HOLOMORPHIC EQUIVARIANT ANALYTIC TORSIONS

JEAN-MICHEL BISMUT AND SEBASTIAN GOETTE

Abstract. The purpose of this paper is to construct and compare two natural definitions of the equivariant holomorphic torsion. The comparison formula is shown to be compatible with the embedding formulas obtained by the first author for analytic torsion forms and equivariant analytic torsion.

Contents

Introduction 4 1. The equivariant holomorphic analytic torsion 12 1.1. Complex vector spaces and Clifford algebras 12 1.2. Equivariant Quillen metrics 12 1.3. The asymptotics of certain supertraces 14 1.4. Anomaly formulas for equivariant Quillen metrics 16 1.5. The genera R 16 1.6. Equivariant immersions and Quillen metrics 18 2. The equivariant infinitesimal analytic torsion forms 21 2.1. Complex manifolds and moment maps 21 2.2. A new metric on the trivial line bundle 22 2.3. Lefschetz and Kirillov formulas 23 2.4. The heat equation proof of the Kirillov formulas 25 2.5. Analytic torsion forms and compact Lie groups 26 2.6. The equivariant infinitesimal analytic torsion 29 2.7. Anomaly formulas for equivariant infinitesimal Quillen metrics 31 2.8. Equivariant immersions and equivariant infinitesimal Quillen metrics 31 3. Equivariant Bott-Chern currents 33 3.1. Construction of the Bott-Chern currents 33 3.2. Bott-Chern currents, excess normal bundles and immersion formulas 35 3.3. Bott-Chern currents and moment maps 37 4. Harmonic oscillator and the genus I 40 4.1. The function I 40 4.2. The function Φ_s 41 4.3. The genera Φ_{s,g,B} , I_{g,B} 42 4.4. The heat kernel of the harmonic oscillator and its analytic extension 43 4.5. Harmonic oscillator and the genus Φ_{s,g,B} 45 4.6. The characteristic classes I_{g,K} (N_{XK /X} ) and Φ_{s,g,K} (N_{XK /X} ) 48 5. A comparison formula for the equivariant torsions 50

Date: September 24, 1999.

Jean-Michel Bismut was supported by Institut Universitaire de France (I.U.F.). Sebastian Goette was supported by a research fellowship of the Deutsche Forschungsgemeinschaft (D.F.G.). 1

5.1. The main result 50 5.2. Compatibility with the Immersion formulas 50 5.3. An identity of Bott-Chern currents with an excess normal bundle 51 5.4. A direct proof of the compatibility 52 5.5. Riemann-Roch for the equivariant Quillen metrics 54 6. A proof of the comparison formula 58 6.1. A closed one-form 58 6.2. A contour integral 59 6.3. Two intermediate results 59 6.4. The asymptotics of the I^{0′}_k s 60 6.5. The final identity 63 7. The construction of the families equivariant analytic torsion forms 65 7.1. The behaviour of the supertraces as t → ∞ 65 7.2. The asymptotics of the supertraces as t → 0. 70 7.3. Finite propagation speed and localization 70 7.4. A Lichnerowicz formula 76 7.5. A local coordinate system near the fixed point set of g 77 7.6. Replacing the manifold by (T_RX)_x 78 7.7. The Getzler rescaling 79 7.8. A family of norms 80 7.9. The kernel ~F_t(L^{3,t}_{x,K} ) as an infinite sum 81 7.10. Estimates on the resolvent of L^{3,t}_{x,K,n} 83 7.11. Regularizing properties of the resolvent of L^{3,t}_{x,K,n} 85 7.12. Uniform estimates on the kernel of ~F_{t,n}(L^{3,t}_{x,K} ) 85 7.13. A proof of Theorem 7.16 88 7.14. A proof of the second half of Theorem 7.9 92 8. A proof of Theorem 6.6 95 8.1. A Lichnerowicz formula 95 8.2. A proof of the convergence of the supertrace as t → 0 96 8.3. A splitting of ⟨μ, K⟩ 96 8.4. Localization of the problem 97 8.5. A rescaling of the normal coordinate to X_{g,K} in X_g 98 8.6. A local coordinate system near X_{g,K} and a Getzler rescaling 99 8.7. A family of norms 101 8.8. Regularizing properties of the resolvent of L^{3,(t,v)√}_{vZ0 ,zK0,n} 104

8.9. Uniform estimates on the kernel of ~F_{t,n}(L^{3,(t,v)}√_{vZ0 ,zK0} ) 105

8.10. An estimate on the kernel of ~F_t(L^{3,(t,v)√}_{vZ0 ,zK0} ) 107 8.11. A proof of Theorem 8.8 109 8.12. The supertrace containing μ_1 109 8.13. Control of the term containing μ_2 110 8.14. A proof of the last part of Theorem 6.6 113 9. A proof of Theorem 6.7 114 9.1. A simple identity of supertraces 114 9.2. A convergence result 115 9.3. A Lichnerowicz formula 115 9.4. A change of coordinates and a Getzler rescaling: a first simple approach117 9.5. A new trivialization 119

9.6. A proof of Theorem 9.4 120 9.7. A proof of Theorem 6.7 123 References 124

Introduction

The purpose of this paper is to establish a formula relating two natural versions of equivariant Quillen metrics. These Quillen metrics are global spectral invariants, and the formula relating them is a local formula.

The equivariant Quillen metrics refine two versions of the Lefschetz formulas, the Lefschetz fixed point formulas of [ABo1], and the Kirillov like formulas of [BeV]. Namely, let (X, ω^X ) be a compact Kähler manifold, let (E, h^E ) be a holomorphic Hermitian vector bundle on X. Let G be a compact Lie group acting holomorphically on X, E, and assume the action preserves ω^X , h^E . Then G acts of H^·(X, E). Let L(g) = Tr_s^{H· (X,E)}[g] be the virtual character of the action of G on H^·(X, E). Then the Lefschetz formulas of Atiyah-Bott [ABo1] assert that if g ∈ G, if X_g is the fixed point set of g, then L(g) = ∫ X_g Td_g (T X)ch_g (E).

(0.1)

In (0.1), Td_g (T X) and ch_g(E) are equivariant versions of the Todd genus of T X and of the Chern character of E. These are cohomology classes on X_g, which depend explicitly on the angles of the action of g on the normal bundle N_{Xg /X} and on E|_{Xg} .

There is another cohomological expression for the Lefschetz trace. In fact let g be the Lie algebra of G. Then if K ∈ g, for |K| small enough, we have a Kirillov like formula

L(e^K ) = ∫ X Td_K (T X)ch_K (E).

(0.2)

In (0.2), Td_K (T X) and ch_K (E) are the Todd genus of T X, and the Chern character of E in equivariant cohomology. More generally, if g ∈ G, if Z(g) ∈ G is the centralizer of g, and if z(g) is its Lie algebra, a similar formula expresses L(ge^K ) as the integral over X_g of a characteristic class in equivariant cohomology. As explained by Atiyah-Bott [ABo2] and Berline-Vergne in [BeV], the equality of the right-hand sides of (0.1) and (0.2) can be proved directly by using a localization formula, whose proof in differential form version was given by Duistermaat-Heckman [DuH] and Berline-Vergne [BeV]. In [B3], formula (0.2) was proved by a heat equation method.

Let λ_G(E) be the inverse of the equivariant determinant of H^·(X, E), introduced in [B13]. If G is trivial, then λ_G(E) is just the inverse of the determinant of the cohomology. More generally, λ_G(E) is the direct sum of the inverses of the determinants of the irreducible representations of G which appear in H^·(X, E). In [B13], a Quillen metric was constructed on λ_G(E). In fact let | |_{λG(E)} be the L_2 metric on λ_G(E) one obtains by identifying H^·(X, E) to the corresponding harmonic elements in the Dolbeault complex (Ω^·(X, E), ∂^X ). Let θ(ω^X , h^E )(g)(s) = −Tr_s[Ng(D^{X,2})^{−s}], s ∈ C, Re(s) ≫ 0 be the equivariant Ray- Singer torsion. Then in [B13], the Quillen metric ‖ ‖_{λG(E)} is defined by the formula

log(‖ ‖^2_{λG(E)})(g) = log(| |^2_{λG (E)})(g) − ∂ ∂s θ(ω^X , h^E )(g)(0).

(0.3)

For a precise interpretation of (0.3), we refer to Section 1.4. When G is trivial, θ(ω^X , h^E )(s) is just the standard Ray-Singer analytic torsion introduced in [RS], and ‖ ‖_{λG(E)} is the Quillen metric [Q2, BGS1] on the inverse of the determinant of the cohomology.

Standard Quillen metrics have remarkable properties, which were established by Bismut-Gillet-Soulé [BGS1] and Bismut-Lebeau [BL]. Namely their variation in terms of (ω^X , h^E ) can be evaluated in terms of Bott-Chern classes [BoCh, BGS1]. There is a curvature theorem for Quillen metrics [BGS1], which refines the theorem of Riemann-Roch-Grothendieck at the level of differential forms. Also their behaviour under complex immersions has been studied in [BL]. Namely, let i : Y → X be an embedding of complex manifolds. Let F be a holomorphic vector bundle on Y , and let (E, v) be a holomorphic complex of vector bundles on X which is a resolution of i_∗F . Let λ(E), λ(F ) be the determinants of the cohomology of E, F . Then by [KnM], there is a canonical isomorphism λ(E) ≃ λ(F ). In [BL], a local formula has been given for the ratio of corresponding Quillen metrics in terms of the Bott-Chern currents of [BGS2, BGS3] and of the Gillet-Soulé additive genus [GS3] associated to the formal power series R(x) given in terms of the Riemann zeta function ζ(s) by the formula R(x) = ∑ n≥1 n odd

(_n ∑ j=1 1 j ζ(−n) + 2∂ζ ∂s (−n) ) x^n n! . (0.4)

Using the main result of [BL], Gillet and Soulé [GS4] proved a Riemann-Roch formula in Arakelov geometry for the first Chern class. They had conjectured such a formula in [GS3]. In this formula, the genus R appears as a correction to natural arithmetic characteristic classes. In [B14], the main result of [BL] was extended to the analytic torsion forms of [BK], and Gillet-Soulé [GS5] extended their conjectural Riemann-Roch formula to arbitrary Chern classes. In [F], Faltings suggested an alternative strategy to the proof of this Riemann-Roch formula for arbitrary Chern classes. Also Roessler [Ro] has given a K-theoretic version of this result.

In [B12, B13], the results of [BGS1, BL] were extended to equivariant Quillen metrics. In particular the immersion result of [BL] was extended to the equivariant setting. The natural extension of the R genus of [GS3] to the equivariant setting has been constructed in [B12]. In fact let L(y, s) = ∑_{+∞} n=1 e^{iny} /n^s be the Lerch series, let ζ(y, s), η(y, s) be its real and imaginary parts. Set R(θ, x) = ∑ n≥0 n even i n∑ j=1 1 j η(θ, −n) + 2 ∂η ∂s (θ, −n) x^n n! (0.5)

+ ∑ n≥0 n odd n∑ j=1 1 j ζ(θ, −n) + 2 ∂ζ ∂s (θ, −n) x^n n! .

Observe that R(x) = R(0, x). A Riemann-Roch formula in equivariant Arakelov geometry has been conjectured in [B12, Section 7 e)], in which the genus R(θ, x) would appear as a correction to not yet constructed arithmetic characteristic classes. In [B13], the behaviour of equivariant Quillen metrics under immersions was studied. As anticipated in [B12], the genus R(θ, x) appears in the comparison formula.

