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| — Statement of the main result

e Complex projective algebraic hypersurface :
X" c P"HC).
e Homogeneous coordinates :

Ppi1(C) = [z0: 210 -+ 0 2nt 241

— {<Z07 Rlye ey 2n; Zn—|—1)}/2 ~ )\Z7
where at least ong Is nonzero.

e In other words : Forevery\ € C, A #0:

[)xz(): A2 D ol Ay )xan] — [zoz 210 2 zn+1} .

e Homogeneous degreé polynomial :

P = Z coeff - zgozlﬁl e zﬁ”zﬁﬂl .
Bo+51++0n+0p11=d

e Complex projective algebraic hypersurface :

X ={|z20:21: ... 2n: 2p41| € prtl.
P(z0, 21, - 20y Znt1) = O} .
e Canonical line bundle :
Ky =N'Tx.

e General type :Asm — o0 :
hO(X, K}%m) ~ - mdlmX
for a certain constant > 0



e Equivalent characterization :

deg X = dim X + 3|,

e (Strong) Conjecture of Green-Griffiths (1979) : If
the projective algebraic hypersurfagé® ¢ P*"*1(C) is
generic of degred > n + 3, then there exists a proper
algebraic subvariety” C X such that every noncons-
tant entire holomorphic curvég : C — X is necessarily
completely contained insidg, namely :f(C

- /i)

e Kobayashi-Royden infinitesimal metric : Let M be
a complex manifoldp a point of A/. One defines the
pseudo-nornKob,(v) of a vectorv € T),M as inversely
proportional to the “infinitesimal size” of the “biggest”
holomorphic discs passing through v) :

Kob,(v) := inf {a 3f A — M, £(0) = p, f4(0y) = g} |

A




e The manifoldM is saidhyperbolic (in the sense of
Kobayashi) if the integrated pseudodistance :

1
fy:ipn—fn] /o Kob¢) (7(t)) dt =: pseudodistyop (p 9)
(which satisfies automatically the triangle inequality)

sets at finite positive distance every pair of distinct
points :

pseudodistyop(p,¢) >0 assoonas p#q.

e Brody theorem (1978) :A complex projective alge-
braic X" ¢ P"T1(C) is Kobayashi-hyperbolic if and
only if every entire holomorphic curve f : C — X Is
constant.

e Kobayashi hyperbolicity conjecture (1970) :A com-
plex projective algebraick” ¢ P"*1(C) is hyperbo-
lic, namely [Brody] : «every entire holomorphic curve
f : C — X Is necessarilgonstant», whenever

deg X 2 2n+1,
provided.X is generic.

e Siu 2002, 2004 There existsi,, >> 1 such that the
generic hypersurfaces” c P"*! of degree :

deg X > d,
are Kobayashi-hyperbolic.

e Some last decade previous results :



e Dimension 2 : X? ¢ PJ(C) : Green-Griffiths+ Ko-
bayashi :
(] SIU-YEUNG, 1996 :d > 10,
[ MCQUILLAN, 1999 :d > 36.
[1 DEMAILLY -EL GouL, 2000 :d > 21.
] PAUN, 2008 :d > 18.
e Dimension 3 : X ¢ P¥(C) : Algebraic degeneracy :
[1 ROusseau2007 :d > 593.

Theorem. [DMR, 5 feb. 2008]If X c Pl is a
generic complex projective algebraic hypersurface,
there exists a proper algebraic subvariety Y & X
such that f(C) C Y for every nonconstant entire
holomorphic curve :

e for dim X = 4, whenever deg X > 3203;
e for dim X = 5, whenever deg X > 35355,

e for dim X = 6, whenever deg X > 172925.

Theorem. [DIVERIO-M.-ROUSSEAU, 17 nov. 2008
In arbitrary dimension » > 2 with X" ¢ P*+(C)
generic, strong algebraic degeneracy of noncons-
tant entire holomorphic curves holds whenever

deg X > n<”+1><n+5>.




Il — Bundles of invariant jets

e General structure of the proof :

Step 1 : Entire holomorphic curveg : C — X must
satisfy (algebraic) differential equations.

Step 2 : A plethora of such differential equations implies
that entire curves degenerate inside some fixed X.

e Two main jet bundles :
[1 Green-Giriffiths jets ;
[1 Demallly jets.
e Germ of holomorphic curve :

f:(C,0) — (C", 0) ~ (X, x).

e Algebraic differential operator of order £ :

P(fla f”7° . 7f<k>) — Z Poqag...ak<f>'
a,09,...,a. EN™
() (f )
the sum beindinite, where theq,a,...q, (2) are holomor-
phic functions, and where .

(P = (AP (g,

e Definition : Denote@@GG the bundle (introduced by
Green-Giriffiths) whose sectlons are differential opeator
of orderk that are homogeneous of weight :

= laq| + 2|as| + - - - + k|| .



e Demallly-Semple invariant jets : In local coordinates
z=1(z1,...,2n) Ccentered it € X, a differential opera-
tor :

P = >, palf)(f) . ()
|aq [ 4+2]| |+ +E|ag|=m
IS said to banvariant under local reparametrizations
¢: (C,0)— (C,0)if:

P((fo o), (Fo o)) = 0P (S, fY).
e Structure : Make a subbundle;”" of £~

e Examples :
[1 Jets of ordedl :

n /Il /
1 — C[flana*** 7fn]
[1 Jets of ordeR :
/ / / /
le} f?//% /! fil// / /! f2 Il g/
i i fit+oif Jo +0 1,
e Concretely : Setg; := f; o » and compute :
/ ! pl
gi — ¢ fz’a
g/ =" f+ " f!,
g" =" +38" [ + "1
gz(/// _ gb//// fz'/ 44 gb"’ gb/ fz'” + 3 ¢//2 fz'” +6 ¢// gb/Q fim 4 ¢/4 fi////7
gz(//// — ¢///// fz'/ 45 ¢//// ¢/ fi” 410 ¢/// ¢// fz'// 15 ¢//2 ¢/ fi/// 4
+10 ¢/// ¢/2 f(// +10 ¢// ¢/3 f(/// + ¢/5 f(////
P(g/)g//)g///)g////)g/////) _ (qu)m P(flaf//7;///7f////7 fj////).

f/ andthe:

[/




e Step 1 :Constructat least onedifferential equation.

Theorem. [BLOCH, AHLFORS, GREEN-GRIFFITHS,
DEMAILLY, SIU] Let X be a complex projective al-
gebraic hypersurface, let A be an ample line bundle
on X — justtake A = Ox(1) — and let :

P c ]{0(){'7 @pGGOI‘DS@)A—l)

k.m
pe a global section. Then every nonconstant entire
nolomorphic curve f: C — X satisfies the corres-
ponding differential equation :

P(f,.... %) =o.

e Algebraic difficulties :

] No suchP(j* f) exist when jet order< dimension

[1 Explore the cohomology of jet bundles.

[1 Understand the condition of invariancy in the defini-
tion of Demailly invariant jets.

e Known algebraic descriptions ofé??ﬁ*f ;

[1n=2,k=3:DEMAILLY (unpublished) Rous-
SEAU. 5.

[1n =3,k =3:ROUSSEAU 16.

[(In =2,k = 4: DEMAILLY-EL GouL (unpubli-

shed) ;M. 9.
(In=2k=5:M.56.
[(In=4,k=4:M. 2835



Ill - Explicit algebras of invariants

e Joél M. Jets de Demailly-Semple d’'ordres 4 et 5 er
dimension 2Int. J. Contemp. Math. Sciencés(2008)
no. 18,861-933

e Joél M. An algorithm to generate all polyno-
mials in the k-jet of a holomorphic discD — C"
that are invariant under source reparametrizatjon
arxiv.org/abs/0808.3547/, 103 pages

e Joél M. Low pole order frames on vertical jets of the
universal hypersurfagenn. Inst. Fourier (Grenoble), to
appear31 pages

e Simone Diverio, Joél M. and Erwan Rousseau,
Effective algebraic degeneracyrxiv.org/abs/0811.2346/,
47 pages

First main goal

Explain Green-Griffiths algebraic degeneracy for
dim X = 4 whenever deg X > 3203.

Second main goal

Explain Green-Griffiths algebraic degeneracy for
dim X = n whenever deg X > p(n 1),



111-2 — A general algorithm

Theorem. [M., 2008] Construction of a complete
algorithm which generates all jet polynomials inva-
riant under reparametrization, in arbitrary dimen-
sion n and for jets of arbitrary order k.

e First illustration : Dimensionn = 3 and jet of order
k = 3 [Rousseau 2006 ; M. 2007}4 bi-invariants.

e O jet variables :
(f{? fé? fé? f{/7 féla fé/? f{//7 féﬁa fé//) ‘

e Double trick of reparametrizing by f1_1 and of re-
guiring unipotent invariance yields an initial form :

P(jgf) - Z—%méagm (f{)a Pa(AS, /\5, DG).

e EXplicit expressions : Each polynomialP, depends
upon the following basic bi-invariants :

[l /1
J]:{l’ J]:é% = B

/1 /1

N = Ay f1 =300, 1,

N A5
Dr=i i fo Ja f=a
T

A3 =




e ODbservation : these3 bi-invariants are algebraically
independent,evenafter setting f{ = 0 :

Nl =~faff,
Nlo=f A 1
/ /!
o=\ g 1 3
= .
f{// fé// fé//

Theorem. Then in the sum :
P(I°1) = X 3cam 1) Pa( A% 4, DF),
there are in fact no negative powers of f/, so that :
UDS3 = C[f1, A%, A°, D'].

Proof. Ortherwise, get by chasing the denominators :
(f)) " MminP(59f) = Pg,. (A%, A°, DY) + f] x remainder .
Then setf{ = 0 hence get :
_ 3 5 6
0 =Pg,, (N A D°|)

whenceP_, . = 0 by the algebraic independence of
A%, A°|,, D], which visibly contradicts the definition
of — Qypin - []

e Anticipated reinterpretation :
3 5 6
ldeal-Rel (A Ay, D |o) = {0}.

0?



Corollary. [Rousseau 2006 ; M. 200By polarizing
these 4 bi-invariants, one obtains that the full al-
gebra DS§ of invariants under reparametrization is
generated by the 16 bi-invariants

fi AS,J’ A5,J p D

e Second illustration : dimensionn = 4 and jet order
k= 4.

e 16]jet variables :
(fL o fon s B 18 3 F A B B F A 1 B )

e Same double trick and some computations provide
an initial representation :

|
P(] f) - Z—%mgagm (f{)a PCL(Aga A5> A7>
b p8 Arlo Wm).

e EXplicit expressions : Each polynomialP, depends
upon the following seven basic bi-invariants :

i i

Af (AfQ +4A12)f1f1

/1 I

—10A12f1f +15A12f "1,
8 / f}/ f% f:;/ /! flll f% fé:
D>=fi| /i 5 I3 |=6|/H 5 3]
f//// f//// f//// f/// f/// f///




! 111 111 ! 111
N = A1o' fif1 — 3A754 1+
/111 /111

‘|‘4A17273f1f”/‘|‘3A17273f f7
and finally, the/Wronskian :
nobohh
Wi = f/1// f/2// f/S// ffl//
f//// f//// f//// f////
T S E S

e Starting point for the algorithm :

P(1°F) = £t (F)" Pa( A% A%, AT
Db p8 Arlo Wl())

e Presence ohegativepowers of f/ !

[1 Compute the Ideal of Relations of these seven
bi-invariants restricted to {f{ = 0} :

3 5
|deal-Rel (/\ 0’ A 0

» W)

namely a generating set of the ideal of all polynomials ir
seven variables that give zero, identically, after suistit
ting these four restricted invariants.



[] Get the six relations valuable for f{ = 0 :

0=5AA% — 3A3A7

)

0
b
0=2A"DY — A3DS

?

0
0=A'DS —5 AN

)

0

0L ASDS _ G A3NIO

)

0
0=A'DS—10A°N10

0
0L pSps_ 19 D6N10|O.

)

Grobner bases ; Dickson lemma ; S-polynomials




(] So without setting f{ = 0, there should be six
remainders that are a multiple of f/ :

0= 5A°AD — 3A3AT ¢ f{ X something,
b

0=2A"DY — A°DS + f{ X something,
£ ATPHo6 3710 / -

0=A'D”—5A°N"" + f; X something,
d

0=A"D® —6ASNY ¢ f{ X something,

0=A"D® —10A°NW 4 f{ X something,

0 é D°D® — 12 DNV 4 f1 x something.

[1  Each something necessarily also is a bi-
Invariant.

[ Find the maximal power of f{ which factors
eachsomething.



[1 Get the six completed expressions :
0= 5A°A° — 3ASAT+ 1] IS,
02 2A°D0 — ASDS+L 110,
0=AD0 — 5 AN F{ L2,
0Z APDS — 6 ASN4 /112
0=A'D¥— 10 AN QM
0L pSp® — 12 DON10_ fIRY.
[1 Testwhether or not the obtained bi-invariants :
A8 710 712 ol 1o
belong or do not belong to the algebra generated by

the previously known bi-invariants :

[1 Here : none of the abovel3 bi-invariants is
equal to a polynomial with respect to thel2 remai-
ning ones

[1 Compute the explicit expressions :
—5 ASAS + 3 ABAT

- fif;

ALY AL+ 1287 AT~ 5 AT AT,

AR




—6A° D%+ 3 A3 D8

10 .
B = 7
1
/i I/ I/l /i
=3 1,2,3 1,2_6 12,3 =12
—AN"DS + 5 A3N1O
12 .
. ,
J1
I/l / " / 1 // 1 /i !N /il ! 1 //
= —Afy5 Ajy fi— Ajgs Ary f1+5A123 12f1+10A123A12 1~
A/ 1 nn A/ /! A/ 1 A/ /! "
—I5A{y3 A, 1 +20 123 S12J1
Q - f/
1
! "o / " ! 1 ! 1" ! // "
= —10A7,5 Aj, fifi +Ays Ay, f1f1+4A123 Uy LT
! 1 /A ! 1o ! I/ ! 1"
+20A755 Af, fifi +30A123 12f1 _6A123 Ay, fif!
/A /i ! 1N " ! 1 ! 1 el
— 244755 Ay fifi _40A123 Am fifi —T5A] 3 Ajy [ i+

! nom rn

+ 304753 Amf +120A123A12 i

15 /i / I/ " 1o A/ ! /A //
R” = A1,2,3 Ayy 2,3 f1 12 A1,2,3 Ayy 2.3 J1 [+ 24 Ayy 2,3 A1,2,3 1

/il i

i
— 48 A1,2,3 A1,2,3 15

(1 Then restart the process with the 12 bi-
Invariants.

A7|0, D6

8 10
o Nlos v Dlo VOl

8 10
M7, BT,

IdeaI-ReI(A3

14| 15| 10|
Q7 R, W,



[1  Compute the Ideal of Relations of these bi-
invariants restricted to { f{ = 0} :

0Z4D8QM — 5ATRY— f/ x?!
02 24 DOQM — 25 APRY 1 {11
0L NWOLI2 4 ATRY 4/ 2,
k
0=4D°L"” + 5N RP—fV,
l
0=8DL* + 5 AR flUM,
0= ATL2 + A5QM—2 f{MENTY,
0 % 5A5L12 + 3A3Q14—f{D8M8,
0= 8NYEY + AP R flv 1
0= 4DSEV 1 3RV flUYT
0=5ATEW0 4 3/\36214_6f{DSJW87
0=5NE" —3A3LY2—6 [ DM,
0 % 8/\5]\710@14 B /\7A7R15+f{@14@14 + 4f{N10N10M8,
0= 24 A3NVQU — 5 ASATRY 5 f/L12QY + 2 f/ MSDEN.

[ 1 Get 3 new bi-Invariants :
717 19 21

)



that are defined explicitly by :
ADPEY + 3\ RY

U17 _
A

/ // n /i I n o /i I n
’ ) A ) ’
— :L 53 Zijil ],,iZ ’:3 ijik ]_7i2 7:3 ZZTES ],,ZZ :E;(fi Zijik 1 iz :3 ZZTES ],,iZ ’:3 ZZTES ],,ZZ
1o /i I /i /i i

— 240153 Ajgs Ajy + T4AAT 5 Ajyg Ay,
8 N10E10 A5R15
fi

o o / 2 o /i !

V19 _

= 24A155 Afgs 12f1 60 Ay ,5 Ags Ay o f1+
! 111 I/ / 7! ! 1" /A / // 1/
A3 Ajys Al fl=T5A1 93 Ajys Ajy fil+
! "o ! 1N i ! 1 ! 1 ! " 1
+ 36 A, 23 Ajgs Afy |+ 168 A1,2,3 Ay Ajy fi—
i ! 11" // 7 /i ! 1" ! 1

n

— 144 A1,2,3 Ay gy A12 | +96 A1,2,3 Ajgs Ajy i —
i ! 1 ! "

— 240 A1,2,3 AVPTIASE: £
4D8Q14 L 5A7R15

X21 _
i

! 1" ! 1 / i i ! 1 / "
= —40A7,5 Ajys Avy fifi — 1,2,3 Ay Afy fifi—
!N ! 1 // 1 ! 1o A/ / "
— 40795 Ajgs Ayy fif] + 60 A123 A1,2,3 Lo S+
/i ! 1N // " " ! ! " ! el
+240A755 Ajgz Ay f1f1+130A1,2,3 Ajgs Ay fifi+
!N !N ! 7 !N /a7 / i
F120A7,5 Ajys Ao fifi 168A123 Ajgs Ajy fiff
! 111 /i) // 1 /i /Al / 1
— 668 AJ 55 Aoy Ayy fifi — 360 A123 A gz Avy filff
! 111 /i) / 1 11/ /Al / i ///
—160A7 5 Aygs Ay, fifi" 4240 A1,2,3 Ajgs Afy fLfi'+
/i ! 1 // 1 " " /i / /! /el
+960 A7 55 Ay Ay fifi — 375 A1,2,3 Ay Ay 1A+
! 111 /7 //’ 1 ! 1 /i /7 //7 1 ! 1 1 el
+ 840 A7 93 Ajyg Ay fi 180 A123 Aygs Ajg [ i+
/il ! 1 i ! 1N i 1 el
+ 144 A g3 Ajyy Ajy fiff + 144 A1,2,3 Aoy Avy 11—
/i) A/ ! 1 ! /i) ! 7

— 1440A[ 3 A3 A12 LS 480 Ajgy Afgs Ay i



[1 Termination of the algorithm : Use plain lexi-
cographic ordering of the 14 bi-invariants :
A > AN >N >DV> D% > N > M8 > pIO > L2 >
> Q14 > R15 > U17 > V19 > X21

[1 Obtain 41 completed syzygies between thedd
bi-invariants :

= —5APAP + 3 APAT L — fLfIMS,

= 2NDS 4+ ABDS LB

= _ATDS 45 ANV~ fIL

= 5A°E" 4+ 3A°L' 46 f{ DO M,
0= 5ATEY +3A%Q" 6 f{DSM*,
0= 4DEY +3NPRY — (U,



£ 36 DSDOM® — 5 BOEY 4 3 AUV 40,

02 5 EL — 6 DD M® 4 BAVY, 40
02 5L7L + 3NN, + MDD+,
2 —6A"D" +5A°D% — f{L",
= —ATD* + 10A°N QY
0= AL — ATE"+ f{D*M®,
0= AL+ A°Q 2 fIM*NY,
0= 8NWEW 4 AR 19
0= AU, — EVL — 6 DSDS M0,
0= AV, — MSDSD® — L2124 f{MERY,
0= ASX? — LI2QM + 2 DN M+,
0B g ptog12 +FATRY 4 X

0= — L2124 AUV — 5 MEDEDS 10,
0 2 L12Q14 + A7V19LT — 10 D8M8N10—|—O7

02 o0 NONM® + QUQH + X,
0 22 6 DCMPRY, . + LU\ — Oy,
025 DSMBRY . — QWU — LV 140,
0= 10 NOMSRS,  — QU1 4 12X ),




025 MSRVRY, 4 VIOV L T Xy

02 —D’D® + 12 DN+ f{R",
= 5 DSEY 4+ 6 DL+ FUY
0=3D°Q" 425 NEY-3 {1,
02 5 EORY _ DU 6 DSV, 10,
N _g 2R 4 N7 3DSX? 40,
= _JONWEW 4 pSLI2 4y
0= D'QM _+ 10 N'OL24 f{ X7,
£ o NVUY 4 DV, 4 LR 40
0 QURY £ 2 NYOVY 4 DX L
2 o LNV 4 RBLI2L12 L gV IONO R oy,
0 0 o NOUTQM — R L2OM™ + 10 VONIOLI2 4 pry10 21
02 10 NOLR2X2_ RIBOUQM _ 9 QUNTIOVI9L 1 x2 x2
0 * o Ny X2 X2 LR2RIS | QMR 9 N0y 19119
02 E10Q14LT +LR2L2 fINPRY,
= QUUY 1+ 6 L2VY 4 5 BOX2 40,

% —6 Q14L12vl9 . Q14Q14U17 + 5 XQILIQLIQLT_5 f{M8R15X21.




