
A Künneth formula for nearby cycles
Weizhe Zheng1

The goal of this appendix is to give a short proof of Illusie’s Künneth formula for
the nearby cycle functor RΨ over general bases [I, Theorem 2.3], by imitating the
proof of the Künneth formula for the direct image functor Rf∗ over a field [SGA5 III
(1.6.4)]. We also discuss a couple of projection formulas related to RΨ, which were
proved earlier by Takeshi Saito under slightly different assumptions [S2, Section 3.1].
This appendix owes very much to the work of Luc Illusie and Takeshi Saito.

Let Λ be a commutative ring.

Definition A.1. We say that a morphism of schemes f : X → Y satisfies (∗) if
there exists an open covering (Uα) of X and integers (Nα) such that for every
geometric point x of Uα, the functor f(x)∗ has Λ-cohomological dimension ≤ Nα.
Here f(x) : X(x) → Y(x) denotes the strict localization of f at x and Y(x) denotes the
strict localization of Y at the geometric point x→ X

f−→ Y . We say that f satisfies
(∗) universally if every base change of f satisfies (∗).

It follows from a result of Gabber [O, Proposition 3.1] that, if Λ is torsion and
f is locally of finite type, then f satisfies (∗) universally. See [I, Corollary 1.15].

Following [I, Definition 1.5], we say that a pair (f,K), where f : X → Y is a
morphism of schemes and K ∈ D(X,Λ), is Ψ-good if RΨfK commutes with base
change by every morphism of schemes Y ′ → Y . Note that, by the compatibility of
base change maps with composition, if (f,K) is Ψ-good, then (f ′, K ′) is Ψ-good for
any base change f ′ : X ′ → Y ′ of f . Here K ′ denotes the restriction of K to X ′.

Remark A.2. Note that condition (∗) implies that the description of RΨfK by sec-
tions [I, (1.12.6)] extends to the unbounded derived category: for all K ∈ D(X,Λ),
we have

(A.2.1) σ∗xRΨfK ' Rf(x)∗K(x).

By this description, if either K is in D+(X,Λ) or f satisfies (∗) universally, then we
have the following equivalences:
(1) (f,K) is Ψ-good if and only if for every geometric point x of X, Rf(x)∗K(x),

where K(x) denotes the restriction of K to X(x), commutes with localized base
change: for any commutative square of strictly local schemes and local mor-
phisms

X ′ h //

f ′

��

X(x)

f(x)
��

Y ′
g // Y(y)
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that is essentially Cartesian in the sense that the induced morphism X ′ →
X(x) ×Y(y) Y

′ is a strict localization, the base change map g∗Rf(x)∗K(x) →
Rf ′∗h

∗K(x) is an isomorphism.
(2) RΨfK commutes with locally quasi-finite base change if and only if for every

geometric point x of X, Rf(x)∗K(x) commutes with finite base change. In the
case where Y is quasi-compact and quasi-separated, this is further equivalent,
by Zariski’s Main Theorem, to the condition that RΨfK commutes with finite
base change.

The following is a slight generalization of Illusie’s Künneth formula for RΨ [I,
Theorem 2.3].

Theorem A.3 (Künneth formula for RΨ). Let S be a scheme. Let fi : Xi → Yi, i =
1, 2 be morphisms of schemes over S satisfying (∗) universally. Let Ki ∈ D−(Xi,Λ),
i = 1, 2. Assume either
(1) (f1, K1) and (f2, K2) are Ψ-good; or
(2) Y1 = Y2 = S, (f2, K2) is Ψ-good, and RΨf1K1 commutes with locally quasi-

finite base change.
Then the Künneth map

c : RΨf1K1 �
L
S RΨf2K2 → RΨfK

is an isomorphism. Here f = f1 ×S f2 : X = X1 ×S X2 → Y1 ×S Y2 = Y , K =
K1 �L

S K2.

Note that case (1) follows from case (2) applied to the base change of f1 and f2
to Y .