In [KRo1], Köhler and Roessler have established the Riemann-Roch formula conjectured in [B12], under the natural assumption that X is an arithmetic variety, equipped with a projective action of Spec (Z[t]/(1 − t^n)). Various applications of this formula have been given by Köhler and Roessler [KRo2] and Kaiser-Köhler [KaK].

A byproduct of the above considerations is that the equivariant Ray-Singer analytic torsion and the associated Quillen metrics provide a refinement on the Lefschetz fixed point formulas of [ABo1] at the level of differential forms.

Let now p : P^{GC}→ S be a G_C principal bundle. By [GuSt], G_C acts holomorphically on X and the action lifts to E. Put V = P ×_{GC} X. (0.6)

Let q : Q^G→ S be a G-reduction of P to a G-principal bundle. This reduction induces a connection on P , and therefore a connection on the fibration π : V^X→ S. Assume that G acts on (X, ω^X ) with a moment map μ. One shows easily that the the Kirillov like formulas give a form of the theorem of Riemann-Roch-Grothendieck for the map π. It is also easy to see that π : V^X→ S is a Kähler fibration in the sense of [BGS1]. Namely the form ω^X is the restriction to the fibres X of a closed (1, 1) form on V .

To the above data, one can then associate the analytic torsion forms T (ω^X , h^E ) of Bismut-Köhler [BK]. These are real forms on S, which are sums of forms of type (p, p) one can attach naturally to any Kähler fibration. Over S, they solve a ∂∂ equation, which is a transgression in any degree of the Riemann-Roch-Grothendieck formula at the level of differential forms. The component of degree 0 in T (ω^X , h^E ) is just the Ray-Singer analytic torsion of the fibres X. It turns out that in the above situation, the forms T (ω^X , h^E ) are closed. More precisely, let g be the Lie algebra of G, let Θ be the curvature of the given connection on q : Q^G→ S. Then we show in Section 2.6 that there is an ad-invariant formal power series ~θ(ωX , hE )(K)(s), K ∈ g, Re(s) ≫ 0 such that

T (ω^X , h^E ) = ∂ ∂s ~θ(ω^X , h^E ) ( − Θ 2iπ ) (0).

(0.7)

In Section 2, we prove that^∂_{∂s} ~θ(ω^X , h^E) (K) (0) makes sense as an analytic function defined on a neighborhood of 0 in g. The proof involves non trivial estimates, established in Section 7. More generally, given g ∈ G we construct ∂ ∂s ~θ(ωX , hE ) (g, K) (0), with K lying in a neighborhood of 0 in z(g). Using this function, in Section 2, we define an equivariant Quillen metric in infinitesimal form, and we prove corresponding anomaly formulas and comparison formulas under embeddings.

The infinitesimal equivariant Ray-Singer torsion and the corresponding Quillen metrics provide a refinement on the Kirillov like formulas at the level of differential forms.

As explained before, the purpose of this paper is to compare the equivariant Quillen metric and the equivariant Quillen metric in infinitesimal form.

In [B9], Bismut constructed equivariant Bott-Chern currents which refine the formulas of Duistermaat-Heckman [DuH] and Berline-Vergne [BeV]. Given K ∈ g with |K| small enough, if X_K is the zero set of the associated vector field K^X , a current S_K (X, ω^X ) on X is constructed such that ∂_K ∂_K 2iπ S_K (X, ω^X ) = 1 − δ_{XK} c_{max, K} (N_{XK /X} , h^{NX}K^{/X} ) . (0.8)

In (0.8), ∂_K , ∂_K are equivariant refinements of the ∂, ∂ operators, and c_{max,K} (N_{XK /X} , h^{NX}K^{/X} ) is an equivariant Euler form of the normal bundle N_{XK /X} . Also anomaly formulas were established in [B9] in terms of equivariant Bott-Chern classes, and the behaviour of S_K (X, ω^X ) under complex immersions was studied. More precisely, if θ ∈ R^∗, x ∈ C, put

R^θ(x) = 1 x + iθ ( 2Γ^′(1) − log(θ^2) − log ( 1 + x iθ )) . (0.9)

In the main formula in [B9], the additive genus associated to R^θ(x) appears as a defect in an embedding formula.

To state our main result, we still need to introduce one piece of data, namely the function I(θ, θ^′, x) given by I(θ, θ^′, x) = ∑ k∈Z 2kπ+θ≠0 log ( 1 +^{θ′}_{2kπ+θ} ) i(2kπ + θ + θ^′) + x . (0.10)

We identify I(θ, θ^′, .) to the corresponding additive genus, as explained below.

Take now g ∈ G,K_0 ∈ z(g). For z ∈ R^∗, put K = zK_0. Set X_{g,K} = X_g ∩ X_K . Let ∇^{T X} be the holomorphic Hermitian connection on T X. Then g and ∇^{T X}_. K^X act on N_{XK /X} |_{Xg,K} as locally constant commuting operators, and ∇^{T X}_. K^X is invertible. Let e^{iθ}, 0 ≤ θ ≤ 2π, iθ^′, θ^′ ∈ R^∗ be the corresponding distinct eigenvalues of g, ∇^{T X}_. K^X . Then N_{XK /X} |_{Xg,K} splits as a direct sum of eigenbundles indexed by θ, θ^′. Let I_{g,K} (N_{XK /X} ) be the characteristic class on X_{g,K} which is the sum, indexed by (θ, θ^′), of the corresponding additive genera.

Recall that K = zK_0. The main result of this paper is as follows.

Theorem 0.1. For z ∈ R^∗, if |z| is small enough, the following identity holds

(0.11) log ( ‖ ‖^~_{λG(E)}(g, K) ‖ ‖_{λG(E)}(ge^K ) )_2 = ∫ X_g Td_{g,K} (T X, h^{T X} )ch_{g,K} (E, h^E )S_K (X_g , ω^{Xg} ) − ∫ X_{g,K} Td_{ge}K (T X)I_{g,K} (N_{XK /X} )ch_{ge}K (E). We will now put the main result in perspective from the point of view of Quillen metrics and Arakelov geometry. We will also give its relation to results of Goette [Go] on equivariant η-invariants, and finally, we will explain the main techniques used in the paper.

1. Compatibility of Theorem 0.1 to known results on Quillen metrics.

In [B8], it was shown that, formally, the Ray-Singer torsion can be thought of as the integral over the loop space LX of a current S_K (LX, ω^{LX} ). This is an elaboration on ideas of Witten and Atiyah [A], who showed that by viewing a manifold X as the submanifold of the loop space LX where the canonical vector field defining the obvious action of S^1 on LX vanishes, at least formally, the Atiyah- Singer index theorem could be obtained from the McKean-Singer formula [MKeS] by a localization formula in equivariant cohomology.

In [B10], it was shown that at least formally, the embedding formula for Quillen metrics [BL] is an infinite dimensional version of the embedding formula for the currents S_K (X, ω^X )established in [B9], this assertion being also valid for the intermediate steps of the proof. The analogy remains valid for the immersion result of

[B13]. In particular, in [B12], extending results in [B10], the following formula was given for R(θ, x), R(θ, x) = ∑ k∈Z 2πk+θ≠0 R^{2πk+θ}(x). (0.12)

The fact that the genus R(θ, x) is a special case of the genus which appears in [B9] is an indication which makes the similarity between the results of [B9] and [BL, B13] plausible.

In connection with the above facts, we show in Section 4 that if θ /∈ 2πZ, I(θ, θ^′, x) = R(θ, x + iθ^′) − R(θ + θ^′, x), (0.13)

and also that I(0, θ^′, x) = R(x + iθ^′) − R(θ^′, x) + R^{θ′} (x). (0.14)

Equations (0.13), (0.14) allow us to show in Section 5 that Theorem 0.1 is compatible with the embedding formulas of [BL, B13, B9].

Also since the embedding formulas of [BL, B13] are one of the blocks leading to the proof of a Riemann-Roch-Grothendieck formula in Arakelov geometry in [GS4, GS5] and in [KRo1], in Section 5, we are led to speculate on an evaluation of the current S_K (X, ω^X ) in terms of arithmetic characteristic classes. 2.Equivariant eta invariants and equivariant analytic torsion.

In [Go], Goette arrived at a similar class of problems on equivariant eta invariants from a different point of view. In [D], extending earlier work by Atiyah-Patodi- Singer [APS] on the index theorem for manifolds with boundary, Donnelly proved a Lefschetz formula for manifolds with boundary. The contribution of the boundary is expressed as the equivariant η-invariant of the boundary. On the other hand, in [BC], Bismut and Cheeger proved a families index theorem for even dimensional manifolds with boundary. The contribution of the boundary is an even form ~η, whose component in degree 0 is just the eta invariant of the boundary.

Assume now that the family of manifolds with boundary comes from a Gfibration. Along the lines given above, one then obtains two formulas for L(e^K ), the first formula being the one given in [D], and involving the equivariant eta invariant of the boundary, the second one coming from [BC], and involving an infinitesimal version of the eta invariant. These two formulas being equal tautologically, one then obtains a formula only involving the boundary, relating the equivariant eta invariant to its infinitesimal form in terms of a Chern-Simons current on the boundary.

In [Go], this relation was extended to manifolds which are not equivariantly cobordant, but only as an identity of formal power series in K, when the corresponding vector field is nowhere vanishing.

Our work can be considered as an extension of [Go] in the sense that the group G always has fixed points, since it acts on X with a moment map, and also because we deal with a more complicated sort of invariant, the analytic torsion. In principle our techniques should lead to a general proof of the result established in [Go]. No exotic class like I(θ, θ^′, x) should appear in the final formula.

Our results do in fact bear some direct relation to corresponding results on eta invariants via the holonomy theorem of Bismut-Freed [BF].

3.The analytic techniques used in the proof.

Now we explain briefly some of the analytic difficulties in our proof of Theorem 0.1. The general outline of the proof is similar to the proof of corresponding results in [BL, B13, B14]. Namely, in Section 6, we produce a closed 1-form γ_{t,v} on R^∗_+ × R^∗_+, whose integral on a lower triangular contour gives 0. By pushing the boundary of the contour to +∞ in the v-direction and to 0 in the t-direction, we obtain our formula.

Some analytic techniques are inspired from [BL, B13]. Namely we combine the Getzler rescaling in local index theory [Ge, BeGeV] with Lax-Milgram and commutator techniques to obtain the required estimates. As in [BL, B13] finite propagation speed of solutions of hyperbolic equations [ChP, T] plays an important role, in order to show that the required estimates can be adequately localized, and to obtain Gaussian decay of certain rescaled kernels in directions normal to submanifolds like X_g or X_{g,K} .

Still there is a new difficulty with respect to the above references. In fact, observe that the Kirillov like formula given in (0.2) only makes sense for |K| small enough. Also our main formula (0.11) in Theorem 0.1 is true only for |z| small enough. More ominously, (0.11) only makes sense for |z| small enough. This already indicates that the proofs themselves, and more precisely the required estimates, will only be valid for |z| small enough.