1I-3 — 2835

Theorem. (M. 2008) In dimension n = 4 for jets
of order k = 4, the algebra UDSjll of jet polyno-
mials P(j%f1, j*fo, 54 f3,5*f1) invariant by repara-
metrization and invariant under the unipotent ac-
tion is generated by the 16 mutually independent
bi-invariants defined above :

WlO) f{, AS, A5, A7, D6, DS, NlO’
j\487 Z;l()7 Ll27 Q14, R157 U177 ‘/197 )(217
whose restriction to {f{ = 0} has a reduced grob-
nerized ideal of relations, for the Lexicographic or-
dering, which consists of the 41 syzygies written
above. Furthermore, any bi-invariant of weight m
writes uniquely in the finite polynomial form :

PU*F) = (f) (W) > coeffo  nop-

0,p (a,....,n)eNIH\ (O U--UT )
3a+---+2In=m—o—10p

(%) ()7 (A (D) (DY) (V) (ar)” (270)
(L12)i (QM)J' (R15)/€ (U”)l (V19)m (X21)n,
with coefficients coeff, . 5.0, subjected to no res-
triction, where L1y, ..., [s; denote the guadrants
in N4 having vertex at the leading terms of the 41
syzygies in question.




111-4 — Asymptotics of Euler characteristic

Theorem. On a hypersurface X4 ¢ P°(C) of di-

mension n = 4, the graduate m-th part £4D£T§( of

the complete Demailly-Semple bundle possesses
the Schur decomposition :

- D

(a,b,...,n) N\ (O U-- U )
o+3a+---+21n+10p=m
/0+a+2b+3c+d+2e+3f+2g+2h+3i+4j+3k+3l+4m'+5n+p

I a+bt+ct+dte+ f4+29+2h+2i+25+2k+3l+3m' +3n+p T*
\ d+e+f+h+i+7+2k+204+2m +2n+p X
p

where the 41 subsets O, i = 1,2,...,41 of N} >
(a,b,...,l,m',n) are defined by :

{a>1,c21}, {a>lex1}, {az1l,f21}, {a>1i>1},
{a>1,>1}, {azlk>1}, {axz1,121}, {ax=1,m >1},
{az1,n>1}, {b=lex1}, {b=1 f>1}, {b>1i>1},
{b>1,7>1}, {o=1k=1}, {b=>1,1>21}, {b=>1m >1},
{b=1,n>1}, {czl,k=21}, {c=11>1}, {c=1,m >1},
{ez1l,n=1}, {d=1,f>1}, {d>1i>1}, {d=1,j>1},
{d>1,m>1}, {d=1,n>1}, {ex>1l,i=1}, {ex=1,j>1},
fex1,m'>1}, {exl,n>1}, {d>=21,9>1k2>1},
{ezlg>21Lk>1}, {f>2Lg>21Lk>1} {921 k>2},
{h>1,7>1}, {h=2lLn>1}, {iz2,n>1},
{fzLhzl,m>21}, {fzlLizl,m'>21}, {fzLizln>1},
{f>211>1,n>1}




e Approximation of the 41 subsets :Keep only the
families of sums of Schur bundles that contribute In
O(m!0) to the final characteristic.

e 24 families (with multiplicities) of sums of Schur
bundles :

A, B, C, .... W X

defined as follows :
o+4)+3k+3l+4m+5n+p
27 +2k+3l+3m+3n+p

A 2 I Ts
— | D jH+2k+24+2m+2n+p|
m=0+147+15k+17l+19m+21n+10p
p
o+3+47+3k+3+4dm+p
2i+2j+2k+3l+3m+p
B an r o Ty,
- 1+ 7 +2k4+20+2m+p
m=0+12i+14j+15k+171+19m~+10p
p
o+2h+3t+3k+3+4m+p
2h + 214+ 2k 4+ 314+ 3m + p
C D r . Ty,
, h+14+2k+20+2m+p
m=0+10h+12i+15k+171+19m~+10p
p
o+29g+47+3l+4m+5n+p
29+ 25+ 31+ 3m + 3n +
D: 4 ay r g P
JH+2+2m+2n+p
m=0+8¢g+1474+17l+19m~+21n+10p
p
o+29+3+47+3l+4m +p
20+ 21+ 29 + 3l + 3m +
1+ 7 +204+2m+p
m= 0+8g+122+14j+17l+19m+10p
p



i

G:

J:

K:

2. b

m=0+8g-+10h+12i+171+19m-+10p

D

m=0+10f+14j+15k+19m+21n+10p

D

m=0+10f+14j+15k+171+19m+10p

D

m=0+10f+12i+14j+15k+171+10p

D

m=0+10f+10h+12:415k+171+10p

D

m=0+10f+8¢+14j+19m-+21n+10p

L D

m=0+10f+8g-+14j+171+19m+10p

20+2h+ 21+ 3l+3m+p
h+i4+20+2m+p

(0+2g—|—2h+32—|—3l—|—4m—|—p
p

o+3f+47+3k+4m+5n+p
f+2]+2k+3m+3n+p
f+7+2k+2m+2n+p

p

J+27+2k+3l+3m+p
f+i+2+20+2m+p

(0+3f+4j+3k+3l+4m+p
p

o+3f+3i+47+3k+3l+p
f+2i+2j4+2k+3l+p
f+i+7+2k+20+p

p

f+2h+2i+2k+3l+p
f+h+i+2k+20+0p
p

o+3f+29+47+4m +5n+p
f+29+2j+3m+3n+p
f+7+2m+2n+p

p

o+3f+29+47+3l+4m+p
f+29+27+3l+3m+p
f+7+20+2m+p

p

(0+3f+2h+3@+3k+3l+p

*
Ty,

*
Ty,

*
Ty,



& @ TX7

m=0+10f+8¢+12i+14j+171+10p

o+3f+29+3i+45+3+p
f+29+2t+25+3l+p
f+i+5+20+p
p

f+29+2h+2i+3l+p

N D

m=0+10f+8g+10h+12i+171+10p

o+3f+29+2h+3i+3l+p
. T,
f+h+i+20+p| *

p

Ty,

0. D

e+f+h+2h+%+p
m=0+8¢e+10f+10h+15k+171+10p

e+ f+29+2h+3l+p
e+f+h+%+p

@

m=0+8¢+10 f+8g+10h+171+10p

o+2e+3f+2h+3k+3l+p
. e+ f+2h+2k+3l+p

o+2e+3f+29+2h+3l+p
Ty,

o+d+2e+2h+3k+3l+p
d+e+2h+2k+3l+p
Ty,

Q: D d+e+h+2k+20+p
m=0+6d+8¢+10h+15k+171+10p
p
o+d+2e+29g+2h+3l+p
d+e+2g+2h+3l+p
R: T,
d+e+h+2l+p
m= 0+6d+86+89+10h+17l+10p
p
0+3c+3f+29g+3+47+p
c+f4+29+2i4+25+p
= GB f+i+j+ Ty,
m=o0+7c+10f+8g+12i+145+10p LrJTp
p



0+3c+3f+29+2h+3i+p
¢+ f+29+2h+2+p
f+h+i+p

p

T D

m=o0+7c¢+10f+8g+10h+12:+10p

*
Ty,

c+e+ f+29+2h+p
e+f+h+p
p

*
Ty,
m= 0+7c+8e+10f+8g+10h+10p

(0+30+26+3f+29+2h+p

c+d+e+29+2h+0p

<

T*
d+e+h+p| %

o+3c+d+2e+2g+2h+p
m= 0+7c+6d+86+89+10h+10p

p

b+c+d+29+2h+p
d+h+p
p

=

*
Ty,
m= 0+5b+7c+6d+8g+10h+10p

N—

a+b+d+2g+2h+p
d+h+p
p

>

m= 0+3@+5b+6d+8g+10h+10p

(0+21)+30+d+29+2h+p

0+a+26+d+2g+2h+p)

Computations on Maple 12 :~ 50 minutes.



Theorem. If X* ¢ P°(C) is a projective algebraic
hypersurface of degree d, then as m — oo, one has
the asymptotic for the Euler characteristic :

16
X(X, EL T3 = m

- d
1313317832303894333210335641600000000000000
: (50048511135797034256235 d—

— 6170606622505955255988786 d°—
— 928886901354141153880624704 d+

+ 141170475250247662147363941 d°+
+ 1624908955061039283976041114)
+ O(mw).
Moreover, the coefficient of m!°, a (factorized) poly-
nomial of degree 5 with respect to d, takes positive
values as soon as d > 96.

e Euler characteristic :
x =h" = ht+h* = h’ 4

e Trivial minoration :

¢ Vanishing theorem :
=0

e Majoration of h?:




Theorem. [DMR 2008] Let X be a smooth hyper-
surface of degree d in P°. Then :
B2 (X, F()‘1>)\2>)\3>)\4)T;()

< %d (A1 = A2) (A1 = A3) (A1 = A) (A2 — A3) (A2 — M) (A — \y)

(O Ao A M) [BAod? 1322000 d + 1320 Aad + DA
+ 132200 0d + 5Xod? Ay + 132X A gd + 5A3M4d” + 5A Asd”

+ 1322304d + 13200 A3d + 1308X9 )\ + 6485 + 6483

+ T203d 4 6487 + T207d + 1308A 1 My + 5A1d* Ay + 1308 A\

+ 1308X0 A3 + G48AT + 72A3d + 1308\ A3 4+ 72A5d + 1308A3\4]
+O(|A]).

Theorem. [DMR 2008] Let X be a smooth hyper-
surface of degree d in P° and let A be any ample

line bundle over X. Then :
h(X, BTy ® O(—A))

m16

> d
1313317832303894333210335641600000000000000
: [ — 867659678949860838548185438614

— 93488069360760785094059379216 d

— 1369327265177339103292331439 d

— 6170606622505955255988786 d*

+ 50048511135797034256235 d']

+O(m15).

In particular, if d > 259 then £, ,,T5 ® 0(—A) ad-
mits non trivial sections for m large, and every en-
tire curve f: C — X must satisfy the corresponding
algebraic differential equations.




IV — Algebraic Morse inequalities

e Strategy : Avoid full algebra of invariants by repara-
metrization.

e Same objective : Construct global sections of jet
bundles that will canalize all entire curves :

P(jkf) = 0.

e Significant obstacle :[RousseAu 2006]In dimen-
sion 3, the jet order must be> 3. More generally,
Brickmann-Rackwitz vanishing theoremyields :

Corollary. [DIVERIO, 2008]Forevery k < dim X —1
and every ample line bundle A — X :

O:HO(X, éaGG or DS®A—1)

k.m

e Demallly tower for k =n =3

9 Xj ﬁX?)(l) us
2.3

T X Vo (3,00 Ox(l) w
1,2 :

5 X1 Vi L, Ox () w
70,1

3 X 1y <, ¢, c3 h




e Geometrical construction : Let X be a complex ma-
nifold of dimensionn. Let V' be a subbundle of'y of
rankr > 1, without any integrability condition.

e Define : Xy := P(V), and alifted subbundl&; C T'x,
by :

Vi o)) = {€ € Ty (a o)) ™€ € Co,
wheren: X; — X Is the natural projection. The rank of
V1 still equalsr.

e Observation:If f: (C,0) — (X, z)is agerm of holo-
morphic curve tangent to the subbundIg'(¢) € Vi),
then it lifts to X; and is tangent to the lifted bundle :

Ty € Vig )

e Induction : Obtain a sequence of manifolds sub-
bundles :

(X Vi) (X1, Vi) - (X1, V1) (X, V)
to which entire curves lift :
T € Vi o)
e Projections : 7.: X;. — X
e Tautological line bundles :
Ox, (—1) anditsdual Oy (1).

e Absolute case (the only interesting one) Take :
V =Tx.



e Demailly tower for k = n :

o o o o
Te
3n — 2 X V5 Ox,(1)
T 2
2n — 1 X1 %] Ox,(1)
0,1
n X TX

e Fundamental fact : (DEMAILLY 1997): The direct
Image :

7T/C>k<ﬁXk<m>)
Identifies to a vector bundle oveéf :

ﬁXk(m)%gngjk(

| |

Xk Tk X




e Description in local coordinates : A local section of
mi+(Ox,(m)) Is an algebraic differential operator :

P = )3 Ra(2) ()0 (f 8o
a1 |+2| |+ +k|ag|=m
which Is invariant under any local reparametrization
¢: (C,0) = (C,0):

P((foo),....(fod)®) = (0ymP(f, ..., f¥).

e Observation : This bundleéaDST)*( of invariant jets is

a subbundle of the bundle of (plain) Green-Griffiths jets
(goGGT*
,m

e Fundamental isomorphism :If X is a projective ma-
nifold, with an ample line bundlél on X, one has :

H(X, 670 9 A7) ~ HY (X, 0%, (m) @ mpA7")|

e Interest : To understand cohomology, line bundles are
easier to handle :

Ox, (m) is aline bundle on X},

e NOow assume: = n and use Morse inequalities :



Theorem. [TRAPANI, SIU, DEMAILLY | Let & — X
be a holomorphic line bundle on a compact Kahler
manifold of dimension n which may be written as a
certain difference between two line bundles . and
¢ that are numerically effective : ¥ = . Z %1, If:

Fh_ng" g >0,
then for any holomorphic vector bundle & — X, the

multi-tensored bundle %™ @ & possesses non-
zero global sections, asymptotically as m >> 1.

e Strategy : [DEMAILLY, TRAPANI, DIVERIO] FIind a
subbundle of the line bundl&’y, (m) — X, which
can be decomposed as a certain difference between t\
nef line bundles.

e Definition : Let 7;,,: X;, — X, be the projection
from level n to level 5 in Demailly’s tower. Fora =
(ay,...,an) € N, consider thdine bundle on X, :

Ox,(a) = 71, Ox,(a1) © 75,05, (02) © -+ © O, (an).



Proposition. [DEMAILLY | Let: a = (ay,...,an) €
N"andletm :=a;+---+ay. Then one has a sheaf
Injection :

DS
(WO,n)*ﬁXn(a) — ﬁ(gn,m) :

Moreover, Ox (a) is relatively numerically effective

on X as soon as :

a; = 3a9,...,0,_9 = 30,1 and a,_1>2ay,>1.

Corollary. [DIVERIO] Let X < P"! pe a
smooth projective algebraic hypersurface and let

a=(ay,...,ay) € N satisfying again :
a; = 3a9,...,0,_9 = 3an,—1 and a,_1>=2an,>1.
Then :

Ox,(a) @ my,Ox (1)
Is fully numerically effective as soon as :

[ > 2|a]
where |a| = a; + -+ + ap.

e Consequently : We have two numerically effective
bundles overX,,, firstly :

= Ox,(a) ® m,,0x(2lal)
and secondly, trivially :
G = Wék,nﬁX(Q\aD .



e Application : Expressdy, (a) artificially as adiffe-
rencebetween two nef line bundles :

Ox (a)=% = TG !
=(Ox,(a)&m ,0x(2la]))® (7, Ox(—2[a])).

e Demalilly tower for k =n =3 :

9 Xj ﬁX;g(l) us3
7923

T Xo Vo (3,00 Ox(l) w
1,2 :

5 X1 Vi L, ad ox () w
70,1

3 X Tx <, ¢ C3 h

e First Chern classes :For any level/ satisfyingl <
¢ < n, denote :

Up = chl(ﬁXé(l)) .
SO that(ug)l~C is a(k, k)-form on X,.
e Second Chern classesintroduce thej, j)-forms :

Cl = chj(V})
on Xg.



e Expression of the intersection product in terms of

Chern classes :
2

(aguy + -+ - + apuy, + 2lalh)" —
—n? (ayuy + -+ + anup + Q\a\h)n2_1 - (2|alh).

Lemma. After eliminations, fiber-integrations, and
annihilations, this intersection product :

n2
(ayuy + -+ + apup + 2]alh)” —

_ n2(a1u1 + -+ apup + Q\a\h)n2_1 - (2|alh).

becomes a certain polynomial :
pn+1,adn+1 T pn,adn L pl,ad
In terms of d = deg X having coefficients :
Pk.a € Z[al, . ,an],
difficult to compute explicitly.

e Dimension of X, :
dim X, =n+n(n—1) =n°.

e Estimate on the degree If the coefficientp,, | 5 of
the dominant ternd” ! is positive, then for every suffi-
ciently large degree, say for :

deg X =d > d,

this polynomial takes only positive values, and there exis
global sections of the (sub)bundle of jets.



e Simplest choice of weights :
ag=1 ay=2 a3=2-3, -, ap=2-3""72.

e In dimensionn = 3:
333162 d* — 21628710 d° — 460474830 d* — 466509222 d -
which is positive for alli = deg X > 82.

e In dimensionn =4 :
1701148891784544 d° — 399347698461413760 d*—

— 50296768150286142576 d° — 583578200119254857568 d°—

— 646476679639160501760 d ,
which is positive for alld > 329.

e Indimensionn =5: [DIVERIO, 2008]
Pss18.6.2.1(d) = 82970555252684668951323755447424 d° —

— 69092357692382960198316008279615424 d°—
— 37591957313184629697218108831955927744 d*—
— 21611444975160804769556078376 71278699584 d* —

— 20767931723173741117548555837243163806144 d*—
— 23736461779038166246115958304551871056384 d,

which is positive for alld > 1222.

e In dimensionn = 6: [M., 2008] Computation using
what follows, distributed on 15 computerg > 4352.



V — Intersection product

e First family of relations :

(rel1)

i C =+ N O 1 + X2 O (1) + - 4 A (U1
C 2=+ N O s + X0 O3 (up—2)® + |
C? = C} + A1 C;—1 Uz + Ajo C}—2 (ug)? + -+ + Ay (up)
| G=g g+ A cioa (w)* e A (),
wherej; = 1,2,...,n Is arbitrary and where the coeffi-
cientsi; ;. (1 7 <n,0< k<), independent of,

are differences of binomial numbers :
\. o (n—k)! (n—k)!
JJ=k 7 G=B)(n—y) ~ G—=k—Dn—j+1)!

e Second family of relations :
(relo)

B (un)n _ _C711—1 (un>n—1 o C721—1 (un>n—2 L Cn 1un Cn—l

(up—1)" = _qul_2 (un—1>n_1_ C§_2 (Un—1)"" P Cn —1 Un—1— CZ_Q
(u2)" = —Cj (ug)" ™ = G5 (ug)" ™ =+ = C_yup — C

i <U1>n = —C <U1>n_1 — Co (ul)"_Q — = Cp—1Uy — Cp.

e Chern classes in terms of the degree :
himci(Gpn(l) A" = / W —d
X

e Ground level : / = 0, Chern classes (smal) :
Cj L= Cj (TX) .



e Third family of relations :

(c-d)
Clz—h(d—n—Q)

¢y = h2(d2  (n+2)! d+ (n+2)!)

(n+1)! 1! n! 2!
- 3/ 13 (n+2)! 2 (n+2)! (n+2)!
c3=—h (d  (n+D d” + n! 2! d — (n—1)! 3!)

Elimination problem

e Three processes of elimination :

“vanishing for degree-form reasons”

“fiber-integration”

a

“replacement]

Five main ideas
(~ 30 pages of proof)

[1 Performing terminal inequalities within algebra.
[1 Introducing Jacobi-Trudy determinants.

[1 Highlighting the central monomial’ - - - w,,.

[1 Minorating effectively p;, 11 a-

[ Majoratingeffectivelythe other coefficients;. ,,.



Theorem. For an appropriate choice of weights
ai(n),...,an(n) that are explicit in terms of n, the
Integer coefficients of the considered intersection

product
2

F" 27"y
namely of the polynomial :

1 k
anrl,adnJr + Z P,ad

0<k<n

satisfy the effective inequalities :
n+4 1 n+o
Pn+la 2 n' and Pha < T,

e In summary : We have constructed just least one
not-identically zero differential equation :

Pe H) X, §0°T @ A7)
with the property (AHLFORS GRAUERT-GREEN-

GRIFFITHS-DEMAILLY ) that every nonconstant entire
holomorphic curvef : X — C must satisfy :

P(jnf) = 0.

e Question :How to conclude thaf(C) is contained in
some proper algebraic subsets X ?



VIl — Siu’s beautiful strategy

e Universal hypersurface : Define, in a system of ho-
mogeneous coordinates :

Z)=[Zy:Zy: - Zn: Zyyq) € PV
(n+1+dﬂ__1
[A] = [(Aa) genmt2, jaf=d) € POFITE

theuniversal hypersurfaceof degreed :

: _ E @y 04l
% ) O o A&Or"aan—l-l ZO Zn—l—l
la|=d

as the zero-locus of the general homogenous polynomi

of degreed. Set\N := 22111;‘2!! — 1.

e Double projection :

pry .

e INnhomogeneous coordinates in the chart{Z; #
0} x {Apgo...0 # 0}, write :

lo|<d, ay<d



e Principal hypothesis : Entire holomorphic map va-
lued in a fixed projective hypersurface :

0= 0"+ D aafQ)"

leEE_[§ﬂ”Tl'ﬁ—:1
lo|<d, ay<d

where the coefficients, do not depend onq.

e Coordinates in the space of/ertical n-jets :

I (n)
(ZZ', Aovy 21y oy v+ ’Zjn ) <

c Cn—l—l > CNZZ > @n+1 < C’n—l-l VR, Cn—l—i
n tTrrneS

e Chainrule : Atorderx =4

0= Z Qg 2%

aeNTL-Fl

. a(za) 1 az(za> / /! ag(za) / / /
U= Z o ( (3zj1 “ T Z (3z]1(9z32 S2in T Z 0z;,02,0%j, “nEias

J1:72+ 73
OZZ% Z azjl ////_I_Z

« J1 J1,J2

3/ L 4
+ E a(z) 62 2 2 + Z a( ) Z/Z/Z/Z/)
J1,J2, 73 az]laz]?az]ff az]lazmazjgazﬂx

o n_n
‘59*227 (59233 41 ]],;2172 +3 ;2;71’2172 ) +
1 2

J1,72, 73, J4



¢ Total differentiation operator :

n+1
>\+1)

?