Proof. Note that c is an isomorphism if and only if, for each geometric point x of
X, the map σ∗xc is an isomorphism. By (A.2.1), σ∗xc is the local Künneth map

(A.3.1) Rf1(x)∗K1(x) �
L
S(x)

Rf2(x)∗K2(x) → Rf(x)∗(K1(x) �
L
S(x)

K2(x)).

Here fi(x) denotes the strict localization of fi at (the image of) x, Ki(x) denotes the
restriction of Ki to Xi(x), and K1(x) �L

S(x)
K2(x) denotes p∗1K1(x) ⊗L p∗2K2(x), where

pi : X(x) → Xi(x) is the strict localization of the projection at x, and similarly for the
�L
S(x)

on the left. We imitate the proof of the Künneth formula for Rf∗ over a field
[SGA5 III (1.6.4)] as follows. Since (f1(x), f2(x)) = (f1(x), id)(id, f2(x)), we are reduced
to showing that the local Künneth maps for (a) ((id, f2(x)), (K1(x), K2(x))) and (b)
((f1(x), id), (K1(x), Rf2(x)∗K2(x))) are isomorphisms. By symmetry, since (id, K1) is
Ψ-good, case (a) follows from case (1b). We are thus reduced to showing the fol-
lowing generalization of (b): for all K ′2 ∈ D−(Y2(x),Λ), the local Künneth map for
((f1(x), id), (K1(x), K

′
2)) is an isomorphism. Consider the commutative diagram with

essentially Cartesian squares

X(x)
f(x) //

p1

��

Y(x)
q2 //

q1

��

Y2(x)

��
X1(x)

f1(x) // Y1(x) // S(x).
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The local Künneth map is the composition

q∗1Rf1(x)∗K1(x) ⊗L q∗2K ′2
a−→ Rf(x)∗p

∗
1K1(x) ⊗L q∗2K ′2

b−→ Rf(x)∗(p∗1K1(x) ⊗L f ∗(x)q
∗
2K
′
2),

where the projection formula map b is an isomorphism by [SGA41
2 , Th. finitude,

App., Remarque 1.2 a)] and the assumption that Rf(x)∗p
∗
1K1(x) commutes with finite

base change. The base change map a is trivial in case (2), and an isomorphism by
the assumption that (f1, K1) is Ψ-good in case (1).

The following is a variant of [I, Corollary 2.5].

Corollary A.4. Let fi : Xi → S, i = 1, 2 be morphisms of schemes satisfying (∗)
universally. Let Ki ∈ Db(Xi,Λ), i = 1, 2 such that K = K1 �L

S K2 ∈ Db(X1 ×S
X2,Λ). Assume that (f1, K1) is locally acyclic and (f2, K2) is universally locally
acyclic. Then (f1 ×S f2, K) is locally acyclic.

Proof. This follows from Theorem A.3 (2) and the fact that a pair (f,K) with
K ∈ D+ is locally acyclic if and only if RΦfK vanishes and commutes with locally
quasi-finite base change ([S1, Proposition 1.7], [I, Example 1.7 (b)]).

Remark A.5.
(1) The result of [SGA41

2 , Th. finitude, App., Remarque 1.2 a)] extends in fact
to the case where F ∈ D(S,Aop) is unbounded. Indeed, Rf∗ commutes with
small direct sums by [KS, Proposition 14.3.4 (ii)], and we reduce to the case
F ∈ D−(S,Aop) by [KS, Lemma 14.4.1].

(2) Similarly, for any morphism of schemes f : X → Y satisfying (∗), the functor
RΨf : D(X,Λ) → D(X

←
×Y Y,Λ) commutes with small direct sums by [KS,

Proposition 14.3.4 (ii)].

Recall that RΨidY
' p∗2, where p2 : Y

←
×Y Y → Y is the second projection. Thus,

in the case where Y1 = Y2 = S and f2 = id, the Künneth formula reduces to
a projection formula. The latter extends to the case where K2 is unbounded as
follows.

Proposition A.6 (Projection formula for RΨf ). Let f : X → Y be a morphism of
schemes satisfying (∗) universally. Let K ∈ D−(X,Λ) be such that RΨfK commutes
with locally quasi-finite base change. Let M ∈ D(Y,Λ). Then the projection formula
map

b : RΨfK ⊗L p∗2,fM → RΨf (K ⊗L f ∗M)

is an isomorphism. Here p2,f : X
←
×Y Y → Y is the second projection.