Now, we will explain where the difficulty appears in the proof. Let D^X = ∂^X + ∂^{X∗} be the Hodge-Dolbeault operator acting on the Dolbeault complex Ω^·(X, E) = C_∞ ( Λ(T^{∗(0,1)}X) ⊗ E ) . Recall that Λ(T^{∗(0,1)}X)⊗E is a T_RX-Clifford module. Let c(K^X ) be the Clifford multiplication operator. Then D^X is a self-adjoint operator, and c(K^X ) is a skew-adjoint operator. For T ∈ R, put

D^X_T = D^X + T c(K^X ) 2 √ 2 . (0.15)

Then

D^{X,2}_T = ( D^{X,2} − T^2 |K^X |^2 8 ) + T [ D^X , c(K^X ) 2 √ 2 ] . (0.16)

In (0.16), D^{X,2} − T^{2 |KX |2}_8 is a second order self-adjoint elliptic operator with a lower bound which tends to −∞ as |T | → +∞, and T [ D^X ,^{c(KX )}_2^√_2 ] is a first order skew-adjoint operator. These two facts work against us in the course of the proof.

To make the difficulty more concrete, consider the following toy model, which appears in a limit situation, after adequate rescaling of the coordinates. Let A be a skew-adjoint matrix acting on C ≃ R^2, with eigenvalue iθ, with θ ∈ R^∗. Let Z be the generic element of R^2. Let e_1, e_2 be an orthonormal basis of R^2. For x ∈ R, y ∈ R^∗_+, consider the differential operator L = − 1 2 ( ∇_{ei} + x ⟨AZ, e_i⟩ 2 )_2 + y 2 |AZ|^2. (0.17)

Then

Re(L) = − 1 2 Δ + ( 4y − x^2 8 ) |AZ|^2, (0.18)

Im(L) = − x 2 ∇_{AZ} .

By (0.18), we see that if x^2 − 4y > 0, the operator Re(L), while having a selfadjoint extension, is not lower bounded. In this case, it is not possible to define a priori a honest heat kernel for e^{−L}. A natural way to overcome the difficulty is to replace A by zA, with z ∈ C. When z = i, the operator L becomes a honest selfadjoint operator, which has a lower bound. Its heat kernel p_1(Z, Z^′) with respect to dZ^′/(2π) depends analytically on z ∈ C on a neighborhood of 0. For z ∈ C and |z| small enough, it is then possible to define p_1(Z, Z^′) as an analytic function of A, for |A| small enough. In particular,

p_1(0, 0) = √ x^2 − 4yθ/2 sin (√ x^2 − 4yθ/2 ), (0.19)

which is well defined for θ small enough.

In our geometric context, the analogue of the condition x^2 − 4y > 0 is always verified. However we are not allowed to change A into iA as we did before, this transformation destroying the geometry of the situation. In our paper, we use another method, which we briefly describe on the toy model we just considered. The idea is to express the function exp(−a^2) as an infinite sum of functions whose Fourier transform have compact support. Using finite propagation speed for solutions of hyperbolic equations [ChP, T], we write the heat kernel p_1(Z, Z^′) as an infinite sum of kernels which only see the operator L on a bounded domain, on which L has a lower bound. The question is then to prove that the above infinite sum converges. This last fact can be proved by abstract functional analytic methods, for |θ| small enough. The point is that the above method can still be used in our geometric context. This is why we often express our kernels as infinite sums of kernels evaluated on truncated operators.

In [Go], where equivariant η-invariants were considered, the above difficulties were overcome using an involved power series argument partly inspired from [BeGeV].

Our paper is organized as follows. In Section 1, we recall the construction in [B13] of the equivariant holomorphic torsion and of the corresponding Quillen metrics, and we state its main properties. In Section 2, we construct the equivariant infinitesimal analytic torsion forms, and we describe the properties of the corresponding Quillen metrics. The proof of the estimates which are needed in the construction is deferred to Section 7. In Section 3, we recall the construction in [B9] of the equivariant Bott-Chern currents S_K (X, ω^X ).

In Section 4, we introduce the genus I(θ, θ^′, x), which we will obtain through evaluations of characteristic classes involving harmonic oscillators. In the proof of our main formula, the genus I(θ, θ^′, x) will appear precisely via these characteristic classes. This Section is closely related to earlier work in [B7, B12], where the genera R(x) and R(θ, x) were also obtained as characteristic classes involving harmonic oscillators.

In Section 5, we verify the compatibility of Theorem 0.1 to the immersion formulas for Quillen metrics, and also to the immersion formula of [B9] for Bott-Chern currents. We also speculate on an expression of S_K (X, ω^X ) in terms of arithmetic classes, in connection of the Riemann-Roch formula of Köhler and Roessler [KRo1].

In Section 6, we prove Theorem 0.1. The proof relies on two intermediate results, the proof of which is deferred to Sections 8-9.

In Section 7, we prove the estimates which are needed to show the existence of the infinitesimal equivariant torsion. The proof is given in much detail, since most arguments will be used in a more complicate context in Sections 8 and 9.

Sections 8 and 9 are devoted to the proof of the intermediate results mentioned above. We have tried to give as many details as necessary, still referring when necessary to [BL, B13] to avoid tedious repetitions.

We assume the reader to be somewhat familiar with the superconnection formalism of Quillen [Q1]. In particular, if A is a Z_2-graded algebra, if A, B ∈ A,then [A, B] denotes the supercommutator of A and B. Also Tr_s is our notation for the supertrace.

The results contained in this paper have been announced in [BGo]. Acknowledgments:The authors are indebted to P. Gérard, K. Köhler and D. Roessler for useful conversations.

1. The equivariant holomorphic analytic torsion

In this Section, we recall the main results in [B12, B13] on the equivariant Quillen metrics. In particular, we introduce the R(x) genus of Gillet-Soulé [GS3, GS4] and its equivariant extension R(θ, x) introduced in [B12].

This Section is organized as follows. In Section 1.1, we briefly recall various properties of Clifford algebras. In Section 1.2, we introduce the equivariant Quillen metrics. In Section 1.3, we give the asymptotics of certain supertraces. In Section 1.4, we state the anomaly formulas for equivariant Quillen metrics. Finally in Section 1.6, we state the main result of [B13], which describes the behaviour of the equivariant Quillen metrics under complex immersions.

1.1. Complex vector spaces and Clifford algebras. Let V be a finite dimensional complex Hermitian vector space of dimension ℓ, let V_R be the underlying real vector space. We denote by ⟨ ⟩ the Hermitian product on V or the associated scalar product on V_R. Let J ∈ End(V_R) be the corresponding complex structure. Then J is antisymmetric, and J^2 = −1. Let c(V_R) be the Clifford algebra of V_R, i.e. the algebra spanned over R by 1, X ∈ V_R and the relations for X, Y ∈ V_R, XY + Y X = −2⟨X, Y ⟩. (1.1)

Then Λ(V^{∗,(0,1)}) is a c(V_R)-Clifford module. Namely if X ∈ V , let X ∈ V be the conjugate of X, and let X^∗ ∈ V^∗ correspond to X by the Hermitian product ⟨ ⟩. If X ∈ V , set c(X) = √ 2X^∗∧, c(X) = − √ 2i_X . (1.2)

Then the operators in (1.2) act on Λ(V^{∗(0,1)}). We extend (1.2) to a linear map from V_R ⊗ C into End ( Λ(V^{∗(0,1)}) ) . This map extends to a map from c(V_R) ⊗ C into End ( Λ(V^{∗(0,1)}) ) , i.e. Λ(V^{∗(0,1)}) is now a c(V_R) module.

If A ∈ End(V ), then A acts naturally as a derivation on Λ ( V^{∗,(0,1)} ) . More precisely, let e_1, . . . , e_{2ℓ} be an orthonormal basis of V_R. Then

A|_{Λ(V} ∗,(0,1) = 1 4 ⟨Ae_i, e_j ⟩c(e_i)c(e_j ) + 1 2 Tr[A]. (1.3)

1.2. Equivariant Quillen metrics. Here we follow [B13]. Let X be a complex manifold of dimension ℓ. Let E be a holomorphic vector bundle on X.

Let G be a compact Lie group, and let g be its Lie algebra. We assume that G acts on the left on X by holomorphic diffeomorphisms, and that this action lifts holomorphically to E. Then G acts on H^·(X, E).

Let (Ω^·(X, E), ∂^X ) be the Dolbeault complex of smooth sections of Λ(T^{∗(0,1)}X)⊗ E on X. Then H^·(Ω^·(X, E), ∂^X ) ≃ H^·(X, E). (1.4)

Clearly G acts on (Ω^·(X, E), ∂^X ) by the formula (gs)(x) = g_∗s(g^{−1}x), (1.5)

and (1.4) is an identity of G-spaces.

Let h^{T X} , h^E be smooth G-invariant Hermitian metrics on T X, E. Let dv_X be the corresponding volume form on X. Let ⟨, ⟩_{Λ(T} ∗(0,1)_{X)⊗E} be the corresponding

Hermitian product on Λ(T^{∗(0,1)}X) ⊗ E. If s, s^′ ∈ Ω^·(X, E), put ⟨s, s^′⟩ = ∫ X ⟨s, s^′⟩_{Λ(T} ∗(0,1)_{X)⊗E} dv_X (2π)^{dim X} . (1.6)

Then (1.6) is a G-invariant Hermitian product on Ω^·(X, E).

Let ∂^{X∗} be the formal adjoint of ∂^X with respect to (1.6). Put

D^X = ∂^X + ∂^{X∗}.

(1.7)

Then D^X is a first order elliptic operator. By Hodge theory, ker D^X ≃ H^·(X, E). (1.8)

Also D^X commutes with G, so that G acts on ker D^X . Then (1.8) is an identification of G-spaces. Also ker D^X inherits a G invariant Hermitian product from the Hermitian product (1.6) on Ω^·(X, E). Let h^{H·(X,E)} be the corresponding Hermitian metric on H^·(X, E).

Let ^G be the set of equivalence classes of irreducible representations of G. If W ∈ ^G, let χ_W be the character of G associated to W . Then we have the isotypical decomposition H^·(X, E) = ⊕_{W ∈ ^G}Hom_G(W, H^·(X, E)) ⊗ W, (1.9)

which is orthogonal with respect to h^{H· (X,E)}. If W ∈ ^G, put λ_W (E) = (det(Hom_G(W, H^·(X, E)) ⊗ W ))^{−1}.

(1.10) Then λ_W (E) is a complex line. Set λ_G(E) = ⊕_{W ∈ ^G}λ_W (E). (1.11)

Let | |_{λW (E)} be the metric induced by h^{H· (X,E)} on λ_W (E).

Definition 1.1. Set log ( | |^2_{λG (E)} ) = ∑ W ∈ ^G log(| |^2_{λW (E)}) χ_W rk(W ) . (1.12)

The symbol | |^2_{λG (E)} will be called an equivariant L_2 metric on λ_G(E). Let ker(D^X )^⊥ be the orthogonal vector space to ker(D^X ) in Ω^·(X, E). Then D^{X,2} acts as an invertible operator on ker(D^X )^⊥. Let (D^{X,2})^{−1} denote the inverse of D^{X,2} acting on ker(D^X )^⊥.

Take g ∈ G. Let X_g be the fixed point set of g in X. Then X_g is a complex totally geodesic submanifold of X.

Let N be the number operator of Ω^·(X, E), i.e. N acts by multiplication by k on Ω^k(X, E). By standard heat equation methods [Gi], [BeGeV], we know that as t → 0, for any k ∈ N,

Tr_s[Ng exp(−tD^{X,2}] = a_ℓ t^ℓ + . . . a_0 + a_1t + . . . a_kt^k + o(t^k).

(1.13)

Definition 1.2. For g ∈ G, s ∈ C, Re(s) > ℓ, put θ(ω^X , h^E )(g)(s) = −Tr_s[Ng(D^{X,2})^{−s}].

