(5.6)

∑

1≤ℓ≤N

H0

(
z, t̄, b(t)

)
Lk

[
Hℓ

(
z, t̄, b(t)

)]
− Hℓ

(
z, t̄, b(t)

)
Lk

[
H0

(
z, t̄, b(t)

)]

[
H0

(
z, t̄, b(t)

)]2 a(t)N−ℓ = 0,

for k = 1, . . . , m. Now, after chasing the unnecessary denominator, observe
that since the coefficients of theLk are holomorphic in(z, t̄), there exist new
holomorphic functionsH1,ℓ, 1 ≤ ℓ ≤ N , such that the identity (5.6) may be
rewritten as

(5.7)
∑

1≤ℓ≤N

H1,ℓ

(
z, t̄, b1(t)

)
a(t)N−ℓ = 0,

where of course

(5.8) b1(t) := J1
t̄ b(t) =

(
∂t̄ibj(t)

)
1≤i≤n, 1≤j≤ν

.

Settingν1 := ν(n + 1), the relation (5.7) is totally similar to (5.3), if some
freedom is allowed about the number of functionsbj . However, the degree
N − 1 of the relation (5.7) is strictly less than the degreeN of the rela-
tion (5.3). Because the degreeN was chosen to be the smallest possible
one, this relation(5.7)has to be trivial.

Equivalently:

(5.9) Lk



Hℓ

(
z, t̄, b(t)

)

H0

(
z, t̄, b(t)

)


 ≡ 0,

overM ∩ ∆n(ρ3), for k = 1, . . . , m andℓ = 1, . . . , N . In other words,
the quotientHℓ/H0 (which has to be defined carefully in some sense) is
CR onM ∩ ∆n(ρ3). Informally speaking, such an identity should be
exceptional, because the termb(t) is anti-CR. In fact, one may expect
intuitively that if the relation (5.9) is satisfied, then there are no terms
b(t) at all, and hence the quotientHℓ/H0 extends meromorphically (but
not holomorphically, because of the presence of a quotient)to a neigh-
borhoodV3 of OCR(M, p0) ∩ ∆n(ρ3) in Cn. This is true and will be
proved below in Main Lemma 7.1 formulated below, where the assump-
tion thata(t) and b(t) are already real analytic in a neighborhood of the
point q0 ∈ OCR(M, p0) ∩ ∆n(ρ3) is used.

According to the works of K. Oka and E.E. Levi, a meromorphic function
defined in a domain ofCn is always the global quotient of two holomorphic
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functions (see[18] for instance). It follows that there exist functionsRℓ =
Rℓ(t) holomorphic inV3 such that

(5.10)
Hℓ

(
z, t̄, b(t)

)

H0

(
z, t̄, b(t)

) ≡ Rℓ(t)

R0(t)
,

for all t ∈ V3. Replacing then (5.10) in (5.5) and chasing the denominator:

(5.11) R0(t) a(t)
N +

∑

1≤ℓ≤N

Rℓ(t) a(t)
N−ℓ = 0,

for all t ∈ V3. Here, the functionR0(t) is not identically zero. Finally, by
reproducing Section 3.3 of [8] or Proposition 6.4 of [25] (seealso [27]), it
follows thata(t) is real analytic at every point ofOCR(M, p0) ∩ ∆n(ρ3),
hence (thanks to the Severi-Tomassini theorem) it extends holomorphically
to an open neighborhoodV4 ⊂ V3 of OCR(M, p0) ∩ ∆n(ρ3) in Cn.

Sections 6, 7,8,9 and 10 are devoted to complete rigorously all the details
of this strategy of proof.

§6. RINGS OF CR FUNCTIONS AND THEIR FIELDS OF FRACTIONS

Inspired by the preceding discussion, introduce the setH (M, ρ3, ε)

of functions of the formH
(
z, t̄, b(t)

)
, whereν ∈ N, where b(t) is a

Cν-valuedC ∞-smooth CR mapping defined onM ∩ ∆n(ρ3) which ex-
tends holomorphically toW3 and which is real analytic at the pointq0 ∈
OCR(M, p0) ∩ ∆n(ρ3) and whereH = H

(
z, t̄, b̄

)
is holomorphic for

|z| < ρ3, |t̄| < ρ3 and for
∣∣∣b̄− b(0)

∣∣∣ < ε and where
∣∣∣b(t) − b(0)

∣∣∣ < ε

for all t ∈M ∩∆n(ρ3). The main feature ofH (M, ρ3, ε) is the following.

Lemma 6.1. Every functionH
(
z, t̄, b(t)

)
∈ H (M, ρ3, ε) admits a real

analytic extension toW3 which is antiholomorphic with respect to the com-
plex transversal coordinatesw = (w1, . . . , wd) ∈ Cd.

Proof. Indeed,b(t) admits an antiholomorphic extension toW3 by assump-

tion, the functionH
(
z, t̄, b(t)

)
is holomorphic with respect to its vari-

ables, but it also depends on the holomorphic variablesz = (z1, . . . , zm)
in general. Consequently, the antiholomorphicity with respect toz (only) is
lost. �

Lemma 6.2. The setH (M, ρ3, ε) is an entire ring which is stable under
differentiation by the(0, 1) vector fields tangent toM :

(6.3) Lk H (M, ρ3, ε) ⊂ H (M, ρ3, ε), k = 1, . . . , m.

Proof. The setH (M, ρ3, ε) is obviously stable under addition and multi-
plication. Suppose that there exist two elementsH1,H2 such that

(6.4) H1

(
z, t̄, b1(t)

)
·H2

(
z, t̄, b2(t)

)
= 0,
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for all t ∈ M ∩ ∆n(ρ3). Then there exists a nonempty open sub-

set V of M ∩ ∆n(ρ3) on whichH1(z, t̄, b1(t)) or H2

(
z, t̄, b2(t)

)
– say

H1

(
z, t̄, b1(t)

)
to fix ideas – vanishes identically. One must show that that

H1

(
z, t̄, b(t)

)
vanishes identically onM ∩ ∆n(ρ3).

According to Lemma 6.1, the functionH1

(
z, t̄, b1(t)

)
extends real ana-

lytically and antiholomorphically with respect tow into the wedgeW3. By
the principle of analytic continuation (for real analytic functions), it suf-

fices to show thatH1

(
z, t̄, b1(t)

)
vanishes identically on a nonempty open

subset ofW3.
Let p ∈ V and letVp be an open polydisc centered atpwith Vp∩M ⊂ V .

Forq = (zq, wq) ∈ Vp, the intersectionM∩{z = zq}∩Vp is maximally real

in the slice{z = zq} ∩ Vp. Also, the functionH1

(
z, t̄, b1(t)

)
extends anti-

holomorphically with respect tow into the sliced wedgeW3∩{z = zq}∩Vp.
By the generic uniqueness principle (for antiholomorphic functions), it fol-

lows thatH1

(
z, t̄, b1(t)

)
vanishes identically in the sliced wedgeW3∩{z =

zq} ∩ Vp. Sincezq was arbitrary, it follows thatH1

(
z, t̄, b1(t)

)
vanishes

identically in the nonempty open subsetW3 ∩ Vp of W3, as desired.
Finally, since the coefficients of the vector fieldsLk are holomorphic for

|z| < ρ1 and|t̄| < ρ1, the second property follows from the chain rule. The
proof of Lemma 6.2 is complete. �

A slightly more precise result has in fact been established.

Corollary 6.5. The zero-set of a nonzero functionH
(
z, t̄, b(t)

)
in

H (M, ρ3, ε) is a closed subset ofM ∩ ∆n(ρ3) with empty interior. �

In the sequel, denote byZH the zero set ofH
(
z, t̄, b(t)

)
onM∩∆n(ρ3).

Since the ringH (M, ρ3, ε) is entire, it is allowed to consider itsfield of
fractionsR(M, ρ3, ε) which consists formally of quotients of the form

(6.6)
H1

(
z, t̄, b1(t)

)

H2

(
z, t̄, b2(t)

) ,

and which may be viewed as a standard complex-valued function on the
dense open subset(M ∩ ∆n(ρ3))\ZH2.

6.7. Two notions of algebraic dependence.SinceR(M, ρ3, ε) is a field,
the notion of algebraic dependence makes sense. Precisely,a C ∞-smooth
CR functiona(t) which is defined onM ∩ ∆n(ρ3) is calledalgebraic over
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R(M, ρ3, ε) if there exists a nonzero polynomial

(6.8)
∑

0≤ℓ≤N

H1,ℓ

(
z, t̄, b1,ℓ(t)

)

H2,ℓ

(
z, t̄, b2,ℓ(t)

) XN−ℓ,

with coefficients inR(M, ρ3, ε) which annihilatesa(t), i.e. such that

(6.9)
∑

0≤ℓ≤N

H1,ℓ

(
z, t̄, b1,ℓ(t)

)

H2,ℓ

(
z, t̄, b2,ℓ(t)

) a(t)N−ℓ = 0,

for all t ∈ (M ∩ ∆n(ρ3))\
⋃

0≤ℓ≤N ZH2,ℓ
.

Equivalently, after chasing the denominators, theC ∞-smooth CR func-
tion a(t) is algebraically dependent over the ringH (M, ρ3, ε).

Another notion of algebraic dependence is the following. Let
Mer(OCR(M, p0), ρ3) denote the field of functions which are mero-
morphic in some connected open neighborhood ofOCR(M, p0)∩∆n(ρ3) in
Cn. In this field, the classical algebraic operations are defined up to some
shrinking of the domains of definition. Then aC ∞-smooth CR function
a(t) defined onM ∩ ∆n(ρ3) is calledalgebraic overMer(OCR(M, p0), ρ3)
if there exists a nonzero polynomial

(6.10)
∑

0≤ℓ≤N

Rℓ(t) X
N−ℓ,

with coefficientsRℓ(t) ∈ Mer(OCR(M, p0), ρ3) which annihilatesa(t), i.e.
such that

(6.11)
∑

0≤ℓ≤N

Rℓ(t) a(t)
N−ℓ = 0,

for all t in some neighborhoodV3 of OCR(M, p0) ∩ ∆n(ρ3) in Cn, outside
the union of the polar sets of theRℓ(t).

It is now time to reformulate and to slightly generalize the heuristic dis-
cussion of §5.4. In the following lemma, a Main Lemma 7.1 (to be formu-
lated and to be proved later), is hidden.

Lemma 6.12. Let a(t) be a C ∞-smooth CR function onM ∩ ∆n(ρ3)
which extends holomorphically to the complete wedgeW3 in ∆n(ρ3) with
edgeM ∩ ∆n(ρ3). Assume thata(t) is real analytic at one pointq0 ∈
OCR(M, p0) ∩ ∆n(ρ3). If the functiona(t) is algebraic over the field
R(M, ρ3, ε) (or equivalently over the ringH (M, ρ3, ε)), then it is alge-
braic over the fieldMer(OCR(M, p0), ρ3).

Proof. Without loss of generality, assume thata(t) satisfies a polynomial
relation

(6.13)
∑

0≤ℓ≤N

Hℓ

(
z, t̄, b(t)

)
a(t)N−ℓ = 0,
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for all t ∈ M ∩ ∆n(ρ3), whose degreeN ≥ 1 is the smallest possible.

HenceH0

(
z, t̄, b(t)

)
does not vanish identically. Proceeding exactly as in

the heuristic discussion of §5.4, divide byH0

(
z, t̄, b(t)

)
, which yields

(6.14) a(t)N +
∑

1≤ℓ≤N

Hℓ

(
z, t̄, b(t)

)

H0

(
z, t̄, b(t)

) a(t)N−ℓ = 0.

Apply now the derivationsLk, which yields
(6.15)

∑

1≤ℓ≤N

H0

(
z, t̄, b(t)

)
Lk

[
Hℓ

(
z, t̄, b(t)

)]
− Hℓ

(
z, t̄, b(t)

)
Lk

[
H0

(
z, t̄, b(t)

)]

[
H0

(
z, t̄, b(t)

)]2 a(t)N−ℓ = 0.

Now, after chasing the unnecessary denominator, and using (6.3), rewrite
this identity under the form

(6.16)
∑

1≤ℓ≤N

H1,ℓ

(
z, t̄, b1(t)

)
a(t)N−ℓ = 0,

whereH1,ℓ

(
z, t̄, b1(t)

)
belongs toH (M, ρ3, ε). Thus a relation which

is totally similar to (10.1.47), but which is of degree strictly less than
N , has been constructed. Because the degreeN was chosen to be the
smallest possible one, this relation has to be trivial. Consequently, the
(0, 1) vector fieldsLk annihilate the quotientsHℓ/H0 outside the zero-set
ZH0. By Main Lemma 7.1 (to be discussed later), this implies thatfor
eachℓ = 1, . . . , N , the quotientHℓ/H0 coincides in some neighborhood
V3 of OCR(M, p0) ∩ ∆n(ρ3) in Cn with the restriction to[OCR(M, p0) ∩
∆n(ρ3)]\ZH0 of a meromorphic functionRℓ(t)/R0(t). Finally, replacing
Hℓ/H0 by Rℓ/R0(t) in the original relation (6.13), it follows thata(t) is
algebraic overMer(OCR(M, p0), ρ3). The proof of Lemma 6.12 is com-
plete. �

Thanks to this Lemma 6.12, the proof of Main Proposition 5.2 is com-
plete, as explained after (5.11). �

§7. STATEMENT OF MAIN LEMMA 7.1

In sum, everything relies upon a statement, interesting in itself, which is
reformulated carefully, including all the assumptions.

Main Lemma7.1. As in Main Proposition 5.2, letM be a real analytic
local generic submanifold defined in∆n(ρ1), as in Definition 2.2(I) . Letρ3

with 0 < ρ3 < ρ2 < ρ1 and letW3 be a complete wedge in∆n(ρ3) with
edgeM ∩ ∆n(ρ3). Let ν1, ν2 ∈ N, let ε > 0 and letb1(t), b2(t) be two
Cν1- andCν2-valuedC ∞-smooth CR mappings defined onM ∩ ∆n(ρ3)
which satisfy|b1(t) − b1(0)| < ε, |b2(t) − b2(0)| < ε, which extend both
holomorphically toW3 and which are real analytic in a neighborhood of the
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same pointq0 ∈ OCR(M, p0) ∩ ∆n(ρ3). Let H1(z, t̄, b1) andH2

(
z, t̄, b2

)

be two holomorphic functions defined for|z| < ρ3, for |t̄| < ρ3 and for∣∣∣b1 − b1(0)
∣∣∣ < ε,

∣∣∣b2 − b2(0)
∣∣∣ < ε. Assume thatH2

(
z, t̄, b2(t)

)
does not

vanish identically onM ∩ ∆n(ρ3) and consider the quotient

(7.2)
H1

(
z, t̄, b1(t)

)

H2

(
z, t̄, b2(t)

) ,

which belongs toR(M, ρ3, ε) and remind that by Corollary 6.5, the zero-

setZH2 of H2

(
z, t̄, b2(t)

)
is a closed subset ofM ∩ ∆n(ρ3) with empty

interior. Then the following three conditions are equivalent:

(1) there exists a meromorphic function inMer(OCR(M, p0), ρ3) of the
formP1(t)/P2(t), whereP1(t) andP2(t) are holomorphic functions
defined in some open connected neighborhoodV3 of OCR(M, p0)∩
∆n(ρ3) in Cn with P2(t) 6≡ 0 such that

(7.3)
H1

(
z, t̄, b1(t)

)

H2

(
z, t̄, b2(t)

) =
P1(t)

P2(t)
,

for all t ∈ V3 ∩M outside the zero set ofH2;
(2) the quotientH1/H2 is CR over the dense open subset(M ∩

∆n(ρ3))\ZH2;
(3) There exists a nonempty open subsetV of the dense open subset

(M ∩ ∆n(ρ3))\ZH2 on which the quotientH1/H2 is CR.

Proof. Obviously, (2) ⇒ (3). Treat first the two implications(1) ⇒ (2)
and(3) ⇒ (2), which are easy. Indeed, by Lemma 6.1, fork = 1, . . . , m,
the CR derivatived functionsLk(H1/H2) also belong toR(M, ρ3, ε). If
(1) or (3) holds, thenH1/H2 is CR on a nonempty open subsetV of
(M ∩ ∆n(ρ3))\ZH2, so Corollary 6.5 implies thatLk(H1/H2) vanishes
identically onM ∩ ∆n(ρ3)\ZH2 , which yields(2).

Next, begin the proof of the implication(2) ⇒ (1), which is by far the
main task. Even if it is already known that(2) and (3) are equivalent,
property (1) will be established assuming only thatH1/H2 is CR over a
nonempty open subsetV , as in(3).

Define the Schwarz reflection acrossM which stabilizes the slices
{(z, w) ∈ ∆n(ρ1) : z = ct.} explicitely by

(7.4) s : (z, w) 7→
(
z,Θ(z, z̄, w̄)

)
.

Shrinkingρ3 a bit if necessary, one can construct a slightly smaller complete
wedgeW̃3 which is contained ins(W3), as depicted in FIGURE 1 above.
What is important is thatW3 andW̃3 are directed by two opposite vectors
at every point ofM ∩ ∆n(ρ3), because a version of the edge of the wedge
theorem will be applied in the end of the proof.
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Sinces is antiholomorphic with respect tow and sinceH1

(
z, t̄, b1(t)

)

andH2

(
z, t̄, b2(t)

)
extend as real analytic functions inW3 which are anti-

holomorphic with respect tow, it follows by composition with the reflection
s(z, w) thatH1 andH2 extend to be real analytic iñW3 and holomorphic
with respect tow. Denote byH̃1(t, t̄) andH̃2(t, t̄) these two real analytic
extensions. Since the antiholomorphic reflection coincides with the iden-
tity mapping onM ∩ ∆n(ρ3), theC ∞ boundary values of the real analytic
extensions̃H1, H̃2 are justH1 andH2.

SinceH̃1/H̃2 is CR on the nonempty open subsetV of (M∩∆n(ρ3))\Z2,
and since it is holomorphic with respect to the variablew in the vertical
conelike slices{(z, w) ∈ ∆n(ρ1) : z = ct.} ∩ W̃3, it follows from an ele-
mentary (and known) separate Cauchy-Riemann principle that there exists
a neighborhoodV of V in Cn such thatH̃1/H̃2 extends holomorphically to
V ∩W̃3. Apply now the following general lemma to deduce thatH̃1/H̃2 can
be represented as a quotientP1/P2, whereP1 andP2 6= 0 are holomorphic
in W̃3.

Lemma 7.5. Let Ω ⊂ Cn be a domain, letA1 andA2 6= 0 be two real
analytic functions inΩ. Suppose that there exist a pointp ∈ Ω\ZA2 and
a nonempty open neighborhoodVp of p contained inΩ\ZA2 such that the
restriction toVp ofA1/A2 is holomorphic inVp. Then there exist two holo-
morphic functionsP1 andP2 6= 0 in Ω such that

(7.6)
P1

P2

∣∣∣∣
Ω\ZA2

=
A1

A2

∣∣∣∣
Ω\ZA2

.

Proof. In this proof (only), denote some complex coordinates onCn by
z = (z1, . . . , zn) andz = x + iy. By assumption, fori = 1, . . . , n and for
z = x+ iy ∈ Vp, it holds that

(7.7)
∂

∂z̄i

(
A1(x, y)

A2(x, y)

)
≡ 0,

which yields by analytic continuation:

(7.8) A2(x, y)
∂A1

∂z̄i
(x, y) − A1(x, y)

∂A2

∂z̄i
(x, y) ≡ 0,

for all z ∈ Ω. It follows that the quotientA1/A2 is holomorphic onΩ\ZA2 ,
even ifΩ\ZA2 is not (locally) connected. In fact, to achieve the proof, the
local connectedness ofΩ\ZA2 is needed. To fix this point, it is sufficient
to show thatZA2 is in fact of real dimension≤ 2n− 2, hence in particular
Ω\ZA2 is locally connected.

Indeed, proceeding by contradiction, in a neighborhood of apoint q ∈
ZA2 at whichZA2 is geometrically smooth and of dimension2n− 1, make
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a translation of coordinates so thatq is the origin andZA2 is locally repre-
sented by{x1 = 0}. Then write

(7.9) A2(x, y) = (x1)
κ[A2,0(x2, · · · , xn, y1, . . . , yn) + x1 A2,1(x, y)],

for some integerκ ≥ 1 and some real analytic functionA2,0 independent
of x1 which is not identically zero. Without loss of generality, assume that
A1(x, y) 6≡ 0, hence

(7.10) A1(x, y) = (x1)
λ[A1,0(x2, · · · , xn, y1, . . . , yn) + x1 A1,1(x, y)],

for some integerλ ≥ 0, where the functionA1,0 is also not identically zero.
Since by assumptionq ∈ ZA2 , it holds thatκ ≥ λ + 1. Compute then (7.8)
for i = 1, which yields

(7.11) 0 ≡
(
λ− κ

2

)
xκ+λ−1

1 [A1,0A2,0 + O(x1)],

a contradiction.
ThusA1/A2 extends holomorphically to thelocally connectedopen set

Ω\ZA2 .
To pursue the proof, choose an arbitrary pointq ∈ Ω, center the co-

ordinatesz at q and consider the polydisc∆n(ρq) ⊂ Ω, where ρq =
infr∈∂Ω |r − q|. ThenA1(x, y) andA2(x, y) may be developed in power
series with respect tox andy with radius of convergence at least equal to
ρq. After perhaps making a unitary transformation, assume that the maxi-
mally real submanifold[Rn ×{0}]∩∆n(ρq) is not contained inZA2 . Then
complexify the variablex ∈ Rn to be the complex variablez ∈ Cn and
introduce the element of meromorphic function

(7.12) Rq(z) :=
A1(z, 0)

A2(z, 0)
,

which is defined in∆n(ρq). By construction, the restrictions to the maxi-
mally real subspace

(7.13) [(Rn × {0}) ∩ ∆n(ρq)]\ZA2

of Rq(z) and ofA1(x, y)/A2(x, y) coincide. Because∆n(ρq)\ZA2 is lo-
cally connected, it follows from the principle of analytic continuation that
Rq(z) andA1(x, y)/A2(x, y) coincide all over∆n(ρq)\ZA2.

In summary, at every pointq of Ω, a meromorphic extension of the
holomorphic functionA1(x, y)/A2(x, y) defined inΩ\ZA2 has been con-
structed. It follows from [18] that this meromorphic function can be rep-
resented as a quotient of holomorphic functions inΩ, which completes the
proof of the lemma. �

7.14. Continuation of the proof. ThusH̃1/H̃2 extends meromorphically
to W̃3 ∪ V . Of course, neitherV nor a neighborhood (inCn) of the dense
subset(M ∩∆n(ρ3))\ZH2 need contain a point of the (thin in the nonmin-
imal case) subsetOCR(M, p0) ∩ ∆n(ρ3).
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Here comes the assumption that the CR mappingsb1(t) and b2(t) ex-
tend holomorphically to a neighborhoodVq0 (in Cn) of some pointq0 ∈
OCR(M, p0) ∩ ∆n(ρ3). It follows thatH1

(
z, t̄, b1(t)

)
andH2

(
z, t̄, b2(t)

)

extend real analytically toVq0. Thanks to the (already established) equiva-
lence between(2) and(3), the quotientH1/H2 is CR over the dense open
subset(M ∩ ∆n(ρ3))\ZH2 . In particular, there exists a pointr0 ∈ Vq0

in a neighborhood of whichH2 is nonzero. Then, thanks to the Severi-
Tomassini extension theorem,H1/H2 extends holomorphically to a neigh-
borhoodVr0 (in Cn) of r0. Applying Lemma 7.5 just above, it follows that
H1/H2 extends meromorphically toVq0. Forget the open subsetV and
summarize the obtained extension result.

Lemma 7.15. The CR quotientH1/H2 extends meromorphically tõW3 ∪
Vq0.

The goal, to which the remainder of the paper is devoted, is toprove
thatH1/H2 extends meromorphically to some open neighborhoodV3 of
OCR(M, p0) ∩ ∆n(ρ3) in Cn.

To this aim, define the setD of pointsq ∈ OCR(M, p0)∩∆n(ρ3) such that
there exists a small nonempty open polydiscVq centered atq and a mero-
morphic extensionRq(t) of H1/H2|(Vq∩M)\ZH2

to Vq. This set is nonempty,
sinceq0 belongs toD by assumption. It follows from the uniqueness prin-
ciple on a generic edge that the various meromorphic functionsRq(t) glue
together to provide a well defined meromorphic functionRD(t) defined in
the open neighborhoodVD :=

⋃
p∈D Vq of D in Cn. State this property as

a step lemma.

Lemma 7.16.The CR quotient extends meromorphically tõW3 ∪ VD.

If D = OCR(M, p0) ∩ ∆n(ρ3), Main Lemma 7.1 would be proved,
almost gratuitously. Suppose therefore that the complement E of D
in OCR(M, p0) ∩ ∆n(ρ3) is nonempty. To conclude the proof of Main
Lemma 7.1, it will suffice to derive a contradiction in the following form:
establish that there exists in factat least one pointp1 ∈ E at whichH1/H2

extends meromorphically.

§8. LOCALIZATION AT A NICE BOUNDARY POINT

So, assume thatE (the bad set) andD (the good set) are nonempty, with
E ∩ D = ∅ and withE ∪ D = OCR(M, p0) ∩ ∆n(ρ3). For technical
convenience, it is better to pick a special pointp1 ∈ E so thatE lies behind a
real analytic generic “wall”M1 passing throughp1, as depicted in FIGURE 2
below (cf. [23], [24]).

Lemma 8.1. There exists a pointp1 ∈ E and a real analytic hypersurface
M1 ⊂ M passing throughp1 which isgenericin Cn such thatE\{p1} lies,
nearp1, in one side ofM1.
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Proof. Let q ∈ E 6= ∅ be an arbitrary point and letγ be a piecewise real
analytic curve running in complex tangential directions toM (CR-curve)
which links the pointq with the pointq0 ∈ D. Such a curve exists because
the CR orbitOCR(M, p0) ∩∆n(ρ3) is locally minimal at every point. After
shorteningγ and changing the pointsq andq0 if necessary, one can assume
thatγ is a smoothly embedded segment, thatq andq0 belong toγ and are
close to each other. Thereforeγ can be described as a part of an integral
curve of some nonvanishing real analytic sectionL of T cM defined in a
neighborhood ofq.

L

γ

Υ
Qδ1

p1

M1

E

γ
q

q0

FIGURE 2: CONSTRUCTION OF THE GENERIC WALL BY BLOWING OUT ELLIPSOIDS

Let H ⊂ M be a small(2m + d − 1)-dimensional real analytic hyper-
surface passing throughq such thatL(q) is not tangent toH at q. Inte-
gratingL with initial conditions inH, one obtains real analytic coordinates
(s1, s2) ∈ R × R2m+d−1 so that for fixeds2,0, the segments(s1, s2,0) are
contained in the trajectories ofL. After a translation, one may assume that
the origin(0, 0) corresponds to a point ofγ close toq which is not contained
in E, again denoted byq. Fix a smallε > 0 and for realδ ≥ 1, define the
ellipsoids (seeFIGURE 2 above)

(8.2) Qδ := {(s1, s2) : |s1|2/δ + |s2|2 < ε}.
There exists the smallestδ1 > 1 withQδ1∩E 6= ∅. ThenQδ1∩E = ∂Qδ1∩E
andQδ1 ∩ E = ∅. Observe that every boundary∂Qδ is transverse to the
trajectories ofL out off the equatorial setΥ := {(0, s2) : |s2|2 = ε} which
is contained inD. Hence∂Qδ1 is transverse toL at every point of∂Qδ1 ∩E.
So∂Qδ1\Υ is generic inCn, sinceL is a section ofT cM .

To conclude, it suffices to choose a pointp1 ∈ ∂Qδ1 ∩ E and to take for
M1 a small real analytic hypersurface passing throughp1 which is tangent to
∂Qδ1 and satisfiesM1\{p1} ⊂ Qδ1 . The proof of Lemma 8.1. is complete.

�

8.3. Localization. Choose now a pointp1 ∈ E as in Lemma 10.1 and
chooseε1 > 0 such that the polydisc∆n(ε1) (in the new coordinates cen-
tered atp1) with centerp1 is contained in the polydisc∆n(ρ3) (in the old
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coordinates centered atp0) with centerp0 and localize everything in∆n(ε1)
(cf. FIGURE 3 below, whereE has been redrawn on the left).

Denote byM−
1 the negative, left open one-sided neighborhood ofM1 in

M such thatE\{p1} lies inM−
1 in a neighborhood ofp1, and denote by

M+
1 the other side, which is contained inD by assumption. Choose affine

coordinates vanishing atp1, still denoted byt = (z, w) = (x+ iy, u+ iv) ∈
Cm × Cd in order thatT0M = {v = 0} andT0M1 = {v = 0, x1 = 0}.
Denote byz♯ ∈ Cm−1 the coordinates(z2, . . . , zm), which are decomposed
in real and imaginary part asz♯ = x♯ + iy♯. ThenM is defined byvj =
ϕj(x, y, u), j = 1, . . . , d with ϕj(0) = 0, dϕj(0) = 0 andM1 is defined by
a supplementary equationx1 = ψ(y1, x♯, y♯, u), with ψ(0) = 0, dψ(0) = 0.

After possibly replacingM1 by a new hypersurface which is contained
in M+

1 ∪ {p1} (cf. the end of the proof of Lemma 8.1) and after possibly
making a dilatation of coordinates, one may assume that the supplementary
equation ofM1 is simply given byx1 = y2

1 + |z♯|2 + |u|2, and thatM+
1 is

given by

(8.4) M+
1 : x1 > y2

1 + |z♯|2 + |u|2.
(For the readability of FIGURE 3 below, the curvature ofM1 has been re-
versed, hence the picture ofM1 is slightly incorrect).

Intersect everything with the polydisc∆n(ε1) centered atp1 In particular,
define

(8.5) W̃ε1 := W̃3 ∩ ∆n(ε1) and Vε1 := VD ∩ ∆n(ε1).

To reach the desired contradiction (cf. the last sentence of §7) which
achieves the proof of Main Lemma 7.1, the principal goal is now to show
that the quotient

(8.6)
H1

(
z, t̄, b1(t)

)

H2

(
z, t̄, b2(t)

) ,

which already extends holomorphically tõWε1 ∪ Vε1 extends holomorphi-
cally to a neighborhood ofp1 in Cn. For this purpose, the technique of
normal deformations of analytic discs enters the scene ([34], [23], [24]).

§9. CONSTRUCTION OF ANALYTIC DISCS

Let ρ0 with 0 < ρ0 ≤ ε1/4 and for everyρ with 0 ≤ ρ ≤ ρ0, consider an
analytic disc

(9.1) Aρ(ζ) = (Zρ(ζ),Wρ(ζ)) = (Xρ(ζ) + iYρ(ζ), Uρ(ζ) + iVρ(ζ)),

whereZρ(ζ) is given by

(9.2) Zρ(ζ) = (ρ(1 − ζ), 0, . . . , 0).

The discAρ should be attached toM ∩ ∆n(ε1) and should satisfyAρ(1) =
p1 = 0 (remind thatp1 is the origin in the chosen coordinates). A necessary



230

and sufficient condition is thatUρ satisfies the so-called Bishop functional
equation

(9.3) Uρ(ζ) = −[T1(ϕ(Xρ(·), Yρ(·), Uρ(·)))](ζ),
for all ζ ∈ ∂∆. Here,T1 denotes the harmonic conjugate operator (Hilbert
transform on∂∆) normalized atζ = 1, namely satisfyingT1u(1) = 0 for
everyu ∈ C ∞(∂∆,Rd). By [2], the solution exists, is unique and yields
a family of analytic discsAρ(ζ) which is smooth (and in fact real analytic)
with respect toρ andζ . Of course, forρ = 0, the discA0 is the constant
disc which maps∆ to p1.

M1

M

z2, . . . , zm, u

y1

x1

E

M−

1 M+
1

p1 = Aρ0(1)

Aρ0(∂∆)

FIGURE 3: RELATIVE DISPOSITION OFE , M1 AND Aρ0(∂∆) INSIDE M

The following elementary lemma shows that the boundaryAρ0(∂∆) of
the discAρ0 meets the wallM1 only at p1, as shown in FIGURE 3 just
above. The notion of analytic isotopy is appropriate to apply the continuity
principle (cf. [23], [24]).

Lemma 9.4. There existsρ0 with 0 < ρ0 < ε1/4 such that the following
two properties are satisfied:

(1) for everyρ with 0 < ρ ≤ ρ0, the mappingAρ : ∆ → ∆n(ε1) is an
embedding; moreover, eachAρ is analytically isotopic to the point
p1;

(2) for everyρ with 0 < ρ ≤ ρ0:

(9.5) Aρ(∂∆)\{1}) ⊂M+
1 .

Proof. The fact thatAρ is an embedding forρ > 0 is obvious, since this is
the case forZρ. Then the analytic isotopy is obtained by lettingρ decrease
to 0. This proves part(1).
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For part(2), putζ = reiθ, where|θ| ≤ π and compute

(9.6)





X1,ρ(ζ) =
ρ(1 − ζ) + ρ(1 − ζ̄)

2
=
ρ

2

∣∣1 − eiθ
∣∣2 ,

Y1,ρ(ζ) =
ρ(1 − ζ) − ρ(1 − ζ̄)

2i
= −ρ sin θ.

Since the real analytic solutionUρ(ζ) vanishes identically forρ = 0 and
vanishes atζ = 1, there exists a constantC > 0 such that

(9.7) |Uρ(ζ)| ≤ C ρ |1 − ζ |,
for all ρ ≤ ε1/4. One then deduces from the elementary inequalities2|θ|

π
≤

|1 − eiθ| ≤ |θ| and| sin θ| ≤ |θ| that

(9.8) X1,ρ(e
iθ) ≥ ρ

2π2
θ2,

∣∣Y1,ρ(e
iθ)
∣∣2 ≤ ρ2 θ2,

∣∣Uρ(e
iθ)
∣∣2 ≤ C2 ρ2 θ2.

Recall thatZ♯,ρ(re
iθ) ≡ 0. Hence it suffices to choose

(9.9) ρ0 <
1

2π2(1 + C2)

in order to insure that

(9.10) X1,ρ(e
iθ) > (Y1,ρ(e

iθ))2 +
∣∣Uρ(e

iθ)
∣∣2 ,

for all θ 6= 0, which completes the proof. �

§10. MEROMORPHIC EXTENSION

The goal is to construct a meromorphic extension ofH1/H2 to a neigh-
borhood ofp1. LetΩ ⊂ Vε1 be an open neighborhood of the pointAρ0(−1).
Thanks to Lemma 2.7 in [23] (a slight modification of the geometric con-
structions in [34]), it is possible to include the discAρ0(ζ) in a regular(in
the sense of Definition 1.8 in [23];seealso p. 493 of [24]) family of ana-
lytic discsAρ0,s,v(ζ), wheres ∈ R2m+d−1 satisfies|s| < s0 for somes0 > 0,
wherev ∈ Rd−1 satisfies|v| < v0 for somev0 > 0 and whereAρ0,s,v(∂∆)
is contained in

(10.1) (M ∩ ∆n(ε1)) ∪ (Wε1 ∩ Ω).

Essentially, the disc is deformed nearAρ0(−1) in order that its direction at
exit atAρ0(1) = p1 covers an open cone atp1, by means of the parameterv,
as in [34], [23], [24]. Then the parameters achieves translation alongM .
By an application of the continuity principle (where property (1) of Lemma
9.4 is needed), there existθ0 with θ0 > 0 andr0 with r0 > 0, 1 − r0 < 1
such that the following set covered by pieces of analytic discs
(10.2)

W4 :=
{
Aρ0,s,v(re

iθ) : |s| < s0, |v| < v0, |θ| < θ0, 1 − r0 < r < 1
}

is a (curved) local wedge of edgeM at p1 (seeFIGURE 4 just below) to
which meromorphic functions iñWε1 ∪ Vε1 extend meromorphically.
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Aρ0,s,v(∆)

Vε1

E

M

p1

M−

1
M+

1

Aρ0(∆)

Aρ0(−1)

∆n(ε1)

fWε1

fW4

W4

M

FIGURE 4: MEROMORPHIC EXTENSION TO A NEIGHBORHOOD OFp1

Lemma 10.3. In the preceding situation, three extension results hold:

(1) for j = 1, 2, theCνj -valuedC ∞-smooth CR functionbj extends
holomorphically toW4;

(2) the CR quotientH1/H2 extends meromorphically to a symmetric
wedgeW̃4 contained ins(W4) which is only slightly smaller;

(3) the CR quotientH1/H2 extends meromorphically toW4.

Proof. As a preliminary, define translations of geometric objects in the nor-
mal directionsTp1C

n/Tp1M as follows. If a unitary vectorυ1 ∈ Tp1C
n with

zeroz-component and zerou-component is given, namelyυ1 is of the form
(0, iv1) ∈ Cm×Cd with |v1| = 1, then for everyη very small in comparison
with ε1, define the translation

(10.4) (M ∩ ∆n(ε1)) + η υ1.

As Wε1 andW̃ε1 are (approximatively) symmetric to each other, there exists
a unitary vectorυ1 = (0, iv1) ∈ Tp1C

n such that

(10.5)

{
(M ∩ ∆n(ε1)) + η υ1 ⊂ Wε1 for η > 0,

(M ∩ ∆n(ε1)) + η υ1 ⊂ W̃ε1 for η < 0.

In other words,υ1 ∈ Tp1Wε1 and−υ1 ∈ Tp1W̃ε1 . Translate also the analytic
discs, which yieldsAρ0,s,v(ζ) + η υ1.

Prove now(1) of Lemma 10.3. By construction, the twoC ∞-smooth
CR functionsb1 and b2 extend holomorphically toWε1 . Since for every
η > 0, the discsAρ0,s,v(ζ) + η υ1 have their boundaries contained inWε1

and are analytically isotopic to a point inWε1, it follows from the continuity
principle thatb1 andb2 extend holomorphically to the wedgeW4 + η υ1. By
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letting η tend to zero, it follows thatb1 andb2 extend holomorphically to
W4.

Next, prove(2) of Lemma 10.3. Sinceb1 andb2 extend holomorphically
to W4, by reasoning as in the beginning of the proof of Main Lemma 5.2, it
follows thatH1/H2 extends meromorphically to the symmetric wedgẽW4,
which is contained ins(W4), but only slightly smaller. Importantly, there
exists a unitary vectorυ4 ∈ Tp1C

n with coordinates of the form(0, iv4) ∈
Cm ×Cd such thatυ4 ∈ Tp1W4 and−υ4 ∈ Tp1W̃4 (seeagain FIGURE 4).

Finally, prove(3) of Lemma 10.3. In the domaiñWε1 ∪ Vε1 , the mero-
morphic extension of the CR quotientH1/H2, can be represented as a quo-
tient P1/P2. Since for everyη < 0, the discsAρ0,s,v(ζ) + η υ1 have their
boundaries contained iñWε1 ∪ Vε1 and are analytically isotopic to a point
in W̃ε1 ∪ Vε1 , it follows from the continuity principle thatP1 andP2 extend
holomorphically toW4 + η υ1. By lettingη tend to zero, one deduces that
P1 andP2 extend holomorphically toW4. Hence the CR quotientH1/H2

extends meromorphically toW4.
The proof of Lemma 10.3 is complete. �

The proof of Main Lemma 7.1 is almost achieved. By Lemma 10.3,the
CR quotientH1/H2 extends meromorphically to the union

(10.6) W4 ∪ W̃4 ∪ Vε1 .

This union is connected (cf. FIGURE 5 just below. Denote again byP1/P2

this meromorphic extension, whereP1 andP2 are holomorphic in the do-
mainW4 ∪ W̃4 ∪ Vε1.

Vε1

E

M

fW4

M

W d
4

Md

p1

Ad
ρ0

(∆)

FIGURE 5: DEFORMATION OF THE WEDGEW4 OVER p1

Introduce a one parameter family of smooth deformationsMd, d ≥ 0, of
M localized in a neighborhood ofp1, with M0 = M , by pushingM near
p1 insideW̃4. For this, it suffices to use a cut-off functionχ(x, y, u) with
support in a neighborhood of the origin, and ford ∈ R, d ≥ 0, to defineMd

by the vectorial equation

(10.7) v = ϕ(x, y, u) + d χ(x, y, u) υ4,
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whereυ4 ∈ Tp1W4 and−υ4 ∈ Tp1W̃4.
Since the resolution of Bishop’s equation is stable under perturbation,

there exists a smoothly deformed familyAd
ρ0,s,v(ζ) of analytic discs with

A0
ρ0,s,v(ζ) = Aρ0,s,v(ζ) and a deformed wedge

(10.8)
W d

4 := {Ad
ρ0,s,v(re

iθ) : |s| < s0, |v| < v0, |θ| < θ0, 1 − r0 < r < 1}.
SinceW4 andW̃4 have opposite directions, it is clear that one can insure that
W d

4 contains the pointp1.
For d > 0, let the parameterρ vary in the interval[0, ρ0] to deduce that

the discsAd
ρ0,s,v are analytically isotopic to a point inW4 ∪ W̃4 ∪ Vε1 . By a

further application of the continuity principle, it follows thatP1 andP2 ex-
tend holomorphically toW d

4 , hence to a neighborhood ofp1. In conclusion,
the CR quotientH1/H2 extends meromorphically to a neighborhood ofp1.

The proof of Main Lemma 7.1 is complete. �

In conclusion, the proof of Theorem 2.9 is complete.

§11 PROOF OFLEMMA 2.12

Establish first the second sentence. Assume that the sourceM is a hyper-
surface and thath is essentially finite atp0. Proceeding by contradiction,
suppose thatM is not minimal atp0. Equivalently, the CR orbit ofp0 is an
(n − 1)-dimensional complex hypersurface passing throughp0, which co-
incides in fact with the Segre varietySp̄0. Choose holomorphic coordinates
(z, w) ∈ Cn−1 × C vanishing atp0 in whichSp̄0 = {w = 0} and represent
M by a single complex equation̄w = Θ(z̄, z, w), whereSp̄0 = {(z, 0)},
whenceΘ(z̄, z, 0) ≡ 0. It follows that the usual basis of(0, 1) vector fields
tangent toM satisfiesLk = ∂/∂z̄k + O(w) ∂/∂w̄.

In the fundamental equations

(11.1) r′j′(h(t), h(t)) = 0,

for j′ = 1, . . . , d′, specifyt = (z, 0) ∈M , which yields:

(11.2) r′j′(h(z, 0), h̄(z̄, 0)) ≡ 0, j′ = 1, . . . , d′.

Sinceh is CR and{(z, 0)} is contained inM , the mappingz 7→ h(z, 0) is
holomorphic, hence it is justified to writēh(z̄, 0) instead ofh(z, 0).

By assumption,h is essentialy finite atp0. Hence apply the derivations
L

β
, for β ∈ Nn−1, to (11.1), which amounts to applying the derivations∂β

z̄

to (11.2), which yields expressions of the form

(11.3) S ′
j′,β

(
J
|β|
z̄ h̄(z̄, 0) : h(z, 0)

)
≡ 0.

Exactly as in §3, it follows from the essential finiteness assumption that
there exist Weierstrass polynomials such that

(11.4) (hi′(z, 0))N ′

i′ +
∑

1≤I′≤N ′

i′

Hi′,I′
(
J ℓ0

z̄ h̄(z̄, 0)
)

(hi′(z, 0))N ′

i′
−I′ = 0,
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Puttingz̄ = 0, it follows thathi′(z, 0) is a constant fori′ = 1, . . . , n′, hence
vanishes identically. However, ifh(z, 0) vanishes identically, it is clearly
impossible forh to be essentially finite atp0, since differentiation with re-
spect toz̄ of r′j′(t

′, h̄(z̄, 0)) gives nothing else than the constant zero, soV′
0

is defined by{w′ = 0}, hence is positive-dimensional. This establishes the
second sentence of Lemma 2.12.

To establish the first sentence, remind again that if dimOCR(M ′, p′0) =
2m′, then the CR orbit ofp′0 is anm′-dimensional complex manifold passing
throughp′0, which coincides in fact with the Segre varietyS ′

p̄′0
. Assume that

the coordinates(z′, w′) ∈ Cm′ × Cd′ are such thatS ′
p̄′0

= {w′ = 0}. Then
the complex defining equations ofM ′ are of the formw̄′

j′ = Θ′
j′(z̄

′, z′, w′),
whereΘ′

j′(z̄
′, z′, 0) ≡ 0 for j′ = 1, . . . , d′. However, this clearly contradicts

the two classical characterizations of essential finiteness ([2]).
In general, there exist coordinates(z′, w′

1, w
′
2) ∈ Cm′×Cd′1×Cd′2 centered

atp′0, whered′2 is the holomorphic codimension of the intrinsic complexifi-
cation(OCR(M ′, p′0))

ic and whered′1 = d′−d′2, such thatM ′ is represented
by

(11.5)

{
w̄1,j′1

= Θ′
1,j′1

(z̄′, z′, w′
1, w

′
2), j′1 = 1, . . . , d′1,

w̄2,j′2
= Θ′

2,j2
(z̄′, z′, w′

1, w
′
2), j′2 = 1, . . . , d′2,

whereΘ′
2′,j′2

(z̄′, z′, w′
1, 0) ≡ 0 for j′2 = 1, . . . , d′2. Without loss of generality,

assume that the coordinates are normal. By the characterization of essential
finiteness in normal coordinates, the ideal inC{z′} generated by the partial
derivatives∂β′

z̄′ Θ
′
1,j′1

(z′, 0, 0, 0), j1 = 1, . . . , d′1, and the partial derivatives

∂β′

z̄′ Θ
′
2,j′2

(z′, 0, 0, 0), j′2 = 1, . . . , d′2, should be of finite codimension, where

β ′ runs inNm′

. However, the second collection vanishes identically. Thus,
the ideal inC{z′} generated by the partial derivatives∂β′

z̄′ Θ
′
1,j′1

(z′, 0, 0, 0)

is of finite codimension. This shows that the CR orbitM ′ ∩ {w′
2 = 0} is

essentially finite at the origin. The proof of Lemma 2.12 is complete.
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Chapter 1: General introduction for Part I
§1.1. RESUMED HISTORICAL BACKGROUND

1.1.1. Local Lie groups and the no Riemann mapping theorem atthe
boundary. Inspired by the general idea that, in analogy with É. Galois’s
group theory of algebraic equations, group analysis of differential equations
should provide precious information about their solvability, S. Lie began
around 1873–80 the classification of all continuous local groups of trans-
formation acting onCn. He quickly succeeded forn = 1 and achieved
the casen = 2 (see[18]), but the unavoidable complexity and richness for
n = 3 exhausted his efforts; moreover, after more than one century, the task
has never been achieved. Nevertheless, especially forn = 2, Lie’s classifi-
cationf had the enormous power of providing any possible application to the
study of transformations preserving arbitrary types of geometric structures.
Thanks to the influence of G. Darboux, the works of S. Lie were rapidly
known to French mathematicians. Based on the general approach of S. Lie,
H. Poincaré (see[24]) discovered in 1907 that the automorphism groups of
the two-dimensional unit ballB2 := {(z1, z2) ∈ C2 : |z1|2 + |z2|2 < 1} and
of the bidisc∆2 := {(z1, z2) ∈ C2 : |z1| < 1, |z2| < 1} are represented by
rational, but not isomorphic transformations and he deduced immediately
thatB2 and∆2 are not biholomorphically equivalent. This discovery was
the starting point of theno Riemann mapping theoremin several complex
variables.

In the beginning of the twentieth century, the birth of pluricomplex geom-
etry also coincided with two other fundamental memoirs of F.Hartogs [13]
(1906) and of E.E. Levi [16] (1910). However, whereas this direction had
important ramifications in the years 1930-50, especially with the works of
W. Osgood, of H. Kneser, of R. Fueter, of E. Martinelli, of K. Behnke, of
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F. Sommer, of S. Bochner, and culminated in the complete solution of the
so-calledproblem of Levigiven by K. Oka in 1951–52, the direction initi-
ated by H. Poincaré in 1907 lay dormant for approximatively sixty years,
with the major exception of four consecutive and historically isolated mem-
oirs of B. Segre [25], [26] and of É. Cartan [3], [4] in the years 1931-32.
Based on works of S. Lie, of A. Tresse (a french student of S. Lie), and of
the young mathematician B. Segre, É. Cartan (who also had defended his
thesis under the direction of S. Lie) provided an essentially complete clas-
sification of all Levi nondegenerate real analytic local hypersurfaces inC2,
which ultimately relies on S. Lie’s far reaching works aboutthe classifica-
tion of second order ordinary differential equations. Approximatively thirty
years later, in 1974, É. Cartan’s equivalence algorithm hasbeen conducted
in Cn for n ≥ 2 by S.S. Chern and J.K. Moser in [5] to provide ana priori
complete list of differential invariants for Levi nondegenerate real analytic
hypersurface inCn for n ≥ 2, seealso further developments by A.G. Vi-
tushkin [33] and N.G. Kruzhillin [15]. However, the classification problem
(in the sense of S. Lie) for real analytic Levi nondegeneratehypersurfaces
in Cn for n ≥ 3 is essentially left incomplete by the analysis in [5], because
the list of differential invariants does not provide immediately a list of all
possible automorphisms groups.

1.1.2. Reflection principle and regularity of CR mappings.The real
birth of Cauchy-Riemann geometry occured in the beginning of the years
1970, especially when in 1974, C. Fefferman (see[10]) established that
every biholomorphism between two smoothly bounded strongly pseudo-
convex domains extend smoothly as a CR diffeomorphism between their
boundaries. It is still conjectured, but up to now unproved,that the result
remains true without any pseudoconvexity assumption. Thus, the classifica-
tion of bounded domains up to biholomorphisms reduces to theclassifica-
tion of boundaries up to CR diffeomorphisms. At the same time, S. Pinchuk
discovered in [21], [22], [23] an important local extensiontheorem for CR
mappings between real analytic hypersurfaces, in which both the Schwarz
reflection principle phenomenon and the Hartogs extension phenomenon
contribute to the analytic continuation of CR mappings. In 1977, gener-
alizing H. Poincaré’s grounding result, S.M. Webster established in [34] a
general result according to which local CR mappings are complex algebraic
as soon as the source and target hypersurfaces are algebraic. Thus, in the
aim of generalizing Carathéodory’s theorems about the boundary regularity
of conformal maps in the complex plane, the grounding works of C. Fef-
ferman, of S. Pinchuk and of S.M. Webster initiated a completely new sub-
ject about the regularity (or the analytic continuation) ofbiholomorphic (or
proper) mappings (or of local CR mappings). Since then, thissubject has
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been very active during almost thirty years and a substantial amount of ef-
forts by numerous mathematicians has led to some remarkablerefinements
of the original statements1.

§1.2. CONCEPTIONAL DESCRIPTION OF THE TOPICS ADRESSED IN

PART I OF THIS MEMOIR

1.2.1. Division in two parts. This memoir is devoted to a synthetic ex-
position of some recent results in the direction of the so-called analytic
reflection principle. This terminology justifies by the fact that most argu-
ments and proofs are based on Taylor series considerations.The main topics
adressed in Part I of this memoir is to studyab initio the local geometry of
arbitrary real algebraic or analytic submanifolds ofCn which aregeneric,
namely which satisfyTpM + iTpM = TpC

n for everyp ∈ M . Our main
goal is to explain how to go beyond the classical notion of Levi nondegener-
acy, taking account of the complexity due to arbitrary dimension and codi-
mension, in order to formulate appropriate generalizations of the reflection
principle. In a forthcoming volume of the same collection, Part II of this
memoir, which will be accompagnied by its own conceptional introduction,
will be specifically devoted to the study of the analytic reflection principle.
Thus the present Part I is a kind of thorough preparation, of which we can
now present a quick description.

1.2.2. Canonical pair of foliations attached to the extrinsic complexi-
fication of a local generic submanifold.As will be established in Theo-
rem 2.1.22, a given real analytic generic submanifoldM in Cn of codimen-
siond and of CR dimensionm = n − d may be locally represented, in a
neighborhood of one of its pointsp, thanks to some appropriate coordinates
t = (z, w) ∈ Cm × Cd vanishing atp, by means ofd complex defining
fundamental equations of the form

(1.2.3) w̄j = Θj(z̄, z, w), j = 1, . . . , d.

Here, we assume that the Taylor series of the complex analytic functions
Θj(z̄, z, w) =

∑
β∈Nm, γ∈Nm, δ∈Nd Θj,β,γ,δ z̄

β zγ wδ converge normally in
some polydisc centered at the origin inCm+m+d. As will be more evident
in the sequel, one finds many advantages to deal with complex defining
equations instead of real defining equations. Of course, theconjugate defin-
ing equationswj = Θj(z, z̄, w̄) =

∑
β∈Nm, γ∈Nm, δ∈Nd Θj,β,γ,δ z

β z̄γ w̄δ must

1However, one should remind of the historical bifurcation between the classification
problem and the reflection principle. It is probable that toomuch emphasis has been put in
the last decade on the reflection principle, which occulted in part the original motivation of
classifying domains. Whereas this memoir is exclusively devoted to the so-calledanalytic
reflection principle, we believe that it is time to come back to the original program of
research hidden in the mathematical treasures of S. Lie and of É. Cartan, as suggested for
instance in the recent works [29], [31].
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define the same generic real submanifoldM , and the ambiguity due to com-
plex defining equations disappears thanks to the existence of the following
fundamental functional equations, obtained in Theorem 2.1.32:

(1.2.4) w̄j ≡ Θj(z̄, z,Θ(z̄, z, w)), j = 1, . . . , d.

We say thatM is algebraic(in the sense of J. Nash) if the seriesΘj(z̄, z, w)
are algebraic (a power seriesϕ(x) ∈ C{x} is (Nash)algebraicif there exists
a nonzero polynomialP (x, y) ∈ C[x, y] such thatP (x, ϕ(x)) ≡ 0).