Proof. This follows from Theorem A.3 (2) and Remark A.5 (2). We can also prove it
directly as follows. By (A.2.1), for any geometric point x of X, σ∗xb is the projection
formula map Rf(x)∗K(x)⊗LM(x) → Rf(x)∗(K(x)⊗Lf ∗(x)M(x)), which is an isomorphism
by Remark A.5 (1). Here as before M(x) denotes the restriction of M to Y(x).

Next we discuss another projection formula.
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Proposition A.7 (Projection formula for R(id
←
× g)∗). Let X

f−→ Y
g−→ Z be mor-

phisms of schemes, g satisfying (∗). Then, for all K ∈ D(X
←
×Y Y,Λ) and M ∈

D(X,Λ), the projection formula map

b : R(idX
←
× g)∗K ⊗L p∗1,gfM → R(idX

←
× g)∗(K ⊗L p∗1,fM)

is an isomorphism. Here idX
←
× g : X

←
×Y Y → X

←
×Z Z is the morphism induced by

g, and p1,f : X
←
×Y Y → Y and p1,gf : X

←
×Z Z → X are the first projections.

Note that if K = p∗2,fK
′ for some K ′ ∈ D(Y,Λ), then

R(idX
←
× g)∗K ' R(idX

←
× g)∗(f

←
× idY )∗RΨidY

K ′

' (f
←
× idZ)∗R(idY

←
× g)∗RΨidY

K ′ ' (f
←
× idZ)∗RΨgK

′.

Here the second isomorphism is a trivial base change (see Lemma A.9 below). The
case K ′ = Λ of the projection formula is used in [I, Proposition 1.16].

Proof. The assumption (∗) implies that the description of R(idX
←
× g)∗ by sections [I,

Proposition 1.13] holds in the unbounded derived category: for any L ∈ D(X
←
×Y Y,Λ)

and for any geometric point x of X, we have

(A.7.1) σ∗xR(idY
←
× g)∗L ' Rg(x)∗σ

∗
xL.

Thus σ∗xb is the projection formula map Rg(x)∗Kx⊗LMx → Rg(x)∗(Kx⊗LMx), where
Kx is the restriction of K to x

←
×Y Y , and Mx is the stalk of M at x. It suffices to

apply the following trivial projection formula.

Lemma A.8 (Trivial projection formula). Let f : X → Y be a morphism of topoi
such that Rqf∗ : Shv(X,Λ) → Shv(Y,Λ) commutes with small direct sums for all q
and vanishes for q sufficiently large. Then, for all K ∈ D(X,Λ) and M ∈ D(Λ),
the projection formula map

Rf∗K ⊗LM → Rf∗(K ⊗LM)

is an isomorphism.

The assumption that Rqf∗ commutes with small direct sums is satisfied if X is
algebraic, Y is locally coherent, and f is coherent [SGA4 VI Théorème 5.1].

Proof. Again by [KS, Proposition 14.3.4 (ii)], Rf∗ commutes with small direct sums.
Thus by [KS, Lemma 14.4.1] we may assume that K,M ∈ D−. Taking a free
resolution of M , we reduce to the trivial case where M = Λ.

Lemma A.9 (Trivial base change). Let X f−→ X ′ → Y
g−→ Z be morphisms of

schemes. Consider the square of topoi

X
←
×Y Y

f
←
× idY//

idX

←
× g ��

X ′
←
×Y Y

idX′
←
× g

��

X
←
×Z Z

f
←
× idZ// X ′

←
×Z Z,
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commutative up to canonical isomorphism. Let K ∈ D(X ′
←
×Y Y ). Assume K ∈ D+

or that g satisfies (∗). Then the base change map

a : (f
←
× idZ)∗R(idX′

←
× g)∗K → R(idX

←
× g)∗(f

←
× idY )∗K

is an isomorphism.

Proof. By (A.7.1), for any geometric point x of X, σ∗xa can be identified with the
identity on Rg(x)∗Kx.
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