(1.14)

By (1.13),θ(ω^X , h^E )(g)(s) extends to a meromorphic function of s ∈ C, which is holomorphic at s = 0. In particular, g ∈ G →^∂_{∂s} θ(ω^X , h^E )(g)(0) ∈ C is a central function. When g = 1, it was introduced by Ray and Singer [RS]. This function is called the Ray-Singer equivariant analytic torsion. Definition 1.3. For g ∈ G, put

log(‖ ‖^2_{λG(E)})(g) = log(| |^2_{λG (E)})(g) − ∂ ∂s θ(ω^X , h^E )(g)(0).

(1.15)

The symbol ‖ ‖_{λG(E)} will be called an equivariant Quillen metric on λ_G(E).

1.3. The asymptotics of certain supertraces. Let J^{T X} be the complex structure of T_RX. Let ω^X be the Kähler form associated to the metric h^{T X} , so that if U, V ∈ T_RX, ω^X (U, V ) = ⟨U, J^{T X} V ⟩. (1.16) In this subsection, we assume that the metric h^{T X} is Kähler, i.e. the form ω^X is closed. In the sequel T X will denoted the complex tangent bundle to X, and T_RX the corresponding real tangent bundle. A similar notation will be used for other complex vector bundles.

Let ∇^{T X} , ∇^E be the holomorphic Hermitian connections on (T X, h^{T X} ), (E, h^E ), and let R^{T X} , R^E be their curvatures. Let ∇^{Λ(T ∗(0,1) X)⊗E} be the corresponding connection on Λ(T^{∗(0,1)}X) ⊗ E. By [H], since h^{T X} is a Kähler metric, √ 2D^X is a Dirac operator. In fact recall that by Section 1.1, Λ(T^{∗(0,1)}X) ⊗ E is a c(T_RX)- Clifford module. Let e_1, . . . , e_{2ℓ} be an orthonormal basis of T_RX. Then D^X is given by the formula

D^X = 2ℓ∑ 1 c(e_i) √ 2 ∇^{Λ(T ∗(0,1) X)⊗E} e_i . (1.17)

Take g ∈ G. Then T X_g = {U ∈ T X|_{Xg} , gU = U}. (1.18) Let N_{Xg /X} be the normal bundle to X_g in X. Then g acts on N_{Xg /X} . Let e^{iθ1} , . . . , e^{iθq} , (0 < θ_j < 2π) be the locally constant distinct eigenvalues of g acting on N_{Xg /X} , and let N^{θ1}_{Xg /X} , . . . , N^{θq}_{Xg /X} be the corresponding eigenbundles. Then N_{Xg /X} splits holomorphically as N_{Xg /X} = ⊕_{1≤j≤q} N^{θj}_{Xg /X} . (1.19) Also we have the holomorphic splitting T X = T X_g ⊕ N_{Xg /X} . (1.20)

Moreover the splittings (1.19) and (1.20) are orthogonal. Let h^{T Xg} , h^{N θ1Xg /X} . . . be the Hermitian metrics induced by h^{T X} on T X_g, N^{θ1}_{Xg /X} . . .. Then ∇^{T X} |_{Xg} in-

duces the holomorphic Hermitian connections ∇^{T Xg} , ∇^{N θ1Xg /X} . . . on (T X_g, h^{T Xg} ), (N^{θ1}_{Xg /X} , h^{N θ1Xg /X} ) . . . . Let R^{T Xg} , R^{N θ1Xg /X} . . . be their curvatures.

Definition 1.4. Let P^X be the vector space of smooth forms on X, which are sums of forms of type (p, p). Let P^{X,0} be the subspace of the ω ∈ P^X such that there exist smooth forms α, β on X with ω = ∂α + ∂β.

If A is a (q, q) matrix, put

Td(A) = det ( A 1 − e^{−A} ) , ch(A) = Tr[exp(A)], c_{max}(A) = det(A).

(1.21)

The genera associated to Td, ch and c_{max} are called the Todd genus, the Chern character and the maximal Chern class. Definition 1.5. Set

Td_g (T X, h^{T X} ) = Td( −R^{T Xg} 2iπ ) q∏ j=1 ( Td c_{max} ) −R N^{θj}_{Xg /X} 2iπ + iθ_j ,

Td^′_g (T X, h^{T X} ) = ∂ ∂b [ Td ( −R^{T Xg} 2iπ + b )

× q∏ j=1 ( Td c_{max} ) ( −R^{T Xg} 2iπ + iθ_j + b ) |_{b=0} ,

(Td^{−1}_g )^′(T X, h^{T X} ) = ∂ ∂b [ Td^{−1} ( −R^{T Xg} 2iπ + b ) (1.22)

× q∏ j=1 ( Td c_{max} )_{−1} −R N^{θj}_{Xg /X} 2iπ + iθ_j + b |_{b=0} ,

ch_g (E, h^E ) = Tr [ g exp ( −R^E |_{Xg} 2iπ )] . The forms in (1.22) are closed forms on X_g and lie in P^{Xg} , and their cohomology class does not depend on the G-invariant metrics h^{T X} , h^E . We denote by Td_g(T X), Td^′_g(T X), . . . , ch_g (E) these cohomology classes, two of which appear in the Lefschetz formulas of Atiyah-Bott[ABo1]. In fact, if g ∈ G, put L(g) = Tr_s^{H· (X,E)}[g].

(1.23) Then the Lefschetz formulas of [ABo1] assert that L(g) = ∫ X_g Td_g (T X)ch_g (E).

(1.24)

Now we state a result from [B13, Theorem 8.3].

Theorem 1.6. There exist D_{−1}(g), D_0(g) . . . such that as t → 0,

Tr_s[N exp(−tD^{X,2})] =

D_{−1}(g) t + D_0(g) + . . . + D_k(g)t^k + O(t^k).

(1.25)

In particular,

D_{−1}(g) = ∫ X_g ω^X 2π Td_g (T X)ch_g (E),

(1.26)

D_0(g) = ∫ X_g Td_g(T X) ( dim(X) − ( Td^′ Td ) g (T X) ) ch_g(E).

Moreover there is c > 0 such that as t → +∞, Tr_s[Ng exp(−tD^{X,2})] = Tr_s^{H· (X,E)}[Ng] + O(e^{−ct}).

(1.27)

Proposition 1.7. The following identity holds,

(1.28) ∂ ∂s θ(ω^X , h^E )(g)(0) = −

∫_1 0 ( Tr_s [ Ng exp(−tD^{X,2}) ] − D_{−1}(g) t − D_0(g) ) dt t − ∫_{+∞} 1 ( Tr_s [ Ng exp(−tD^{X,2}) ] − Tr_s^{H· (X,E)}[Ng] ) dt t + D_{−1}(g) + Γ^′(1)(D_0(g) − Tr_s^{H· (X,E)}[Ng]).

Proof. This follows easily from (1.25), (1.27).

1.4. Anomaly formulas for equivariant Quillen metrics. Let (h^{′ T X} , h^{′E} ) be another couple of G-invariant metrics on T X, E. We denote with a^′ the objects which we just considered which are attached to h^{′T X} , h^{′ E} .

By [BGS1, Part I], there are uniquely defined classes ~Td_g (T X, h^{T X} , h^{′T X} ) and ~ch_g (E, hE , h^′E ) in P Xg /P Xg ,0 such that ∂∂ 2iπ ~Td_g (T X, h^{T X} , h^{′T X} ) = Td_g (T X, h^{′T X} ) − Td_g (T X, h^{T X} ), (1.29) ∂∂ 2iπ ~ch_g (E, h^E , h^{′E} ) = ch_g (E, h^{′E} ) − ch_g(E, h^E ).

Now we recall a result in [B13, Theorem 2.5].

Theorem 1.8. Assume that the metrics h^{T X} and h^{′T X} are Kähler. Then log ( ‖ ‖^′_{λG(E)} ‖ ‖_{λG(E)} )_2 = ∫ X_g ~Td_g (T X, h^{T X} , h^{′T X} )ch_g (E, h^E ) (1.30) + ∫ X_g Td(T X, h^{′T X} ) ~ch_g (E, h^E , h^{′E} ). 1.5. The genera R.

Definition 1.9. For θ ∈ R^∗, x ∈ C, put

R^θ(x) = 1 x + iθ ( 2Γ^′(1) − log(θ^2) − log ( 1 + x iθ )) . (1.31)

Let ζ(y, s), η(y, s) be the real and imaginary parts of the Lerch series, ζ(y, s) = +∞∑ n=1 cos(ny) n^s , (1.32)

η(y, s) = +∞∑ n=1 sin(ny) n^s . Then if y /∈ 2πZ, s → ζ(y, s)(y, s) extends to a holomorphic function of s ∈ C, if y ∈ 2πZ, s → ζ(y, s) extends to a meromorphic function on C with a simple pole at s = 1. Also s → η(y, s) extends to a holomorphic on C.

Definition 1.10. For θ ∈ R, x ∈ C, |x| < 2π if θ ∈ 2πZ, |x| < inf_{k∈Z} |θ + 2kπ| if θ /∈ 2πZ, set

R(θ, x) = ∑ n≥0 n even i n∑ j=1 1 j η(θ, −n) + 2 ∂η ∂s (θ, −n) x^n n! (1.33)

+ ∑ n≥0 n odd n∑ j=1 1 j ζ(θ, −n) + 2 ∂ζ ∂s (θ, −n) x^n n! .

By [B12, Theorems 7.2 and 7.8], the series (1.33) is uniformly convergent on its domain of definition. Now we recall the definition of the series R(x) by Gillet and Soulé [GS3]. Let ζ(s) = ∑_{+∞} n=1 1 n^s be the Riemann zeta function.

Definition 1.11. For x ∈ C, |x| < 2π, set R(x) = ∑ n≥1 n odd

(_n ∑ j=1 1 j ζ(−n) + 2∂ζ ∂s (−n) ) x^n n! . (1.34)

Clearly R(0, x) = R(x). (1.35)

Definition 1.12. For x ∈ C, |x| < 2π, set ρ(x) = ∑ n≥1 n odd 2ζ^′(−n) x^n n! . (1.36)

Now we recall results from [B12, Theorems 7.9, 7.10 and 7.13].

Theorem 1.13. For θ ∈ R, x ∈ C, |x| < 2π if θ ∈ 2πZ, |x| < inf_{k∈Z} |θ + 2kπ|if θ /∈ 2πZ, then R(θ, x) is given by R(θ, x) = ∑ k∈Z 2kπ+θ≠0 R^{2kπ+θ}(x). (1.37)

If θ ∈] − 2π, 2π[\{0}, if x ∈ C, |x| < inf_{k∈Z} |θ + 2kπ|, then

R(θ, x) = R(x + iθ) − ∑ k∈Z^∗ log(1 + θ/2kπ) 2ikπ + iθ + x + R^θ(x). (1.38)

Also for θ ∈ R, R(θ, 0) = 2i∂η ∂s (θ, 0) , (1.39) R(θ, 0) = ρ(iθ) + 2Γ^′(1) − log(θ^2) iθ . In the sequel, we identify R(θ, x), R(x) to the corresponding additive genera.

1.6. Equivariant immersions and Quillen metrics. Let i : Y → X be an embedding of complex manifolds, let N_{Y /X} be the normal bundle to Y in X. We assume that G also acts holomorphically on Y . Let F be a holomorphic vector bundle on Y , let (E, v) : 0 → E_m →_v E_{m−1} . . . → . . . →_v E_0 → 0. (1.40)

be a G-complex of holomorphic vector bundles on X, which, together with a holomorphic restriction map r : E_0|_Y → F provides a G-equivariant resolution of i_∗(O_Y (F )), i.e. we have the exact sequence of sheaves

0 → O_X (E_m) →_v O_X (E_{m−1}) . . . → . . . →_v O_X (E_0) → i_∗O_Y (F ) → 0.

(1.41)

In particular, the complex (E, v) is acyclic on X \ Y .

Let N_{Y /X} be the normal bundle to Y . If y ∈ Y , let H_y(E, v) be the homology of the complex (E, v)_y . If y ∈ Y, u ∈ N_{Y /X} , let ∂_uv be the derivative of v in any holomorphic trivialization of E near y. Then using the local uniqueness of resolutions [Se], the following results were proved in [B6].

• The H_y(E, v) are the fibres of a holomorphic Z -graded vector bundle H ((E, v)) on Y . The map ∂_uv acts on H_y(E, v) as a chain map, and this action does not depend on the trivialization of (E, v) near y, and only depends on the image z of u in N_{Y /X} . From now on, we will write ∂_zv instead of ∂_uv.

• Let π be the projection N_{Y /X} → Y . Then over N_{Y /X} , we have a canonical identification of Z-graded chain complexes (π^∗H (E, v), ∂_zv) ≃ (π^∗ ( Λ(N^∗_{Y /X} ) ⊗ E ) , √ −1i_z). (1.42)

Let H^·(X, E) be the hypercohomology of E. Then by [B13, Section 3], we have the canonical isomorphism of G-spaces H^·(X, E) ≃ H^·(Y, F ). (1.43)

If, given W ∈ ^G, λ_W , μ_W are complex lines, if λ = ⊕_W λ_W , μ = ⊕_{W ∈ ^G}μ_W , put λ^{−1} = ⊕_{W ∈ ^G}λ^{−1}, λ ⊗ μ = ⊕_{W ∈ ^G} (λ_W ⊗ μ_W ) . (1.44)

Now, we construct the λ_G(E_i), 1 ≤ i ≤ m, λ_G(F ) as in Section 1.2. Put

λ_G(E) = ⊗_{1≤i≤m} (λ_G(E_i))^{(−1)i} .

(1.45)

Then in [B13, eq. (3.15)], using in particular(1.43), one shows easily that we have a canonical isomorphism λ_G(E) ≃ λ_G(F ). (1.46)

Let h^E = ⊕_{1≤i≤m}h^{Ei} , h^F be G-invariant Hermitian metrics on E = ⊕_{≤i≤m}E_i, F . Let h^{NY /X} be a G-invariant Hermitian metric on N_{Y /X} . By finite dimensional Hodge theory , the Z -graded vector bundle H (E, v) inherits a G-invariant metric h^{H (E,v)} from the metric h^E . Also the metrics h^F , h^{NY /X} induce a Hermitian metric on Λ(N^∗_{Y /X} ) ⊗ F .

We will say that the metric h^E verify assumption (A) with respect to the metrics h^F , h^{NY /X} if the identification (1.42) is an isometry. By [B6, Proposition 1.6] and [B13, Proposition 3.5], given G-invariant Hermitian metrics h^F , h^{NY /X} on F, N_{Y /X} , there exist a G-invariant Hermitian metric h^E = ⊕_{1≤i≤m}h^{Ei} which verifies assumption (A) with respect to h^F , h^{NY /X} .

Let now h^{T X} , h^{T Y} be G-invariant Kähler metrics on T X, T Y . We identify the normal bundle N_{Y /X} to the orthogonal bundle to T Y in T X|_Y . Then the metric h^{T X} induces a G-invariant Hermitian metric h^{NY /X} on N_{Y /X} . Let h^E = ⊕_{1≤i≤m}h^{Ei} , h^F be G-invariant Hermitian metrics on E, F . We assume that h^E, h^F verify assumption (A) with respect to h^F , h^{NY /X} .

Take g ∈ G. Then Y_g ⊂ X_g . Let δ_{Yg} be the current of integration on Y_g . In [BGS2, Section 6], and following earlier work by Bismut-Gillet-Soulé [BGS2] in the case g = 1, a current T_g(X_g , h^E ) on X_g is constructed, which is a sum of currents of type (p, p), whose wave front set is included in N^∗_{Yg /Xg ,R}, which verifies the equation of currents

∂∂ 2iπ T_g (X_g, h^E ) = Td^{−1}_g (N_{Y /X} , h^{NY /X} )ch_g (F, h^F )δ_{Yg} − ch_g (E, h^E ).

(1.47)

Clearly g acts on T X|_{Xg} . If e^{iθj} , 0 ≤ θ_j < 2π, 1 ≤ j ≤ q are the locally constant distinct eigenvalues of g, and if T X|^{θj}_{Xg} , 1 ≤ j ≤ q are the corresponding eigenbundles, then

T X|_{Xg} = ⊕T X|^{θj}_{Xg} . (1.48)

Definition 1.14. Put

R_g (T X) = ∑ R(θ_j , T X|^{θj}_{Xg} ). (1.49)

Then R_g(T X) is a cohomology class on X_g. Similarly we can define the cohomology classes R_g (T Y ), R_g (N_{Y /X} ) on Y_g .

Consider the exact sequence of holomorphic Hermitian vector bundles on Y_g ,

0 → T Y |_{Yg} → T X|_{Yg} → N_{Y /X} |_{Yg} → 0. (1.50)

Let ~Td_g (T Y |_{Yg} , T X|_{Yg} , h^{T X|Yg} ) ∈ P^{Yg} /P^{Yg ,0} be the Bott-Chern class of [BGS1] such that

∂∂ 2iπ ~Td_g(T Y |_{Yg} , T X|_{Yg} , h^{T X|}Yg ) = Td_g (T X|_{Yg} ) − Td_g (T Y |_{Yg} )Td_g (N_{Y /X} |_{Yg} ).

(1.51)

Now we state the main result in [B13].

Theorem 1.15. For g ∈ G, the following identity holds, log ( ‖ ‖_{~λG(E)} ‖ ‖_{λG(F )} )_2 (g) = − ∫ X_g Td_g (T X, h^{T X} )T_g(X_g , h^E ) + ∫ Y_g Td^{−1}_g (N_{Y /X} , h^{NY /X} ) ~Td_g (T Y |_{Yg} , T X|_{Yg} , h^{T X|Yg} )ch_g(F, h^F ) − ∫ Y_g Td_g (T Y )R_g(N_{Y /X} )ch_g(F ),

(1.52)

log ( ‖ ‖_{~λG(E)} ‖ ‖_{λG(F )} )_2 (g) = − ∫ X_g Td_g (T X, h^{T X} )T_g(X_g , h^E ) + ∫ Y_g Td^{−1}_g (N_{Y /X} , h^{NY /X} ) ~Td_g (T Y |_{Yg} , T X|_{Yg} , h^{T X|Yg} )ch_g(F, h^F ) − ∫ X_g Td_g (T X)R_g(T X)ch_g (E) + ∫ Y_g Td_g(T Y )R_g (T Y )ch_g (F ) .

2. The equivariant infinitesimal analytic torsion forms

In this Section, we construct the equivariant analytic torsion in infinitesimal form, and we establish its main properties. As explained in the introduction, it is here crucial that the given Lie group G acts on the manifold X with a moment map.

This Section is organized as follows. In Section 2.1, we introduce the moment map ⟨μ, K⟩ which is associated to the action of G. In Section 2.2, as a motivation for our construction, we introduce a new metric on the trivial bundle, which depends on T ∈ R, and we construct the corresponding Dirac operator. In Section 2.3, we recall the Lefschetz fixed point formulas of Atiyah-Bott [ABo1] and the corresponding delocalized Kirillov formulas, relating them through the localization formulas of Duistermaat-Heckman [DuH], and the equivariant cohomology formalism of Berline-Vergne [BeV]. In Section 2.4, we recall the heat equation proof of the Kirillov formula given in [B3]. In Section 2.5, we briefly recall the construction by Bismut-Köhler [BK] in the case where the structure group of the considered fibration reduces to a compact Lie group G. In Section 2.6, we construct the infinitesimal equivariant analytic torsion forms, and the associated infinitesimal equivariant Quillen metric. In Section 2.7, we give the corresponding anomaly formulas. Finally in Section 2.8, we give a formula which describes the behaviour of these Quillen metrics by immersion.

2.1. Complex manifolds and moment maps. We make the same assumptions as in Section 1.2. Let ω^{T X} be a closed G-invariant real 2-form on X which is of complex type (1,1), which is the Kähler form of a Hermitian metric h^{T X} on T X. If J^{T X} is the complex structure of T_RX, if U, V ∈ T_{RX} , ω^X (U, V ) = ⟨U, J^{T X} V ⟩_hT X . (2.1)

Then ω^X is a symplectic form on X, and G acts on X by symplectic diffeomorphisms.

If K ∈ g, let K^X be the corresponding vector field on X. If K, K^′ ∈ g, then

[K^X , K^{′X} ] = −[K, K^′]^X .

(2.2)

Let μ : X → g^∗ be a smooth moment for the action of G on (X, ω^X ). Namely μ is such that • If g ∈ G, x ∈ X, μ(gx) = g.μ(x) (2.3)

• If K ∈ g, then d⟨μ, K⟩ + i_KX ω^X = 0. (2.4)

In particular, if K, K^′ ∈ g, ⟨μ, [K, K^′]⟩ = −ω^X (K^X , K^{′X} ). (2.5)

Recall that ∇^{T X} is the holomorphic hermitian connection on (T X, h^{T X} ). Since (X, ω^X ) is Kähler, ∇^{T X} induces on T_RX the corresponding Levi-Civita connection.

Definition 2.1. If K ∈ g, set

m^{T X} (K) = ∇^{T X}_· K^X .

(2.6)

The vector field K^X is Killing and holomorphic, and the connection ∇^{T X} induces the Levi-Civita connection on T_RX. Therefore m^{T X} (K) is a skew-adjoint section of End(T X), which is also the vertical part with respect to ∇^{T X} of the lift K^{T X} of K^X to T X. The Lie derivative operator L_KX is given by L_K = ∇^{T X}_KX − m^{T X} (K). (2.7)

Let K^E be the vector field induced by the action of K on E. Let m^E (K) ∈ End(E) be the vertical part of K^E with respect to the G-invariant connection ∇^E in E. Then m^E (K) is a skew-adjoint section of End(E). Moreover since the connections ∇^{T X} and ∇^E are G-invariant, by [BeGeV, Section 7], ∇^{T X}_· m^{T X} (K) + i_KX R^{T X} = 0,

(2.8) ∇^E_· m^E (K) + i_KX R^E = 0.

Let ∇^{LT XE} be the connection on Λ(T^{∗(0,1)}X) ⊗ E induced by ∇^{T X} , ∇^E . Then the operator L_K defined in (2.7) extends to an operator L_K acting on Ω^·(X, E), given by L_K = ∇^{Λ(T ∗(0,1) X)⊗E} K^X − m T X (K) − m^E (K). (2.9) 2.2. A new metric on the trivial line bundle. Let (C, | |) be the trivial hermitian line bundle.

Definition 2.2. If K ∈ g, T ≥ 0, let | |_T be the metric on the trivial bundle | |_T = e^{−T ⟨μ,K⟩/2}| |. (2.10)

Now, we equip the trivial line bundle with the metric | |_T . Equivalently, the hermitian product on Ω^·(X, E) in (1.6) is now given by ⟨s, s^′⟩_T = ∫ X ⟨s, s^′⟩_{Λ(T} ∗(0,1)_{X)⊗E} e^{−T ⟨μ,K⟩} dv_X (2π)^{dim X} . (2.11)

Let ∂^{X∗}_T be the formal adjoint of ∂^X with respect to (2.11). Then ∂^{X∗}_T = e^{T ⟨μ,K⟩}∂^{X∗}e^{−T ⟨μ,K⟩}. (2.12) Proposition 2.3. The following identity holds ∂^{X∗}_T = ∂^{X∗} − T √ −1i_KX(0,1) . (2.13) Proof. By (2.12) , ∂^{X∗}_T = ∂^{X∗} + T i_{(∇·⟨μ,K⟩)}(0,1) . (2.14) By (2.1), (2.4), we get (∇_·⟨μ, K⟩)^{(0,1)} = − √ −1K^{X(0,1)}. (2.15) Then (2.13) follows from (2.14) and (2.15). Put δ^X_T = e^{− T2 ⟨μ,K⟩}∂^X e^{T2 ⟨μ,K⟩}, δ^{X∗}_T = e^{T2 ⟨μ,K⟩}∂^{X∗}e^{− T2 ⟨μ,K⟩}, (2.16) A_T = δ^X_T + δ^{X∗}_T .

Then δ^{X∗}_T is the adjoint of δ^X_T with respect to the standard hermitian product ⟨ ⟩ on Ω^·(X, E).

Proposition 2.4. The map s ∈ Ω^·(X, E) → e^{− T2 ⟨μ,K⟩}s ∈ Ω^·(X, E) (2.17) is an isomorphism between the hermitian complexes (Ω^·(X, E), ∂^X , ⟨ ⟩_T ) and (Ω^·(X, E), δ^X_T , ⟨ ⟩). Proof. This is a trivial result, whose proof is left to the reader. Proposition 2.5. The following identities hold, δ^X_T = ∂^X + T 2 √ −1K^{X(1,0)}∧, δ^{X∗}_T = ∂^{X∗} − T 2 √ −1i_KX(0,1) , (2.18)

A_T = D^X + T √ −1 c(K^X ) 2 √ 2 . Proof. The second identity was already proved in Proposition 2.5. The proof of the remaining identities is similar.

Clearly, the objects which have been defined in (2.18) also make sense for T ∈ C. In particular A_−^√_{−1T} = D^X + T c(K^X ) 2 √ 2 . (2.19) However, for T ≠ 0, the operator A_−^√_{−1T} is not self-adjoint. 2.3. Lefschetz and Kirillov formulas. Recall that by (1.23), L(g) = Tr_s^{H· (X,E)}[g].

(2.20) Then L(g) is the character of the representation of G on the Z-graded vector space ker(D^X ). The McKean-Singer heat equation formula [MKeS] asserts that for any t > 0, L(g) = Tr_s[g exp(−tD^{X,2})].

(2.21) By making t → 0 in (2.21), and using local index theory [ABoP], [Gi], [B1], [BeGeV], one obtains the Atiyah-Bott-Lefschetz formula [ABo1], L(g) = ∫ X_g Td_g (T X, h^{T X} )ch_g(E, h^E ),

(2.22)

which can also be written as in (1.24) in the form L(g) = ∫ X_g Td_g (T X)ch_g (E).

(2.23)

Let (DR(X), d) be the de Rham complex of smooth complex differential forms on X, equipped with the de Rham operator d. Let (DR^G(X), d) be the subcomplex of the G-invariant forms. The de Rham operator d splits as d = ∂ + ∂. (2.24)

Now we follow Berline-Vergne [BeV], and Bismut [B8, B9].

Definition 2.6. Set d_K = d − 2iπi_KX , ∂_K = ∂ − 2iπi_KX(0,1) , (2.25) ∂_K = ∂ − 2iπi_KX(1,0) . Clearly, d_K = ∂_K + ∂_K ,

(2.26) d^2_K = −2iπL_KX . In particular when acting on G-invariant forms, d^2_K = 0.

(2.27) The cohomology classes of (DR^G(X), d_K ) are called equivariant cohomology classes.

Since K^X is a holomorphic vector field, ∂^2_K = 0, ∂^2_K = 0.

(2.28) By (2.26), (2.28), [∂_K , ∂_K ] = −2iπL_KX , (2.29) [L_KX , ∂_K ] = 0, [L_KX , ∂_K ] = 0.

In particular when acting on G-invariant forms, the operators ∂_K and ∂_K anticommute. Put R^{T X}_K = R^{T X} − 2iπm^{T X} (K), R^E_K = R^E − 2iπm^E(K). (2.30) Then R^{T X}_K and R^E are called the equivariant curvatures of T X and E.

Take g ∈ G. Let Z(g) ⊂ G be the centralizer of g, and let z(g) be its Lie algebra. Then z(g) = {K ∈ g, g.K = K}. (2.31)

In the sequel, we always take g ∈ G, K ∈ z(g). Put X_K = {x ∈ X, K^X (x) = 0}. (2.32) Then X_K , which is the fixed point set of the group generated by K, is a complex totally geodesic submanifold of X. Set X_{g,K} = X_g ∩ X_K . (2.33) Then X_{g,K} is a complex totally geodesic submanifold of X. More precisely, if K_0 ∈ z(g) and, for z ∈ R, K = zK_o, for z small enough, X_{g,K} = X_{ge}K . (2.34)

Observe that m^{T X} (K)|_{Xg} acts on T X_g and on N_{Xg /X} . Also it preserves the splitting (1.19) of N_{Xg /X} . Let m^{T Xg} (K) and m^N θj Xg /X (K), 1 ≤ j ≤ q be the restriction of m^{T X} (K)|_{Xg} to T X_g, N^{θj}_{Xg /X} . Then m^{T Xg} (K) and them^N θj Xg /X (K) are just analogues of m^E (K). We define the corresponding equivariant curvatures R^{T Xg}_K , R^N θj Xg /X K .

Definition 2.7. For K ∈ z(g) small enough, set

Td_{g,K} (T X, h^{T X} ) = Td( −R^{T Xg}_K 2iπ ) q∏ j=1 ( Td c_{max} ) −R^N θj Xg/X K 2iπ + iθ_j ,

Td^′_{g,K} (T X, h^{T X} ) = ∂ ∂b [ Td( −R^{T Xg}_K 2iπ + b)

(2.35)

× q∏ j=1 ( Td c_{max} ) −R^N θj Xg/X K 2iπ + iθ_j + b |b=0,

ch_{g,K} (E, h^E ) = Tr [ exp ( − R^E_K 2iπ ) ] . The restriction on K is needed because the denominator of Td(x) vanishes for x ∈ 2iπZ. The forms Td_{g,K} (T X, h^{T X} ) and ch_{g,K} (E, h^E ) are forms on X_g, which lie in P^{Xg} .

They are G-invariant. Moreover by [BeV], [BeGeV, Theorem 7.7], d_K Td_{g,K} (T X, h^{T X} ) = 0, d_K ch_{g,K} (E, h^E ) = 0,

(2.36) and their equivariant cohomology classes do not depend on the G- invariant metrics h^{T X} and h^E .

The localization formulas in equivariant cohomology of Duistermaat-Heckman [DuH], Berline-Vergne [BeV] imply that ∫ X_g Td_{g,K} (T X, h^{T X} )ch_{g,K} (E, h^E ) = ∫ X_{g,K} Td_{ge}K (T X, h^{T X} )ch_{ge}K (E, h^E ). (2.37)

From the Atiyah-Bott-Lefschetz formulas in (2.23) and from (2.37), we recover the Kirillov formulas in the manner of Berline-Vergne [BeV]. Namely, if K ∈ z(g) is small enough,

L(ge^K ) = ∫ X_g Td_{g,K} (T X, h^{T X} )ch_{g,K} (E, h^E ). (2.38)

2.4. The heat equation proof of the Kirillov formulas. Now, we will briefly explain the direct heat equation proof of (2.38) given in [B3], which is an analytic analogue of the heat equation proof of the Atiyah-Bott-Lefschetz formulas outlined in (2.21),(2.22).

Definition 2.8. For t > 0, put C_{K,t} = √ tD^X + c(K^X ) 2 √ 2t . (2.39)

Equivalently C_{K,t} = √ tD^X_{1/t}. (2.40) A first trivial step in the heat equation proof of (2.38) is an obvious extension of the McKean-Singer formula L(ge^K ) = Tr_s[g exp(−L_K − C^2_{K,t})].

(2.41)

For g = 1, one then shows in [B3] that ‘fantastic cancellations’ still occur in supertrace of the kernel of the operator g exp(−L_K − C^2_{K,t}), and that for K small enough, the limit as t → 0 exists, and is given by the right-hand side of (2.38). We thus get a direct proof of (2.38) in the case g = 1. The general case will be dealt with in Section 7.

2.5. Analytic torsion forms and compact Lie groups. In this Section, we assume that G is connected. Then by Guillemin-Sternberg [GuSt, Proposition 4.1], G has a unique complexification G_C. Namely G_C is a connected Lie group, whose Lie algebra g_C is the complexification of g, and G is a maximal compact subgroup of G_C. By [GuSt, Theorem 4.4], the holomorphic action of G on X extends to a holomorphic action of G_C on X. Similarly, by proceeding as in [GuSt, Theorem 5.1], this action of G_C lifts to a holomorphic action on E. Let Z(g)_C be the centralizer of g in G_C.

We will assume that Z(g) is connected. By [Bou, Corollaire 5.3.1], this is always the case if G is simply connected. Needless to say, if g = 1, Z(g) = G is connected.

Let G_C = P G be the Cartan decomposition of G_C. If h = pq is the Cartan decomposition of h ∈ Z(g)_C, then p, q commute with g. Therefore Z(g)_C is connected, and is the complexification of Z(g).

Let S be a complex manifold. Let p : P^{Z(g)C}→ S be a Z(g)_C holomorphic principal bundle over S. By [GuSt, p. 527], Z(g)_C/Z(g) is contractible.Therefore the Z(g)_C - bundle P can be reduced to a Z(g)-bundle q : Q^{Z(g)C}→ S. Then the Z(g)-bundle Q is canonically equipped with a connection which lifts to a holomorphic connection on the Z(g)_C-bundle P , for which g is parallel. Let θ be the connection form on Q, and let Θ be its curvature. Then Θ is a (1, 1) form with values in the vector bundle Q ×_{Z(g)} g. Put V = P ×_{Z(g)C} X. (2.42)

Then π : V^X→ S is a holomorphic fibration with compact fibre X. Also g acts fibrewise on V . Moreover V = Q ×_{Z(g)} X (2.43)

Therefore V is also equipped with a connection, i.e. we have a splitting T V = T^H V ⊕ T X, (2.44)

and g is parallel with respect to this connection.

Let P^{T X} : T_RV → T_RX be the obvious projection with respect to the splitting (2.44). If U ∈ T_RS, let U^H ∈ T^H V be the horizontal lift of U. If U, V ∈ T_RS, put

T (U, V ) = −P^{T X} [U^H , V^H ].

(2.45)

One verifies easily that T is a tensor.

Proposition 2.9. The tensor T is a (1,1) form on S with values in vector fields along the fibres X. More precisely

T = Θ^X .

(2.46)

Proof. Equation (2.46) follows from (2.45).

Observe that by (2.3), ⟨μ, Θ^X ⟩ is a well-defined differential form on S.

Definition 2.10. Let ω^V be the 2-form on V ω^V = ω^X + π^∗⟨μ, Θ^X ⟩.

(2.47) Proposition 2.11. The 2-form ω^V is a real closed (1,1) form on V . Proof. This follows easily from equation (2.4).

Observe that:

• The restriction of the form ω^V to the fibres X is just the Kähler form along the fibres.

• The vector bundle T^H V is the orthogonal bundle with respect to ω^V . By [BGS1, part II, Definition 1.4], we find that (π, h^{T X} , T^H V ) is a Kähler fibration, and that ω^V is an associated (1,1) form. If ω^H is the restriction of ω^V to T^H V , then ω^H = ⟨μ, Θ^X ⟩. (2.48) It is a general fact for Kähler fibrations that if U, V ∈ T_RS, then ω^H (U^H , V^H ) is a Hamiltonian for the vector field T (U, V ), which is of course the case here.

The vector bundle P ×_{Z(g)C} E is a holomorphic vector bundle on V . We still denote it by E. Clearly it is also given by Q ×_{Z(g)} E. Therefore E is now a holomorphic hermitian vector bundle on V . Similarly Z(g)_C acts on Ω^·(X, E). Therefore Ω^·(X, E) descends to a ‘ holomorphic ’ vector bundle on S, given by P ×_{Z(g)C} Ω^·(X, E), which is also Q ×_{Z(g)} Ω^·(X, E), i.e. Ω^·(X, E) is now a holomorphic hermitian vector bundle on S.

The given connection on Q induces the holomorphic hermitian connection ∇^E on (E, h^E ), and the holomorphic hermitian connection ∇^{Ω·(X,E)} on (Ω^·(X, E), h^{Ω· (X,E)}).

The operator ∂^X being Z(g)_C-invariant descends to an operator acting on the vector bundle Ω^·(X, E). Therefore (Ω^·(X, E), ∂^X ) is a a holomorphic complex of infinite dimensional vector bundles on S. The adjoint ∂^{X∗} being Z(g)-invariant descends to the corresponding adjoint.Therefore D^X = ∂^X + ∂^{X∗} acts along the fibres Ω^·(X, E).

Now, we recall the definition of the Levi-Civita superconnection [B4, Section 3]. Definition 2.12. For t > 0, let B_t be the Levi-Civita superconnection

B_t = √ tD^X + ∇^{Ω· (X,E)} − c(T ) 2 √ 2t . (2.49)

Clearly, if B^{′′}_t = √ t∂^X + ∇^{Ω· (X,E)′′} − c(T^{(1,0)}) 2 √ 2t , (2.50)

B^′_t = √ t∂^{X∗} + ∇^{Ω· (X,E)′} − c(T^{(0,1)}) 2 √ 2t , then B_t = B^{′′}_t + B^′_t.

(2.51) By [BGS1, part II, Theorem 2.6], B^{′′ 2}_t = 0, B^{′ 2}_t = 0,

(2.52) B^2_t = [B^{′′}_t , B^′_t].

By [BGS1, part II, Theorem 2.6] or [B14, eq. (2.35)]

B^{′′}_t = exp(− i⟨μ, Θ^X ⟩ 2t )t^{N/2}(∇^{Ω· (X,E)′′} + ∂^X )t^{−N/2} exp(i ⟨μ, Θ^X ⟩ 2t ), (2.53)

B^′_t = exp(i ⟨μ, Θ^X ⟩ 2t )t^{−N/2}(∇^{Ω· (X,E)′} + ∂^{X∗})t^{N/2} exp(−i ⟨μ, Θ^X ⟩ 2t ). Recall that if K ∈ g, the operator L_K was defined in (2.9). One verifies easily that ∇^{Ω· (X,E),2} = −L_Θ. (2.54) Therefore, by proceeding as in [B4, Remark III.2], we get B^2_t = −L_Θ + C^2_{Θ,t}.

(2.55) Definition 2.13. For t > 0, put

N_t = N + i ⟨μ, Θ⟩ t . (2.56)

Let φ ∈ End(Λ(T^∗_R(S)) ⊗_R C) be given by α → (2iπ)^{−deg(α)/2}α. (2.57) Definition 2.14. Let α_t, γ_t be the forms on S, α_t = φTr_s[g exp(−B^2_t )] γ_t = φTr_s[N_tg exp(−B^2_t )].

(2.58)

Theorem 2.15. The forms α_t and γ_t are real and closed, and lie in P^S . More precisely,

α_t = L ( g exp ( − Θ 2iπ ) ) , (2.59)

γ_t = Tr_s [( N + ⟨μ, Θ⟩ 2πt ) g exp ( L_Θ 2iπ − ( √ tD^X − c(Θ^X ) 2 √ 2t )^2 )] . Proof. By (2.55),

α_t = φTr_s [ exp ( L_Θ − ( √ tD^X − c(Θ^X ) 2 √ 2t )^2 )] . (2.60)

Using (2.41), (2.60), we get the first equation in (2.59). The proof of the second equation in (2.59) is similar. Finally Chern-Weil theory shows that the forms α_t and γ_t are closed. The proof of our Theorem is completed. Remark 2.16. By (2.38) and (2.59), it follows that

α_t = ∫ X_g Td_{g exp(−Θ/2iπ)}(T X, h^{T X} )ch_{g exp(−Θ/2iπ)}(E),

(2.61)

This is a form of the theorem of Riemann-Roch-Grothendieck , but also a special case of the local families index theorem[B4], where the forms α_t remain constant. Remark 2.17. In a more general context, it is shown in [BGS1, part II, Theorem 2.9] that ∂ ∂t α_t = − 1 t ∂∂ 2iπ γ_t. (2.62)

This equation is here tautologically verified.

Clearly G_C acts on H^·(X, E), and G acts isometrically on (H^·(X, E), h^{H· (X,E)}). Therefore (H^·(X, E), h^{H· (X,E)}) descends to a holomorphic hermitian vector bundle on S.

By [BGS1, part II, Theorems 2.11 and 2.16] in the case where g = 1 and by [B13, Theorem 8.3] in the general case, we know that as t → 0,

γ_t = C_{−1} t + C_0 + k∑ j=1 C_k t^k, (2.63)

and, as t → ∞,

γ_t = Tr_s^{H· (X,E)}[Ng exp(−Θ/2iπ)] + O(1/ √ t). (2.64)

Definition 2.18. For s ∈ C, 0 < Re(s) < 1/2, put R(s) = − 1 Γ(s) ∫_{+∞} 0 t^{s−1}(γ_t − γ_{+∞})dt. (2.65)

By (2.63), (2.64), R(s) extends to a meromorphic function, of s ∈ C, Re(s) < 1/2, which is holomorphic at s = 0.

Definition 2.19. Set

T (ω^X , h^E )(g) = ∂ ∂s R(s)|_{s=0}. (2.66)

Then T (ω^X , h^E )(g) is an even form on S which lies in P^S .

Theorem 2.20. The form T (ω^X , h^E )(g) is closed. Its cohomology class does not depend on the reduction of P to Q.

Proof. By Theorem 2.15, the forms γ_t are closed. Therefore the form T (ω^X , h^E )(g) is also closed. The same argument shows that the cohomology class of T (ω^X , h^E )(g) does not depend on Q. The proof of our Theorem is completed.

2.6. The equivariant infinitesimal analytic torsion. We make the same assumptions as in Sections 2.1-2.4, the results of Section 2.5 being only intended as a motivation for what follows.

Definition 2.21. For t > 0, K ∈ g, put α_t(g, K) = Tr_s [ g exp(−L_K − C^2_{K,t}) ] , (2.67)

γ_t(g, K) = Tr_s [ (N − i ⟨μ, K⟩ t )g exp(−L_K − C^2_{K,t}) ] . Clearly the above definitions extend to the case where K ∈ g_C.

Theorem 2.22. For t > 0, K ∈ z(g)_C, α_t(g, K) = L(ge^K ). (2.68)

If |K| is small enough, there exist γ ∈]0, 1] and C_1(g, K), . . . , C_0(g, K) ∈ C such that for t ∈]0, 1], γ_t(g, K) = C_{−1}(g, K) t + C_0(g, K) + O(t^γ ).

(2.69)

Moreover C_{−1}(g, K) = ∫ X_g ( ω^X 2π − i⟨μ, K⟩ ) Td_{g,K} (T X, h^{T X} )ch_{g,K} (E, h^E ), (2.70)

C_0(g, K) = ∫ X_g Td_{g,K} (T X) dim(X) − ( Td^′ Td ) g,K (T X) ch_{g,K} (E). Finally, if K ∈ z(g)_C, as t → +∞,

γ_t(g, K) = Tr_s^{H· (X,E)}[Nge^K ] + O(1/ √ t). (2.71)

Proof. The fact that α_t does not depend on t was already stated in (2.41). Equations (2.70) and (2.71) will be proved in Section 7.

Remark 2.23. Needless to say, one can also show that for any k ∈ N, as t → 0, γ_t(g, K) has a Taylor expansion to arbitrary order k ∈ N.

Definition 2.24. For K ∈ z(g)_C, |K| small enough, for s ∈ C, 0 < Re(s) < 1/2, set ~θ(ω^X , h^E )(g, K)(s) = − 1 Γ(s) ∫_{+∞} 0 t^{s−1} ( γ_t(g, K) − γ_{+∞}(g, K) ) dt. (2.72)

By (2.69), (2.71), ~θ(ω^X , h^E)(g, K)(s) extends to a holomorphic function of s near s = 0.

By comparing (1.14) and (2.72), we find that

θ(ω^X , h^E )(g)(s) = ~θ(ω^X , h^E )(g, 0)(s).

(2.73)

Then if K ∈ z(g)_C, ~θ(ω^X , h^E )(g, zK) depends analytically on z ∈ C, for |z| small enough. One then verifies easily that with the notation in (2.65),

T (ω^X , h^E)(g) = ∂ ∂s ~θ(ω^X , h^E )(g, − Θ 2iπ )(0),

(2.74)

where (2.74) is now an equality of power series which contain only a finite number of terms. Also (2.74) makes clear that the cohomology class of T (ω^X , h^E ) does not depend on the choice of the reduction Q of P .

Proposition 2.25. The following identity holds,

(2.75) ∂ ∂s ~θ(ω^X , h^E)(g, K)(0) = − ∫_1 0 ( γ_t(g, K) − C_{−1}(g, K) t − C_0(g, K) )dt t − ∫_{+∞} 1 ( γ_t(g, K)−γ_{+∞}(g, K) ) dt t +C_{−1}(g, K)+Γ^′(1)(C_0(g, K)−Tr_s^{H· (X,E)}[Nge^K ]).

Proof. This follows easily from (2.69), (2.70).

In the sequel,^∂_{∂s} ~θ(ω^X , h^E )(g, K)(0) will be called the equivariant infinitesimal Ray-Singer torsion.

Now we imitate Definition 1.3.

Definition 2.26. Put

log(‖ ‖^~_{λG (E)})^2(g, K) = log(| |^2_{λW (E)})(ge^K ) − ∂ ∂s ~θ(ω^X , h^E )(g, K)(0). (2.76)

The symbol ‖ ‖^~_{λG(E)} will be called an equivariant infinitesimal Quillen metrics. By (2.73)

log(‖ ‖^2_{λG(E)})(g) = log(‖ ‖^~_{λG(E)})^2(g, 0).