\eN kel 3Zk

e General rewriting :

O:Z an 2 = D(Z aaz@) == Dn(z aazo‘).

0% (87 0%

Lemma. The (n+1) defining equations of J/..(Zy)
write as follows :

K K!
0= Z Ao Z Z Z Z ()\1!)'“1,&1! Tt (Ae!)'ue:ue!

aeNn+l1 e=1 1<\ < <A<k 121, e 2l M+ pede=k
n+1 n+1
i+ "—,Ue( )
3 z M) 0000
2. -1 2. -1 Zje ° Zje 5
, (92 q - -+ 0zje - az] Ji iy 1 pe
j$,... J1 Ml 1 e
jl ..... ‘7/1’1 1> 2J

wherem:0,1,2,3,4,...,n

e Generation by global sections :‘An arbitrary vector
field defined in the ambient space

Cn—l—l > (CNC? % Cn(n+1)

writes under the general form :

n+1 n+1 n+1 n+1 - )
= Z Z + Z al (3% Z 2k g 82 Z 21 g (3z,’€’ h z_: Z PO
aeNn+1 k=1 k=1 k

la|<d, oy <d



Theorem. [M., 2009] Let > be the closure, in
JL(Z), of the closed algebraic subset of affine
vertical jets J%..(Zy) which is defined by the anni-

hilation of all the first order jets :

Yy = {(zi,aQ,z;-l,...,z§:)) ===z = O}.

Then the following two properties hold true :

o JIL (2 )\X is smooth of pure codimension equal
to n+1 at every point, namely of dimension equal
to:

i =n+14+ N4 nn+1) = (n+1)

:%i;cgl* nn +1).

e The twisted tangent bundle :
Trn (2)® Opnir(n” + 2n) ® G _yn(1)

vert

IS generated by its global sections on J Vert \E
that is to say : at every point p ] ¢ 2\

vert
which does not belong to >}, one may find ]n glo-

bal sections Ty, .. T on X of this twisted tan-
gent bundle such that

CT1(p") & ®---®CT 4(p =1,

vert

(2),pln)”




VII-1 — Algebraic degeneracy

Theorem. [DMR 2009] Let X ¢ P"*! be a pro-
jective hypersurface of arbitrary dimension n > 2.
Then there exists a noneffectivepositive integer :

dp > 1,

such that, if X is generic of degree deg X > dj,

then there exists a proper algebraic subvariety :
Y S X,
such that every nonconstant entire holomorphic

curve f: C — X has image f(C) entirely contai-
nedinY.

e From above :[DIVERIO, 2008]For a jet ordek = n
equal to the dimension, there exigts>> 1 such that the
two iIsomorphic spaces of sections :

H(X,, Ox,(m)@75,A") ~ H'(X,E, nTx @ A1) #£0,

arenonvoidwhend > d,, providedm = mg , IS Suffi-
ciently large.

e Canonical bundle :
KXZ ﬁX(d—n—Q)
It will play the role of the ample line bundlé.

e Continuity argument : Foro > 0 sufficiently small :
HY(X,, Oy, (m) @ 7, K"") ~ H(X, BTk @ K"") #0.



e Slices of the universal hypersurface :

e Beautiful idea of Siu(2002): Holomorphic family of
jet differentials not identically zero :

P={Pls€ H (Xs, ExmT%, @ K™}

e Semi-continuity of cohomology : [HARTSHORNH
The parameters range outside a certain (uncontrolled)
exceptional algebraic subvariety of the parameter spac

PNa.
e Fix sy outside this exceptional set
e Nonconstant entire curvef: C — X,

e Define the zero-set locus :
of the non- |dent|cally Zero SeCtIOﬁ’|30 of the vector

om
bundIeEn,mT}SO R K% Ko

Lemma. Then Y, Is a proper algebraic subset of X
which contains all nonconstant entire holomorphic
curves .

f(C) C Yy,

e Existence of at least one differential equation :

Pls, (5" f(¢) =0.



e By contradiction : There existg; € C such that :
f(Q) €Ys, et () #0.

e In local coordinates :
P= > g s () @)
31| +---+n|in|=m
Ys, = {z € Xyt iy i,(80,2) =0, Viq,... ,in}.
e Relative polynomialness With respect to the jets.

e Differentiate by a vector field :
(o) @ O, (n” + 2n).

{Lvl

constructing
another jet
differential
LyP

e Differentiate by p vector fields :
(¢) ® O, (p(n® +2n))

e Global sectionin:

e Still insure the inverse of an ample line bundle :
—om(d —n—2)+pn*+2n) <0. O
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| — Statement of the main result

e Complex projective algebraic hypersurface :
X" c P"HO).

e Canonical line bundle :
Kx =N'Txk.
e Generaltype :Asm — oo :
hO(X, K}Gém) ~ - mdimX .
for a certain constant > 0

e Equivalent characterization :
deg X > dim X + 3|.

e (Strong) Conjecture of Green-Griffiths (1979) : If
the projective algebraic hypersurfagé® ¢ P*"*1(C) is
generic of degred > n + 3, then there exists a proper
algebraic subvariety” € X such that every noncons-
tant entire holomorphic curvg : C — X is necessarily
completely contained insidg, namely :f(C

e /A4




e Kobayashi hyperbolicity conjecture (1970) :A com-
plex projective algebraick”” ¢ P"*1(C) is hyperbo-
lic, namely [Brody] : «every entire holomorphic curve
f : C — X Is necessarilgonstant», whenever

deg X > 2n+1,
provided.X is generic.
e Siu 2002, 2004 There existsi,, >> 1 such that the
generic hypersurfaces” c P"*! of degree :

deg X > d,

are Kobayashi-hyperbolic.
e Today’s goal : Realize this, usingNorks/ideas of
BLOCH, KOBAYASHI, BRODY, GREEN, GRIFFITHS,
CLEMENS, EIN, VOISIN, MCQUILLAN, SIU, TRA-

PANI, CAMPANA, DEMAILLY, EL GouL, DETHLOFF,
ROUSSEAU PAUN, DIVERIO, M.

e Some previous last decade results :
e Dimension 2 : X° ¢ PJ(C) : Green-Griffiths+ Ko-
bayashi :
[ MCQUILLAN, 1999 :d > 36.
1 DEMAILLY -EL GouL, 2000 :d > 21.
] PAaUN, 2008 :d > 18.
e Dimension 3 : X ¢ P*(C) : Algebraic degeneracy :
[ ] ROUsseau2007 :d > 593.



Theorem. [DMR, 5 feb. 2008]If X c Pl is a
generic complex projective algebraic hypersurface,
there exists a proper algebraic subvariety ¥ & X
such that f(C) C Y for every nonconstant entire
holomorphic curve :

e for dim X = 4, whenever deg X > 3203 ;
e for dim X = 5, whenever deg X > 35355,

e for dim X = 6, whenever deg X > 172925.

Theorem. [DIVERIO-M.-ROUSSEAU, 17 nov. 2008
In arbitrary dimension » > 2 with X" ¢ P*+(C)
generic, strong algebraic degeneracy of noncons-
tant entire holomorphic curves holds whenever

deg X > n<”+1)<n+5>.




Il — Bundles of invariant jets

e Germ of holomorphic curve :
f:(C,0) — (C", 0) ~ (X, x).

e Algebraic differential operator of order £ :

P(f/, f//7 o ’f<k>) — Z Poqozg...ozk(f)

aq,09,...,a. €N

(M2 (R,
the sum beindnite, where the,,,...o,.(2) are holomor-
phic functions, and where :

(£ = (e (e,

e Definition : Denote@@GG the bundle (introduced by
Green-Giriffiths) whose sectlons are differential opeator
of orderk that are homogeneous of weight :

— |041‘ + 2|042| + -+ k|Ozk| .

e Structure : The graduaten-th parts”“ of this bundle
&4 is vectorial -

o oGG [1 % L1
l1—|—2l2+---—|—klk:m



e Demallly-Semple invariant jets : In local coordinates
z=1(z1,...,2n) Ccentered it € X, a differential opera-
tor :

P = >, palf)(F) . ()

laq | 42| |+ +Ek|ag|=m
IS said to banvariant under local reparametrizations
¢: (C,0)— (C,0)if:

P((foo),...,(fod)®Ny =gy P(f, ... fF).
e Structure : Make a subbundlg’”> of £CC.

Theorem. [BLOCH, AHLFORS, GREEN-GRIFFITHS,
DEMAILLY, SIU] Let X be a complex projective al-
gebraic hypersurface, let A be an ample line bundle
on X — justtake A = Ox (1) — and let :

Pe H (X, 60 A)
be a global section. Then every nonconstant entire
holomorphic curve f: C — X satisfies the corres-

ponding differential equation :
P(f,...,f¥)) =0,

e Extremely difficult problem : Understand the condi-
tion of invariancy in the definition of Demailly invariant
: DS
jetsé; .




Recent works concernec

e Joél M. Jets de Demailly-Semple d’'ordres 4 et 5 er
dimension 2Int. J. Contemp. Math. Sciencés(2008)
no. 18,861-933

e Joél M. An algorithm to generate all polyno-
mials in the k-jet of a holomorphic discD — C"
that are invariant under source reparametrizatjon
arxiv.org/abs/0808.3547/, 103 pages

e Joél M. Low pole order frames on vertical jets of the
universal hypersurfagenn. Inst. Fourier (Grenoble), to
appear31 pages

e Simone Diverio, Joél M. and Erwan Rousseau,
Effective algebraic degeneracyrxiv.org/abs/0811.2346/,
47 pages

First main goal

Explain Green-Griffiths algebraic degeneracy for
dim X = 4 whenever deg X > 3203.

Second main goal

Explain Green-Griffiths algebraic degeneracy for
dim X = n whenever deg X > p(n 1),



[l — Explicit invariant jets

e (Refined) jets of de Demailly-Semple invariancy
under reparametrization is supposed :

setg:=fog

require thatP(jkg) = (¢)™ P(jkf)

for every (D, 0) 2, (D, 0), wherem > 1 is called the

weight of P.

e Examples :
[1 Jets of ordell :

= C[ff, f3r--- Fr].
(1 Jets of ordeR :

fi, i f’ f’

e Concretely : Setg; .= f;, o ¢ and compute ;

gi=d'f},

gl =¢"fl+¢"f!

6" = "+ 38" f + 0" f,

g =" A"+ 38+ 68"+ o f

gl = "5 MY f 106" f 156" fI+

+ 100" f1" +10¢" ¢ F1 4+ ¢ f

P(gg" g 0" g") = ()" P(F £ 7 " ).



e Known algebraic descriptions :

[(In =2,k =3:DEMAILLY (unpublished) Rous-
SEAU. 5.

[1n =3,k =3:ROUSSEAU 16.

[(In =2,k = 4: DEMAILLY-EL GouL (unpubli-

shed) ;M. 9.
(In=2k=5:M.56.
[(In=4,k=4:M. 2835

Green-Griffiths and Kobayashi conjectures

e For any effective application to entire holomorphic
curves, it iIs necessary to solve all the following ques-
tions : (not only the first one)

e Question 1 :Is the algebra of Demailly-Semple inva-
riants finitely generated

e Question 2 :Is the ideal of relations between them
generated by specific regular processes

e Question 3 :Is the algebra Cohen-Macaulay ? If it is,
describe an effective set of primary invariants.

e Question 4 :If it is not Cohen-Macaulay, describe an
effective Grobner basis for the ideal of relations betweel
the Invariants.

e Accessible in the future :n =5, k = 5.



llI-1 — An inappropriate algorithm

e Perform the cross-product between two invariants :
Suppose we know two invariant®:of weightm andQ

of weightn :
P(j%g) = ()" P(j" ),
Q(79) = (¢)" Q7 f),

where we have set:= f o ¢.

e Differentiate : with respect to the variable € C :
p/ _ m¢” (¢/)m—1 P (¢/)m—1 p/
Q/ _ ngb” (gb/)n_l Q+ (gb/)n_l Q/.

e One should eliminate the second derivative)”.

Observation.Every pair of invariants yields automa-
tically a new invariant :

[P, Q] =nP"-Q-—mP- Q|

which is visibly skew-symmetric in P and Q.

e Three generating families of relations :

(Jac) 0= [[P,Q], R| +[[R, P], Q] +[[Q, R], PJ|.
(Plck)) [0=mP [Q, R} +oR [P, Q} +nQ [R, P] .
(Plck-)

0=[P,Q]-[R, S]+[S.P]-[R. Q] +[Q.S][R,P]|.




[l1-2 — The appropriate algorithm

Theorem. [M., 2008] Construction of complete al-
gorithm which generates all jet polynomials inva-
riant under reparametrization and all the relations
between them, in arbitrary dimension »n and for jets
of arbitrary order .

e First illustration : Dimensionn = 3 and jet of order
k = 3 [Rousseau 2006 ; M. 2007}4 bi-invariants

e Ojet variables:
(F1 S5, £ 105 18 05 0 15 1)

e Double trick of reparametrizing by f1_1 and of re-
quiring unipotent invariance yields an initial form :

P(jgf) - Z—%méagm (f{)a Pa(AS, /\5, DG).

e Explicit expressions :EachP, depends upon the fol-
lowing basic bi-invariants :
no
1115

5 ! 1 / !/ 7

I el N

6 flll f% f‘?/ N
Dr=ih, b =
I

/1

3 ._ A
A3 = = A,




e ODbservation : these3 bi-invariants are algebraically
independent,evenafter setting f{ = 0 :

Nl =~faff,
Nlo=f A 1
/ /!
o=\ g 1 3
= .
f{// fé// fé//

Theorem. Then in the sum :
P(I°1) = X 3cam 1) Pa( A% 4, DF),
there are in fact no negative powers of f/, so that :
UDS3 = C[f1, A%, A°, D'].

Proof. Ortherwise, get by chasing the denominators :
(f)) " MminP(59f) = Pg,. (A%, A°, DY) + f] x remainder .
Then setf{ = 0 hence get :
_ 3 5 6
0 =Pg,, (N A D°|)

whenceP_, . = 0 by the algebraic independence of
A%, A°|,, D], which visibly contradicts the definition
of — Qypin - []

e Anticipated reinterpretation :
3 5 6
ldeal-Rel (A Ay, D |o) = {0}.

0?



Corollary. [Rousseau 2006 ; M. 200By polarizing
these 4 bi-invariants, one obtains that the full al-
gebra DS§ of invariants under reparametrization is
generated by the 16 bi-invariants

f@? ASJ? A5J k> D5

e Second illustration : dimensionn = 4 and jet order
k= 4.

e 16]jet variables :
(fL o fon s B 18 3 F A B B F A 1 B )

e Same double trick and some computations provide
an initial representation :

|
P(] f) - Z—%mgagm (f{)a PCL(Aga A5> A7>
b p8 Arlo Wm).

e Explicit expressions :EachP, depends upon the fol-
lowing basic bi-invariants :

i i

Af (AfQ +4A12)f1f1

/1 I

—10A12f1f +15A12f "1,
8 / f}/ f% f:;/ /! flll f% fé:
D>=fi| /i 5 I3 |=6|/H 5 3]
f//// f//// f//// f/// f/// f///




! 111 111 ! 111
N = A1o' fif1 — 3A754 1+
/111 /111

‘|‘4A17273f1f”/‘|‘3A17273f f7
and finally, the/Wronskian :
nobohh
Wi = f/1// f/2// f/S// ffl//
f//// f//// f//// f////
T S E S

e Starting point for the algorithm :

P(1°F) = £t (F)" Pa( A% A%, AT
Db p8 Arlo Wl())

e Presence ohegativepowers of f/ !

[1 Compute the Ideal of Relations of these seven
bi-invariants restricted to {f{ = 0} :

3 5
|deal-Rel (/\ 0’ A 0

» W)

namely a generating set of the ideal of all polynomials ir
seven variables that give zero, identically, after suistit
ting these four restricted invariants.



[] Get the six relations valuable for f{ = 0 :

0=5AA% — 3A3A7

)

0
b
0=2A"DY — A3DS

?

0
0=A'DS —5 AN

)

0

0L ASDS _ G A3NIO

)

0
0=A'DS—10A°N10

0
0L pSps_ 19 D6N10|O.

)

Grobner bases ; Dickson lemma ; S-polynomials




(] So without setting f{ = 0, there should be three
remainders that are a multiple of /7 :

0= 5A°AD — 3A3AT ¢ f{ X something,
b

0=2A"DY — A°DS + f{ X something,
£ ATPHo6 3710 / -

0=A'D”—5A°N"" + f; X something,
d

0=A"D® —6ASNY ¢ f{ X something,

0=A"D® —10A°NW 4 f{ X something,

0 é D°D® — 12 DNV 4 f1 x something.

[1  Each something necessarily also is a bi-
Invariant.

[ Find the maximal power of f{ which factors
eachsomething.



[1 Get the six completed expressions :
0= 5A°A° — 3ASAT+ 1] IS,
02 2A°D0 — ASDS+L 110,
0=AD0 — 5 AN F{ L2,
0Z APDS — 6 ASN4 /112
0=A'D¥— 10 AN QM
0L pSp® — 12 DON10_ fIRY.
[1 Testwhether or not the obtained bi-invariants :
A8 710 712 ol 1o
belong or do not belong to the algebra generated by

the previously known bi-invariants :

[1 Here : none of the abovel3 bi-invariants is
equal to a polynomial with respect to thel2 remai-
ning ones

[1 Compute the explicit expressions :
—5 ASAS + 3 ABAT

- fif;

ALY AL+ 1287 AT~ 5 AT AT,

AR




—6A° D%+ 3 A3 D8

10 .
B = 7
1
/i I/ I/l /i
=3 1,2,3 1,2_6 12,3 =12
—AN"DS + 5 A3N1O
12 .
. ,
J1
I/l / " / 1 // 1 /i !N /il ! 1 //
= —Afy5 Ajy fi— Ajgs Ary f1+5A123 12f1+10A123A12 1~
A/ 1 nn A/ /! A/ 1 A/ /! "
—I5A{y3 A, 1 +20 123 S12J1
Q - f/
1
! "o / " ! 1 ! 1" ! // "
= —10A7,5 Aj, fifi +Ays Ay, f1f1+4A123 Uy LT
! 1 /A ! 1o ! I/ ! 1"
+20A755 Af, fifi +30A123 12f1 _6A123 Ay, fif!
/A /i ! 1N " ! 1 ! 1 el
— 244755 Ay fifi _40A123 Am fifi —T5A] 3 Ajy [ i+

! nom rn

+ 304753 Amf +120A123A12 i

15 /i / I/ " 1o A/ ! /A //
R” = A1,2,3 Ayy 2,3 f1 12 A1,2,3 Ayy 2.3 J1 [+ 24 Ayy 2,3 A1,2,3 1

/il i

i
— 48 A1,2,3 A1,2,3 15

(1 Then restart the process with the 12 bi-
Invariants.

A7|0, D6

8 10
o Nlos v Dlo VOl

8 10
M7, BT,

IdeaI-ReI(A3

14| 15| 10|
Q7 R, W,



[1  Compute the Ideal of Relations of these bi-
invariants restricted to { f{ = 0} :

0Z4D8QM — 5ATRY— f/ x?!
02 24 DOQM — 25 APRY 1 {11
0L NWOLI2 4 ATRY 4/ 2,
k
0=4D°L"” + 5N RP—fV,
l
0=8DL* + 5 AR flUM,
0= ATL2 + A5QM—2 f{MENTY,
0 % 5A5L12 + 3A3Q14—f{D8M8,
0= 8NYEY + AP R flv 1
0= 4DSEV 1 3RV flUYT
0=5ATEW0 4 3/\36214_6f{DSJW87
0=5NE" —3A3LY2—6 [ DM,
0 % 8/\5]\710@14 B /\7A7R15+f{@14@14 + 4f{N10N10M8,
0= 24 A3NVQU — 5 ASATRY 5 f/L12QY + 2 f/ MSDEN.

[ 1 Get 3 new bi-Invariants :
717 19 21

)



that are defined explicitly by :
ADPEY + 3\ RY

U17 _
A

/ // n /i I n o /i I n
’ ) A ) ’
— :L 53 Zijil ],,iZ ’:3 ijik ]_7i2 7:3 ZZTES ],,ZZ :E;(fi Zijik 1 iz :3 ZZTES ],,iZ ’:3 ZZTES ],,ZZ
1o /i I /i /i i

— 240153 Ajgs Ajy + T4AAT 5 Ajyg Ay,
8 N10E10 A5R15
fi

o o / 2 o /i !

V19 _

= 24A155 Afgs 12f1 60 Ay ,5 Ags Ay o f1+
! 111 I/ / 7! ! 1" /A / // 1/
A3 Ajys Al fl=T5A1 93 Ajys Ajy fil+
! "o ! 1N i ! 1 ! 1 ! " 1
+ 36 A, 23 Ajgs Afy |+ 168 A1,2,3 Ay Ajy fi—
i ! 11" // 7 /i ! 1" ! 1

n

— 144 A1,2,3 Ay gy A12 | +96 A1,2,3 Ajgs Ajy i —
i ! 1 ! "

— 240 A1,2,3 AVPTIASE: £
4D8Q14 L 5A7R15

X21 _
i

! 1" ! 1 / i i ! 1 / "
= —40A7,5 Ajys Avy fifi — 1,2,3 Ay Afy fifi—
!N ! 1 // 1 ! 1o A/ / "
— 40795 Ajgs Ayy fif] + 60 A123 A1,2,3 Lo S+
/i ! 1N // " " ! ! " ! el
+240A755 Ajgz Ay f1f1+130A1,2,3 Ajgs Ay fifi+
!N !N ! 7 !N /a7 / i
F120A7,5 Ajys Ao fifi 168A123 Ajgs Ajy fiff
! 111 /i) // 1 /i /Al / 1
— 668 AJ 55 Aoy Ayy fifi — 360 A123 A gz Avy filff
! 111 /i) / 1 11/ /Al / i ///
—160A7 5 Aygs Ay, fifi" 4240 A1,2,3 Ajgs Afy fLfi'+
/i ! 1 // 1 " " /i / /! /el
+960 A7 55 Ay Ay fifi — 375 A1,2,3 Ay Ay 1A+
! 111 /7 //’ 1 ! 1 /i /7 //7 1 ! 1 1 el
+ 840 A7 93 Ajyg Ay fi 180 A123 Aygs Ajg [ i+
/il ! 1 i ! 1N i 1 el
+ 144 A g3 Ajyy Ajy fiff + 144 A1,2,3 Aoy Avy 11—
/i) A/ ! 1 ! /i) ! 7

— 1440A[ 3 A3 A12 LS 480 Ajgy Afgs Ay i



[1 Termination of the algorithm : Use plain lexi-
cographic ordering of the 14 bi-invariants :
A > AN >N >DV> D% > N > M8 > pIO > L2 >
> Q14 > R15 > U17 > V19 > X21

[1 Obtain 41 completed syzygies between thedd
bi-invariants :

= —5APAP + 3 APAT L — fLfIMS,

= 2NDS 4+ ABDS LB

= _ATDS 45 ANV~ fIL

= 5A°E" 4+ 3A°L' 46 f{ DO M,
0= 5ATEY +3A%Q" 6 f{DSM*,
0= 4DEY +3NPRY — (U,



£ 36 DSDOM® — 5 BOEY 4 3 AUV 40,

02 5 EL — 6 DD M® 4 BAVY, 40
02 5L7L + 3NN, + MDD+,
2 —6A"D" +5A°D% — f{L",
= —ATD* + 10A°N QY
0= AL — ATE"+ f{D*M®,
0= AL+ A°Q 2 fIM*NY,
0= 8NWEW 4 AR 19
0= AU, — EVL — 6 DSDS M0,
0= AV, — MSDSD® — L2124 f{MERY,
0= ASX? — LI2QM + 2 DN M+,
0B g ptog12 +FATRY 4 X

0= — L2124 AUV — 5 MEDEDS 10,
0 2 L12Q14 + A7V19LT — 10 D8M8N10—|—O7

02 o0 NONM® + QUQH + X,
0 22 6 DCMPRY, . + LU\ — Oy,
025 DSMBRY . — QWU — LV 140,
0= 10 NOMSRS,  — QU1 4 12X ),




025 MSRVRY, 4 VIOV L T Xy

02 —D’D® + 12 DN+ f{R",
= 5 DSEY 4+ 6 DL+ FUY
0=3D°Q" 425 NEY-3 {1,
02 5 EORY _ DU 6 DSV, 10,
N _g 2R 4 N7 3DSX? 40,
= _JONWEW 4 pSLI2 4y
0= D'QM _+ 10 N'OL24 f{ X7,
£ o NVUY 4 DV, 4 LR 40
0 QURY £ 2 NYOVY 4 DX L
2 o LNV 4 RBLI2L12 L gV IONO R oy,
0 0 o NOUTQM — R L2OM™ + 10 VONIOLI2 4 pry10 21
02 10 NOLR2X2_ RIBOUQM _ 9 QUNTIOVI9L 1 x2 x2
0 * o Ny X2 X2 LR2RIS | QMR 9 N0y 19119
02 E10Q14LT +LR2L2 fINPRY,
= QUUY 1+ 6 L2VY 4 5 BOX2 40,

% —6 Q14L12vl9 . Q14Q14U17 + 5 XQILIQLIQLT_5 f{M8R15X21.




1I-3 — 2835

Theorem. (M. 2008) In dimension n = 4 for jets
of order x = 4, the algebra UDSj of jet polyno-
mials P(j%f1, 5% f2, j* 3, 7% f1) invariant by repara-
metrization and invariant under the unipotent ac-
tion is generated by the 16 mutually independent
bi-invariants defined above :

WlO) f{, AS, A5, A7, D6, DS, NlO’
j\487 Z;l()7 Ll27 Q14, R157 U177 ‘/197 )(217
whose restriction to {f{ = 0} has a reduced grob-
nerized ideal of relations, for the Lexicographic or-
dering, which consists of the 41 syzygies written
above. Furthermore, any bi-invariant of weight m
writes uniquely in the finite polynomial form :

PG*F) = (f1) (W) > coeffy  pop-

0,p (a,....,n)eNIH\ (O U--UT )
3a+--+2In=m—o—10p

() () (AN) (D) (D) (W) (M%) (20)
(le)i (Q14)J’ <R15)/€ (U”)l (V19)m <X21)n,
with coefficients coeff, . 5.0, subjected to no res-
triction, where L1y, ..., [s; denote the guadrants
in N4 having vertex at the leading terms of the 41
syzygies in question.

Corollary | In dimension n = 4 for jets of order x = 4,
the algebra DS} of jet polynomials P(jf) invariant




by reparametrization is generated by the polariza-

tions :
10 / 3 5% 7 6
8 W= s Ay SA[z',j];ou A[libj];oz,ﬁv D[z',ljékw
Do Nigwsas  Migwn  Eiswpa  Ligkpdse
17
Qiimpaias  Fliimpase  Uiiklparsi
Vidtparhistiar X iblpar) s o

of the 16 bi-invariants W1V, 1, A%, A%, A7, DY, DS,
NlO’ M8, ElO’ L12, Q14, R15, U17, V19’ X21 genera-
ting the algebra UDS?L of bi-invariants ; these polari-
zed invariants are skew-symmetric with respect to
each collection of bracketed indices |i, j, k|, |p, q, ],
s,t], and they are explicitly represented in terms
of A-determinants by the following complete explicit

formulas :

Wll,g,3,47
f.’
3 L A/
A[i,j] Ty
A[Z il:a fro—3A . f

=4/ fc;fé + 44, fc;fé — 0A/; (féfé’ + f(;/fé)Jr
+15A;; s,

b )
0,9,k



11nonn A/

AL e S e
Df ke = Diji fo =605 i

10 L /’///7//// / / 3 /7//’//// / 1 1 el
Nijipas =80 fals =580 (fafs + 1355)+
A/l "
20050 (fafy + £ + 3005 fUfS
! /i 1 n A/
M?P =3A . Ay +12A 0 Ay —
[i,7), [k - 1,9 k.l 1,] k.l
! n ! n
- EE; Zif!\ ’(7 Zijis‘lc ,l ’
!N ! /i i
B g = 3080 DAim = 6875 Apy,
19 o /7 //’ meo o / // " /7 " /7 //7 " /’ m-,
L[ gk [Lml e T 5Ai,j,k qu f 154, ,Jk quf o 6Ai,j,k Ap,q fa—
!N // 177 // i / 177
Lo oy P o
Q[Z,J/f[pq af T _1OA,]]€ quffﬁJrAwk qu ff6+
! 111 i /A7

FAN Ay fafs 20405 quff’+
+304; quff —6A 5w Ay fofs—

! 1 // 177 A/ / 177

— 24N A 4OA7],€ -

! / 1/ / "
0 1 1
—75A.7jk sa fo 15 +30Awk oo Tofo+
1 n !N
Il el
+120A7],€ quf fa,
/i ! 1 I !N / // 177
R[z,Jk][pqr] " Az’,jk Ap,q,r f&_12A,3k g f+
/ // " ! / // i ! 1N
Y Y Y Y ///
_|_ 24 A 7] k AP?QaT ng 48 A ,] ]{3 Ap,q,r fOé )
17 L /7 //7 " /7 //7 1777 /7 /! /7 ///7 " /’ //7 177 /7 !
U[i,j,k],[p,q,r],[sat] =15 Ai,j k Ap,q,r Ast 36 A',j k Ap q,r AS,t
/ // " ! 1N / / // " /AN 11
— 24 A, ik Aqu’r Ast + 144 A; ik Ap’qﬂ, AS,t :
! 1o ! 11 ! ! 1o ! 11 ! "
_ Y Y 9 9 Y / _ Y Y 9 9 9 /
Vw k| [psq,r]s[sitl o - 24 Az‘,j,k Ap,qﬂ“ Ast Jo — 60 Az‘,j k Ap,qﬂ“ Ast fo
/e 11N / " / // " /NIl /i
’ y y 9 "
_+_- zz}si7uj7}3 ZZES]99(277, ‘S t °f? '7753 ZZES x] lﬂ zz}s]? q,r thké; t ej? _+_
/i ! /// / // " ! 1N ! n

+364/ 0 Ay

D,q,r

s it tf?// + 168 Zﬁ& 1,7, k: Zﬁ&]? q,r Zﬁss 1 Lfl



N T // " / // me ooy 1n

5 y /! o 3 ///_
- 144 AJ k Ap7q’7q St f —|_ 96 AZ ] ]C Ap7q’r As,t fOé
/i) ! 1N i
7 "
— 240 Azy k Ap,q,r As,t fa )

21
Xiijk g sl 0.8 =

/ /// " ! 1IN / " / i ! 1 I ! nn
= —40A; . A f L — A A, -
Z]k P.q,T St & zyk: D,q,T st JaJ
/e ! 11 // " !N /AN / "

_4Ai’,j,k qur st ffﬁ+6OA”k qur st ffﬁ"‘

I AN/ // 7 /i /a1 / "

+24OA1]]<; qur st ffﬁ_'_lSOAz]k APQT’ 375 ff
+1200; 5 Ay, Stf f5 =168 A, 3 Ay Al fofi—
_668A7],k; qur st ff 36OAZ]IZJ APQT’ 375 ff
160 A7 ALY FL 240 Ay AL AL FL
+960Azgk APCJT 375 ff/// 375Az]k qur stf//f
+84OA2]]<: qur Ast f”f +18OAZ]]§: pqr Stf”f +
o /’//7/// /// p N // "
+144AZ]]€ »q,r 75 f f +144AZ]/€ qur St f f
_144OAZ]]€ Ap:qir st f//f///+480AZ]]{j pqr stf”fm7

where the roman indices satisfy 1 <1 < 57 < k < 4,
wherel <p<g<r <4, wherel <s<r<4and
where the two greek indices o, G satisfy 1 < o, 8 < 4
without restriction and finally the total number of
these invariants generating the Demailly-Semple al-
gebra DS} equals :

l+4+6+24496+4+ 164 64+
+ 36 4 24 + 96 + 384 + 64 + 96 + 384 + 1536 = [283F.




111-4 — Asymptotics of Euler characteristic

Theorem. On a hypersurface X4 ¢ P°(C) of di-

mension n = 4, the graduate m-th part £4D£T§( of

the complete Demailly-Semple bundle possesses
the Schur decomposition :

- D

(a,b,...,n) N\ (O U-- U )
o+3a+---+21n+10p=m
/0+a+2b+3c+d+2e+3f+2g+2h+3i+4j+3k+3l+4m'+5n+p

I a+bt+ct+dte+ f4+29+2h+2i+25+2k+3l+3m' +3n+p T*
\ d+e+f+h+i+7+2k+204+2m +2n+p X
p

where the 41 subsets O, i = 1,2,...,41 of N} >
(a,b,...,l,m',n) are defined by :

{a>1,c21}, {a>lex1}, {az1l,f21}, {a>1i>1},
{a>1,>1}, {azlk>1}, {axz1,121}, {ax=1,m >1},
{az1,n>1}, {b=lex1}, {b=1 f>1}, {b>1i>1},
{b>1,7>1}, {o=1k=1}, {b=>1,1>21}, {b=>1m >1},
{b=1,n>1}, {czl,k=21}, {c=11>1}, {c=1,m >1},
{ez1l,n=1}, {d=1,f>1}, {d>1i>1}, {d=1,j>1},
{d>1,m>1}, {d=1,n>1}, {ex>1l,i=1}, {ex=1,j>1},
fex1,m'>1}, {exl,n>1}, {d>=21,9>1k2>1},
{ezlg>21Lk>1}, {f>2Lg>21Lk>1} {921 k>2},
{h>1,7>1}, {h=2lLn>1}, {iz2,n>1},
{fzLhzl,m>21}, {fzlLizl,m'>21}, {fzLizln>1},
{f>211>1,n>1}




e Approximation of the 41 subsets :Keep only the
families of sums of Schur bundles that contribute In
O(m!0) to the final characteristic.

e 24 families (with multiplicities) of sums of Schur
bundles :

A, B, C, .... W X

defined as follows :
o+4)+3k+3l+4m+5n+p
27 +2k+3l+3m+3n+p

A 2 I Ts
— | D jH+2k+24+2m+2n+p|
m=0+147+15k+17l+19m+21n+10p
p
o+3+47+3k+3+4dm+p
2i+2j+2k+3l+3m+p
B an r o Ty,
- 1+ 7 +2k4+20+2m+p
m=0+12i+14j+15k+171+19m~+10p
p
o+2h+3t+3k+3+4m+p
2h + 214+ 2k 4+ 314+ 3m + p
C D r . Ty,
, h+14+2k+20+2m+p
m=0+10h+12i+15k+171+19m~+10p
p
o+29g+47+3l+4m+5n+p
29+ 25+ 31+ 3m + 3n +
D: 4 ay r g P
JH+2+2m+2n+p
m=0+8¢g+1474+17l+19m~+21n+10p
p
o+29+3+47+3l+4m +p
20+ 21+ 29 + 3l + 3m +
1+ 7 +204+2m+p
m= 0+8g+122+14j+17l+19m+10p
p



i

G:

J:

K:

2. b

m=0+8g-+10h+12i+171+19m-+10p

D

m=0+10f+14j+15k+19m+21n+10p

D

m=0+10f+14j+15k+171+19m+10p

D

m=0+10f+12i+14j+15k+171+10p

D

m=0+10f+10h+12:415k+171+10p

D

m=0+10f+8¢+14j+19m-+21n+10p

L D

m=0+10f+8g-+14j+171+19m+10p

20+2h+ 21+ 3l+3m+p
h+i4+20+2m+p

(0+2g—|—2h+32—|—3l—|—4m—|—p
p

o+3f+47+3k+4m+5n+p
f+2]+2k+3m+3n+p
f+7+2k+2m+2n+p

p

J+27+2k+3l+3m+p
f+i+2+20+2m+p

(0+3f+4j+3k+3l+4m+p
p

o+3f+3i+47+3k+3l+p
f+2i+2j4+2k+3l+p
f+i+7+2k+20+p

p

f+2h+2i+2k+3l+p
f+h+i+2k+20+0p
p

o+3f+29+47+4m +5n+p
f+29+2j+3m+3n+p
f+7+2m+2n+p

p

o+3f+29+47+3l+4m+p
f+29+27+3l+3m+p
f+7+20+2m+p

p

(0+3f+2h+3@+3k+3l+p

*
Ty,

*
Ty,

*
Ty,



& @ TX7

m=0+10f+8¢+12i+14j+171+10p

o+3f+29+3i+45+3+p
f+29+2t+25+3l+p
f+i+5+20+p
p

f+29+2h+2i+3l+p

N D

m=0+10f+8g+10h+12i+171+10p

o+3f+29+2h+3i+3l+p
. T,
f+h+i+20+p| *

p

Ty,

0. D

e+f+h+2h+%+p
m=0+8¢e+10f+10h+15k+171+10p

e+ f+29+2h+3l+p
e+f+h+%+p

@

m=0+8¢+10 f+8g+10h+171+10p

o+2e+3f+2h+3k+3l+p
. e+ f+2h+2k+3l+p

o+2e+3f+29+2h+3l+p
Ty,

o+d+2e+2h+3k+3l+p
d+e+2h+2k+3l+p
Ty,

Q: D d+e+h+2k+20+p
m=0+6d+8¢+10h+15k+171+10p
p
o+d+2e+29g+2h+3l+p
d+e+2g+2h+3l+p
R: T,
d+e+h+2l+p
m= 0+6d+86+89+10h+17l+10p
p
0+3c+3f+29g+3+47+p
c+f4+29+2i4+25+p
= GB f+i+j+ Ty,
m=o0+7c+10f+8g+12i+145+10p LrJTp
p



0+3c+3f+29+2h+3i+p
¢+ f+29+2h+2+p
f+h+i+p

p

T D

m=o0+7c¢+10f+8g+10h+12:+10p

*
Ty,

c+e+ f+29+2h+p
e+f+h+p
p

*
Ty,
m= 0+7c+8e+10f+8g+10h+10p

(0+30+26+3f+29+2h+p

c+d+e+29+2h+0p

<

T*
d+e+h+p| %

o+3c+d+2e+2g+2h+p
m= 0+7c+6d+86+89+10h+10p

p

b+c+d+29+2h+p
d+h+p
p

=

*
Ty,
m= 0+5b+7c+6d+8g+10h+10p

N—

a+b+d+2g+2h+p
d+h+p
p

>

m= 0+3@+5b+6d+8g+10h+10p

(0+21)+30+d+29+2h+p

0+a+26+d+2g+2h+p)

Computations on Maple 12 :~ 50 minutes.



Theorem. If X* ¢ P°(C) is a projective algebraic
hypersurface of degree d, then as m — oo, one has
the asymptotic for the Euler characteristic :

16
X(X, EL T3 = m

- d
1313317832303894333210335641600000000000000
: (50048511135797034256235 d—

— 6170606622505955255988786 d°—
— 928886901354141153880624704 d+

+ 141170475250247662147363941 d°+
+ 1624908955061039283976041114)
+ O(mw).
Moreover, the coefficient of m!°, a (factorized) poly-
nomial of degree 5 with respect to d, takes positive
values as soon as d > 96.

e Euler characteristic :
x =h" = ht+h* = h’ 4

e Trivial minoration :

¢ Vanishing theorem :
=0

e Majoration of h?:




Theorem. [DMR 2008] Let X be a smooth hyper-
surface of degree d in P°. Then :
B2 (X, F()‘1>)\2>)\3>)\4)T;()

< %d (A1 = A2) (A1 = A3) (A1 = A) (A2 — A3) (A2 — M) (A — \y)

(O Ao A M) [BAod? 1322000 d + 1320 Aad + DA
+ 132200 0d + 5Xod? Ay + 132X A gd + 5A3M4d” + 5A Asd”

+ 1322304d + 13200 A3d + 1308X9 )\ + 6485 + 6483

+ T203d 4 6487 + T207d + 1308A 1 My + 5A1d* Ay + 1308 A\

+ 1308X0 A3 + G48AT + 72A3d + 1308\ A3 4+ 72A5d + 1308A3\4]
+O(|A]).

Theorem. [DMR 2008] Let X be a smooth hyper-
surface of degree d in P° and let A be any ample

line bundle over X. Then :
h(X, BTy ® O(—A))

m16

> d
1313317832303894333210335641600000000000000
: [ — 867659678949860838548185438614

— 93488069360760785094059379216 d

— 1369327265177339103292331439 d

— 6170606622505955255988786 d*

+ 50048511135797034256235 d']

+O(m15).

In particular, if d > 259 then £, ,,T5 ® 0(—A) ad-
mits non trivial sections for m large, and every en-
tire curve f: C — X must satisfy the corresponding
algebraic differential equations.




IV — Algebraic Morse inequalities

e Strategy : Avoid full algebra of invariants by repa-
rametrization.

e Same objective : Construct global sections of jet
bundles that will canalize all entire curves.

e Significant obstacle :[RousseAu 2006]In dimen-
sion 3, the jet order must be> 3. More generally,
Brickmann-Rackwitz vanishing theoremyields :

Corollary. [DIVERIO, 2008]For every k£ < dim X—1
and every ample line bundle A — X :

0=H"(X, &0 @ A7)
=H' (X, 6700 A7),

e SO assumeé: = n and use Morse inequalities :

Theorem. [TRAPANI, SIU, DEMAILLY | Let L — X
be a holomorphic line bundle on a compact Kahler
manifold of dimension n which may be written as a
certain difference between two line bundles . and
¢ that are numerically effective : ¥ = . Z %1, If:

FN—nF" g >0,
then for any holomorphic vector bundle & — X, the

multi-tensored bundle %™ ® & possesses non-
zero global sections, asymptotically as m > 1.




e Demailly tower for k = n :

n2 Xn ﬁXnO)
Tn—1.n
n?—n+1 Xp-1 Vuor Ox, (1)
Te
o o o o

o o o o
Te
3n — 2 X9 V5 Ox,(1)
T2
2n — 1 X1 Vi ﬁXl(l)
0,1
n X TX

e Direct image formula :
(m0.0)+0x,(m) = O(6,3T%).

ﬁXn (m) — ggﬂgT;}

| |

X,y

e Strategy : [DEMAILLY, TRAPANI, DIVERIO] FIind a
subbundle of the line bundl&’y, (m) — X, which



can be decomposed as a certain difference between t\
nef line bundles.

e Definition : Let 7;,,: X;, — X; be the projection
from level n to level ; in Demailly’s tower. Fora =
(a1, ...,an) € N, consider théine bundle on X, :

Ox,(a) =71 ,Ox,(a1) @ 13, Ox,(a2) ® - - ® O, (an)

Proposition. [DEMAILLY ]| Let : a = (aj,...,an) €
N"and letm :=a;+---+ay. Then one has a sheaf
Injection :

(W,n)*ﬁXn(a) — ﬁ((g?npm) '

Moreover, Ox (a) is relatively numerically effective

on X as soon as :

a1 = 3a9,...,0p,_9 = 30,1 and a,_1>=>2ay, >1.

Corollary. [DIvErRIO] Let X* < Pl pe a
smooth projective algebraic hypersurface and let

a=(a,...,ay) € N satisfying again :
a; = 3a9,...,0,_9 = 3a,—1 and a,_1>=2an, >1.
Then :

ﬁXn(a> 2 Wak,nﬁXU)
Is fully numerically effective as soon as :

[ > 2|a]
where |a| = a; + - + ap.




e Proof : Based on the fact thdty ® O'x(2) is generated
by its global sections. []

e Consequently : We have to numerically effective
bundles overX,,, firstly :
7 1= Ox,(a) © 7,0 x(2lal)
and secondly, trivially :
G =m,0x(2lal) .

e Application : Expressfy (a) artificially as adiffe-
rencebetween two nef line bundles :

Ox (a)=% = TG
=(Ox,(a)&m ,0x(2la]))® (7, Ox(—2[a])).

e Dimension :
dim X, =n+n(n—1) =n°.

e Algebraic Morse inequalities : Existence of sections

as soon as the intersection product :

2 2
F _ptgn—l.g

IS positive.

e Concrete meaning :This intersection product can be
expressedn principle as a certain polynomial having



Integer coefficients in terms of the degréef the hyper-
surfaceX :

Paran(d) = pri1ad"™ + > Pha d¥ >0
0<k<n

e Estimate on the degree If the coefficientp,, | 5 of

the dominant ternd” ! is positive, then for every suffi-
ciently large degree, say for :

deg X =d > dj,
this polynomial takes only positive values, and there exis
global sections of the bundle of jets.

e Major difficulty : To really access to the integer coef-
ficients of this polynomial.

e In dimensionn =3 :

333162 d* — 21628710 d° — 460474830 d* — 466509222 d -
which is positive for alld = deg X > 82.

e In dimensionn =4 :
1701148891784544 d° — 399347698461413760 d*—

— 50296768150286142576 d° — 583578200119254857568 d2—
— 646476679639160501760 d ,

which is positive for alld > 329.



e In dimensionn =5: [DIVERIO, 2008]
Ps118.6.2.1(d) = 82970555252684668951323755447424 d° —

— 69092357692382960198316008279615424 d° —
— 37591957313184629697218108831955927744 d*—
— 21611444975160804769556078376 71278699584 d* —

— 20767931723173741117548555837243163806144 d*—
— 23736461779038166246115958304551871056384 d,

which is positive for alld > 1222.

e In dimensionn = 6: [M., 2008] Computation using
what follows, distributed on 15 computerg > 4352.

Thesis. On the algebraic side, invariants by repa-
rametrization are intrinsically complex. Whichever
strategy Is devised to skirt, to go round, or to by-
pass the complexity happens to fail somehow una-
voidably. Reaching effectivity is the very main dif-
ficulty of the subject, nowadays, after the ground-
breaking works of Siu and of Demailly.

e Question : Then how to compute — at least par-
tially — the intersection product ?



V — Intersection product

e SUMmMary :
[1 Principal goal : Compute in terms off = deg X
the intersection product :

F _p2gnl.g .
(1 Atfirst: Exhibit some of the difficulties.
e Demailly tower for k =n =3 :

9 Xj ﬁng(l) us
2.3

T Xo Vo (3,00 Ox(l) w
1,2 :

5 X1 Vi L, ad ox () w
7T0,1[

3 X Ix ¢, ¢ C3 h

e Intersection product to be estimated fork =n = 3.
/ (a1u1 + asuy + azusz + Q\a\h)Q—
X3

— 9(ayu; + aguy + agus + 2alh)” (2|alh).

e Chern classes :
u3 = chy

ﬁXs(

C? = chy (V%) C3 = chy(1%) C% = ch3(15) U9 = chy o
(

1

Ox

C% = Chl(‘/l) C% = Ch2<‘/1) C% = Ch3<‘/1> Uy = Ch1 X

1)
1)
,(1)
c; = chy(T) co = chy(Tx) c3 = chz(Tx) h = chy (ﬁpﬂf( ))




e Here: C? iIsa(j, )-formon X, anduyis a(1, 1)-form,
also living on.X,.

e Convention : Suppresshe symbols@“,/{
e Example : Write shortly :
alul + asu9 + azus,
Instead of the clumsier expression :
a177 5(u1) + agmy 5(ug) + azus.

e Write all relations between these Chern classes :
u3 = C1u3 C2u;3 — C?Q)

—C{us — Chuy— C

_u:f — —C1 U% — Uy —C3
CG=2u+C CG=u(+d CG=0C44- C%uQ 2u2
Ci=2us+c C=ux;+oc Ci=c3— cqus — 2u3
c; = —h(d—5)

co = h*(d* — 5d + 10)
c3 = —h’(d’ — 5d”* + 10d — 10)

h3:/ h3 = d.
X

e Three processes of elimination :
“replacement]
“fiber-integration”
“vanishing for degree-form reasons”

a




e Simplify the task to be achieved :Try at first to per-
form the elimination computations just with :

(a1u1 + asu9 + a3u3)9 =

_ 1,2 13,1, 13
= Z Tili (' oy ) Uy U U
11+19+13=9

e Decompose in parts the problem Express the inte-
gration of every suclk9, 9)-form :

wi s us
17273
X3

In terms ofd = deg X.

e Fiber-integration : All fibers of the projections in the
tower are~ P*(C), and the Fubini theorem yields :

2 / 2
Uy = uy; =1,
/ﬁber ¢ P2 ¢

so we can simplify any; :

] : : . i, 49, 2 11, 12
forany 1 +i1o+2 =9, get: Uy %f_ul%

forany i1 +2 =7, get: u’fu_%f :u211_




e Vanishing for degree-form reasons u;'us> ™
@)

(1 initial homogeneity :i; + 19 + i3 =9

] u?u?u? isa(9,9)-formon X3, of dimg =9

) wiluy isa(iy +is, i) +io)-formon Xy, of dim =7
hence it vanishes whenever | + 19 > 8
or equivalently whenever i; < 1

0wyt isa(iy,i)-formon X of dim =5
hence it vanishes whenever; > 6
or equivalently whenever iy + 15 < 3

e Starting triangle of u-monomials to be reduced :

9 8 2,,7 3,,6 4,5 9,,4 6,3 7,2 8 9

wjoowvg o wjug o wjug o wgug o ujeg o wup o ul g uiuy U
Ung U1UQU§ U%Ung u:{’ung u%uzué U?Ung u_?ou2u_§f UIUQOUQJ, u?uzo

2,7 2,6 2,2,5 3,,2,,4 4,2,.3 9,,2 5,2 6,2 ., 7,2

3,,6 3,,9 2,,3,,4 3,,3,,9 4,.3,,2 5,,3 6,3

Uyl UIURUZ UTURU3 | UTURUZ | UjuRUy . U, Ug ujuy
ugu  ujugus  uugul u?{ugu_g r @Oug %O

wdul wnded wlded ededus el

ugu_g r ulugou(g u%ugo

8 8
AU

0
Y2,

e Try at first to reduce, in terms of the Chern classes
c, co, c3, the nonzero lower diagonal :

u?u_%f — u%u% — u?fug — u%ug — ulug — ug




Lemma. One has :

Cl] Co C3
u% =—|1 c|f o
0 1 ¢

Proof. Indeed, multiply byu? the fundamental relation :
23 9 >
4 3 >
::'—Clul——Cgul——nglf
::-—C1U%'—-C2U?'—-C3.

Need to reducelu‘f, so analogously :

3 2
Clujuy — clul( — ClUyp — Uy — C3)
— —clclu? — C1C2u_%f — C1C3OU1
— —clclu? — C9oC1.

Again, need to reducaclu?, so analogously :

3 2
ClClu] = C1C1('—'CIU1'—'C2U1 —-C3)
2 2
::“C1C1C12l1~—‘C1C1C201H_—‘C1C1C35U1
= —c1c1c
The same reduction holds forcou;. Then we sum

everything and we reconstitute the pleasant determ
nant. []



Lemma. A similar argument yields :
4 3 4
u1u2:—u1-|CH

1 1

3.4 3 |G C
Uty = U 11 C?
1 1l ¢l
s o |GG
u1u2:—u1- 1 Cl C2
0 1 C

1 1 ¢l
T

6 1

=)oyl cl
0 0 1 G

ci C% 0 0

1 ¢ G c% 0
whb=—10 1qc2c%
00 1 CiG

00 0 1 G

e Continuing the reduction : We must now insert the
following relations inside these determinants :

C%:2u2+c1 C%:u2c1+c2 C%ng—clu%—Zu‘;’.



e First, easiest computation :

1 1] 4
—ui - | Cp | = —ui(er + 2u)
:—u%-cl—Qu?
Cl Co C
B ¢l o I 2 €3
= —C] +211 c1 o
ba 0 1 ¢

e Second computation :

03 C% C% _ 3. c1+ 2uy o+ uqcy
L 1 C% 1 1 c1 + 2uy
3 1 €1 €2 3 | €1 Uicg
= U U
Ll o | T 1 2y
L3P e2| 3| 2 uie
Lo ¢ LV o 2u
Cl €2 3 | €1 —UIC 4 5!
= —|C U 2uc1 + 4u
‘ 1‘ 1 ¢ +uj 1 0 T 2ujcy + 4ug
Cl €2 4 D
= —C 3uqcy + 4u
o + OUC] + AU
Cl €2 C3
C| C C| C
= —C] L2 + 3¢ L2241 C| C9
I ¢ I ¢ 01 ¢

e Third computation : Skipped !All computations are
too intertwined and interdependent. Even finding the lee
ding d*-coefficient of each monomial is very difficult.



e [DIVERIO 200&] : GP RARI code.Unreachn = 6.

e ldea : consider at least the central monomial :

R

Lemma. [DIVERIO 20088] Easily generalizable ob-
servation :
coeff ;4 [u?u%ug] = coeff 4 [(—1 1)3 ?ﬂ
= +1.

Proof. We start from the fundamental relation :

S0 we may compute :

coeff u [u?ugug} = coeffd4[ — Cluwlusus U3 C%u?ug U3 — Cgu?ug }

= —coeff C%u?{ug]
= —coeff 4 c1u1u2 + Quilu;’ + 2u1u2 ]
= —coeff clu?{ug}

because a very easy induction yields in advance :
C2:C1+2ul+2u2,

and because the Brickmann-Rackwitz vanishing thec
rem entails (without specific computations) that :

0 = coeff 4 [uf ;2] wheneveri; + i, = 7.
Continuing similar computations gives at the end :
result wanted= (—1)coeff ;1 [cu]
= (—1)’coeff 1 [c!]

= (=1)°coeff u[(—1)%d(d — 5)°] = +1. O




Proposition. [IBIDEM] In arbitrary dimensionn > 2 :

coeff i [uful - - - ult| = coeff g1 [ (—1)" cf|

= +1.

e Interpretation : So we are sure that at least one mo-
nomial contributes to the leadinff ™ -coefficient of the
Intersection product :

coeff u+1 | Intersection produgt= coeff i1 [(a1uy + - - - + anun)”z]

= polynomial in Z|as, ..., a,],
and this polynomial isionzero, because it contains :
n2| n2
—n, ray - ay, coeff i [u? ce um — —, alcea .

e Tricky idea [TRAPANI-DIVERIO] : Since the relative
nef cone defined by :

a; = 3a9,...,0,—9 = 30,1 and ap,_1 =>2ap, > 1.
IS open, there are weights, .. ., ay) in this cone with :
coeff ;11 |Intersection produgt 0.

But the considered line bundle :
Ox,(a1) ® Ox,(a2) @ --- @ O, (an).
IS known to be nef, sthis nonzero coefficient ts 0.

Theorem. [DIVERIO, MATH. ANN., MAIN RESULT]
There exist d,, noneffective such that for X" C
P+1(C) with deg X > d,, and for m >> 1 large :

HY(X, §25T%) # 0.




VI — Elimination

e Demaillly tower : Fix any levell satisfyingl < ¢ < n.

e First notation: For/ =1,2,...,n, denote :
Up = chl(ﬁXg(l)) .
SO that(ug)k is a(k, k)-form on X,.
e Second notation :Introduce thgj, j)-forms onX, :

Cl = ch;(V)).

e First family of relations :

(rel})

Ci=C X1 Gt + Ao Cp(ue)* + -+ + Xy (ug)

J
= A G (ue) ’
k=0

where the coefficients; ;. (1 < j < n,0 < k < ),
Independent of, are differences of binomial numbers :

(n—k)! (n—k)!
Ajj—k = G—K)(n—7)!  (G—k=Dn—j+1)!"

Lemma. These integer coefficients A, ;_;. € Z sa-
tisfy the simple majoration :

expressed in terms of the dimension n only.




e Expanded rewriting :

(rely)

Crl = 2 M\ Oty + A €2 (1) +
Gl =C 7+ N G s+ A2 €5 (un2) -+ Ay (un—2)’

C? = C; + )\jﬂ C}—l U9 + )\j’Q C}—Q (UQ)2 + -0+ )\j,j <u2'>j
i C; = Cj + )\j,l Cj—1 U -+ )\j,g Cj—2 (u1)2 —+ - 4 )\j,j (ul)],
wherej = 1,2, ..., n IS arbitrary.

e Ground level : / = 0, Chern classes (smal) :
Cj L= Cj (TX) .

e Indicial memory :
[1 Letter/? : level of the tower.
[1 Letter : (bi)degree of Chern classes.

e Second family of relations :

(re|2)
(ug)" = —C M w)" = C )2 — - = CE oy — CEH
e Expanded rewriting :
(rely)
()" = —Cp 7 ()" = G ()R = O, — O
(Up_1)" = —C?_2 (un_1>n—1_ CS_Q (un_l)”_2_ e CZ:% U { — CZ—Q
()" = —C} ()" — Ch ()" * — - = C,_yuy — C

(u)" = —cp (u)" P —co(u)" % — -+ — C_1Un — Cp.



e Chern classes in terms of the degree :
b= (Opnn(1)) B = / W —d.
X

(c-d)
clz—h(d—n—2)

Co = h2 (d2 o (n+2)! d+ (n+2)')

(n+1)! 1! n! 2!
B 3/ 13 (n+2)! 2 (n+2)! (n+2)!
c3=—h (d -~ (n+D)! 1! d” + n! 2! d — (n—1)! 3!)

Thesis. (Mysterious) displacement of the difficul-
ties toward pure (uncontrollable) algebra.

e Line bundle on X, :
Ox,(a) =71 ,0x (a1) ® 75 ,0x,(a2) ® --- @ O, (an).

e Estimate numerically :

2 2_
F —nwF" g

e Weight: a = (aq,...,ayn) such that :
a; = 3a9,...,0,_9 = 30,1 and a,_1 > 2ay, > 1.



e EXxpression in terms of bundles :
2
(Ox,(a)® Ox(2[a]))" —
°—1
—n*(Ox,(a) @ Ox(2a]))" " - (Ox(2al]).

e Expression in terms of Chern classes :
2
(ajuy + -+ + apuy, + 2|alh)" +
2_
+ n2(a1u1 + -+ apup + 2[alh)” b (2]alh).

e Moreover, neglecth : Model case :
2
(a1u1 + aou9g + - - - + anun)n :

e Multinomial expansion :

} : n’! i1 19 iy, 11 19 i
: . : a--Q ...annu U unn
, i1l dgl - dy L2 172

e General monomial :

uzllu?u%” with — n2 =1 +io+ - +ip.

Lemma. After eliminations, fiber-integrations, and
annihilations, (aju; + --- + anun)”2 becomes a cer-
tain polynomial :

Pr1d™ 4 ppdt + -+ pid
In terms of d = deg X having coefficients p;. €
Z|ay, ..., ap), difficult to compute explicitly.




Elimination problem

e Three processes of elimination :
“vanishing for degree-form reasons”
“fiber-integration”

“replacement]
(relo)
(UE)n _ —C§_1<Ug>n_1 L Cg_1<Ug)n_2 Cé Ly — Cé 1
(rely)

C! = c§—1+A]1c€ 1ug+)\]2C] S + -+ N (ug)

(c-d)

cj = (1)) W (dj_u(?zﬁ)f)! e '+(_1)jj! éﬁﬁy)')

e Main goal : know something about :

n
2
(a1u1 + e+ anun)n — pn+1yadn+1 + E pkjadk :
k=1

Five main ideas
(~ 30 pages of proof)

(1 Performing terminal inequalities within algebra.
[1 Introducing Jacobi-Trudy determinants.

1 Highlighting the central monomial’ - - - w,,.

[1 Minorating effectivelyp;, 11 a-

[ Majoratingeffectivelythe other coefficients;. ,,.



VI-1 — A minoration and n majorations

Lemma. Suppose in advance that we know one
minoration and n minorations :

Pur1=G(n) and  |py| <E(n).
Then the intersection product takes only positive
values for all degrees :

nE(n)
> = d,,.
d> 1+Ent[ &) } dy,
e Choice ofay, ..., ay : Explicit in terms ofn (below).

e Ordering the u-monomials : Declare that the mono-
mial u@11 ..., is smaller, for thereverse lexicographic

ordering, than another monomial{1 x u%,” again of
course withj; + - - - + j, = n?, if :

in > In
orif i, =7, bute,_1> 7,1

e Equivalent language : The multiindices themselves
are ordered in this way :

<i17 e 7in)<rev|ex<j17 f ;]n) .

e Crucial control of the d"!-coefficients :



Proposition. The coefficient of "t in any mono-
mial uil .-y which is larger than uy -+ Uy IS ZEro :
coeff s 11 [ui1 uln] =0
forany  (i1,....%n) >revlex (M- .-, 70).

e Recall :
+1 = coeff 1 |uf -+ up) .
e Expansion:
n” n’l 1 in ,,t i
(a1u1+...+anun) — Z Zl' Z.n! al ar?ul . .unn.

i1+ +ip=n?

e The strategy . Choose appropriately the weights
so as to confer the highest importance to the cer

tral monomialay' - - - ay, u!' - - - uy, the other monomials

ajl -+ aptuit - - - u being very small in comparison.

2' i . i .
E Bl L O S R )
coeff jni1 [n!_._n! aq a,’ Uy un} =

2| Z' . Z' .

_ n*! 1 in .01 i

= g coeff jn+1 [m ay ---a) Uy un”} <
(41,05in) <revlex(Ms---1)

< coeff st [af -+ aluf -+ upl.



Proposition. For any real number p > 1 arbitrary

large, there are tower weights ay,a9,...,a,_1,an
with a, = 1 satisfying the nef-cone inequalities
such that, for all nonnegative exponents (i, ..., i)

with 4] 4 -+ + i = n?:

] ) 1 n n
al ...anngﬁall...a/n

whenever (21, - tn) <revlex (Ty -+, M)
In fact, one may choose :

ar(n) = plmH"

ag(n) = pm)"

as(n) = "+ [(n+1)"=3—1]
0 _a(n) = pP D" o[(n+1)°-1
an—200==;ﬁ”+rw'4kn+rﬁ_l
an_lﬁwzzlﬁn+rwf3}n+rﬂ—1

ap(n) =

1
Observe that then ai(n) > as(n) > - > ap_1(n),
where a,,_1(n) is already quite large.

e Majorating :

max _|coeff 41 [u211 = u%{‘} | < Cpii(n).
TR —



max ‘coeffdk [u211 ce u%”] | < Dg(n).
i1+ Fip=n?

e Choosingu = u(n) effectively in terms ofn

Proposition. By choosing :

p=p(n) == 40" Copi(n),
one insures that :
2 2 1. n
coeff i1 |(ajur + -+ + apuy) | > %nn e

and that, for any exponent £k with1 < k£ < n:
coeff ;. [same] | < 6nzn_l-(n+1)n2-2n2,u<n+1)n-Dk(n).

e Estimate of C,,, ;(n) and of the Dy (n) :

Theorem. With n > 2, for any ¢1,...,7, € N with
i1+ -+ + i, = n?, we have the following uniform
effective upper bound holds :

) . 4
coeff i [uy - up] | < n" = D;.(n)

o - 4
|coeffdn+1 it ulr]] < no" =D, 1(n).

e Enough for the final estimates.
e Summarized ideas of proof.

e Jacobi-Trudy determinants : At any level/ with 0 <
¢ < n—1andforanyJ with0 < J < n+ ¥l(n —




1) = dim X, we define the correspondinrtzicobi-Trudy

determinant

ctchch... b
/

g 1 C Cé CZJ |

C 0 1 ¢ - C5

00 0 - Cf

Lemma. For any ¢ withl < ¢ < n, given any (K, K)-
form Qﬁ(_l at level £ — 1 and any integer ¢y with 7y >

n — 1 and i, + K = dim X/, the reduction of Qﬁ(_l u%

down to level ¢ — 1 precisely reads :
cit it Cfg L

Qi{-lu? _ (_1>z’g—n+1 Qi(_l 1 Cil Cfg 1n

0 0o --. C?—l

= (-1l

Lemma. At an arbitrary level ¢ with 1 < ¢ < n — 1,
consider the Jacobi-Trudy determinant %ﬁ of an ar-
bitrary size J x J with 1 < J < dim X, and fur-
thermore, let Qé( be any (K, K)-form on X, whose
degree K satisfies K + J =dim Xy = n+ {(n — 1).
Then the reduction of %€ down to level ¢—1 relies
upon the following formulas :

O = QL [ €+ GEAG+ A+ 65 A,



In which, for any £ with 1 < k£ < J, one has set :

AL = XE T X6 )+ (D)X
where the X-terms here gather all the terms after
ng—u In a convenient rewriting of the fundamental
relation under the following form :

Ch=Cly A1 i hug + X2 CEhup + -+ + Ay u‘é
f

defy¢
_xj

with the convention that X§ =(0foranyj>n+1.

e Incompleteness :As J varies, the formulas given by
this lemma :

C=C TGN+ EIN E AL
are still imperfect, for their right-hand sides still invel

Jacobi-Trudy determinants at the levelSo necessarily,
we must perform further reductions.

Lemma. For any J with 0 < J < dim X, and any ¢
with 1 < ¢ < n, one has:

J J
G- (X X AL
j=0

v=1 ky+--+ky=j
kl,...,ky>1

with the convention that for ;7 = 0, the empty sum In
parentheses equals 1.



e Denote : (with of courseXf(A) = 1)

J
v

=1 ky+-+ky=j
ki,..kp=>1

e Induction formulas : TheseZg(A) satisfy useful in-
duction formulas :

A:A§+Z > ALAL A

V=2 ki+kot-+hy=j

k1,k9,...ky>1
J
_ Al E l E l l l E l l
v=2 ko+-+ky=j—1 ko, ky=j—2
ko, kp>1 ko,....kp=>1
l l
E Akg"'Aky)
ko+--+ky=1
k1,.kp>1
j—1 J—2
Y V4 l S ‘ S l l l S S ‘ l l
_A]—I_Al J - AkZAkV—'_AQ < J AkZAkl/—'_
v=2 ko+-+kp=j-1 v=2 kot-+ky=j-2
ko,....ky=>1 ko,....ky>1
l
A Z > A,
v=2 k‘2
k‘221

= ALSO(A) + AL (A) + ASSS o (A) + -+ AL S(A).

e Reduction : The reduction process transforms a gene
ral monomial of the formh!u{! - - - w; with I +41 + - - +

in = n” into a polynomialZ (h'u}'---u;') of degree
< n+ 1ind, where the symbol%” stands for ‘reduc-
tion'’.



e Beyond uncontrollable Algebra using Analysis :
From now on, complete explicit algebraic computations
will not be conducted anymore, and instead, to tame the
complexity,inequalitieswill be dealt with.

e Upper reduction operator : For our majoration pur-
poses, we now introduce an importaupper reduction
operatorZ#* which by definition, at each computatio-
nal step of the reduction process, while going down ir
the Demailly’s tower, always replaces any incoming sigr
—" by a sign “+”. Accordingly, for any two monomials

. / / -/
plull - ulp andhlul - - - u,, we shall say that :

/ 7/1 ] uZn)
n )»

gt (Wt up) <gpe (W'
and write more briefly :

/ )
Z/

hluzll Zn <%+ h U unn’
If the corresponding two (upper) reduced polynomials

S pp-dF andy o1t pl - dF have all their coefficients
satlsfylng

(0<)pp<p) foreveryk=0,1,....,n+1.

Then obviously the absolute values of the coefficients c
the reduction are smaller than the (nonnegative) coeff
cients of the upper reduction :

|coeff . [hlui1 e u%{‘] | < coeff 1 [ %27 (hl : %”)] .



Lemma. For any Ay, Ao, ..., A\p With n = A\{ + 29 +
.- +nM\p, One has:

Ci\l (%20) A9 .. (an(?) An <%+ 6579 .

Lemma. For any two Jy, Jo with 0 < Jy, Jo < dim X
satisfying in addition J; + Jo < dim Xy, and for any
91 with 0 < 57 < n satisfying in addition j; + Jo <
dim X, one has the two majorations :

R (V€5 -Ch,) KRBT (V- €5,,y,) and 2T (- C -6 <2 (V- CrLy,),

where Qﬁ( IS any (K, K)-form living on X, comple-
ting to dim X, the degree, namely with K + J; + Js
and with K + j; + J5 both equal to dim X.

(n—k)!

Lemma : The coefficients A; ;,_; = =k =
(n—k)!

== appearing in the relations (c-d) sa-
tisfy the uniform majoration :
n __.
Akl <27 =1A
expressed in terms of the dimension n only.

e Majorating uniformly : In the subsequent majora-
tions, while applying the upper majoration operatér,

we also replace any incoming; ;_;. by this majorant

A = 2", As a result, we define a generalized upper ma
joration operator%j” which both replaces any minus
sign by a plus sign and any; ;_;. by A = 2",



Lemma : For all k = 1,2,...,n, one has the %, -
majorations :

Al <%A+ kA (‘Klf:llw + ‘Klf:%u% + -+ ulg)

e Majorate conveniently the Zg(A) polynomials : In-
troduce the majorant :

oL = %”]f:llw + %”]f:%u% +---+ Cﬁf_luf_l + uf :

and let us keep in mind that the lemma just proved pro
vided the majorations :

14 14

Lemma: Forany ki, ko, ..., kywith k1, ko, ...k, > 1
whose sum ky + ko + - - - + k, = j equals j, one has
the majoration :

14

{0 14
@kl@kg S @k g@;\_ k1k2 S kV @kl—l—kg-l—“'-l—kV'

v

e At last : State the main useful majoration proposition :



Proposition. Atany level f with 1 < ¢ < n—1, consi-
der the Jacobi-Trudy determinant %ﬁ of an arbitrary
size J x J with 1 < J < dim X, and furthermore,
let Q% be any (K, K)-form on X, the degree K of
which satisfies K+ J = dim Xy =n+¥¢(n—1). Then
the upper reduction 2, (s) of Q%€ in which any in-
coming A, ;_ is replaced by A = 2" > |\; ;_| en-
joys the following majoration in the right-hand side
of which, notably, all the appearing Jacobi-Trudy
determinants live at level £ — 1 :

W€y <gr J-27- 07207 Q [%}‘1 + € Jug+ o+ G ! +uﬂ ,

e Final steps of the proof ofD;.(n) < o’ ;
e Elementary majorations :
J - 2J ) J2J ) 27%] _ 2(71+1)J ) JQJ—I—l

3 2
Om +1 <n2 o+ 1>2n —2n+3

o (n2)2"

A\

74\

e Define :
N = 2”3 n4n2.

e Perform a uniform upper majoration of an arbi-
trary monomial ' - - - u,? with 4+ - -+, = n? down



to Ievel€ =0:

uy Tl = N
<z N- uzll u;” Su;”i[‘ﬁ” SR e TR
C(aﬂn 2 an +uz”’ n+1] [Lemma]
<z N w3 [T )
+; 12+z o2 Up %f + - '+“Zn—_i+in_n+1]
<92j N 'U? T Zn Q[Cﬂl_fﬂn—zmz T CKZZ 12+zn—2n+1 U1
_|_' Cee 4 ufznn_i%—zn n+1]
g,@j N 'UJZ11 e Zn 2[(57@ L Fip—2n+2 +(€zz 12+zn o2n-+1 (5171_2
C@ﬂzz 12+2n—2n+2} [Lemma]
<%+ Nn u1 . Zn 2(5n | Fip—2n+2 [Lemmal]
<@t (N n2) it Z” 3%71 i iti 3043 [induction]
S} (N n2)3 ' Ull' ngz ;lzn o+in_1+in—4n+4 (induction].
e Clear induction down to Ievelé = 1 yields:
UZ11 Un Sy Sy (N 77’2) Mgz; tin—(n—1)n+n—1
<gg; (N nz) [C(aﬂQn 1— 11 'O‘l‘
+ %ﬂ?’?ﬂf s 1]

<%+ (N nQ)n_l (579

A

Lemma. The n x n Jacobi-Trudy determinant ¢’

enjoys the majoration :

2
ONE2N 1y [dnH +d" +

4 d].




e Application : Applying this lemma to the last obtained
Inequality :

uil . uin <92;\r (N,n2>n—1 2n2+2n nln™. [dn+1 4+ d" 4+t 1] 7

n

] 4
obtain the announced bound”
< <2n3 n4n2 nQ)n_l 2n2+2n n' nn

2n4—n3+n2+2n n4n3—4n2+2n—2 nn nn

‘coeffdk [u211 . ui{l]

/

NN

4
n’" . O



VIl — Siu’s beautiful strategy

e Universal hypersurface : Define, in a system of ho-
mogeneous coordinates :

Z)=[Zy:Zy: - Zn: Zyyq) € PV
(n+1+dﬂ__1
[A] = [(Aa) genmt2, jaf=d) € POFITE

theuniversal hypersurfaceof degreed :

: _ E @y 04l
% ) O o A&Or"aan—l-l ZO Zn—l—l
la|=d

as the zero-locus of the general homogenous polynomi

of degreed. Set\N := 22111;‘2!! — 1.

e Double projection :

pry .

e INnhomogeneous coordinates in the chart{Z; #
0} x {Apgo...0 # 0}, write :

lo|<d, ay<d



e Principal hypothesis : Entire holomorphic map va-
lued in a fixed projective hypersurface :

0= 0"+ D aafQ)"

leEE_[§ﬂ”Tl'ﬁ—:1
lo|<d, ay<d

where the coefficients, do not depend onq.

e Coordinates in the space of/ertical n-jets :

I (n)
(ZZ', Aovy 21y oy v+ ’Zjn ) <

c Cn—l—l > CNZZ > @n+1 < C’n—l-l VR, Cn—l—i
n tTrrneS

e Chainrule : Atorderx =4

0= Z Qg 2%

aeNTL-Fl

. a(za) 1 az(za> / /! ag(za) / / /
U= Z o ( (3zj1 “ T Z (3z]1(9z32 S2in T Z 0z;,02,0%j, “nEias

J1:72+ 73
OZZ% Z azjl ////_I_Z

« J1 J1,J2

3/ L 4
+ E a(z) 62 2 2 + Z a( ) Z/Z/Z/Z/)
J1,J2, 73 az]laz]?az]ff az]lazmazjgazﬂx

o n_n
‘59*227 (59233 41 ]],;2172 +3 ;2;71’2172 ) +
1 2

J1,72, 73, J4



¢ Total differentiation operator :

n+1
>\+1)

?

\eN kel @Zk

e General rewriting :

O:Z an 2 = D(Z aazo‘) == Dn(z aazo‘).

0% (87 0%

Lemma. The (n+1) defining equations of J...(Z))
write as follows :

K KJ!
0= Z g Z Z Z Z (A g (A )He !

aeNn+l1 e=1 1< <<he<h 121, e 21 A+ FpreAe=k
la|<d, agq...0=1
n_'_l n_'_l Ml—i_..._'_/’be( a)
Y z SO R C S e
22 "'Zje "'Z]e :
. : 0z.1-+-0z az] 8zje J1 Jq 1 pe
1 1 e 66:1 ) jﬂl He

oUrk=01234.. . n

e Generation by global sections :An arbitrary vector
field defined in the ambient space

Cn—l—l > CNC? > Cn(n+1)

writes under the general form :

n+1 n+1 n+1 n+1 - )
= Z Z + Z al (3% Z 2k g 82 Z 21 g (3z,’€’ h z_: Z PO
aeNn+1 k=1 k=1 k

la|<d, oy <d



Theorem. [M., 2009] Let > be the closure, in
JL(Z), of the closed algebraic subset of affine
vertical jets J%..(Zy) which is defined by the anni-

hilation of all the first order jets :

Yy = {(zi,aQ,z;-l,...,z§:)) ===z = O}.

Then the following two properties hold true :

o JIL (2 )\X is smooth of pure codimension equal
to n+1 at every point, namely of dimension equal
to:

i =n+14+ N4 nn+1) = (n+1)

:%i;cgl* nn +1).

e The twisted tangent bundle :
Trn (2)® Opnir(n” + 2n) ® G _yn(1)

vert

IS generated by its global sections on J Vert \E
that is to say : at every point p ] ¢ 2\

vert
which does not belong to >}, one may find ]n glo-

bal sections Ty, .. T on X of this twisted tan-
gent bundle such that

CT1(p") & ®---®CT 4(p =1,

vert

(2),pln)”




VII-1 — Algebraic degeneracy

Theorem. [DMR 2009] Let X ¢ P"*! be a pro-
jective hypersurface of arbitrary dimension n > 2.
Then there exists a noneffectivepositive integer :

dp > 1,

such that, if X is generic of degree deg X > dj,

then there exists a proper algebraic subvariety :
Y S X,
such that every nonconstant entire holomorphic

curve f: C — X has image f(C) entirely contai-
nedinY.

e From above :[DIVERIO, 2008]For a jet ordek = n
equal to the dimension, there exigts>> 1 such that the
two iIsomorphic spaces of sections :

H(X,, Ox,(m)@75,A") ~ H'(X,E, nTx @ A1) #£0,

arenonvoidwhend > d,, providedm = mg , IS Suffi-
ciently large.

e Canonical bundle :
KXZ ﬁX(d—n—Q)
It will play the role of the ample line bundlé.

e Continuity argument : Foro > 0 sufficiently small :
HY(X,, Oy, (m) @ 7, K"") ~ H(X, BTk @ K"") #0.



e Slices of the universal hypersurface :

e Beautiful idea of Siu(2002): Holomorphic family of
jet differentials not identically zero :

P={Pls€ H (Xs, ExmT%, @ K™}

e Semi-continuity of cohomology : [HARTSHORNH
The parameters range outside a certain (uncontrolled)
exceptional algebraic subvariety of the parameter spac

PNa.
e Fix sy outside this exceptional set
e Nonconstant entire curvef: C — X,

e Define the zero-set locus :
of the non- |dent|cally Zero SeCtIOﬁ’|30 of the vector

om
bundIeEn,mT}SO R K% Ko

Lemma. Then Y, Is a proper algebraic subset of X
which contains all nonconstant entire holomorphic
curves .

f(C) C Yy,

e Existence of at least one differential equation :

Pls, (5" f(¢) =0.



e By contradiction : There existg; € C such that :
flCo) €Yy, et f(¢)#0.

e In local coordinates :
P= > g (s () ()
01| +--Fnlin|=m
Ysg = {z € Xsy: iy i,(80,2) =0, Viq,... ,in}.
e Relative polynomialness With respect to the jets.

¢ Differentiate by a vector field :
(o) ® O, (n” +2n).

{Lvl)

constructing
another jet
differential

Ly P

e Differentiate by p vector fields :
(0) ® O, (p(n* + 2n))

e Global sectionin:

e Still insure the inverse of an ample line bundle :
—om(d—n—2)+pn*+2n) <0. O
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| — Conjecture de Green-Giriffiths

e Hypersurface projective complexe algébrique :
X ={|z20:21:...:2n: 2p41| € prtl.
P(z0, 21, 20y Znt1) = O} .
e Fibré canonique :
Ky =N'Tx.

e X detype général :Lorsquem — oo ;
hO(X, K}%m) ~ - mdimX,
pour une certaine constante- 0.

e Caractérisation equivalente :degre optimal :
deg X > dim X + 3.

e Conjecture de Green-Griffiths forte (1979) :Si I'hy-
persurface projective algébriqu&” c P"t1(C) est
géenérique de degre n + 3, alors il existe un sous-
ensemble algébrique propré C X tel que toute courbe
holomorphe entiere non constanfe: C — X est ne-
cessairement intégralement contenue dana savoir :
f(C)cCY.

N Y%
P fo




e Degré optimal : |deg X > n + 3|, ce qui correspond
ainsi a demander quE soitde type géeneral

e Conjecture d’hyperbolicité de Kobayashi (1970) :
Une hypersurface projective lissg” ¢ P"*T1(C) esthy-
perbolique : « toute courbe holomorphe entiefe C —
X est nécessairemeobnstante», lorsque

deg X > 2n + 1|,
pourvu queX soit generique.

e Siu 2002, 2004 1l existed,, >> 1 tel que les hypersur-
faces génériques” ¢ P"*! de degré :

deg X > dy,
sont hyperboliques.

e Demailly a Luminy en juin 2006 : grands degres'!

e Dimension 2 : X? ¢ P’(C) : G.-G.+ Kobayashi :
] SIU-YEUNG 1996 :d > 1013,
[ MCQUILLAN, 1999 :d > 36.
(1 DEMAILLY-EL GoulL, 2000 :d > 21.
] PAaUN, 2008 :d > 18.
e Dimension 3:X° c P4C):
[1 Rousseau2007 :d > 593, Green-Griffiths.
[1 DIVERIO-TRAPANI 2009 :d > 593, Kobayashi.



Théoreme. (DIVERIO-M.-ROUSSEAU nov. 2008)Si
X < P+l est une hypersurface projective algé-
brique géneérique, il existe un sous-ensemble algeé-
brique propre Y & X tel que f(C) C Y pour toute
courbe holomorphe entiere non constante :

e pour dim X = 4, lorsque deg X > 3203 ;

e pour dim X = 5, lorsque deg X > 35355 ;

e pour dim X = 6, lorsque deg X > 172925.

Théoreme. (DIVERIO-M.-RoOUSsSEAY En dimen-
sion quelconque n > 2 avec X" c P"tY(C) gé-
nérique, méme conclusion lorsque :

5
deg X > 2" .

Stratégies(a eviter!)

[1 Jets simples de Green-Giriffitiisop simples ?Non !
[1 Jets raffinés de Demaillyncompréhensibles!)

[1 Inégalites de Morse-Demailly-Trapani-Siinsuffi-
santes pour atteindre la borne optimale!)

[1 Fibrés de jets sur les variétés projecti@isu-base
non controlé= Kobayashi inacessible!)

Théoréme. (Aujourd’hui) Equations différentielles
en degreé optimal deg X > n + 3 (avec hypothese).

|Certitude . revenir aux jets de Green-Griffiths|




Structure genérale des démonstration$

Etape 1 : Les courbes holomorphes entieéfesC — X
satisfont des equations differentielles algébriques.
Etape 2 : Une pléthore de telles équations différentielles
implique la dégenérescence algébriqii€) c v & X.

Théoreme. [NOMBREUX AUTEURS| Toute courbe
holomorphe entiere non constante f : C — X sa-
tisfait des equations differentielles algebrigues glo-
bales lorsque d = deg X est assez grand.

e Dimension 2 :[GREEN-GRIFFITHS 1980]optimal :
deg X > 5.
e Dimension 3:
[1 [ROUSSEAU2006]deg X > 97.

[1 [DIVERIO 2008]deg X > 74.
(1 [M., 30 MAI 2009]deg X > 34.

e Dimension 4 :
[1 [DIVERIO 2008]deg X > 298.
(1 [D.M.R. 2009]deg X > 259.

e Dimension 5:
[1 [DIVERIO 2008]deg X > 1222.

e Dimension 6 :
[1[D.M.R. 2009]deg X > 4352.

Tresloinde :deg X >n+3=6, 7, 8 9, ...




Il — L« enfer algébrigue » des jets invariants

e Notations :

n = dimension

d = degre

x = ordre des jets

e Deux fibré de jets de courbes holomorphes :
[1 Green-Griffiths :

@@GGTX
(1 Demailly-Semple :

@@DSTX

e Obstacle significatif :[RousseEAu, 2006]En dimen-
sion 3, I'ordre des jets doit étres 3.

e Plus généralement :Un théoreme d’annulation dd a
Brickmann et Rackwitz donne facilement :

Corollaire. [DIVERIO, 2008] Pour tout fibre en
droites ample A — X ettout kK < dimX—1,ona:

0=H'(X, &85 © A7
= H(X, 655 @ A7) .

e Donc il faut supposer toujoursx > dim X.



e Définition : Dans une carte locale, considérer le jet
d'ordrex :

P = (P A

d’'un disque holomorphe :
f: (f17f27°°°7fn) : ID) —>Xn

e Descriptions connues des jets de Demallly-Semple :

[In =2,k = 3:DEMAILLY (non publié) ;Rous-
SEAU : 5 invariants fondamentaux.

[1n=3,k=3: ROUSSEAU: 16.

[In =2,k = 4 : DEMAILLY -EL GouL (non pu-
blie); M. : 9.

[(In=2,k=5:M.:56.

(In=4,k=4:M.:2835

e Algorithme général :

Théoreme. [M., 2008] Construction d'un algo-
rithme complet qui engendre tous les polynOmes
Invariants par reparametrisation, en dimension ar-
bitraire n et pour des jets d’ordre guelconque «.

e Joél M. Jets de Demallly-Semple d’ordres 4 et 5 en dimensjon 2
Int. J. Contemp. Math. Science®(2008) no. 18861-933

e JOEl M. An algorithm to generate all polynomials in theet of a
holomorphic discD — C” that are invariant under source repara-
metrization arxiv.org/abs/0808.3547/, 103 pages



e Syzygies :Les relations entre invariants sont engen-
drées en méme temps.

e Bases de Grobner; Polytopes de Newton :

X
>1

e Obtenir 16 bi-invariants mutuellement indépen-
dants :

WlO f{ A3 A5 A7 D6 D8 NlO
M8 ElO L12 Q14 R15 U17 V19 X21

e Ordre lexicographique :
AP > AN >SAT> DV > D8 s NO S A8 s B0 S L2 S
> QY > RY > U > v > X

e EXxpressions explicites :
ho
11

/11 /1

A=Ay, f1 =300, fT,

/1

A3 =

— I
27




Il el
6 f/1/ f?/ f%/ o
D> =11 J5 J3 |=1A"
f/// f/// f///

///// /111
A= (A +4A12)f1f1—

/11

/!
— 10A I9 fifl+15 Al’g 1

8 / f/{/ f/é/ fé: /! f/{/ f/é/ fé:
D>=fi| fi 5 I3 |=64|/H 5 3]
f//// f//// f//// f/// f/// f///

/ /// //// / // ////

10
N {03 f - (93 Wik
/ // /// /// 1
> )
17273 f]-f 17273 fl fl 7
Yo —5APAS 4+ 3A3AT
| il
—3A12 A12+12A12 AlQ 5A1’72A1’,27
£ —6AN° Db +3A3 D8
| fi
=301,y ALy — 64755 Ajy,
72 —~ATD® 4+ 5 AN
| I

/A / " /i // 1 / "1 !N ! 1 //
= —Ajy3 Afy fi— 4A753 Ay fil+bA 123 12f1+10A123A12 1

oo / !Inom rn

—15A] 43 A1,2 1 +2OA123 Ay, T



ATD8 — 10 AP N0
fi

e l " i l " o /l "

= —10A0,5 Al fifi 4755 Afy fifi +4480,5 Ay fifit

A ! mnm i I i I

+20A7 453 12f1 +30A123 f2f1 -6 1’,2’,3A12 i

Q14 —

i I/ " /Al e I

— 24N )5 Ayy fifi —40A755 A, f1 [ =T A9 Ay fi i+
/il i 1 ! 1 eI
+30A7 93 Ajy ff +120A123A12 1J1
15 /i / // " /i A/ /i I/l //
R”:=Aly3 Algy fi— 1247, Algs |24 A5 Ay f -

/Al i

i
— 48 A1,2,3 A1,2,3 1

ADSEWY + 3N3RP
f/
1
! /i i 1o A/ !
=15 A1,2,3 A1,2,3 A1,2 — 306 A1,2,3 12,3 2127

rnonn I ! I I i

— 24N 55 Ajgs Ajy + 144075 Arys Ay
8N10E10 A5R15
fi

U17 _

V19 _

/i i / /! ! 1o A/ / 14
= 240755 Ajys Ajo fl —60A7 55 Avys Ajy fi+
!N ! 1N / 1 1/ ! 111 ! 1 1/
+ Aoy Ajyy Ajy fi—T5 A1,2,3 Ajgy Ajg fi+
A/ " 1 A/7//,/// A/ /! A // " A/,//,/// A/ 1 1
+ 36 1,2,3 123 212 |+ 168 1,2,3 o Dyo J1—
i /il // 14 i A/l !N

y y 1
— 144 A1,2,3 Ajgs Apy | +96 A1,2,3 Ajgg Ajy i —

A // i Alyllylll A/ i 11/
— 240 123 B123 B Jis
4 DSQ™ — 5 ATRIS

f

X21 _

! "o /i / i i ! 1 / "
—40 A1,2,3 A1,2,3 1.2 fifi — 1,2,3 A1,2,3 f1f1
!N ! 11 // 1 / /// i /i) / "
— 4A1,2,3 A1,2,3 1.2 fifi + 60 A1 2 3 A1,2,3 1.2 fifi+
! ! 1 // 14 " ! 1 ! " ! el
+ 240 A1,2,3 A1,2,3 1.2 f1f1 + 130 A1,2,3 A1,2,3 A12 Jifi+
!N !N ! 7 ! 1N /a7 / i

+120A1’727’3 Al’,g’,g 12f1 168A123 Af,z’,?) 12 f1



! 111 /i // 1 /I /A ! I /
— 068 A7 5 Ay Ay Sifi =360 A7 55 Ay Ajg fi

/i ! 1N ! " . ! 1N /i ! 1" ! el
—160A7 55 Ajgs Ay fIfi7 +240 A7 55 Ayys Avy fifi'+

960 A/ /11 A/ 1 // 1 f 1/ 375 A/ i A/ N / /!

+ 125 Dios Ayy fy 12,3

/ ’// ’//// /Al ! 1 /i / // 1 / /!
+840A 53 Afys Avy ff Jrl80A123 Ay

A/ ! 1 i i ! 1 i 1
F 144 A5 Ajgs Afy fIIf1 + 144A123 Args Avy fi

! I i " I I n

— 1440 ATy ALy, Avy fIF -+ 480 Am Ay Afy fY

/!

1

e 41syzygies complétées entrg6 bi-invariants :

= —5A°AD 4+ 3 AT — 1 1M,

= _9ADS 4 AND®—1f1 EY,

= NTDS 4 5 AN fL,
0= —5AEY 4+ 3A3L2 16 £/ DS M,
02 5ATEY +3A%QY 6 f{DSM*,
0= 4D3EY + 3ABRY,_— UV,

0= —36 D°DOM® — 5 EVEY + 3AUY 10,
0= —5EYL2 6D DSMS + 3 A3 10,
0=5L20"2 + 303X+ MSDSDS 4,
0= —6ATDS + 5A°D8,— 1L,

= —ATD* + 10 A°NY 110",
0= ALY — ATEY4 f{D*M*,

123 RioJ1J1+

123 Ri2/1J11



0= AL+ A°QM 2 fIM*N",

14
0=8N"E" + A°R® — [V,
0 1:—5 A5U17LT _ E10L12 —6 196138]\48_}_07

16
0= AV, — MSDPD® — LI fIMPRY,
0 g —A5X21LT — LR2Q" + 2 DN MB 0,
0=8NVLY+ —A7R15LT_|—f{X217

18

0= —LPL2+ AU, o+ ff, =5 MED*D*+0,
0 2 L2QM 4 ATV 10 DSMEN 40,
0220 NN 4 QUQM + ATX 40
=Y DSMPRY, 4+ L2UV — BV,
025 DEMSRY  — QU — L2940,
=20 NOMERY QWY 4 L2 X2

025 MSRURS, 4+ VOV L T X
= —DSD*+ 12 DN+ f{ R
2 5D E" 4+ 6 DL S
0=3D°Q" 425 NVEY-_3 1",
0= 5E"“RY — DUV 4 6 DV, 40,

02 _gr12ps + NOUYT 43 DOX 4o,




31
0=—10N"YE" + DL .+ V",

0= D'QM _+ 10 N'OL24 f{ X7,
33
= 2N"U" + DVY  + LPRY+0,

02 QMR £ 2 NV 4 D3x2L 10,
35

0= —9 L12N10U17 + R15L12L12 +10 ‘/vlgj\/vl()El()LT_f{‘/19‘/197

0 2 9 N10U17Q14 o R15L12Q14 +10 V19N10L12._T+f{V19X21,

0 57 10 N10L12X21LT — RBQUQ™ — 2 Q14N10V19+f{X21X21,

0 58 9 N10U17X21LT _ X2 LRRI Ly IOQURIS 4 9 N0y IOY19 )
39 510,414 12712 27178 pl5

0= F Q L_I_—I—L L _flMR :

0= QYU +6 LV 45 X 40,

0 451 —6 Q14L12vl9 . Q14Q14U17 + 5X21L12L12|_T_5 f{M8R15X21.

e Dimension16 avec4l sommets.

2835




THEOREME | (M. 2008) En dimension n = 4 pour
es jets d’'ordre x = 4, I'algebre UE?L de polynOmes
de jets P(j*f1, 7% f2, j* f3, 3* f1) invariants par repara-
metrisation et invariants sous l'action unipotente est
engendrée par 16 bi-invariants mutuellement indé-
pendants :
W107 f{, AS7 A57 A?7 D6, DS, ]\/'107

MS, El()’ L12, QM, R15, U17, v19’ X21,

dont la restriction & { f{ = 0} possede un idéal de re-
lations, pour I'ordre purement lexicographique, qui
est constitué des 41 syzygies écrites ci-dessus.

De plus, tout bi-invariant de poids m s’écrit de
maniere unique sous la forme polynomiale sui-
vante :

PGf) =D () (W) > coeffo  nop-

0,p (a,...,n)eNIH\ (O U--UOy)
3a+---+21n=m—o—10p

(A7) (A7) (A) (D) (D) () (M%) ()
(L12)i (QM)J' (R15)/€ (U”)l (V19)m (X21)n’
avec des coefficients coeff, ., 0p quelconques, ou
Oy, ..., Oy désignent les quadrants de N4 ayant
des sommets correspondant aux puissances des
41 monomes de téte en question.

Par consequent, en dimension n = 4 pour les
jets d’'ordre « = 4, l'algebre 544 des polynomes de



jets P(j4 f) Invariants par reparametrisation est en-
gendrée par les polarisations :

W fl, Ny Migre Magpes Dis
Dijuier Nigipos  Mijwn  Eiiipa  Lijmpdio
Quiklpaias  Biikparto  Uiimpar s
Vidiparlfsthor  Xfispar) (st s

de ces 16 bi-invariants W0, 1, A%, A> AT, DY, D¥,
NlO, MS, ElO, L12, Q14, RlS, U17, V19’ X21; ces in-
variants polarisés sont anti-symétriques par rapport
a chaque collection d’indices entre crochets |, j, k|,
p,q,7], |s,t], etils sont explicitementreprésentes en
termes de A-déeterminants par les formules com-
pletes suivantes :

/i
0

L5k

AL (FLfh+ FI 1)+

+15 A;’; e



11nonn A/

D[Z,]k] _A-7-’ f/ —GA-’-’ f”

Lk Ja i,J,k Jao
10 L /’///7//// I, 3 /7//’//// ! el e,
Nijipas =80 fals =580 (fafs + 1355)+
A/ . . / " 1 el
200 (Fufy + FU ) + 300 frfD,
] ! nn /i i ! "
Mg ey =380 By H1285 Af—
5 A/ " A/ "
N g Tkl
! !N A/ i
Bk g =38k Dm — 68750 Ay
1 L /’//7//// / 177 / // " /,// 1 /’//’/// /7//// /
L[ i3k, [Lml; e - 5Ai,j/€ f 154; ik quf 6Ai,j,k Ap,q fa
/ // /// // 177; / // " / 177
A/ i A/ 1774 A/ i A/ "
Q[Z,J/f[pq af —10 i,k quf5+ igk g ff6+
! 11 i / 177

+4A A ff5++20Awk a Jol5F

+304, 5 A”’ff —64; 7, A ff

/i) // 177 /i) / 177
— 24N A fof 40AM R
o 75 A/"y;/,k//// / . f”f _|_ 30 AZ ] /'C / ; f//f
/i ! N
_|_/1//29//A 7] k Ap q fl/f/ll, / /// 1
! 1 / // 1/
R[z,] kl,[p,q,r]; = Ai’,j’k Ap:qZT fa — 124/ ,jk pqr f +
_|_ 24 A/’;/k:/// ;)/; ;// f(;/ B 48 A/7;/]{:/// A;97’/q/17/n// f(;”)
/ // " Il ! 1 / /// " /ANl ! 1
Uilimparisg = 100 0 Dy Doy = 360700 Ay Ay —
/ // 11 // /7! /aiii
— 24N A Ay, + 144 e A A
i = A8 ST 0 AL N AL
NN N R I N

+364; H]‘"+168AMC Ay A fr—

p.q,r



/N // " L oy 1

I " 7 , mn__
A st f +96A1jk} D.q,T As,t fa

— 144 AU VAN
/a7l /A A

— 24075 Ay "

D4, sit Jao

21 -
Xk parsitsas =
1o ; /; " / " / "o o / "

/i 11 1 /l 1 /i /Al i
_4A‘>]'k Az;q77‘ St ffﬁ+6OA23k qur Ast ffﬁ"'
/ /// 1 / // n /i / n
I l/l " / // " I /! /l// / // 177 /,//I/ / 1
/i I/ " n rnenn I/ i

—668AW AW Ast f f 360%;; AW N -

160 A A A 240 A7 AT A L F

+I60 A7 A A ZQ”f TGN NN &

+ 840 A]k AT A "A. o ! f5 + 180 A;]”,;”” Ay A;;’f”f +

+144A2;;” e NG AN AT AT

— LA, AT A0 A A AL FY
ou les indices romains satisfont 1 <17 < j < k <
Ou1<p<q<r\4,0u1<5<7“<4et
ou les indices grecs «, § satisfont sans restriction
1 < a,0 < 4, dou en définitive, le nombre total
d’'invariants qui engendrent l'algebre de Demailly-
Semple E} est égal & :
1+4+6+24496+4+ 16 4 64+
+ 36 4+ 24 + 96 + 384 4+ 64 + 96 + 384 + 1536 = [2833.




Spéculation intermeédiaire

e Pour toute application effective aux courbes holo-
morphes entieres, il est nécessaire de réesoudre toutes
les questions suivantes, et pas seulement la premiere :

e Question 1 : L'algebre des invariants de Demailly-
Semple est-elle finiment engendfée

e Question 2 :L'idéal des relations entre les invariants
est-il engendré par un procédé régulier spécifique dont |
combinatoire est dominabfke

e Question 3 : L'algebre est-elle de Cohen-Macaulay
Si tel est le cas, peut-on décrire de maniere effective ur
base d’invariants primairés

e Question 4 : Si I'algebre des invariants n’est pas de
Cohen-Macaulay, peut-on decrire une base de Grobn
effective pour I'idéal des relations entre tous les inva:
riants?

e Semblerait néanmoins accessible a un algébriste en-
core plus courageux n = 5, Kk = 5.

Les jets de Green-Griffiths sont
combinatoirement tres réguliers

On peut (enfin!) faire monter les jets a l'infini




lIl — Retour aux jets de Green-Griffiths

e Immédiatement : Différentier par rapport 4 € C la
contrainte initialef : C — X :

P(fl(C)v e af’n(C)v fn—I—l(C)) =0

ou — on l'aura compris —:
P(Zla ceey ANy Z?H—l) =0
désigne I'équation polynomiale dé” c C"*1,

x = un tel ordre arbitraire de dérivation

e Jet de Green-Griffiths : Dans une carte locale cen-
trée en un pointr € X, on considere les disques holo-
morphes passant par.

f:(D,0) — (X,z) =~ (C"0)
qui possedent bien siircomposantes :

(F1(0)s £2(0)s -+, FnlQ)),

et au-dessus du poimt on considere les polynébmes dans
les variables de jetﬁi<A> qui sont du type suivant :
> coeff - (/)1 (f")2 - (f),
m=|ay|+2|ag|+--+rK|ak]|

et qui sont homogenes d’un certain poids fixgpar rap-
port a la dilatation de jets :

5 (fLf0 o S = (S L6 )



e Pour méemoire :
m = poids = nombre total (fixé) de « primeg »

e Structure vectorielle/non vectorielle :Bien que le fi-
bre des jets/®(ID, X) de courbes holomorphes ne soit
pas un fibré vectoriel des que> 2, le fibre des jets de
Green-Griffiths&,“ 5 T'% est un fibré vectoriel car I'es-
pacevectorieldes polyndbmes de poids en le jet;” f
est stable par tout changement de coordonné¢s—
j“(\lf o f) Induit par un changement de catesur X.

Lemme. (GREEN-GRIFFITHS 1980) Ces donnees
ponctuelles s’organisent en un fibré vectoriel ho-

lomorphe :
GG
o Lx

sur X" c P"*(C). Ce flbre posseéde une filtration
naturelle, et le fibré gradué associe :

Gr* (6mTX)
est un fibré vectoriel holomorphe qui est isomorphe
a la somme directe :

EB Sym‘1T5 ® Sym®T% @ - - - ® Sym™T%
014200+t kb=

e Inegalités conomologiquesPourtout = 1,2, ...,n,
ona:



Théoreme. [BLOCH, AHLFORS, GREEN-GRIFFITHS,
DEMAILLY, SIU] Soit X une hypersurface projec-
tive algebrique complexe, soit A un fibré en droites
ample sur X — prendree.g. A= Ox (1) — etsoit:

P e H(X, &5 g1

une section globale. Alors toute courbe holo-
morphe entiere f: C — X non constante satisfait
I'’équation differentielle correspondante :

P(f,.... f")) =0,

e But: | Construire des sections de &G T% @ A~

e Caractéristique d’Euler-Poincaré du fibré des jets
de Green-Giriffiths :

(
GG\ _ m
X (X 60Ty = (k)" ((k+1)n —1)! nl

{(—cl)” (log k)" + O((log /4:)"_1)} + O( (k+1)n— 2),
oucy; = ci(Tx) est la premiére classe de Chernide.

r+1)n—1

~ [facteur innocent]

e Ré-expression en fonction du degré :
Xr,m = Constante,, ., (—c1)" + reste négligeable
= Constante,, ;. md(d—n—2)" +---

e Type général :Ainsi, pourvu seulement qu& soit de
type géneéral d > n + 3, on axy ., — oo aveck etm.




e Strategie naturelle mais difficile : On veut construire
des sections globales d&'- 7%, & savoir on veut que :

(X, 60 TY) = dim H'(X, 605TY)
> 0

e Définition de la caractéristique :

x=h'—hl+r2—h+nt— (=)

e Minoration triviale :
W=yxy+hl —n?+nmd—nt4 . — (=) n"
>y K2 _pt ... '

e || suffirait de majorer les cohomologies paires :Si
X" c P"(C) est de type générale. de degréd >
n + 3, alors les quantites :

hel,, = dim H* (X, §85T%)
croitraient moins rapidement que Ia caractéristique :
Xreym > hily,  pour k et m grands

e Dimension 2 :BocomMoLOV : annulation du:?.

Théoreme. [GREEN-GRIFFITHS 1980] Sur une sur-
face X? c P3(C), toutes les courbes holomorphes
entieres f: C — X satisfont des equations diffe-
rentielles en degré optimal :

deg X > 5.




e Dimension 3 :[ROUSSEAU2006]Le h? ne s’annule
en general pas.

e Fait genéral (voir ci-dessous) Les fibrés de jets de
Green-Giriffiths et de Demailly-Semple peuvent étre dé
composes comme certaines sommes de fibrés de Scht

Théoreme. [ROUSSEAU 2006] Sur une hypersur-
face projective algébrique X3 C IP4(C), pour les jets
de Demailly-Semple d’'ordre k = 3 :

Gr'éaDSTX _ @ y(a+b+26+d, b+c+d, d) T)*(
a+3b+5c+6d=m

on peut majorer :
pA(X, BT < d(d +13)
+0(]¢)),
de telle sorte gu’il existe des différentielles de jets
dans éa T* pour m grand lorsque deg X > 97.

(fl + éQ + €3>3 (81 B €2>(€1 . 53)(62 — @3,)

| >4

Théoreme. [M. avril 2008 / D.M.R. novembre
2008]Analogue complet avec les jets de Demailly-
Semple pour n =4 et x = 4 lorsque :

deg X > 259.

Théoreme. [M. 10 Juin 2009]Dimension 3 avec les
jets de Green-Giriffiths d’ordre « ~ oo lorsque :

deg X > 34 .




IV — Décomposition en fibrés de Schuf

e Fibrés de Schur :Soit X" ¢ P"*(C) une hypersur-
face projective algébrique lisse. Classiguement, on a le
fibrés vectoriels holomorphes suivants sir

0 T%;
AFT% (théorie de Hodge) ;
Ky = N'T% le fibré canonique ;

.

[]

K}‘?m ses puissances tensorielles (plurigenres) ;
] Sym” T (k-genre cotangentiel) ;

Ce sont tous des cas particuliers flesés de Schur:

y@la@»-'-fn)T;(,
qui sont parametrés parentiers decroissants :
€1>€2>"'>€n>oa
et I'on retrouve notamment :
Ay = e B0 avec k fois 1

Syka;{ _ V%’O"“’O)T}k(.

e Breve définition : En fait, les fibrés de Schur appa-

raissent quand on décompose en représentations irredt
tibles deGL,,(C) les puissances tensorielles :

ON
Ty @ 0Ty = @ {5/(61 ..... en)T;{} (12)7

r fois ()
avecl; > --- > £, ou N ({) est une certaine multiplicité.




e Theéorie des représentations Toute représentation
(action) deGL,(C) peut s’écrire comme une certaine
somme directe de représentations de Schur, lesquell
constituent la liste deoutesles représentationséduc-
tibles possibles d&L,,(C).

e Fait general offert a la géometrie complexe Tout
fibré vectoriel holomorphe £ sur X, sur les fibres du-
quel on peut faire agitL,,(C), doit en principe sealé-
composer comme une certaine somme directe de fi-
brés de Schur qui s’averent ainsi étre les briques élé-
mentaires avec lesquelles on peut reconstituer tout fibl
dans I'anneau de Grothendieck, notammest4 5 7% .

Théoreme. [M., 10 JUIN 2009] Supposons que
pourtout: =1,2,...,n, on peut majorer les dimen-
sions cohomologiques :

hl — dim HZ (X, y(fl,fg,...,fn_1,€n>cz—;k()
par une formule du type géneral :
h' < const,, - [1—|—d—|—d2_|_.,,_|_dn+1].

S (=) (B — ) )™

1
ay%~+an_1+an:n0?_)

anp<n—1

Alors toutes les courbes holomorphes entieres non
constantes f: C — X satisfont des équations dif-
ferentielles algébriques globales en degré optimal :

deg X >n+ 3.




Résumée / Interlude explicatif

[] But principal : Constuire des équations différen-
tielles sur les hypersurfaces projectivEsde type géne-
ral en degré optimaleg X > n + 3.

[ ] Décomposerle fibré des jets de Green-Griffiths
comme une certaine somme directefitbees de Schur
au moins de maniere asymptotique en un sens a precis
ultérieurement :

ECSTy = @ LTy
certains

[1 Admettre temporairement I'hypothese qui s’ave-
rera naturelle —Conjecture ou probleme ouvert —
que pour,=1,2,...,n,0na:

(+)

W (X, 7T < const. [1+ d + d + - -+ d"H]-
ST ()Ml — L) ()

ay%~+an_1+an:nwgﬁ)

an<n—1

[ Déduire par sommation de ces inégalités des ma
jorants pour led?' (X, &5 T%).
[] Gagner par les asymptotiques la positivité :
RO(X, §C5Ty @ A1) > 0,
pour des ordre de jetstres grands, pourvu que > 1.




Suite sur la décomposition en fibrés de Schur

e Gradué du fibré de Green-Griffiths :
GrECY T3 = @ Sym‘1T% ® Sym®T5 ® - - - ® Sym* T

,m

U1 +200+ 4Kl .=m

e Question : Comment, donc, obtenir la décomposition
de ce fibré vectoriel en somme directe de fibrés de Scht
pourx — oo ?

e Rappel:

e Deux moyens d’obtenir une telle décomposition :
[1 formule de Piert;
[1 vecteurs de plus haut poids.

e |Itérer une infinité de fois la formule :
y(tl,...,tn>T3k(®y<€,0,...,O)T;} _

_ S 51t

51+ Fsp=L+t]++tn
s1=zt1 =892t =2 28sn>1tn 20

e Fait connu en combinatoire : Nombres de Kostka;
formules non closes ; aspects asymptotiques coAnus

e Approche theorie des invariants :accessiblesur le
plan asymptotique.



e Matrice unipotente générale :

1 0 0 ---0

(ugl 1 0 --- O\
u:=1| wgy uzp 1 --- 0
\unl Up2 Up3 * 1)

e Action sur les variables de jets :Pour tout niveau de
jets\ avecl < \ < k, définir :

oM =y N
c’est-a-dire avec tous les indices :
ggx) _ flu)
99) = f2<>\> + u21 fl<A>
9§A> =1 35)\) + u3 f 20\) +uzy f 1@)

e Fait general de la théorie des representations de
GL,(C) : Les ‘Vecteurs’ de ‘plus haut poids’ sont ceux
qui sont invariants par cette action unipotente, c’'est-z
dire, ce sont les polyndmes de j€t§j” f) qui satisfont :

P(i"g) =P(u-j"f) =P(j"f).

pour toute matrice unipotentec U, (C).



Théoréme. [195ME sigcLE] Lalgébre des poly-
nomes de jets Invariants par cette action unipo-
tente est engendree par la collection de tous les in-
variants fondamentaux que sont les determinants :

A1 A1 A1
(A1) (A1) fl( ) f2( ) f?E )
1) (o) () ()
(A2)  p(A2) | fi fo J 3 ;
177 1

fl(/\:s) f2()\3) f?g/\:s)
fl(/\1) f2(/\1) fé)q)

fl()\Q) fQ()\Q) fT(l)\Q) —- A)\lv)\Qv"'v)\n.

Y

A
T

oul< A <A<+ < A\ < Kk Sontarbitraires.

e Lien avec fibrés de Schur :(voir ci-dessous)
Unique A — mondme <= Unique fibré de Schur.

e Syzygies (ou relations) Toutefois, il y a des relations
quadratiquegliickériennesentre tous ces determinants,
par exemple les suivantes, connues atl"f8iécle :

_ A A9, A ALLA A A3,
O — All ° Al?z ’ + A13 ‘ A1’12 2 —|_ A12 b ALBQ !
A MD9 A AN AL A Ao, M3 A A
0=A5™ A1,32 t AT ! AT + A1,12 ’ A1,42 ’
e Syzygies generales Connues, on peut les écrires, et
elles forment d’emblée une base de Grobner.

e Rappel : Avec les invariants de Demailly-Semple, on
ne voit rien et on ne comprend rien a la combinatoire.



Théoréme. [195ME s|EcLE] Pour tous déterminants
A?lof_ ZA@ et A} j’“ J avec i > j satisfaisant :
e lorsque ¢ > j, il existe un indice t € {1,...,;} tel

que :
A< Uy, e M1 < 1, Mais: At > g
e lorsque ¢ = j, il existe deux indices s € {1,...,j}

ette{l,...,j}avect > s+ 1tels que:

AL =M1y weey As—1 = fhs—1, As < [hs,

Astl < fstl, -5 M1 < fg—1, MaAIS T Ap > iy
la relation quadratique générale est satis-
faite Identiguement dans l'anneau de base

Clfl, fI ...,f.('i)}:

117 719’ Ik
Ao M—1,T(AL), T (Apa1) oo, T(A G 1), (A ) ey (N)
0= Z Z Sgn(ﬂ)'Af t—tl,tl,t—i—lf..,j {;12 o ! .

€S 1 T(A) < <m(A
m(py )< <7T(Mt)

. A”(Ml)aTr(,UQ)a---aﬂ</11t)>/it+1>/it+2 ----- 14
1.2, b 1442,

Théoréme. [195ME siEcLE] Lidéal des relations
Id-rel(A) entre tous les A-déterminants est en-
gendré par ces relations Plickeriennes. De plus,
elles constituent une base de GrObner pour un
ordre monomial naturel. Enfin, I'idéal monomial
des termes de téte est constitue des paires incom-
parables dans un diagramme de Hasse.




e Exemple:n=2,k=5:
1 2 3 4 5
Ala A ’ A ’ A ’ A ’
12 13 14 15
Ary, Ay, Ay, Ary,
2.3 124 25
A ATy, AT,

1,27
34 .35
Ay, AlY,

4,5
Al)Q .

Paires incomparables




Théoréme. [195VE siEcLE] Lespace vectoriel quo-
tient :

tous les A-polynOmes / modulo leurs relations
possede une base sur C qui est constituée de tous
les A-monomes :
NN, NN Y

H Al ..... dll H Al ..... d1—11 H All
+1<i<lgy -1 lo+1<j<h
tels que la collection des indices supérieurs (\/)
forme un tableau de Young semi-standard :

croissance faible

)\% A% ° ° ° ° )\'{ ° ° ° ° )\il fl
)\% ° ° ° ° ° ° i ° Agz 62 dgl
)\1 ° ° ° ° )\j ° ° Agb Hé I -

1 N 7 7

croissance|; °
sticte 1 ., . . . . . [W

)\(lll ° ° Aé? Ed
dy

o Décomposition exacte de&Gr* & 5T en fibrés de
Schur. Afin d’appliquer cette information combinatoire
a notre probleme, nous pouvons aussi représentéy-un
monome général sous la forme plus concise :

I I ar™

dizizl 1+4; 1 <j<Y;




e \ecteur propre pour I'action diagonale : Pour toute
matricee = diag(ej,...,ey),0na:
NN
127¥20°
€ A1,2 . Z

)

NN
1272900
—C1e g Al,Q,...,z’ g

e En effet : Multiplication uniforme des colonnes :

)V A
erf! eafy o efi!
AV NN A
o Afléf%’;"% _|eifit eafy? e eif”

) ) )
el fi' eafy! e f!

e Action sur un A-mondme général :

e - ( 1] 1] Aﬁf:;é’ﬁ) = e - (A-mondme général

d1zi21 144, 1 <g<d;

= 1] [] e e (mémA-monomg

dizizl 1+4;1<j<;

= 1] (e1---¢)" " . (mémeA-monoms
di=>1>1

= (e1)""(e2)"? - (e,)™ - (MémeA-mondmg.

e Conséguence intéressante :

Unique A-mondme semi-standard «<—— Unique fibré de Schur].




Théoreme. (M.) Le fibré gradué Gr*&CS T as-
socié au fibré £GGT% des k-jets de poids m de
Green-Griffiths s’identifie a la somme directe sui-
vante de fibrés de Schur : |

G éa,ngjk(: EB ( Pl én)T;()MZ,?z ..... £n7

1 >00>->0,20

avec des multiplicités MZZ; ¢ € N égales
au nombre de fois qu'un diégfamme de Young
YD, ¢,) dont les lignes ont les longueurs ¢ >
lo = --- = £ = 0 peut étre rempli par des entiers
strictement positifs )\g < k placeés a la i-eme ligne
et a la j-eme colonne de maniere a constituer un
tableau semi-standard, avec la contrainte supplé-
mentaire que la somme de tous ces entiers :

m=A4 A A A
TEDY EERURID N NP

Al g Al
soit égale au degré d’homogénéité prescrit m.

Inaccessibleavec les jets de Demailly-Semple :
Le plus haut niveau de jetsplafonnea :n =x =4




V — Caractéristique d’Euler-Poincaré

XX, EXT) = Y My, x (X, AT

by =20, 20

e Classes de Chern ¢, := ci.(Tx) = (—1)¥¢;.
e X? C P3(C) de dimension 2 :

2 3 03 2 92
(6,00) ) _ 1 — €2 0y 6 G2 0y 45
(X, ST = o3 |1 LT |
+O(|0F);
e Partitions de 2 :
2=240
=1+ 1.
e X3 C P*C) de dimension 3:
X(Xv P l1,62,03) T)*() _
5 5 5 4 4 4
¢t — 2cico + c3 I % g% %
- ol 11 5l b b by |+ 0! 21 4] G 6 6+
. . . 1 1 1 B . . 1 1 1
0y Ly 4

C
4 3

112! 3! 0 0, 0,

e Partitions de 3 :



e X* C P°(C) de dimension 4 :

X<X7 P l,02,03,04) T)*() _

4 2 2
c; —3cjca +c3+2cic3 —cy | 02 03

2

CiCo — c% — C1C3 + C4

o 11 217!

0! 11 3! 6!

CiC3 — ¢4

IR

4aad
a6 6o
0 6 L
11 1 1

e Partitions de 4 :

3 4y
_|_

0 0y Uy 4

1 1 1 1
60 2
03 0 L Tas o
U3 4 0! 1! 41 5]

1 1

oL
n C4 K% K%
11203141 | 61 43
/Yo

4=4+0+0+0
=3+1+0+0
=2+2+0+0
=2+1+1+0
=14+1+1+1




Théoreme. Les termes de plus haut degré par
rapport a |¢| = maxj¢;<p ¢; dans la caractéristique
d’Euler-Poincaré du fibré de Schur #6162 7%

R n(n+1) .
sont homogenes d’ordre O(|¢|~ 2 ) etils sont don-
nés par une somme de déterminants indexee par
toutes les partitions (vq,...,v,) den :

(-1)”X<X7 y(ﬁl,ﬁg ..... En)T;():

f’ v1+n—1 f’ r1+n—1 o El v1+n—1
1 2 n
Ce / vo+n—2 /! vo+n—2 g vatn=2
_ E : 1 2 B 4+
- (r1+n—10-- 1! E : :
v partition den VAL AL o ¢ o
1 2 n

n(n+1)
+o(Jg77 ),

ou ¢ := {; + n — i, avec des coefficients C,c qui
sont exprimés en termes des classes de Chern
c. = ¢x(Tx) de Tx au moyen des expressions
déterminantales de Giambelli, qui dépendent de la
partition conjuguée v :

Cue Cretl Coer2 o Culiin—1
Crs—1 Cu$ Cus+1 0 Cusn—2
CVC — C(yf,.. ve) — 2 .2 2 ) : . )
Coc—n+l Cvtnt+2 Cpent3 * - Cye

avec la convention que c;. .= 0 pour £ < 0 ou k > n,
et que ¢y = 1.

e Remplacer lest; par les; : Ne change rien, la diffé-
n(n+1)
rences ested(|(| 2 ).



VI — Comportements asymptotiques

e Objectif : Etudier la cohomologie de :

M/ﬁ;,m
Gr.gggT;( _ @ (y(fl,,€n>T;}) 51,...,&17
612267120
au moins asymptotiquement lorsque— oo etk — oo.

e Rappel :on en déduit immédiatement :
X(X, &59T%) = ME™ oy (X, AT,

e Cohérence des formules Retrouver d’abord la for-
mule de caractéristique :

m(/ﬂ—kl)n—l

(=) (k4 n — 1) nl

: {(_C1>n (log k)" + O((log /i)n_l)} 4 O(m(li—i—l)n—Q),
qui avait été calculée en 1979 par Green-Griffithens
décompose6r* &S5 TS en fibrés de Schur.

X (X, &E5Ty) =

e Se débarasser tout d’abord des restes :

Théoreme.

SooMpm, ol
2l >0

n+1)

1) —0 (m<li—|—1>n—2) |
b=

e Commentaire : La démonstration de cet énonceé auxi-
liaire est non triviale, car les multlpllclteM1 o, Ne
mn

sont pas réellement calculables explicitement.



n+1) _q
).

e Développement des determinants de Giambelli :

e Convention :Ne plus écrire les restes é‘n(]é]

X
= Z Poly@(cl, . ,cn)-

Z g? ggz gﬁn 1pPn

n—1"%*n

Br+Ba-+ B 1+ =151

e Réécrire artificiellement
6?1852 .. Zﬁn 16571 — (61_62 + 09 — €3 Lot gn—l o gn + gn)ﬁl
(lg—ls+ -4 Ly — Ly + gn)ﬁz

o Ré-exprimer'
X (X, Pttty = 57 Polyg (crs . c)-

Z (=)™ e (= )™ ()™

a1+---+an_1+an:”(”;1)

an <n

e Traiter separement chague/-monome :Calculer :

S M () (b ) ()

e Observation : Toutes ces sommes sont maintenant pu
rement numeriques!



Théoreme. Supposons gue l'ordre des jets x >
n est au moins égal a la dimension, et soient
aq,...,an_1,0n des entiers positifs ou nuls satis-

faisant :
oq+---+ozn_1+ozn:@ et: a, <n—l1.
Alors on a 'estimation logarithmique :
> (YT = YT - (G (YT) = £, (YT)) " (6 (YT)) ™ =

YT semi—standard
poids(YT)=m

= M (B ) (- 6) ()"

.....
012200

m(/ﬁ—i-l)n—l

S (s D=1

' {constn( log k) g 0, (log ) &"_1} + Ons (m<"t+1>”’_2).

e Difficulté principale : Les muItipIicitésMZ’T’gn!

Z (fl(YT) — éz(YT))Ozl . (gn—l(YT) . én(YT))an (fn(YT))an

YT semi—standard

poids(YT)=m
_ Onn(m(/ﬁ—i—l)n—Z)_i_
1
. m{s et 3 N N
(G On= 1) 2 Wl G ) B
(*) NM?_la---aMZjﬁ

n n n
Y 5oy —15Hy

(5 oyt ) s gy 4+ )

ayl -y Z Z

Gt = G5+t =an

1 1 )
(0<81<71 (51 + M%)qil 0<sn <" (Sn + o4+ Mz)q?n

~

1—1 1—1

S, [T N T PN

e Sous-multiplicités : N° ' 7T
( ? (
:ulv“'nuz' "y




¢ Visionnement des blocs de Young décroissants :

® @ cccce 0 O
1+1

e Colonnes-extremités d'un bloc semi-standard :

14641 l; - %0 g A% A% 0
)\1 ! . e )\17’ Iu,]1 S R R )\{ )\17)\2 ----- )\i V‘17 S RLOTRRLS
Ltlivr .. G J J J
Ay A | | | M2 I P2
1‘}‘6'4_1 o o o g@ ] ] ]
A A 14 A ;|

e Colonnes distinctes :

j J J
i A Y1
] ] ]
1%
Kol ... < X <.oo< P20
J J J
I A Vi

e Synthese diagrammatique :

* A

[ A AT di-T [ dy—1]
| 7 AT —
— — 1 1
Hy 11T B i b Eﬁ b
1 1 di—1 di—1 2
3 N o N 2% 3 3
. . 3 3
dy dy di—1 di—1
o, 1 Vay—1f | |Wa,—1 Vi, —1
d1 le — — — —
| M, dy




e Visionner le voisinage entre blocs géneraux :

—Z+T* _7;+T>* i B s K
(41 1 (1 4l
i+1 i+1 ;
Lo @) (1 9
. . ’
i+1 i+1 ]
i 1 Vi 1 o Vi
it i+ | == =k
it ] Ui+l

e Chemins de longueur maximale :

- % - =4
1 1 _1_* _1_* ” 1= -
2 2 I 2 2 % % H H LG
’ S | [N O R B | I | e
: k—1
n — 1 n— 1 -1 K
n K = ‘V —
= K—n—+2
k—n—+1

e \Wronskien n-dimensionnel :

i Lo fia

! i A " 1"

1 2 3 n—1 n

1,2,3,...n—1n {// éﬂ ?/>// T 7/1//_1 frlz//

A =1 . , o .

n—1 n—1 n—1 n—1 n_1
o g oy gy

fl(n) f2(n) fén) o fT(;i)l fr(zn)

e Multiplicités et longueurs :




( bh=0123 . n-1nt " +0123  n-1x
b1 —lp=0a123 . n-1+ +0a123 . &«

)

l3—Lly=a193+ -+ a124
lo—l3=ua19+ - +aj,
(1 —4lo=a1+ -+ ag.

\

e Contrainte de poids :

m=[1+2+3+-+n—1+njaroz nant--+[1+2+3+ - +n—1+kla23 n1st
1 +2434 - +n—1aes w1+ 4+ [1+2+3+ -+ r]araz xt

+ [1+243Jaros+ -+ [1+ 2+ Klarg,+

+ [1+2]aro+ -+ [1+ &]ar,+
+ mal +F [K]aﬁ;

e Nombre maximal de colonnes distinctes :

d d dy—1: dp—1- * * * R [P 1
ey vy M vy “:13 V:13 /g V12 [”Jk'“[yl]*
,ug l/;l ,ug - 1/3 -t Ha LN |25 Vo| ——
d v udl—l pii=1 M% ,jg #< Dy

3 3 3 3 — >
# < D2
. —
# < D3
() d d; di—1 di—1
L _ _
Ndld—l le(fl dy—1 Vi, —1
1 L
Hay | Vaq
#<D 1
#<D

Lemme. Le nombre total de colonnes distinctes
deux a deux dans un tableau semi-standard de

profondeur < n rempli par des entiers )\g < kK est

toujours < nk — w




e Chemins entre colonnes:

v {0, L,2,... ,TZ} —— colonnes décroissantes € {1, ..., Kk}’

e Inégalités strictes :

] ok *

i =4(0) i (1)] i (s") (T =1
=0 e el el = v
=70 |[v) i (s")) (1) = v}
e Bloc associé :
O] paa)]” P A
block (1) := WO ()] el el
VO] b)) )] i)

e Familles asymptotiquement négligeables deA-
mondmes :

Proposition. Pour tous entiers aq,...,an—1, oy

, N 1 . i
dont la somme est égale a ”<”2+ ) la contribution

de :

ST (BT = BT e (G (YT) = LY (L (YT)) ™ <
YTeNYm

1)n—2
< Constant,, , - mEtn

est asymptotiguement négligeable en comparaison
(k+1)n—1

am

e Familles significatives deA-monomesAinsi, il reste
a etudier la collection de toutes les familles de tableau



semi-standard :
YT v VTem (v, 77 (5"))
IR ELRUCH
?:1(1+Ti) = m{_—n(nQ—l)
dont le nombre de colonnes distinctes deux a deux e

maximal, égal &x — ”<"2_1>. En voici une description :

Proposition. Le nombreD de colonnes deux a deux dis-
tinctes dans un tableau semi-standard tel que représen

dans la «synthese diagrammatique » ci-dessus est to
n(n—1)

jours < nk — —=—. De plus, un tableau semi-standard
donné atteint le nombre maximal :
D =nk — —n<n2_1>

de colonnes distinctes deux a deux si et seulement si |
conditions suivantes sont toutes satisfaites :

e |a profondeur du tableau est maximalé; = n ;

e des blocks non vides de toute profondeur=
1,2.3,...,n — 1,n existent, de telle sorte que le
nombre de ces block est maximal, égal a

e la x-colonne extréme-gauche du tableau corres
pond au Wronskieﬂ}’g’g"“ﬁj’z reproduit un cer-

tain nombrex > 1 de fois;

e |la composante inférieure droite de chaque block es

maximale :

n—1 n :
V]_:VQZVS:...:VTL—l:VTL:I{'?



n—1

n

u’f’z 3] /@ ' {/@T [u%}*l[uﬂ*--- K]
- u% SR IV k| fe——
n— ‘ 1471
L —
/ 3. -
K

e les entrées de toute paire de colonnes bordante
(sauf la derniere de la p
lonnes, egale &) sont ega

us longue des deux co
es:

-
vy

(10
Ho

+

Vz+1

7+1
v

1 _ 07"
1*#1

i+l i
Vo' = Ha

_ i
i—1 — Mi—1

i T* i _ o i—17*
! V1= H
1 ¥ (2
H2 Vg = Ko
i i i1
Hi—1 Vi = M1
3
o K

de profondeut, pour: = 1,2.3,...,n — 1,n, est
maximale, égal a :
L 7h= L (= )+ (= o)+ (g 2y — pig) + (6 — )

1—1 1
=Lnty pt=) m
[=1 [=1

de telle sorte que le nombre total de colonne dis:
tinctes deux a deux est donc effectivement égal a

A+ + 0+ + () + o (L) + () =ntns— ) uf

=1
n(n—1) '

=Nk — 5

Grande endurance requise dans les démonstrations




VIl — Spéculations prospectives

e Apparition de poly-logarithmes et de constantes
d’Euler généralisees.

=4

«Mer intérieur » de calculs fins possibles.

e Décider d’une «charniere critique » entre I'Algebre

et I'’Analyse : En quel endroit remplacer les calculs al-
gebriques explicites complets par des majorations d’an:
lyste ?

e Grande liberté de choixpour '« effort en calcul»!

e Décroissance conjecturale des dimensions cohomo-
logiques :En fait, puisque la dualité de Serre et un théo-
reme d’annulation connu assurent que la contribution a |
caractéristiqgue de la derniere dimension cohomologique

A (X ,é‘)GGTX)—dlmHn( ,éaGG TY)

s’annule, on pourrait méme s’attendre a ce quélesa-
tisfassent daneilleures inégalités lorsque: augmente
del an, que celles qui sont conjecturees.

Fin des méditations métaphysiques pour aujourd’hui