Following S.M. Webster’s general philosophy (cf. [37]), let τ = (ζ, ξ) ∈
Cm × Cd be new independent coordinates corresponding tot̄ = (z̄, w̄)
and define theextrinsic complexificationof M to be thed-codimensional
complex submanifoldM of C2n defined by the equations

(1.2.5) ξj = Θj(ζ, z, w), j = 1, . . . , d,

or equivalently bywj = Θj(z, ζ, ξ), j = 1, . . . , d. Notice that the ex-
pressionsΘj(ζ, z, w) =

∑
β∈Nm, γ∈Nm, δ∈Nd Θj,β,γ,δ ζ

β zγ wδ are meaningful
only because theΘj are converging power series. This submanifoldM
comes immediately equipped with two foliationsF =: M ∩ {τ = ct.}
andF = M ∩ {t = ct.} bym-dimensional complex submanifolds, which
were essentially discovered by B. Segre in [25], [26] (seealso [3], [34]). We
call the leaves ofF thecomplexified Segre varietiesand the leaves ofF
the conjugate complexified Segre varieties. As we shall argue throughout
this memoir, the main features of the geometry ofM are hidden behind the
interweaving of this pair of foliations(F ,F ) lying on its complexification
M .

Since we are mainly interested in the study of mappings, letM ′ be a
second generic submanifold of codimensiond′ in Cn′

defined similarly by
complex defining equations̄w′

j′ = Θ′
j′(z̄

′, z′, w′), j′ = 1, . . . , d′, where
m′ = n′ − d′ and t′ = (z′, w′) ∈ Cm′ × Cd′, and let a local map-
ping t′ = h(t) = (h1(t), . . . , hn′(t)) from Cn to Cn′

be a local power
series CR mapping fromM to M ′. By this, we mean precisely that
there exists ad′ × d matrix of power seriesa(t, t̄) such that if we split
h(t) = (f(t), g(t)) ∈ Cm′ ×Cd′ , then the following vectorial formal power
series holds inC[[t, t̄]]d

′

:

(1.2.6) ḡ(t̄) − Θ′(f̄(t̄), f(t), g(t)) ≡ a(t, t̄) [w̄ − Θ(z̄, z, w)].

In this memoir, we shall always assume thatM andM ′ are real algebraic
or analytic and we shall consider three different regularity classes forh,
namely eitherh(t) is a purely formal power series, or it is complex analytic,
or it is complex algebraic. By complexifying (1.2.6), we trivially obtain the
following identity inC[[t, τ ]]d

′

:

(1.2.7) ḡ(τ) − Θ′(f̄(τ), f(t), g(t)) ≡ a(t, τ) [ξ − Θ(ζ, z, w)],
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which means precisely that the power series mapping(t′, τ ′) = (h(t), h̄(τ))
maps the complexificationsM into the complexificationM ′. We shall de-
note byhc(t, τ) := (h(t), h̄(τ)) this complexified mapping. A straightfor-
ward but crucial observation is thathc stabilizes the two pairs of foliations,
namely it satisfieshc(F ) ⊂ F ′ andhc(F ) ⊂ F ′. The following symbolic
figure is an attempt to illustrate this stabilization property2.

F

(h(t), h̄(τ ))

0′

F ′

τ ′

F ′

t′

M ′

0

τ

t

F

M

Cn
× Cn

Cn
× Cn

hc = (h, h̄)

Γ1(z1) Γ2(z(2))

Γ3(z(3))

FIGURE 1.2.8: COMPLEXIFIED MAPPINGS RESPECT PAIRS OF FOLIATIONS

Some strong rigidity properties are due to the fact thathc = (h, h̄)
must respect these two pairs of foliations. For instance, a theorem due to
S.M. Webster in [34] states that every local biholomorphismh : M → M ′

between twoLevi nondegeneratereal algebraic hypersurfaces must be a
complex algebraic mapping. This theorem may be interpretedintuitively
by thinking thathc (which isa priori only complex analytic) is forced to be
as smooth as the two pairs of foliations(F ,F ) and(F ′,F ′) are, namely
to be complex algebraic.

1.2.9. Beyond Levi nondegeneracy: Minimality and finite nondegen-
eracy. In S.M. Webster’s theorem, behind Levi nondegeneracy are hidden
two highly different and independent concepts, the notion of minimality (in
the sense of J.-M. Trépreau and A.E. Tumanov, following the general ap-
proach of H.J. Sussmann in [32],seealso [2]) and the notion offinite non-
degeneracy(introduced for the first time by K. Diederich and S.M. Webster
in [9], and by C.K. Han in [12] and then studied by S.M. Baouendi, P. Eben-
felt and L.P. Rothschild in [1]).

The first main concept of minimality is of geometric nature and may eas-
ily be described in terms of the pair of foliations(F ,F ). Let z1 ∈ Cm. We
denote byΓ1(z1) the point located in the (vertical)m-dimensional complex

2However, we warn the reader that the representation is slightly incorrect, because the
ambient codimensionsd andd′ in M and inM ′ of the unions of foliationsF ∪ F and
F ′ ∪ F ′ is invisible in this picture. One should imagine for instance thatM andM ′ are
three-dimensional spaces equipped with pairs of foliations by horizontal orthogonal real
lines.
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leaf F 0 passing through the origin which lies at distancez1 from the ori-
gin, seeFIGURE 1.2.8. Of course,Γ1(z1) belongs toM . In other words,
we move vertically from the origin up to distancez1 ∈ Cm. Let z2 ∈ Cm.
From this pointΓ1(z1), we then move horizontally up to distancez2, namely
following them-dimensional complex leafFΓ1(z1). We denote byΓ2(z(2))
the resulting point,seeagain FIGURE 1.2.8, where we use the notation
z(2) := (z1, z2) ∈ C2m. Of course, the pointΓ2(z(2)) also belongs toM .
Let z3 ∈ Cm. We further move vertically up to distancez3 and we denote
the resulting point byΓ3(z(3)), wherez(3) = (z1, z2, z3) ∈ C3m. More gen-
erally, by following alternately the two foliationsF andF , we may define
for everyk ∈ N a pointΓk(z(k)), wherez(k) = (z1, . . . , zk) ∈ Ckm, which
belongs toM . It is easy to see that the mappingz(k) 7→ Γk(z(k)) satisfies
Γk(0) = 0 and has the same regularity asM , namely it is complex alge-
braic or analytic. We call this map thek-th conjugate Segre chain. The
precise construction ofΓk is presented in Chapter 2 and there are combina-
torial formulas which yield the complete expression ofΓk(z(k)) by means
of the fundamental power seriesΘj(ζ, z, w).

The complexificationM is then calledminimal at the originif there ex-
ists an integerk such that for every neighborhoodVk of the origin inCkm,
its imageΓk(Vk) contains a neighborhood of the origin inM . Intuitively,
the concept of minimality says that one can reach every pointin a neigh-
borhood of the origin inM by following alternately the two canonical foli-
ations. Since the two foliationsF andF are biholomorphically invariant,
the notion of minimality at one pointp ∈ M so defined is independent of
the choice of coordinates vanishing atp. It is elementary to see that a Levi
nondegenerate real analytic hypersurface inCn (n ≥ 2) is minimal at every
point.

The second main concept of finite nondegeneracy is of analytic nature
and it may be easily described by means of a development in power series
of the defining equations ofM :

(1.2.10) ξj =
∑

β∈Nm

ζβ Θj,β(t).

Here, theΘj,β(t) = Θj,β(z, w) are complex algebraic or analytic power
series converging normally in a uniform polydisc centered at the origin. Let
k ∈ N. By thek-th Segre mappingwe mean the local complex algebraic or
analytic mapping

(1.2.11) Qk : Cn ∋ t 7−→ (Θj,β(t))1≤j≤d, |β|≤k ∈ CNd,n,k ,

where the integerNd,n,k denotes the total number ofk-th jets of ad-vectorial
mapping ofn independent variables, namelyNd,n,k = d (n+k)!

n! k!
. The generic

submanifoldM is then calledfinitely nondegenerate at the originif there
exists an integerk such that thek-th Segre mapping is of (maximal possi-
ble) rankn at the origin. Although the mappingQk is defined in terms of
a system of coordinates and although it seems to depend on thechoice of
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complex defining equations forM , it may be established that its properties
are essentially biholomorphically and invariantly attached toM , and in par-
ticular, the notion of finite nondegeneracy at a pointp ∈ M so defined is
independent of the choice of coordinates vanishing atp. One can show that
Levi nondegeneracy ofM at the origin (in the sense that the kernel of the
vector-valued Levi form ofM is zero) is equivalent to the fact that the map-
pingQ1 is of rankn at the origin, hence the notion of finite nondegeneracy
is a generalization of the notion of Levi nondegeneracy. More generally,
M is calledholomorphically nondegenerate at the origin(in the sense of
N. Stanton,cf. [28]) if there exists an integerk such that the generic rank of
Qk is equal ton. Further study of nondegeneracy conditions on the map-
ping Qk are presented in Chapter 3. Since this has been suggested in [8]
and [9], we also endeavour a self-contained study ofjets of Segre varieties,
a fundamental topic for which we know no complete backgroundreference.

1.2.12. Local geometry at a Zariski-generic point.Why are minimal-
ity and finite nondegeneracy adequate concepts from the point of view
of local Cauchy-Riemann geometry ? Firstly, because it may be estab-
lished that attached to a given arbitrary connected real agebraic or ana-
lytic generic submanifoldM in Cn, there exists an invariant integerd2,M

and a proper real algebraic or analytic subvarietyE ⊂ M such that for
every pointp ∈ M\E, there exists a neighborhoodVp of p in Cn and
a system of complex algebraic or analytic coordinates(t1, . . . , tn) cen-
tered atp suchM ∩ Vp is contained in the transverse intersection ofd2,M

Levi flat hypersurfaces defined by{t̄1 = t1, . . . , td2,M
= td2,M

} and such
that, moreover, for every constant(c1, . . . , cd2,M

) ∈ Rd2,M , the intersection
Mc := M ∩ {t1 = c1, . . . , td2,M

= cd2,M
} ∩ Vp is minimal at every point

(Corollary 2.8.5). Here, theMc are elementary “bricks” and there is no
“complex link” between them. Hence one may think that minimality is a
good “general” assumption.

Secondly, it may be furthermore established that there exists an invariant
integernM with d ≤ nM ≤ n and another proper subvarietyF ⊂ M such
that for every pointp ∈ M\F , there exists a neighborhoodVp of p in Cn

and a system of coordinates centered atp in which M ∩ Vp is a product
M ′

p × ∆n−nM of a d-codimensional generic submanifoldM ′
p in CnM by a

complex polydisc∆n−nM , such that moreoverM ′
p is finitely nondegenerate

at its central point (Theorem 3.5.48). In particular,M is holomorphically
nondegenerate if and only ifn = nM , in which caseM is finitely nondegen-
erate at every point ofM\F . Generally speaking, from the point of view of
CR geometry where “Complex” and “Real” concepts should be truly asso-
ciated, the factor∆n−nM is essentially superfluous, hence one should think
that finite nondegeneracy is a good “general” assumption.

Whereas minimality and finite nondegeneracy do not impose dimensional
restrictions, it is well known that the assumption of Levi nondegeneracy
requires thatd ≤ m2. In addition, there exist some classes of hypersurfaces



245

in C3 whose Levi form is of rank one at every point and which are finitely
nondegenerate at every point (seeExamples 3.2.15 and 3.2.20). In sum, we
believe that minimality and finite nondegeneracy are adequate assumptions.

1.2.13. Nondegeneracy conditions for power series CR mappings. In
Chapter 4 of part I of this memoir, we shall introduce variousnondegener-
acy conditions for power series CR mappings. As in §1.2.2, let h be a power
series CR mapping fromM toM ′, whose complexificationhc = (h, h̄) sat-
isfies the fundamental identities (1.2.7), which yields after replacingξ by
Θ(ζ, t) the following formal identities inC[[ζ, t]]:

(1.2.14) ḡj′(ζ,Θ(ζ, t)) ≡ Θj′(f̄(ζ,Θ(ζ, t)), h(t)), j′ = 1, . . . , d′.

We consider the following pairwise commutingm vector fields tangent to
M

(1.2.15) L k :=
∂

∂ζk
+

d∑

j=1

∂Θj

∂ζk
(ζ, t)

∂

∂ξj
,

which span the leaves ofF at every point. For everyβ = (β1, . . . , βm) ∈
Nm, we introduce the derivationL β := L β1

1 · · ·L βm

m of order|β|, which
we apply to the equations (1.2.14). After some computations, this yields
an expression of the formR′

j′,β(t, τ, (∂α
τ h̄(τ))|α|≤|β| : h(t)), whereR′

j′,β is
a certain analytic expression in its variables. Based on theproperties of
the infinite collection of functionsR′

j′,β, we shall formulate five technical
nondegeneracy conditions abouth. For further intuitive explanation, we
refer to the beginning of the conceptional introduction of the forthcoming
Part II of this memoir.

Note to the Russian translator(s): Since my English has
probably some deficiencies, please, do not hesitate to arrange the translation
in classical Russian style. For any question about the meaning of a phrase
or of a paragraph which would be difficult to understand and difficult to
translate, please, do not hesitate to contact me by e-mail, or by regular mail,
asking me to rewrite phrases or paragraphs in a better, more understandable
style, which I would diligently do.

Chapter 2: Geometry of complexified generic
submanifolds and Segre chains

2.1. ELEMENTARY LOCAL GEOMETRY OF CAUCHY-RIEMANN

SUBMANIFOLDS

2.1.1. Formal, Analytic, Algebraic. As we shall essentially deal in the
two parts of this memoir with local power series centered at the origin, we
start with classical definitions. LetK be the fieldR of real numbers or
the fieldC of complex numbers. Letn ∈ N be a positive integer. Let
x = (x1, . . . , xn) ∈ Kn. We denote|x| := max{|x1|, . . . , |xn|}. LetK[[x]]
denote the local ring of formal power series in then variables(x1, . . . , xn).
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By definition, an elementϕ(x) ∈ K[[x]] writes in the formϕ(x) =∑
α∈Nn ϕα x

α, wherexα = xα1
1 · · ·xαn

n andϕα ∈ K for every multiindex
α = (α1, . . . , αn) ∈ Nn. We say thatϕ is aK-formal power series. Such a
power seriesϕ(x) =

∑
α∈Nn ϕα x

α is identically zeroif all its coefficients
ϕα are zero. We write this propertyϕ(x) ≡ 0. If α = (α1, . . . , αn) is a
multiindex inNn, we denote itslengthby |α| := α1+· · ·+αn and the corre-
sponding partial derivative of a power series by∂α

xϕ(x) := ∂α1
x1

· · ·∂αn
xn
ϕ(x).

Sometimes, we use also the equivalent notation∂|α|ϕ(x)/∂xα1
1 · · ·∂xαn

n .
We haveϕα = [1/α!] ∂α

xϕ(x)|x=0. If the coefficients satisfy a Cauchy
estimate like|ϕα| ≤ C ρ−|α|, whereC > 0 andρ > 0, the seriescon-
verges normallyin the polydisc∆n(ρ) = {x ∈ Kn : |x| < ρ}. We say
that ϕ is K-analytic and we writeϕ(x) ∈ K{x}. If there exists more-
over a nonzero polynomialP (X1, . . . , Xn,Φ) ∈ K[X1, . . . , Xn,Φ] such
thatP (x1, . . . , xn, ϕ(x1, . . . , xn)) ≡ 0 for all x ∈ ∆n(ρ), we say thatϕ
is K-algebraic(in the sense of J. Nash) and we writeϕ(x) ∈ AK{x}. By
classical elimination theory it follows that if, more generally, a power se-
ries ϕ(x) ∈ K{x} satisfies a polynomial equationP (ϕ(x)) ≡ 0, where
P (Φ) ∈ AK{x}[T ] is a polynomial in the indeterminateΦ with coefficients
in AK{x}, thenϕ(x) isK-algebraic. We have the following inclusions:

(2.1.2) K[[x]] ⊃ K{x} ⊃ AK{x},
which are all strict. The three ringsK[[x]], K{x} and AK{x} are local,
noetherian and they enjoy the Weierstrass division property.

2.1.3. Composition, differentiation and implicit function theorem. Fur-
thermore, the ringsK[[x]], K{x} andAK{x} are stable under elementary
algebraic operations, under composition, under differentiation and the im-
plicit function theorem holds true. OnlyAK{x} is dramatically unstable
under integration. The following known theorem, that we shall admit, sum-
marizes these properties.

Theorem 2.1.4.The following three statements hold true:

(1) Let n andd be positive integers, letx ∈ Kn, let y ∈ Kd, let ϕ(x)
belong toK[[x]], toK{x} or to AK{x}, letψ1(y), . . . , ψn(y) belong
to K[[y]], to K{y}, or to AK{y} and vanish at the origin. Then
ϕ(ψ1(y), . . . , ψn(y)) belongsK[[y]], toK{y}, or to AK(y).

(2) Let n be a positive integer and letx ∈ Kn. If a power seriesϕ(x)
belongs toK[[x]], toK{x}, or to AK{x}, then for every multiindex
α ∈ Nn, the partial derivative∂α

xϕ(x) also belongs toK[[x]], to
K{x}, or to AK{x}.

(3) Let n and d be positive integers, letx ∈ Kn, y ∈ Kd and let
H1(x, y), . . . , Hd(x, y) be a collection of formal, analytic or alge-
braic power series vanishing at the origin, namely theHj(x, y)
belongs toK[[x, y]], to K{x, y}, or to AK{x, y} and they sat-
isfy Hj(0, 0) = 0 for j = 1, . . . , d. Assume that the func-
tional determinant(∂Hj1/∂yj2(0))1≤j1,j2≤d does not vanish. Then
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there exists a uniqueKd-valued power series mappingϕ(x) =
(ϕ1(x), . . . , ϕd(x)), where theϕj(x) belong toK[[x]], to K{x}, or
to AK{x} and vanish at the origin, such thatHj(x, ϕ(x)) ≡ 0 for
j = 1, . . . , d.

2.1.5. Local submanifolds and their mappings.By definition, a local
submanifoldM of Kn is identified with the data ofd ≤ n power se-
ries r1(x), . . . , rd(x) vanishing at the origin and which belong toK[[x]],
to K{x}, or to AK{x} such that the linear formsdr1(0), . . . , drd(0) are
linearly independent. Two datar(x) = (r1(x), . . . , rd(x)) and r̂(x) =
(r̂1(x), . . . , r̂d(x)) define thesame submanifoldif there exists an invert-
ible d × d matrix a(x) = (aj1,j2(x))1≤j1,j2≤d of power series inK[[x]],
in K{x}, or in AK{x}, such that̂rj(x) ≡ ∑d

l=1 aj,l(x) rl(x), or in ma-
trix notation r̂(x) ≡ a(x) r(x). Clearly this defines an equivalence rela-
tion betweend-tuples of power seriesr(x) = (r1(x), . . . , rd(x)) whose
differentials are independent at the origin. A submanifoldidentifies with
an equivalence class. We shall writeM : r1(x) = · · · = rd(x) = 0,
keeping in mind that the identification ofM with its “zero set” is mean-
ingless in the formal category. We calld the codimensionof M . Let
x′ = Φ(x) be a formal, algebraic or analytic invertible change of co-
ordinates centered at the origin and letx = Φ′(x′) denote its inverse.
The transformed submanifoldM ′ := Φ(M) is defined by the collection
r′(x′) := (r1(Φ

′(x′)), . . . , rd(Φ
′(x′))). It follows from the formal, analytic

or algebraic implicit function theorem, that there exists alocal invertible
transformationx′ = Φ(x) such thatr1(Φ′(x′)) = x′1, . . . , rd(Φ

′(x′)) = x′d,
so the imageM ′ := Φ(M) writesM ′ : x′1 = · · · = x′d = 0.

Let n and n′ be two positive integers. A formal, analytic or alge-
braic local mapping fromKn to Kn′

consists of the datum of an′-tuple
h(x) = (h1(x), . . . , hn′(x)) of power serieshi′(x) in K[[x]], in K{x}, or in
AK{x}, with hi′(0) = 0 for i′ = 1, . . . , n′. We writex′ = h(x). If n′′

is a third positive integer and ifx′′ = g(x′) is a second formal, analytic
or algebraic mapping, thecompositionx′′ = g(h(x)) is the collection of
power series(g1(h(x)), . . . , gn′′(h(x))), which is a local mapping fromKn

to Kn′′

. If x̃ = Φ(x) and x̃′ = Ψ(x′) are changes of coordinates inKn

and inKn′

, the transformed mapping̃h is the mapping̃x′ = h̃(x̃), where
h̃(x̃) := Ψ(h(Φ−1(x̃))). The rank at the originof h is the rank of the
Jacobian matrix(∂hi′(0)/∂xi)1≤i′≤n′, 1≤i≤n. We denote it byrk0(h). The
generic rankof h is the largest integere ≤ min(n, n′) such that there exists
ane× e minor of the Jacobian matrixJach(x) which does not vanish iden-
tically, but all(e+ 1) × (e+ 1) minors do vanish identically. We denote it
by genrkK(h).

Let now d andd′ be two positive integers and letM : r1(x) = · · · =
rd(x) = 0 andM ′ : r′1(x

′) = · · · = r′d′(x
′) = 0 be two formal, ana-

lytic or algebraic submanifolds. We say thath mapsM into M ′ if there
exists ad′ × d matrix b(x) = (bj′,j(x))1≤j′≤d′, 1≤j≤d of formal, analytic or
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algebraic power series such thatr′j′(h(x)) ≡ ∑d
j=1 bj′,j rj(x), or in ma-

trix notationr′(h(x)) ≡ b(x) r(x). This definition is meaningful, since if
r̂(x) = a(x) r(x) andr̂′(x′) = a′(x′) r′(x′) denote two equivalent defining
formal, analytic or algebraic defining power series forM and forM ′, then
r̂′(h(x)) ≡ a′(h(x)) r′(h(x)) ≡ a′(h(x)) b(x) [a(x)]−1 r̂(x), so we have
r̂′(h(x)) ≡ b̂(x) r̂(x) with b̂(x) := a′(h(x)) b(x) [a(x)]−1.

2.1.6. Cauchy-Riemann submanifolds ofCn. We want to study some as-
pects of the geometry of real submanifolds ofCn. Most often in this mem-
oir, we shall mainly be concentrated on the local study of pieces of sub-
manifolds centered at one point.However, we stress that we shall never use
the language of germs, because it might sometimes be confusing. Hence we
have to work within precise neighborhoods of central points.

Without loss of generality, we can assume that the center point is the ori-
gin in suitable coordinatesz = x+iy ∈ Cn. Thus, we consider a (local)real
d-codimensional submanifoldM of Cn ∼= R2n passing through the origin
which defined by equationsr1(x, y) = · · · = rd(x, y) = 0 where the differ-
entialsdr1, . . . , drd are linearly independent at the origin. Ifz = x+iy ∈ C
or equivalently(x, y) ∈ R2n, we use the cube norms|x| = max1≤k≤n |xk|,
|y| = max1≤k≤n |yk| and the polydisc norm|z| = max1≤k≤n |zk|, where
|zk| = (x2

k + y2
k)

1/2. For givenν ∈ N with ν ≥ 1 andρ ∈ R with ρ > 0
we denote byIν(ρ) the real cube(−ρ, ρ)ν in Rν . If ρ > 0, we denote by
∆n(ρ) = {z ∈ Cn : |z| < ρ} the open polydisc of radiusρ centered at
the origin. Throughout this memoir, we shall always work with cubes and
polydiscs.

For useful and complete background about Cauchy-Riemann (CR for
short) structures, we refer the reader to [1], [7]. Here, we only give quick
definitions for the purpose of being self-contained. LetJ denote the com-
plex structure ofTCn, acting on real vectors as if it were multiplication
by

√
−1, hence satisfyingJ2 = −Id. Let M be a connected local real

algebraic or analytic submanifold ofCn of codimensiond. For p ∈ M ,
the smallestJ-invariant subspace of the tangent spaceTpM is given by
T c

pM := TpM ∩ JTpM and is called thecomplex tangent space toM atp.

Definition 2.1.7. The submanifoldM is called

(1) Holomorphicif T c
pM = TpM at every pointp ∈M ;

(2) Totally realif T c
pM = {0} at every pointp ∈M ;

(3) Genericif TpM + JTpM = TpC
n at every pointp ∈M ;

(4) Cauchy-Riemann(CR for short) if the dimension ofT c
pM is equal

to a fixed constant at every pointp ∈M .

In particular, holomorphic and totally real submanifolds are obviously
CR. The generic submanifolds are also CR (and in fact of minimal possi-
ble CR dimension), because by the dimension formula dimR(E + F ) =
dimRE+dimRF −dimR(E∩F ) for real vector subspaces, we deduce from
dimR(TpM + JTpM) = 2n that dimR(TpM ∩ JTpM) = 2n− 2d, which is



249

constant. We shall remember that for generic submanifolds,the CR dimen-
sion is given bym = n− d.

By means of the dimension formula, we also see that ifM is totally real,
then dimR M ≤ n; also, ifM is generic, then dimR M ≥ n. If M is totally
real and generic, then dimR M = n. In this case, we callM maximally real.

The twoJ-invariant spacesTpM ∩ JTpM andTpM + JTpM are clearly
of even real dimension. We denote bymp the integer1

2
dimR(TpM ∩JTpM)

and call it theCR dimension ofM at p. We denote bycp the integern −
1
2
dimR(TpM + JTpM) and call it theholomorphic codimension ofM atp.

Of course, we havecp = d−n+mp. In terms of these two integersmp and
cp, we may rephrase the above definition as follows.

Definition 2.1.8. Thed-codimensional real submanifoldM ⊂ Cn is

(1’) Holomorphic if2n− d = dimRM = 2mp at every pointp ∈M ;
(2’) Totally real ifmp = 0 at every pointp ∈M ;
(3’) Generic ifmp = n − d at every pointp ∈ M ; in this case,mp is

as small as possible and we call the integerm := n − d the CR
dimensionof M ;

(4’) CR ifmp is equal to a fixed constantm at every pointp ∈M ; in this
case, we call the integerm theCR dimensionof M ; also, it follows
that the holomorphic codimensioncp := d − n+mp = d− n +m
is constant and we call it theholomorphic codimensionof M .

For the proof of the following local graph representation theorem, we
refer to [1], [7].

Theorem 2.1.9.LetM be a real algebraic or analytic submanifold ofCn

of codimensiond.

(1) Assume thatM is holomorphic, letm = 1
2

dimRM be the CR dimen-
sion ofM and letd1 := 1

2
d. Then for every pointp0 ∈ M , there

exist local complex algebraic or analytic coordinates(z, w) ∈ Cm×
Cd1 vanishing atp0 and there existsρ1 > 0 such thatM ∩∆n(ρ1) is
given by thed1 complex equationswj = 0, j = 1, . . . , d1 or equiv-
alently by thed real equationsRewj = Imwj = 0, j = 1, . . . , d1.

(2) Assume thatM is totally real, letc = d−n ≥ 0 be the holomorphic
codimension ofM and letd1 := d − 2c. Then for every pointp0 ∈
M , there exist complex algebraic or analytic coordinates(w, v) ∈
Cd1×Cc centered atp0 and there existsρ1 > 0 such thatM∩∆n(ρ1)
is given by thed real equations

(2.1.10)

{
Imwj = 0, j = 1, . . . , d1,

Re vk = Im vk = 0, k = 1, . . . , c.

(3) Assume thatM is generic and letm = d − n be the CR dimension
ofM . Then for every pointp0 ∈M and for every choice of complex
affine coordinates(z, w) ∈ Cm×Cd centered atp0 such thatT c

p0
M∩

{w = 0} = {0}, there existsρ1 > 0 and there exist uniquely defined
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real algebraic or analytic functionsϕj, j = 1, . . . , d, converging
normally in the cubeI2m+d(2ρ1) and vanishing at the origin such
thatM ∩ ∆n(ρ1) is given by thed real equations

(2.1.11) Imwj = ϕj(Re z, Im z,Rew), j = 1, . . . , d.

We can in addition choose the coordinates in order thatT0M is
given by the equationsImwj = 0, j = 1, . . . , d, in which case we
have moreoverdϕj(0) = 0, for j = 1, . . . , d.

(4) Assume thatM is CR, letm be the CR dimension ofM , let c = d−
n+m be the holomorphic codimension ofM and letd1 := d−2c ≥
0. Then for every pointp0 ∈M , there exist local complex algebraic
or analytic coordinates(z, w, v) ∈ Cm × Cd1 × Cc centered atp0

with T c
p0
M ∩ {w = v = 0} = {0} and there exist real algebraic or

analytic functionsϕj converging normally in the cubeI2m+d1(2ρ1)
for someρ1 > 0 and vanishing at the origin such thatM ∩ ∆n(ρ1)
is given by thed real equations

(2.1.12)

{
Imwj = ϕj(Re z, Im z,Rew), j = 1, . . . , d1,

Re vk = Im vk = 0, k = 1, . . . , c.

In particular,M is contained and generic in the complex linear sub-
space(Cm ×Cd1 ×{0})∩∆n(ρ1), which we call theintrinsic com-
plexificationof M . We can in addition choose the coordinates in
order thatT0M is given by the equationsImwj = 0, j = 1, . . . , d1,
Re vk = Im vk = 0, k = 1, . . . , c, in which case we have moreover
dϕj(0) = 0 for j = 1, . . . , d1.

2.1.13. Complex defining equations.We now consider a real algebraic
or analyticgeneric submanifoldM of Cn given as in Theorem 2.1.9 by
real defining equationsvj = ϕj(x, y, u), j = 1, . . . , d, where(z, w) =
(x+ iy, u+ iv) ∈ Cm × Cd. Unless the contrary is explicitely mentioned,
our generic submanifolds will always be of positive codimensiond ≥ 1 and
of positive CR dimensionm ≥ 1. Without loss of generality, we can assume
thatdϕj(0) = 0 for j = 1, . . . , d. Replacingx by (z+ z̄)/2, y by (z− z̄)/2i,
u by (w+ w̄)/2 andv by (w− w̄)/2i in the defining equations ofM , which
yields

(2.1.14)
wj − w̄j

2i
= ϕj

(
z + z̄

2
,
z − z̄

2i
,
w + w̄

2

)
,

for j = 1, . . . , d, then by means of the algebraic or analytic implicit function
theorem, we can solve thēwj in terms of(z̄, z, w), which yields

(2.1.15) w̄j = Θj(z̄, z, w), j = 1, . . . , d,

for some complex algebraic or analytic functionsΘj, which vanish at the
origin and which are defined in a neighborhood of the origin inC2m+d.
Shrinkingρ1 > 0 if necessary, we can assume that theΘj converge normally
in ∆2m+d(2ρ1). We call these new equationscomplex defining equationsfor
M and we want to compare them with the real defining equations.
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Generally speaking, given an arbitrary seriesΦ(t) =
∑

γ∈Nn Φγ t
γ with

complex coefficientsΦγ ∈ C, we are led to define the seriesΦ(t) :=∑
γ∈Nn Φγ t

γ by conjugating only its complex coefficients. With this def-
inition, the conjugation operator (overline) can be applied independently
over functions and over variables, as shown by the functional equation
Φ(t) ≡ Φ(t̄). We shall use this property very frequently.

Let (z, w) ∈ M . Conjugating the defining equations ofM , we getwj =
Θj(z, z̄, w̄) and replacing thēwl by their valueΘl, we get the following
equation, valuable for all(z, w) belonging toM :

(2.1.16) wj = Θj(z, z̄,Θ(z̄, z, w)), j = 1, . . . , d.

But as we may write(z, w) = (z, u + iϕ(x, y, u)) ∈ M , whereu =
(u1, . . . , ud) = Rew, we can replace in (2.1.16), which yields a power se-
ries identity in terms of the variables(x, y, u) for all (x, y, u) ∈ I2m+d(ρ1).
As the (2m + d)-dimensional real algebraic or analytic submanifold
{(x, y, u + iϕ(x, y, u))} of C2m+d is maximally real, by an application of
the generic uniqueness principle, we get the power series identity

(2.1.17) wj ≡ Θj(z, z̄,Θ(z̄, z, w)), j = 1, . . . , d.

in C{z, z̄, w̄} or for all (z̄, z, w) ∈ ∆2m+d(ρ1).
Conversely, suppose that these power series identities (2.1.17) holds. By

the implicit function theorem, there exists unique complexalgebraic or ana-
lytic solutionsϕj((z+ ζ)/2, (z−ζ)/2i, w), j = 1, . . . , d, z ∈ Cm, ζ ∈ Cm,
w ∈ Cd of the functional equations
(2.1.18){

wj − iϕj((z + ζ)/2, (z − ζ)/2i, ζ, w) ≡
≡ Θj(ζ, z, w + iϕ((z + ζ)/2, (z − ζ)/2i, w)),

for j = 1, . . . , d. We then claim thatϕj(x, y, u) is real for x =
(x1, . . . , xm) ∈ Rm, y = (y1, . . . , ym) ∈ Rm andu = (u1, . . . , ud) ∈ Rd.
Indeed, by replacing firstw by u+ iϕ((z+ z̄)/2, (z− z̄)/2i, u) in the func-
tional equations (2.1.17), we get
(2.1.19){
uj + iϕj((z + z̄)/2, (z − z̄)/2i, u) ≡

Θj(z, z̄,Θ(z̄, z, u+ iϕ((z + z̄)/2, (z − z̄)/2i, u))),

for j = 1, . . . , d. Using the implicit equations (2.1.18) which defineϕ with
ζ replaced bȳz andw replaced byu, we may then simplify the terms behind
Θ in (2.1.19), wich yields

(2.1.20) uj + iϕj(x, y, u) ≡ Θj(z, z̄, u− iϕ(x, y, u)), j = 1, . . . , d.

Conjugating these identities, we get

(2.1.21) uj − iϕj(x, y, u) ≡ Θj(z̄, z, u+ iϕ(x, y, u)), j = 1, . . . , d.

Comparing with the implicit equations (2.1.18) withζ replaced bȳz and
w replaced byu, we see thatϕ(x, y, u) andϕ(x, y, u) are solutions of the
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same implicit equations. By uniqueness in the implicit function theorem,
we obtainϕ(x, y, u) ≡ ϕ(x, y, u), as claimed. Finally, the identitiesuj −
iϕj(x, y, u) ≡ Θj(z, z̄, u + iϕ(x, y, u)) show that the set of points(z, w)
satisfyingw̄j = Θj(z̄, z, w), j = 1, . . . , d, coincides with the real algebraic
or analytic generic submanifold of equationsvj = ϕj(x, y, u), for j =
1, . . . d. In conclusion, we have established the following important theorem
which we shall use very often in the sequel.

Theorem 2.1.22.LetM be a real algebraic or analytic generic submani-
fold of codimensiond ≥ 1 and of CR dimensionm = n−d ≥ 1 inCn. Then
for every pointp0 ∈ M , and for every choice of complex affine coordinates
t = (z, w) ∈ Cm × Cd centered atp0 such thatT c

p0
M ∩ {w = 0} = {0},

there existsρ1 > 0 and there exist uniquely defined complex algebraic or
analytic functionsΘj , j = 1, . . . , d, vanishing at the origin, defined and
converging normally in∆2m+d(2ρ1) such thatM ∩ ∆n(ρ1) is given by the
d complex defining equations

(2.1.23) w̄j = Θj(z, z̄, w), j = 1, . . . , d,

or equivalently by thed conjugate complex defining equations

(2.1.24) wj = Θj(z, z̄, w̄), j = 1, . . . , d.

Here, the vector-valued mappingΘ := (Θ1, . . . ,Θd) satisfies the two con-
jugate vectorial functional equations

(2.1.25)

{
w̄ ≡ Θ(z̄, z,Θ(z, z̄, w̄)),

w ≡ Θ(z, z̄,Θ(z̄, z, w)).

Conversely, given a collectionΘ = (Θ1, . . . ,Θd) of complex alge-
braic or analytic functions vanishing at the origin, converging nor-
mally in ∆2m+d(2ρ1) for someρ1 > 0 and satisfying the functional
equations(2.1.25), then the setM := {(z, w) ∈ ∆n(ρ1) : w̄j =
Θj(z̄, z, w), j = 1, . . . , d} is a real generic submanifold of codimensiond.
Finally, with these equations, a basis of(0, 1) vector fields tangent toM is
given fork = 1, . . . , m by

(2.1.26) Lk :=
∂

∂z̄k

+
d∑

j=1

∂Θj

∂z̄k

(z̄, z, w)
∂

∂w̄j

.

Let τ = (ζ, ξ) ∈ Cm × Cd be new independent complex variables. As
in §2.2.10 below, we define theextrinsic complexificationM of M to be
the complex analytic or algebraicd-codimensional submanifold ofCn×Cn

defined by the equationsξj − Θj(ζ, t) = 0, j = 1, . . . , d. The following
lemma, which is equivalent to the functional equations (2.1.25), will also
be very useful.

Lemma 2.1.27.There exists an invertibled× d matrixa(t, τ) of algebraic
or analytic power series such that

(2.1.28) ξ − Θ(ζ, t) ≡ a(t, τ) [w − Θ(w, τ)].
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Proof. We consider the involutionσ defined byσ(t, τ) := (τ, t). Let us say
that an idealJ of AC{t, τ} or of C{t, τ} is invariant under the involution
σ if for every elementψ(t, τ) ∈ J , we haveψ(σ(t, τ)) = ψ(τ, t) ∈ J .
Then the idealJ generated by the functions(wj − ξj)/2i − ϕj((z +
ζ)/2, (z − ζ)/2i, (w + ξ)/2), for j = 1, . . . , d, is clearly invariant under
the involutionσ, since theϕj are real functions. By the implicit function
theorem, we can solve as above with respect toξ, and we have

(2.1.29) J = 〈ξj − Θ(ζ, t)〉1≤j≤d = σ∗(J ) =
〈
wj − Θ(z, τ)

〉
1≤j≤d

,

from which the existence of the matrixa(t, τ) follows. �

2.1.30. Existence of normal coordinates.For notational convenience, it
is often more appropriate in the real algebraic or analytic categories to
consider power series not with respect to(x, y) ∈ Rm × Rm but with
respect to(z, z̄) ∈ Cm × Cm, which is equivalent because(x, y) =
((z + z̄)/2, (z − z̄)/2i) and(z, z̄) = (x+ iy, x− iy).

Convention2.1.31. As the local generic submanifoldM is algebraic, ana-
lytic or formal, we shall write its defining equationsvj = ϕj(z, z̄, u), for
j = 1, . . . , d, in coordinates(z, w) = (x + iy, u + iv) ∈ Cm × Cd, where
theϕj are power series with respect to(z, z̄, u) centered at the origin. In
such a representation, we mix the real and the complex variables.

We can now state the existence ofnormal coordinates, which are coordi-
nates in which the conditions (2.1.34) below are satisfied. Such coordinates
are not unique, as may easily be verified.

Theorem 2.1.32.LetM be as in Theorem 2.1.22. Then there exists a com-
plex algebraic or analytic change of coordinatest′ = h(t) of the special
form

(2.1.33) z′ = z, w′ = g(z, w),

such that the imageM ′ := h(M) has real defining equations of the form
v′j = ϕ′

j(z
′, z̄′, u′), j = 1, . . . , d and complex defining equations of the form

w̄′
j = Θ′

j(z̄
′, z′, w′), j = 1, . . . , d, satisfying

(2.1.34)

{
ϕ′

j(0, z̄
′, u′) ≡ ϕ′

j(z
′, 0, u′) ≡ 0,

Θ′
j(0, z

′, w′) ≡ Θ′
j(z̄

′, 0, w′) ≡ w′
j.

Proof. After a linear transformation of the form (2.1.33), we can assume
thatT0M = {v = 0}, hencedϕj(0) = 0, j = 1, . . . , d. Next, the local
transformation defined byz = z′, w = w′ + iϕ(0, 0, w′) straightens the
maximally reald-dimensional submanifold

(2.1.35) {(0, v + iϕ(0, 0, v)) : j = 1, . . . , d} ⊂ {0} × ∆d(ρ1)

to the d-dimensional plane{(0, v′)}. Thus, we can also assume that
ϕj(0, 0, v) ≡ 0, j = 1, . . . , d. It follows thatΘj(0, 0, w) ≡ wj. We continue
the proof with the complex defining equations ofM .
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But before proceeding further, we remark firstly that by reality of the
power seriesϕ′

j, we haveϕ′
j(z

′, z̄′, u′) ≡ ϕ′
j(z̄

′, z′, u′), whence the collec-
tion of relationsϕ′

j(0, z̄
′, u′) ≡ 0, j = 1, . . . , d, is equivalent to the col-

lection of relationsϕ′
j(z

′, 0, u′) ≡ 0, j = 1, . . . , d. Secondly, using the
functional relations (2.1.25), we see immediately that thecollection of re-
lationsΘ′

j(0, z
′, w′) ≡ w′

j, j = 1, . . . , d, is also equivalent to the collection
of relationsΘ′

j(z̄
′, 0, w′) ≡ w′

j, j = 1, . . . , d. Thirdly, by inspecting the
way how the real and the complex defining equations ofM ′ are related (see
especially the proof of Theorem 2.1.22), we observe easily that the collec-
tion of relations in the first line of (2.1.34) is equivalent to the collection
of relation in the second line of (2.1.34). Consequently, itsuffices to find a
change of coordinates of the form (2.1.33) such thatΘ′

j(z̄
′, 0, w′) ≡ w′

j for
j = 1, . . . , d.

We then claim that the transformation(z′, w′) := (z,Θ(0, z, w)) is ap-
propriate. Indeed, working with the extrinsic complexificationsM andM ′,
we have(z, w, ζ, ξ) ∈ M if and only if (z,Θ(0, z, w), ζ,Θ(0, ζ, ξ)) ∈ M ′,
which yields

(2.1.36) Θ(0, ζ, ξ) = ξ′ = Θ′(ζ, z,Θ(0, z, w)),

again for(z, w, ζ, ξ) ∈ M . Replacingξ by its valueΘ(ζ, z, w) on M and
settingz = 0, we obtain the power series identity

(2.1.37) Θ(0, ζ,Θ(ζ, 0, w)) ≡ Θ′(ζ, 0,Θ(0, 0, w)).

But we remember that the functional equations (2.1.25) hold, which enables
us to simplify the left hand side and we remember that we have already the
relationΘ(0, 0, w) ≡ w, which enables us to simplify the right hand side
and we obtain the desired power series identity

(2.1.38) w ≡ Θ′(ζ, 0, w).

This completes the proof of Theorem 2.1.32. �

2.1.39. The formal case.All the previous computations are meaningful in
the purely formal case. Especially, Theorems 2.1.22 and 2.1.32 hold true in
the formal category.

2.1.40. Conclusion.As we shall observe and confirm in the sequel, the rep-
resentation ofM by complex defining equations is substantially more con-
venient and more tractable than the representation by real defining equa-
tions. We remind that, unless the contrary is explicitely mentioned,our
generic submanifolds will always be of positive codimension d ≥ 1 and of
positive CR dimensionm ≥ 1.

Notation2.1.41. Throughout this memoir, we shall fix the following nota-
tions:
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(1) The generic submanifoldM of Cn will be of codimensiond ≥ 1
and of CR dimensionm = n− d ≥ 1. The coordinates onCn will
be denoted by

(2.1.42) t = (t1, . . . , tn) = (z1, . . . , zk, w1, . . . , wd) ∈ Cm × Cd = Cn

and the complex defining equations ofM by w̄j = Θj(z̄, z, w),
j = 1, . . . , d.

(2) The indexi ∈ N will run from 1 to n, namelyi = 1, . . . , n, for
instance in the denotation of a vector fieldL =

∑n
i=1 ai(t) ∂ti . The

letteri will also be used to denote
√
−1.

(3) The indexj ∈ N will run from 1 to d, namelyj = 1, . . . , d.
(4) The indexk ∈ N will run from 1 tom, namelyk = 1, . . . , m. The

letterk will also often be used to denote another integer varying in
N.

(5) Also, we denotezk = xk + iyk, wj = uj + ivj , x = (x1, . . . , xm),
y = (y1, . . . , ym), u = (u1, . . . , ud) andv = (v1, . . . , vd).

2.1.43. Precise definition of local generic submanifolds.Throughout this
memoir, we shall often need to localize our geometric constructions. It is
therefore necessary to formulate once for all times a firm andprecise choice
of local representation.

Definition 2.1.44. A local generic submanifoldM of Cn of codimension
d ≥ 1 and of CR dimensionm = n − d ≥ 1 is defined in coordinates
t = (z, w) = (x+ iy, u+ iv) ∈ Cm ×Cd vanishing at a pointp0 ∈M as a
graph

(2.1.45) M = {(z, w) ∈ ∆n(ρ1) : vj = ϕj(x, y, u), j = 1, . . . , d},

where the functionsϕj are real algebraic or analytic for|(x, y, u)| < 2ρ1.
We also require that for allρ with 0 ≤ ρ ≤ ρ1, we have|ϕ(x, y, u)| < ρ if
|(x, y, u)| < ρ, namelyM is a “good graph”, as shown in FIGURE 2.1.47
below. Of course, after peharps shrinkingρ1 > 0, this condition is automat-
ically satisfied if we adjust the coordinates in order thatT0M = {v = 0}. In
fact, we shall often prefer the representation by complex defining equations

(2.1.46) M = {(z, w) ∈ ∆n(ρ1) : w̄j = Θj(z̄, z, w), j = 1, . . . , d},

where M is again a good graph and theΘj converge normally for
|(z̄, z, w)| < 2ρ1.
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FIGURE 2.1.47: LOCAL GENERIC SUBMANIFOLD

Theprocess of localizationconsists in choosing subsequent smaller poly-
discs∆n(ρ2), ∆n(ρ3), ∆n(ρ4), . . . , with 0 < · · · < ρ4 < ρ3 < ρ2 < ρ1,
where the choice of smaller radiiρ2, ρ3, ρ4 depends on the construction of
further geometric objects related toM . We say thatp0 is thecentral point.
This process may be illustrated symbolically as follows:

∆n(ρ1) ∆n(ρ2)
∆n(ρ3)
∆n(ρ4)

MM

p0

FIGURE 2.1.48: ALOCAL GENERIC SUBMANIFOLDM IN THE POLYDISC∆n(ρ1)

If a globally defined connected generic submanifoldM is given, for every
point p0 ∈ M , we can obviouslylocalizeM at p0 by choosing complex
affine coordinates vanishing atp0 such thatM in a neighborhood ofp0 is
represented as in Definition 2.1.44.

§2.2. SEGRE VARIETIES AND EXTRINSIC COMPLEXIFICATION

2.2.1. Reality condition. Although we shall mainly work with the complex
defining equations, it will be useful on occasion to work witharbitrary real
defining equations. So we consider an arbitrary set ofd real defining equa-
tions forM which we denote byρj(t, t̄) = 0, j = 1, . . . , d, for instance
ρj(t, t̄) := vj − ϕj(z, z̄, u), with ρj(0) = 0. Here, we assume that the com-
plex differentials∂ρ1, . . . , ∂ρd are linearly independent at the origin, so that
M is generic. By reality of theρj , we haveρj(t, t̄) ≡ ρj(t, t̄). Developping
theρj in power series, we may writeρj(t, t̄) ≡ ∑

µ, ν∈Nn ρj,µ,ν t
µ t̄ν , with

ρj,µ,ν ∈ C. From this functional equation, we deduce thatρj,µ,ν = ρj,ν,µ for
all j, µ, ν. Conversely, any such converging power series with complexco-
efficients satisfyingρj,µ,ν = ρj,ν,µ takes only real values. As an application,
we may writeρj(t, t̄) ≡ ρ̄j(t̄, t), so the reality condition onρj is simply

(2.2.2) ρj(t, t̄) ≡ ρ̄j(t, t̄), j = 1, . . . , d.
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Now, letτ ∈ Cn be a new independent variable corresponding to the extrin-
sic complexification of the variablēt. We shall write symbolicallyτ := (t̄)c,
where the letter “c” stands for the word “complexified”. As (2.2.2) is equiv-
alent toρj,µ,ν = ρj,ν,µ, we observe that the complexified seriesρj(t, τ) sat-
isfy the important symmetry functional equation

(2.2.3) ρj(t, τ) ≡ ρ̄j(τ, t), j = 1, . . . , d.

which is simply obtained by replacinḡt by τ in (2.2.2). We can summarize
these observations.

Lemma 2.2.4.As the defining functionsρj(t, t̄) =
∑

µ,ν∈Nn ρj,µ,ν t
µ t̄ν , j =

1, . . . , d are real power series, we haveρj,µ,ν = ρj,ν,µ for all j, µ, ν and

(1) ρj(t, τ) ≡ ρ̄j(τ, t).
(2) ρj(t, τ) = 0 if and only ifρj(τ̄ , t̄) = 0.

Property(2) follows trivially from (1) and will be useful later.

2.2.5. Classical Segre varieties and conjugate Segre varieties. Let ρ1 >
0 such that theρj converge normally in∆2n(2ρ1) and consider the zero-set
M := {t ∈ ∆n(ρ1) : ρj(t, t̄) = 0}. Let ρ′j(t, t̄) = 0 be an another choice of
defining equations for the same generic submanifold. It follows that there
exists an invertibled×dmatrixa(t, t̄) of real power series (of the same regu-
larity asM , namely algebraic or analytic) such thatρ′(t, t̄) ≡ a(t, t̄) ρ(t, t̄).
With this relation, we observe easily that the (classical)Segre varietyasso-
ciated to a pointp ∈ ∆n(ρ1) with coordinatestp = (t1p, . . . , tnp) ∈ Cn,
defined as in [34] by

(2.2.6) St̄p := {t ∈ ∆n(ρ1) : ρj(t, t̄p) = 0, j = 1, . . . , d},
does not depend on the choice of defining equations forM , namely we also
haveSt̄p = {t ∈ ∆n(ρ1) : ρ′(t, t̄p) = 0}. In the litterature, this Segre
variety is usually denoted byQp, cf. [1], [8], [9], [12], [22], [23], [27], [30],
[31], [34], [35], [36]. Here, we choose instead the letter “S”, because it is
the initial of the name Segre. More importantly, we stress the notationSt̄p

or Sp̄, and notSp, with the bar of complex conjugation overtp, as in the
expressonρj(t, t̄p).

In fact, for reasons of symmetry, we are also led to define theconjugate
Segre varietyby

(2.2.7) Stp := {t̄ ∈ ∆n(ρ1) : ρj(tp, t̄) = 0, j = 1, . . . , d}.
To the author’s knowledge, conjugate Segre varieties are not considered in
the literature. As a matter of fact, if for an arbitrary subset E ⊂ Cn we
define the set of conjugate points ofE byE := {t̄ : t ∈ E}, it follows that
Stp is just the set of conjugate points ofSt̄p , as the reader may verify thanks
to Lemma 2.2.4. It follows that we can write

(2.2.8) Stp = S ¯̄tp
= St̄p and St̄p = S t̄p = Stp .

with the complex conjugation operator acting separately asan involution
over the letterS and over its argumenttp. Finally, we would like to observe
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that the third (tempting) definition{t ∈ ∆n(ρ1) : ρj(tp, t̄) = 0, 1, . . . , d}
(instead of (2.2.7)) does not provide us with the correct definition of conju-
gate Segre variety, because Lemma 2.2.4 implies that this set coincides in
fact withSt̄p .

We claim that both Segre and conjugate Segre varieties are biholomor-
phic invariants ofM . Indeed, lett′ = h(t) be a local biholomorphic change
of coordinates and denote byt = h′(t′) its inverse, byM ′ := h(M) and by
ρ′j(t

′, t̄′) := ρj(h
′(t′), h̄′(t̄′)) the defining equations ofM ′, for j = 1, . . . , d.

SincehmapsM intoM ′, according to §2.1.5, there exists an invertibled×d
matrixa(t, t̄) of power series such thatρ′(h(t), h̄(t̄)) ≡ a(t, t̄) ρ(t, t̄). From
this relation, it follows easily thath(St̄p) = S ′

h̄(t̄p)
andh(Stp) = S

′

h̄(t̄p),
which proves the claim. Finally, we collect some classical properties.

Lemma 2.2.9.The following four properties are satisfied:

(1) q ∈ St̄p if and only ifp ∈ St̄q .
(2) p ∈ St̄p if and only ifp ∈ M .
(3) q̄ ∈ Stp if and only if p̄ ∈ Stq .
(4) p̄ ∈ Stp if and only ifp ∈M .

Proof. Indeed, applying Lemma 2.2.4(2), we haveρ(tq, t̄p) = 0 if and only
if ρ(tp, t̄q) = 0, which yields(1) and(3). Also, we haveρ(tp, t̄p) = 0 if and
only if tp ∈M , which yields(2) and(4). �

2.2.10. Extrinsic complexification. Now, let ζ ∈ Cm andξ ∈ Cd denote
some new independent coordinates corresponding to the complexification
of the variables̄z andw̄, which we denote symbolically byζ := (z̄)c and
ξ := (w̄)c, where the letter “c” stands for the word “complexified”. We
also writeτ := (t̄)c, so τ = (ζ, ξ) ∈ Cn. Theextrinsic complexification
M := (M)c of M is the complexd-codimensional submanifold defined
precisely by
(2.2.11)
M := {(z, w, ζ, ξ) ∈ ∆n(ρ1) × ∆n(ρ1) : ξj = Θj(ζ, z, w), j = 1, . . . , d}.

Let σ denote the antiholomorphic involution defined byσ(t, τ) := (τ̄ , t̄).
Since by Lemma 2.1.27, there exists an invertibled × d matrix a(t, τ) of
power series such thatw − Θ(z, ζ, ξ) ≡ a(t, τ)[ξ − Θ(ζ, z, w)], we see
thatσ mapsM bi-antiholomorphically ontoM . In this chapter, we shall
essentially deal withM instead of dealing withM . In fact, M clearly
imbeds inM as the intersection ofM with the antiholomorphic diagonal
defined byΛ := {(t, τ) ∈ Cn×Cn : τ = t̄}. Also, we shall very frequently
use the fact thatM can be represented by the following two equivalent
families ofd complex defining equations:
(2.2.12)
M : wj = Θj(z, ζ, ξ), j = 1, . . . , d, or ξj = Θj(ζ, z, w), j = 1, . . . , d.
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§2.3. COMPLEXIFIED SEGRE VARIETIES AND COMPLEXIFIEDCR
VECTOR FIELDS

2.3.1. Complexified Segre varieties.Next, for τp ∈ ∆n(ρ1) fixed, we de-
fine the associatedcomplexified Segre varietyby
(2.3.2)

Sτp := {(t, τ) ∈ ∆2n(ρ1) : τ = τp, wj = Θj(z, τp), j = 1, . . . , d}.

We shall write symbolicallySτp = (St̄p)
c. Clearly, Sτp is an m-

dimensional submanifold contained inM and it coincides in fact with the
intersection ofM with the horizontal slice{(t, τ) : τ = τp}. Analogously,
for tp ∈ ∆n(ρ1) fixed, we define the associatedconjugate complexified
Segre varietyby
(2.3.3)

S tp := {(t, τ) ∈ ∆2n(ρ1) : t = tp, ξj = Θj(ζ, tp), j = 1, . . . , d}.

Clearly again,S tp is anm-dimensional submanifold contained inM and it
coincides in fact with the intersection ofM with the vertical slice{(t, τ) :
t = tp}.

M

0

S tp

0

p

Stp

Sτp

COMPLEXIFICATION AS A BLOWING UP YIELDING TWO FOLIATIONS

Stq

FIGURE 2.3.4: NON FOLIATION PROPERTY IN AMBIENT SPACE

Sτq

St̄q

St̄p

Mq

S tq

Cn
× CnCn

It is very important to notice that the ambient Segre varietiesSt̄p and
Stp are extrinsic toM : they lie in general outsideM , even in the Levi-
flat case. Moreover, the union of∪p∈∆n(ρ1) Sp̄ never makes a foliation by
m-dimensional submanifolds. These assertions may easily bechecked by
inspecting the Levi-flat hyperplane{Imw = 0} in Cn and the Heisenberg
sphereImw = |z1|2 + · · · + |zn−1|2 in Cn. Fortunately, by the strange
miracle of extrinsic complexification,we blow-up the two unions∪p Sp̄ and
∪p Sp in a double foliation ofM by complexm-dimensional Segre varieties
(as explained in Theorem 2.3.9 below). This geometric observation is of
utmost importance, is illustrated symbolically in FIGURE 2.3.4 and will be
explained more closely in the next subparagraphs.
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2.3.5. Complexified CR vector fields.We consider the following “natural”
basis of(1, 0) vector fields tangent toM :

(2.3.6) Lk :=
∂

∂zk
+

d∑

j=1

∂Θj

∂zk
(z, z̄, w̄)

∂

∂wj
, k = 1, . . . , m.

One verifies immediately thatLk(wj − Θj(z, z̄, w̄)) ≡ 0 for k = 1, . . . , m
andj = 1, . . . , d. We also consider the conjugates of these vector fields,
which form a basis of the(0, 1) vector fields tangent toM :

(2.3.7) Lk :=
∂

∂z̄k

+
d∑

j=1

∂Θj

∂z̄k

(z̄, z, w)
∂

∂w̄j

, k = 1, . . . , m.

Again obviously, we verify thatLk(w̄j −Θj(z̄, z, w)) ≡ 0 for k = 1, . . . , m
andj = 1, . . . , d. Of course, this second system of relations is the conjugate
of the first.

By complexification, the vector fields behave as follows: we write
[χ(t, t̄)]c = χ(t, τ), if χ(t, t̄) is a real analytic function of(t, t̄) and[∑n

j=1 aj(t, t̄) ∂/∂tj +
∑n

j=1 bj(t, t̄) ∂/∂t̄j

]c
:=

∑n
j=1 aj(t, τ) ∂/∂tj +

∑n
j=1 bj(t, τ) ∂/∂τj . It follows that(Lχ)c = Lcχc.
Consequently, we can complexify the pair of conjugate generating fam-

ilies of CR vector fields tangent toM given by (2.3.6) and (2.3.7), namely
the vector fieldsL1, . . . , Lm and their conjugatesL1, . . . , Lm above. Their
complexification yields a pair of collections ofm vector fields defined ex-
plicitely over∆n(ρ1) × ∆n(ρ1) by

(2.3.8)





Lk :=
∂

∂zk
+

d∑

j=1

∂Θj

∂zk
(z, ζ, ξ)

∂

∂wj
, k = 1, . . . , m,

L k :=
∂

∂ζk
+

d∑

j=1

∂Θj

∂ζk
(ζ, z, w)

∂

∂ξj
, k = 1, . . . , m.

We write Lk = (Lk)
c andL k = (Lk)

c. The reader may check directly
that Lk(wj − Θj(z, ζ, ξ)) ≡ 0 (this relation also holds by complexica-
tion), which shows that the vector fieldsLk are tangent toM . Similarly,
L k(ξj − Θj(ζ, z, w)) ≡ 0, so the vector fieldsL k are also tangent toM .
Of course, all of this is obvious, but we prefer to start slowly. Furthermore,
we may check the commutation relations[Lk1 , Lk2] = 0, [Lk1, Lk2 ] = 0,
[Lk1 ,Lk2] = 0 and [L k1

,L k2
] = 0 for all k1, k2 = 1, . . . , m. By

the theorem of Frobenius, it follows that the twom-dimensional distribu-
tions spanned by the two collections ofm vector fields{Lk}1≤k≤m and
{L k}1≤k≤m have the integral manifold property. This is not astonishing,
due to the fact that the vector fieldsLk are just the vector fields tangent
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to the intersection ofM with the sets{τ = τp = ct.}, which are them-
dimensional complexified Segre varietiesSτp already defined above. Sim-
ilarly, theL k have the conjugate complexified Segre varietiesS tp as inte-
gral manifolds. Hence in fact, we do not have to appeal to the theorem of
Frobenius.

All the geometric observations which we have done so far may be gath-
ered in the following statement just below. We shall frequently use the
abbreviationsL = {Lk}1≤k≤m andL = {L k}1≤k≤m. We denote by
πt : (t, τ) 7→ t andπτ : (t, τ) 7→ τ the two canonical projections.

Theorem 2.3.9.Let M = (M)c be as above and letLk, k = 1, . . . , m be
a basis of complexified(1, 0) vector fields tangent toM and letL k, k =
1, . . . , m, be their complexified conjugates. Recall that{Lk}1≤k≤m and
{L k}1≤k≤m are Frobenius-integrable. Then the following four properties
hold true:

(1) L andL induce naturally two local flow foliationsFL andFL

of M .
(2) If σ(t, τ) := (τ̄ , t̄), thenσ(FL ) = FL and their two leaves passing

through a pointpc = (tp, t̄p) ∈ Cn×Cn satisfyFL (pc)∩FL (pc) =
pc.

(3) The fibers of the projectionsπt andπτ also coincide with the leaves
of the flow foliationsFL andFL , respectively.

(4) The leaves of the foliationFL are the Segre varietiesSτp and the
leaves of the foliationFL are the conjugate Segre varietiesS tp :

(2.3.10) FL =
⋃

τp∈∆n(ρ1)

Sτp and FL =
⋃

tp∈∆n(ρ1)

S tp .

In other words, the leaves of these two flow foliations are thetwo families
of complexified(conjugate) Segre varieties. In symbolic representation, for
these two foliations, we have the correspondence:
(2.3.11)
CR-flow foliations ofM ⇐⇒ Foliations by complexified Segre varieties.

2.3.12. Conclusion.The following symbolic picture summarizes this geo-
metrical theorem. However, we warn the reader that the codimensiond ≥ 1
of the union of the two foliationsFL andFL in M is not rendered visible
in this two-dimensional figure. A three-dimensional FIGURE 2.3.3 will be
provided below.
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FIGURE 2.3.13: GEOMETRY OF THE COMPLEXIFICATIONM

2.4. MULTIPLE FLOWS AND SEGRE CHAINS

2.4.1. Pair of complex flows.Now, we introduce the “multiple” flows of
the two collections of conjugate vector fields(Lk)1≤k≤m and(L k)1≤k≤m.
This multiple flow will be used frequently throughout the next chapters of
Part II. Precisely, for an arbitrary pointp = (wp, zp, ζp, ξp) ∈ M and for an
arbitrary complex “multitime” parameterz1 = (z1,1, . . . , z1,m) ∈ Cm, we
define
(2.4.2){

Lz1(zp, wp, ζp, ξp) := exp(z1L )(p) := exp(z1,1L1(· · · (exp(z1,mLm(p))) · · · )) :=

:=
(
zp + z1, Θ(zp + z1, ζp, ξp), ζp, ξp

)
.

With this formal definition, there exists a maximal connected open subsetΩ
of M ×Cm containingM ×{0} such thatLz1(p) ∈ M for all (z1, p) ∈ Ω.
Analogously, for(ζ1, p) running in a similar open subsetΩ, we may define
the map

(2.4.3) L ζ1(zp, wp, ζp, ξp) := (zp, wp, ζp + ζ1, Θ(ζp + ζ1, zp, wp)) .

Of course, the two mappings (2.4.2) and (2.4.3) are of the same regularity
asM , namely they are algebraic or analytic.

2.4.4. Segre chains.Now, let us start from the pointp being the origin
and let us move alternately in the (horizontal) direction ofFL (namely the
direction ofS ) and in the (vertical) direction ofFL (namely the direction
of S ). More precisely, we consider the two mapsΓ1(z1) := Lz1(0) and
Γ1(z1) := L z1

(0), wherez1 ∈ Cm. Next, we start from these endpoints
and we move in the other direction. More precisely, we consider the two
maps

(2.4.5) Γ2(z1, z2) := L z2
(Lz1(0)), Γ2(z1, z2) := Lz2(L z1

(0)),

wherez1, z2 ∈ Cm. Also, we defineΓ3(z1, z2, z3) := Lz3(L z2
(Lz1(0))),

etc.For the sake of concreteness, let us exhibit the complete expressions of
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Γ1, Γ2 andΓ3, which follows by a repeated application of formulas (2.4.2)
and (2.4.3):
(2.4.6)



Lz1(0) =
(
z1, Θ(z1, 0, 0), 0, 0

)
.

L z2
(Lz1(0)) =

(
z1, Θ(z1, 0, 0), z2, Θ(z2, z1,Θ(z1, 0, 0))

)
.

Lz3(L z2
(Lz1(0)))) =

(
z1 + z3, Θ(z1 + z3, z2,Θ(z2, z1,Θ(z1, 0, 0))), z2, Θ(z2, z1,Θ(z1, 0, 0))

)
.

By induction, for every integerk ∈ N with k ≥ 1, we obtain two maps
Γk(z1, . . . , zk) andΓk(z1, . . . , zk), wherez1, . . . , zk ∈ Cm. Clearly, there
are precise combinatorial formulas generalizing (2.4.6).In the sequel, we
shall often use the notationz(k) := (z1, . . . , zk) ∈ Cmk. We shall call the
mapΓk thek-th Segre chainand the mapΓk theconjugatek-th Segre chain.
SinceΓk(0) = Γk(0) = 0, for everyk ∈ N∗, there exists a sufficiently small
open polydisc∆mk(δk) centered at the origin inCmk with δk > 0 such that
Γk(z(k)) andΓk(z(k)) belong toM for all z(k) ∈ ∆mk(δk).

We also exhibit a simple link between the mapsΓk and Γk. Let σ
be the antiholomorphic involution defined byσ(t, τ) := (τ̄ , t̄). Since
w = Θ(z, ζ, ξ) if and only if ξ = Θ(ζ, z, w), this involution mapsM
onto M and it also fixes the antidiagonalΛ pointwise. Using the defini-
tions (2.4.2) and (2.4.3), we see readily thatσ(Lz1(0)) = L z̄1

(0). It fol-
lows generally thatσ(Γk(z(k))) = Γk(z(k)). To give a concrete illustration,
we may compute the explicit expressions ofΓ1, Γ2 andΓ3 and compare
with (2.4.6):
(2.4.7)



L z1
(0) = (0, 0, z1, Θ(z1, 0, 0)) .

Lz2(L z1
(0)) =

(
z2, Θ(z2, z1,Θ(z1, 0, 0)), z1, Θ(z1, 0, 0)

)
.

L z3
(Lz2(L z1

(0))) =
(
z2, Θ(z2, z1,Θ(z1, 0, 0)), z1 + z3, Θ(z1 + z3, z2,Θ(z2, z1,Θ(z1, 0, 0)))

)

Also, we observe thatΓk+1(z(k), 0) = Γk(z(k)), sinceL0 andL 0 coincide
with the identity map by (2.4.2) and (2.4.3). So, fork increasing, the ranks
at the origin of the mapsΓk are increasing. We now introduce the following
important definition.

Definition 2.4.8. The generic submanifoldM is said to beminimal at p if
the mapsΓk are of (maximal possible) rank equal to2m+ d = dimC M at
the origin in∆mk(δk) for all k large enough.

In other words,M is minimal atp if and only if sufficiently high order
Segre chains are submersive. Equivalently, sufficiently high order conjugate
Segre chains are submersive. In the next Section 2.5, we shall show that
minimality is characterized by the fact that the maps are of generic rank
equal to2m + d for all k large enough. First of all, in order to enlighten
this definition, we shall prove a generallocal orbit theoremin the spirit of
H.J. Sussmann [32].

2.4.9. Local orbit theorem in theK-analytic category. LetK = R or C
and let∆ := {x ∈ K : |x| < 1} andr∆ := {x ∈ K : |x| < r}. Let
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n ∈ N with n ≥ 1. In ∆n equipped with coordinatesx = (x1, . . . , xn), we
consider the origin as a center point. LetL = {La}1≤a≤A,A ≥ 1, be afinite
system of nonzero vector fields defined all over∆n. We do not require that
this set is stable under taking linear combinations with coefficients being
analytic or algebraic functions over∆n. Let L ∈ L. As previously, we
shall simply denote the flow map ofL by (t, x) 7→ Lt(x) ≡ exp(tL)(x).

We recall the defining properties of the flow map:L0(x) = x and
d
dt

(Lt(x)) = L(Lt(x)), whereL(x′) denotes the value ofL at x′. As is
known, theK-algebraic case is exceptional because the flow of a vector
field L havingK-algebraic coefficients is in general transcendent. This is
why we shall in fact make two kinds of precise regularity assumptions:

(Algebraic): The coefficients of all elements ofL areK-algebraicand
moreovertheir flow if alsoK-algebraic. In fact, theK-algebraicity of the
flow implies theK-algebraicity of the coefficients.

(Analytic): The coefficients of all elements ofL areK-analytic power
series centered at the origin converging in∆n, whence their flow isK-
analytic.

Choose nowr with 0 < r ≤ 1/2. We first define finite concate-
nations of flow mappings of vector fields inL as follows. If k ∈ N∗,
L = (L1, . . . , Lk) ∈ Lk, t = (t1, . . . , tk) ∈ Kk and x ∈ (r∆)n, we
use again the notationLt(x) = Lk

tk
(· · · (L1

t1
(x)) · · · ) whenever the com-

position is defined. Anyway, after boundingk ≤ 3n, it is clear that
there existsδ > 0 such that all maps(t, x) 7→ Lt(x) are well-defined for
t ∈ (2δ∆)k, x ∈ ( r

2
∆)n and satisfyLt(x) ∈ (r∆)n. By definition, the

pointx′ = Lk
tk
◦ · · ·◦L1

t1
(x) is the endpoint of a piecewise smooth algebraic

or analytic curve with originx: it consists in followingL1 during timet1,
following L2 during timet2 . . . and followingLk during timetk.

Next, we shall say that an embedded small piece ofK-manifoldN ⊂ ∆n

passing through the origin (which is eitherK-algebraic orK-analytic) is a
weakL-integral manifold if TxN ⊃ L(x) for all x ∈ N . In the formal
case, however, this condition is meaningless. Equivalently, we mean that
for eachL ∈ L, L|N is tangent toN . Now, this new condition makes sense
in the formal case. We shall in fact consider the formal case afterwards, as
a generalization of the algebraic and analytic cases. In particular, it clearly
ensues from the tangency ofL|N toN that any integral curve of an element
L ∈ L with origin a pointx ∈ N which belongs toN stays inN .

Now, we introduce the following special definitions. TheL-orbit of 0
in ∆n, denoted byOL(0), is the set of all pointsLt(0) ∈ (r∆)n for all
t ∈ (δ∆)k, k ≤ 3n. The reason why we boundk ≤ 3n will be clear
afterwards. We shall say that the open set(r∆)n isL-minimal at0 if OL(0)
contains a polydisc(ε∆)n, whereε > 0. If L = (L1, . . . , Lk) ∈ Lk with
k ≤ 3n, we shall denote byΓL(t) the mappingt 7→ Lk

tk
(· · · (L1

t1
(0)) · · · ).

We can now state thelocal orbit theorem. By induction, we shall con-
struct a special sequence of vector fieldsL∗k := (L∗1, . . . , L∗k) ∈ Lk,
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k ∈ N∗. We state a long but progressively explained theorem with the
purpose of exhibiting all the relevant informations.

Theorem 2.4.10.As above, letL = {La}1≤a≤A, A ∈ N∗, be a fi-
nite nonempty set of vector fields which are defined over∆n and satisfy
one of the two regularity assumptions(Algebraic) or (Analytic).
Then there exists an integere ≥ 1 and a multiplet of vector fieldsL∗ =
(L∗1, . . . , L∗e) ∈ Le such that the following seven properties hold:

(1) For every k = 1, . . . , e, the map (t1, . . . , tk) 7→
L∗k

tk
(· · · (L∗1

t1 (0)) · · · ) is of generic rank equal tok.
(2) For every arbitrary elementL′ ∈ L, the map(t1, . . . , te, t

′) 7→
L′

t′(L
∗e
te (· · · (L∗1

t1
(0)) · · · )) is of generic ranke, hencee is the maxi-

mal possible generic rank.
(3) There exists an elementt∗ ∈ ∆e arbitrarily close to the origin which

is of the special form(t∗1, . . . , t
∗
e−1, 0), namely witht∗e = 0, and there

exists an open connected neighborhoodω∗ of t∗ in ∆e such that the
mapΓL∗ : t 7→ L∗e

te (· · · (L∗1
t1 (0))) is of constant ranke overω∗.

(4) After settingL∗ := (L∗1, . . . , L∗e), K∗ := (L∗e−1, . . . , L∗1) and
s∗ := (−t∗e−1, . . . ,−t∗1), we then haveK∗

s∗ ◦ L∗
t∗(0) = 0. Further-

more, the mapψ : ω∗ → ∆n defined byψ : t 7→ K∗
s∗ ◦ L∗

t (0) is of
constant rank equal toe over the domainω∗.

(5) Then the imageψ(ω∗) is a piece ofK-manifold passing through the
origin which is eitherK-algebraic orK-analytic, because the flows
of the elements ofL areK-algebraic orK-analytic.

(6) This piece ofK-manifold is a weakL-integral manifold. Further-
more, very weakL-integral manifold passing through0 must con-
tain OL(0) in a neighborhood of0.

(7) There existsε > 0 such thatOL(0) ∩ (ε∆)n = ψ(ω∗).

In conclusion, the local orbitOL(0) is represented by the smallK-manifold
ψ(ω∗) and its dimensione is characterized by the generic rank properties
(1) and(2).

Proof. If all vector fields inL vanish at the origin, thenOL(0) = {0}.
We now exclude this possibility. Choose a vector fieldL∗1 ∈ L which
does not vanish at0. The mapt1 7→ L∗1

t1 (0) is of generic rank one. If
there existsL′ ∈ L such that the map(t1, t′) 7→ L′

t′(L
∗1
t1 (0)) is of generic

rank two, we choose one suchL′ and we denote it byL∗2. Continuing this
process, we get vector fieldsL∗1, . . . , L∗e satisfying properties(1) and(2).
Since the generic rank of the mapΓL∗ : (t1, . . . , te) 7→ L∗e

te (· · · (L∗1
t1

(0)) · · · )
equalse, and since this map is eitherK-algebraic orK-analytic, there exist
elementst∗ ∈ ∆e arbitrarily close to the origin such that its rank att∗ equals
e. We claim that we can moreover chooset∗ to be of the special form
(t∗1, . . . , t

∗
e−1, 0), i.e. with t∗e = 0. This is a consequence of the following

lemma.

Lemma 2.4.11. Let n ∈ N∗, e ∈ N∗, t ∈ Ke and t 7→ ϕ(t) =
(ϕ1(t), . . . , ϕn(t)) ∈ Kn be a mapping of generic rank equal to(e − 1)
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which is eitherK-algebraic orK-analytic. LetL′ ∈ L and assume that the
mappingψ : (t, t′) 7→ L′

t′(ϕ(t)) has generic ranke. Then there exists a
point (t∗, 0) at which the rank ofψ is equal toe.

Proof. Suppose on the contrary that at all points(t∗, 0), the map(t, t′) 7→
L′

t′(ϕ(t)) has rank≤ e − 1. Chooset∗ arbitrarily close to zero at which
ϕ has maximal, hence locally constant rank(e − 1). By the rank theorem,
there exists a neighborhoodω∗ of t∗ in Ke such thatN := ϕ(ω∗) is a small
piece ofK-manifold which is eitherK-algebraic orK-analytic. LetL′ ∈
L. Since by assumption the rank of(t, t′) 7→ L′

t′(ϕ(t)) equals(e − 1) at
every point(t∗, 0) ∈ ω∗ × K, it follows necessarily thatL′ is tangent to
N . Consequently, the flow ofL′ stabilizesN . Finally, for ϕ(t) ∈ N , we
haveL′

t′(ϕ(t)) ∈ N also, whence the rank of(t, t′) 7→ L′
t′(ϕ(t)) is less than

or equal to dimKN = e − 1 at every point in a neighborhood of(t∗, 0) in
Kn × K. We have proved that the mapping(t, t′) 7→ L′

t(ϕ(t)) is of generic
rank(e−1) in a neighborhood of(t∗, 0) inKe×K, hence everywhere by the
principle of analytic continuation, which contradicts theassumption that it
has generic rank equal toe. This completes the proof. �

End of the proof of Theorem 2.4.9. Now, we choose a point
(t∗1, . . . , t

∗
e−1, 0) ∈ ∆e arbitrarily close to 0 at which the rank of

t 7→ L∗e
te (· · · (L∗1

t1
(0)) · · · ) is maximal and equalse, so we get(3). In (4),

the propertyK∗
s∗ ◦ L∗

t∗(0) is obvious, since the mapping:

(4.5.7) L∗1
−t∗1

◦ · · · ◦ L∗
−t∗e−1

◦ L∗e
0 ◦ L∗

t∗e−1
◦ · · · ◦ L∗

t∗1
(·) = Id

is the indentity. By(2), the mapping(t, s) 7→ K∗
s ◦ L∗

t (0) is also of generic
rank e, whence its restriction toω∗ × {s∗} is of constant ranke since the
mappingK∗

s∗(·) is a local diffeomorphism. We get(4) and then(5) obvi-
ously. So we have constructed a pieceN of K-manifold passing through
the origin. LetL′ ∈ L. We claim thatL′ is tangent toN . Otherwise, ifL′

would not be tangent, the mapping(t, s, t′) 7→ L′
t′(Ks(Lt(0))) would be of

generic rank≥ e + 1, contrarily to the definition ofe. This completes the
proof of Theorem 2.4.9. �

§2.5. SEGRE TYPE ANDSEGRE MULTITYPE

We now apply the general considerations of Theorem 2.4.9 to the spe-
cific situation whereK = C, where∆n is replaced byM and where
the collectionL of vector fields is our previous complexified vector fields
{Lk,L k}1≤k≤m. We also bring some refinements.

2.5.1. Increasing generic ranks.Let us denote bygenrkC(Φ) thegeneric
rankof aC-algebraic orC-analytic mapΦ : X → Y of connected complex
manifolds. Here of course, we havegenrkC(Γ1) = genrkC(Γ1) = m and
genrkC(Γ2) = genrkC(Γ2) = 2m, which is evident in equations (2.4.6)
and (2.4.7). We sete1 := m ande2 := m. Next, we sete3 := genrkC(Γ3)−
2m and, by inductionek+1 := genrkC(Γk+1)− e3 − · · ·− ek − 2m, whence
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genrkC(Γk) = 2m + e3 + · · · + ek if k ≥ 3, and similarly, we can define
the sequenceek for Γk. We notice at once that we haveek = ek, since
σ(Γk(z(k))) = Γk(z(k)).

We claim thatel = 0 for all l ≥ k + 1 if ek+1 = 0 and ek 6= 0. In
other words, the generic rank enjoys a stabilization property. Indeed, we
first choose a pointz∗(k) arbitrarily close to the origin inCmk such thatΓk

has (necessarily locally constant) rank equal to2m + e3 + · · · + ek at z∗(k)

and we setq := Γk(z
∗
(k)) ∈ M . Then by the rank theorem, the image

H of a neighborhoodW ∗ of z∗(k) is a submanifold ofM of dimension
2m + e3 + · · · + ek. We claim that the vector fieldsLk andL k are all
tangent toH . For instance, to fix ideas, we assume thatk is even (the odd
case will be similar). Thus we can writeΓk(z(k)) = L zk

(· · · (Lz1(0)) · · · ),
i.e. the chainΓk ends-up with aL . This shows thatH is fibered by the
leaves ofFL , so theL k are already tangent toH at every point. By
differentiatingΓk+1 = Lzk+1

(Γk(z(k))) with respect tozk+1 at zk+1 = 0,
we obtain them-dimensional spaceL (Γk(z(k))), namely the tangent space
to the foliationFL at the pointΓk(z(k)). Then the assumptionek+1 = 0
entails that this spaceL (Γk(z(k))) is necessarily contained in the tangent
space toH at Γk(z(k)), which proves the claim. Finally, as theLk and the
L k are all tangent toH , it follows that their local flow atq is contained in
H , whence the range of the subsequentΓl, l ≥ k + 1, is locally contained
in H . Because they are either algebraic or analytic, this shows that their
generic rank does not go beyond2m+e3+ · · ·+ek, which proves the claim.

In conclusion, there exists a well-defined integerµ0 ≥ 2 with µ0 ≤ d+ 2
such thate3 > 0, . . . , eµ0 > 0 andel = 0, for all l ≥ µ0 + 1. We call
the integerµ0 the Segre typeof M at the origin and we call theµ0-tuple
(m,m, e3, . . . , eµ0) the Segre multitypeof M at the origin. ThisSegre
multitypesimply recollects all the jumps of generic ranks of theΓk. It is
clear that Segre type and multitype are biholomorphic invariants, because
the Segre foliations defined byL andL are so. To summarize, we have :

(a) genrk
C
(Γk) = 2m+ e3 + · · ·+ ek = genrk

C
(Γk), for 2 ≤ k ≤ µ0,

(b) genrk
C
(Γk) = 2m+ e3 + · · ·+ eµ0 = genrk

C
(Γk), for k ≥ µ0.

The main advantage of dealing withM , L , L , Γk andΓk lies in the fact
that all these objects may be understood in a coordinate-free way. Even
the two projectionsπt andπτ can be defined abstractly, because their fibers
are the leaves of the Segre foliations. As §2.4.9, We may define the orbit
OL ,L (M , 0) and we have the following theorem.

Theorem 2.5.2.Assume thatM is a real algebraic or analytic generic sub-
manifold ofCn, let p0 ∈ M , let M := (M)c be its complexification and
let (p0)

c := (p0, p̄0), identified with the origin in coordinates(t, τ). LetLk

andL k, k = 1, . . . , n, be vector fields generating the pair of Segre folia-
tions. Then there existsz∗(µ0) ∈ Cmµ0 arbitrarily close to the origin of the
form z∗(µ0) = (z∗1 , . . . , z

∗
µ0−1, 0) and a small neighborhoodW ∗ of z∗(µ0) in
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∆mµ0(δµ0) such that, if we denoteω∗
(µ0−1) := (−z∗µ0−1, . . . ,−z∗1), then we

have:
(c) The complex algebraic or analytic mapΓµ0 is of rank2m + e3 +

· · ·+ eµ0 at z∗(µ0).
(d) Γ2µ0−1(z

∗
(µ0), ω

∗
(µ0−1)) = 0.

(e) The restricted mapΓ2µ0−1 : W ∗×ω∗
(µ0−1) → M is of constant rank

equal to2m+ e3 + · · ·+ eµ0 .
(f) The imageΓ2µ0−1(W ∗×ω∗

(µ0−1)) is a complex algebraic or analytic
manifold-piece, denoted byOL ,L (M , 0) and called the{L ,L }-
orbit of the originwith the property that the vector fieldsLk and
L k are tangent to it.

(g) This integer2m+ e3 + · · ·+ eµ0 is equal todimC OL ,L (M , 0).

Of course, the same statement holds withΓ2µ0−1 instead ofΓ2µ0−1.

Proof. The proof is similar to the proof of Theorem 2.4.10, with minor mod-
ifications. According to(b), Γµ0 is of generic rank2m+e3+· · ·+eµ0 . Con-
sequently, for every pointz∗(µ0) ∈ ∆mµ0(δµ0) outside of some proper com-
plex subvariety, the mapΓµ0 is of rank2m+e3 + · · ·+eµ0 at z∗(µ0). In fact,
we claim that we can even choose such az∗(µ0) of the form(z∗1 , . . . , z

∗
µ0−1, 0),

i.e. with z∗µ0
= 0. Indeed, asΓ(k)(z(k)) = [L orL ]zk

(Γ(k−1)(z(k−1))), we
can apply the following lemma, which follows directly form Lemma 2.4.11.

Lemma 2.5.3.Letz ∈ Cm, z′ ∈ Cm′

, letΓ(z′) ∈ M be a formal, algebraic
or analytic map ofz′ with Γ(0) = 0 and letϕ(z, z′) := Lz(Γ(z′)) or
ϕ(z, z′) := L z(Γ(z′)). Thenϕ attains its maximal generic rank at some
points of the form(0, z′∗) ∈ Cm ×Cm′

.

Now, we fix such az∗(µ0) of the form (z∗1 , . . . , z
∗
µ0−1, 0), which satis-

fies (c) and we check that it satisfies the other claims. Letω∗
(µ0−1) :=

(−z∗µ0−1, . . . ,−z∗1). First, (d) is easy : suppose for instanceµ0 is even,
then we haveΓ2µ0−1(z

∗
(µ0), ω

∗
(µ0−1)) = L−z∗1

◦ · · · ◦ L−z∗µ0−1
◦ L 0 ◦

Lz∗µ0−1
◦ · · · ◦ Lz∗1

(0) = 0, becauseL 0(q) = q, L−w ◦ Lw = Id and
L −ζ ◦ L ζ = Id. The odd case is similar. Now, we prove(e). The
restricted mapz(µ0) 7→ L−z∗1

◦ · · · ◦ L−z∗µ0−1
◦ Γµ0(z(µ0)) (again written

in caseµ0 is even), is clearly of rank2m + e3 + · · · + eµ0 at the point
z∗(µ0), because the mapq 7→ L−z∗1

◦ · · · ◦ L−z∗µ0−1
(q) is a local biholo-

morphism, by definition of flows. Notice thatΓ2µ0−1 is then ofconstant
rank equal to2m + e3 + · · · + eµ0 in a neighborhood of(z∗(µ0), ω

∗
(µ0−1))

in W ∗ × ω∗
(µ0−1), since, by(b), 2m + e3 + · · · + eµ0 is already the max-

imum value of all the generic ranks of theΓk. This proves(e). By
definition, the orbitOL ,L (M , 0) is the union of the ranges of the maps
Γk and Γk. It is easy to check that this double union coincides in fact
with the union of only theΓk (or of only theΓk), simply because, set-
ting z1 = 0, we haveΓk(0, z2, . . . , zk) ≡ Γk−1(z2, . . . , zk). Thanks to
the constant rank property(e), we already know that this orbit contains



269

the(2m+ e3 + · · · + eµ0)-dimensional manifold-piece passing through0 :
N := Γ2µ0−1(W ∗ × ω∗

(µ0−1)). Because by(b) the next generic ranks for
k ≥ 2µ0 − 1 do not increase and because of the principle of analytic con-
tinuation, we then deduce that all the ranges of the subsequent Γk are con-
tained in this manifold pieceN and it follows thatL andL are tangent
to this manifold-piece. In conclusion, we get(f) and(g), which completes
the proof of Theorem 2.5.2. �

In the hypersurface case, we have the following simple criterion of mini-
mality, left to the reader.

Corollary 2.5.4. If M is a real algebraic or analytic hypersurface,i.e. if
d = 1, then

(h) M is minimal at0 ⇐⇒ µ0 = 3.
(i) M is nonminimal at0 ⇐⇒ µ0 = 2.

2.5.7. Example.We now give a simple example in the hypersurface case
which illustrates statements(e) and(f) of Theorem 2.5.2 in a very concrete
way. We letM be the hypersurface ofC2 of equationz = z̄ + iw2w̄2. We
choosep = 0 and here2µ0 − 1 = 5. We compute :
(2.5.8)



Γ1(z1) = (z1, 0, 0, 0)

Γ2(z1, z2) = (z1, 0, z2, −iz2
1z

2
2)

Γ3(z1, z2, z3) = (z1 + z3, iz
2
2 [z

2
3 + 2z1z3], z2, −iz2

1z
2
2)

Γ4(z1, z2, z3, z4) = (z1 + z3, iz
2
2 [z

2
3 + 2z1z3], z2 + z4,

iz2
2 [z

2
3 + 2z1z3] − i[(z2 + z4)(z1 + z3)]

2)

Γ5(z1, z2, z3, z4, z5) = (z1 + z3 + z5, iz
2
2 [z

2
3 + 2z1z3]−

− i[(z2 + z4)(z1 + z3)]
2) + i[(z1 + z3 + z5)(z2 + z4)]

2,

z2 + z4, iz
2
2 [z

2
3 + 2z1z3] − i[(z2 + z4)(z1 + z3)]

2).

The mapsΓk have range inM , on which either the coordinates(z, w, ζ) or
(ζ, ξ, z) can be chosen. We do the first choice fork even and the second
choice fork odd. Thus, we viewΓ5 as a mapC5 → C3

(z,ζ,ξ), i.e. we forget
the secondw-coordinate in the above expression ofΓ5. Now, computing
the3 × 5 Jacobian matrix ofΓ5 at the point(z∗(3), ω

∗
(2)) as in Theorem 2.5.2

which is necessarily of the form(z∗1 , z
∗
2 , 0,−z∗2 ,−z∗1), and for which we

clearly haveΓ5(z
∗
1 , z

∗
2 , 0,−z∗2 ,−z∗1) = 0, we see that the determinant of

the first3 × 3 submatrix is equal to2iz∗1(z
∗
2)

2. Thus, it is nonzero for an
arbitrary choice ofz∗1 6= 0 andz∗2 6= 0. By the way, the question arises
whether the integer(2µ0 − 1) in Theorem 2.5.2 is optimal. Incidentally,
this example shows that it is optimal. Indeed, if we ask whether there exists
z∗(4) = (z∗1 , z

∗
2 , z

∗
3 , z

∗
4) such thatΓ4(z

∗
(4)) = 0 and the rank atz∗(4) of the

differential ofΓ4 equals3 (the dimension ofM ), then looking at eqs (2.5.8),
we get firstz∗1 + z∗3 = 0, (z∗2)

2z∗3 [z
∗
3 + 2z∗1] = 0 andz∗2 + z∗4 = 0, thusz∗(4)
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is necessarily of the form(0, z∗2 , 0,−z∗2) or (z∗1 , 0,−z∗1 , 0). Viewing nowΓ4

as a mapC4 → C3
(z,w,ζ), and computing its3 × 4 Jacobian matrix at such

points, one sees that it is of rank2, which proves the claim.

2.5.9. Segre geometry in the formal category.Replacing the complex
defining equations (2.1.15) by purely formal power series, the reader may
verify that all the previous results are meaningful and may be expressed in
terms of purely formal power series.

§2.6. EXTRINSIC COMPLEXIFICATION OFCR ORBITS

2.6.1. Intrinsic CR orbits and their smoothness.On M the
complex tangent bundleT cM is generated by the2m sections
ReL1, ImL1, . . . ,ReLm, ImLm. In the formal case, their flow is
formal. In the analytic case, their flow is analytic. However, a very subtle
point occurs in the algebraic category. We have seen that thecomplex
flows of the complexified vector fieldsLk, given by (2.4.2) and (2.4.3),
are algebraic. This is untrue about the real flows of the real and imaginary
parts of the vector fieldsLk, as shows the following example.

Example2.6.2. Let M be the real analytic hypersurface passing through
the origin inC2 defined byImw =

√
1 + zz̄ − 1. The vector fieldL :=

∂z̄ + iz(1 + zz̄)−1/2 ∂w̄ generatesT 0,1M . Its real and imaginary parts are
given by
(2.6.3){

2 ReL = ∂x − y(1 + x2 + y2)−1/2 ∂u + x(1 + x2 + y2)−1/2 ∂v,

2 ImL = − ∂y + x(1 + x2 + y2)−1/2 ∂u + y(1 + x2 + y2)−1/2 ∂v.

We claim that the flow of2 ReL is not algebraic. Indeed, lets denote a
real time parameter and let(x(s), y(s), u(s), v(s)) be the unique integral
curve of2 ReL with x(0) = x0, y(0) = y0, u(0) = u0 andv(0) = v0 with
(x0 + iy0, u0 + iv0) ∈ M . We compute firstx(s) = x0 + s, y(s) = y0,
v(s) = (1 + y2

0 + (x0 + s)2)1/2 − 1 and thenu(s) satisifies the ordinary
differential equation

(2.6.4) du(s)/ds = −y0(1 + y2
0(x0 + s)2)−1/2,

which may be integrated as

(2.6.5) u(s) = u0 − y0

[
Arcsh

(
x0 + s√
1 + y2

0

)
− Arcsh

(
x0√

1 + y2
0

)]

Consequently, the flow of2 ReL is not algebraic. However,we stress that
the complex flow of the complexified vector fieldL = ∂ζ +iz(1+zζ)−1/2 ∂ξ

is complex algebraic, as shown by the general expression (2.4.3), which
yields in this particular caseL ζ(zp, wp, ζp, ξp) = (zp, wp, ζp + ζ, wp +

2i(
√

1 + zζ − 1))): indeed, this expression is clearly algebraic !
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We now consider the setL := {ReL1, ImL1, . . . ,ReLm, ImLm} of 2m
real vector fields generatingT cM . Applying Theorem 2.4.10, we may con-
struct thelocal CR orbits of pointsp inM , which we denote byOCR(M, p).
Since they are weakT cM-integral manifolds, they are of the same CR di-
mension asM . According to Example 2.6.2 just above, we only know that
OCR(M, p) is a real analytic submanifold passing throughp. Algebraicity
seems to be lost, but naturally, according to Leibniz’ principle of sufficient
reason, one expects however thatOCR(M, p) is algebraic ifM is algebraic

The above Example 2.6.2 shows that the algebraicity of the CRorbits of a
real algebraic generic manifold cannot be established by means of sections
of the complex tangent bundleT cM = ReT 0,1M . Fortunately, by passing
to the extrinsic complexification, we may avoid this difficulty.

Theorem 2.6.6.There is a one-to-one correspondence between the CR or-
bits and their extrinsic complexifications, namely for allp in a neighbor-
hood of the origin, we have:

(1) OCR(M, p)c = OL ,L (M , pc), and
(2) OCR(M, p) = πt(Λ ∩ OL ,L (M , pc)),

where we remind the notationpc = (p, p̄) ∈ Cn×Cn. In particular, ifM is a
real algebraic generic submanifold, the complexified orbitOL ,L (M , pc) is
complex algebraic, whence by(2) the CR orbitOCR(M, p) is real algebraic.

Proof. By Theorem 2.4.10,OCR(M, p) is a real analytic closed subman-
ifold of M passing throughp. Even if M is real analytic, the flows of
elements ofL are not algebraic in general, as shows Example 2.6.2, so
we do not know more than the analyticity ofOCR(M, p). Thus, letO be
a small open connected manifold-piece ofOCR(M, p) throughp, and let
Oc be its extrinsic complexification. BecauseLk|O and L̄k|O are tangent
to O , the generic uniqueness principle(via O ⊂ Λ, whereΛ is maxi-
mally real, soO is generic inOc) entails thatLk|Oc andL k|Oc are tan-
gent toOc. ThereforeOc is an integral manifold for{L ,L } throughpc,
whenceOc ⊃ OL ,L (M , pc), since a characterizing property of the orbit
OL ,L (M , pc) is to say that it is thesmallest integral manifold-piecefor
{L ,L } throughpc.

Conversely, LetN be a manifold-piece ofOL ,L (M , pc) throughpc. We
have just shown thatN ⊂ Oc, hence to finish the proof, we want to show
that N ⊃ Oc. We claim that we haveσ(N ) = N in a neighborhood
of pc. Indeed, By definition, the orbit is the following set of endpoints
of concatenations of flows ofL and of flows ofL (notice that because
Lz2 ◦ Lz1 = Lz1+z2 and L ζ2

◦ L ζ1
= L ζ1+ζ2

but L and L do not
commute, there can be only two different kinds of concatenated flow maps ;
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we do not use the abbreviated notationΓk here) :
(2.6.7)



OL ,L (M , pc) = {Lzk
◦ · · · ◦ Lz2 ◦ L ζ1 ◦ Lz1(p

c) :

: z1, ζ1, z2, . . . , zk ∈ C small, k ∈ N}
⋃

⋃
{L ζk

◦ · · · ◦ L ζ2 ◦ Lz1 ◦ L ζ1(p
c) :

: ζ1, z1, ζ2, . . . , ζk ∈ C small, k ∈ N} := E ∪ F.
Now an examination of (2.4.2) and (2.4.3) shows that we haveσ(Lw(q)) =
L w̄(σ(q)) andσ(L ζ(q)) = Lζ̄(σ(q)), for eachq ∈ M . Consequently :
(2.6.8){

σ(Lzk
◦ L ζk−1

◦ · · · ◦ Lz1(p
c)) = L w̄k

(σ(L ζk−1
◦ · · · ◦ Lz1(p

c))) =

= L w̄k
◦ Lζ̄k−1

◦ · · · ◦ σ(Lz1(p
c)) = L w̄k

◦ Lζ̄k−1
◦ · · · ◦ L w̄1

(pc),

sinceσ(pc) = pc. This provesF = σ(E), henceσ(OL ,L (M , pc)) =
OL ,L (M , pc), so we haveσ(N ) = N as announced. By Theorem 2.4.10,
N is smooth atpc and satisfiesσ(N ) = N . To conclude, we need the
following lemma.

Lemma 2.6.9. There is a one-to-one correspondence between real ana-
lytic subsetsΣ ⊂M and complex analytic subvarietiesΣ1 of M satisfying
σ(Σ1) = Σ1 given byΣ 7→ Σc =: Σ1, with inverseΣ1 7→ πt(Σ1 ∩ Λ) =: Σ.
Furthermore,Σ is a smooth submanifold if and only ifΣ1 is smooth.

Proof. Let Σ ⊂ M be given by real analytic equationsχl(t, t̄) = 0, l =
1, . . . , c. If Σ is smooth, we can assume thatdρ1 ∧ · · · ∧ dρd ∧ dχ1 ∧ · · · ∧
dχl(0) 6= 0. Let Σc ⊂ M be defined byχl(t, τ) = 0. Clearly,Σc is again
smooth andΣ = πt(Σ

c ∩ Λ).
Conversely, letΣ1 ⊂ M be given byχl(t, τ) = 0, l = 1, . . . , c. If Σ1

is smooth, we can assume thatdρ1 ∧ · · · ∧ dρd ∧ dχ1 ∧ · · · ∧ dχl(0) 6= 0.
By assumption,Σ1 is σ-invariant,i.e. we haveχl(t, τ) = 0, l = 1, . . . , c if
and only ifχl(τ̄ , t̄) = 0, l = 1, . . . , c. This implies that if we setΣ := {t ∈
M : χl(t, t̄) = 0, l = 1, . . . , c} = πt(Σ1 ∩ Λ), thenΣ is real,i.e. satisfies
t ∈ Σ if and only if t̄ ∈ Σ and satisfies(Σ)c = Σ1. Finally, Σ is smooth if
Σ1 is. �

Continuing the proof of Theorem 2.6.6, we now know that thereexists
N := πt(N ∩ Λ) a unique piece of a real analytic submanifoldN ⊂ M
passing throughp such thatN c = N .

Let us denoteN = {ρ(t, τ) = 0, χ(t, τ) = 0}, so thatN = {ρ(t, t̄) =
0, χ(t, t̄) = 0}. ThenLkρ = 0, L kρ = 0, Lkχ = 0, L kχ = 0 on
{ρ = χ = 0}, sinceN is an{L ,L }-integral manifold. Therefore, after
restriction to the antidiagonal{τ = t̄} = Λ, we haveLkρ = 0, L̄kρ = 0,
Lkχ = 0 andL̄kχ = 0 on {ρ(t, t̄) = 0, χ(t, t̄) = 0} = N , so thatN is an
{L, L̄}-integral manifold. Thus by the minimality property of CR-orbits,
we haveN ⊃ O as germs atp. By complexifying, we getN ⊃ Oc, as
desired. �
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Thanks to Theorem 4, an equivalent definition of minimality is as follows
(cf. Definition 2.4.8):

Definition 2.6.10. The generic submanifoldM is calledminimal atp ∈M
if the CR orbitOCR(M, p) is of maximal dimension equal todimR M .

2.6.11. Segre type ofM . Now, let us define the mapsψ1(z1) :=
πt(Γ1(z1)), ψ2(z1, z2) := πτ (Γ2(z1, z2)) and more generally :
(2.6.12)
ψ2j(z(2j)) := πτ (Γ2j(z(2j))) and ψ2j+1(z(2j+1)) := πt(Γ2j+1(z(2j+1))).

Notice that by the definitions (2.4.2) and (2.4.3)), the action of the flow
of L leaves unchanged the(ζ, ξ)-coordinates, and vice versa, the ac-
tion of the flow of L leaves unchanged the(z, w)-coordinates. Simi-
larly also, we can define the mapsψk by ψ2j(z(2j)) := πt(Γ2j(z(2j))) and
ψ2j+1(z(2j+1)) := πτ (Γ2j+1(z(2j+1))). We need the following lemma (of
course, a similar statement also holds withΓk+2 andψk+1 instead):

Lemma 2.6.13.For 0 ≤ k ≤ µ0, we have:

(2.6.14) m+ genrk
C
(ψk+1) = genrk

C
(Γk+2) = 2m+ e3 + · · · + ek,

andgenrk
C
(ψk+1) = m+ e3 + · · · + eµ0 for k ≥ µ0.

Proof. For k = 0, we have ψ1(z1) = (z1, iΘ̄(z1, 0, 0)), whence
genrk

C
(ψ1) = m obviously. Recall that, by (2.4.6), we have

(2.6.15) Γ2(z1, z2) =
(
z1, Θ(z1, 0, 0), z2, Θ(z2, z1,Θ(z1, 0, 0))

)
,

som + genrk
C
(ψ1) = genrk

C
(Γ2) = 2m. More generally, fork = 2j, we

have:
(2.6.16){

Lz2j+1
(Γ2j(z(2j))) = Lz2j+1

(z(z(2j)), w(z(2j)), ζ(z(2j)), ξ(z(2j)))

=
(
z2j+1 + z(z(2j)), Θ̄(z2j+1 + z(z(2j)), ζ(z(2j)), ξ(z(2j))), ζ(z(2j)), ξ(z(2j))

)
.

We choose the coordinates(z, ζ, ξ) on M , whence we consider the map
Γ2j+1(z(2j+1)) in (2.6.16) to have range inC2m+d

(z,ζ,ξ). It is then the map

(z(2j), z2j+1) 7→
(
z2j+1 + z(z(2j)), ζ(z(2j)), ξ(z(2j))

)
. It follows immedi-

ately that
(2.6.17)
genrk

C
(Γ2j+1) = m+genrk

C
[z(2j) 7→ (ζ(z(2j)), ξ(z(2j)))] = m+genrk

C
ψ2j .

This completes the proof of Lemma 2.6.13. �

We now define theSegre type ofM at p ∈ M (not to be confused with
µ0) to be the smallest integerν0 satisfying genrk

C
(ψν0) = genrk

C
(ψν0+1).

By (2.6.17), we readily observe that in fact, we haveν0 = µ0−1. The Segre
type of M can be related to its CR orbits as will be explained in the next
paragraph.



274

2.6.18. Intrinsic complexification of CR-orbits. By the intrinsic com-
plexificationN ic of a real CR manifoldN , we understand the smallest
complex algebraic or analytic manifold containingN in Cn. It exists and
satisfies dimCN

ic = CRdimN + HcodimN (holomorphic codimension,
cf. §2.1.6). LetO denote a manifold-piece ofOCR(M, p) throughp and
let O ic be itsintrinsic complexification, namely the smallest complex man-
ifold of the ambient spaceCn containingO . By construction, the ranges of
theψ2j are contained inCn

τ , but we will prefer to work inCn
t (although it

is equivalent in principle to work inCn
τ ), hence we shall consider theψ2j

instead. We can now establish that genrk
C
(ψν0) = dimCO ic and that the

range ofψ2ν0 contains a manifold-piece ofO ic throughp.

Theorem 2.6.19.There exist some pointsz∗(2ν0) ∈ Cm2ν0 arbitrarily close
to the origin and small neighborhoodsV ∗ of z∗(2ν0) in (δ∆m)2ν0 such that
we have:

(j) ψ2ν0(z∗(2ν0)) = p.

(k) The mapψ2ν0 is of constant rankm+ e3 + · · ·+ eµ0 in V ∗.
(l) ψ2ν0(V ∗) is a manifold-pieceO ic of the intrinsically complexified

CR orbit ofM throughp.
(m) m+ e3 + · · · + eµ0 = dimC O ic = CRdimO + Hcodim O .

Proof. Recall that in view of Theorem 2.5.2, there existsz∗(2µ0−1) ∈
(δ∆m)2µ0−1 with Γ2µ0−1(z

∗
(2µ0−1)) = pc, such thatΓ2µ0−1 is of rank

2m+ e3 + · · · + eµ0 at z∗(2µ0−1). Looking again at (2.6.17) (fork = 2j + 1
odd, which we have not written, but the corresponding equation is similar),
and using the chain rule, we deduce thatψ2µ0−2 is of rankm+e3 + · · ·+eµ0

at the pointz∗2ν0
:= (z∗1, . . . , z

∗
2µ0−2) and thatψ2ν0(z∗(2ν0)) = p (recall

ν0 = µ0 − 1). This yields(j) and (k). For reasons of dimension, we
already know that dimC O ic must be equal tom + e3 + · · · + eµ0 , since
CRdim O = m and dimC Oc = m + dimC O ic. This yields(m). Fi-
nally, to deduce(l), we claim that it can be observed that the range of
ψ2ν0 is a priori contained inO ic, and afterwards for dimensional reasons,
the imageψ2ν0(V ∗) will necessarily be a manifold-piece ofO ic through
p. To complete this observation, we introduce holomorphic coordinates
(z, w1, w2) ∈ Cm × Ce3+···+eµ0 × Cn−m−e3−···−eµ0 vanishing atp in which
the equation ofO ic is {w2 = 0}, which is possible. Using the assumption
thatM ∩ {w2 = 0} is smooth and of CR dimensionm, one shows that the
equations ofM can then be written in the formw1 = Θ1(z, ζ, ξ1, ξ2) and
w2 = Θ2(z, ζ, ξ1, ξ2)] with Θ2(z, ζ, ξ1, 0) ≡ 0. Then an inspection of the
inductive construction of the mapsΓk shows that they have range contained
in {w2 = 0, ξ2 = 0}, whence the mapsψ

2j
have range in{w2 = 0}, as

announced. The proof of Theorem 2.6.19 is complete. �
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Example2.6.20. Looking at the mapΓ4 in (2.5.8), we see that the integer
2ν0 = 2µ0 − 2 satisfying the assertions(j) and(k) of Theorem 2.6.19 is in
general optimal.

§2.7. SEGRE CHAINS ANDSEGRE SETS IN AMBIENT SPACE

2.7.1. Segre chains ask-th orbit chains of vector fields. In this section,
we shall define certain subsets ofM which are the images of the Segre
chainsΓk. These last results will close up our presentation of the general
theory of Segre chains. Although we shall not use them in the sequel, their
definition seems to be interesting geometrically speaking.Here is an illus-
tration:

S 3
0

S 3
0

ζ

M

S 1
0

S 2
0

0

S 1
0

S 2
0

w

z

FIGURE 2.7.2: EMERGENCE OFSEGRE CHAINS

At first, we come back to the concatenated flow maps in (2.4.2)
and (2.4.3). For eachk ∈ N, we choose in advanceδk > 0 so
small that [L or L ]zk

(· · · (Lz1(p
c)) · · · ) belongs to ∆2n(ρ1) for all

z(k) ∈ ∆mk(δk) and all (tp, τp) ∈ M with (tp, τp) ∈ ∆2n(ρ1/2).
Looking at (2.5.2) and (2.5.3), we see that (up to a shrinking) the
complexified Segre varieties of a point(tp, τp) ∈ M can be de-
fined by Sτp := {Lz1(tp, τp) ∈ ∆2n(ρ1) : z1 ∈ ∆m(δ1)} and
S tp := {L z1

(tp, τp) ∈ ∆2n(ρ1) : z1 ∈ ∆m(δ1)}. At order k = 2,
we can define :

(2.7.3)

{
S 2

τp
= {L z2

(Lz1(tp, τp)) ∈ ∆2n(ρ1) : (z1, z2) ∈ ∆2m(δ2)},
S 2

tp = {Lz2(L z1
(tp, τp)) ∈ ∆2n(ρ1) : (z1, z2) ∈ ∆2m(δ2)}.

More generally, we want to define the setsS k
τp

andS k
tp . By a slight abuse

of language, we shall also call these sets thek-th Segre chainand thek-th
conjugate Segre chain. Since we shall only use the mappingsΓk andΓk and
not their images, there will be no risk of confusion.
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At first, we remind that, because only two “starting actions”Lz1(tp, τp) and
L ζ1(tp, τp) can make a difference in a concatenation of flows ofL and of
L , there can exist only two different families ofk-th Segre chains. The
precise definition ofS k

τp
and ofS k

tp is as follows:
(2.7.4)



S 2j
τp

:= {L z2j
◦ · · · ◦ Lz1(tp, τp) : (z1, . . . , z2j) ∈ ∆2mj(δ2j)},

S 2j+1
τp

:= {Lz2j+1
◦ · · · ◦ Lz1(tp, τp) : (z1, . . . , z2j+1) ∈ ∆2mj+m(δ2j+1)},

S 2j
tp := {Lz2j

◦ · · · ◦ L z1
(tp, τp) : (z1, . . . , z2j) ∈ ∆2mj(δ2j)},

S 2j+1
tp := {L z2j+1

· · · ◦ L z1
(tp, τp) : (z1, . . . , z2j+1) ∈ ∆2mj+m(δ2j+1)},

for k = 2j or k = 2j + 1, wherej ∈ N. Clearly, we haveS k
τp

⊂ M and

S k
tp ⊂ M . As σ(Lw(q)) = L w̄(σ(q)), we haveσ(S k

τp
) = S k

t̄p .

2.7.5. Segre sets in ambient space.We can now define Segre sets in am-
bient space as certain projections of Segre chains. The following picture
gives an idea of the definition of Segre sets as unions of Segrevarieties in
the case of a minimal hypersurface inC2.

p
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p ∈ M , p1 ∈ Sp̄, . . . ,p8 ∈ Sp̄, q1 ∈ Sp̄1 , . . . ,q8 ∈ Sp̄8

FIGURE 2.7.6: SEGRE SETS AS UNIONS OFSEGRE VARIETIES

The setsS2j+1
t̄p

:= πt(S
2j+1
t̄p

) ⊂ ∆n(ρ1), S
2j+1

tp := πτ (S
2j+1
tp ) ⊂

∆n(ρ1), S
2j
t̄p

:= πτ (S
2j
t̄p

) ⊂ ∆n(ρ1) andS
2j

tp := πt(S
2j
tp ) ⊂ ∆n(ρ1) will be

called thek-th Segre sets and thek-th conjugate Segre sets, with k = 2j or
k = 2j + 1. Notice that by the definitions (2.4.2) and (2.4.3)), the action of
the flow ofL leaves unchanged the(ζ, ξ)-coordinates, and vice versa, the
action of the flowL leaves unchanged the(z, w)-coordinates. This is why
in the definition of Segre sets, we alternately project in theCn

t -space and in
theCn

τ -space.
An equivalent, purely set-theoretic definition of Segre sets is as follows.

We define :S0
t̄p

:= {t̄p}, andS1
t̄p

:= St̄p =
⋃

t̄∈S0
t̄p

St̄, S2
t̄p

=
⋃

t∈S1
t̄p

St, and

then inductively, forj ∈ N∗, S
2j
t̄p

=
⋃

t∈S2j−1
t̄p

St andS2j+1
t̄p

=
⋃

t̄∈S2j

t̄p

St̄. On

the other hand, we also defineS
0

tp := {tp}, andS
1

tp := St =
⋃

t∈S
0
tp

St,
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S
2

tp :=
⋃

t̄∈S
1
tp

St̄, and inductively, forj ∈ N∗, S
2j

tp :=
⋃

t̄∈S
2j−1
tp

St̄, and

S
2j+1

tp =
⋃

t∈S
2j
tp

St. Finally, we mention the following two elementary

properties :

(1) Sk
t̄p

= S
k

tp andSk
t̄p

= S
k

tp , k ∈ N.

(2) h(S2j
t̄p

) = S
′2j

h(t̄p)
, h(S2j+1

t̄p
) = S

′2j+1

h(t̄p)
, h(S

2j

tp ) = S
′2j

h(tp), h(S
2j+1

tp ) =

S
′2j+1

h(tp) .

§2.8. GENERIC SEGRE MULTITYPE

2.8.1. Segre chains with varying base point.As before, letM be a con-
nected generic real algebraic or analytic submanifold ofCn. Let p0 ∈ M .
In a neighborhood ofp0, we can consider the pair of Segre foliations of the
local complexificationM of M . Let p = (tp, τp) ∈ M . Identifying the
point p0 with the origin in some system of coordinates, we have denoted
by Γk(z(k)) the mapping[L orL ]zk

◦ · · · ◦ Lz1(p0, p̄0), namely the Segre
chain with base point(p0)

c = (0, 0) ∈ Cn × Cn. We want to let the base
point vary, so we need a new notation. Forp = (tp, τp) in a neighborhood
of (p0)

c in M , we define

(2.8.2) Γk(z(k), tp, τp) := [L or L ]zk
◦ · · · ◦ Lz1(tp, τp).

Similarly, we defineΓk(z(k), tp, τp). In order to indicate the dependence of
the Segre type with respect top, we shall denote it byµp. Also, we shall
denote the Segre multitype atp by (m,m, e3,p, . . . , eµp,p).

By Theorem 2.5.2., the generic rank ofΓk stabilizes whenk ≥ µp. We
know thatµp ≤ d+2 for all p in a neighborhood ofp0 and that the mapping
z(k) 7→ Γk(z(k), tp, τp) provides an open piece of the{L ,L }-orbit through
p ∈ M for all k ≥ 2µp − 1. As 2µp − 1 ≤ 2d + 3, and as2d + 3 ≤
3(m+ d) = 3n, becausem ≥ 1 andd ≥ 1 by assumption, we observe that
the mappingΓ3n(z(3n), tp, τp) with the uniform integerk = 3n suffices to
construct the{L ,L }-orbits of all pointsp in a neighborhood of(p0)

c in
M .

Thanks to this observation and thanks to the algebraicity orthe analyticity
of the mappingΓ3n(z(3n), tp, τp), it is easy to see that there is a proper com-
plex algebraic or complex analytic subvarietyE of M with the property that
the Segre type and multitype ofM are constant at every pointp ∈ M \E .
We shall denote these constants by(m,m, e3,M , . . . , eµM ,M), whereµM is
the constant Segre type ofM outsideE . In particular, the orbit dimen-
sion2m + e1,M + · · · + eµM ,M is constant in a neighborhood ofp. More-
over, it also follows from the algebraicity or analyticity of the mappings
Γ3n(z(3n), tp, τp) that the functionsp 7→ µp andp 7→ e3,p, . . . , p 7→ eµp,p

are lower semi-continuous. Finally, using theσ-invariance of the CR orbits
of complexified pointspc = (tp, t̄p) ∈ M ∩ Λ, with p ∈ M , we get the
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following theorem, which states that the Segre geometry possesses constant
invariants over a Zariski open subset ofM .

Theorem 2.8.3.LetM be a connected real algebraic or analytic generic
submanifold ofCn of codimensiond ≥ 1 and of CR dimensionm = n−d ≥
1. Then there is a proper real algebraic or analytic subvariety E of M
such that for every pointp ∈ M\E, the Segre type ofM at p is constant
equal to an integerνM = µM − 1 ≤ d + 1 and the Segre multitype of
M at p is also constant equal to the multiplet(m, e3,M , . . . , eM,µM

). In
particular, the CR-orbit dimensiondimR OCR(M, p) is constant equal to
2m+ e3,M + · · · + eµM ,M for all p ∈M\E.

We call µM the generic Segre type ofM and the multiplet
(m,m, e3,M , . . . , eµM ,M) thegeneric Segre multitype ofM . Let

(2.8.4) dM := e3,M + · · · + eµM ,M .

We call the integer2m+ dM theZariski-generic orbit dimensionofM . We
call the integerd − dM theZariski-generic orbit codimensionof M . Then
using again the mappingΓ3n(z(3n), tp, τp), we can derive the following alge-
braic or analytic CR foliation theorem which shows thatd − dM coincides
with the Zariski-generic holomorphic codimension of the intrinsic complex-
ification of CR orbits.

Corollary 2.8.5. Letp ∈M\E and setd2,M := d−e3,M−· · ·−eµM ,M . Then
a neighborhood ofp in M is real algebraically or analytically foliated by
CR orbits, namely there existd2,M complex algebraic or analytic functions
h1, . . . , hd2,M

with ∂h1 ∧ · · · ∧ ∂hd2,M
(p) 6= 0 such that

(1) M is contained in{h1 = h̄1, . . . , hd2,M
= h̄d2,M

}. In other words,
M is contained in a transverse intersection ofd2,M Levi flat hyper-
surfaces in general position.

(2) For everyc = (c1, . . . , cd2,M
) ∈ Rd2,M , the manifoldMc := M ∩

{h1 = c1, . . . , hd2,M
= cd2,M

} is a CR orbit ofM .

Proof. Thanks to the mappingΓ3n(z(3n), tp, τp), we find real algebraic or
analytic functionsh1, . . . , hd2,M

with linearly independent real differentials
such that the level sets{h1 = c1, . . . , hd2,M

= cd2,M
} are the CR orbits of

M in a neighborhood ofp. Since the functionsh1, . . . , hd2,M
are constant in

each CR orbit, they are in particular trivially CR. By the Severi-Tomassini
extension theorem, they extend complex algebraically or analytically to a
neighborhood ofp in Cn. This proves the corollary. �

Taking the functionsh1, . . . , hd2,M
as part of a system of complex coor-

dinates and applying Theorem 2.1.32, we deduce:

Corollary 2.8.6. For every pointp ∈ M\E, there exist complex algebraic
or analytic local normal coordinates(z, w1, w2) ∈ Cm × Cd−d2,M × Cd2,M

vanishing atp such that the complex defining equations ofM are of the
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form

(2.8.7)

{
0 = w̄2 − w2,

0 = w̄1 − Θ1(z̄, z, w1, w2),

whereΘ1(0, z, w1, w2) ≡ w1, where foru2,q ∈ Rd2,M sufficiently small, the
setsM ∩ {w2 = u2,q = ct.} coincide with the local CR orbit of the points
q = (0, 0, u2,q) ∈ M and where the generic submanifold ofCm+d−d2,M

defined by the equations

(2.8.8) 0 = w̄1 − Θ1(z̄, z, w1, u2,q)

is minimal at(z, w1) = (0, 0) for everyu2,q.

§2.9. LOCAL REPRESENTATION OF NONMINIMAL GENERIC

SUBMANIFOLDS

As a conclusion, we can now produce a general summary of important
results which we will use constantly in the sequel. In advance, we formulate
them in the most appropriate way for later use. As in Definition 2.1.44, let
M ⊂ Cn be a local generic submanifold.

2.9.1. Minimal generic submanifolds.The following theorem is a corol-
lary of Theorem 2.5.2 and Theorem 2.6.19 in the minimal case where
2m + e2 + · · · + eµ0 = 2m + d. For later applications to the study of
CR mappings, it is more convenient to state it with the conjugate Segre
chainΓ2ν0

.

Theorem 2.9.2.If M is minimal atp0, there exists a positive integerν0 ≤
d + 1, theSegre type ofM at p0, there exists an elementz∗(2ν0) ∈ C2mν0

arbitrarily close to the origin, there exists an-dimensional complex affine
subspaceH∗ passing throughz∗(2ν0) in C2mν0 and there exists a complex
affine parametrizations 7→ z(2ν0)(s) ofH∗ with z(2ν0)(0) = z∗(2ν0) such that
the mapping defined by composing the projection onto the firstfactor with
the(2ν0)-th Segre chain, namely the mapping

(2.9.3) Cn ∋ s 7−→ πt(Γ2ν0
(z(2ν0)(s))) ∈ Cn

is of rankn and vanishes ats = 0.

We shall use this formulation very frequently in Part II of this memoir.

2.9.4. General generic submanifolds.In the case whereM is not neces-
sarily minimal, the holomorphic codimension inCn of the local CR orbit
OCR(M, p0) is an arbitrary integerd2 with 0 ≤ d2 ≤ d and d2 = 0 if
and only ifM is minimal atp0. We setd1 := d − d2, soOCR(M, p0) is
of dimension2m + d1. By Theorem 2.6.20, the intrinsic complexification
[OCR(M, p0)]

ic is a complex algebraic or analytic CR submanifold ofCn

passing throughp0 which is of complex codimensiond2. After straighten-
ing it, we can assume that in coordinates(z, w1, w2) ∈ Cm × Cd1 × Cd2 , it
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coincides with{z2 = 0}, so there are local defining equations forM of the
form

(2.9.5)

{
w̄1,j1 = Θ1,j1(z̄, z, w1, w2), j1 = 1, . . . , d1,

w̄2,j2 = Θ2,j2(z̄, z, w1, w2), j2 = 1, . . . , d2,

whereΘ2,j2(z̄, z, w1, 0) ≡ 0 and where the generic submanifoldM1 of
Cm+d1 defined by

(2.9.6) M1 := M ∩ {w2 = 0}
is minimal at the origin, with Segre type equal toν0. Complexifying
(M)c := M , we obtain the equations

(2.9.7)

{
ξ1,j1 = Θ1,j1(ζ, z, w1, w2), j1 = 1, . . . , d1,

ξ2,j2 = Θ2,j2(ζ, z, w1, w2), j2 = 2, . . . , d2,

for k = 1, . . . , m and the complexified(1, 0) vector fields

(2.9.8)





Lk :=
∂

∂zk

+
d1∑

j1=1

∂Θ1,j1

∂zk

(ζ, z, w1, w2)
∂

∂w1,j1

+

+

d2∑

j2=1

∂Θ2,j2

∂zk
(ζ, z, w1, w2)

∂

∂w2,j2

,

for k = 1, . . . , m and the complexified(1, 0) vector fields

(2.9.9)





L k :=
∂

∂ζk
+

d1∑

j1=1

∂Θ1,j1

∂ζk
(z, ζ, ξ1, ξ2)

∂

∂ξ1,j1

+

+

d2∑

j2=1

∂Θ2,j2

∂ζk
(z, ζ, ξ1, ξ2)

∂

∂ξ2,j2

,

In the ambient spaceC2n of the complexificationM , we shall denote the
six coordinates inCm × Cd1 × Cd2 × Cm × Cd1 × Cd2 by

(2.9.10) (z, w1, w2, ζ, ξ1, ξ2).

In C2n, the set

(2.9.11) T := {(0, 0, w2, 0,Θ1(0, 0, 0, w2),Θ2(0, 0, 0, w2), w2)}
is a transversal inM to the complexificationM1 := (M1)

c given by

(2.9.12) M1 : w2 = ξ2 = 0, ξ1 = Θ1(ζ, w1, 0),

namely we haveT0M1 ⊕ T0T = T0M . Of course, this transversal de-
pends on the choice of coordinates. To simplify a bit the expression of
a choice ofT , we can (without loss of generality) assume that the co-
ordinates(z, w1, w2) are normal, as described in Theorem 2.1.32, hence
Θ1(0, z, w1, w2) ≡ w1 andΘ2(0, z, w1, w2) ≡ w2. Then

(2.9.13) T = {(0, 0, w2, 0, 0, w2)}.
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With this choice, we may now generalize the definition of Segre chains
by including the transversal parameterw2 as follows. Firstly, forz(1) ∈ Cm,
we set
(2.9.14){

Γ1(z(1) : w2) := L z1
(0, 0, w2, 0, 0, w2)

= (0, 0, w2, z1,Θ1(z1, 0, 0, w2),Θ2(z1, 0, 0, w2)).

Secondly, forz(2) = (z1, z2) ∈ C2m, we set

(2.9.15)

{
Γ2(z(2) : w2) := Lz2(Γ1(z1 : w2)),

Γ3(z(3) : w2) := L z3
(Γ2(z(2) : w2)),

and so on by induction. As a slight generalization of Theorem2.5.2, we
have the following theorem which describes the local Segre chain geometry
in a neighborhood of an arbitrary pointp0 ofM , without any nondegeneracy
condition onM , in the most general setting.

Theorem 2.9.16.If d2 denotes the holomorphic codimension of the CR or-
bit of p0 in Cn and if the coordinates(z, w1, w2) ∈ Cm × Cd1 × Cd2 are
chosen such thatM1 := M ∩ {w2 = 0} is the CR orbit ofp0, if the in-
tegerν0 with ν0 ≤ d2 + 1 denotes the Segre type ofM at p0, then there
exists an elementz∗(2ν0) ∈ C2mν0 arbitrarily close to the origin, there exists
a (n− d2)-dimensional complex affine subspaceH∗ passing throughz∗(2ν0)

in C2mν0 , there exists a complex affine parametrizations 7→ z(2ν0)(s) of
H∗ with z(2ν0)(0) = z∗(2ν0) such that the projection of the conjugate Segre
chains with origin the transversalT to the complexificationM1, namely

(2.9.17) Cn−d2 × Cd2 ∋ (s, w2) 7−→ πt(Γ2ν0
(z(2ν0)(s) : w2)) =: t ∈ Cn

is of rankn and vanishes at(s, w2) = (0, 0).

In particular, ifM is real algebraic or real analytic, if the local CR orbits
of pointsp varying in a neighborhood ofp0 are all of holomorphic codimen-
sion equal tod2, it follows from Corollary 2.8.6 that we can representM in
a neighborhood ofp0 by the equations

(2.9.18)

{
w̄1,j1 = Θ1,j1(z̄, z, w1, w2), j1 = 1, . . . , d1,

w̄2,j2 = w2,j2, j2 = 1, . . . , d2,

where the last two equations represent the transversal intersection ofd2

Levi-flat hyperplanes in general position.

Corollary 2.9.19. If M is real algebraic or analytic and if the orbit codi-
mension is constant in a neighborhood ofp0, then for everyu2 ∈ Rd2 fixed,
the image of the mapping

(2.9.20) Cn−d2 ∋ s 7−→ πt(Γ2ν0
(z(2ν0)(s) : u2)) =: t ∈ Cn

covers a local piece of the intrinsic complexification of theCR orbit of the
point inM with coordinates(0, 0, u2).
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Chapter 3: Nondegeneracy conditions for generic
submanifolds

§3.1. SEGRE MAPPING

3.1.1. Definition. LetM be a connected generic submanifold ofCn of codi-
mensiond ≥ 1 and of CR dimensionm = n − d ≥ 1 and letp0 ∈ M .
As provided by Theorem 2.1.9, we choose coordinatest = (t1, . . . , tn) =
(z1, . . . , zm, w1, . . . , wd) ∈ Cm × Cd vanishing atp0 in whichM is repre-
sented by thed complex defining equations

(3.1.2) w̄j = Θj(z̄, t) = Θj(z̄, z, w), j = 1, . . . , d.

We remind that for every choice of coordinates(z, w) vanishing atp0 such
that T c

p0
M ∩ ({0} × Cd

w) = {0}, there exists a unique collection power
seriesΘj(z̄, t) such thatM is represented by (3.1.2). Here, we shall assume
that the powers seriesΘj(z̄, z, w) are complex algebraic or analytic, namely
they belong toAC{z̄, z, w} or toC{z̄, z, w}. In this section, we shall only
work at the central pointp0, which is the origin in these coordinates.

By developing the seriesΘj(z̄, t) in powers ofz̄, we may writew̄j =∑
β∈Nm z̄β Θj,β(t). In terms of such a development, theinfinite Segre map-

ping ofM is defined to be the mapping

(3.1.3) Q∞ : Cn ∋ t 7−→ (Θj,β(t))1≤j≤d, β∈Nm ∈ C∞.

Let k ∈ N. For finiteness reasons, it is convenient to truncate this infinite
collection and to define thek-th Segre mapping ofM by

(3.1.4) Qk : Cn ∋ t 7−→ (Θj,β(t))1≤j≤d, |β|≤k ∈ CNd,n,k ,

where the integerNd,n,k denotes the number ofk-th jets of ad-vectorial
mapping ofn independent variables(t1, . . . , tn), namelyNd,n,k = d (n+k)!

n! k!
.

Let k2 ≥ k1 and letπk2,k1 denote the canonical projectionCNd,n,k2 →
CNd,n,k1 . Then we obviously haveπk2,k1(Qk2(t)) = Qk1(t).

We shall see that these Segre mappingsQk andQ∞ are of utmost im-
portance among the biholomorphically invariant objects attached to a real
algebraic or analytic generic submanifoldM .

3.1.5. Transformation of the Segre mapping under a change ofcoor-
dinates. Apparently, the definition of the mappingsQk strongly depends
on the choice of coordinates and so theQk do not seem to represent an
invariant analytico-geometric concept. However, we shallestablish some
canonical transformation rules which will show that all thedefinitions pro-
vided in this chapter are biholomorphically invariant.

The necessary ingredients for a biholomorphic transformation are as fol-
lows. Let t′ = h(t) = (h1(t), . . . , hn(t)) be an invertible transformation,
where the serieshi(t) belong toAC{t} or toC{t}, satisfyhi(0) = 0 and
det ([∂hi1/∂ti2 ](0)1≤i1,i2≤n) 6= 0. Let t = h′(t′) denote the inverse mapping
and split the mappingh′ = (f ′, g′) = (f ′

1, . . . , f
′
m, g

′
1, . . . , g

′
d) according to
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the splittingt = (z, w) of the coordinatest. Furthermore, substitutet by
h′(t′) andt̄ by h̄′(t̄′) in (3.1.2), which yields

(3.1.6) ḡ′j(t̄
′) = Θj(f̄

′(t̄′), h′(t′)), j = 1, . . . , d.

If necessary, we renumber the coordinates in order that after splitting
t′ = (z′1, . . . , z

′
m, w

′
1, . . . , w

′
d), after applying the algebraic or the analytic

implicit function theorem, we can solvēw′ in terms of(z̄′, z′, w′) in the
following form which is analogous to (3.1.2):

(3.1.7) w̄′
j = Θ′

j(z̄
′, t′) = Θ′

j(z̄
′, z′, w′), j = 1, . . . , d.

This yields an algebraic or an analytic generic submanifoldM ′ of Cn.
Finally, we develope these series in powers ofz̄′, which yields w̄′

j =∑
β∈Nm (z̄′)β Θ′

j,β(t
′), and we define thetransformedk-th Segre mapping

of M ′ by

(3.1.8) Q′
k : Cn ∋ t′ 7−→ (Θ′

j,β(t
′))1≤j≤d, |β|≤k ∈ CNd,n,k ,

and we also define thetransformed infinite Segre mappingQ′
∞ ofM ′. With

such notations at hand, we can now state the following important transfor-
mation rules which we will prove in Section 3.6 below.

Theorem 3.1.9.For everyj = 1, . . . , d and everyβ ∈ Nm, there exists a
mappingRj,β which is complex algebraic or analytic in its variables such
that
(3.1.10)




Θ′
j,β(h(t)) +

∑

γ∈Nm\{0}

(β + γ)!

β! γ!
(f̄(0,Θ(0, t)))γ Θ′

j,β+γ(h(t)) ≡

≡ Qj,β({Θj1,β1(t)}1≤j1≤d, |β1|≤|β|).

Here, the left hand side is the power series developement of
1
β!

[∂β
ζ′Θ

′
j,β](f̄(0,Θ(0, t)), h(t)). A collection of relations equivalent

to the collection(3.1.10)is as follows
(7.1.11)



Θ′
j,β(h(t)) ≡

∑

γ∈Nm

(−1)γ (β + γ)!

β! γ!
(f̄(0,Θ(0, t)))γ Qj,β+γ({Θj1,β1(t)}1≤j1≤d, |β1|≤|β|+|γ|)

≡ Rj,β({Θj1,β1(t)}1≤j1≤d, β1∈Nm).

for everyj = 1, . . . , d and everyβ ∈ Nm.

Admitting this theorem, we shall verify in Section 3.3 belowthat every
nondegeneracy condition onM which is defined in terms of the Segre map-
pingQ∞ is invariant under changes of coordinates, namely such a condition
is satisfied for(M,Q∞) if and only if it is satisfied for(M ′,Q′

∞). First of
all, we present five such nondegeneracy conditions.
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3.2. FIVE POINTWISE NONDEGENERACY CONDITIONS

3.2.1. Levi nondegeneracy.To begin with, we shall say thatM is Levi
nondegenerate atp0 if the first Segre mappingQ1 is of rankn at the origin.

We verify that this definition coincides with the usual one, firstly in the
cased = 1. After diagonalizing the Hermitian matrix of its Levi form,a
given hypersurfaceM passing through the origin inCn may be represented
by the equation̄w = w + i

∑r
k=1 εk |zk| + O(3), where0 ≤ r ≤ n − 1

is the rank of the Levi form ofM at the origin and whereεk = ±1. Then
Q1(t) = (w, iε1z1, . . . , iεrzr, 0, . . . , 0)+O(2). Clearly, the rank ofQ1 at0
equalsn if and only if r = n− 1, as announced.

Secondly, in the cased ≥ 2, a generic submanifold of codimensiondmay
be represented by equationsw̄j = wj + i

∑m
k1,k2=1 aj,k1,k2 zk1 z̄k2 + O(3),

where aj,k1,k2 = aj,k2,k1 ∈ C. Introducing the Hermitian
forms 〈Aj(z), z̄〉 :=

∑m
k1,k2=1 aj,k1,k2 zk1 z̄k2 , where theAj(z) =

(
∑m

k1=1 aj,k1,1 zk1 , . . . ,
∑m

k1=1 aj,k1,m zk1) are complex linear endomor-
phisms ofCm, we know by definition thatM is Levi nondegenerate at the
origin if and only if

⋂d
j=1 KerAj = {0}. On the other hand, we may write

(3.2.2) Q1(t) = (wj, iAj(z))1≤j≤d + O(2),

hence the rank ofQ1 at the origin equalsn if and only if
⋂d

j=1 KerAj =

{0} again. In conclusion, the two definitions of Levi nondegeneracy are
equivalent.

Equivalently, we remind that Levi nondegeneracy ofM can be expressed
directly by means of a collection ofd defining equationsr1(t, t̄) = · · · =
rd(t, t̄) = 0 for M in a neighborhood ofp0, simply by the condition that
the intersection of the kernels of the Levi forms of the defining functions
r1, . . . , rd at the origin reduces to{0}. In Lemma 3.2.6 below, this criterion
is generalized.

3.2.3. Finite nondegeneracy.More generally, we shall say thatM is
finitely nondegenerate atp0 if there exists an integerk such that thek-th
Segre mappingQk is of rankn at the origin. Of course, this implies that
Ql is also of rankn for all l ≥ k. If ℓ0 denotes the smallest integerk
such thatQk is of rankn at the origin, we shall say thatM is ℓ0-finitely
nondegenerate atp0. Evidently,M is 1-finitely nondegenerate atp0 if and
only if it is Levi nondegenerate. For the moment, we shall admit that ℓ0-
nondegeneracy is independent of the choice of coordinates and of defining
equations (this will be proved in Section 3.3 below and it follows in addi-
tion from the proof of Lemma 3.2.6 below). By the definition ofQk, the
following characterization is immediate.

Lemma 3.2.4.The generic submanifoldM is ℓ0-finitely nondegenerate at
the origin if and only if there exists multiindicesβ1

∗ , . . . , β
n
∗ ∈ Nm with

|βi
∗| ≤ ℓ0, i = 1, . . . , n, and integersj1

∗ , . . . , j
n
∗ with 1 ≤ ji

∗ ≤ d, i =
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1, . . . , n, such that the rank at the origin of the mapping

(3.2.5) t 7→ (Θj1
∗
,β1

∗
(t), . . . ,Θjn

∗
,βn

∗
(t))

is equal ton, but such a property is impossible with multiindices satisfying
|βi

∗| ≤ ℓ0 − 1.

Finite nondegeneracy ofM at the origin can be expressed directly by
means of a collection ofd defining equationsr1(t, t̄) = · · · = rd(t, t̄) = 0
for M in a neighborhood ofp0. Indeed, letL1, . . . , Lm be a basis of(0, 1)
vector fields tangent toM in a neighborhood ofp0. If β = (β1, . . . , βm) ∈
Nm, we use the abbreviated notationL

β
for the derivation of order|β|

defined byL
β1

1 · · ·Lβm

m . Let ∇t(rj)(t, t̄) denote the complex gradient of
rj(t, t̄), namely([∂rj/∂t1](t, t̄), . . . , [∂rj/∂tn](t, t̄)).

Lemma 3.2.6. The generic submanifoldM is ℓ0-finitely nondegen-
erate at p0 if and only if the complex linear span of all derivatives

L
β
[∇t(rj)(t, t̄)]|t=p0, for |β| ≤ ℓ0 and for 1 ≤ j ≤ d, generatesCn, a

property which we may write symbolically as follows
(3.2.7)

SpanC{L
β
[∇t(rj)(t, t̄)]|t=0 : β ∈ Nm, |β| ≤ ℓ0, j = 1, . . . , d} = Cn,

but such a property cannot be satisfied with multiindices satisfying |β| ≤
ℓ0 − 1.

Proof. Firstly, we can check directly that this new condition does not de-
pend on the choice of a basis of(0, 1) vector fields tangent toM . Indeed, if
L
′

1, . . . , L
′

m is another basis, there exists an invertiblem × m matrix of
power seriesb(t, t̄) such thatL

′

k =
∑m

l=1 bk,l(t, t̄)Ll. Then computing
(L

′
)β [∇t(rj)(t, t̄)]|t=0, we obtain a linear combination with constant co-

efficients of the vectors(L)β1 [∇t(rj)(t, t̄)]|t=0, where|β1| ≤ |β|. It follows
that we have the inclusion relation

(3.2.8)

{
SpanC{L′β[∇t(rj)(t, t̄)]|t=0 : |β| ≤ ℓ0, j = 1, . . . , d} ⊂
⊂ SpanC{L

β
[∇t(rj)(t, t̄)]|t=0 : |β| ≤ ℓ0, j = 1, . . . , d}.

As b is invertible, we can reverse the rôles of the vector fieldsLk and of
the vector fieldsL

′

k, which yields the opposite inclusion relation, hence an
equality in (3.2.8).

Secondly, we verify that the new condition (3.2.7) neither depends on
the choice of defining equations forM , nor on the choice of coordinates.
This is a little bit tedious, but the principle of proof is also quite simple.
Indeed, lett′ = h(t) be a change of coordinates withh(0) = 0 and assume
that the imageM ′ := h(M) is represented by equationsr′1(t

′, t̄′) = · · · =
r′d(t

′, t̄′) = 0. Equivalently, there exists an invertibled × d matrix a(t, t̄)
of complex algebraic or analytic power series such thatr′(h(t), h̄(t̄)) ≡
a(t, t̄) r(t, t̄). As we have already checked that the condition (3.2.7) does
not depend on the choice of a basis of(0, 1) vector fields tangent toM ′, we
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may choose the basisL
′

k := (h̄)∗(Lk), namelyL
′

k :=
∑n

i=1 Lk(h̄i) ∂t̄′i
. If

we denote the complex gradient∇t(rj) by ([∂rj/∂ti](t, t̄))1≤i≤n, we may
compute the gradient of both sides of the vector identityr′(h(t), h̄(t̄)) ≡
a(t, t̄) r(t, t̄), which yields forj = 1, . . . , d:

(3.2.9)





(
n∑

i′=1

∂hi′

∂ti
(t)

∂r′j
∂t′i′

(h(t), h̄(t̄))

)

1≤i≤n

≡

≡
(

d∑

l=1

∂aj,l

∂ti
(t, t̄) rl(t, t̄) +

d∑

l=1

aj,l(t, t̄)
∂rl

∂ti
(t, t̄)

)

1≤i≤n

.

Next, we apply the derivations(L)β to this identity. Taking into account
that the holomorphic terms are not differentiated, using the definition ofL

′

k

and using the rule of Leibniz for the differentiation of a product, we get the
following expression
(3.2.10)



(
n∑

i′=1

∂hi′

∂ti
(t) (L′β)

(
∂r′j
∂t′i′

)
(h(t), h̄(t̄))

)

1≤i≤n

≡

≡
(
∑

γ≤β

β!

γ! (β − γ)!

(
d∑

l=1

(
L

γ
(
∂aj,l

∂ti

)
(t, t̄) L

β−γ
(rl)(t, t̄)+

+L
γ
(aj,l)(t, t̄) L

β−γ
(
∂rl

∂ti

)
(t, t̄)

)))

1≤i≤n

.

Here, for a multiindexγ ∈ Nm, we write γ ≤ β if γk ≤ βk for k =
1, . . . , m. In this expression, we sett = 0. Since the vector fieldsLk are tan-
gent toM , all the expressionsL

β−γ
(rl)(0, 0) in the right hand side vanish.

Using the invertibility of the Jacobian matrix(∂hi′/∂ti(0))1≤i,i′≤n, we then
see that the vectors

(
(L′)β

(
∂r′j/∂t

′
i′

)
(0, 0)

)
1≤i′≤n

are linear combinations

with constant coefficients of the vectors
(
(L

β1
) (∂rj1/∂ti) (0, 0)

)
1≤i≤n

,

wherej1 = 1, . . . , d and |β1| ≤ |β|. This entails that we have the inclu-
sion relation

(3.2.11)

{
SpanC{(L′)β[∇t′(r

′
j)(t

′, t̄′)]|t′=0 : |β| ≤ ℓ0, j = 1, . . . , d} ⊂
⊂ SpanC{L

β
[∇t(rj)(t, t̄)]|t=0 : |β| ≤ ℓ0, j = 1, . . . , d}.

Let t = h′(t′) denote the inverse oft′ = h(t). Reasoning as above, we get
the opposite inclusion relation, hence an equality in (3.2.11), as desired. We
notice that the preceding reasoning also shows that for a fixed coordinate
system, the condition (3.2.7) does not depend on the choice of d defining
equations forM .

Finally, we check that this definition of finite nondegeneracy coincides
with the first one given in the beginning of §3.2.3. As we have shown that
the second definition ofℓ0-finite nondegeneracy does not depend on the
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choice of defining equations, we can assume thatrj(t, t̄) := Θj(z̄, t) − w̄j.
Then∇t(rj)(t, t̄) = ([∂Θj/∂t1](z̄, t), . . . , [∂Θj/∂tn](z̄, t)). We can also
assume that the basis of(0, 1) vector fields tangent toM is the usual one,
as in Chapter 2, which is given byLk := ∂z̄k

+
∑d

j=1 Θj,z̄k
(z̄, t) ∂w̄j

, for
k = 1, . . . , m. Then using the developmentΘj(z̄, t) =

∑
γ∈Nm (z̄)γ Θj,γ(t),

we may compute

(3.2.12) L
β
[∇t(rj)(t, t̄)]|t=0 = β! ([∂Θj,β/∂t1](0), . . . , [∂Θj,β/∂tn](0)).

As the right hand side coincides up to a nonzero factor with the (j, β)-
th column of the Jacobian matrix of the Segre mappingQℓ0 : t 7→
(Θj,β(t))1≤j≤d, |β|≤ℓ0, we see immediately thatQℓ0 is of rankn at the origin
if and only if (3.2.7) holds. The proof of Lemma 3.2.6 is complete. �

Example3.2.13. We provide some elementary examples of finitely nonde-
generate hypersurfaces at the origin:

(1) w̄ = w + i[z5z̄ + z̄5z] in C2 is 5-finitely nondegenerate.
(2) w̄ = w + i[z1z̄1 + z2

1 z̄2 + z̄2
1z2] in C3 is 2-finitely nondegenerate.

(3) w̄ = w + i[z1z̄1 + z2
1 z̄2 + z̄2

1z2 + z3
1 z̄3 + z̄3

1z3] in C4 is 3-finitely
nondegenerate.

More generally, letϕ1(z), . . . , ϕm(z) be a collection of holomorphic
functions vanishing at the origin inCm such that the mappingz 7→
(ϕ1(z), . . . , ϕm(z)) is of rankm at the origin. Letψ1(z), . . . , ψm(z) be
an arbitrary collection of nonconstant holomorphic functions with different
order of vanishing at0 and letℓ0 be the highest order of vanishing of the
ψk. Then the hypersurface
(3.2.14)

w̄ = w+i
[
ϕ1(z)ψ1(z) + ϕ1(z)ψ1(z) + · · ·+ ϕm(z)ψm(z) + ϕm(z)ψm(z)

]

is ℓ0-finitely nondegenerate at the origin. On the contrary,w̄ = w + iz2z̄2

is not finitely nondegenerate at the origin (it is in fact essentially finite,
see§3.2.25 below).

Finite nondegeneracy ofM is not a gratuitous generalization of the no-
tion of Levi nondegeneracy, which would be simply somethinglike a folk-
lore “higher order Levi form”. On the contrary, it will appear to be a very
natural nondegeneracy condition. In particular, we shall establish that an
arbitrary real algebraic or analytic generic submanifoldM is, locally in a
neighborhood of a Zariski-generic pointp ∈M , biholomorphic to a product
M ′

p × ∆κ of finitely nondegenerate generic submanifoldM ′
p ⊂ Cn−κ with

a certain polydisc∆κ. This property says that up to neglecting the “flat
part” ∆κ, every real algebraic or analytic generic submanifold is finitely
nondegenerate at a Zariski-generic point. Furthermore, some classical CR
manifolds (as the tube over the two-dimensional light cone for instance),
are Levi degenerate at every point, but are finitely nondegenerate.

Example3.2.15. The tube over the two-dimensional light coneΓC in C3

is the singular hypersurface defined byu2 = x2
1 + x2

2, whereu = Rew
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andxk = Re zk, k = 1, 2. We consider the regular part ofΓC, which
coincides withΓC ∩ {(x1, x2) 6= (0, 0)}. In a neighborhood of the smooth
point (1, 0, 1), we check thatΓC is Levi degenerate. The(0, 1) vector fields
tangent toΓC are generated by

(3.2.16)





L1 :=
∂

∂z̄1
+
x1

u

∂

∂w̄
,

L2 :=
∂

∂z̄2
+
x2

u

∂

∂w̄
.

We observe that the dilatation vector field

(3.2.17) T := x1
∂

∂z̄1
+ x2

∂

∂z̄2
+ u

∂

∂w̄
,

which coincides withx1 L1 + x2 L2 on M , lies in the kernel of the Levi
form, since[L1, T ] = 1

2
L1 and [L2, T ] = 1

2
L2. We also observe that,

according to [7], [11],ΓC is necessarily foliated by complex curves. In fact,
the regular locus ofΓC is globally foliated by complex lines as follows:
z1 := (r + is) cos θ + iλ, z2 := (r + is) sin θ + iµ, z3 := r + is, where
r, s, θ, λ, µ are real parameters. Finally, applying Lemma 3.2.6, we may
check rapidly thatΓC is 2-finitely nondegenerate at every point.

Example3.2.18. A generalization of this example is the regular partM of
M. Freeman’s cubicx3

1 + x3
2 − u3 = 0, cf. [11]. On {u 6= 0}, the (0, 1)

vector fields tangent toM are generated by

(3.2.19)





L1 :=
∂

∂z̄1
+
x2

1

u2

∂

∂w̄
,

L2 :=
∂

∂z̄2
+
x2

2

u2

∂

∂w̄
.

Again, the dilatation vector field lies in the kernel of the Levi form, M is
foliated by complex lines, butM is (2- or 3-) finitely nondegenerate at every
point.

Example3.2.20. Another example of everywhere Levi degenerate real al-
gebraic hypersurface inC3 is the hypersurfaceM0 defined in the domain
{(z1, z2, w) ∈ C3 : |z2| < 1} by the equation

(3.2.21) w̄ = w + i

[
2z1z̄1 + z2

1 z̄2 + z̄2
1z2)

(1 − z2z̄2)

]
.

The(0, 1) vector fields tangent toM0 are generated by

(3.2.22)





L1 :=
∂

∂z̄1
+ i

[
2z1 + 2z̄1z2

1 − z2z̄2

]
∂

∂w̄
,

L2 :=
∂

∂z̄2
+ i

[
(z1 + z̄1z2)

2

(1 − z2z̄2)2

]
∂

∂w̄
.
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The kernel of the Levi form is generated by the vector field

(3.2.23) T := −
[
z1 + z̄1z2
1 − z2z̄2

]
∂

∂z̄1
+

∂

∂z̄2
− i

[
(z1 + z̄1z2)

2

(1 − z2z̄2)2

]
∂

∂w̄
.

Indeed, we compute:
(3.2.24)

[L1, T ] = −
(

1

1 − z2z̄2

)
L1, [L2, T ] = −

(
z1 + z̄1z2

(1 − z2z̄2)2

)
L1.

Finally, according to [7], [11],M0 is necessarily foliated by complex curves.
In fact,M0 is foliated by the complex linesz1 := z0 − z̄0ζ , z2 := ζ , w :=
−iz0z̄0 + iζz̄2

0 + λ, wherez0 ∈ C, λ ∈ R and where the complex variable
ζ ∈ C satisfies|ζ | < 1. Finally, by a direct application of Lemma 3.2.4, we
see thatM0 is 2-finitely nondegenerate at every point.

3.2.25. Essential finiteness.More generally, we shall say thatM is essen-
tially finite at p0 if there exists an integerk such that the Segre mapping
Qk is locally finite in a neighborhood of the origin. Of course, this implies
that Ql is also locally finite for alll ≥ k. Moreover, finite nondegener-
acy implies trivially essential finiteness. For the moment,we shall admit
that essential finiteness is independent of the choice of coordinates and of
defining equations (this will be proved in Section 3.3.). We say thatM is
ℓ0-essentially finite atp0 if ℓ0 is the smallest such integer. By D. Hilbert’s
Nullstellensatz, the following characterization is immediate.

Lemma 3.2.26.The generic submanifoldM is ℓ0-essentially finite at the
origin if and only if the complex algebraic or analytic set defined by

(3.2.27) Θj,β(t) − Θj,β(0) = 0, j = 1, . . . , d, |β| ≤ ℓ0,

is zero-dimensional at0, but the same complex algebraic or analytic subset
defined with|β| ≤ ℓ0 − 1 is positive-dimensional at0.

Classically, it is known that this property is equivalent tothe fact that the
ideal generated by the functions in the left hand side of (3.2.27) is of finite
codimension inAC{t} or in C{t}. More precisely, we define the integers
ℓ1 and ε1 as follows: ℓ1 ≥ ℓ0 is the smallest integer such that the ideal
generated by allΘj,β(t)−Θj,β(0) coincides with the ideal generated by the
Θj,β(t) − Θj,β(0) with |β| ≤ k. This integer exists, by noetherianity of
AC{t} or of C{t}. Also, we define the integerε1 to be the codimension of
the ideal〈Θj,β(t) − Θj,β(0)〉1≤j≤d, |β|≤ℓ1

in AC{t} or in C{t}. By essential
finiteness,ε1 < ∞. We shall also observe in Section 3.3 below thatε1 is a
biholomorphic invariant ofM at p0. We callε1 theessential type ofM at
p0 and we denote it byEss Type(M, p0).

Essential finiteness ofM at the origin can be expressed geometrically as
follows. We introduce the locus of coincidence of Segre varieties

(3.2.28) Ap0 := {t ∈ ∆n(ρ1) : St̄ = Sp̄0}.
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Lemma 3.2.29.The setAp0 is a complex algebraic or analytic subset of a
neighborhood ofp0 in Cn which is contained inM and which is described
in local coordinates byAp0 = {t ∈ ∆n(ρ1) : Θj,β(t) = Θj,β(0), j =
1, . . . , d, β ∈ Nm}.

Proof. Let t ∈ Ap0. Sincep0 ∈ M , we havep0 ∈ Sp̄0 by Lemma 2.2.9.
Sop0 ∈ St̄, whence again by Lemma 2.2.9,t ∈ Sp̄0 = St̄, whencet ∈ M .
This shows thatAp0 is contained inM . Next, in coordinates, we represent
Sp̄0 = {(z, w) ∈ ∆n(ρ1) : wj =

∑
β∈Nm zβ Θj,β(0), j = 1, . . . , d} and

St̄ = {(z, w) ∈ ∆n(ρ1) : wj =
∑

β∈Nm zβ Θj,β(t̄), j = 1, . . . , d}. The two
m-dimensional complex manifoldsSp̄0 andSt̄ coincide if and only if all the
coefficients of their graphing functions coincide, namelyΘj,β(t̄) = Θj,β(0)
for all j and allβ, which completes the proof. �

Example3.2.30. We provide some elementary examples of essentially finite
hypersurfaces at0.

(1) w̄ = w + i[zN z̄N ] in C2 has essential type equal toN .
(2) w̄ = w + i[z3

1 z̄
3
1 + z4

2 z̄
4
2 ] in C3 has essential type equal to12.

More generally, letϕ1(z), . . . , ϕm(z), be an arbitrary collection of holo-
morphic functions with

(3.2.31) dim(C{z}/ 〈(ϕk(z))1≤k≤m〉) =: ε1 <∞.

Then the essential type at the origin ofw = w̄ + i[ϕ1(z)ϕ1(z) + · · · +

ϕm(z)ϕm(z)] is equal toε1. On the contrary, the hypersurfacēw = w +
i[z1z̄1(1 + z2z̄2)] is not essentially finite at the origin (it is in fact Segre
nondegenerate,see§3.2.32 just below).

3.2.32 Segre nondegeneracy.More generally, we shall say thatM isSegre
nondegenerate atp0 if there exists an integerk such that the restriction to
Sp̄0 of thek-th Segre mapping is of maximal possible generic rank equal to
m:

(3.2.33) genrkC (Sp̄0 ∋ t 7→ Qk(t)) = m,

which means more precisely that

(3.2.34) genrkC

(
z 7→

(
Θj,β(z,Θ(z, 0))1≤j≤d, |β|≤k

))
= m.

We say thatM is ℓ0-Segre nondegenerate atp0 if ℓ0 is the smallest such
integer. Then the following characterization is immediate

Lemma 3.2.35.The generic submanifoldM is ℓ0-Segre nondegenerate at
the origin if and only if there exist multiindicesβ1

∗ , . . . , β
m
∗ ∈ Nm with

|βk
∗ | ≤ ℓ0, k = 1, . . . , m, and integersj1

∗ , . . . , j
m
∗ with 1 ≤ jk

∗ ≤ d, k =
1, . . . , m, such that the determinant

(3.2.36) det

((
[Lk1Θj

k2
∗ ,β

k2
∗

](z,Θ(z, 0))
)

1≤k1,k2≤m

)

does not vanish identically as a power series inz, but such a property is
impossible for multiindices satisfying|βk

∗ | ≤ ℓ0 − 1.
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Example3.2.37. Letϕ1(z), . . . , ϕm(z) be a collection of holomorphic func-
tions defined in a neighborhood of the originCm such that the generic
rank of z 7→ (ϕ1(z), . . . , ϕm(z)) is equal tom. Then the hypersurface
w̄ = w + i[ϕ1(z)ϕ1(z) + · · ·+ ϕm(z)ϕm(z)] is Segre nondegenerate at the
origin. On the contrary, the real algebraic hypersurfaceM inC3 of equation

(3.2.38) Imw =
|z1|2|1 + z1z̄2|2
1 + Re(z1z̄2)

− Rew
Im (z1z̄2)

1 + Re(z1z̄2)

is not Segre nondegenerate at the origin (it is in fact holomorphically non-
degenerate,see§3.2.40 just below). Indeed, solving with respect tow̄, we
may compute its complex defining equation, which yields

(3.2.39) w̄ = −2i z1z̄1(1 + z1z̄2) + w (1 + z1z̄2)/(1 + z̄1z2).

ThenS0̄ = {(z, 0)} and the mappingsQk|S0̄
, for k ≥ 2 are (up to zero

terms) equal to(z1, z2) 7→ (−2iz1,−2iz2
1), hence of generic rank1 < 2.

3.2.40. Holomorphic nondegeneracy.More generally, we shall say that
M is holomorphically nondegenerate atp0 if there exists an integerk such
that thek-th Segre mapping is of maximal generic rank equal ton. This
means that

(3.2.41) genrkC

(
t 7→ (Θj,β(t))1≤j≤d, |β|≤k

)
= n.

We say thatM is ℓ0-holomorphically nondegenerate atp0 if ℓ0 is the small-
est possible such integer. Then the following characterization is immediate

Lemma 3.2.42.The generic submanifoldM is holomorphically nondegen-
erate at the origin if and only if there exist multiindicesβ1

∗ , . . . , β
n
∗ ∈ Nn

with |βi
∗| ≤ ℓ0, i = 1, . . . , n, and integersj1

∗ , . . . , j
n
∗ with 1 ≤ ji

∗ ≤ d,
i = 1, . . . , n, such that the determinant

(3.2.43) det

((
∂Θ

j
i1
∗ ,β

i1
∗

∂ti2
(t)

)

1≤i1,i2≤m

)

does not vanish identically as a power series int, but such a property is
impossible for multiindices satisfying|βi

∗| ≤ ℓ0 − 1.

3.2.44. Links between the five nondegeneracy conditions.Finally, we
shall establish the following hierarchy between the five nondegeneracy con-
ditions presented in this chapter.

Theorem 3.2.45.LetM be a real algebraic or analytic generic submani-
fold inCn and letp0 ∈M . Then the following four implications hold:

(3.2.46)





M is ℓ0-holomorphically nondegenerate atp0 ⇐=

⇐= M is ℓ0-Segre nondegenerate atp0 ⇐=

⇐= M is ℓ0-essentially finite atp0 ⇐=

⇐= M is ℓ0-finitely nondegenerate atp0 ⇐=

⇐= M is Levi nondegenerate atp0.
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Proof. We prove the first implication, considering that the other three fol-
low from known results in local complex analytic geometry (seeespecially
Lemma 4.1.4 below). By specializing the functional equations (2.1.25), we
obtainΘ(0, z,Θ(z, 0, 0)) ≡ 0 andw ≡ Θ(0, 0,Θ(0, 0, w)). Remind the no-
tational coincidenceΘj,0(z, w) ≡ Θj(0, z, w). It follows that the mapping
(0, w) 7→ (Θj,0(0, w))1≤j≤d is already of rankd at the origin. Further-
more, the restriction toS0̄ of the zeroth Segre mapping is identically zero:
Q0(z,Θ(z, 0)) = (Θj,0(z,Θ(z, 0)))1≤j≤d ≡ 0.

Suppose now thatM is ℓ0-Segre nondegenerate, henceℓ0 is
the smallest integer such that the generic rank of the mapping
z 7→ (Θj,β(z,Θ(z, 0))1≤j≤d, 1≤|β|≤ℓ0) is equal tom (notice that we
have written1 ≤ |β| ≤ ℓ0 and not|β| ≤ ℓ0). Let k ∈ N with k ≥ 1. It
follows immediately that the generic rank of the mapping

(3.2.47) (z, w) 7→
(
(Θj,0(0, w))1≤j≤d, (Θj,β(z,Θ(z, 0)))1≤j≤d, 1≤|β|≤k

)

is equal ton if only if k ≥ ℓ0, henceM is ℓ0-holomorphically nondegener-
ate. This completes the proof of Theorem 3.2.45. �

3.2.48. Expression of the five nondegeneracy conditions in normal co-
ordinates. Assume now that the coordinates(z, w) are normal, namely we
haveΘj(0, z, w) ≡ wj andΘj(z̄, 0, w) ≡ wj, cf. Theorem 2.1.32. It follows
that in the development̄wj =

∑
β∈Nm (z̄)β Θj,β(t) of the defining equations

of M , we haveΘj,0(t) ≡ wj andΘj,β(0) = 0 for all j and allβ. Then we
can simplify a little bit the expression of the five nondegeneracy conditions,
which is sometimes useful in applications.

Lemma 3.2.49.In normal coordinates, we have the following characteri-
zations:

(1) M is Levi nondegenerate at the origin if and only if there existmul-
tiindices β1

∗ , . . . , β
m
∗ ∈ Nm with |βk

∗ | = 1, k = 1, . . . , m, and
integersj1

∗ , . . . , j
m
∗ with 1 ≤ jk

∗ ≤ d, k = 1, . . . , m, such that

det
(
[∂Θ

j
k1
∗ ,β

k1
∗

/∂zk2 ](0)
)

1≤k1,k2≤m
6= 0.

(2) M is ℓ0-finitely nondegenerate at the origin if and only if there ex-
ist multiindicesβ1

∗ , . . . , β
m
∗ ∈ Nm with |βk

∗ | ≤ ℓ0, k = 1, . . . , m,
and integersj1

∗ , . . . , j
m
∗ with 1 ≤ jk

∗ ≤ d, k = 1, . . . , m, such that

det
(
[∂Θ

j
k1
∗ ,β

k1
∗

/∂zk2 ](0)
)

1≤k1,k2≤m
6= 0, but such a property is im-

possible for multiindicesβk
∗ satisfying|βk

∗ | ≤ ℓ0 − 1.
(3) M is essentially finite at the origin if and only if there existsan

integerℓ0 such that the ideal generated by theΘj,β(z, 0) for j =
1, . . . , d and|β| ≤ ℓ0 is of finite codimension inAC{z} or in C{z},
but the same ideal for|β| ≤ ℓ0 is of infinite codimension.

(4) M is Segre nondegenerate at the origin if and only if there exist
multiindicesβ1

∗ , . . . , β
m
∗ ∈ Nm with |βk

∗ | ≤ ℓ0, k = 1, . . . , m, and
integersj1

∗ , . . . , j
m
∗ with 1 ≤ jk

∗ ≤ d, k = 1, . . . , m, such that
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det
(
[∂Θ

j
k1
∗ ,β

k1
∗

/∂zk2 ](z, 0)
)

1≤k1,k2≤m
6≡ 0 in AC{z} or in C{z},

but such a property is impossible for multiindicesβk
∗ satisfying

|βk
∗ | ≤ ℓ0 − 1.

(5) M is holomorphically nondegenerate at the origin if and only if
there exist multiindicesβ1

∗ , . . . , β
m
∗ ∈ Nm with |βk

∗ | ≤ ℓ0, k =
1, . . . , m, and integersj1

∗ , . . . , j
m
∗ with 1 ≤ jk

∗ ≤ d, k = 1, . . . , m,

such thatdet
(
[∂Θ

j
k1
∗ ,β

k1
∗

/∂zk2 ](z, w)
)

1≤k1,k2≤m
6≡ 0 in AC{z, w}

or in C{z, w}, but such a property is impossible for multiindicesβk
∗

satisfying|βk
∗ | ≤ ℓ0 − 1.

Proof. Thanks toΘj,0(t) ≡ wj , we observe that the zero-th order Segre
mapping already provides a rankd subset of power series. Then each one
of the five characterizations may be checked easily. �

§3.3. BIHOLOMORPHIC INVARIANCE

3.3.1. Finite nondegeneracy.Let t′ = h(t) be a change of coordinates
centered at the origin and letM ′ := h(M) as in §3.1.5. Our purpose is to
verify that the above five nondegeneracy conditions are biholomorphically
invariant. Then the following lemma is relatively crucial.

Lemma 3.3.2. For everyk ∈ N, the ranks at the origin of the two Segre
mappingst 7→ Qk(t) andt′ 7→ Q′

k(t
′) are equal.

Proof. Let 1k = (0, . . . , 0, 1, 0, . . . , 0) ∈ Nm denote the multiindex with1
at thek-th place and zero elsewhere. By differentiating (3.1.10) with respect
to ti at ti = 0, we have the following relations for allj = 1, . . . , d and all
β ∈ Nm:
(3.3.3)



n∑

i′=1

∂Θ′
j,β

∂t′i′
(0)

∂hi′

∂ti
(0) +

m∑

k=1

d∑

l=1

(βk + 1)
∂f̄k

∂wl
(0)

∂Θ0,l

∂ti
(0) Θ′

j,β+1k
(0) =

=

d∑

j1=1

∑

|β1|≤|β|

∂Qj,β

∂Θj1,β1

({Θj1,β1(0)}1≤j1≤d, |β1|≤|β|)
∂Θj1,β1

∂ti
(0).

Since the Jacobian matrix([∂hi′/∂ti](0))1≤i,i′≤n is invertible, we deduce
immediately from this relation that each partial derivative [∂Θ′

j,β/∂t
′
i′ ](0)

is a linear combination with constant coefficients of the partial derivatives
[∂Θj1,β1/∂ti](0), with i = 1, . . . , n, j1 = 1, . . . , d and|β1| ≤ |β|. Conse-
quently, for allk ∈ N, we have the following inequality
(3.3.4)

rk0

(
t′ 7→ (Θ′

j,β(t
′))1≤j≤d, |β|≤k

)
≤ rk0

(
t 7→ (Θj,β(t))1≤j≤d, |β|≤k

)
.

Applying the same reasoning to the inverse transformationt = h′(t′), we
also obtain the reverse inequality. In conclusion, we have the equality of
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ranks
(3.3.5)

rk0

(
t′ 7→ (Θ′

j,β(t
′))1≤j≤d, |β|≤k

)
= rk0

(
t 7→ (Θj,β(t))1≤j≤d, |β|≤k

)
,

which completes the proof of Lemma 3.3.2. �

In particular, it follows immediately thatM is ℓ0-finitely nondegenerate
at p0 if and only if M ′ is ℓ0-finitely nondegenerate atp′0 = h(p0). This
proves that the definition given in §3.2.3 is invariant undercomplex alge-
braic or analytic changes of coordinates.

3.3.6. Levy multitype at the origin. More generally, since the ranks of the
Segre mappingsQk are invariant, we may introduce the successive invariant
integersλk,0 such that the rank at the origin ofQk equalsλ0,0 +λ1,0 + · · ·+
λk,0. Since the mappingw 7→ Θ(0, 0, w) is invertible, we haveλ0,0 = d.
SinceM is ℓ0-finitely nondegenerate at the origin, we have

(3.3.7) d+ λ1,0 + · · · + λℓ0,0 = n.

If M is ℓ0-finitely nondegenerate atp0, we call the multiplet
(d, λ1,0, . . . , λℓ0,0) theLevi multitype ofM atp0.

3.3.8. Essential finiteness.Now, we check that essential finiteness is a
biholomorphically invariant property. It suffices to provethe following
lemma.

Lemma 3.3.9. If p′0 = h(p0), we haveh(Ap0) = A′
p′0

.

Proof. Let t ∈ Ap0, namelyΘj,β(t) = Θj,β(0) for all j = 1, . . . , d and all
β ∈ Nm. The recipe is again to look at (3.1.10). AsΘ0(t) = Θ0(0) = 0 and
asf̄(0) = 0, we obtain from (3.1.10)

(3.3.10)

{
Θ′

j,β(h(t)) ≡ Rj,β({Θj1,β1(t)}1≤j1≤d, |β1|≤|β|)

≡ Rj,β({Θj1,β1(0)}1≤j1≤d, |β1|≤|β|) ≡ Θ′
j,β(h(0)),

soh(t) ∈ A′
p′0

, wherep′0 = h(p0) is the origin in the coordinatest′. In other
words, we have shown thath(Ap0) ⊂ A′

p′0
. Sinceh is invertible, we also

get similarlyh′(A′
p′0

) ⊂ Ap0. In conclusion,h(Ap0) = A′
p′0

, as desired. This
completes the proof. �

3.3.11. Segre nondegeneracy.Next, we check that Segre nondegeneracy
is a biholomorphically invariant property. At first, we observe that it follows
from the first functional equation in (2.1.25) thatΘ(0, z,Θ(z, 0)) ≡ 0, or
equivalentlyΘ0(z,Θ(z, 0)) ≡ 0. The recipe is again to look at (3.1.10),
replacingt by (z,Θ(z, 0)), which yields

(3.3.12) Θ′
j,β(h(z,Θ(z, 0))) ≡ Rj,β({Θj1,β1(z,Θ(z, 0))}1≤j1≤d, |β1|≤|β|).
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Sinceh is invertible and maps the Segre varietySp̄0 onto the Segre variety
S ′

p̄′0
, we get the inequality

(3.3.13)

genrkC

(
z′ 7→ Q′

k(z
′,Θ

′
(z′, 0))

)
≤ genrkC

(
z 7→ Qk(z,Θ(z, 0))

)
.

Reversing the rôles oft and oft′, we also get the opposite inequality, hence
an equality. In particular,M is Segre nondegenerate atp0 if and only ifM ′

is Segre nondegenerate atp′0.

3.3.14. Holomorphic nondegeneracy.Using again (3.1.10) and the analo-
gous relation in which the rôles oft and oft′ are reversed, we may establish
that fork ∈ N, we have

(3.3.15) genrkC (t′ 7→ Q′
k(t

′)) = genrkC (z 7→ Qk(t)) .

In particular,M is holomorphically nondegenerate atp0 if and only if M ′

is holomorphically nondegenerate atp′0.

§3.4. MANIFOLDS WITHOUT NONDEGENERACY CONDITIONS

3.4.1. Reflection mapping.It is also interesting to study generic subman-
ifolds without requiring any nondegeneracy condition on them, as we shall
see in our study of the generalized reflection principle in Part II of this
memoir. Lett′ = h(t) be a local complex algebraic or analytic equiva-
lence defined in a neighborhood ofp0 ∈ M satisfying the same conditions
as in §3.1.5. We do not require thath is invertible. Letw̄′

j = Θ′
j(z̄

′, t′),
j = 1, . . . , d be the equations ofM ′. Let ν̄ ′ := (λ̄′, µ̄′) ∈ Cm × Cd. We
define thereflection mappingassociated to such defining equations to be
the vectorial power series

(3.4.2) R ′
h(t, ν̄

′) :=
(
µ̄′

j − Θ′
j(λ̄

′, h(t))
)
1≤j≤d

,

which belongs toAC{t, ν̄ ′}d or toC{t, ν̄ ′}d. By developing the right hand
side in powers of̄λ′, we can write more explicitely

(3.4.3) R ′
h(t, ν̄

′) =

(
µ̄′

j −
∑

β∈Nm

(λ̄′)β Θ′
j,β(h(t))

)

1≤j≤d

.

The datum ofR ′
h is essentially equivalent to the datum of the infinite collec-

tion of complex algebraic or analytic functionsΘ′
j,β(h(t)), or equivalently

to the composition of the infinite Segre mapping ofM ′ with h, namely the
mappingt 7→ Q′

∞(h(t)).
We observe thatR ′

h is biholomorphic invariant in the following sense.
Let t′′ = h′(t′) be a second local mapping, which we assume to be
invertible (do not confuse hereh′ with the notation used in §3.1.5 for
the inverse ofh). Let M ′′ := h′(M ′) and assume that its equations
are w̄′′

j = Θ′′
j (z̄

′′, z′′, w′′), j = 1, . . . , d. We consider the composition
t′′ = h′(h(t)). Applying Theorem 3.1.9 and (3.1.11), we know that
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Θ′′
j,β(h

′(t′)) ≡ R′
j,β({Θ′

j,β(t
′)}1≤j≤d, β∈Nm), where theR′

j,β are certain al-
gebraic or analytic expressions which depend only onh′. It follows that we
can write
(3.4.4)




R ′′
h′◦h(t, ν̄

′′) = µ̄′′ −
∑

β∈Nm

(λ̄′′)β Θ′′
j,β(h

′(h(t)))

= µ̄′′ −
∑

β∈Nm

(λ̄′′)β R′
j,β({Θ′

j,β(h(t))}1≤j≤d, β∈Nm).

So we can essentially express the reflection mappingR ′′
h′◦h(t, ν̄

′′) by means
of the reflection mappingR ′

h(t, ν̄
′), modulo algebraic or analytic expres-

sionsR′
j,β which only depend on the change of coordinatest′′ = h′(t′). In

particular, theR′
j,β′ are algebraic ifM ′, h′ andM ′′ are algebraic and the

relation (3.4.4) shows that ifR ′
h(t, ν̄

′) was also algebraic at the beginning,
then its algebraicity is preserved after the algebraic change of coordinates
t′′ = h′(t′). It is in this sense that we say thatR ′

h is a biholomorphic invari-
ant object. We shall study the reflection mapping thoroughlyin Part II of
this memoir.

3.4.5. Tangent holomorphic vector fields.It is desirable to obtain a rank
property analogous to (3.3.5) for pointstp close to the origin. Whereas for
a fixed integerk, it is in general untrue that (3.3.5) holds with the firstrk0

replaced byrkh(tp) and the secondrk0 replaced byrktp (seeExample 3.5.16
below), the corresponding property fork = ∞ is true.

Corollary 3.4.6. For all tp in a neighborhood of the origin, the rank attp
of the infinite Segre mappingt 7→ Q∞(t) of M coincides with the rank at
t′p′ = h(tp) of the infinite Segre mappingt′ 7→ Q′

∞(t′) ofM ′.

Proof. There exists an integerℓp such that the ranknp at tp of the infinite
Segre mappingt 7→ Q∞(t) coincides with the rank attp of theℓp-th Segre
mappingt 7→ Qℓp(t). Hence for everyl = 1, . . . , d and every|β| ≥ ℓp + 1,
the gradient ofΘj,β(t) at tp is a linear combination of the columns of the
Jacobian matrix ofJac Qℓp(tp). Using this fact, using the invertibilty ofh
and differentiating the two sides of (3.1.10), we deduce that the rankn′

p′

at t′p′ of the infinite Segre mappingt′ 7→ Q′
∞(t′) is less than or equal to

np, namelyn′
p′ ≤ np. Sinceh is invertible, by considering the inverse

t = h′(t′), we can reverse the rôles oftp and oft′p′ and we get the opposite
inequalitynp ≤ n′

p′, which completes the proof. �

In particular, the generic ranknM = maxp∈M np of the infinite Segre
mapping ofM is a biholomorphic invariant ofM . We call this integer
theessential holomorphic dimension ofM . Concretely,nM is the smallest
integer such that there exists anM × nM minor of the infinite Jacobian
matrix

(3.4.7) Jac Q∞(t) = ([∂Θj,β/∂ti](t))
1≤i≤n
1≤j≤d, β∈Nm
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that does not vanish identically, but all its(nM + 1) × (nM + 1) minors do
vanish identically.

Theorem 3.4.8.With this integernM , there exist(n − nM) holomorphic
vector fields

(3.4.9) Tk =

n∑

i=1

ai(t)
∂

∂ti
, k = 1, . . . , n− nM ,

which have complex algebraic or analytic coefficientsai(t), which are de-
fined in a neighborhoodV0 of the origin, which are tangent toM ∩ V0 and
which are linearly independent at a Zariski-generic pointp ∈ V0. Con-
versely, the integer(n− nM) is the maximal number of holomorphic vector
fields with complex algebraic or analytic coefficients defined in a neighbor-
hoodV0 of the origin which are tangent toM ∩V0 and linearly independent
at a Zariski-generic point.

Proof. We choose integersj1
∗ , . . . , j

nM
∗ with 1 ≤ ji

∗ ≤ d, i = 1, . . . , nM ,
and multiindicesβ1

∗ , . . . , β
nM
∗ ∈ Nm such that the generic rank of the map-

ping t 7→ (Θjl
∗
,βl

∗
(t))1≤l≤nM

is equal tonM . In other words, the Jaco-
bian matrix ([∂Θjl

∗
,βl

∗
(t)/∂ti](t))1≤l≤nM , 1≤i≤n possesses anM × nM mi-

nor which does not vanish identically. Ifn − nM > 0, applying classical
linear algebra (Cramer’s rule for solving systems of linearequations), we
see that there exist(n − nM) independent power series vectorial solutions
(ak,1(t), . . . , ak,n(t)), k = 1, . . . , n− nM , of the system ofnM equations

(3.4.10)
n∑

i=1

ak,i(t)
∂Θjl

∗
,βl

∗

∂ti
(t) ≡ 0, l = 1, . . . , nM .

Equivalently, the(n− nM) vector fields

(3.4.11) Tk :=

n∑

i=1

ak,i(t)
∂

∂ti
,

k = 1, . . . , n−nM , are linearly independent at a Zariski-generic point ofV0

and they satisfyTkΘjl
∗
,βl

∗
(t) ≡ 0 for k = 1, . . . , n−nM andl = 1, . . . , nM .

SinceM is generic, the restriction toM of the vector fieldsTk are also
linearly independent at a Zariski-generic point.

Let now (j, β) 6= (jl
∗, β

l
∗), for l = 1, . . . , nM . By assumption, we also

have

(3.4.12) genrkC

(
t 7−→

(
(Θjl

∗
,βl

∗
(t))1≤l≤nM

, Θj,β(t)
))

= nM .

In a neighborhoodVp of a pointtp ∈ V0 at which this rank is equal to its
maximumnM , there exists a complex algebraic or analytic mappingRj,β

such that we can write

(3.4.13) Θj,β(t) ≡ Rj,β(Θj1
∗
,β1

∗
(t), . . . ,Θj

nM
∗ ,β

nM
∗

(t))

for all t ∈ Vp. SinceTkΘjl
∗
,βl

∗
(t) ≡ 0, it follows thatTkΘj,β(t) ≡ 0 for

t ∈ Vp, hence for allt ∈ V0 thanks to the principle of analytic continuation.
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In summary, we have shown thatTkΘj,β(t) ≡ 0 for all k = 1, . . . , n− nM ,
all j = 1, . . . , d and allβ ∈ Nm. We conclude immediately that theTk are
tangent toM , since

(3.4.14) Tk(w̄j − Θj(z̄, t)) ≡
∑

β∈Nm

(z̄)β TkΘj,β(t) ≡ 0.

Conversely, suppose that there existχ holomorphic vector fieldsTk,
k = 1, . . . , χ, like (3.4.9) with complex algebraic or analytic coefficients
which are linearly independent at a Zariski-generic point of V0 and such
thatTk is tangent toM ∩ V0. By the tangency condition (3.4.14), we get
TkΘj,β(t) ≡ 0 for all k = 1, . . . , χ, all j = 1, . . . , d and allβ ∈ Nm. By
considering these equations at a point at which the vector fieldsTk are lin-
early independent, we deduce the inequalityχ ≤ n − nM . The proof of
Theorem 3.4.8 is complete. �

Corollary 3.4.15. The real algebraic or analytic generic submanifoldM is
holomorphically nondegenerate at0, i.e. nM = n, if and only if there does
not exist any nonzero holomorphic vector field defined in a neighborhood
V0 of 0 which is tangent toM ∩ V0.

This property may be considered as an equivalent definition of holomor-
phic nondegeneracy, as was done by N. Stanton in [28]. However, we be-
lieve that the previous definition in terms of the generic rank of the Segre
mapping is more adequate.

3.4.16. Exceptional locus ofM . We define theextrinsic exceptional locus
of M to be the proper complex analytic setE exc which is the zero locus of
all nM ×nM minors of the Jacobian matrixJac Q∞(t). By Corollary 3.4.6,
E exc is an invariant complex algebraic or analytic set which is independent
of coordinates. We define theintrinsic exceptional locusofM to the proper
real algebraic or analytic subsetM ∩ E exc. By definition, the rank oft 7→
Q∞(t) at tp ∈ V0 equalsnM if and only if tp ∈ M\E exc. We shall come
back toE exc in Corollary 3.5.53 below.

§3.5. JETS OFSEGRE VARIETIES AND GLOBAL NONDEGENERACY

CONDITIONS

3.5.1. Fundamental definitions.Let M be the extrinsic complexification
of M given by the equationsξj = Θj(ζ, t), j = 1, . . . , d. We shall as-
sume thatM is complex algebraic or analytic and defined in the polydisc
∆2n(ρ1), as in Definition 2.1.44. Recall that the conjugate complexified
Segre varietyS t is them-dimensional complex algebraic or analytic sub-
manifold defined by the equationsξj = Θj(ζ, t), j = 1, . . . , d, wheret is
fixed. We consider the mapping ofk-th order jets ofS t at one of its point
(ζ,Θ(ζ, t)) which is defined by

(3.5.2) Jk
τ S t :=

(
ζ,

(
1

β!
∂β

ζ Θj(ζ, t)

)

1≤j≤d, |β|≤k

)
.
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In this section, we shall study the mappingJk
τ S t thoroughly. It is complex

algebraic or analytic with values inCm+Nd,m,k . If k2 ≥ k1 and if πk2,k1

denotes the canonical projectionCm+Nd,m,k2 → Cm+Nd,m,k1 , we obviously
haveπk2,k1(J

k2
τ S t) = Jk1

τ S t.
Compared to the Segre mapping introduced in §3.1.1, here we notice that

the termζ is present and we may obviously identifyJk
τ S t|ζ=0 with Qk(t).

We shall sometimes denote this mapping by(t, τ) 7→ Jk
τ S t, where we

implicitely mean that(t, τ) ∈ M .
Analogously, we may also consider the mapping ofk-th order jets of the

complexified Segre varietySτ defined by the equationswj = Θj(z, τ),
j = 1, . . . , d, whereτ is fixed. Its explicit expression is similar:

(3.5.3) Jk
t Sτ :=

(
z,

(
1

β!
∂β

z Θj(z, τ)

)

1≤j≤d, |β|≤k

)
.

The link between these two mappings is very simple:

(3.5.4) Jk
t̄ S τ̄ ≡ Jk

t Sτ

In other words, the following diagram is commutative.

M
σ

//

Jk
•
S•

��

M

Jk
•
S

•

��

Cm+Nd,m,k

(•)
// Cm+Nd,m,k

,

where(•) denotes the complex conjugation operator. Since the two jetmap-
pings are therefore essentially equivalent, we shall only study the nondegen-
eracy conditions for the mappingJk

τ S t.

3.5.5. Invariance under changes of coordinates.As in §3.1.5, lett′ =
h(t) be a change of complex algebraic or analytic coordinates. Weshall
prove the following theorem in Section 3.6 below. Notice that for ζ = 0,
we recover Theorem 3.1.9.

Theorem 3.5.6.For everyj = 1, . . . , d and everyβ ∈ Nm, there exists a
complex algebraic or analytic mapping in its variablesQj,β such that
(3.5.7)
1

β!

∂|β|Θ′
j

∂(ζ ′)β

(
f̄(ζ,Θ(ζ, t)), h(t)

)
≡ Qj,β

(
ζ,

(
1

β1!
∂β1

ζ Θj1(ζ, t)

)

1≤j1≤d, |β1|≤|β|

)
.

Here, the points(ζ, t) belong to a neighborhood of the origin, say to
the polydisc∆2m+d(ρ1). Fix p = (tp, τp) ∈ M which we identify with
(ζp, tp) ∈ C2m+d and denotet′p′ := h(tp) andζ ′p′ := f̄(τp). Locally in a
neighborhood of(ζp, tp), the mapping

(3.5.8) (ζ, t) 7→ (f̄(ζ,Θ(ζ, t)), h(t)) =: (ζ ′, t′)

is invertible by assumption (remind thatζ 7→ f̄(ζ,Θ(ζ, 0)) is invertible at
ζ = 0). Applying Theorem 3.5.6, we may deduce:
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Corollary 3.5.9. For everyk ∈ N, the following equality of ranks holds
(3.5.10)



rk(ζp,tp)

(
(ζ, t) 7→ (ζ, (1/β!) (∂β

ζ Θj(ζ, t))1≤j≤d, |β|≤k)
)

=

= rk(ζ′
p′

,t′
p′

)

(
(ζ ′, t′) 7→ (ζ ′, (1/β!) (∂β

ζ′Θ
′
j(ζ

′, t′))1≤j≤d, |β|≤k)
)
.

Proof. Indeed, using the change of coordinates (3.5.8), it suf-
fices to show that the rank at(ζp, tp) of the mapping (ζ, t) 7→(
f̄(ζ,Θ(ζ, t)), 1

β!
∂β

ζ′Θ
′
j(f̄(ζ,Θ(ζ, t)), h(t))

)
1≤j≤d, |β|≤k

is less

than or equal to the rank at(ζp, tp) of the mapping (ζ, t) 7→(
ζ, 1

β!
∂β

ζ Θj(ζ, t)
)

1≤j≤d, |β|≤k
, because after reversing the rôles oft

and oft′, we also get the opposite inequality. But this inequality follows
directly by differentiating the two sides of (3.5.7) with respect to(ζ, t) at
(ζp, tp). �

Let p ∈ M . The ranks at(p, p̄) of the mappings(t, τ) 7→ Jk
τ S t are

invariant under changes of coordinates. Thus, we may introduce several
pointwise invariants ofM at p as follows. We denote bym+ np ≤ m+ n
the maximal rank of the mapping(t, τ) 7→ Jk

τ S t at (tp, t̄p) for k = 0, 1, . . .
and byℓp the smallest integerk such that the rank at(tp, t̄p) of the mapping
(t, τ) 7→ Jk

τ S t is equal tom+ np. More generally, fork = 0, . . . , ℓM , we
denote byλk,p the nonnegative integers satisfying

(3.5.11) rk(tp ,t̄p)

(
(t, τ) 7→ Jk

τ S t

)
= m+ λ0,p + · · ·+ λk,p.

Obviously, the functionsp 7→ np, p 7→ ℓp, p 7→ λk,p are lower semicontinu-
ous in the Zariski topology.

3.5.12. Generic ranks.To begin with, we observe that it follows from
Corollary 3.5.9 that the generic ranks of the mappings(t, τ) 7→ Jk

τ S t,
which increase withk, are invariant under changes of coordinates. We need
the following stabilization result.

Lemma 3.5.13.If genrkC

(
(t, τ) 7→ Jk+1

τ S t

)
= genrkC

(
(t, τ) 7→ Jk

τ S t

)
,

then for all l ≥ 1, we also havegenrkC

(
(t, τ) 7→ Jk+l

τ S t

)
=

genrkC

(
(t, τ) 7→ Jk

τ S t

)
.

Proof. By assumption, in a neighborhoodVp of a point (tp, τp) ∈ M at
which the ranks of the first two mappings are equal to their generic rank,
hence maximal and locally constant, it follows from the constant rank theo-
rem that for everyj = 1, . . . , d and for every multiindexβ with |β| = k+1,
there exists a complex algebraic or analytic functionRj,β such that we can
write

(3.5.14)
1

β!
∂β

ζ Θj(ζ, t) = Rj,β

(
ζ,

(
1

β1!
∂β1

ζ Θj1(ζ, t)

)

1≤j1≤d, |β1|≤|k|

)
,
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for all (t, τ) ∈ Vp. Differentiating these relations with respect toζ and mak-
ing substitutions, we obtain that for everyj = 1, . . . , d and every multiindex
β with |β| = k+ l, l ≥ 1, there exists a complex algebraic or analytic func-
tion Rj,β satisfying a relation like (3.5.14). This implies that the generic
rank of the mappingVp ∋ (t, τ) 7→ Jk+l

τ S t is the same as the generic rank
of the mappingVp ∋ (t, τ) 7→ Jk

τ S t. As the generic rank propagates by
the principle of analytic continuation, the lemma follows. �

3.5.15. Reformulation of the five nondegeneracy conditions. We shall
now observe that the five nondegeneracy conditions introduced in Sec-
tion 3.2 may also be expressed by means of the morphism of jetsof Segre
varieties. This formulation will be much better than the formulation in terms
of the Segre mapping given in Section 3.2, because it will be valuable not
only for the central pointp0, but also for an arbitrary pointp varying in a
neighborhood ofp0. Before stating the theorem, we observe that, on the
contrary, thek-th Segre mappingst 7→ Qk(t) are not appropriate to express
the nondegeneracy conditions for other points than the origin.

Example3.5.16. The first Segre mappingQ1 of the real algebraic hyper-
surfaceM of C3 given by the equation (which is the cubic tangent to the
Example 3.2.20)

(3.5.17) w̄ = w + i[2z1z̄1 + z2
1 z̄2 + z̄2

1z2]

is the map

(3.5.18) (z1, z2, w) 7−→ (w, 2iz1, iz
2
1),

which is only of rank2 at every point. This shows that the rank of the Levi
form of M at the origin is equal to1, which is true. Does this imply that
the rank of the Levi form ofM is equal to1 at every point ? Of course not,
because the Levi matrix

(3.5.19) H (ϕ)(z, z̄) =

(
∂2ϕ

∂z1∂z̄1

∂2ϕ
∂z2∂z̄1

∂2ϕ
∂z1∂z̄2

∂2ϕ
∂z2∂z̄2

)
=

(
2 2z1
2z̄1 0

)

is of rank2 at every point withz1 6= 0, henceM is Levi nondegenerate
outside{z1 = 0}. This example shows that thek-th Segre mappingsQk are
appropriate to define nondegeneracy conditions only at the origin.

We shall therefore make some translations. Letp = tp = (zp, wp) be
a point varying in a neighborhood of the central pointp0. To express the
five nondegeneracy conditions using the original definitions given in Sec-
tion 3.2, we must choose coordinates vanishing atp. Since we have al-
ready argued that the nondegeneracy conditions are then independent of the
choice of coordinates vanishing atp, we can simply make a translation of
coordinates by setting

(3.5.20) t1 := t− tp, or equivalently t = tp + t1.
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We shall assume thattp belongs toM , hencepc = (tp, t̄p) belongs toM .
The precise changes of coordinates will therefore be

(3.5.21)





z1 = z − zp, z = z1 + zp,

w1 = w − wp, w = w1 + wp,

ζ1 = ζ − z̄p, ζ = ζ1 + z̄p,

ξ1 = ξ − w̄p, ξ = ξ1 + w̄p.

In the coordinatest1 = (z1, w1) vanishing attp, we can represent the trans-
lationM1 of M by complex defining equations

(3.5.22) ξ1,j = Θ1,j(ζ1, t1), j = 1, . . . , d.

Of course, we may compute theΘ1,j(ζ1, t1) in terms of theΘj(ζ, t) as fol-
lows. Sincew̄j,p = Θj(z̄p, tp), we have

(3.5.23) Θ1,j(ζ1, t1) = ξ1,j = ξj − w̄j,p = Θj(ζ, t) − Θj(z̄p, tp),

which yields forj = 1, . . . , d:

(3.5.24) Θ1,j(ζ1, t1) = Θj(ζ1 + z̄p, t1 + tp) − Θj(z̄p, tp).

If we now developeΘ1,j(ζ1, t1) in powers ofζ1 (as we did forΘ(ζ, t))

(3.5.25) Θ1,j(ζ1, t1) =
∑

β∈Nm

(ζ1)
β Θ1,j,β(t1),

then puttingζ1 = 0 in (3.5.24), we obtain forβ = 0 ∈ Nm the formula

(3.5.26) Θ1,j,0(t1) =
∑

β∈Nm

(z̄p)
β [Θj,β(t1 + tp) − Θj,β(tp)],

and differentiating (3.5.24) atζ1 = 0, we also obtain for all nonzero multi-
indicesβ ∈ Nm\{0} the important general explicit formulas

(3.5.27)





Θ1,j,β(t1) =
∑

γ∈Nm

(β + γ)!

β! γ!
(z̄p)

γ Θj,β+γ(t1 + tp)

=
1

β!

[
∂β

ζ Θj(ζ, t)
]

ζ=z̄p, t=t1+tp
.

By means of these formulas, we have thus expressedΘ1,j(ζ1, t1) in terms of
Θ(ζ, t).

Consequently, we can introduce thek-th Segre mapping in the coordi-
natest1

(3.5.28) Q1,k : Cn ∋ t1 7−→ (Θ1,j,β(t1))1≤j≤d, |β|≤k ∈ CNd,n,k ,

and speak of the five nondegeneracy conditions in terms ofQ1,k, since the
coordinatest1 are centered attp.

However, a better way of considering the nondegeneracy conditions at
pointsp in a neighborhood ofp0 would be to express them in a single system
of coordinates.
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The following theorem provides the desired characterization of the five
nondegeneracy conditions by means of the morphism of jets ofSegre vari-
eties, expressed in a single system of coordinates.

Theorem 3.5.29.LetM be a real algebraic or analytic local generic sub-
manifold ofCn given as usual by the equations(3.1.2)and letJk

τ S t be the
morphism ofk-th jets of conjugate Segre varieties given explicitely by
(3.5.30)



(ζ, t) 7−→ Jk
τ S t :=

(
ζ,

(
1

β!
∂β

ζ Θj(ζ, t)

)

1≤j≤d, |β|≤k

)

=


ζ,

(
∑

γ∈Nm

(β + γ)!

β! γ!
(ζ)γ Θj,β+γ(t)

)

1≤j≤d, |β|≤k


 ,

which is a complex algebraic or analytic map defined in∆m+n(ρ1) with
values inCm+Nd,m,k . Let tp ∈ M with |tp| < ρ1, let (tp, t̄p) ∈ M and let
ℓ0 ∈ N with ℓ0 ≥ 1. Then

(1) M is Levi nondegenerate attp if and only ifJ1
τ S t is of rank equal

tom+ n at (z̄p, tp).
(2) M is ℓ0-finitely nondegenerate attp if and only ifℓ0 is the smallest

integerk such thatJk
τ S t is of rank equal tom+ n at (z̄p, tp).

(3) M is ℓ0-essentially finite attp if and only ifℓ0 is the smallest integer
k such thatJk

τ S t is a locally finite complex algebraic or analytic
map in a neighborhood of(z̄p, tp).

(4) M is ℓ0-Segre nondegenerate attp if and only ifℓ0 is the smallest in-
tegerk such that the restriction ofJk

τ S t to the second Segre chain,
namely

(3.5.31){
S 2

t̄p =
{(
z1 + zp, Θ(z1 + zp, t̄p), ζ1 + z̄p,

Θ(ζ1 + z̄p, z1 + zp,Θ(z1 + zp, t̄p))
)
∈ ∆2n(ρ1) : z1 ∈ Cm, ζ1 ∈ Cm}

is of generic rank equal to2m at (z1, ζ1) = (0, 0), hence all over
S 2

t̄p
.

(5) M is ℓ0-holomorphically nondegenerate attp if and only ifℓ0 is the
smallest integerk such thatJk

τ S t is of generic rankm + n in a
neighborhood of(z̄p, tp), hence all over∆m+n(ρ1).

Proof. To establish this theorem, it suffices to inspect the five definitions
given in Section 3.2 in the convenient system of coordinatet1 = t − tp
vanishing attp which was introduced before stating the theorem.

Indeed, thanks to the expressions (3.5.26) and (3.5.27) ofΘ1,j,β(t1), we
observe that except forβ = 0, the components ofJk

τ S t in (3.5.30) after the
first m components(ζ1, . . . , ζm) coincide with the componentsΘ1,j,β(t1)
of Q1,k(t1), after (ζ)γ has been replaced by(z̄p)

γ. For β = 0, according
to (3.5.26), the difference between the two mappings is onlythe constant
−∑β∈Nm (z̄p)

β Θj,β(tp) = −w̄p, which disappears by differentiation.
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Consequently, we verify the following relation between theJacobian ma-
trix of Jk

τ S t at (ζ, t) = (z̄p, tp) and the Jacobian matrix ofQ1,k at t1 = 0,
i.e. at t = tp:

(3.5.32) Jac(Jk
τ S t)(z̄p, tp) =

(
Im×m 0
∗ ∗ ∗ Jac Q1,k(0)

)

whereIm×m denotes the identitym×m matrix and∗ ∗ ∗ some terms which
we need not to compute. We deduce at once that

(3.5.33) rkz̄p,tp

(
(ζ, t) 7→ Jk

τ S t

)
= m+ rk0 (t1 7→ Q1,k(t1)) .

By expressing Levi nondegeneracy andℓ0-finite nondegeneracy in terms
of Q1,k(t1) in the coordinatest1 vanishing attp, we immediately get char-
acterizations(1) and(2) of Theorem 3.5.29.

Since more generally, at a point(z1 + z̄p, t1 + tp) varying in a neighbor-
hood of(z̄p, tp), we have

(3.5.34) Jac(Jk
τ S t)(z1 + z̄p, t1 + tp) =

(
Im×m 0
∗ ∗ ∗ JacQ1,k(t1)

)
,

we deduce at once that

(3.5.35) genrkC

(
(ζ, t) 7→ Jk

τ S t

)
= m+ genrkC (t1 7→ Q1,k(t1)) .

By expressing holomorphic nondegeneracy in terms ofQ1,k(t1) in the co-
ordinatest1 vanishing attp, we immediately get the characterization(5) of
Theorem 3.5.29.

Next, we also observe that
(3.5.36)




dimCC{t1}/ 〈Θ1,j,β(t1)〉1≤j≤d, |β|≤k =

= dimCC{ζ − z̄p, t− tp}
/〈

jk
τ S t − jk

t̄p
S tp

〉
.

We deduce the characterization(3) of Theorem 3.5.29.
For the last case(4) to be considered, we notice that the restriction of

Q1,k(t1) to the Segre variety ofM1 passing through the origin in coordinates
t1, which is by definition the map

(3.5.37) z1 7−→
(
Θ1,j,β(z1,Θ1(z1, 0))

)
1≤j≤d, |β|≤k

,

coincides thanks to (3.5.27) (neglecting the constant−w̄p which appears for
β = 0) with
(3.5.38)

z1 7−→
(
∑

γ∈Nm

(β + γ)!

β! γ!
(z̄p)

γ Θj,β+γ(z1 + zp,Θ1(z1, 0) + wp)

)

1≤j≤d, |β|≤k

.

But since we have by (3.5.23)

(3.5.39) Θ1(z1, 0) + wp = Θ(z1 + zp, t̄p),
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we can rewrite (3.5.38) as
(3.5.40)

z1 7−→
(
∑

γ∈Nm

(β + γ)!

β! γ!
(z̄p)

γ Θj,β+γ(z1 + zp,Θ(z1 + zp, t̄p))

)

1≤j≤d, |β|≤k

.

We claim that this mapping coincides with the last components of the re-
striction of the mappingJk

τ S t to the second Segre chain (3.5.31). Indeed,
computing explicitely this restriction, we get exactly

(3.5.41)





(z1, ζ1) 7−→
(
ζ1 + z̄p,

(
∑

γ∈Nm

(β + γ)!

β! γ!
(ζ1 + z̄p)

γ

Θj,β+γ(z1 + zp,Θ(z1 + zp, t̄p))
)
1≤j≤d, |β|<k

)
.

Consequently, we deduce
(3.5.42)

genrkC

(
(z1, ζ1) 7−→ Jk

τ S t|S 2
t̄p

)
= m+genrkC

(
z1 7→ Q1,k(z1,Θ1(z1, 0))

)
.

By expressing Segre nondegeneracy in terms ofQ1,k(t1) in the coordinates
t1 vanishing attp, we immediately get the characterization(4) of Theo-
rem 3.5.29.

The proof of Theorem 3.5.29. is complete. �

3.5.43. Essential holomorphic dimension and Levi multitype. If M is a
local piece of generic submanifold as above, we denote byℓM the smallest
integerk such that Lemma 3.5.13 holds and we call it theLevi type of
M . We denote bym + nM ≤ m + n the generic rank of the mapping
(t, τ) 7→ J ℓM

τ S t and we callnM the essential holomorphic dimension of
M . This terminology is justified by the fact that locally in a neighborhood of
a Zariski-generic pointp ∈M , thenM is biholomorphically equivalent to a
productM ′

p ×∆n−nM , whereM ′
p is a generic submanifold of codimension

d of CnM (seeTheorem 3.5.48 below).
By a specialization of the second functional equation (2.1.25), which

yieldsw ≡ Θ(0, 0,Θ(0, 0, w)), we see that the mappingw 7→ Θ(0, 0, w)
is invertible. Consequently, the rank and the generic rank of the zeroth
jet mappinggenrkC ((t, τ) 7→ J0

τ S t) = (ζ,Θ(ζ, z, w)) is equal tom + d.
Thus, the integernM always satisfies the inequalitiesd ≤ nM ≤ n.

Generally speaking, we may defineλ0,M := genrkC ((t, τ) 7→ J0
τ S t) =

d and for everyk = 1, . . . , ℓM ,

(3.5.44) λk,M := genrkC

(
(t, τ) 7→ Jk

τ S t

)
−genrkC

(
(t, τ) 7→ Jk−1

τ S t

)
.

By Lemma 3.5.13, we haveλ1,M ≥ 1, . . . , λℓM ,M ≥ 1. With these defini-
tions, we have the relations

(3.5.45) genrkC

(
(t, τ) 7→ Jk

τ S t

)
= d+ λ1,M + · · ·+ λk,M ,
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for k = 0, 1, . . . , ℓM and

(3.5.46) genrkC

(
(t, τ) 7→ Jk

τ S t

)
= nM = d+ λ1,M + · · · + λℓM ,M ,

for all k ≥ ℓM . It follows that we have the inequality

(3.5.47) ℓM ≤ λ1,M + · · ·+ λℓM ,M = nM − d.

We are now in position to state and to prove the main theorem ofthis chap-
ter in which we remind all the essential assumptions. Up to now, we have
worked locally in a neighborhood of a pointp0 ∈ M . In the following the-
orem, we observe that we may easily globalize our constructions, provided
thatM is connected.

Theorem 3.5.48.LetM be a connected real algebraic or analytic generic
submanifold inCn of codimensiond ≥ 1 and of CR dimensionm = n−d ≥
1. Then there exist well defined integersnM , ℓM andλ0,M , λ1,M , . . . , λℓM ,M

and a proper real algebraic or analytic subvarietyE of M such that for
every pointp ∈M\E and for every system of coordinates(z, w) vanishing
at p in whichM is represented by defining equationsw̄j = Θj(z̄, t), j =
1, . . . , d, then the following four properties hold:

(1) λ0,M = d, d ≤ nM ≤ n andℓM ≤ nM − d.
(2) For everyk = 0, 1, . . . , ℓM , the mapping ofk-th order jets of the

conjugate complexified Segre varieties(t, τ) 7→ Jk
τ S t is of rank

equal tom+ λ0,M + · · · + λk,M at (tp, t̄p) = (0, 0).
(3) nM = d + λ1,M + · · · + λℓM ,M and for everyk ≥ ℓM , the map-

ping ofk-th order jets of the conjugate complexified Segre varieties
(t, τ) 7→ Jk

τ S t is of rank equal tonM at (tp, t̄p) = (0, 0).
(4) There exists a complex algebraic or analytic change of coordinates

t′ = h(t) vanishing atp and defined in a neighborhood ofp such
that the imageM ′

p := h(M) is the productM ′
p × ∆n−nM of a real

algebraic or analytic generic submanifold of codimensiond in CnM

by a complex polydisc∆n−nM . Furthermore, at the central point
p′ ∈M ′

p ⊂ CnM , the generic submanifoldM ′
p is ℓM -finitely nonde-

generate, hence in particular its essential holomorphic dimension
nM ′

p
coincides withnM .

Proof. We fix p0 ∈ M and coordinates(z, w) as above vanishing atp0. Let
Vp0 be small neighborhood ofp0 inM . We first defineE∩Vp0 : it consists of
the set of pointsp ∈ Vp0 at whichℓp is not minimal,np is not maximal and
theλk,p are not maximal. Clearly, this set may be described by the vanishing
of a collection of minors of the Jacobian matrix of the jet mapping Jk

τ S t,
so it is a proper real algebraic or analytic subvarietyEp0 of Vp0. Next, we
verify that the variousEp0 glue together. Indeed, let assume thatVp0 and
Vq0 overlap. Letp ∈ Vp0 ∩ Vq0. In the intersectionVp0 ∩ Vq0, we have
to compare three real algebraic or analytic subvarietiesEp0, Ep andEq0

defined in terms of three morphisms ofk-th order jets of conjugate Segre
varieties. Using the important relation given by Theorem 3.5.6 (cf. also



307

Corollary 3.5.9), and using an explicit description of the above mentioned
collection of minors we may establish easily thatEp0 andEq0 coincide with
Ep in Vp0∩Vq0. Consequently, the variousEp0 glue together. Taking account
of the considerations which precede the statement of Theorem 3.5.48, this
proves properties(1), (2) and(3).

Let us now prove(4). Let p ∈ M\E. We choose coordinatest =
(z, w) vanishing atp. By assumption, for everyk ≥ ℓM , the k-th or-
der Segre mapping(ζ, t) 7→ (ζ, 1

β!
(∂β

ζ Θj(ζ, t))1≤j≤d, |β|≤k) is of constant
rankm + nM in a neighborhood of the origin (the pointp) in Cm+n. In
particular, this entails that at every point of the form(0, tp) in a neighbor-
hood of the origin, the mappingt 7→ (Θj,β(t))1≤j≤d, |β|≤k is of constant
rank nM . It follows from the constant rank theorem that there existsan
open neighborhoodV0 of the origin inCn such that the union of level sets
Fq := {t ∈ V0 : Θj,β(t) = Θj,β(q), j = 1, . . . , d, β ∈ Nm}, for q
running inV0, constitutes a local complex algebraic or analytic foliation
of V0 by (n − nM)-dimensional complex manifolds. We can straighten
this foliation to a product∆nM × ∆n−nM , where the second factor cor-
responds to the leaves of this foliation. Lett′ = h(t) denote such a
straightening change of coordinates. LetM ′

0 := h(M) be of equation
w̄′ = Θ′(z̄′, t′). Thanks to Theorem 3.1.9, we observe that this folia-
tion is again defined by the level sets of the functionsΘ′

j,β(t
′), namely

Fp′ = {t′ ∈ V ′
0 : Θ′

j,β(t
′) = Θ′

j,β(p
′), j = 1, . . . , d, β ∈ Nm}. To

conclude that in these coordinates,M ′
0 is a productM ′

0×∆n−nM , it suffices
to establish the following lemma.

Lemma 3.5.49.If a pointp′ ∈ V ′
0 belongs toM ′

0, then its leafFp′ is entirely
contained inM ′

0.

Proof. Indeed, letq′ ∈ Fp′, i.e. Θ′
j,β(t

′
q′) = Θ′

j,β(t
′
p′) for all j and allβ. It

follows first that

(3.5.50) 0 = w̄′
p′ − Θ′(z̄′p′, t

′
p′) = w̄′

p′ − Θ′(z̄′p′, t
′
q′).

Next, thanks to the reality ofM ′
0, by Lemma 2.1.27, there exists an in-

vertibled × d matrix of power seriesa′(t′, τ ′) such thatw′ − Θ
′
(z′, τ ′) ≡

a′(t′, τ ′) [ξ′ − Θ′(ζ ′, t′)], so we deduce0 = w′
q′ − Θ

′
(z′q′, t̄

′
p′) and by conju-

gating

(3.5.51) 0 = w̄′
q′ − Θ′(z̄′q′ , t

′
p′).

Finally, using again the propertyΘ′
j,β(t

′
q′) = Θ′

j,β(t
′
p′) for all j and allβ, we

deduce

(3.5.52) 0 = w̄′
q′ − Θ′(z̄′q′, t

′
q′),

which shows thatq′ ∈M ′
0. This completes the proof of Lemma 3.5.49.�

The proof of Theorem 3.5.48 is complete. �
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At a Zariski-generic point, the generic submanifoldM incorporates a
factor ∆n−nM which is in a certain sense “flat” with respect to the point
of view of CR geometry. After dropping this innocuous factor, we come
down to the study of a finitely nondegenerate generic submanifold. Thus,
in a certain sense, finitely nondegenerate submanifoldsM are the “generic”
models. This is why it is interesting to state a direct corollary of Theo-
rem 3.5.48 about holomorphically nondegenerate submanifolds.

Corollary 3.5.53. LetM be a connected real algebraic or analytic generic
submanifold inCn of codimensiond ≥ 1 and of CR dimensionm = n−d ≥
1. Assume thatM is holomorphically nondegenerate. Then

(1) There exists an integerℓM with 1 ≤ ℓM ≤ m and a proper real
algebraic or analytic subsetE ofM such thatM is ℓM -finitely non-
degenerate at every point ofM\E.

(2) There exists a proper complex algebraic or analytic subsetE exc de-
fined in a neighborhood ofM in Cn which depends only onM
such thatM is finitely nondegenerate at a pointp if and only if
p ∈M\E exc.

(3) In general, the inclusion(E exc ∩M) ⊂ E is strict.

Proof. In a polydisc neighborhoodV0 ⊂ Cn of an arbitrary pointp0 ∈ M ,
we have defined in §3.4.16 a local exceptional locusE exc

p0
⊂ V0 such that

M ∩ E exc
p0

consists exactly of finitely degenerate points. Thanks to their
biholomorphic invariance, these local complex algebraic or analytic subsets
E exc

p0
glue together in a well defined global exceptional locusE exc defined

in a neighborhood ofM in Cn. Finally,E\(E exc ∩M) consists of points
which arek-finitely nondegenerate for somek ≥ ℓM + 1, and so is clearly
nonempty in general. This completes the proof of Corollary 3.5.53. �

§3.6. TRANSFORMATION RULES FOR JETS OFSEGRE VARIETIES

We now establish the biholomorphic invariance of the mapping of jets
of Segre varieties. As in §3.1.5, lett′ = h(t) with inverset = h′(t′)
be a complex algebraic or analytic local biholomorphism fixing the ori-
gin and letM ′ := h(M). Theorems 3.1.9 follows from the two rela-
tions (8.5.2) and (8.5.3) after puttingζ = 0, taking account of the fact
thatΘj(0, t) coincides withΘj,0(t) (in the notationΘj,β(t)). Theorem 3.5.6
follows immediately from the two relations (8.5.2) and (8.5.3) just below,
if we decide to consider the last argument ofQj,β simply as functions of
(ζ, (Θj(ζ, t))1≤j≤d).
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Theorem 3.6.1.For everyj = 1, . . . , d and everyβ ∈ Nm, there exists a
universal rational mapping in its variablesQj,β such that
(3.6.2)



1

β!

∂|β|Θ′
j

∂(ζ ′)β

(
f̄(ζ,Θ(ζ, t)), h(t)

)
≡

≡ Qj,β

((
∂β1

ζ Θj1(ζ, t)
)

1≤j1≤d, |β1|≤|β|
,
(
∂α1

τ h̄i1(ζ,Θ(ζ, t))
)
1≤i1≤n, |α1|≤|β|

)
.

Here, theQj,β are algebraic or analytic in a neighborhood of the con-
stant jet((∂β1

ζ Θj1(0, 0))1≤j1≤d, |β1|≤|β|, (∂α1
t h̄i1(0, 0))1≤i1≤n, |α1|≤|β|). Equiv-

alently, we have the relations for allj = 1, . . . , d and allβ ∈ Nm:
(3.6.3)



Θ′
j,β(h(t)) ≡

∑

γ∈Nm

(−1)γ (β + γ)!

β! γ!
f̄(ζ,Θ(ζ, t))γ

Qj,β+γ

((
∂β1

ζ Θj1(ζ, t)
)

1≤j1≤d, |β1|≤|β|+|γ|
,
(
∂α1

τ h̄i1(ζ,Θ(ζ, t))
)
1≤i1≤n, |α1|≤|β|+|γ|

)
.

Proof. As in §3.1.5, we may assume that the complex defining equations
of M ′ are of the formw̄′

j = Θ′
j(z̄

′, t′), j = 1, . . . , d in coordinatest′ =

(z′, w′) ∈ Cm × Cd. Geometrically speaking, this means that the linear
mappingπ′

z′ ◦ dh : T c
0M → Cm

z′ is submersive, whereπ′
z′ : Cn → Cm

z′

is the natural projection onto thez′-space. We decompose the mapping
h(t) = (f(t), g(t)) ∈ Cm×Cd. By complexifying the fundamental relations
ḡj(τ) = Θ′

j(f̄(τ), h(t)), j = 1, . . . , d, which express thath mapsM into
M ′ and by replacingξ by Θ(ζ, τ), we obtain the following power series
identities

(3.6.4) ḡj(ζ,Θ(ζ, t)) ≡ Θ′
j(f̄(ζ,Θ(ζ, t)), h(t)), j = 1, . . . , d.

We differentiate this relation with respect toζk, for k = 1, . . . , m. Re-
membering that the explicit expression of the natural basisof complexified
(0, 1)-vector fields is given by

(3.6.5) L k =
∂

∂ζk
+

1∑

j=1

∂Θj

∂ζk
(ζ, t)

∂

∂ξj
,

for k = 1, . . . , m, we immediately see that differentiation with respect toζk
of a power seriesψ(ζ,Θ(ζ, t)) is equivalent to applying the vector fieldL k

toψ, viewed as a derivation. So we get by the chain rule
(3.6.6)

L kḡj(ζ,Θ(ζ, t)) ≡
m∑

l=1

L kf̄l(ζ,Θ(ζ, t))
∂Θ′

j

∂ζ ′l
(f̄(ζ,Θ(ζ, t)), h(t)).

Sinceπ′
z′ ◦ dh : T c

0M → Cm
z′ is submersive, we have the nonvanishing of

the following determinant

(3.6.7) det
(
L k1

f̄k2(0)
)
1≤k1,k2≤m

6= 0.
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Hence we can divide locally for(ζ, t) in a neighborhood of the origin by
the determinant

(3.6.8) D(ζ, t) := det
(
L k1

f̄k2(ζ,Θ(ζ, t))
)
1≤k1,k2≤m

.

Viewing (3.6.6) as an inhomogeneous linear system and usingthe classical
rule of Cramer, for everyj = 1, . . . , d, we can solve the first partial deriva-
tives∂Θ′

j/∂ζ
′
k with respect to the other terms, which yields expressions of

the form
(3.6.9)

∂Θ′
j

∂ζ ′k
(f̄(ζ,Θ(ζ, t)), h(t)) ≡

Rj,k

(
(L k′

1
h̄i1(ζ,Θ(ζ, t)))1≤i1≤n, 1≤k′

1≤m

)

D(ζ, t)
.

Here, by the very application of Cramer’s rule, it follows that the terms
Rj,k are certain universal polyomials of determinant type (someminors).
By differentiating again (3.6.9) with respect to the variables ζk, using
again Cramer’s rule, we get that for every pair of integers(k1, k2) with
1 ≤ k1, k2 ≤ m and for everyj = 1, . . . , d, there exist a universal polyno-
mialRj,k1,k2 such that we can write
(3.6.10)

∂2Θ′
j

∂ζ ′k1
∂ζ ′k2

(
f̄(ζ,Θ(ζ, t)), h(t)

)
≡
Rj,k1,k2

(
(L k′

1,k′

2
h̄i1(ζ,Θ(ζ, t)))1≤i1≤n, 1≤k′

1,k′

2≤m

)

D(ζ, t)3
.

The reader should notice the exponent3 in the denominator, with the de-
composition “3”=“2”+“1” where “2” comes from the derivatives of the
quotientRj,k/D in (3.6.9) and where “1” comes from the second applica-
tion of Cramer’s rule.

Remind that for an arbitrary multi-indexβ = (β1, . . . , βm) ∈ Nm,
we denote byL β the antiholomorphic derivation of order|β| defined by
(L 1)

β1 · · · (L m)βm.
Differentiating more generally the relations (3.6.4) withrespect toζβ =

ζβ1

1 · · · ζβm
m , we see by an easy induction that for every multindexβ ∈ Nm

and for everyj = 1, . . . , d, there exists a complicated but universal polyno-
mialRj,β such that the following identity holds:
(3.6.11)
1

β!

∂|β|Θ′
j

∂(ζ ′)β

(
f̄(ζ,Θ(ζ, t)), h(t)

)
≡ Rj,β

(
(L β1 h̄i1(ζ,Θ(ζ, t)))1≤i1≤n, 1≤|β1|≤|β|

)

[D(ζ, t)]2|β|−1
.

An important observation is in order. The composed derivations L β1

are certain differential operators with nonconstant coefficients. Using
the explicit expressions of theL k, we see that all these coefficients
are certain universal polynomials of the collection of partial derivatives
(∂|β2|Θj2(ζ, t)/∂z

β2)1≤j2≤d, 1≤|β2|≤|β1|. Thus the numerator of (3.6.11) be-
comes a certain universal (computable by means of combinatorial formulas)
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algebraic or analytic function of the collection
(3.6.12)((

∂β1

ζ Θj1(ζ, t)
)

1≤j1≤d, |β1|≤|β|
,
(
∂α1

t h̄i1(ζ,Θ(ζ, t))
)
1≤i1≤n, |α1|≤|β|

)

A similar property holds for the denominator. In conclusion, we have con-
structed the rational mappingQj,β satisfying (3.6.2).

For the second part of Theorem 3.6.1, let us rewrite the relations (3.6.2)
in the following more explicit form, simply obtained by developing the left
hand side with respect to the powers(f̄)γ:
(3.6.13)



∑

γ∈Nm

(β + γ)!

β! γ!
f̄(ζ,Θ(ζ, t))γ Θ′

j,β+γ(h(t)) ≡

≡ Qj,β

((
∂β1

ζ Θj1(ζ, t)
)

1≤j1≤d, |β1|≤|β|
,
(
∂α1

t h̄i1(ζ,Θ(ζ, t))
)
1≤i1≤n, |α1|≤|β|

)
.

We may interpret this infinite collection of identities as aninfinite upper tri-
angular inhomogeneous linear system with unknowns being theΘ′

j,β(h(t)).
The inversion of this infinite triangular matrix is in fact very elementary. In-
deed, by interpreting Taylor’s formula at a purely formal level, we see that
if we are given an infinite collection of equalities with complex coefficients
and withζ ∈ Cm which is of the form

(3.6.14)
∑

γ∈Nm

(β + γ)!

β! γ!
ζγ Θ′

j,β+γ = Qj,β,

for all j = 1, . . . , d and allβ ∈ Nm, then we can solve the unknownsΘ′
j,β

in terms of the right hand side termsQj,β by means of a totally similar
formula, except for signs:

(3.6.15)
∑

γ∈Nm

(−1)γ (β + γ)!

β! γ!
ζγ Qj,β+γ = Θ′

j,β,

for all j = 1, . . . , d and allβ ∈ Nm. Applying this observation to (3.6.13),
we deduce the representation (3.6.3) in Theorem 3.6.1, which completes the
proof. �

§3.7. LOCAL GEOMETRY OFCR SUBMANIFOLDS AT A

ZARISKI-GENERIC POINT

Let M ⊂ Cn be anot necessarily genericconnected real algebraic or
analytic CR submanifold of codimensiond, of CR dimensionm and of
holomorphic codimensionc = d−n+m. Combining Theorem 2.1.9, The-
orem 2.1.32, Corollary 2.8.6 and Theorem 3.5.48, we obtain the following
local explicit coordinate representation ofM locally in a neighborhood of a
Zariski-generic point. This theorem will be useful in Part II of this memoir.
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Theorem 3.7.1.There exists a proper real algebraic or analytic subsetE
of M and integersm1, m2, d1, d2, c which depend only onM and which
satisfy

(3.7.2)

{
d = d1 + d2 + 2c,

m = m1 +m2,

and in the case wherem1 ≥ 1, there exist moreover two integersℓM and
νM which satisfy

(3.7.3)

{
ℓM ≤ m1,

νM ≤ d1 + 1

such that for every pointp0 ∈ M\E, there exist local complex analytic or
algebraic normal coordinates

(3.7.4) (z1, z2, w1, w2, w3) ∈ Cm1 × Cm2 × Cd1 ×Cd2 ×Cc

vanishing at p0 and complex algebraic or analytic defining func-
tions Θ1,j1(z̄1, z1, w1, w2), j1 = 1, . . . , d1 which converge normally in
∆2m1+d1+d2(2ρ1) for someρ1 > 0, which satisfyΘ1,j1(0, z1, w1, w2) ≡ 0
for j1 = 1, . . . , d1, and which are independent of(z̄2, z2) such thatM
is represented locally in a neighborhood ofp0 by the complex defining
equations

(3.7.5)





0 = w3,

0 = w̄2 − w2,

0 = w̄1 − Θ1(z̄1, z1, w1, w2),

in the polydic∆n(ρ1) and such that, moreover, for every constantu2,q ∈
Rd2 , the generic submanifoldM1,u2q

of Cm1 × Cd1 defined by the complex
equations

(3.7.6) 0 = w̄1 − Θ1(z̄1, z1, w1, u2,q),

which identifies with the intersection ofM with the complex subspace
{w2 = u2,q = ct., w3 = 0}, is minimal of Segre typeνM and ℓM -finitely
nondegenerate at(z1, w) = (0, 0). In the case wherem1 = 0, the third
equation in(3.7.5) should be replaced by the simpler vectorial equation
w̄1 = w1, hence in this caseM identifies in a neighborhood ofp0 with the
intersection of∆n(ρ1) with the Levi-flat productCm2 ×Rd1 ×Rd2 ×{0} in
Cm2 × Cd1 × Cd2 ×Cc.

Chapter 4: Nondegeneracy conditions for power
series CR mappings
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§4.1. CR-HORIZONTAL NONDEGENERACY CONDITIONS FOR POWER

SERIESCR MAPPINGS

§4.1.1. Nondegeneracy conditions for power series mappings. The da-
tum of a formal, or complex algebraic or complex analytic mapping h :
Cn → Cn′

with h(0) = 0 is equivalent to the datum of a collection ofn′

power series(h1(t), . . . , hn′(t)), wheret ∈ Cn, with thehi′(t) being scalar
power series vanishing at the origin and belonging toC[[t]], to C{t} or to
AC{t}. We introduce five classical nondegeneracy conditions, which we
formulate in the case whereh(t) ∈ C[[t]]n

′

.

Definition 4.1.2. A formal power series mappingh(t) =
(h1(t), . . . , hn′(t)), with componentshi′(t) ∈ C[[t]], i′ = 1, . . . , n′, is
called

(1) Invertible if n′ = n anddet ([∂hi1/∂ti2 ](0))1≤i1,i2≤n 6= 0.
(2) Submersiveif n ≥ n′ and there exist integers1 ≤ i(1) < · · · <

i(n′) ≤ n such thatdet ([∂hi′1
/∂ti(i′2)](0))1≤i′1,i′2≤n′ 6= 0.

(3) Finite if the ideal generated by the componentsh1(t), . . . , hn′(t) is
of finite codimension inC[[t]]. This impliesn′ ≥ n.

(4) Dominatingif n ≥ n′ and there exist integers1 ≤ i(1) < · · · <
i(n′) ≤ n such thatdet([∂hi′/∂ti(i′2)](t))1≤i′1,i′2≤n′ 6≡ 0 in C[[t]].

(5) Transversal if there does not exist a nonzero power series
G(t′1, . . . , t

′
n′) ∈ C[[t′1, . . . , t

′
n′ ]] such thatG(h1(t), . . . , hn′(t)) ≡ 0

in C[[t]].

It is elementary to see that invertibility implies submersiveness which
implies domination. Furthermore, we have:

Lemma 4.1.3. If a formal power series is either invertible, submersive or
dominating, then it is transversal.

Proof. It suffices to prove the statement in the case whereh is dominat-
ing. Suppose on the contrary that there exists a nonzero power series
G(t′1, . . . , t

′
n′) ∈ C[[t′1, . . . , t

′
n′ ]] such thatG(h1(t), . . . , hn′(t)) ≡ 0 in C[[t]].

By differentiating this identity with respect to theti and looking at the lin-
ear homogeneous system so obtained, we deduce that all then′ × n′ minors
(of maximal dimension) of the Jacobian matrix([∂hi′/∂ti](t))1≤i≤n, 1≤i′≤n′)
vanish identically inC[[t]], contradicting domination. �

Lemma 4.1.4. In the equidimensional casen′ = n, invertibility implies
(and is in fact equivalent to) submersiveness, which implies finiteness,
which implies domination, which finally implies transversality.

Proof. Classical result from local complex analytic geometry, which may
easily reproved by the reader or found for instance [1], [6] or in the refer-
ences therein. �

4.1.5. Power series CR mappings and CR-horizontal nondegeneracy
conditions. Let M andM ′ be two real algebraic or analytic generic sub-
manifolds ofCn and ofCn′

. Let rj(t, t̄) := w̄j − Θj(z̄, t), j = 1, . . . , d and
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r′j′(t
′, t̄′) := w̄′

j′ − Θ′
j′(z̄

′, t′), j′ = 1, . . . , d′, be defining equations forM
and forM ′. Following the definition given in §2.1.5, we say thath is a(lo-
cal) power series CR mapping fromM toM ′ if there exists ad′ × d matrix
a(t, t̄) of formal, analytic or algebraic power series such that, in vectorial
notation

(4.1.6) r′(h(t), h̄(t̄)) ≡ a(t, t̄) r(t, t̄).

Settingt̄ = 0 in this matrix identity, we get

(4.1.7) r′(h(t), 0) ≡ a(t, 0) r(t, 0).

The set defined by the equationsrj(t, 0) = 0 is of course the Segre variety
Sp̄0 passing through the origin. Similarly, the set defined byr′j′(t

′, 0) = 0,
j′ = 1, . . . , d′, is the Segre varietySp̄′0

. Then (4.1.7) shows thath induces a
power series mapping from the Segre varietySp̄0 to S ′

p̄′0
. We can thus apply

Definition 4.1.2 at the level of Segre varieties.

Definition 4.1.8. A power series CR mappingh : M →M ′ is called

(1) CR-invertible atp0 if m = m′ and if the induced formal mapping
h|Sp̄0

: Sp̄0 → S ′
p̄′0

between Segre varieties passing through the ori-
gin is a formal invertible mapping at0.

(2) CR-submersive atp0 if m ≥ m′ and if the induced formal map-
pingh|Sp̄0

: Sp̄0 → S ′
p̄′0

between Segre varieties passing through the
origin is a formal submersion at0.

(3) CR-finite atp0 if the induced formal mappingh|Sp̄0
: Sp̄0 → S ′

p̄′0
between Segre varieties passing through the origin is finiteat0.

(4) CR-dominating atp0 if the induced formal mappingh|Sp̄0
: Sp̄0 →

S ′
p̄′0

between Segre varieties passing through the origin is dominat-
ing at0.

(5) CR-transversal atp0 if the induced formal mappingh|Sp̄0
: Sp̄0 →

S ′
p̄′0

between Segre varieties passing through the origin is transversal
at0.

4.1.9. Complexified mapping.We may reformulate these definitions in a
more concrete way as follows. First of all, we may of course complexify
the defining identities (4.1.6), which yieldsr′(h(t), h̄(τ)) ≡ a(t, τ) r(t, τ).
These complexified identities show that thecomplexified mapping

(4.1.10) hc(t, τ) := (h(t), h̄(τ)) ∈ C[[t]]n ×C[[τ ]]n.

induces a power series mapping fromM to M ′. As explained in §1.2.2,
the complexified mappinghc stabilizes the two pairs of foliations(F ,F )
and(F ′,F ′), namelyhc sends (conjugate) complexified Segre varieties of
M to (conjugate) complexified Segre varieties ofM ′.

After replacingξ by Θ(ζ, t) in (4.1.10), we obtain the following power
series identities inC[[ζ, t]]:

(4.1.11) ḡj′(ζ,Θ(ζ, t)) ≡ Θ′
j′(f̄(ζ,Θ(ζ, t)), h(t)), j′ = 1, . . . , d′.
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In fact, as may be easily established, these identities are equivalent to the
existence of ad′ × d matrix of formal power seriesa(t, τ) which satis-
fies (4.1.6). However,throughout this memoir, we shall work only with the
more convenient fundamental power series identities(4.1.11).

Of course, the Segre variety passing throughp0 is represented by

(4.1.12) Sp̄0 : wj = Θj(z, 0), j = 1, . . . , d.

Similarly, the Segre variety passing throughp′0 is represented by

(4.1.13) S ′
p̄′0

: w′
j′ = Θ

′

j′(z
′, 0), j′ = 1, . . . , d′.

If we split h = (f, g) ∈ Cm′ × Cd′ , then the restriction ofh to Sp̄0 coincide
with the power series CR mapping

(4.1.14)Cm ∋ z 7−→
(
f(z,Θ(z, 0)), Θ

′
(f(z,Θ(z, 0)), 0)

)
∈ Cm′×Cd′ .

By projection onto theCm′ × {0}, we may of course identify this mapping
with theCR-horizontal partof the mapping defined by

(4.1.15) Cm ∋ z 7−→ f(z,Θ(z, 0)) ∈ Cm′

.

In the special case whereM ′ is given in normal coordinates, we have
Θ′(z′, 0) ≡ 0, hence the lastd′ terms in (4.1.7) all vanish and the identi-
fication ofh|Sp̄0

with its CR-horizontal part is trivial in this case (but we
shall avoid for the moment to introduce normal coordinates). With such no-
tations, we can reformulate the above five nondegeneracy conditions more
concretely.

Definition 4.1.16. Such a power series CR mappingh : M →M ′ is

(1) CR-invertible atp0 if its CR-horizontal part is a formal invertible
map at0.

(2) CR-submersive atp0 if its CR-horizontal part is a formal submersion
at0.

(3) CR-finite atp0 if its CR-horizontal part is finite at0.
(4) CR-dominating atp0 if its CR-horizontal part is dominating at0.
(5) CR-transversal atp0 if its CR-horizontal part is transversal at0.

To conclude, as direct corollaries of Lemmas 4.1.3 and 4.1.4, we have

Lemma 4.1.17. If a formal power series CR mappingh : M → M ′

is either CR-invertible, CR-submersive or CR-dominating,then it is CR-
transversal. Furthermore, in the CR-equidimensional casem′ = m, CR-
invertibility implies(and is in fact equivalent to) CR submersiveness, which
implies CR-finiteness, which implies CR-domination, whichfinally implies
CR-transversality.
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§4.2. SEGRE NONDEGENERACY CONDITIONS FOR POWER SERIESCR
MAPPINGS

4.2.1. Preliminaries. After having introduced the five CR-horizontal non-
degeneracy conditions on the power series CR mappingh, we may intro-
duceSegre nondegeneracy conditionson h which are related to the reflec-
tion principle, which will be studied in the next chapters ofPart II of this
memoir. Consequently,this Section 4.2 is of utmost importance to under-
stand the whole memoir.

As in §4.1.9, lethc : M → M ′ be a complexified power series CR map-
ping, namely start with the fundamental power series identities inC[[ζ, t]]:

(4.2.2) ḡj′(ζ,Θ(ζ, t))− Θ′
j′(f̄(ζ,Θ(ζ, t)), h(t)) ≡ 0,

for j′ = 1, . . . , d′. As in (2.3.8), letL 1, . . . ,L m be the basis of complexi-
fied (0, 1) vector fields tangent toM given by

(4.2.3) L k =
∂

∂ζk
+

d∑

j=1

∂Θj

∂ζk
(ζ, t)

∂

∂ξj
.

Letβ = (β1, . . . , βm) ∈ Nm. Applying the derivationsL β = L β1

1 · · ·L βm

m

to (4.2.2) and without writing the arguments, we get

(4.2.4) L β ḡj′ −
∑

γ′∈Nm′

L β(f̄γ) Θ′
j′,γ′(h) ≡ 0,

for all β ∈ Nm, for j′ = 1, . . . , d′ and for(t, τ) ∈ M . By developping the
derivationsL β, we observe that

Lemma 4.2.5.For everyi′ = 1, . . . , n′ and everyβ ∈ Nm, there exists a
polynomialPi′,β in the jetJ |β|

τ h̄(τ) with coefficients being power series in
(t, τ) which depend only on the defining functionsξj − Θj(ζ, t) of M and
which can be computed by means of some combinatorial formula, such that

(4.2.6) L βh̄i′(τ) ≡ Pi′,β(t, τ, J |β|
τ h̄(τ)).

Proof. For |β| = 1, this follows by inspecting the coefficients of the vector
fieldsL k in (4.2.4). By induction, assuming that such a formula holdsfor
all β ∈ Nm with |β| = k ≥ 1, applying the vector fieldsL 1, . . . ,L m

to (4.2.6) and using the chain rule, we get a similar type of formula for all
β ∈ Nm with |β| = k + 1. Clearly, the coefficients ofPi′,β depend on
the partial derivatives of theΘj(ζ, t) and one can refine this statement by
providing an explicit combinatorial formula (which we shall not need). �

In formula (4.2.6), we have written the first two arguments ofPi′,β to be
(t, τ). In fact, by inspecting the coefficients of the vector fieldsL k, these
first two arguments are(ζ, t). However, since we are always considering
the variables(t, τ) to belong toM , we have to replace everywhereτ by
Θ(ζ, t) or w by Θ(z, t). Consequently, we can identify a function of(t, τ)
with a function of(ζ, t) or with a function of(z, τ). Before going further,
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we shall make the following convention which will allow us tomake some
slight abuse of notation on occasion.

Convention4.2.7. Let k, l ∈ N. On the complexificationM , we identify
(notationally) a power series written under the complete form

(4.2.8) R(t, τ, Jkh(t), J lh̄(τ)),

with a power series written under one of the following four forms

(4.2.9)





(1) R
(
t, ζ,Θ(ζ, t), Jkh(t), J lh̄(ζ,Θ(ζ, t))

)
,

(2) R
(
t, ζ, Jkh(t), J lh̄(ζ,Θ(ζ, t)

)
,

(3) R
(
z,Θ(z, τ), τ, Jkh(z,Θ(z, τ)), J lh̄(τ)

)
,

(4) R
(
z, τ, Jkh(z,Θ(z, τ)), J lh̄(τ)

)
.

Admitting this convention, applying Lemma 4.2.5 and using the chain

rule, we deduce that for everyj′ = 1, . . . , d′ and everyβ ∈ Nm, there exist

formal power seriesR′
j′,β = R′

j′,β(t, τ, J
|β|
τ : t′) which depend only on the

defining equations ofM and on the defining equations ofM ′ such that we

can rewrite the equations (4.2.4) under the general form

(4.2.10)
L β[ḡj′(τ)−Θj′(f̄(τ), h(t))] =: R′

j′,β(t, τ, J |β|
τ h̄(τ) : h(t)) ≡ 0,

for j′ = 1, . . . , d′, where the identity “≡ 0” is understood “onM ”, namely
as a formal power series identity inC[[ζ, t]] after replacingξ by Θ(ζ, t) or
equivalently, as a formal power series identity inC[[z, τ ]] after replacing
w by Θ(z, τ). We shall constantly refer to these identities (4.2.10) in the
sequel.

Importantly, the smoothness of the power seriesR′
j′,β is the minimum of

the two smoothesses ofM and ofM ′. This crucial remark will be the basis
of all the various formal reflection principles developed inthe next chapters
of Part II.

For instance, the power seriesR′
j′,β are all complex analytic ifM is real

analytic and ifM ′ is real algebraic, even if the power series CR mapping
h(t) was assumed to be purely formal and non convergent.

By a careful inspection of the application of the chain rule in the devel-
opment of (4.2.5), we even see that eachR′

j′,β is relatively polynomial with
respect to the derivatives of positive order(∂α

τ h̄(τ))1≤|α|≤|β|.

4.2.11. Segre nondegeneracy conditions for CR mappings.We are now
ready to define nondegeneracy conditions for power series CRmappings
which generalize the nondegeneracy conditions for genericsubmanifolds
introduced in Chapter 3. In the equations (4.2.10), we replace h(t) by a
new independent variablet′ ∈ Cn′

, we set(t, τ) = (0, 0), and we define the
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following collection of power series

(4.2.12) Ψ′
j′,β(t′) :=


L β ḡj′ −

∑

γ′∈Nm′

L β(f̄γ′

) Θ′
j′,γ′(t′)




t=τ=0

,

for j′ = 1, . . . , d′ andβ ∈ Nm. Here, forβ = 0, we mean thatΨ′
j′,0(t

′) =
−Θ′

j′(0, t
′). Clearly, an equivalent way of definingΨ′

j′,β(t′) is as follows

(4.2.13) Ψ′
j′,β(t′) := R′

j′,β(0, 0, J
|β|
τ h̄(0) : t′).

Now, just before introducing the desired five definitions, wemake the fol-
lowing crucial heuristic remark. Whenn = n′, M = M ′ andh = Id, we
drop the dashes and we denote byT (instead oft′) the new independent
variable, hence we may compute

(4.2.14)





Ψj,β(T ) =

[
L βξj −

∑

γ∈Nm

L β(ζ)γ Θj,γ(T )

]

t=τ=0

=
[
L βΘj(ζ, t) − β! Θj,β(T )

]
t=τ=0

= β! [Θj,β(0) − Θj,β(T )].

Consequently, we see that up to an affine combination, we recover with
Ψj,β(T ) the components of the infinite Segre mapping (3.1.3). Furthermore,
using the computation (4.2.14), we may check easily that thefollowing five
nondegeneracy conditions just below are a generalization to CR mappings
of the five nondegeneracy conditions introduced in Section 3.2 for generic
submanifolds ofCn.

Definition 4.2.15. The formal, algebraic or analytic power series CR map-
pingh is called

(1) Levi-nondegenerateat the origin if the mapping

(4.2.16) t′ 7→
(
R′

j′,β(0, 0, J
|β|
τ h̄(0) : t′)

)
1≤j′≤d′, |β|≤1

is of rankn′ at t′ = 0. This condition requires the dimensional
inequalityd′(m+ 1) ≤ n′.

(2) ℓ1-finitely nondegenerateat the origin if there exists an integerℓ
such that the mapping

(4.2.17) t′ 7→
(
R′

j′,β(0, 0, J |β|
τ h̄(0) : t′)

)
1≤j′≤d′, |β|≤ℓ

is of rankn′ at t′ = 0, and ifℓ1 is the smallest such integerℓ.
(3) ℓ1-Segre finiteat the origin if there exists an integerℓ such that the

mapping

(4.2.18) t′ 7→
(
R′

j′,β(0, 0, J |β|
τ h̄(0) : t′)

)
1≤j′≤d′, |β|≤ℓ

is locally finite att′ = 0, and ifℓ1 is the smallest such integer.
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(4) ℓ1-Segre nondegenerateif there exist an integerℓ, integers
j′∗

1, . . . , j′∗
n′

with 1 ≤ j′∗
i′ ≤ d′ for i′ = 1, . . . , n′ and multi-

indicesβ1
∗ , . . . , β

n′

∗ with |βi′

∗ | ≤ ℓ for i′ = 1, . . . , n′, such that the
determinant

(4.2.19)

det



∂R′

j′
∗

i′
1 ,β

i′1
∗

∂t′i′2

(
z,Θ(z, 0), 0, 0, J |β

i′1
∗ |h̄(0) : h(z,Θ(z, 0))

)


1≤i′1,i′2≤n′

does not vanish identically inC[[z]], and if ℓ1 is the smallest such
integerℓ.

(5) ℓ1-holomorphically nondegenerateat the origin if there exists an
integerℓ, integersj′∗

1, . . . , j′∗
n′

with 1 ≤ j′∗
i′ ≤ d′ for i′ = 1, . . . , n′

and multiindicesβ1
∗ , . . . , β

n′

∗ with |βi′

∗ | ≤ ℓ for i′ = 1, . . . , n′, such
that the determinant

(4.2.20) det



∂R′

j′
∗

i′
1 ,β

i′
1

∗

∂t′i′2

(
0, 0, 0, 0, J |β

i′1
∗ |h̄(0) : h(t)

)


1≤i′1,i′2≤n′

does not vanish identically inC[[t]], and if ℓ1 is the smallest such
integerℓ.

These five nondegeneracy conditions for power series CR mappings are
of utmost importance for the reflection principle and they will be studied
in Part II of this memoir. Some of them are suggested by K. Diederich
and S.M. Webster in [9]. The notion ofℓ1-finite nondegeneracy unifies
conditions which appear in the works [1], [8], [14], [17], [22], [23], [27],
[30], [34], [35], [36].

We notice that Levi nondegeneracy implies finite nondegeneracy which
implies Segre finiteness. However, Segre finiteness and Segre nondegen-
eracy are totally independent conditions, as shown by the following two
examples.

Example4.2.21. We already know that essential finiteness ofM does not
imply Segre nondegeneracy, hence simply by considering theidentity map
of the hypersurfacev = z1z̄1(1+z1z̄2) ofC3, we see that(3) does not imply
(4) in Definition 4.2.15 just above.

On the other hand, it is easy to check that the mapping(z1, w) 7→
(z1, 0, w) from M : w̄ = w + i z2

1 z̄
2
1 toM ′ : w̄′ = w′ + i[z′1

2z̄′1
2
+ z′1z̄

′
2
2
+

z̄′1z
′
2
2] is Segre finite at the origin but it is not Segre nondegenerate.

We also mention that the above five nondegeneracy conditionsare mean-
ingful for sufficiently smooth local CR mappings, by considering the Taylor
series ofM atp0, of h atp0 and ofM ′ atp′0.

4.2.22. Necessary conditions.Coming back to (4.2.12), noticing that
f̄(0) = 0, we see that the constantL β(f̄γ)|t=τ=0 vanishes for|γ| > |β|,
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whence everyΨ′
j′,β(t′) is an affine combination with constant coefficients

of some (but not all) of the power seriesΘ′
j′1,β′

1
(t′), for 1 ≤ j′1 ≤ d′ and

|β ′
1| ≤ |β|. Based on this observation, we deduce immediately properties

(1), (2), (3) and (5) of Lemma 4.2.23 just below, which states necessary
conditions forh to be nondegenerate in each one of the above five senses.
The proof of(4) is also elementary.

Lemma 4.2.23.Leth : M → M ′ be a power series CR mapping as above.

(1) If h is Levi-nondegenerate at the origin, thenM ′ is Levi-
nondegenerate at the origin.

(2) If h is ℓ1-finitely nondegenerate at the origin, thenM ′ is ℓ′0-finitely
nondegenerate at the origin for someℓ′0 ≤ ℓ1.

(3) If h is ℓ1-essentially finite at the origin, thenM ′ is ℓ′0-essentially
finite at the origin for someℓ′0 ≤ ℓ1.

(4) If h is ℓ1-Segre nondegenerate at the origin, thenM ′ is ℓ′0-Segre
nondegenerate at the origin for someℓ′0 ≤ ℓ1.

(5) If h is ℓ1-holomorphically nondegenerate at the origin, thenM ′ is
ℓ′0-holomorphically nondegenerate at the origin for someℓ′0 ≤ ℓ1.

§4.3. STUDY OF CR-TRANSVERSAL POWER SERIESCR MAPPINGS

We now show that CR-transversality of the mappingh insures that it
enjoys exactly the same nondegeneracy condition as the target M ′. The
condition of CR transversality is much more general than thecondition of
domination, because for instance it does not impose any dimensional in-
equality betweenm andm′ or betweenn andn′. We shall end this section
with the proof of the following theorem, which is quite long and technical,
but of central importance. Here, we assume thatM andM ′ are either alge-
braic or analytic, and thath is algebraic, analytic or even formal. According
to Lemma 4.1.17, the following lemma applies to many situtations.

Theorem 4.3.1.Assume thath is CR-transversal atp0. Then the following
five properties hold:

(1) If M ′ is Levi nondegenerate atp′0, thenh is ℓ1-finitely nondegenerate
at p0 for someℓ1 ≥ 1.

(2) If M ′ is ℓ′0-finitely nondegenerate atp′0, thenh is ℓ1-finitely nonde-
generate atp0 for someℓ1 ≥ ℓ′0.

(3) If M ′ is ℓ′0-essentially finite atp′0, thenh is ℓ1-Segre finite atp0 for
someℓ1 ≥ ℓ′0.

(4) If M ′ is ℓ′0-Segre nondegenerate atp′0, thenh is ℓ1-Segre nondegen-
erate atp0 for someℓ1 ≥ ℓ′0.

(5) If M ′ is ℓ′0-holomorphically nondegenerate atp′0, and if moreoverh
is transversal atp0, thenh is ℓ1-holomorphically nondegenerate at
p0 for someℓ1 ≥ ℓ′0.

Proof. In order to simplify a little bit the notations and the computations,
we shall assume that the coordinates(z, w) for M nearp0 and(z′, w′) for



321

M ′ nearp′0 are normal. Thus, the Segre varietySp̄0 is given by{(z, 0)}
instead of{(z,Θ(z, 0))} and similarly forS ′

p̄′0
, which will slightly simplify

the presentation of the formal calculations below.
We remind that by the fundamental definition (4.2.10), the func-

tions R′
j′,β(t, τ, J

|β|h̄(τ) : t′) are the power series development of
L βr′j′(t

′, h̄(τ)). Here, the integerj′ satisfies1 ≤ j′ ≤ d′ and the
multiindexβ belongs toNm.

We consider the gradient ofR′
j′,β with respect to the distinguished vari-

ablet′:
(4.3.2)

∇t′ R
′
j′,β(t, τ, J |β|h̄(τ) : t′) :=

(
∂R′

j′,β

∂t′i
(t, τ, J |β|h̄(τ) : t′)

)

1≤i′≤n′

,

considered as a vertical vector,i.e. as an′ × 1 matrix. Also, we shall work
in the sequel with a fixedj′ and we shall consider the expression

(4.3.3)
(
∇t′ R

′
j′,β(t, τ, J |β|h̄(τ) : t′)

)
β∈Nm

as ann′ ×∞ matrix. We introduce a new notation. Letν ∈ N with ν ≥ 1,
let x = (x1, . . . , xν) ∈ Kν , let µ ∈ N with µ ≥ 1 and letA(x) by aµ ×∞
matrix of power series. BygenMrkA(x), we denote the generic rank of the
matrixA(x), which is defined to be the largest integerκ ≤ µ such that there
exists aκ× κ minor ofA(x) which does not vanish identically as a power
series inx. The letter “M” in genMrk stands for the word “Matrix”. The no-
tationgenMrk should not be confused with the notationgenrkC introduced
in §2.1.5.

In the sequel, we shall in fact put(t, τ) := (0, 0) in R′
j′,β. Then, the

generic rank of the matrix

(4.3.4) genMrk
(
∇t′ R

′
j′,β(0, 0, J

|β|h̄(0) : t′)
)

β∈Nm

is of course the largest integerκ′ such that there exists aκ′ × κ′ minor
of (4.3.4) which does not vanish identically as a power series in t′. In the
case where we putt′ = 0, we even do not have to speak of generic rank,
hence we simply denote by

(4.3.5) Mrk
(
∇t′ R

′
j′,β(0, 0, J |β|h̄(0) : 0)

)
β∈Nm

the rank of an′ ×∞ constant matrix. Of course, we use the same notations
genMrk andMrk for the truncated matrices where we allow only|β| ≤ k,
for some integerk ∈ N.

First of all we prove part(2) of Theorem 4.3.1, which contains of course
part (1). We state a technical lemma which holds essentially in the case of
codimensiond = 1.

Lemma 4.3.6.Fix j′ with 1 ≤ j′ ≤ d′. Letn′
j′ be the integer defined by

(4.3.7) n′
j′ := Mrk

(
∇t′ Θ

′
j′,γ′(0)

)
γ′∈Nm′ .
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Assume thath is CR-transversal atp0. Then we also have

(4.3.8) Mrk
(
∇t′ R

′
j′,β(0, 0, J

|β|h̄(0) : 0)
)

β∈Nm = n′
j′.

We first show that this technical lemma implies part(2) of the the-
orem. Indeed, by the definition ofR′

j′,β (see the expression (4.2.5))
∇t′ R

′
j′,β(0, 0, J

|β|h̄(0) : 0) is a linear combination with complex coeffi-
cients of the vectors∇t′ Θ

′
j′,γ′(0), for |γ′| ≤ |β|, namely more precisely

(4.3.9)
∇t′ R

′
j′,β(0, 0, J |β|h̄(0) : 0) = −

∑

γ′∈Nm′

L β(f̄γ′

)(0) [∇t′ Θ
′
j′,γ′(0)].

We notice that this sum is in fact truncated, with|γ′| ≤ |β|. Consequently,
we deduce that

(4.3.10) SpanC

{
∇t′ R

′
j′,β(0, 0, J |β|h̄(0) : 0) : β ∈ Nm

}

is automatically contained in

(4.3.11) SpanC

{
∇t′ Θ

′
j′,γ′(0) : γ′ ∈ Nm′

}
.

But thanks to the rank condition stated in Lemma 4.3.6 (to be proved be-
low), we deduce that these two subspaces must coincide. In other words,
for eachj′ = 1, . . . , d′, there exists integersℓ1,j′ andℓ′0,j′ with ℓ1,j′ ≥ ℓ′0,j′

such that

(4.3.12)

{
SpanC

{
∇t′ R

′
j′,β(0, 0, J |β|h̄(0) : 0) : |β| ≤ ℓ1,j′

}
=

SpanC

{
∇t′ Θ

′
j′,γ′(0) : |γ′| ≤ ℓ′0,j′

}
.

Finally, by assumption ofℓ′0-finite nondegeneracy ofM ′ at p′0, the vector
space spanned by the collection of terms in the right hand sides of (4.3.12),
when j′ = 1, . . . , d′, is equal to the whole ofCn′

, with of courseℓ′0 =
max(ℓ′0,1, . . . , ℓ

′
0,n′). It follows that the vector space spanned by the col-

lection of terms in the left hand sides of (4.3.12), whenj′ = 1, . . . , d′,
is also equal to the whole ofCn′

. In conclusion, setting of courseℓ1 =
max(ℓ1,1, . . . , ℓ1,n′) ≥ ℓ′0, we have shown thath is ℓ1-finitely nondegener-
ate atp0. It remains to establish the technical lemma.

Proof. So we fixj′. We proceed by contradiction. Assume that the rankκ′

of then′ ×∞ matrix

(4.3.13)
(
∇t′ R

′
j′,β(0, 0, J |β|h̄(0) : 0)

)
β∈Nm

is stricly smaller thann′
j′, namelyκ′ ≤ n′

j′ − 1. Equivalently, there exist
multiindicesβ1, . . . , βκ′ ∈ Nm such that for every multiindexβ ∈ Nm

different fromβ1, . . . , βκ′, there exist constanstΛ1
β, . . . ,Λ

κ′

β such that we
can write
(4.3.14)



∇t′ R
′
j′,β(0, 0, J

|β|h̄(0) : 0) = Λ1
β

[
∇t′ R

′
j′,β1

(0, 0, J |β|h̄(0) : 0)
]
+ · · ·+

+ Λκ′

β

[
∇t′ R

′
j′,βκ′

(0, 0, J |β|h̄(0) : 0)
]
.
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Now, replacing in these linear combinations the terms∇t′ R
′
j′,β by their

explicit expression (4.3.9), we obtain
(4.3.15)



∑

γ′∈Nm′

L β(f̄γ′

)(0) [∇t′ Θ
′
j′,γ′(0)] =

Λ1
β


 ∑

γ′∈Nm′

L β1(f̄γ′

)(0) [∇t′ Θ
′
j′,γ′(0)]


+ · · ·+

Λκ′

β


 ∑

γ′∈Nm′

L βκ′ (f̄γ′

)(0) [∇t′ Θ
′
j′,γ′(0)]


 .

As we are in normal coordinates, the conjugate complexified Segre variety
passing through the origin is given byS 0 = {(0, 0, ζ, 0)} in (z, w, ζ, ξ) co-
ordinates. Letγ′ ∈ Nm′

. The restriction off̄γ′

to S 0 is given byf̄γ′

(ζ, 0).
We develope its Taylor series with respect to the powers ofζ as follows

(4.3.16) f̄γ′

(ζ, 0) =
∑

β∈Nm

f̄γ′,β
ζβ

β!
,

where thef̄γ′,β are constants inC. Since the coordinates are normal, with
the usual vector fieldsL k given by

(4.3.17) L k =
∂

∂ζk
+

d∑

j=1

∂Θj

∂ζk
(ζ, t)

∂

∂ξj
,

taking into account thatΘj(ζ, 0, w) ≡ Θj(0, z, w) ≡ 0 (cf. Theo-
rem 2.1.32), we immediately see that the constantsf̄γ′,β are simply given
by

(4.3.18) f̄γ′,β = L β(f̄γ′

)(0, 0, 0, 0).

We may now rewrite the expression (4.3.15) as follows
(4.3.19)∑

γ′∈Nm′

(
f̄γ′,β − Λ1

β f̄γ′,β1 − · · · − Λκ′

β f̄γ′,βκ′

) [
∇t′ Θ

′
j′,γ′(0)

]
= 0.

Let us rewrite this expression temporarily as a linear system of the form

(4.3.20)
∑

γ′∈Nm′

F β,γ′

[
∇t′ Θ

′
j′,γ′(0)

]
= 0,

where theF β,γ′ are complex constant. Now, we use the assumption (4.3.7).
Since the rank of then′ ×∞ matrix (∇t′ Θ

′
j′,γ′(0))γ′∈Nm′ is equal ton′

j′ it
follows that after making some linear combinations betweenthe lines of the
system (4.3.20) that there existn′

j′ distinct multiindicesγ′1, . . . , γ
′
n′

j′
∈ Nm′
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such that fori′ = 1, . . . , n′
j′, we can solve

(4.3.21) F β,γ′

i′
=

∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′ F β,γ′ ,

where theA′
i′,γ′ are complex constants.

We now replace theF β,γ′ by their values, which yields forβ 6=
β1, . . . , βκ′ and fori′ = 1, . . . , n′

j′ the following equalities

(4.3.22)





f̄γ′

i′
,β − Λ1

β f̄γ′

i′
,β1

− · · · − Λκ′

β f̄γ′

i′
,βκ′

=

=
∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′

[
f̄γ′,β − Λ1

β f̄γ′,β1 − · · · − Λκ′

β f̄γ′,βκ′

]
.

We can now mix linearly the left and the right hand sides to obtain for
i′ = 1, . . . , n′

j′ and forβ 6= β1, . . . , βκ′

(4.3.23)



f̄γ′

i′
,β −

∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′ f̄γ′,β = Λ1

β


f̄γ′

i′
,β1

−
∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′ f̄γ′,β1




+ · · ·+

Λκ′

β


f̄γ′

i′
,βκ′

−
∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′ f̄γ′,βκ′


 .

On the other hand, by the definition (4.3.16) of the constantsf̄γ′,β, we can
develope the following expression in power series ofζ
(4.3.24)




f̄γ′

i(ζ, 0)−
∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′ f̄γ′

(ζ, 0) =

∑

β 6=β1,...,βκ′


f̄γ′

i′
,β −

∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′ f̄γ′,β




ζβ

β!
+

+


f̄γ′

i′
,β1

−
∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′ f̄γ′,β1




ζβ1

β1!
+ · · ·+

+


f̄γ′

i′
,βκ′

−
∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′ f̄γ′,βκ′




ζβκ′

βκ′!
.
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Now, we introduce the following new complex constants fori′ = 1, . . . , n′
j′

(4.3.25)





Πi′,1 := f̄γ′

i′
,β1

−
∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′ f̄γ′,β1,

· · · · · · · · ·
Πi′,κ′ := f̄γ′

i′
,βκ′

−
∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′ f̄γ′,βκ′

,

and we use the preceding relations (4.3.23) to rewrite (4.3.24) more simply
as follows, fori′ = 1, . . . , n′

j′:
(4.3.26)



f̄γ′

i′ (ζ, 0) −
∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′ f̄γ′

(ζ, 0) =

=
∑

β 6=β1,...,βκ′

[
Λ1

β Πi′,1 + · · · + Λκ′

β Πi′,κ′

] ζβ

β!
+ Πi′,1

ζβ1

β1!
+ · · ·+ Πi′,κ′

ζβκ′

βκ′!

= Πi′,1


ζ

β1

β1!
+

∑

β 6=β1,...,βκ′

Λ1
β

ζβ

β!


 + · · ·+ Πi′,κ′


ζ

βκ′

βκ′!
+

∑

β 6=β1,...,βκ′

Λκ′

β

ζβ

β!




=: Πi′,1G1(ζ) + · · ·+ Πi′,κ′ Gκ′(ζ),

where the power seriesG1(ζ), . . . , Gκ′(ζ) are defined by the last equality.
Now, we use the assumptionκ′ ≤ n′

j′ − 1. Since there are striclty less than
n′

j′ functionsG in (4.3.26), it follows that there exist complex constants
µ1, . . . , µn′

j′
not all zero such that

(4.3.27)





0 ≡ µ1


f̄

γ′

1(ζ, 0)−
∑

γ′ 6=γ′

1,...,γ′

n′

j′

A1,γ′ f̄γ′

(ζ, 0)


+ · · ·+

+ µn′

j′


f̄

γ′

n′

j′ (ζ, 0)−
∑

γ′ 6=γ′

1,...,γ′

n′

j′

An′

j′
,γ′ f̄γ′

(ζ, 0)


 ,

and this last equality clearly contradicts the assumption that h is CR-
transversal atp0.

The proofs of Lemma 4.3.6 and of parts(1) and(2) of Theorem 4.3.1 are
complete. �

We now prove part(3) of Theorem 4.3.1. We also proceed by contradic-
tion. Suppose that the ideal

(4.3.28)
〈
R′

j′,β(0, 0, J |β|h̄(0) : t′)
〉
1≤j′≤d′, β∈Nm
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is of infinite codimension inAC{t′} or in C{t′}. By the Nullstellensatz,
it follows that there exists a nonzero algebraic or analyticpiece of curve
passing through the origin

(4.3.29) C ∋ s′ 7→ t′(s′) ∈ Cn′

,

namelyt′(s′) ∈ AC{s′}n′

or t′(s′) ∈ C{s′}n′

, such that

(4.3.30) R′
j′,β(0, 0, J |β|h̄(0) : t′(s′)) ≡ 0,

for all j′ = 1, . . . , d′ and allβ ∈ Nm. Replacing theR′
j′,β by their defini-

tion (4.2.10), this means that

(4.3.31) L β ḡj′(0) −
∑

γ′∈Nm′

L β(f̄γ′

)(0) Θ′
j′,γ′(t′(s′)) ≡ 0,

for j′ = 1, . . . , d′. But since the coordinates(z, w) and(z′, w′) are normal,
we claim that we have

(4.3.32) L β ḡj′(0) = 0

for all β ∈ Nm and allj′ = 1, . . . , d′. Indeed, settingt = 0 in the funda-
mental power series identities

(4.3.33) ḡj′(ζ,Θ(ζ, t)) ≡ Θ′
j′(f̄(ζ,Θ(ζ, t)), h(t)),

we get thanks to the normality of coordinates

(4.3.34) ḡj′(ζ, 0) ≡ Θ′
j′(f̄(ζ, 0), 0) ≡ 0,

hence

(4.3.35) L β ḡj′(0) = ∂β
ζ ḡj′(ζ, 0)|ζ=0 = 0,

as claimed. Developing

(4.3.36) f̄γ′

(ζ, 0) =
∑

β∈Nm

f̄γ′,β
ζβ

β!
,

where (again thanks to normal coordinates)

(4.3.37) f̄γ′,β = L β f̄γ′

(0),

we can now rewrite the expression (4.3.31) in under the simpler form

(4.3.38)
∑

γ′∈Nm′

f̄γ′,β Θ′
j′,γ′(t′(s′)) ≡ 0.

BecauseM ′ is essentially finite atp′0, there exists at smallest one integer
j′0 with 1 ≤ j′0 ≤ d′ such that not allΘ′

j′0,γ′(t′(s′)) vanish identically, for

γ′ ∈ Nm′

. Hence there existss′0 ∈ C arbitrarily close to the origin such
that the infinite family of complex constants(Θ′

j′0,γ′(t′(s′0)))γ′∈Nm′ are not
all zero. We put

(4.3.39) θ′γ′ := Θ′
j′0,γ′(t′(s′0)) ∈ C.
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Settings′ := s′0 in (4.3.38), we therefore get for allβ ∈ Nm a relation of
the form

(4.3.40)
∑

γ′∈Nm′

f̄γ′,β θ
′
γ′ = 0,

which yields after integrating with respect toζ the formal identity

(4.3.41)
∑

γ′∈Nm′

θ′γ′ f̄γ′

(ζ, 0) ≡ 0.

But this clearly contradicts the CR-transversality ofh atp0.
The proof of part(3) of Theorem 4.3.1 is complete.

We now prove part(4) of Theorem 4.3.1. The proof has some similarities
with the proof of part(2), but is a little bit more technical. We use the
notations introduced in the beginning of the proof of Theorem 4.3.1.

It follows directly from Section 3.2 (cf. especially (3.2.47) and
Lemma 3.2.49) that in normal coordinates, and using the gradient notation
∇t′ , thenM ′ is Segre nondegenerate if and only if

(4.3.42) genMrk
(
∇t′ Θ

′
j′,γ′(z′, 0)

)
1≤j′≤d′, γ′∈Nm′ = n′.

Notice that here we let the integerj′ vary from1 to d′, but in the following
lemma, we shall fixj′.

Lemma 4.3.43.Fix j′ with 1 ≤ j′ ≤ d′. Letn′
j′ be the integer defined by

(4.3.44) n′
j′ := genMrk

(
∇t′ Θ

′
j′,γ′(z′, 0)

)
γ′∈Nm′ .

Assume thath is CR-transversal atp0. Then we also have

(4.3.45) genMrk
(
∇t′ R

′
j′,β(z, 0, 0, 0, J |β|h̄(0) : h(z, 0))

)
β∈Nm = n′

j′.

We first show that this technical lemma implies part(4) of Theorem 4.3.1.
Indeed, by the definitions (4.2.5) and (4.2.10) ofR′

j′,β, after specifiying on
the Segre chainS0 = {(z, 0, 0, 0)}, we have

(4.3.46)





∇t′ R
′
j′,β (z, 0, 0, 0, J |β|h̄(0) : h(z, 0)) =

= −
∑

γ′∈Nm′

L β(f̄γ′

)(z, 0, 0, 0) [∇t′ Θ
′
j′,γ′(h(z, 0))].

Notice that we write here the first arguments ofR′
j′,β and the arguments

of the differentiated expressionL β(f̄γ′

) as (z, w, ζ, ξ), and not as(t, τ).
Here, in the arguments(z, 0, 0, 0) of this expressionL β(f̄γ′

), the termz
comes from the coefficients of the vector fieldsL k, but (ζ, ξ) = (0, 0). It
follows that the sum in (4.3.46) is in fact truncated with|γ′| ≤ |β|, since
f̄γ′

vanishes to order|γ′| at the origin. Thus, the columns of the matrix
(∇t′R

′
j′,β)β∈Nm on the left hand side of (4.3.46) are obtained as a linear

combination (with coefficients being certain formal power series inz) of
the columns of the matrix(∇t′Θ

′
j′,γ′)γ′∈Nm′ on the right hand side. Thanks

to Lemma 4.3.43 (to be proved below), we deduce that the formal linear
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space spanned by the columns of the matrix(∇t′R
′
j′,β)β∈Nm on the left

coincides with the formal linear space spanned by the columns of matrix
(∇t′Θ

′
j′,γ′)γ′∈Nm′ on the right. Finally, thanks to the Segre nondegeneracy

assumption (4.3.42), we deduce
(4.3.47)

genMrk
(
∇t′R

′
j′,β(z, 0, 0, 0, J

|β|h̄(0) : h(z, 0))
)
1≤j′≤d′, β∈Nm = n′,

which shows thath is ℓ1-Segre nondegenerate, for someℓ1 ≥ ℓ′0. It remains
to establish the technical Lemma 4.3.43.

Proof. So we fixj′. Again, we proceed by contradiction. Assume that the
generic rankκ′ of then′ ×∞ matrix

(4.3.48)
(
∇t′ R

′
j′,β(z, 0, 0, 0, J |β|h̄(0) : h(z, 0))

)
β∈Nm

is strictly smaller thann′
j′, namelyκ′ ≤ n′

j′ − 1. We chooseκ′ distinct
multiindicesβ1, . . . , βκ′ ∈ Nm such that the generic rank of then′ × κ′

extracted matrix

(4.3.49)
(
∇t′ R

′
j′,βi′

(z, 0, 0, 0, J |β|h̄(0) : h(z, 0))
)

1≤i′≤κ′

is equal toκ′. We letΛ(z) ∈ C[[z]] denote a not identically zeroκ′ × κ′

minor of this matrix. It then follows from Cramer’s rule and from the rank
assumption that for every multiindexβ ∈ Nm different fromβ1, . . . , βκ′,
there exist formal power seriesΛ1

β(z), . . . ,Λκ′

β (z) ∈ C[[z]] such that we can
write
(4.3.50)



Λ(z)∇t′ R
′
j′,β (z, 0, 0, 0, J |β|h̄(0) : h(z, 0)) ≡

≡ Λ1
β(z)∇t′ R

′
j′,β1

(z, 0, 0, 0, J |β|h̄(0) : h(z, 0)) + · · ·+
+ Λκ′

β (z)∇t′ R
′
j′,βκ′

(z, 0, 0, 0, J |β|h̄(0) : h(z, 0)).

Replacing theR′
j′,β by their values given by (4.3.46), we get

(4.3.51)



Λ(z)
∑

γ′∈Nm′

L β(f̄γ′

)(z, 0, 0, 0) [∇t′ Θ
′
j′,γ′(h(z, 0))] ≡

≡
∑

γ′∈Nm′

(
Λ1

β(z) L β1(f̄γ′

)(z, 0, 0, 0) + · · ·+

+Λκ′

β (z) L βκ′ (f̄γ′

)(z, 0, 0, 0)
) [

∇t′ Θ
′
j′,γ′(h(z, 0))

]
.

We remind that in normal coordinates, we haveg(z, 0) ≡ 0, hence

(4.3.52) h(z, 0) ≡ (f(z, 0), 0).

Before going further, we need the following elementary observation.

Lemma 4.3.53.Assume thath is CR-transversal atp0 and fix j′ as in
Lemma 4.3.43. Then

(4.3.54) genMrk
(
∇t′ Θ

′
j′,γ′(f(z, 0), 0)

)
γ′∈Nm′ = n′

j′.
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Proof. Suppose on the contrary that this generic matrix rank is equal to an
integerκ′ ≤ n′

j′ −1. By the definition (4.3.45) ofn′
j′, there exists an′

j′ ×n′
j′

minor d′(z′) of then′ × ∞ matrix (∇t′ Θ
′
j′,γ′(z′, 0))γ′∈Nm′ which does not

vanish identically as a power series ofz′. We deduce thatd′(f(z, 0)) ≡ 0,
contradicting the CR-transversality assumption onh, which completes the
proof. �

After making a linear combination, we can rewrite temporarily the rela-
tions (4.3.51) under the form

(4.3.55)
∑

γ′∈Nm′

F β,γ′(z)
[
∇t′ Θ

′
j′,γ′(h(z, 0))

]
≡ 0.

By Lemma 4.3.53, there exist multiindicesγ′1, . . . , γ
′
n′

j′
such that an′

j′ ×n′
j′

minorA(z) of then′ × n′
j′ matrix

(4.3.56)
(
∇t′ Θ

′
j′,γ′

i′
(h(z, 0))

)
1≤i′≤n′

j′

does not vanish identically as a power series ofz. We deduce that after
making some linear combinations between the lines of the system (4.3.55)
that for everyi′ = 1, . . . , n′

j′, there exist formal power seriesA′
i′,γ′(z) such

that we can solve

(4.3.57) A(z)F β,γ′

i′
(z) ≡

∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′(z)F β,γ′(z).

We now replace theF β,γ′ by their values given by (4.3.51) and (4.3.55). We
obtain the following formal equalities, valuable fori′ = 1, . . . , n′

j′ and for
β 6= β1, . . . , βκ′:
(4.3.58)



A(z) Λ(z) L β(f̄γ′

i′ )(z, 0, 0, 0) −A(z) Λ1
β(z) L β1(f̄γ′

i′ )(z, 0, 0, 0) − · · ·−
− A(z) Λκ′

β (z) L βκ′ (f̄γ′

i′ )(z, 0, 0, 0) ≡
≡

∑

γ′ 6=γ′

1,...,γ′

n′

j′

(
A′

i′,γ′(z) Λ(z) L β(f̄γ′

)(z, 0, 0, 0)−

− A′
i′,γ′(z) Λ1

β(z) L β1(f̄γ′

)(z, 0, 0, 0) − · · ·−
−A′

i′,γ′(z) Λ1
β(z) L βκ′ (f̄γ′

)(z, 0, 0, 0)
)
.
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After making some linear combinations, we can rewrite this identity as
(4.3.59)



A(z) Λ(z) L β(f̄γ′

i′ )(z, 0, 0, 0) −
∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′(z) Λ(z) L β(f̄γ′

)(z, 0, 0, 0) ≡

≡ Λ1
β(z)

(
A(z) L β1(f̄γ′

i′ )(z, 0, 0, 0)−

−
∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′(z) L β1(f̄γ′

)(z, 0, 0, 0)


+ · · ·+

+ Λκ′

β (z)
(
A(z) L βκ′ (f̄γ′

i′ )(z, 0, 0, 0)−

−
∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′(z) L βκ′ (f̄γ′

)(z, 0, 0, 0)


 .

Next, we introduce the following new notation

(4.3.60) f̄γ′,β(z) := L β(f̄γ′

)(z, 0, 0, 0).

Of course, we have

(4.3.61) f̄γ′

(ζ, 0) ≡
∑

β∈Nm

f̄γ′,β(0)
ζβ

β!

and

(4.3.62)





f̄γ′

(ζ,Θ(ζ, z, 0)) ≡
∑

β∈Nm

ζβ

β!

[
∂|β|

∂ζβ

(
f̄γ′

(ζ,Θ(ζ, z, 0))
)]

ζ=0

≡ L β(f̄γ′

)(z, 0, 0, 0)

≡
∑

β∈Nm

ζβ

β!
f̄γ′,β(z).
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With this notation, we can rewrite (4.3.59) as follows, where i′ = 1, . . . , n′
j′

andβ 6= β1, . . . , βκ′:
(4.3.63)



A(z) Λ(z) f̄γ′

i′
(z) −

∑

γ′ 6=γ′

1,...,γ′

n′

j′

Λ(z)A′
i′,γ′(z) f̄γ′,β(z) ≡

≡ Λ1
β(z)


A(z) f̄γ′

i′
,β(z) −

∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′(z) f̄γ′,β(z)


 + · · ·+

+ Λ1
β(z)


A(z) f̄γ′

i′
,β(z) −

∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′(z) f̄γ′,β(z)


 .

On the other hand, taking the definition (4.3.60) off̄γ′,β(z) and (4.3.62) into
account, we have the power series development
(4.3.64)



∑

β∈Nm

ζβ

β!


A(z) Λ(z) f̄γ′

i′
,β(z) −

∑

γ′ 6=γ′

1,...,γ′

n′

j′

Λ(z)A′
i′,γ′(z) f̄γ′,β(z)


 ≡

≡ A(z) Λ(z) f̄γ′

i′ (ζ,Θ(ζ, z, 0))−
∑

γ′ 6=γ′

1,...,γ′

n′

j′

Λ(z)A′
i′,γ′(z) f̄γ′

(ζ,Θ(ζ, z, 0)).

In this identity, we decompose the sum
∑

β∈Nm as the sum
∑

β 6=β1,...,βκ′
plus

theκ′ remaining terms corresponding toβ = β1, . . . , βκ′ and we substitute
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the expressions obtained just previously in (4.3.63), which yields
(4.3.65)



∑

β∈Nm

ζβ

β!


A(z) Λ(z) f̄γ′

i′
,β(z) −

∑

γ′ 6=γ′

1,...,γ′

n′

j′

Λ(z)A′
i′,γ′(z) f̄γ′,β(z)


 ≡

≡
∑

β 6=β1,...,βκ′

ζβ

β!


A(z) Λ(z) f̄γ′

i′
,β(z) −

∑

γ′ 6=γ′

1,...,γ′

n′

j′

Λ(z)A′
i′,γ′(z) f̄γ′,β(z)


+

+
ζβ1

β1!


A(z) Λ(z) f̄γ′

i′
,β1

(z) −
∑

γ′ 6=γ′

1,...,γ′

n′

j′

Λ(z)A′
i′,γ′(z) f̄γ′,β1(z)


+

+ · · ·+

+
ζβκ′

βκ′!


A(z) Λ(z) f̄γ′

i′
,βκ′

(z) −
∑

γ′ 6=γ′

1,...,γ′

n′

j′

Λ(z)A′
i′,γ′(z) f̄γ′,βκ′

(z)


 .
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Now, we make some linear combinations, which yields the following rep-
resentation of the right hand side of (4.3.65)
(4.3.66)



A(z) Λ(z) f̄γ′

i′ (ζ,Θ(ζ, z, 0))−
∑

γ′ 6=γ′

1,...,γ′

n′

j′

Λ(z)A′
i′,γ′(z) f̄γ′

(ζ,Θ(ζ, z, 0)) ≡

≡
∑

β 6=β1,...,βκ′

ζβ

β!


Λ1

β(z)


A(z) f̄γ′

i′
,β1

(z) −
∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′(z) f̄γ′,β1(z)


+

+ · · ·+

+Λκ′

β (z)


A(z) f̄γ′

i′
,βκ′

(z) −
∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′(z) f̄γ′,βκ′

(z)





+

+
ζβ1

β1!


A(z) f̄γ′

i′
,β1

(z) −
∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′(z) f̄γ′,β1(z)


+

+ · · ·+

+
ζβκ′

βκ′!


A(z) f̄γ′

i′
,βκ′

(z) −
∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′(z) f̄γ′,βκ′

(z)


 .

If we now set fori′ = 1, . . . , n′
j′:

(4.3.67)





Πi′,1(z) := A(z) f̄γ′

i′
,β1

(z) −
∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′(z) f̄γ′,β1(z),

· · · · · · · · ·
Πi′,κ′(z) := A(z) f̄γ′

i′
,βκ′

(z) −
∑

γ′ 6=γ′

1,...,γ′

n′

j′

A′
i′,γ′(z) f̄γ′,βκ′

(z),
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then we can rewrite (4.3.66) as follows
(4.3.68)



A(z) Λ(z) f̄γ′

i′ (ζ,Θ(ζ, z, 0))−
∑

γ′ 6=γ′

1,...,γ′

n′

j′

Λ(z)A′
i′,γ′(z) f̄γ′

(ζ,Θ(ζ, z, 0)) ≡

≡ Πi′,1(z)


ζ

β1

β1!
Λ(z) +

∑

β 6=β1,...,βκ′

Λ1
β(z)

ζβ

β!


+

+ · · ·+

+ Πi′,κ′(z)


ζ

βκ′

βκ′!
Λ(z) +

∑

β 6=β1,...,βκ′

Λκ′

β (z)
ζβ

β!


 =:

=: Πi′,1(z)G1(z, ζ) + · · ·+ Πi′,κ′(z)Gκ′(z, ζ).

We now setC(z) := A(z) Λ(z) and for i′ = 1, . . . , n′
j′ and γ′ 6=

γ′1, . . . , γ
′
n′

j′
,

(4.3.69) Bi′,γ′ := Λ(z)A′
i′,γ′(z).

In summary, we have obtained that fori′ = 1, . . . , n′
j′, we can write

(4.3.70)



C(z) f̄γ′

i′ (ζ,Θ(ζ, z, 0))−
∑

γ′ 6=γ′

1,...,γ′

n′

j′

Bi′,γ′(z) f̄γ′

(ζ,Θ(ζ, z, 0)) ≡

≡ Πi′,1(z)G1(z, ζ) + · · ·+ Πi′,κ′(z)Gκ′(z, ζ).

Becauseκ′ ≤ n′
j′ − 1, hence there are less thann′

j′ functionsGi′(z, ζ)
in the right hand side of (4.3.70), it follows that there exist power series
µ1(z), . . . , µn′

j′
(z) ∈ C[[z]], not all zero, such that

(4.3.71)



0 ≡ µ1(z)


C(z) f̄γ′

1(ζ,Θ(ζ, z, 0))−
∑

γ′ 6=γ′

1,...,γ′

n′

j′

B1,γ′(z) f̄γ′

(ζ,Θ(ζ, z, 0))


+

+ · · ·+

+ µn′

j′
(z)


C(z) f̄

γ′

n′

j′ (ζ,Θ(ζ, z, 0))−
∑

γ′ 6=γ′

1,...,γ′

n′

j′

Bn′

j′
,γ′(z) f̄γ′

(ζ,Θ(ζ, z, 0))


 .
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Finally, we simplify a little bit this expression by writingit under the form
(4.3.72)



0 ≡ µ1(z)C(z) f̄γ′

1(ζ,Θ(ζ, z, 0)) + · · ·+ µn′

j′
(z)C(z) f̄

γ′

n′

j′ (ζ,Θ(ζ, z, 0))+

+
∑

γ′ 6=γ′

1,...,γ′

n′

j′

Eγ′(z) f̄γ′

(ζ,Θ(ζ, z, 0)).

where theEγ′(z) are formal power series with respect toz. We are now
in position to conclude the proof of Lemma 4.3.53, namely to come to an
absurd as announced in the beginning of the proof.

Indeed, sinceC(z) 6≡ 0 by construction, and since there exists at small-
est one power seriesµi′(z) which does not vanish identically, we can apply
the following elementary lemma to conclude thatf̄(ζ, 0) satisfies a non-
trivial power series identity, which clearly contradicts the CR-transversality
assumption.

Lemma 4.3.73.Assume that there exists a collection of power seriesEγ′(z)
indexed byγ′ ∈ Nm′

with the property that there exists at smallest one mul-
tiindexγ′0 ∈ Nm′

withEγ′

0
(z) 6≡ 0 in C[[z]] and assume that̄f(ζ,Θ(ζ, z, 0))

satisfies the formal power series identity

(4.3.74)
∑

γ′∈Nm′

Eγ′(z) f̄γ′

(ζ,Θ(ζ, z, 0)) ≡ 0

in C[[z, ζ ]]. Then there exists a collection of constantsFγ′ ∈ C indexed by
γ′ ∈ Nm′

which do not all vanishsuch that

(4.3.75)
∑

γ′∈Nm′

Fγ′ f̄γ′

(ζ, 0) ≡ 0

inC[[ζ ]]. In other words, the formal mappingζ 7→ f̄(ζ, 0) is not transversal,
in the sense of Definition 4.1.2(5).

Proof. We putz = 0 in (4.3.74). If there exists a multiindexγ′ ∈ Nm′

such
thatEγ′(0) 6= 0, we are done. Otherwise, we differentiate (4.3.74) with
respect toz and we putz = 0. If there exist an integerk with 1 ≤ k ≤ m
and a multiindexγ′ ∈ Nm′

such that[∂Eγ′(0)/∂zk](0) 6= 0, we are done.
Otherwise, we again differentiate with respect toz and putz = 0. Since
Eγ′

0
(z) 6≡ 0 in C[[z]], this process converges towards the conclusion after a

finite number of steps, which completes the proof. �

The proofs of Lemma 4.3.53 and of part(4) of Theorem 4.3.1 are now
complete. �

We now prove part(5) of Theorem 4.3.1. Proceeding as for parts(2) and
(4), we shall essentially reason by contradiction, but we shallsummarize
the main part of the proof (Lemma 4.3.79 below), because it isvery similar
to the proof of Lemma 4.3.53.
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By assumption ofℓ′0-holomorphic nondegeneracy ofM ′ atp′0, we have

(4.3.76) genMrk
(
∇t′ Θ

′
j′,γ′(t′)

)
1≤j′≤d′, γ′∈Nm′ = n′.

Notice that in(5), we make one supplementary assumption, by requiring in
addition thath is transversal atp0. This to insure that the following holds.

Lemma 4.3.77.Assume thath is transversal atp0 and thatM ′ is holomor-
phically nondegenerate atp0. Then

(4.3.78) genMrk
(
∇t′ Θ

′
j′,γ′(h(t))

)
1≤j′≤d′, γ′∈Nm′ = n′.

Proof. Suppose on the contrary that this generic matrix rank if equal to an
integerκ′ ≤ n′ − 1. By hypothesis, there exists an′ × n′ minord′(t′) of the
n′ ×∞ matrix (4.3.76) which does not vanish identically as a powerseries
of t′. We deduced′(h(t)) ≡ 0, contradicting the transversality ofh at p0,
which completes the proof. �

To establish part(5) of Theorem 4.3.1, we need the following technical
lemma.

Lemma 4.3.79.Fix j′ with 1 ≤ j′ ≤ d′. Letn′
j′ be the integer defined by

(4.3.80) n′
j′ := genMrk

(
∇t′ Θ

′
j′,γ′(t′)

)
γ′∈Nm′ .

Assume thath is CR-transversal atp0. Then we also have

(4.3.81) genMrk
(
∇t′ Rj′,β(0, 0, 0, 0, J

|β|h̄(0) : h(t))
)

β∈Nm = n′
j′.

As in the paragraph after the statement of Lemma 4.3.53, we can eas-
ily verify that this technical lemma implies part(5) of Theorem 4.3.1. It
remains to prove Lemma 4.3.79.

Proof. So we fixj′. Again, we proceed by contradiction. We summarize
the proof. Assuming that the generic rank of then′ ×∞ matrix

(4.3.82)
(
∇t′ R

′
j′,β(0, 0, 0, 0, J

|β|h̄(0) : h(t))β∈Nm

)

is equal to an integerκ′ ≤ n′
j′ − 1 and taking into account that

(4.3.83) genMrk
(
Θ′

j′,γ′(h(t))
)

γ′∈Nm′ = n′
j′

(by a slight generalization of Lemma 4.3.77) sinceh is transversal atp0,
we deduce that there existκ′ distinct multiindicesβ1, . . . , βκ′ ∈ Nm and a
not identically zero power seriesΛ(t) 6≡ 0 and for every multiindexβ 6=
β1, . . . , βκ′, power seriesΛ1

β(t), . . . ,Λκ′

β (t) such that we can write
(4.3.84)




0 ≡
∑

γ′∈Nm′

(
Λ(t) L β(f̄γ′

)(0) − Λ1
β(t) L β1(f̄γ′

)(0) − · · ·−

−Λκ′

β (t) L βκ′ (f̄γ′

)(0)
) [

∇t′ Θ
′
j′,γ′(h(t))

]
.
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Reasoning as in the proof of Lemma 4.3.53, we deduce that there exist
n′

j′ distinct multiindicesγ′1, . . . , γ
′
j′ ∈ Nm′

, that there exists a not iden-
tically zero power seriesA(t) 6≡ 0, that for i′ = 1, . . . , n′

j′ and for
γ′ 6= γ′1, . . . , γ

′
n′

j′
, there exist power seriesA′

i′,γ′(t) ∈ C[[t]], that there exist

power seriesΠi′,1(t), . . . ,Πi′,κ′(t) ∈ C[[t]] and that there exist power series
G1(t, ζ), . . . , Gκ′(t, ζ) ∈ C[[t, ζ ]] such that we can write fori′ = 1, . . . , n′

j′:

(4.3.85)





A(t) Λ(t) f̄γ′

i′ (ζ, 0) −
∑

γ′ 6=γ′

1,...,γ′

n′

j′

Λ(t)A′
i′,γ′(t) f̄γ′

(ζ, 0) ≡

≡ Πi′,1(t)G1(t, ζ) + · · ·+ Πi′,κ′(t)Gκ′(t, ζ).

Since κ′ ≤ n′
j′ − 1, we deduce that there exist power series

µ1(t), . . . , µn′

j′
(t) ∈ C[[t]] not all zero such that we can write, after

settingC(t) := A(t) Λ(t) andBi′,γ′(t) := Λ(t)A′
i′,γ′(t):

(4.3.86)



0 ≡ µ1(t)


C(t) f̄γ′

1(ζ, 0) −
∑

γ′ 6=γ′

1,...,γ′

n′

j′

B1,γ′(t) f̄γ′

(ζ, 0)


+

+ · · ·+

+ µn′

j′
(t)


C(t) f̄

γ′

n′

j′ (ζ, 0)−
∑

γ′ 6=γ′

1,...,γ′

n′

j′

Bn′

j′
,γ′(t) f̄γ′

(ζ, 0)


 .

Simplifying a little bit this expression by writing it underthe form

(4.3.87)





0 ≡ µ1(t)C(t) f̄γ′

1(ζ, 0) + · · · + µn′

j′
(t)C(t) f̄

γ′

n′

j′ (ζ, 0)+

+
∑

γ′ 6=γ′

1,...,γ′

n′

j′

Eγ′(t) f̄γ′

(ζ, 0),

we deduce by applying the same reasoning as in Lemma 4.3.73 that there
exists a not identically zero power series relation

(4.3.88)
∑

γ′∈Nm′

Fγ′ f̄γ′

(ζ, 0) ≡ 0,

contradicting the assumption of CR-transversality, whichcompletes the
proof of Lemma 4.3.79. �

This completes the proof of part(5). In conclusion, the proof of Theo-
rem 4.3.1 is complete. �

Bibliography for Part I
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Note on double reflection and

algebraicity of holomorphic mappings

Joël Merker

Abstract. In this note, our purpose is to establish shortly the algebraicity of a
holomorphic mapping between two real algebraic CR manifolds under a double
reflection condition which generalizes the classical single reflection. A complete
study of various double reflection conditions illustrated by simple examples is also
provided.

RÉSUMÉ. Dans cette note, notre but est d’établir brièvement l’algébricité d’une
application holomorphe entre deux variétés CR réelles algébriques en supposant
qu’une condition de réflexion double, généralisant la condition classique de réflex-
ion simple, est satisfaite. Nous entreprenons une étude complète, supportée par des
exemples élémentaires, de la combinatoire des différents théorèmes possibles.

Annales Fac. Sci. Toulouse9 (2001), no. 5, 689–721.

The goal of this note is to understand double reflection for holomorphic
mappingsf : M → M ′ between real algebraic CR manifolds in complex
spaces of different dimensions. We plan to understand it in the general case,
that is with and without reducing, shrinking or stratifyingthe first family of
equations “f(z) ∈ rM ′(f(Qz̄)) := V′

z” (see below) which comes from the
first reflection.

Thus, let us quickly present the general problematics.
Let f : M → M ′ be a holomorphic map between two real algebraic

CR manifolds inCn, Cn′

given by the vanishing of real polynomial equa-
tions ρj(z, z̄) = 0, 1 ≤ j ≤ d, ρ′j′(z

′, z̄′) = 0, 1 ≤ j′ ≤ d′, so that
ρ′(f(z), f̄(w̄)) = 0 if ρ(z, w̄) = 0, and letQw̄,Q′

w̄′ denote Segre varieties.
It appears that two crucial observations yield heuristic insights into the

problem of finding sufficient conditions (C) such that: (C)⇒ f is algebraic.
First, starting form the natural observation:

(I) f(z) ∈ rM ′(f(Qz̄)) := {w′ :Q′
w̄′ ⊃ f(Qz̄)} =: V′

z

(intentionally, we do not specifyw′ ∈ U ′ or w′ ∈ Cn′

: these two possi-
bilities will be studied hereafter), one is led to guess thatthe algebraic set
V′

z (which is parametrized byz) is afinite algebraic determinacy setfor the
value off(z) if dimf(z)V

′
z = 0 ∀ z. Effectively, this classical circumstance

entails thatf is algebraic (see[1,2,7,13]; the setV′
0 is called thecharac-

teristic variety off at 0 in [7]). As usual, this determinacy setV′
z can be

constructed simply by applying the tangential Cauchy-Riemann fields ofM
to the equationsρ′(f(z), f̄(w̄)) = 0.

The second canonical observation, which is due to Zaitsev [14], is as
follows:

(II) f(z) ∈ rM ′(f(Qz̄)) ∩ r2
M ′(f(Qw̄)) = V′

z ∩ rM ′(V′
w) =: X′

z,w̄.
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Analogously, one is then led to predict thatf is algebraic, provided
dimf(z)X

′
z,w̄ = 0 ∀ z, w such thatρ(z, w̄) = 0. We can justify our choice

of notationX′
z,w̄ (e.g. instead ofX′

z,w) by the fact that the operatorrM ′ con-
jugates the dependence with respect to parameters. We shallcall identity
(I) first reflectionand identity (II)second reflection. For reasons explained
below, third determinationr3

M ′ or fourthr4
M ′, etc.provide no new informa-

tion.
Also, let us mention a possible third approach ([8,14]). This approach

consists in choosingsmalleralgebraic setsW′
z ⊂ V′

z with nicer properties,
in particular to insure theholomorphicdependence with respect to the pa-
rameterz, in order to compute the second reflectionrM ′(V′

w) in an easier
way. Of course, such a shrinking ofV′

z in the formW′
z is (and in factmust

be) constructive. Using only minors of matrices of holomorphic functions,
we will in this paper provide a uniform manner of constructing such a set
W′

z in an unambiguous way. The core of the article is to discuss such a
shrinking.

This leads to a third type of determinacy:

(III) f(z) ∈W′
z ∩ rM ′(W′

w) =: Z′
z,w̄.

Through various statements and examples, our aim will be thus to com-
pare the three conditions of determinacy of the valuef(z) by (I), (II) or
(III), to ask which one is the strongest, to ask whether some are necessary,
to ask whether it is sufficient to requiredimf(p)V

′
p = 0 or dimf(p)X

′
p,p̄ = 0

or dimf(p)Z
′
p,p̄ = 0 for a single or all pointsp ∈ M , etc. There will appear

a realcombinatorics of possible statements. Among other things, we will
mainly establish that:

1. Determination off(z) byW′
z is strictly finer than byV′

z.
By this, we mean thatdimf(z)W

′
z = 0, dimf(z)V

′
z ≥ 1 ∀ z for some explicit

examples off , M , M ′, idem for 2, 3, 4, 5, 6 below. Such examples are
constructed in the paper.

2. Determination off(z) byZ′
z,w̄ is strictly finer than byW′

z (or byV′
z).

3. Determination off(z) byX′
z,w̄ is strictly finer than byV′

z.
In other words, the inclusionsX′

z,w̄ ⊂ V′
z andZ′

z,w̄ ⊂W′
z ⊂ V′

z are all strict
in general. However, none of the inclusionZ′

z,w̄ ⊂ X′
z,w̄ andX′

z,w̄ ⊂ Z′
z,w̄ is

true in general, because:
4. Determination off(z) byX′

z,w̄ can be strictly finer than byZ′
z,w̄.

5. Determination off(z) byZ′
z,w̄ can be strictly finer than byX′

z,w̄.
To summarize, we are led to define a fourth determinacy set:

(IV) f(z) ∈W′
z ∩ rM ′(V′

w) = X′
z,w̄ ∩ Z′

z,w̄ =: M′
z,w̄,

for which we can establish the following:
6. Determination off(z) byM′

z,w̄ is strictly finer than byX′
z,w̄ or byZ′

z,w̄.
In other words, the inclusionsM′

z,w̄ ⊂ X′
z,w̄ andM′

z,w̄ ⊂ Z′
z,w̄ are all strict

in general.
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Our goal is to find examples which exhibit the nonanalytic behavior of
X′

z,w̄ with respect to parameters and to explain why the various second re-
flection conditions (II), (III) and (IV) are inequivalent. Our work deliber-
ately forsakes the point of view of jets, about which the reader is referred to
the works [3,8,12,14].

This paper originates from questions the author has asked Dmitri Zaitsev
at the Mathematische Forschungsinstitut (Oberwolfach, Deutschland) dur-
ing the ConferenceReelle Methoden der Komplexen Analysis(28.02/06.03
1999). The author also acknowledges fruitful conversations with A. Sukhov
and S. Damour.

1. INTRODUCTION AND STATEMENT OF RESULTS

1.1. General assumptions.The general assumptions throughout this article
are as follows. We denote byVCn(p) a small open polydisc neighborhood
of p ∈ Cn and byVCn(M) := ∪q∈MVCn(q). Our object of study is a local
holomorphic mapf : VCn(M) → Cn′

which induces a mapf : M → M ′

between two real algebraic CR generic manifolds inCn, Cn′

. We assume
thatM is minimal in the sense of Tumanovat one of its pointsp (equiva-
lently, (M, p) is of finite type in the sense of Bloom-Graham). Even if some
of our statements remain true forM non-minimal, we shall not notify it for
simplicity. Also,n ≥ 2.

We setm := dimCRM , d := codimRM , m′ := dimCRM
′, d′ :=

codimRM
′, whencem + d = n, m′ + d′ = n′. We assume thatm ≥ 1

andm′ ≥ 1.
In suitable coordinatesz ∈ Cn, z′ ∈ Cn, we havep = 0, f(p) = 0,

M = {z ∈ U : ρ(z, z̄) = 0} andM ′ = {z′ ∈ U ′ : ρ′(z′, z̄′) = 0}, where
U andU ′ are small polydiscs centered at the origin, and whereρj(z, z̄) =∑

|µ|,|ν|≤N ρj,µ,νz
µz̄ν , 1 ≤ j ≤ d, ρ′j′(z

′, z̄′) =
∑

|µ′|,|ν′|≤N ′ ρj′,µ′,ν′z′µ
′

z̄′
ν′

1 ≤ j′ ≤ d′ are real polynomialssatisfying∂ρ1 ∧ · · · ∧ ∂ρd(0) 6= 0 and
∂ρ′1 ∧ · · · ∧ ∂ρ′d′(0) 6= 0.

We can assume thatU = (ε∆)n, ε > 0 andU ′ = (ε′∆)n′

, ε′ > 0, soU
(conjugate set)= U andU

′
= U ′.

1.2. Reflection operator.Let Qw̄ = {z ∈ U : ρ(z, w̄) = 0} denote Segre
variety (we maintain the bar onw in the notationQw̄, see[11] for argu-
ments). For every subsetE ⊂ U , we define the action of thereflection
operator:

(1.3) rM(E) := {w ∈ U :Qw̄ ⊃ E} = ∩w∈EQw̄, r
2
M(E) = rM(rM(E)),

say, thefirst reflectionof E and itssecond reflectionacrossM . Their basic
properties are explained in Lemma 2.1:

1. rM(E) ∩ E ⊂ M .
2. rM(rM(E)) ⊃ E.
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Observe that∩k∈Nr
k
M(E) = E ∩ rM(E). A similar rM ′ is defined across

M ′. Now, letz ∈ Qw̄. Let f : M → M ′ as above. Thenf(Qz̄) ⊂ Q′
f(z)

.
Also:

1. f(z) ∈ f(Qw̄) ⊂ r2
M ′(f(Qw̄)).

2. f(Qz̄) ⊂ Q′
f(z)

hence by (1.3)

(1.4) f(z) ∈ rM ′(f(Qz̄)) =: V′
z.

Consequently also:

(1.5) f(z) ∈ rM ′(f(Qz̄)) ∩ r2
M ′(f(Qw̄)) = V′

z ∩ rM ′(V′
w) =: X′

z,w̄.

Also, a last notification:

(1.6) rM ′(f(Qz̄)) ⊂ Q′
f̄(w̄), f(Qw̄) ⊂ r2

M ′(f(Qw̄)) ⊂ Q′
f̄(w̄).

Observe thatr3
M ′, r4

M ′, . . . offer nothing more, becauser2k
M ′(E ′) ⊃ E ′. No-

tice that the determinationf(z) ∈ rM ′(f(Qz̄))∩Q′
f̄(w̄)

coincides with (1.4),
sincerM ′(f(Qz̄)) ⊂ Q′

f̄(w̄)
by definition.

1.7. Organization. This expanded Section 1 will now be divided in sev-
eral paragraphs corresponding to various questions and answers that present
themselves. We shall shortly present all the problems, all the results, all the
technical lemmas, all the examples in the next paragraphs and we shall ex-
plain all the major links between them. Finally, the precisechecking of
all the remaining details and of all the technicalities willbe postponed to
Sections 2, 3 and 4.

1.8. The results.The fundamental observation is that, asM ′ is algebraic,
bothrM ′(E ′) andr2

M ′(E ′) arecomplex algebraicsets foranysetE ′, since
in (1.3) all theQ′

w̄′ are. Therefore (1.5) should determinef as an algebraic
map ofz if dimf(z)X

′
z,w̄ = 0 for all z, w close to0, z ∈ Qw̄, a result which

is true and which was originally proved in [14] (preprint version) forZ′
z,w̄.

An analogous result is due to Baouendi-Rothschild [1] and toBaouendi-
Ebenfelt-Rothschild [2] with use ofV′

z := rM ′(f(Qz̄)) only.

Theorem 1.9.If dimf(z)V
′
z = 0 or if dimf(z)X

′
z,w̄ = 0 ∀ z, w ∈ VCn(0) with

z ∈ Qw̄, thenf is algebraic.

Of course, the casedimf(z)V
′
z = 0 is contained in the more general

casedimf(z)X
′
z,w̄ = 0, because we clearly haveX′

z,w̄ ⊂ V′
z. Our proof

of Theorem 1.9 will be achieved shortly, thanks to a partial algebraicity
theorem proved in [10,13]. We shall indeed establish that the condition
dimf(z)X

′
z,w̄ = 0, ∀ z, w ∈ VCn(0), z ∈ Qw̄ implies thatf is complex alge-

braic on each Segre variety in some open setV := VCn(0) and then apply:

Theorem 1.10.([10]) Let g ∈ O(V,C) and letM be minimal at0. Theng
is algebraic if and only ifg|Qw̄∩V is algebraic∀w ∈ V .

We also obtain an equivalent version of Theorem 1.9:

Theorem 1.11.([10,14]) If dimf(z)X
′
z,z̄ = 0 ∀ z ∈ M ∩ VCn(0), thenf is

algebraic.
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Theorem 1.11 admits several applications and covers several known results
(e.g. [1,2,13,14]). In truth, some unexpected phenomena and somesubtle
things are hidden behind Theorem 1.11. Our work is aimed to reveal most
of them.

1.12. First remarks and questions.This Theorem 1.11 will be deduced
from Theorem 1.9 by proving that there exist pointsp ∈ M arbitrarily
close to0 such thatdimf(z)X

′
z,w̄ = 0 ∀ z, w ∈ VCn(p), z ∈ Qw̄, seeProposi-

tion 1.23 below. The main difficulty here is that the setX′
z,w̄ is not in general

holomorphically parametrized byz, w̄ ∈ U , z ∈ Qw̄, in the sense that there
would exist analytic equations such thatX′

z,w̄ = {z′ :λj(z, w̄, z
′) = 0, 1 ≤

j ≤ J}. In fact, the existence of such equations would readily yield the
following upper semi-continuity property:
(1.13)

dimf(0)X
′
0,0 = 0 ⇒

〈
dimf(z)X

′
z,w̄ = 0, ∀ z, w ∈ VCn(0), z ∈ Qw̄

〉
.

And (1.13) above would immediately yield that Theorem 1.9 implies The-
orem 1.11. However, (1.13) fails to hold in general. Our goalis there-
fore to explore the properties of the map(z, w̄) 7→ X′

z,w̄. Let us denote
M := {z ∈ Qw̄} = {(z, w̄) ∈ U × U : ρ(z, w̄) = 0}, which is a complex-
algebraicd-codimensional submanifold ofU ×U , called theextrinsic com-
plexificationofM . To be exhaustive, we wish also to compare the following
twelve determinacy conditions:

C 4(M ) : dimf(z)M
′
z,w̄ = 0 ∀ (z, w̄) ∈ M C4(M) : dimf(p)M

′
p,p̄ = 0 ∀ p ∈M

C 3(M ) : dimf(z)X
′
z,w̄ = 0 ∀ (z, w̄) ∈ M C3(M) : dimf(p)X

′
p,p̄ = 0 ∀ p ∈M

C 2(M ) : dimf(z)Z
′
z,w̄ = 0 ∀ (z, w̄) ∈ M C2(M) : dimf(p)Z

′
p,p̄ = 0 ∀ p ∈M

C 1(M ) : dimf(z)V
′
z,w̄ = 0 ∀ (z, w̄) ∈ M C1(M) : dimf(p)V

′
p = 0 ∀ p ∈M

and also:

C4
p : dimf(p)M

′
p,p̄ = 0, C3

p : dimf(p)X
′
p,p̄ = 0,

C2
p : dimf(p)Z

′
p,p̄ = 0, C1

p : dimf(p)V
′
p = 0.

As a preliminary in this exposition, we will first recall and state some of the
nice properties of the mappingz 7→ V′

z.

1.14. Analytic dependence ofz 7→ V′
z. By An(U), we denote the ring

of polynomial mappings fromU to C, or more generally, of holomorphic
algebraic functions overU (see[1,2]). By On(U), we denote the ring of
plain holomorphic mapping fromU toC. By a slight abuse of notation, we
denote byOn(U) × An(U) the ring of functionsg(z, w) which are holo-
morphic with respect toz and polynomial with respect tow. Also, we write
χ ∈ On(U) if χ is antiholomorphic with respect to the variablew ∈ U .

By the well-known process of applying the tangential Cauchy-Riemann
operators to the identityρ′(f(z), f̄(w̄)) = 0 asρ(z, w̄) = 0, one can es-
tablish that the mapz 7→ V′

z is analytic (algebraic here becauseM , M ′ are
algebraic):
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Proposition 1.15.There existJ ∈ N∗ and functionsrj(z, w̄, z
′) ∈ An(U)×

On(U) × An′(U ′), 1 ≤ j ≤ J , such that∀ (z, w) ∈ U × U with z ∈ Qw̄,
then:
(1.16)

rM ′(f(Qz̄)) = {z′ ∈ U ′ : rj(z, w̄, z
′) = 0, 1 ≤ j ≤ J} = V′

z =: §1
z,w̄.

Here, we write “vectorially”r for (r1, . . . , rJ) and we have set:

(1.17) §1 := {(z, w̄, z′) ∈ U × U × U ′ : r(z, w̄, z′) = 0}.
Then in (1.16) above,§1

z,w̄ simply denotes the fiber of§1. Although the
equations (1.16) ofV′

z do depend in general of somēw such thatz ∈ Qw̄,
the zero-setV′

z appears to beindependent of̄w provided(z, w̄) ∈ M . This
is in fact clear because by its definition, it is the set equal to rM ′(f(Qz̄)).
But the analytic equationsr(z, w̄, z′) = 0 justify the notation§1

z,w̄ (not to be
confused withV′

z).
Proposition 1.15 and the upper semi-continuity of the fiber dimension of

a holomorphic map immediately yield the following:
(1.18)
C1

0 ⇒ C 1(M∩(V×V )) and C1
0 ⇒ C1(M∩V ) for some V = VCn(0) ⊂ U.

Corollary 1.19. If dimf(z)§1
z,w̄ = 0 for somez ∈ U and somew ∈ Qz̄, then

there existsN ⊂ M a proper complex analytic subvariety such that the
map

(1.20) V
Cn′ (f(z)) ∋ z′ 7→ r(z, w̄, z′) ∈ CJ

is an immersion atf(z), for all (z, w̄) ∈ M \N .

This is of course equivalent to the generic rank of the mapping

(1.21) M × Cn′ ∋ (z, w̄, z′) 7→ (z, w̄, r(z, w̄, z′)) ∈ M × CJ

be maximal equal to2m + d + n′. Just one further remark. AsM ∼=
{(z, z̄) ∈ M } embeds as a real algebraic maximally real submanifold of
M , thenN ∩M := N is also a proper real analytic subset ofM . In partic-
ular, after applying the implicit function theorem to (1.20) near(p, p̄), we
obtain the existence of a neighborhoodVp := VCn(p) and of holomorphic,
partially algebraic functionsΨ′

ν(z, w̄) ∈ An(Vp) × On(Vp), 1 ≤ ν ≤ n′

such thatfν(z) = Ψ′
ν(z, w̄), ν = 1, . . . , n′, z ∈ Qw̄ (using elimination

theory, one can even assume that theΨ′
ν are polynomial with respect to

z). Fixing w, this shows thatf is algebraic on Segre varieties and Theo-
rem 1.10 then applies to show thatf is algebraic. In particular, we recover
the main theorem of [2] with a slight variation. For further properties and
knowledge about the geometry of§1 (the first reflection variety), we refer to
[1,2,3,4,6,7,10,14].

1.22. Almost everywhere analytic dependence of(z, w̄) 7→ X′
z,w̄. Now,

we present the way how(z, w̄) 7→ X′
z,w̄ varies:
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Proposition 1.23. If dimf(z)X
′
z,z̄ = 0, ∀ z ∈ M , then there exists a dense

open subsetDM ⊂M such that
(∗) ∀ p ∈ DM , ∃Up = VCn(p), ∃U ′

p′ = V
Cn′ (p′ = f(p)), ∃K ∈ N∗,

∃ (sk)1≤k≤K , sk ∈ On(Up) × On(Up) × An′(U ′
p′) such that, if§1 =

{r(z, w̄, z′) = 0}, then
∀ z, w ∈ Up, z ∈ Qw̄, ∀w, z1 ∈ Up, w ∈ Qz̄1,

(1.24) U ′
p′∩X′

z,w̄ ⊂ {z′ ∈ U ′
p′ : r(z, w̄, z

′) = 0, s(w̄, z1, z
′) = 0} =: §2

z,w̄,z1

and such that the graph off over M ♯M := {(z, w̄, z1) : ρ(z, w̄) =
0, ρ(w, z̄1) = 0} intersected withUp × U p × Up satisfies

(1.25) Γr(f) = {(z, w̄, z1, f(z))} = {(z, w̄, z1, z′) : z′ ∈ §2
z,w̄,z1

} =: §2.

Furthermore, there exist similar analytic equationsr(z, w̄, z′) = 0,
s(w̄, z1, z

′) = 0 such that
(∗∗) ∀ (z, w̄, z1) ∈ (M ♯M ) ∩ (Up × U p × Up), the map

(1.26) V
Cn′ (f(z)) ∋ z′ 7→ (r(z, w̄, z′), s(w̄, z1, z

′)) ∈ CJ+K

is an immersion atf(z).

We invite the reader to notice that the dependence of§2 is holomorphic
with respect toz and antiholomorphic with respect tow, which justifies
and explains the notationX′

z,w̄. This technical proposition, whose proof is
postponed to Section 3, appeals several remarks. The first one is: what
is the structure of the closed setM\DM ⊂ M exactly ? Surprisingly,
it is not an analytic set, it is in general asubanalytic set. Leaving this
question for a while, we shall return to it in Examples 1.66 and 1.68 be-
low. The second remark is: we prove Theorem 1.9 without usingProposi-
tion 1.23. This proposition is indeed used only to prove thatTheorem 1.9
⇒ Theorem 1.11. Next, a third remark. AsΓr(f) ≡ §2, the projection
π : §2(⊂ Up × U p × Up × U ′

p′) → Up × U p × Up is submersive. The
zero locus§2 ≡ Γr(f) is smooth, but the equations defining§2 can be
non-reduced. After taking the reduced complex spaceRed §2, we obtain
the immersion property(∗∗) of Proposition 1.23 forz, w, z1 ∈ VCn(p). Of
course, the equationss(w̄, z1, z′) = 0 of which Proposition 1.23 asserts the
existence are clearly those forr2

M ′(f(Qw̄)), while as beforer(z, w̄, z′) come
for rM ′(f(Qz̄)). Now, we come to the most important remark. Thanks to
the analytic parametrization (1.24), we have:
(1.27)〈

dimf(p)§2
p,p̄,p = 0

〉
⇒
〈
dimf(z)§2

z,w̄,z1
= 0, ∀ z, w, z1 ∈ VCn(p) ⊂ Up

〉
.

We therefore obtain the desired semi-continuity property:
(1.28)〈
dimf(z)X

′
z,z̄ = 0, ∀ z ∈M

〉
⇒
〈
dimf(z)X

′
z,w̄ = 0, ∀ z, w ∈ VCn(p), z ∈ Qw̄

〉
.

In summary, the reduction of Theorem 1.11 to Theorem 1.9via Proposi-
tion 1.23 is completed.
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1.29. Solvability off over a dense open set.The fundamental remark is
that after solvingf(z) from (∗∗) of Proposition 1.23 atq ∈ Up, p ∈ DM ,
i.e. solvingf(z) from the collection of equations:

(1.30) rj(z, w̄, f(z)) = 0, 1 ≤ j ≤ J, sk(w̄, z1, f(z)) = 0, 1 ≤ k ≤ K,

wherez ∈ Qw̄, w ∈ Qz̄1, we obtain:

Corollary 1.31. ∀ p ∈ DM , ∀ q ∈ Up = VCn(p), ∃Wq = VCn(q),
∃Ψ′

ν(z, w̄, z1) ∈ An(Wq) × On(Wq) × On(Wq), 1 ≤ ν ≤ n′, such that

(1.32) f1(z) = Ψ′
1(z, w̄, z1), . . . , fn′(z) = Ψ′

n′(z, w̄, z1),

∀ z, w, z1 ∈Wq, z ∈ Qw̄, w ∈ Qz̄1 .

Then equation (1.32) immediately shows thatf is algebraic on each Segre
varietyQw̄ ∩Wq: just fix w̄, z1 in (1.32) and letz ∈ Qw̄ vary. Thus, again
Theorem 1.10 applies, as in1.14above.

1.33. Algebraicity off . Theorem 1.11 admits the following main corollary:

Theorem 1.34. ([6,10,14])If M ′ does not contain complex algebraic sets
of positive dimension, thenf is algebraic.

Proof. Indeed, we have:
1. X′

z,z̄ = rM ′(f(Qz̄))∩ r2
M ′(f(Qz̄)) ⊂M ′ (by rM ′(E ′)∩ r2

M ′(E ′) ⊂ M ′

∀E ′).
2. rM ′(f(Qz̄)), r2

M ′(f(Qz̄)), X′
z,z̄ are complex algebraic sets through

f(z).
Consequently,dimf(z)X

′
z,z̄ = 0 ∀ z ∈ M necessarily holds under the as-

sumption of Theorem 1.34: Theorem 1.11 then applies. �

Remark.The author obtains a completely different proof of Theorem 1.34
in [10]. A similar proof is given in [6], but forM being Segre-transversal
instead of being minimal.

1.35. Comparison ofV′
z, X

′
z,w̄. We have now completed the presentation

of the main steps in the proof of Theorem 1.11. Next, we come tothe
comparison between the zero dimension conditions aboutV′

z andX′
z,w̄. It

is easy to see that there exist many examples off , M , M ′, U , U ′ such
thatdimf(z)V

′
z ≥ 1, ∀ z ∈ U anddimf(z)X

′
z,w̄ = 0, ∀ z, w ∈ U , z ∈ Qw̄.

Consequently the conditionC 3(M ) is strictly finer thanC 1(M ) (same fact
aboutC 2(M ) or C 4(M )). Here is such an example (exercise).

Example 1.36. Take M : z4 = z̄4 + iz1z̄1 in C2
(z1,z4)

, f(z1, z4) =

(z1, 0, 0, z4) ∈ C4, and the hypersurface

(1.37) M ′ : z′4 = z̄′4 + iz′1z̄
′
1 + iz′1

2
z̄′3 + iz̄′

2
1z

′
3 + iz′2z̄

′
3 + iz̄′2z

′
3.

It is also known that the second reflection is superfluous whenn = n′ and
f is a biholomorphic map (cf. [1,2,3,14]) or if one assumes directly that
dimf(z)V

′
z = 0 (cf. [7]).

1.38. Comparisons between V′
z,W

′
z,Z

′
z,w̄,X

′
z,w̄. Yet another

strategy (cf. [8,14]) consists in replacing (when possible) the set
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§1 = {(z, w̄, z′) : r(z, w̄, z′) = 0} by some smaller complex analytic
set§̃1 = {(z, w̄, z′) : r̃(z, w̄, z′) = 0} ⊂ §1 such that:

1. r̃ ∈ An(U) × On(U) × An′(U ′).
2. Γr(f) = the graph off = {(z, w̄, f(z)) : (z, w̄) ∈ M } is contained in

§̃1.
3. §̃1 is obtained in a constructive way.

The set̃§1 should really be given by means of an explicit construction,be-
cause§1 is the concrete datum from which one tries to deduce thatz′ is
solvable in terms ofz, w̄. Constructing such a set̃§1, one can hope that
dimf(z)§̃1

z,w̄ = 0. For instance, ifΓr(f) is contained in the singular locus
Sing(§1), which is computable in terms ofr(z, w̄, z′), since§1 is explicitely
given, it is possible to shrink§1 and to replace it bỹ§1 := Sing(§1), ob-
taining new, possibly finerequations̃r(z, w̄, f(z)) = 0. In [14] (preprint
version),§1 is also shrunk more again, still in a constructive way, in order
that§̃1 becomes a “holomorphic family”. Therefore, there might exist many
different such̃§1 depending on the way how§1 is shrunk in a constructive
way. However in the end of Section 3 we propose a uniform unambigu-
ous method, which uses only elementary tools: minors and theuniqueness
principle (but not passing to the filtration by singular complex subspaces).

If dimf(z)§̃1
z,w̄ ≥ 1, denoteW′

z,w̄ := {z′ ∈ U ′ : r̃(z, w̄, z′) = 0} = §̃1
z,w̄

and

(1.39) Z′
z,w̄ := W′

z,w̄ ∩ rM ′(W′
w,z̄1

), z ∈ Qw̄, w ∈ Qz̄1 .

Thenf(z) ∈ Z′
z,w̄ because

(1.40) f(z) ∈W′
z,w̄ ⊂ V′

z

rM ′(W′
z,w̄) ⊃ rM ′(V′

z) (by rM ′(E ′) ⊃ rM ′(F ′) if E ′ ⊂
F ′)

rM ′(W′
w,z̄1

) ⊃ rM ′(V′
w) = r2

M ′(f(Qw̄)) ⊃ f(Qw̄) ∋
f(z)

f(z) ∈W′
z,w̄ ∩ rM ′(W′

w,z̄1
) = Z′

z,w̄,z1
.

The gain in reducing§1 7→ §̃1 lies in the fact that one can easily insure that
(w, z̄1) 7→ rM ′(W′

w,z̄1
) becomes an analytic parametrization (or a “holo-

morphic family”) by having first a nice representation ofW′
z,w̄:

Proposition 1.41.([8,14])There existsN ⊂ M a proper complex analytic
subset such that∀ p = (zp, w̄p) ∈ M \N ∃Up = VM (p), ∃n′

1, n
′
2 ∈ N,

n′
1 + n′

2 = n′, ∃Φ′
ν(z, w̄, z

′) ∈ An(z) × On(w̄) × An′(z′1), (z, w̄) ∈ Up,
(w, z̄1) ∈ Up, 1 ≤ ν ≤ n′

1, such that
(1.42)
{(z, w̄, f(z)) : (z, w̄) ∈ M } ⊂ {(z, w̄, z′) : z′2 = Φ′(z, w̄, z′1)} ⊂ {r(z, w̄, z′) = 0}.
In [8], it is established that the representation (1.42) is unique: the set{z′2 =
Φ′(z, w̄, z′1)} being the maximal for inclusion among all the sets of the form
Λ = {z′2 = Ψ′(z, w̄, z′1)} (for some splitting of the coordinatesz′) satisfying
Γr(f) ⊂ Λ ⊂ §1. Let nowp ∈ M\(N := N ∩M) and letUp = VCn(p)
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with Up ⊂ Up × Up. The representation (4.2) yields after some easy work
(see[8,14]) that there existK ∈ N∗, (sk)1≤k≤K ∈ On(Up) × On(Up) ×
An′(U ′

p′) such that∀ z, w ∈ Up, z ∈ Qw̄, ∀w, z1 ∈ Up, w ∈ Qz̄1 ,

(1.43) Z′
z,w̄,z1

= {z′ ∈ U ′
p′ : r(z, w̄, z

′) = 0, s(w̄, z1, z
′) = 0}.

As in Proposition 1.23, we have got the analytic dependence of the map
(z, w̄) 7→ Z′

z,w̄ (again, the setZ′
z,w̄,z1

does not depend as a set ofz1 if
(z, w̄, z1) ∈ M ♯M and it coincides withZ′

z,w̄ which was defined in a set
theoretical way). We will come back later to the construction of Φ′, see
Proposition 1.74 below.

1.44. Fundamental remark. The constructiveness of a shrinking§1 7→
§̃1 is essential. One is temptated to introduce§1

min := the minimal (for
inclusion)An×On×An′-set contained in§1 satisfyingΓr(f) ⊂ §1

min ⊂ §1,
i.e. the intersection of all̃§1, even those which are not constructive, and
to put Zmin,z,w̄,z1

′ := §1
min,z,w̄ ∩ rM ′(§1

min,w,z̄1
). However, the equations

rmin(z, w̄, z′) = 0 being not known from the datum§1 in general and not
constructible in an explicit way, it is quite impossible to deduce fromf(z) ∈
Zmin,z,w̄,z1

′ anything. Not to mention that anyway iff was algebraic from
the beginning, thenrmin := z′ − f(z) would have been convenient and
the conditiondimf(z)Zmin,z,w̄,z1

′ = 0 (heredimf(z)§1
min,z,w̄,z1

= 0) then
becomes surprisingly tautological!

1.45. Properties ofZ′
z,w̄. Before entering into further discussions, let us

summarize the properties ofZ′
z,w̄ as follows (seealso Proposition 1.74).

Theorem 1.46. (1)The set of points where(z, w̄) 7→ Z′
z,w̄ is not holomor-

phic is a proper complex analytic subsetN of M . LetN := N ∩M .
(2) If dimf(z)Z

′
z,z̄ = 0 ∀ z ∈ VCn(0) ∩ M , thendimf(z)Z

′
z,z̄ = 0 for z

outside a proper real analytic subvarietyN1 ofM\N .
(3) If dimf(p)Z

′
p,p̄ = 0 at some pointp ∈ M\(N ∪ N1), thenf is alge-

braic.

Remark.That the bad setN is analytic is a property which is specific
to Z′

z,w̄. ForX′
z,w̄, the bad setM\DM is definitely not analytic, see Exam-

ple 1.68 below.

1.47. Discussion.We can now summarize the main result in [14] (preprint
version).

Theorem 1.48. ([14]) If dimf(p)Z
′
p,p̄ = 0 ∀ p ∈ VCn(0) ∩ M , thenf is

algebraic.

This theorem also implies Theorem 1.34 (which is the main application
of double reflection). Indeed, a possible proof of Theorem 1.34 starting
from Theorem 1.48 above can be achieved exactly as we didsuprain 1.33,
because the intersectionZ′

p,p̄ = W′
p,p̄ ∩ rM ′(W′

p,p̄) ⊂ M ′ must also be a
zero-dimensional complex algebraic set.

1.49. Reverse inclusions.Now, we return to comparison ofX′
z,w̄ with Z′

z,w̄.
If dimf(z)W

′
z,w̄ ≥ 1 ∀ z ∈ U (so second reflection is needed), one can
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expect that

(1.50)
〈
dimf(z)X

′
z,w̄ = 0, ∀ z

〉
⇒
〈
dimf(z)Z

′
z,w̄ = 0, ∀ z

〉
,

i.e. that the study ofZ′
z,w̄ is sufficient to get a complete proof of Theo-

rem 1.9. Nevertheless,two inclusions of opposite sense enter in competi-
tion

(1.51) W′
z,w̄ ⊂ §1

z,w̄ and rM ′(W′
z,w̄) ⊃ rM ′(§1

z,w̄)

so that it is not clear how

(1.52) X′
z,w̄,z1

= §1
z,w̄ ∩ rM ′(§1

w,z̄1
) and Z′

z,w̄,z1
= W′

z,w̄ ∩ rM ′(W′
w,z̄1

)

could be comparable. Indeed, implication (1.50) is simply untrue:

Example 1.53.There existf ,M ,M ′ such that:

(1.54) dimf(z)X
′
z,w̄,z1

= 0, ∀ z but dimf(z)Z
′
z,w̄,z1

≥ 1, ∀ z.
Explicitely, take:M : z5 = z̄5+iz1z̄1 inC2

(z1,z5)
, f(z1, z5) = (z1, 0, 0, 0, z5),

and:

(1.55) M ′ : z′5 = z̄′5 + iz′1z̄
′
1 + iz′1

2
z̄′3z̄

′
4 + iz̄′

2
1z

′
3z

′
4 + iz′3

2
z̄′

2
2 + iz̄′

2
3z

′
2
2
+

+iz̄′
3
3z

′3
4 + iz′

3
3z̄

′3
4.

In conclusion, the determination off(z) byX′
z,w̄,z1

can be strictly finer than
by Z′

z,w̄,z1
(for the details, see Section 4). And quite surprisingly, itis also

true that determination off(z) byZ′
z,w̄ can be strictly finer than byX′

z,w̄.

Example 1.56. There existf , M , M ′ such thatdimf(z)Z
′
z,w̄ = 0 ∀ z but

dimf(z)X
′
z,w̄ ≥ 1 ∀ z. To be explicit, takeM : z4 = z̄4 + iz1z̄1 in C2

(z1,z4)
,

f(z1, z4) = (z1, 0, 0, z4) ∈ C4, and:

(1.57) M ′ : z′4 = z̄′4 + iz′1z̄
′
1 + iz′1

2
z̄′2z̄3 + iz̄′

2
1z

′
2z

′
3.

In summary:

(1.58)
〈
dimf(z)X

′
z,w̄ = 0, ∀ z

〉
6⇐ 6⇒

〈
dimf(z)Z

′
z,w̄ = 0, ∀ z

〉
.

Consequently, it is justified to introduce:

(1.59) M′
z,w̄ := W′

z,w̄ ∩ rM ′(V′
w),

where

(1.60) W′
z,w̄ = §̃1

z,w̄,

for a constructive shrinking̃§1 of §1. (Of course, different such shrinkings
may exist, which depend on the conditions that are imposed; the choice
§̃1 = §1 can always be done; our examples illustrate well the phenomenon.)

1.61. Comparison betweenM′
z,w̄ and Z′

z,w̄, X′
z,w̄. Notice thatM′

z,w̄ =
X′

z,w̄ ∩ Z′
z,w̄. Now it is clear that:

(1.62)〈
dimf(z)M

′
z,w̄ = 0, ∀ z, w, z ∈ Qw̄

〉
⇐
〈
dimf(z)X

′
z,w̄ = 0, ∀ z, w, z ∈ Qw̄

〉
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(1.63)〈
dimf(z)M

′
z,w̄ = 0, ∀ z, w, z ∈ Qw̄

〉
⇐
〈
dimf(z)Z

′
z,w̄ = 0, ∀ z, w, z ∈ Qw̄

〉
.

Our examples also show that the reverse implications⇒ are both untrue.

1.64. Summarizing tabulae.It is time to give a complete link tabular be-
tween the twelve conditions

C1
p , C

2
p , C

3
p , C

4
p , C

1(M), C2(M), C3(M), C4(M),C 1(M ),C 2(M ),C 3(M ),C 4(M ).

Return to definitions. Here,p ∈ M is a fixed chosen point, the origin in
previous coordinates. The pointp is chosen arbitrarily and is fixed.Cj

p

denotes:C4
p : dimf(p)M

′
p,p̄ = 0, C3

p : dimf(p)X
′
p,p̄ = 0, C2

p : dimf(p)Z
′
p,p̄ =

0, C1
p : dimf(p)V

′
p = 0. Henceforth,Cj(M) does not denote “Cj

q ∀ q ∈ M ,
but∀ q ∈ DM ”, i.e. over a dense open subsetDM of M . Idemfor C j(M ).
Consequently, the implicationCj(M) ⇒ Cj

p is a priori untrue, sincep can
well belong to the set of pointsq whereCj

q is not satisfied.
First, we already know that ifCj(M) is satisfied over an open dense

subset ofM , thenC j(M ) is satisfied over an open dense subset ofM ,
for j = 1, 2, 3, 4, and conversely. We know this thanks to Proposi-
tions 1.15, 1.23 and 1.41. Therefore, ifCp denotes(Cj

p)1≤j≤4, C(M) =

(Cj(M))1≤j≤4, C (M ) = (C j(M ))1≤j≤4, the comparison of our twelve
conditions which could have been explored in a12 × 12 tabular with 144
entries can be reduced to only three4 × 4 tabulars:

∗ ∗ ∗ Cp C(M) C (M )

Cp × × ×

C(M) × × ×

C (M ) × × ×

∼=

 
∗ Cp

Cp ×
,

∗ C(M)

Cp ×
,

∗ C (M )

C (M ) ×

!

∗ ∗ ∗ C1
p C2

p C3
p C4

p

C1
p ⇐ ⇒ : ⇒ :⇒ : ⇒

C2
p ⇐ ; ⇐ ⇒ : ; : ⇒

C3
p ⇐ ; : ; ⇐ ⇒ : ⇒

C4
p ⇐ ; ⇐ ; ⇐ ; ⇐ ⇒

∗ ∗ ∗ C1(M) C2(M) C3(M) C4(M)

C1
p : ⇒ : ⇒ : ⇒ : ⇒

C2
p : ; : ;1 : ;1 :;1

C3
p : ; : ;1 : ;1 : ;2

C4
p : ; : ;1 : ;1 : ;1
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∗ ∗ ∗ C 1(M ) C 2(M ) C 3(M ) C 4(M )

C 1(M ) ⇐ ⇒ : 2 ⇒ : 2 ⇒ : 2 ⇒
C 2(M ) ⇐ ;2 ⇐ ⇒ : 3 ;4 : 3 ⇒
C 3(M ) ⇐ ; 2 : 4 ; 3 ⇐ ⇒ : 4 ⇒
C 4(M )) ⇐ ; 2 ⇐ ; 3 ⇐ ; 4 ⇐ ⇒

Our examples are intended to explain only the main nontrivial (non) im-
plication links above. Those not in the articles are easier to find.

1.65. Nonanalytic behavior of(z, w̄) 7→ X′
z,w̄. We give two examples of

it.

Example 1.66. There existf , M , M ′ with f nonalgebraic such that the
functionM ∋ (z, w̄) 7→ dimf(z)X

′
z,w̄ ∈ N is not upper semi-continuous at

0. Explicitely, takeM : z4 = z̄4 + iz1z̄1 in C2
(z1,z4)

,

(1.67) M ′ : z′4 = z̄′4 + iz′1z̄
′
1 + iz′3z̄

′
2 + iz̄′3z

′
2 + iz′

2
1z̄

′
3z̄

′
2 + iz̄′

2
1z

′
3z

′
2,

andf(z1, z4) = (z1, z4 sin3 z1, 0, z4). Here,dim0X
′
0,0 = 0, dimf(z)X

′
z,w̄ = 1

∀ z 6= 0, z ∈ Qw̄. (Idem for M′
z,w̄ instead.) See Section 4. This example

therefore shows thatX′
z,w̄ cannot be written as{z′ :λ(z, w̄, z′) = 0} for

holomorphicλ ∈ VCn(0) × VCn(0) × V
Cn′ (0) in general.

Example 1.68. (SeeSection 4.) There existf , M , M ′ all algebraic such
that if Σ denotes the set of points(z, w̄, z1) ∈ M ♯M in a neighborhood
of which (∗) of Proposition 1.23 is not satisfied, thenΣ is not a complex
analytic subset ofM ♯M but a real analytic subset.

1.69. Globalization ofrM ′, r2
M ′ . First, we notice thatrM ′(E ′)(= rU ′

M ′(E ′))
which we have localized inU ′ could have been defined globally as follows:

(1.70) rCn′

M ′ (E ′) = {w′ ∈ Cn′

:Q′
w̄′ ⊃ E ′},

because theρ′j′ are polynomials. A variation of Theorem 1.9 would be:

Theorem 1.71. If dimf(z)[r
Cn′

M ′ (f(Qz̄)) ∩ (rCn′

M ′ )2(f(Qw̄))] = 0, ∀ z, w ∈
VCn(0), z ∈ Qw̄, thenf is algebraic.

(Identical proof). Suprisingly, Theorem 1.71 can be more general than The-
orem 1.9 because:

Example 1.72.There existf ,M ,M ′, U , U ′ such that:
1. dimf(z)[r

U ′

M ′(f(Qz̄)) ∩ (rU ′

M ′)2(f(Qw̄))] ≥ 1, ∀ z, w ∈ U , z ∈ Qw̄ and

2. dimf(z)[r
Cn′

M ′ (f(Qz̄)) ∩ (rCn′

M ′ )2(f(Qw̄))] = 0, ∀ z, w ∈ U , z ∈ Qw̄.

1Example 1.66 shows everything:Cj
p ; Cj , 2 ≤ j ≤ 4.

2Example 1.36 shows everything:C j(M ); C 1(M ), 2 ≤ j ≤ 4.
3Example 1.53.
4Example 1.56.
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Explicitely (seeSection 4), takeU = ∆2, U ′ = ∆4, the hypersurfaceM :
z4 = z̄4 + iz1z̄1, f(z1, z4) = (z1, 0, 0, z4) ∈ C4, and
(1.73)
M ′ : z′4 = z̄′4 + iz′1z̄

′
1 + iz′

2
1(1+ z̄′3)z̄

′
3 + iz̄′

2
1(1+ z′3)z

′
3 + iz′2z

′
3z̄

′2
2 + iz̄′2z̄

′
3z

′2
2.

Conversely, Theorem 1.9 can be more general than Theorem 1.71 (exercise
left to the reader).

1.74. AboutZ′
z,w̄, M′

z,w̄. It is not difficult to see that all the three positive
Theorems 1.9, 1.11 and 1.71 concerningX′

z,w̄ extend immediately to be
satisfied byZ′

z,w̄ and byM′
z,w̄, once we have established the following result

analogous to Proposition 1.23:

Proposition 1.75. There exists a standard constructive way of finding a
variety§̃1 = {(z, w̄, z′) : r̃(z, w̄, z′) = 0} contained in§1 with r̃j(z, w̄, z

′) ∈
An(U) × On(U) × An′(U ′), 1 ≤ j ≤ J̃ , J̃ ≥ J , such that

(1.76) Γr(f) = {(z, w̄, f(z)) : (z, w̄) ∈ M } ⊂ §̃1
M ,

§̃1
M = {(z, w̄, z′) : r̃(z, w̄, z′) = 0, (z, w̄) ∈ M }

and such that there exist a Zariski open subsetDM := M \N of M , N ⊂
M complex analytic,dimCN ≤ 2m+d−1, and an integern′

1, 0 ≤ n′
1 ≤ n′

such that
(∗) ∀ p ∈ DM , ∃Up = VM (p), ∃U ′

p′ = V
Cn′ (p′ = f(p)), such that

§̃1
Up

:= (Up × U ′
p′) ∩ §̃1 is smooth and the projectionπ′ : §̃1

Up
→ U ′ is of

constant rankn′
1.

Consequently,(∗) implies that
(∗∗) ∀ p ∈ DM := DM ∩M , ∃Up = VCn(p), ∃U ′

p′ = V
Cn′ (p′ = f(p)),

∃K ∈ N∗, ∃ (sk)1≤k≤K , sk ∈ On(Up) × On(Up) × An′(U ′
p′) such that

∀ z1 ∈ Qw̄ if W′
w,z̄1

:= §̃1
w,z̄1

∩ (Up × Up × U ′
p′) for any(w, z̄1) ∈ M , and

if r
U ′

p′

M ′ (E ′) := {w′ ∈ U ′
p′ :Q

′
w̄′ ⊃ E ′}, then

(1.77) r
U ′

p′

M ′ (Ww,z̄1) = {(w̄, z1, z′) ∈ U p × Up × U ′
p′ : s(w̄, z1, z

′) = 0}

Proposition 1.75 shows that after shrinking the first reflection variety§1

to §̃1, the crucial property(∗) above is satified. This property is appropriate
to compute the second reflectionrM ′(W′

w,z̄1
) after localisationin a smaller

open subsetU ′
p′ because it yields the convenient analytic dependence with

respect to the parameters(w, z̄1), as we have written in (1.77). We would
like to remind the reader that our examples show that there isa serious dif-
ference between Proposition 1.23 and Proposition 1.75 and aserious differ-

ence between applying operatorsr
U ′

p′

M ′ or rU ′

M ′ or rCn′

M ′ . Finally, by applying
Proposition 1.75, we clearly obtain the Theorems 1.9 and 1.11 with Z′

z,w̄

and withM′
z,w̄ instead ofX′

z,w̄. The remainder of the paper is devoted to
explore the technicalities.
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2. PROOF OFTHEOREM 1.9

Lemma 2.1. (i) For any setE ⊂ U , E ∩ rM(E) ⊂ M and E ⊂
rM(rM(E)).

(ii) z ∈ Qw̄ iff w ∈ Qz̄, z ∈ Qz̄ iff z ∈ M , {w ∈ U :Qw̄ ⊃ E} =
∩w∈EQw̄.

(iii) f(Qz̄) ⊂ Q′
f(z)

.

(iv) ρ(z, w̄) = 0 iff ρ(w, z̄) = 0.

Proof. (ii), (iii) and (iv) are classical. Prove (i). Ife ∈ E and e ∈
rM(E) = ∩w∈EQw̄ thene ∈ Qē, soe ∈ M by (ii), i.e. E ∩ rM(E) ⊂ M .
Furthermore, by construction ofrM(E),

(2.2) rM(rM(E)) = ∩{Qz̄ : z ∈ rM(E)} = ∩{Qz̄ :Qz̄ ⊃ E} ⊃ E. �

LetM = {(z, w̄) ∈ U×U : ρ(z, w̄) = 0}. LetL l =
∑n

j=1 aj,l(z, w̄) ∂
∂w̄j

,
1 ≤ l ≤ m, be tangent vectors toM which are the complexifications of
a basis of tangent vectorsLl =

∑n
j=1 aj,l(z, z̄)

∂
∂z̄j

, 1 ≤ l ≤ m generating

T 0,1M with polynomial coefficients and which commute.

Lemma 2.3.There existJ ∈ N∗ and functionsrj(z, w̄, z
′) ∈ An×On×An′ ,

1 ≤ j ≤ J , such that∀ (z, w̄) ∈ M

(2.4) rM ′(f(Qz̄)) = {z′ ∈ U ′ : rj(z, w̄, z
′) = 0, 1 ≤ j ≤ J}.

Remark. Two sets{rj(z, w̄1, z
′) = 0} and{rj(z, w̄2, z

′) = 0} for dif-
ferentw1, w2 such thatz ∈ Qw̄1, z ∈ Qw̄2 , coincide and are equal to
rM ′(f(Qz̄)).

Proof. By definition,rM ′(f(Qz̄)) = {w′ ∈ U ′ : ρ′(f(w), w̄′) = 0, ∀w ∈
Qz̄}. Using Lemma 2.1 (iv),rM ′(f(Qz̄)) = {z′ ∈ U ′ : ρ′(z′, f̄(w̄)) =
0, ∀w ∈ Qz̄}. Equivalently,Qz̄ ∋ w 7→ ρ′(z′, f̄(w̄)) ∈ Cd′ vanishes
identically as an antiholomorphic map ofw defined on the complex alge-
braic manifoldQz̄. Thanks to the identity principle, this is equivalent to
L γ(ρ′(z′, f̄(w̄))) = 0, ∀ γ ∈ Nm. Put rγ(z, w̄, z

′) := L γ(ρ′(z′, f̄(w̄))).
Thenrγ ∈ An × On × A ′

n′ . By noetherianity, a finite subcollection of the
rγ ’s definesrM ′(f(Qz̄)). �

Lemma 2.5.There existK ∈ N∗ and polynomialssk(z
′) (depending on̄w),

1 ≤ k ≤ K, such thatr2
M ′(f(Qw̄)) = {z′ ∈ U ′ : sk(z

′) = 0, 1 ≤ k ≤ K}.

Proof. Simply becauser2
M ′(f(Qw̄)) is algebraic, by the definition (1.3).

�

End of proof of Theorem 1.9.Fix w̄. We prove thatf |Qw̄∩V is algebraic.
Indeed

1. ∀ z ∈ Qw̄, rj(z, w̄, f(z)) ≡ 0, 1 ≤ j ≤ J andsk(f(z)) ≡ 0, 1 ≤ k ≤
K.

2. The setΦ := {z′ : rj(z, w̄, z
′) = 0, 1 ≤ j ≤ J andsk(z

′) = 0, 1 ≤
k ≤ K} is zero dimensional at each pointf(z), z ∈ V , z ∈ Qw̄.

By Theorem 5.3.9 in [4] (in the algebraic case), there exist Weierstrass
polynomialsPj(z, z

′
j) = z′j

Nj +
∑

1≤k≤Nj
Ak,j(z)z

′
j
Nj−k, Ak,j ∈ C[z], 1 ≤
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j ≤ n′, such thatΦ is contained inΨ = {(z, z′) ∈ V × V ′ : Pj(z, z
′
j) =

0, 1 ≤ j ≤ n′}. As (z, f(z)) ∈ Φ, we obtain that

(2.6) fj(z)
Nj +

∑

1≤k≤Nj

Ak,j(z)f
Nj−k
j (z) ≡ 0, z ∈ Qw̄ ∩V, 1 ≤ j ≤ n′.

Equation (2.6) above yields at once that each mapQw̄∩V ∋ z 7→ fj(z) ∈ C
is holomorphicalgebraic, 1 ≤ j ≤ n′. To conclude, apply Theorem 1.10.

�

3. PROOF OFPROPOSITION1.23

Proposition 1.23 relies upon the following statement (denseness ofDM

is then clear and(∗) ⇒ (∗∗) also):
Proposition 3.1. If dimf(z)X

′
z,z̄ = 0, ∀ z ∈ M ∩ VCn(0) =: M ∩ V , then

there existsp ∈ M ∩ V arbitrarily close to 0 such thatdimf(z)X
′
z,w̄ =

0, ∀ z, w ∈ VCn(p), z ∈ Qw̄ and (∗) of Proposition 1.23 holds inUp =
VCn(p) ⊂ V .

As we have already observed, the main difficulty here is that there does
not necessarily exist holomorphic equationsλ(z, w̄, z′) such thatX′

z,w̄ =
{z′ ∈ U ′ :λ(z, w̄, z′) = 0} as for example like there existed some for
rM ′(f(Qz̄)) = {z′ ∈ U ′ : r(z, z̄, z′) = 0}, z ∈M , z ∈ Qz̄. To get such a lo-
cal parametrized family, we shall have to shiftp ∈M from a certain number
of images by holomorphic maps of complex analytic sets. Our proof shows
that the set ofp ∈ M in a neighborhood of whichX′

z,w̄ should be holomor-
phically parametrized is a dense open subset ofM . It will also clearly show
that the bad set can be at least as worst as a subanalytic set.

We will prove Proposition 3.1 withM ,M ′ of classC ω. For that purpose,
letV′

z := rM ′(f(Qz̄)) = {z′ ∈ U ′ : r(z, w̄, z′) = 0} (in vectorial notations,
r = (r1, . . . , rJ)) so thatr2

M ′(f(Qw̄)) = rM ′(V′
w). Let us recall that the

representation ofV′
z by holomorphic equationsr(z, w̄, z′) = 0 gives the

same setV′
z for any choice of(z, w̄) ∈ M (cf. Lemma 2.3). Therefore the

introduction of a third pointz1 ∈ Qw̄ yields a representationV′
w = {z′ ∈

U ′ : r(w, z̄1, z
′) = 0}.

From now on, we letz, w, z1 ∈ U , z ∈ Qw̄, w ∈ Qz̄1 , and we denote
§1
z,w̄, §1

w,z̄1
instead ofV′

z, V
′
w. This is justified by the fact that although

the set{z′ ∈ U ′ : r(z, w̄, z′) = 0} does not depend on̄w, the equations
rγ(z, w̄, z

′) = L γ[ρ′(z′, f̄(w̄))] = 0 do really dependon w̄. (Inspect for
instance the identity mapC2 → C2, M → M , M = {z2 = z̄2 + iz1z̄1}.)
The notation§1

z,w̄ simply means a fiber over(z, w̄) of the set§1 (even if
(z, w̄) 6∈ M ). We then write
(3.2)
rM ′(§1

w,z̄) = {z′ ∈ U ′ : ρ′(z′, ζ
′
) = 0 ∀ ζ ′ satisfying r(w, z̄1, ζ

′) = 0}.
We shall establish that there exist pointsp = (zp, z̄p) ∈ M arbitrarily close
to 0, neighborhoodsUp = VCn(p), U ′

p′ = V
Cn′ (p′ = f(p)) and holomorphic

functionss(w̄, z1, z′) near(zp, z̄p, f(zp)) in Up × U p × U ′
p′ such that:
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1. rM ′(§1
w,z̄1

) ⊂ {z′ ∈ U ′
p′ : s(w̄, z1, z

′) = 0}, ∀w, z1 ∈ Up, w ∈ Qz̄1 ,
and:

2. rM ′(§1
w,w̄) = {z′ ∈ U ′

p′ : s(w̄, w, z
′) = 0}, ∀w ∈ Up ∩M .

Lemma 3.3.If the above conditions1-2are fulfilled, thendimf(z)X
′
z,w̄ = 0,

∀ (z, w̄) ∈ VM (p), if dimf(p)X
′
p,p̄ = 0.

Proof. Indeed, letY′
z,w̄,z1

= {z′ ∈ U ′ : r(z, w̄, z′) = 0, s(w̄, z1, z
′) =

0} ⊃ X′
z,w̄ ∋ f(z). By assumption,dimf(p)Y

′
p,p̄,p = 0. SinceY′

z,w̄,z1

is holomorphically parametrized, thendimf(z)Y
′
z,w̄,z1

= 0, ∀ z, w, z̄1 in
some small neighborhood ofp in Cn with z ∈ Qw̄, w ∈ Qz̄1 . Therefore
dimf(z)X

′
z,w̄ = 0 also. �

Let us assume for a while that we have obtained a dense open setDM

where the above conditions1 and 2 are fulfilled. To complete(∗) of
Proposition 1.23, it suffices to take§2 := the irreducible component of
Y′ = {(z, w̄, z1, z′) ∈ ((M ♯M ) ∩ (Up × U p × Up)) × U ′

p′ : r(z, w̄, z
′) =

0, s(w̄, z1, z
′) = 0} containing the graph off over (M ♯M ) ∩ (Up ×

U p × Up). §2 is defined by similar partially polynomial equationsr ∈
An(Up) × O(Up) × An′(U ′

p′), s ∈ On(Up) × On(Up) × An′(U ′
p′). The

graph off is in fact a local irreducible component of§2, for reasons of di-
mension. Therefore,§2 is smooth there and (if the equationsr = s = 0
are reduced) the rank of the mapping (1.26) equalsn′ almost everywhere,
which completes the proof of Proposition 1.23. �

Consequently, it remains to establish1 and2 above. In fact, this can be
reduced to a statement which we now formalize in an independent fashion,
abandoning Segre varieties,seeLemma 3.7. Let∆ be the unit disc inC.
Let κ ∈ N∗, n ∈ N∗, ν1 ∈ N∗, g : ∆κ ×∆n → Cν1 be a holomorphic power
series mapping converging normally in(2∆)κ+n, (t, z) 7→ g(t, z), let

(3.4) F := {(t, z) ∈ ∆κ × ∆n : g(t, z) = 0}.
Assume that there exists a holomorphic mapλ : ∆κ → ∆n converging
normally in (2∆)κ such that(t, λ(t)) ∈ F , ∀ t ∈ ∆κ, henceπ(F ) = ∆κ,
whereπ : ∆κ × ∆n → ∆κ, (t, z) 7→ t. Let n′ ∈ N∗, ν2 ∈ N∗, let
ρ : ∆n′ × ∆n → Cν2 be a holomorphic series converging normally in
(2∆)n′+n and denote fort ∈ ∆κ

(3.5) GF [t] := {z′ ∈ ∆n′

: ρ(z′, z) = 0, ∀ z s.t. g(t, z) = 0}.
Let Iκ ⊂ ∆κ be the maximally real setIκ = (−1, 1)κ, I = (−1, 1). Intro-
duce the complex filtrationF = F1 ⊃ F2 ⊃ F3 ⊃ · · · ⊃ Fa+1 = ∅, Fa 6= ∅,
a ≥ 1, of F by singular subspaces:Fi+1 = Fi,sing. Assume also that:

(3.6) Fα = {(t, z) ∈ ∆κ × ∆n : gα(t, z) = 0}, 1 ≤ α ≤ a,

with gα : (2∆)κ+n → Cν1α converging normally and assume that all irre-
ducible components ofFα are defined analogously. We denote by∆κ(t, ε),
ε > 0, the polydisc of centert, radiusε, with t ∈ ∆κ, ε << dist(t, b∆κ). It
remains to establish:
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Lemma 3.7. There existt ∈ Iκ, ε > 0 and holomorphic equationss(t, z′)
in ∆κ(t, ε) × ∆n′

such that:
1.GF [t] ⊂ {z′ ∈ ∆n′

: s(t, z′) = 0}, ∀ t ∈ ∆κ(t, ε), and:
2.GF [t] = {z′ ∈ ∆n′

: s(t, z′) = 0}, ∀ t ∈ ∆κ(t, ε) ∩ Iκ.

Proof.First,GF [t] = GF1,reg
[t]∩GF2,reg

[t]∩· · ·∩GFa,reg [t] (Fa = Fa,reg).
Also, ∀α, 1 ≤ α ≤ a, GF [t] = GF1,reg

[t] ∩ · · · ∩GFα−1,reg
[t] ∩GFα[t]. Let

Fα = ∪bα

β=1Fαβ, bα ∈ N∗, denote the decomposition ofFα into irreducible
components. Then also:

(3.8) GF [t] =
⋂

1≤α≤a,1≤β≤bα

GFαβ
[t].

We have (see [C], Chapter 1):
Fαβ,reg\(∪γ 6=βFαγ) ⊂ Fα,reg,
Fαβ,reg ∩ (∪γ 6=βFαγ) is a proper analytic subset ofFαβ,reg,
Fα,reg = ∪1≤β≤bα(Fαβ,reg\(∪γ 6=βFαγ)) and
GFα,reg [t] ∩GFα+1[t] ⊂ ∩1≤β≤bαGFαβ,reg

[t].
This yields

(3.9) GF [t] =
⋂

1≤α≤a,1≤β≤bα

GFαβ,reg
[t].

Denote now byF1, . . . , Fc, c = b1 + · · · + ba ∈ N∗ theFαβ ’s which are
irreducible. SoGF [t] = ∩1≤γ≤cGFγ,reg [t]. Let F be one of theFγ ’s, 1 ≤
γ ≤ c. Now, we come to a dichotomy. Either the generic rank satisfies

(3.10) gen rkC(π|Freg) = κ or gen rkC(π|Freg) < κ.

Lemma 3.11. Let F := one of theFγ ’s. If gen rkC(π|Freg) < κ, then the
closedsetπ(F ) := π(F ⊂ ∆

κ × ∆
n
) ⊂ ∆

κ
(here, · denotes closure) is

contained in a countable union∪ν∈N∗
Aν of analytic setsAν

∼= ∆λν with
0 ≤ λν < κ, ν ∈ N∗.

Proof. Let F be aFγ with gen rkC(π|Freg) < κ. SinceF is defined over
(2∆)κ+n and irreducible, paragraph 3.8 in [C] applies. �

Hence the Lebesgue measureλ2κ(π(F )) = 0. Furthermore,∀ ν, λκ(I
κ ∩

Aν) = 0, sinceIκ is maximally real. Henceλκ(π(F )∩ Iκ) = 0. Thus there
exists an open dense subsetBF of Iκ such that for allt ∈ BF , there exists
an open neighborhoodV∆κ(t) with V∆κ(t) ∩ π(F ) = ∅. Consequently, all
irreducible componentsFγ such thatgen rkC(π|Fγ,reg) < κ can be forgot-
ten. Indeed, for almost allt ∈ ∆κ, Fγ[t] = ∅, so for sucht, Fγ makes no
contribution to the setGF [t] defined by intersecting the sets{ρ(z′, z) = 0}
over thosez ∈ Fγ [t]. But of course, since there existλ : ∆κ → ∆n such
that(t, λ(t)) ∈ F = F1 ∪ · · ·∪Fc, ∀ t ∈ ∆κ, there exists at least oneγ such
thatgen rkC(π|Fγ,reg) = κ. Let nowΥ denote the dense open set oft ∈ Iκ

such thatFγ[t] = ∅ for theγ’s with gen rkC(π|Fγ,reg) < κ. We proceed with
gen rkC(π|Fγ,reg) = κ, ∀ γ = 1, . . . , c after forgetting other component and
renumbering the remaining ones. FixF := a Fγ . Let C := critical locus
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of π|Freg . DenoteF̃ := Freg\C. It is known thatC extends as a complex
analytic subset ofF itself and thatrkC(π|C) < κ ([C], ibidem). Again for
an open dense setΥ of t (still denoted byΥ), we haveπ(C) 6∋ t (Lemma
3.11).

Let AF := π(F̃ ), BF := π(F̃ ) ∩ Iκ. Clearly,AF is a nonempty subdo-
main of∆κ (sinceF̃ is connected).

If BF = ∅, F̃ ∩ π−1(t) makes no contribution toGFreg [t], if t ∈ Iκ. We
can forget those componentsF since according to the desired conditions
1-2 of Lemma 3.7, it is harmless to add equations toGFreg [t] for some other
t ∈ AF that are close toIκ but do not belong toIκ.

Assume therefore thatBF 6= ∅. Again, byπ(Γr(λ)) = ∆κ, there must
exist at least oneF such thatBF 6= ∅. Let m1 := dimCF . Chooset ∈
BF ∩ Υ, which is possible sinceBF is open andΥ is dense open, choose
ε > 0 with ∆κ(t, ε) ∩ Iκ ⊂⊂ AF ∩ Υ. For all t ∈ ∆κ(t, ε), (π| eF )−1(t)
consists of finitely many(m1 − κ)-dimensional complex submanifolds of
F̃ , sinceπ−1(∆κ(t, ε)) ∩ C = ∅, whenceπ has constant rankκ over F̃ ∩
(∆κ(t, ε) × ∆n) and since

(3.12) (π| eF )−1(t) ⊂ (π|F )−1(t)

and the latter has a finite number of connected components. This number
can only increase locally ast moves. It is bounded on∆κ(t, ε)∩ I

κ
. Hence

we can find a newt ∈ Iκ∩∆κ(t, ε) in a neighborhood of which this number
of connected components is constant, say in∆κ(t, ε) ∩ Iκ. Denote again
simply this polydisc by∆κ(t, ε).

Recall also thatπ(C)∩∆κ(t, ε) = ∅, soGFreg [t] = G eF [t], ∀ t ∈ ∆κ(t, ε).

Lemma 3.13.Let t ∈ Iκ such that there existsε > 0 such that the number
of connected components of(π| eF )−1(t) is constant equal toδ ∈ N∗ for all
t ∈ ∆κ(t, ε)∩Iκ and with∆κ(t, ε)∩Iκ ⊂ Υ. Then there exist holomorphic
equationss(t, z′) in ∆κ(t, ε) × ∆n′

such that
1.GFreg [t] = G eF [t] ⊂ {z′ ∈ ∆n′

: s(t, z′) = 0} ∀ t ∈ ∆κ(t, ε).
2.GFreg [t] = G eF [t] = {z′ ∈ ∆n′

: s(t, z′) = 0} ∀ t ∈ ∆κ(t, ε) ∩ Iκ.

Assume for a while that Lemma 3.13 is proved. Then Lemma 3.7 holds
for one irreducible componentF of theFγ ’s. Pick a second component.
Letting t vary now in∆κ(t, ε) (instead of∆κ), we can repeat the above
argument a finite number of steps and get Lemma 3.7 as desired. �

For short, let us denote∆κ := ∆κ(t, ε).

Proof of Lemma 3.13.LetD1, . . . , Dδ be the components of(π| eF )−1(t).
These are(m1 − κ)-dimensional connected complex submanifolds ofF̃

(becauseπ : F̃ → ∆κ is submersive). Letp1, . . . , pδ ∈ D1, . . . , Dδ be
points, letU1, . . . , Uδ be neighborhoods ofp1, . . . , pδ in F̃ with mapsΦj :
∆κ × ∆m1−κ → Uj such thatΦj(0 × ∆m1−κ) = Dj ∩ Uj, Φj(q × ∆m1−κ)

is the fiberπ−1(π(Φj(q × 0))) ⊂ F̃ , ∀ 1 ≤ j ≤ δ, q ∈ ∆κ and such that
π(Φj(q × ∆m1−κ)) = q.
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After all the above reductions and simplifications, we now can prove the
main step in two lemmas:

Lemma 3.14.1.GFreg [t] ⊂ GU1 [t] ∩ · · · ∩GUδ
[t] ∀ t ∈ ∆κ and

2.GFreg [t] = GU1[t] ∩ · · · ∩GUδ
[t] ∀ t ∈ ∆κ ∩ Iκ.

Lemma 3.15.EachGUj
[t] is equal to a set{z′ ∈ U ′ : sj(t, z

′) = 0}, where
sj = a finite set of holomorphic functions.

Proof of Lemma 3.14.LetD1[t], . . . , Dδ[t] denote the connected compo-
nents of(π| eF )−1(t), t ∈ ∆κ ∩ Iκ.

ThenDj [t] ∩ Uj = Φj(t× ∆m1−κ) := Uj [t] and

(3.16) GFreg [t] = G eF [t] = GD1[t][t] ∩ · · · ∩GDδ[t][t] ∀ t ∈ ∆κ ∩ Iκ

Now, if ρ(z′, z) = 0 ∀ z ∈ Uj [t], by the uniqueness principle, then
ρ(z′, z) ≡ 0 on the connected complex manifoldDj [t], so G eF [t] =
GU1[t][t] ∩ · · ·GUδ[t][t], ∀ t ∈ ∆κ ∩ Iκ. If t ∈ ∆κ\Iκ, the cardinal of the
set of connected components of(π| eF )−1 can be> δ, soG eF [t] diminishes,
G eF [t] ⊂ GU1[t][t] ∩ · · · ∩GUδ[t][t]. �

Proof of Lemma 3.15.Let Ej := Φj(∆κ × 0) given by a holomor-
phic graphz = ω̃(t) over ∆κ. ThenEj is a transverse manifold to the
fibers ofπ. For eachj, there exist vector fieldsLj

1, . . . , Lj
m1−κ overUj

with holomorphic coefficients in(t, z) commuting with each other with in-
tegral manifoldsΦj(t × ∆m1−κ). Thenρ(z′, z) = 0 ∀ z ∈ (π|Uj

)−1(t)
if and only if (j)γρ(z′, z)|z=ω̃(t) = 0 ∀ γ ∈ Nm1−κ. Put sj(t, z

′) :=
((j)γρ(z′, z)|z=ω̃(t))γ∈Nm1−κ and use noetherianity. �

Proof of Proposition 1.75.Starting with§1
M := {(z, w̄, z′) : (z, w̄) ∈

M , r(z, w̄, z′) = 0} andΓr(f) = {(z, w̄, f(z)) : (z, w̄) ∈ M } ⊂ §1
M ,

we can again formalize the data as follows. We take coordinates onM ∼=
∆κ, κ = 2m + d. Let κ ∈ N∗, n ∈ N∗, J ∈ N∗, r : ∆κ × ∆n →
CJ , (t, z) 7→ r(t, z) be a holomorphic power series mapping converging
normally in(2∆)κ, assumerj ∈ Oκ(∆

κ) × An(∆n), let

(3.17) S = {(t, z) ∈ ∆κ × ∆n : r(t, z) = 0}.
Assume that there existsλ : ∆κ × ∆n → ∆n holomorphic, converging in
(2∆)κ such thatΓr(λ) ⊂ S, let π : ∆κ × ∆n → ∆n be the projection.

Let us inductively define a collection ofSα’s, α ∈ N∗. First S1 = S.
Next,Sα = {(t, z) ∈ ∆κ × ∆n : rα(t, z) = 0}, rα : ∆κ × ∆n → CJα, Jα ∈
N∗, Jα ≥ Jα−1, rα,j = rα−1,j ∀ 1 ≤ j ≤ Jα−1, rα,j ∈ Oκ(∆

κ) × An(∆n)
andΓr(λ) ⊂ Sα.

The construction ofSα+1 consists in forming the Jacobian matrix of
the rα,j ’s with respect toz, Hα = (

∂rα,j

∂zk
)1≤j≤Jα

1≤k≤n , in taking (rα+1,j)j :=

the collection of all the minorsδα,j(t, z), 1 ≤ j ≤ eα, of maxi-
mal generic rank over∆κ × ∆n of this matrix, whereeα =: Jα+1 −
Jα ∈ N∗ is the number of such minors. Then put(rα+1,j)1≤j≤Jα+1 :=
((rα,j)1≤j≤Jα, (δα,j−Jα)Jα+1≤j≤Jα+1 and put

(3.18) Sα+1 := {(t, z) ∈ ∆κ × ∆n : rα+1,j(t, z) = 0, 1 ≤ j ≤ Jα+1}.
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Of course,rα+1,j ∈ Oκ(∆
κ) × An(∆n), ∀ j = Jα + 1, . . . , Jα+1. Also

if we were starting with(z, w̄) = t ∈ M , we would have got some
rα+1,j(z, w̄, z

′) depending on the two variables(z, w̄) even if we let(z, w̄)
vary only inM , hence getting new equations like ther̃j of Proposition 1.75.

ThenSα+1  Sα. Indeed by constructionJα+1 > Jα and the zero-locus
of equations from a minorδα,j of maximal generic rank coincides withSα

at each point(tp, zp) whereδα(tp, zp) 6= 0 butSα+1 does not containSα in
a neighborhood of such a point.

Thus there exists an integera ∈ N∗ such thatSa+1 = Sa andSa+1 ⊃
Γr(λ) or Sa ⊃ Γr(λ) and there exists a minorδa,j(t, z) such thatΓr(λ) 6⊂
{δα,j = 0}. The caseSa+1 = Sa andΓr(λ) ⊂ Sa+1 is impossible because
then dimCSa+1 ≥ κ ≥ 1 and therefore its minors are nontrivial which
implies thatSa+1  Sa by the above remark.

ThereforeSa ⊃ Γr(λ) andΓr(λ) 6⊂ {δa,j = 0}.
At each point of the Zariski open subset{δa,j 6= 0} ∩ Γr(λ) of Γr(λ),

locallySa is given by equations of the formz2 = Φ(t, z1), (z1, z2) ∈ Cn1 ×
Cn1, n1 + n2 = n, because of the constant rank theorem. This proves
(∗) of Proposition 1.75 in this context. Notice that we make localization
in a smaller open set, which is a neighborhood of some point(t, λ(t)) ∈
Γr(λ) ∩ {δa,j 6= 0}.

Next, we computeGF [t] in caseF (= Sa) is given by{(t, z) ∈ ∆κ ×
∆n : z2 = Φ(t, z1)} to get(∗∗). This is a particular case of Lemma 3.15:
let L = ∂

∂z1
+ Φz1(t, z1)

∂
∂z2

be in vectorial notation the basis of vec-
tor fields tangent toF . Thenρ′(z′, z1,Φ(t, z1)) = 0 ∀ z1 if and only if
Lγρ′(z′, 0,Φ(t, 0)) = 0 ∀ γ ∈ Nn1 : these define analytic equationss(t, z′),
which completes the proof of Proposition 1.75. Notice that we make lo-
calization before computingGF [t]: this corresponds to takingW′

w,z̄1
=

§̃1
w,z̄1

∩ (Up × U p × U ′
p′) and thenr

U ′

p′

M ′ (W′
w,z̄1

). �

4. EXAMPLES

The general idea of all of these examples is to constructM,M ′, f with
the reflection set§1 = {(z, w̄, z′) : r(z, w̄, z′) = 0} containing two or more
irreducible components and to exploit this fact in order to exhibit rather
disharmonious phenomena.

Check of Example 1.53.Let z ∈ Qw̄,

(4.1) z5 = w̄5 + iz1w̄1.

Thenz′ ∈ rM ′(f(Qz̄)) if and only if

(4.2) ρ′(z′, (w̄1, 0, 0, 0, z5 − iz1w̄1)) = 0 ∀ w̄1 ∈ C, i .e.
z′5 − [z5 − iz1w̄1 + iw̄2

1z
′
3z

′
4 + iz′1w̄1] = 0 ∀ w̄1 ∈ C.

From this followsz′5 = z5, z′1 = z1, z′3z
′
4 = 0. Therefore

(4.3) §1 = {(z, w̄, z′) : z′5 = z5, z
′
1 = z1, z

′
3z

′
4 = 0}
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(4.4)
V′

z = {(z1, ζ ′2, ζ ′3, 0, z5) : ζ ′2, ζ
′
3 ∈ C} ∪ {(z1, ζ ′2, 0, ζ ′4, z5) : ζ ′2, ζ

′
4 ∈ C}.

Now, it is clear thatΓr(f) is contained in

(4.5) §1
sing = {(z, w̄, z′) : z′5 = z5, z

′
1 = z1, z

′
3 = 0, z′4 = 0} := §̃1

(4.6) §̃1
z,w̄ = {(z1, ζ ′2, 0, 0, z5) : ζ ′2 ∈ C}.

To computerM ′ (̃§1
w,z̄1

), we write

(4.7) ρ′(w′, w̄1, ζ̄
′
2, 0, 0, w̄5) = 0 ∀ ζ̄ ′2, i .e.

w′
5 − w̄5 − i[w′

1w̄1 + w̄2
1w

′
3w

′
4 + ζ̄ ′

2
2w

′2
3] = 0 ∀ ζ̄ ′2.

From this followsw′
3 = 0, w′

5 = w̄5 + iw′
1w̄1. Therefore

(4.8) rM ′ (̃§1
w,z̄1

) = {(w′
1, w

′
2, 0, w

′
4, w̄5 + iw′

1w̄1) :w′
1, w

′
2, w

′
4 ∈ C}

and

(4.9) §̃1
z,w̄ ∩ §̃1

w,z̄1
= {(z1, ζ ′2, 0, 0, z5) : ζ ′2 ∈ C}.

In conclusion,dimf(z)Z
′
z,w̄ = ∀ z. On the other hand,

(4.10)
V′

w = {(w1, ζ
′
2, ζ

′
3, 0, w5) : ζ ′2, ζ

′
3 ∈ C} ∪ {(w1, ζ

′
2, 0, ζ

′
4, w5) : ζ ′2, ζ

′
3 ∈ C}

and the equations ofrM ′(V′
w) are given by

(4.11) ρ′(w′, (w̄1, ζ̄
′
2, ζ̄

′
3, 0, w̄

′
5)) = 0 ∀ ζ̄ ′2∀ ζ̄ ′3, i .e.

w′
5 − [w̄5 + i[w′

1w̄1 + w̄2
1w

′
3w

′
4 + w′

3ζ̄
′2
2 + w′2

2ζ̄
′2
3 + w′3

4ζ̄
′3
3]] = 0 ∀ ζ̄ ′2∀ ζ̄ ′3

(4.12) ρ′(w′, (w̄1, ζ̄
′
2, 0, ζ̄

′
4, w̄5)) = 0 ∀ ζ̄ ′2∀ ζ̄ ′4, i .e.

w′
5 − [w̄5 + i[w′

1w̄1 + w̄2
1w

′
3w

′
4 + w′2

3ζ̄
′2
2 + ζ̄ ′

3
4w

′3
3]] = 0 ∀ ζ̄ ′2∀ ζ̄ ′4.

From (4.11) we deducew′
3 = 0, w′

2 = 0, w′
4 = 0, w′

5 = w̄5 + iw′
1w̄1. From

(4.12) we deducew′
3 = 0, w′

5 = w̄5 + iw′
1w̄1. Therefore

(4.13) rM ′(V′
w) = {(w′

1, 0, 0, 0, w̄5 + iw′
1w̄1) :w′

1 ∈ C} = f(Qw̄)

and finally

(4.14) V′
z ∩ rM ′(V′

w) = {(z1, 0, 0, 0, z5)} = {f(z)}.
In conclusion,dimf(z)X

′
z,w̄ = 0. This completes Example 1.53. �

Check of Example 1.56.Here, ifz4 = w̄4 + iw̄1z1,

(4.15) §1 = {(z, w̄, z′) : z′4 = z4, z
′
1 = z1, z

′
2z

′
3 = 0}.

Now, it is clear thatΓr(f) is contained in§1
sing

(4.16) §1
sing = {(z, w̄, z′) : z′4 = z4, z

′
1 = z1, z

′
2 = 0, z′3 = 0}.
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Whence

(4.17) §̃1
z,w̄ = {(z1, 0, 0, 0, z5)} = W′

z,w̄

and finally

(4.18) dimf(z)W
′
z,w̄ = dimf(z)Z

′
z,w̄ = 0 ∀ z.

On the other hand,

(4.19) §1
z,w̄ = {(z1, ζ ′2, 0, z4) : ζ ′2 ∈ C} ∪ {(z1, 0, ζ ′3, z4) : ζ ′2 ∈ C} = V′

z

and the equations ofrM ′(V′
w) are given by

(4.20) ρ′(w′, (w̄1, 0, ζ̄ ′3, w̄4)) = w′
4− [w̄4 + i[w′

1w̄1+w̄2
1w

′
2w

′
3]] = 0 ∀ ζ̄ ′3

(4.21) ρ′(w′, (w̄1, ζ̄ ′2, 0, w̄4)) = w′
4−[w̄4+i[w

′
1w̄1+w̄

2
1w

′
2w

′
3]] = 0 ∀ ζ̄ ′2.

It follows only the equationw′
4 = w̄4 + i[w′

1w̄1 + w̄2
1w

′
2w

′
3]. Therefore

(4.22)
rM ′(V′

w) = {(w′
1, w

′
2, w

′
3, w̄4 + i[w′

1w̄1 + w̄2
1w

′
2w

′
3]) :w′

1, w
′
2, w

′
3 ∈ C}

(4.23)
V′

z∩rM ′(V′
w) = {(z1, w′

2, 0, z4):w
′
2 ∈ C}∪{(z1, 0, w′

3, z4) :w′
3 ∈ C} = V′

z,

whencedimf(z)X
′
z,w̄ = 1 ∀ z. Example 1.56 is complete. �

Check of Example 1.66.Let us establish:

The functionM ∋ (z, w̄) 7→ dimf(z)X
′
z,w̄ ∈ N is neither upper semi

continuous nor lower semi continuous in general.

Proof. First, whenever dimf(0)rM ′(f(Q0)) = 0, then
dimf(z)rM ′(f(Qz̄)) = 0 too for z ∈ VCn(0) because of Lemma 2.3
and so there existsV = VCn(0) such thatdimf(z)X

′
z,w̄ = 0 ∀ z, w ∈ U ,

z ∈ Qw̄. For instance,M = M ′, f = Id,M = {z2 = z̄2 + iz1z̄1}.
Therefore(z, w̄) 7→ dimf(z)X

′
z,w̄ could be continuous.

This is false.Indeed, letM = M ′ = {z3 = z̄3 + iz1z̄1(1 + z2z̄2)} ⊂ C3,
f = Id. First,M is Levi-nondegenerate at every point ofC3\{z1 = 0},
so dimf(p)X

′
p,p̄ = 0 at those points. LetQ0 = {(z1, z2, 0) : z1, z2 ∈ C},

rM ′(Q0) = {(0, z2, 0) : z2 ∈ C} = {q ∈ C3 :Qq̄ = Q0}, so rM ′(Q0) =
Q0 = {(z1, z2, 0) : z1, z2 ∈ C}, sorM ′(Q0) ∩ r2

M ′(Q0) = {(0, z2, 0) : z2 ∈
C} has dimension 1.

Therefore(z, w̄) 7→ dimf(z)X
′
z,w̄ can be at best upper semi-continuous.

This is false.Indeed, letM = {(z1, z4) ∈ C2 : z4 = z̄4 + iz1z̄1}, let

(4.24) M ′ = z′4 = z̄′4 + iz′1z̄
′
1 + iz′3z̄

′
2 + iz̄′3z

′
2 + iz′

2
1z̄

′
3z̄

′
2 + iz̄′

2
1z

′
3z

′
2

and

(4.25) f(z1, z4) = (z1, z4 sin3 z1, 0, z4), f(M) ⊂M ′.

ThenQ0 = {(z1, 0)}, f(Q0) = {(z1, 0, 0, 0)}. We claim that
1. rM ′(f(Q0)) ∩ rM ′(f(Q0)) = {(0, 0, 0, 0)} and
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2. rM ′(f(Qz̄))∩ r2
M ′(f(Qw̄)) = {(z1, z′2, 0, z4) : z′2 ∈ C} ∀ z, w, z ∈ Qw̄,

z 6= 0.
This will show that(z, w̄) 7→ dimf(z)X

′
z,w̄ cannot be upper semicontinuous

in general.
Indeed,

(4.26)
rM ′(f(Q0)) = {(0, z2, 0, 0)}∪{(0, 0, z3, 0)} and r2

M ′(f(Q0)) = {(z1, 0, 0, 0)},
so 1 holds.

Let (z1, z4) 6= (0, 0), let z ∈ Qw̄, w = (w1, w4), z4 = w̄4 + iz1w̄1. Then
f(Qz̄) = {(w1, (z̄4+iw1z̄1) sin3w1, 0, z̄4+iw1z̄1) :w1 ∈ C}. By definition,
rM ′(f(Qz̄)) = {z′ : ρ′(z′, f̄(w̄)) = 0 ∀w ∈ Qz̄}. Write

(4.27) ρ′(z′, f̄(w̄)) = 0 ∀ w̄1, i .e.

z′4 − [z4 − iw̄1z1 + iz′1w̄1 + iz′3(z4 − iw̄1z1) sin3 w̄1 + iz′3z
′
2w̄

2
1] = 0 ∀ w̄1.

We deduce equationsz′4 = z4, z′1 = z1, z′3z
′
2 = 0, z′3z4 = 0, z′3z1 = 0.

Therefore if(z1, z4) 6= (0, 0), then

(4.28) rM ′(f(Qz̄)) = {(z1, z′2, 0, z4) : z′2 ∈ C}.
Next,r2

M ′(f(Qw̄)) is given by
(4.29)
ρ′(z′, (w̄1, ζ̄

′
2, 0, w̄4)) = z′4 − [w̄4 + iz′1w̄1 + iz′3z

′
2w̄

2
1 + iz′3ζ̄

′
2] = 0 ∀ ζ̄ ′2.

We deduce equationsz′3 = 0, z′4 = w̄4 + iz′1w̄1, so
(4.30)
r2
M ′(f(Qw̄)) = {(z′1, z′2, 0, w̄4 + iz′1w̄1) : z′1, z

′
2 ∈ C}, (z1, z4) 6= (0, 0).

Finally for such(z1, z4) 6= (0, 0),

(4.31) rM ′(f(Qz̄)) ∩ r2
M ′(f(Qw̄)) = {(z1, z′2, 0, z4) : z′2 ∈ C},

which shows that 2 above holds. This completes Example 1.66. �

Example 1.66 already shows thatX′
z,w̄ is not analytically parametrized

by (z, w̄). Example 1.68 also provides a supplementary reason.
Check of Example 1.68.First, let us take in (3.4):κ = 2, n = 3,

λ(t1, t2) = (t1, t2, 0),
(4.32)
F = {(t, z) ∈ ∆2 ×∆3 : (t1z3 − t22)(z1 − t1) = 0, (t1z3 − t22)(z2 − t2) = 0,

(t1z3 − t22)z3 = 0} = F1 ∪ F2 = Γr(λ) ∪ {t1z3 − t22 = 0}.
Then the fibersF2[t] = ∅ if |t22| ≥ |t1|, say if t ∈ Tc := ∆2 ∩ {|t22| ≥ |t1|},
andF2[t] = {(z1, z2, z3) ∈ ∆3 : z3 = t22/t1} if t ∈ T0 := ∆2\Tc. Clearly

(4.33) GF [t] = {z′ ∈ ∆n′

: ρ(z′, (t1, t2, 0)) = 0} ∀ t ∈ ∆2

and

(4.34) GF2 [t] = {z′ ∈ ∆n′}
if t ∈ Tc and

(4.35) GF2[t] = {z′ ∈ ∆n′

: (∂k1
z1
∂k2

z2
ρ)(z′, 0, 0, t22/t1) = 0 ∀ k1∀ k2 ∈ N}
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if t ∈ T0. The border equalsT 0 ∩ Tc = {t ∈ ∆2 : |t1| = |t22|}. It is real
analytic, not complex.

Next, we build a mapping on the basis of this example. Letn = 3,n′ = 4,
M : z4 = z̄4 + iz1z̄1 + iz2z̄2,

(4.36) M ′ : z′4 = z̄′4+i[z
′2
1z̄

′
3(z̄

′2
2−z̄′1z̄′3)+z̄′

2
1z

′
3(z

′2
2−z′1z′3)+z′1z̄′1+z′2z̄′2],

f(z1, z2, z4) = (z1, z2, 0, z4). Then one can check that the equations of
§′z,w̄ = V′

z are: z′4 = z4, z′1 = z1, z′2 = z2, z′3(z
2
2 − z1z3) = 0, from which

Example 1.68 follows. �

Check of Example 1.72.Considerf : C2 ∋ (z1, z4) 7→ (z1, 0, 0, z4) ∈ C4,
M : z4 = z̄4 + iz1z̄1 and
(4.37)
M ′ : z′4 = z̄′4 + iz′1z̄

′
1 + iz′

2
1(1+ z̄′3)z̄

′
3 + iz̄′

2
1(1+z′3)z

′
3 + iz′2z

′
3z̄

′2
2 + iz̄′2z̄

′
3z

′2
2.

Identify M with f(M) = {(z1, 0, 0, z4) : (z1, z4) ∈ M}. TakeU = ∆2 ∼=
∆× 0× 0×∆, U ′ = ∆4. We will first check 1 and 2 forz = w̄ = 0 ∈ C2.

First, computerM ′(Q0) by writing ρ′(z′, f̄(z̄1, 0)) = z′4− [iz̄1z
′
1+iz̄2

1(1+
z′3)z

′
3] so that equations ofrM ′(Q0) arez′4 = 0, z′1 = 0, (1 + z′3)z

′
3 = 0,

whence

(4.38) rU ′

M ′(Q0) = {(0, z′2, 0, 0) : z′2 ∈ ∆}

(4.39)

rCn′

M ′ (Q0) = {(0, z′2, 0, 0) : z′2 ∈ C} ∪ {(0, z′2, 1, 0) : z′2 ∈ C} := A1
0 ∪ A2

0.

To compute(rU ′

M ′)2(Q0), write ρ′(z′, (0, w̄′
2, 0, 0)) = z′4 − i[w̄′2

2z
′
2z

′
3] so that

equations of(rU ′

M ′)2(Q0) arez′4 = 0, z′2z
′
3 = 0, whence

(4.40)
(rU ′

M ′)2(Q0) = {(z′1, z′2, 0, 0): z′1, z
′
2 ∈ ∆} ∪ {(z′1, 0, z′3, 0): z′1, z

′
3 ∈ ∆}

(4.41) (rU ′

M ′)(Q0) ∩ (rU ′

M ′)2(Q0) = {(0, z′2, 0, 0) : z′2 ∈ ∆}.
On the other hand,(rCn′

M ′ )2(Q0) = rCn′

M ′ (A1
0) ∩ rCn′

M ′ (A2
0), where as above

(4.42)

rCn′

M ′ (A1
0) = {(z′1, z′2, 0, 0) : z′1, z

′
2 ∈ C} ∪ {(z′1, 0, z′3, 0) : z′1, z

′
3 ∈ C}.

To computerCn′

M ′ (A2
0), write ρ′(z′, (0, w̄′

2, 1, 0)) = z′4 − i[w̄′2
2z

′
2z

′
3 + w̄′

2z
′2
2] =

0 ∀ w̄′
2 so that its equations arez′4 = 0, z′22 = 0, z′2z

′
3 = 0, whence

rCn′

M ′ (A2
0) = {(z′1, 0, z′3, 0) : z′1 ∈ C, z′2 ∈ C} and

(4.43) rCn′

M ′ (Q0) ∩ (rCn′

M ′ )2(Q0) = {(0, 0, 0, 0)} ∪ {(0, 0, 1, 0)}.
In conclusion, forz = w̄ = 0 ∈M , rCn′

M ′ (Q0)∩(rCn′

M ′ )2(Q0) is finite whereas
dim0[r

U ′

M ′(Q0)∩ (rU ′

M ′)2(Q0)] = 1. Now, letz ∈ Qw̄, z, w ∈ ∆× 0× 0×∆,
(z1, 0, 0, z4) ∈ rU ′

M ′(Qz̄1,0,0,z̄4) ∩ (rU ′

M ′)2(Qw̄1,0,0,w̄4). As above,

(4.44) rU ′

M ′(Qz̄) = {(z1, z′2, 0, z4) : z′2 ∈ ∆}



365

(4.45)

rCn′

M ′ (Qz̄) = {(z1, z′2, 0, z4) : z′2 ∈ C}∪{(z1, z′2, 1, z4) : z′2 ∈ C} := A1
z ∪A2

z.

To compute(rU ′

M ′)2(Qw̄) = {w′ ∈ ∆4 : ρ′(w′, z̄′) = 0 ∀ z′ ∈ rU ′

M ′(Qw̄}),
write first
(4.46)
ρ′(w′, (w̄1, z̄

′
2, 0, w̄4)) = w′

4 − [w4 + iw′
1w̄1 + iw̄2

1(1 + w′
3)w

′
3 + iw′

2w
′
3z̄

′2
2]

whence
(4.47)
(rU ′

M ′)2(Qw̄) = {(w′
1, w

′
2, 0, w̄4 + iw′

1w̄1) :w′
1, w

′
2 ∈ ∆, |w̄4 + iw′

1w̄1| < 1}∪
∪{(w′

1, 0, w
′
3, w̄4 + iw′

1w̄1) :w′
1, w

′
2 ∈ ∆, |w̄4 + iw′

1w̄1| < 1}.

(4.48) rU ′

M ′(Qz̄) ∩ (rU ′

M ′)2(Qw̄) = {(z1, w′
2, 0, z4) :w′

2 ∈ ∆}.
On the other hand analogously

(4.49) rCn′

M ′ (A1
w) = {(z1, w′

2, 0, z4) :w′
2 ∈ C}.

To computerCn′

M ′ (A2
w) = {w′ ∈ C4 : ρ′(w′, z̄′) = 0 ∀ z′ ∈ A2

w}, write

(4.50) ρ′(w′, (w1, z
′
2, 1, w4)) =

= w′
4 − [w4 + iw′

1w̄1 + iw̄2
1(1 + w′

3)w
′
3 + iw′

2w
′
3z̄

′2
2 + iw′2

2z̄
′
2]

whence

(4.51) rCn′

M ′ (A2
w) = {(w′

1, 0, w
′
3, w̄4 + iw′

1w̄1) :w′
1, w

′
2 ∈ C}

(4.52)

rCn′

M ′ (Qz̄) ∩ (rCn′

M ′ )2(A1
w) ∩ (rCn′

M ′ )2(A2
w) = {(z1, 0, 0, z4)} ∪ {(z1, 0, 1, z4}.

This completes Example 1.72. �

REFERENCES

[1] M.S. BAOUENDI and L.P. ROTHSCHILD, Mappings of real algebraic hypersur-
faces, Journal of the American Mathematical Society,8 (1995), 997–1015.

[2] M.S. BAOUENDI, P. EBENFELT and L.P. ROTHSCHILD, Algebraicity of holomor-
phic mappings between real algebraic sets inCn, Acta Mathematica, 177 (1996),
225–273.

[3] M.S. BAOUENDI, P. EBENFELT and L.P. ROTHSCHILD, Parametrization of local
biholomorphisms of real analytic hypersurfaces, Asian Journal of Mathematics1
(1997), 1-16.

[4] M.S. BAOUENDI, P. EBENFELTand L.P. ROTHSCHILD, Real hypersurfaces in com-
plex space and their mappings, Princeton Mathematical Series47, Princeton 1999.

[5] E. CHIRKA, Complex Analytic Sets. Kluwer Academic Publishers, Dordrecht,
1989.

[6] B. COUPET, F. MEYLAN and A. SUKHOV, Holomorphic maps of algebraic CR
manifolds, International Mathematics Research Notices, 1999, no 1, 1-29.



366

[7] B. COUPET, S. PINCHUK and A. SUKHOV, On partial analyticity of CR mappings,
Preprint, Université de Provence,28, December 1998. Math. Z. (to appear).

[8] S. DAMOUR, Algébricité d’applications holomorphes entre sous-variétés CR
réelles algébriques deCn. Prépublication, Université de Provence,26, Juillet 1999.
À paraître dans C. R. Acad. Sci Paris.

[9] X. H UANG, On the mapping problem for algebraic real hypersurfaces in the com-
plex euclidean spaces of different dimensions, Annales Institut Fourier Grenoble,
44 (1994), 433–463.

[10] J. MERKER, On the partial algebraicity of holomorphic mappings between
real algebraic sets. Preprint, Université de Provence7, February 1999.
arXiv.org/math/abs/9906057.

[11] J. MERKER, Vector field construction of Segre sets, Preprint, Université de
Provence,28, December 1998.arXiv.org/math/abs/9901010.

[12] J. MERKER, Sur la réduction des variétés de segre, En préparation.

[13] R. SHARIPOV and A. SUKHOV, On CR mappings between algebraic Cauchy-
Riemann manifolds and separate algebraicity for holomorphic functions, Trans-
actions of the Mathematical Society348(1996), 767–780.

[14] D. ZAITSEV, Algebraicity of local holomorphisms between real algebraic subman-
ifolds of complex spaces. Acta Mathematica183(1999), 273–305.