(2.77)

The main purpose of this paper is to compare log(‖ ‖^2_{λG(E)})(ge^K ) and log(‖ ‖^{~,2}_{λG(E)}) (g, K).

2.7. Anomaly formulas for equivariant infinitesimal Quillen metrics. Let ω^{′X} be another G-invariant Kähler form on X, and let h^{′E} be a second G-invariant hermitian metric on E. We denote ‖ ‖^{′~}_{λG (E)} the corresponding families Quillen metric. By [BGS1, part I], for |K| small enough, we can define Bott-Chern classes ~Td_{g,K} (T X, hT X ) ∈ P Xg /P Xg ,0 which verify the obvious analogue of (1.29). Similarly the class ~ch_{g,K} (E, h^E , h^{′E} ) was already considered in (1.29).

Theorem 2.27. For K ∈ z(g)_C, |K| small enough, the following identity holds

log ( ‖ ‖^′_{~λG(E)} ‖ ‖^~_{λG(E)} )_2 (g, K) = ∫ X_g ~Td_{g,K} (T X, h^{T X} , h^{′ T X} )ch_{g,K} (E, h^E ) (2.78) + ∫ X_g Td_{g,K} (T X, h^{′T X} ) ~ch_{g,K} (E, h^E , h^{′E} ).

Proof. When K = 0, our Theorem is just Theorem 1.8. The general case can be proved by using the methods of [BGS1, part III], [B13].

2.8. Equivariant immersions and equivariant infinitesimal Quillen metrics. Now, we suppose that besides the above assumptions, the assumptions of Section 1.6 also hold. Let K ∈ z(g)_C. Then one can easily modify the construction of the current T_g(E, h^E ) on X_g given in [B13, Section 6], and, for |K| small enough, construct a current T_{g,K} (X_g , h^E ) on X_g which verifies the equation of currents

∂_K ∂_K 2iπ T_{g,K} (X_g , h^E ) = Td^{−1}_{g,K} (N_{Y /X} , h^{NY /X} )ch_{g,K} (F, h^F )δ_{Yg} − ch_{g,K} (E, h^E ). (2.79)

In fact in [B13], one needs just to replace the considered curvatures by the corresponding equivariant curvatures. Similarly R_{g,K} (N_{Y /X} , h^{NY /X} ) is the analogue of R_g (N_{Y /X} , h^{NY /X} ), where the curvature R^{NY /X} is replaced by the equivariant curvature R^{NY /X}_K . Let R_{g,K} (N_{Y /X} ) be the corresponding equivariant cohomology class on X_g.

Theorem 2.28. For K ∈ z(g)_C, |K| small enough, the following equivalent identities hold, log ( ‖ ‖^~_{λG(E)} ‖ ‖^~_{λG(F )} )_2 (g, K) = − ∫ X_g Td_{g,K} (T X, h^{T X} )T_{g,K} (X_g , h^E ) + ∫ Y_g Td^{−1}_{g,K} (N_{Y /X} , h^{NY /X} ) ~Td_{g,K} (T Y |_{Yg} , T X|_{Yg} , h^{T X|Yg} )ch_{g,K} (F, h^F )

− ∫ Y_g Td_{g,K} (T X)R_{g,K} (N_{Y /X} )ch_{g,K} (F ), (2.80)

log ( ‖ ‖^~_{λG(E)} ‖ ‖^~_{λG(F )} )_2 (g, K) = − ∫ X_g Td_{g,K} (T X, h^{T X} )T_{g,K} (E, h^E ) + ∫ Y_g Td^{−1}_{g,K} (N_{Y /X} , h^{NY /X} ) ~Td_{g,K} (T Y |_{Yg} , T X|_{Yg} , h^{T X|Yg} )ch_{g,K} (F, h^F ) − ∫ X_g Td_{g,K} (T X)R_{g,K} (T X)ch_{g,K} (E) + ∫ Y_g Td_{g,K} (T Y )R_{g,K} (T Y )ch_{g,K} (F ). Proof. When K = 0, the above result is just the result of [B13], which was stated in Theorem 1.15. In infinitesimal form, i.e. in the context of Section 2.5, the above result was proved in [B14] when g = 1. One minor observation with respect to [B14] is that the identity proved there (which is an identity in P^S /P^{S,0}) becomes here an identity of complex numbers. Establishing (2.80) in full generality requires some non trivial analysis, whose necessity is best revealed by the fact that it only makes sense for |K| small. Most of the extra analysis which is needed with respect to [BL], [B13], [B14] is done in Section 7. Finally, an alternative method is to notice that both sides are analytic in K near K = 0. Using [B14] is then enough to establish (2.80). The proof of our Theorem is completed.

3. Equivariant Bott-Chern currents In the Section, we recall the construction of the equivariant Bott-Chern currents S_K (X, ω^X ) given in [B8, B9] and we state the main results which have been obtained on these currents. These Bott-Chern currents are an essential ingredient in the formula which is the main result of this paper.

This Section is organized as follows. In Section 3.1, we construct the currents S_K (X, ω^X ). In Section 3.2, we state the main result of [B9], which gives a formula describing the behaviour of such currents by a complex immersion. Finally, in Section 3.3, we specialize the construction to the case where the group G acts on X with a moment map.

3.1. Construction of the Bott-Chern currents. Let X be a compact complex manifold. Let ω^X be the Kähler form of a Kähler metric on T X. Let G be a compact connected Lie group acting holomorphically on X and preserving ω^X . Let g be the Lie algebra of G. Otherwise, we keep the notation of Sections 1 and 2, and in particular the notation of Section 2.3. The major difference is that, for the moment, we do not assume that a moment map is attached to the action of G on X. Definition 3.1. Let P^X_K be the vector space of the smooth K^X -invariant forms on X, which are sums of forms of type (p, p). Let P^{X,0}_K be the vector space of the α ∈ P^X_K which can be written in the form α = ∂β + ∂γ, where β, γ are smooth K^X -invariant forms on X.

If K = 0, we will write P^X instead of P^X_K . By (2.29), when acting on P^X_K , the operators ∂_K and ∂_K anticommute.

We will now prove an identity already established in [B8, eq. (14)] and in [B9, eq. (2.12)]. Let K^{′X} ∈ T^∗_RX be the 1-form which is dual to K^X by the metric h^{T X} . Since ∇^{T X} induces the Levi-Civita connection on T_RX and since K^X is a Killing vector field, if U, V ∈ T_RX, dK^{′X} (U, V ) = 2⟨∇^{T X}_U K^X , V ⟩. (3.1) Proposition 3.2. The following identity holds ∂_K ∂_K 2iπ ω^X 2π = d_K K^{′X} 4iπ . (3.2)

Proof. By (2.1), K^{′X} = i(i_K(1,0) − i_K(0,1) )ω^X .

(3.3) Since ω^X is closed, we can rewrite (3.3) in the form

K^{′X} = 1 2π (∂_K − ∂_K )ω^X .

(3.4)

Using (2.29), (3.4), we get (3.2). The proof of our Proposition is completed. Definition 3.3. For t > 0 , let b_t, d_t be the even forms on X,

b_t = exp ( ∂_K ∂_K 2iπt ω^X 2π ) , (3.5)

d_t = − ω^X 2πt exp ( ∂_K ∂_K 2iπt ω^X 2π ) .

We define φ ∈ End ( Λ(T^∗_RX) ⊗_R C ) as in (2.57). With the notation in [B9, Definition 2.2],

b_t = φ^{−K} α_t, d_t = 1 2iπ φ^{−K} γ_t. (3.6)

Now we state a result in [B8, Proposition 5], [B9, Theorem 2.5]. Theorem 3.4. For t > 0, the forms b_t and d_t lie in P^X_K . For t > 0 , the forms b_t are d_K closed, and their d_K cohomology class does not depend on t. More precisely ∂ ∂t b_t = ∂_K ∂_K 2iπt d_t. (3.7)

Definition 3.5. Let P^X_{K,XK} be the set of K-invariant currents on X which are sums of currents of type (p, p), whose wave-front set is included in N^∗_{XK /X,R}. Let P^{X,0}_{K,XK} be the set of currents α ∈ P^X_{K,XK} such that there are K^X -invariant currents β, γ on X, whose wave-front set is included in N^∗_{XK /X,R}, with α = ∂_K β + ∂_K γ.

Let h^{NXK /X} be the hermitian metric induced by ω^X on N_{XK /X} , which is identified to the orthogonal bundle to T X_K in T X|_{XK} .

By [B5, Theorem 1.3], [B9, Theorem 2.5 and Remark 2.6], there are currents ρ_1, . . . , ρ_k . . . in P^X_{K,XK} such that if η is a smooth form on X, ∫ X ηb_t = ∫ X_K η c_{max,K} (N_{XK /X} , h^{NXK /X} ) + k∑ j=1 ∫ X ηρ_j t^j + o(t^k ).

(3.8)

By (3.8), we see that as t → 0, ∫ X ηd_t = − ∫ X_K ηω^X /2π c_{max, K} (N_{XK /X} , h^{NX}K^{/X} ) 1 t − k∑ j=0 ∫ X η ω^X 2π ρ_{j+1}t^j + o(t^k).

(3.9)

If A is an invertible (q, q) matrix, put

c^′_{max}(A) = ∂ ∂b det(A + b)|_{b=0},

(3.10)

c^{−1,′}_{max} (A) = ∂ ∂b [det(A + b)]^{−1}|_{b=0}.

Let δ_{XK} be the current of integration on X_K . The following result was proved in [B8, eq. (40)-(49)] and in [B9, Theorem 2.7]. Theorem 3.6. The following identity holds − ω^X 2π ρ_1 = (c_{max})^{−1,′}_K (N_{XK /X} , h^{NX}K^{/X} )δ_{XK} in P^X_K /P^{X,0}_K .

(3.11)

Let η be a smooth form on X. By (3.9), the function of s ∈ C, Re(s) > 1,

F^1_η (s) = 1 Γ(s)

∫_1 0 t^{s−1}{ ∫ X ηd_t}dt, (3.12)

extends to a meromorphic function, which is holomorphic at s = 0. Also, for s ∈ C, Re(s) < 1,

F^2_η (s) = 1 Γ(s) ∫_{+∞} 1 t^{s−1}{ ∫ X ηd_t}dt (3.13)

is holomorphic

Definition 3.7. Let S_K (X, ω^X ) be the current on X, such that ∫ X ηS_K (X, ω^X ) = ∂ ∂s (F^1_η + F^2_η )(0).

(3.14)

Using (3.6), with the notation in [B9, Definition 2.9],

S_K (X, ω^X ) = 1 2iπ φ^{−K} S_ωX . (3.15)

Now we state a result in [B9, Proposition 2.11]. Proposition 3.8. The following identity holds ∫ X ηS_K (X, ω^X ) =

∫_1 0 { ∫ X η ( d_t + (ω^X /2π)δ_{XK} c_{max, K} (N_{XK /X} , h^{NX}K^{/X} ) 1 t + ω^X 2π ρ_1 ) } dt t (3.16)

+ ∫_{+∞} 1 { ∫ X ηd_t} dt t + ∫ X_K η ω^X /2π c_{max, K} (N_{XK /X} , h^{NX}K^{/X} ) + Γ^′(1) ∫ X η ω^X 2π ρ_1.

Proof. This follows from (3.9), (3.12), (3.13).

Now we state the result of [B8, Theorem 6], [B9, Theorem 2.12]. Theorem 3.9. The current S_K (X, ω^X ) lies in P^X_K . