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Introduction

The conjecture of Helffer-Nourrigat, which was formulated in its
local version (1979), has been solved recently (2022) by Iakovos
Androulidakis, Omar Mohsen and Robert Yuncken.
After some reminder on the history of the conjecture, I would like
to discuss some remaining problems around the microlocal version
and if time permits some applications obtained along the years to
the spectral properties of Schrödinger operators with or without
magnetic fields, Witten Laplacians, Fokker-Planck operators.

This talk has benefited in its preparation from discussions with
O. Mohsen and J. Nourrigat.
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Rockland’s conjecture

Theorem of Helffer-Nourrigat (1979)

Let G = G1 ⊕ · · · ⊕ Gr a graded stratified Lie algebra and let
P ∈ Um(G), then the three following conditions are equivalent

1. P is hypoelliptic in G (G = expG is the associated Lie group
and P is identified with a left invariant operator on G ).

2. For any non trivial irreducible representation in Ĝ , π(P) is
injective in Sπ, the space of C∞ vectors of the representation.

3. For any Q ∈ Um(G), there exists CQ s.t. for any π ∈ Ĝ , any
u ∈ Sπ we have

||π(Q)u||2 ≤ CQ ||π(P)u||2
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Historics

I The formulation of the conjecture is due to Charles Rockland
(1976) (published in (1978) [40]) who proves the conjecture in
the case of the Heisenberg group.

I B. Helffer and R. Beals observed independently that when
r = 2 the theorem, modulo the establishment of a dictionary,
was a consequence of general theorems about the
hypoellipticity of operators with multiple characteristics
(J. Sjöstrand (1974), L. Boutet de Monvel (1974), Boutet de
Monvel-Grigis-Helffer (1976)). The proof (for the two last
papers) was based on a very nice class of pseudo-differential
operators introduced by L. Boutet de Monvel and adapted
with operators with multiple characteristics.

I Extension to nondifferential convolution operators is
considered by P. Glowacki in [10].

Bernard Helffer6 Around Helffer-Nourrigat Conjecture (history, proof, open questions, applications)



I R. Beals (1977) also proves in full generality ”(1) implies (2)”.
Helffer and Nourrigat prove that ”(2) implies (3)” in two
steps: first r = 3 (1978) and one year later the general case.
Kirillov’s theory [32] plays an important role but cannot be
used as a black box.
The feeling at this time was that one cannot use a standard
class of pseudo-differential operators and that r = 2 was in
some sense the limit for this kind of approach.

I Since this proof, only A. Melin (1981) gives a partially
alternative proof using a group adapted pseudo-differential
calculus but he can not avoid to use an important step of
Helffer-Nourrigat’s proof to complete his proof. See also later
[5], P. Glowacki [11] and references therein.

I More properties of the so-called positive Rockland’s operators
are presented in the book of V. Fischer and M. Ruzhansky [8].
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Towards Helffer-Nourrigat’s conjecture
At about the same time appears the fundamental paper of
Rothschild-Stein (1976) (C. Rockland is citing the paper which
was submitted to Acta in June 1975) which gives a new light on
the paper of Lars Hörmander (1967) on the operator

∑
X 2
j + X0,

where the Xj ’s are vector fields satisfying the celebrated

Hörmander condition (CH)r

The Xj and all their brackets up to rank r generate at each point
the whole tangent space.

We write (CH)r (x) if the condition is satisfied at x .
One important step was that this condition implies

||u||21/r ≤ C
(∑

j

||Xju||2 + ||u||22
)
.

Except Kohn’s paper (1973) giving an alternative easier proof of
the hypoellipticity (but with weaker estimates), no progress was
done except in the case r = 2 (see above).
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From the PDE point of view, the interest of the paper by
Rotschild-Stein was that they get maximal estimates for an
operator in the form

P :=
∑
|α|≤m

aα(x)Xα

i.e. it holds∑
|α|≤m

||Xαu||2 ≤ C
(
||Pu||2 + ||u||2

)
, ∀u ∈ C∞0 ,

as a consequence of construction of a nice calculus modelled on
nilpotent groups.
Note that the two inequalities imply hypoellipticity but maximal
hypoellipticity is much stronger.
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Without to enter in the details, I would like to mention the
following points

I The Lifting theorem (see also Folland, Hörmander–Melin,
Helffer-Nourrigat). This lifting (addition of variable) permits
to associate with a polynomial of vector fields∑
|α|≤m aα(x)Xα an operator

∑
|α|≤m aα(λ(x))X̃α where the

X̃j are this time well approximated by corresponding Yj

generating a free nilpotent, stratified, Lie Algebra of rank r
with p generators.

I Assuming that

Px0 :=
∑
|α|=m

aα(x0)Y α

is hypoelliptic for any x0, a singular integral calculus for
hypoelliptic operators which are polynomial of these vector
fields.
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If this approach worked perfectly well for
∑

j X
2
j or more generally

for
∑

j X
2k
j (the lifted operator is hypoelliptic), this does not work

in general. Hence the assumption that Px0 :=
∑
|α|=m aα(x0)Y α is

hypoelliptic is too strong.
The first idea was to consider the case when the lifting can be
done with a smaller Lie Algebra. This case was for example
considered by L.P. Rothschild (1979) (see also G. Métivier for the
corresponding theory) and combined with the proved Rockland’s
Conjecture.
Thinking of Rockland’s conjecture and many particular cases
(Grushin’s like results) one is led to the formulation of our
conjecture.
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Conjecture of Helffer-Nourrigat (1979)

Conjecture

We assume that at some point x0 the vector fields Xi satisfy
(CH)r (x0). Then there exists a closed subset Γ̂x0 in Ĝ such that
the following conditions are equivalent

1. P is maximally hypoelliptic in x0

2. For any non trivial representation π in Γ̂x0 , π(Px0) is injective
Sπ.

The conjecture gives in addition the candidate !
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If λ is the lifting map, i.e. the unique linear application of G into
the algebra of the vector fiels defined on Ω such that

λ(Yi ) = Xi

which is a partial homomorphism of rank r , we define λx by
λx(a) = λ(a)(x) and denote by λ∗x the transposed map.

Definition of Γx

Assuming (CH)r (x0) we introduce Γx0 ⊂ G∗ as the set of the `
such that there exists a sequence (tn, xn, ξn) in R+ × T ∗Ω \ {0}
such that 

tn → 0 , xn → x0, |ξn| → +∞
trn|ξn| is bounded
` = limn→+∞ δ

∗
tnλ
∗
xnξn .

One can prove that Γx0 is a closed set in G∗ which is invariant by

dilation and by the coadjoint action of G on G∗. By definition Γ̂x0

is the corresponding set (via Kirillov’s theory) in Ĝ .
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The book of 1985 by B. Helffer and J. Nourrigat [24]

The book is the result of five years of investigations around this
conjecture by the two authors separately or together. It presents
the proof of Rockland’s conjecture in a self contained way.

Then it explores particular cases where the conjecture of
Helffer-Nourrigat can be proved.

The book is also exploring cases where one can make Rockland’s
conditions more explicit, in particular for the analysis of problems
connected with complex analysis ∂̄b, 2b.
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The following result obtained by J. Nourrigat in 1987 ([36]) is
enlightning for some of the techniques appearing in the proof of
Rockland’s Conjecture and other results in the book

Nourrigat’s Theorem

Let F be a closed subset of G∗ stable by dilation and the coadjoint
action of G . Let P ∈ Um(G).
Then if π`(P) is injective for any ` ∈ F \ {0}, then there exists a
constant C > 0 such that for any Q ∈ Um(G), there exists CQ s.t.

for any π ∈ F̂ , any u ∈ Sπ we have

||π(Q)u|| ≤ CQ ||π(P)u||
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Note that this result can have many other applications than for
Hypoellipticity. The case when F = G∗ corresponds to Rockland’s
conjecture. The case when F = G .H⊥ where H is a graded
subalgebra of G appears also naturally and was analyzed in the
book.
In 1998, W. Hebisch [14] (Theorem 2) gives a nice simple proof of
this theorem, modulo the extension of Rockland’s conjecture and
some adapted pseudo-differential calculus due to [5].
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Proof of the local conjecture in full generality

Around 40 years later the conjecture of Helffer-Nourrigat is proven
(2022) by Ianivos Androulidakis, Omar Mohsen and Robert
Yuncken [1] by mixing the proved Rockland’s conjecture with
techniques coming from the C ∗-algebra theory (see for the
complete references in their paper and in the following talks in this
conference by the two last authors).

As a consequence, one can recovers in a more general way results
by H. Maire and many results mentioned in the two books [24] and
[19] for semi-classical aspects.
We hope that it is not the end of the story since a ”microlocal”
version of the conjecture is left open and this is what we want to
discuss now following mainly J. Nourrigat.
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Microlocal questions

In order to present the problem ”microlocally”, one has

I first to mention a microlocalized version of Hörmander-Kohn
inequality (due to Bolley-Camus-Nourrigat [3]),

I then to give a microlocalized definition of maximal estimates,

I and finally to give the microlocal definition of Γx .
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To the vector field Xj =
∑

k ajk(x)∂xk , we can attach its symbol

Uj(x , ξ) = i
∑
k

ajk(x)ξk .

The symbol of [Xj ,Xk ] is the Poisson bracket −i{Uj ,Uk}.
In other words, Xj can be considered as a pseudo-differential
operator of symbol Uj and of degree 1

Microlocalized Hörmander condition (CH)r (x0, ξ0)

Let (x0, ξ0) ∈ T ∗Ω \ {0}. We say that (CH)r (x0, ξ0) holds if the
system of the Uj and all their Poisson brackets up to rank r is
elliptic at (x0, ξ0).

This definition immediately extends to pseudo-differential
operators Uj(x ,Dx) of degree one with purely imaginary symbols.
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Bolley-Camus-Nourrigat have shown in [3]

BoCaNo theorem

If (CH)r (x0, ξ0) holds, then there exists a pseudo-differential
operator of degree 0 ψ(x ,Dx), elliptic at (x0, ξ0) such that

||ψ(x ,Dx)u||21/r ≤ C
(∑

j

||Uj(x ,Dx)u||2 + ||u||22
)
.
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Definition of Γx0,ξ0

Let (x0, ξ0) ∈ T ∗Ω \ {0} and assume (CH)r (x0, ξ0).
Γx0,ξ0 ⊂ G∗ is the set of the ` such that there exists a sequence
(tn, xn, ξn) in R+ × T ∗Ω \ {0} such that

tn → 0 , xn → x0, |ξn| → +∞, ξn/|ξn| → ξ0/|ξ0|
trn|ξn| is bounded
` = limn→+∞ δ

∗
tnλ
∗
xnξn .

The last condition can also be written in the following way:
For any bracket YI of length |I | of the generators of G we have

`(YI ) = (−i)|I | lim
n→+∞

t
|I |
n UI (xn, ξn) ,

where UI denotes the iterated Poisson bracket of the symbols of
the pseudo-differential operators Ui . In this way we can define
Γx0,ξ0 for a family of pseudo-differential operators of degree one Ui

satisfying (CH)r (x0, ξ0). Note that Γx0,ξ0 is a closed G -invariant
cone.
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Maximal Microhypoellipticity

We consider an operator in the form

P :=
∑
|α|≤m

aα(x)Uα

More generally one can replace aα(x) by pseudo-differential
operators of order 0: aα(x ,Dx).
We say that P is maximally microhypoelliptic at (x0, ξ0) if there
exists a pseudo-differential operator of degree 0 ψ(x ,Dx), elliptic
at (x0, ξ0) such that∑

|α|≤m

||ψ(x ,Dx)Uαu||2 ≤ C
(
||Pu||2 + ||u||2

)
, ∀u ∈ C∞0 ,

Together with (CH)r (x0, ξ0) this implies micro-hypoellipticity at
(x0, ξ0).
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Microlocal conjecture

Conjecture

We assume that at some point (x0, ξ0) the operators Ui satisfy
(CH)r (x0, ξ0). Then the following conditions are equivalent

1. P is maximally microhypoelliptic at (x0, ξ0)

2. For any non trivial representation π in Γ̂x0,ξ0 , π(Px0,ξ0) is
injective Sπ, where

Px0,ξ0 :=
∑
|α|=m

aα(x0, ξ0)Y α .
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J. Nourrigat has shown the necessary part. The sufficient part is
rather well understood when r = 2 since the end of the seventies.
J. Nourrigat has shown in [37] the sufficiency part for a class of
systems of order 1 (see in the next slides). The proof is extremely
technical, and inspired by Fefferman-Phong techniques.
There is a tentative to give another formulation of the microlocal
conjecture by C. Rockland [41] in 1987.
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Applications by J. Nourrigat 1986-1991

J. Nourrigat has focused on a system of pseudo-differential
operators in the form

Lj = Uj + iU2p+j ,

where the Uj ’s are pseudo-differential operators of order 1 with
purely imaginary principal symbol. Given (x0, ξ0) ∈ Ω× Rn \ {0}
and assuming to simplify (CH)r (x0, ξ0) we say that the system
(L1, . . . , Lp) is microlocally maximally hypoelliptic at (x0, ξ0) if
there exists a neighborhood V of x0 and a pseudo-differential
operator of order 0 elliptic at (x0, ξ0) such that

2p∑
j=1

||ψ(x ,D)Uju|| ≤ C
( p∑

j=1

||Lju||+ ||u||
)
,

for all u ∈ C∞0 (V ).
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As a consequence, he gives a new proof af the Egorov theorem for
subelliptic operators, and an extension to overdetermined systems.
In some cases, the abstract condition could be made more explicit:
some functions should have no local minimum. The most
interesting is perhaps the case on an overdetermined system of
complex vector fields.
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Following [38] and a recent communication of J. Nourrigat

The case p = 1 is already quite interesting.

Egorov-Hörmander Theorem

We assume that (CH)r (x0, ξ0), (Ψ)(x0, ξ0)-condition and
grad x ,ξU1(x0, ξ0) 6= 0. Then U1 + iU2 is maximally

microhypoelliptic at (x0, ξ0).

Here the (Ψ) condition at (x0, ξ0) is defined by

(Ψ)(x0, ξ0)-condition

There exists a conic neighborhood W of (x0, ξ0) and there is no
complex valued, non zero, positively homogeneous q in W such
that Im (q(U1 + iU2) changes of sign from + to − when moving
along a bicharacteristic curve of Re (q(U1 + iU2).
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One can then apply the microlocal Rockland like criterion (proved
in this case by J. Nourrigat) and determine rather explicitly the
cone Γx0,ξ0 when U1(x0, ξ0) = U2(x0, ξ0) = 0 . Condition (Ψ)
implies that the only irreducible representations involved in Γx0,ξ0

can be defined on L2(Rs) with 0 ≤ s ≤ 2.
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For s = 2 the condition (Ψ) implies that there exists a unitary
operator U in L2(R2) such that

U−1π(Y1)U =
∂

∂x1

U−1π(Y2)U = A2(x1)
∂

∂x2
+ iB(x)

where B is a polynomial and

x1 7→ F (x1, x2, ξ2) := A2(x1)ξ2 + B(x1, x2)

does not change of sign from + to − as x1 is increasing.
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It remains then to show that

∂

∂x1
+ iA2(x1)

∂

∂x2
− B(x1, x2)

is injective in S(R2). This can be shown by using the maximum
principle.
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When s = 1, (Ψ) implies that there exists a unitary operator U in
L2(R) such that

U−1π(Y1)U =
d

dx

U−1π(Y2)U = iB(x)

where B is a polynomial and

x 7→ B(x)

does not change of sign from + to − as x is increasing.
It remains then to show that

d

dx
− B(x)

is injective in S(R).
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Maximal inequalities independently of hypoellipticity

Maximal estimates are not only important for proving
hypoellipticity but can also be useful for the analysis of the
domains of operators occurring in mathematical Physics. Many of
these operators appear in the form π(P) where π is not necessarily
an irreducible representation, but simply an induced representation.

We will focus on the Schrödinger operator −∆ + V where V is not
necessarily real and on the Fokker-Planck operator in order to
present more recent results. Other applications in semi-classical
analysis are discussed in [19] (2005).
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Applications to the Schrödinger operator (2017)

The aim is to review and compare the spectral properties of (the
closed extension of ) −∆ + U (U ≥ 0) and −∆ + iV in L2(Rd) for
C∞ potentials U or V with polynomial behavior.
The most recent results have been in collaboration with Y. Almog
or with J. Nourrigat.
By maximal inequalities, we mean the existence of C > 0 s. t.

||u||2H2 + ||Uu||2L2 ≤ C
(
||(−∆ + U)u||2L2 + ||u||2L2

)
, ∀u ∈ C∞0 (Rd) ,

(1)
or

||u||2H2 + ||Vu||2 ≤ C
(
||(−∆ + iV )u||2 + ||u||2

)
, ∀u ∈ C∞0 (Rd) .

(2)
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We can also discuss the magnetic case:

PA,V = −∆A + W :=
d∑

j=1

(Dxj − Aj(x))2 + W (x) ,

(with W = U + iV ) and the notion of maximal regularity is
expressed in terms of the magnetic Sobolev spaces.
The question of analyzing −∆ + iV or more generally
PA,iV := −∆A + iV appears in many situations:

I Time dependent Ginzburg-Landau theory:

(D2
x + (Dy −

x2

2
)2 + iy

I Bloch-Torrey (complex Airy) equation

−∆ + ix

Moreover, V does not satisfy necessarily a sign condition V ≤ 0 as
for dissipative systems.
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Maximal regularity

We only mention L2 estimates. In the case, when U =
∑

j Uj(x)2,

the maximal L2 estimate is obtained as a byproduct of the analysis
of the hypoellipticity.
This was then generalized to the case when U is a positive
polynomial by J. Nourrigat in 1990 (unpublished) and then used by
his PHD D. Guibourg [13] (1992), which considers the case when
the electric potential is real W = U ≥ 0 and the magnetic
potential A are polynomials.
See also Zhong (1993), Z. Shen (1995) [44] and Mba-Yébé (1995).

The analysis of −∆ + iV seems more recent.
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Maximal estimates for −∆ + iV
For V ∈ C∞, we introduce:

I (H1) ∃C2 ≥ 1 and ∃r ∈ N s.t. , ∀x ∈ Rd , ∀R > 0,

1

C2
sup

|y−x |≤R
|V (y)| ≤

∑
|α|≤r

R |α||∂αV (x)| ≤ C2 sup
|y−x |≤R

|V (y)| .

I (H2(r)) ∃C0 > 0 and ∃r ∈ N s.t.

max
|β|=r+1

|Dβ
x V (x)| ≤ C0 m(x) ,

where

m(x) := m
(r)
V (x) =

√∑
|α|≤r

|Dα
x V (x)|2 + 1 .

We note that any polynomial of degree r satisfies these conditions.
Bernard Helffer36 Around Helffer-Nourrigat Conjecture (history, proof, open questions, applications)



Main theorem

Theorem (Helffer-Nourrigat 2017)

If V satisfies for some r ∈ N assumptions (H1) and (H2), there
exists C > 0 s.t. ∀u ∈ C∞0

‖Vu‖2 + ‖|V |1/2∇u‖2 ≤ C
(
‖PiV u‖2 + ||u||2

)
. (3)
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Applications to the magnetic Fokker-Planck operator
(2019-2022)

For d = 2 or 3, we consider the Kramers-Fokker-Planck operator K
with an external electromagnetic field Be defined on Rd with value
in Rd(d−1)/2 and an electric real valued potentiel V defined on Rd :

K = v · ∇x −∇xV · ∇v − (v ∧ Be) · ∇v −∆v + v2/4− d/2,
(4)

where v ∈ Rd represents the velocity, x ∈ Rd represents the space
variable. In the previous definition of our operator, (v ∧ Be) · ∇v

means:

(v∧Be)·∇v =


b(x) (v1∂v2 − v2∂v1) if d = 2

b1(x)(v2∂v3 − v3∂v2) + b2(x)(v3∂v1 − v1∂v3)

+b3(x)(v1∂v2 − v2∂v1) if d = 3.
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The operator K is considered as an unbounded operator on
L2(Rd × Rd) with domain

D(K ) = C∞0 (Rd × Rd) .

We denote by K the minimal extension of K where D(K) is the
closure of D(K ) with respect to the graph norm.
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Maximal accretivity

The existence of a strongly continuous semi-group associated to
operator K is shown in [ZK1] (Karaki 2019) when the magnetic
field is regular and [ZK2] (Karaki 2020) with weaker regularity, by
combining with the results of Rothschild-Stein [43] for the
operators introduced by Hörmander [26] in 1967:∑

j

X 2
j + X0 .
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Characterization of the domain
We are now interested in specifying the domain of the operator K.
For this goal, we prove a maximal estimate for K, using nilpotent
techniques

Theorem K (Helffer-Karaki 2022)

Let d = 2 or 3. Assume that Be ∈ C 1(Rd ,Rd(d−1)/2) ∩ L∞ and
∃C >, ∃ρ0 >

1
3 and ∃γ0 <

1
3 s. t.

|∇xBe(x)| ≤ C < ∇V (x) >γ0 , (5)

|Dα
x V (x)| ≤ C < ∇V (x) >1−ρ0 , ∀α s.t. |α| = 2 , (6)

Then ∃C1 > 0 s. t. ∀u ∈ C∞0 (Rd × Rd),

|| |∇V (x)|
2
3 u ||+ ‖(v · ∇x −∇xV · ∇v − (v ∧ Be) · ∇v )u‖+ ‖u‖B̃2

≤ C1( ‖Ku‖+ ‖u‖ ).
(7)
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Here

I B2
v (Rd) := {u | ∀(α, β) ∈ N2d , |α|+ |β| ≤ 2 , vα ∂βv u ∈ L2}

I B̃2(Rd × Rd) := L2
x⊗̂B2

v

Using the density of C∞0 (Rd × Rd) in D(K), we obtain:

Corollary B1

D(K) = {u ∈ B̃2 |
(v · ∇x −∇V (x) · ∇v − (v ∧ Be) · ∇v ) u ∈ L2

and |∇V |
2
3 u ∈ L2}.

Note that if in addition |∇V (x)| tends to +∞ as |x | → +∞, then
K has compact resolvent.
Notice also that if K has compact resolvent then the
Witten-Laplacian −∆ + 1

4 |∇V |
2 − 1

2 ∆V has compact resolvent
(see Helffer-Nier for the case B = 0).
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Proof of Theorem K: General strategy

The proof consists in constructing a graded and stratified algebra
G of type 2, and, at any point x ∈ Rd , an homogeneous element
Fx in the enveloping algebra U2(G) which satisfies the Rockland
condition. As we have seen Helffer-Nourrigat’s proof is based on
maximal estimates which not only hold for the operator but also
(and uniformly) for πx(Fx) where πx is any induced representation
of the Lie Algebra.
It remains to find πx s. t. πx(Fx) = Kx + 1 is a good
approximation of K in suitable balls and to patch together the
estimates through a partition of unity as used by L. Hörmander in
his Weyl calculus. Actually, we first define Kx and then look for
the Lie Algebra, the operator and the induced representation.

Bernard Helffer43 Around Helffer-Nourrigat Conjecture (history, proof, open questions, applications)



Concretely, we construct a graded Lie algebra G verifying

I G1 is generated by Y
′
1,1,Y

′
2,1,Y

′′
1,1 and Y

′′
2,1,

I G2 is generated by Y1,2 and Y2,2

I G3 is generated by Y1,3 and Y2,3.

Y2,2 := [Y
′
1,1,Y

′′
1,1] = [Y

′
2,1,Y

′′
2,1],

Y1,3 := [Y1,2,Y
′
1,1] , Y2,3 := [Y1,2,Y

′
2,1] ,

and

[Y
′
1,1,Y

′
2,1] = [Y

′′
1,1,Y

′′
2,1] = 0 ,

[Y
′
j ,1,Yk,3] = [Y

′′
j ,1,Yk,3] = [Yk,3,Y2,2] = ... = 0 , ∀j , k = 1, 2 .
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We then introduce

Fx = Y1,2 −
2∑

k=1

(
(Y

′
k,1)2 +

1

4
(Y

′′
k,1)2

)
(8)

− ib′1

(
Y

′
1,1Y

′′
2,1 − Y

′
2,1Y

′′
1,1

)
− ib′2

(
Y

′′
1,1Y

′′
2,1 + Y ′1,1Y

′
2,1

)
Here b′ = b′(x) is determined by freezing the magnetic field at

some point x and linearizing V .
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Conclusion

We have tried to explain the history of these Rockland and
Helffer-Nourrigat conjectures and its proof, initially developed for
the analysis of hypoellipticity but then more generally as a
powerful tool for proving maximal estimates. We have also tried to
explain that the microlocal aspects of the Helffer-Nourrigat
conjecture are still to be understood.

Thanks for your attention.
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pseudodifférentiels.
Ann. Inst. Fourier 26 (3), 83–108 (1986).

J. Nourrigat.
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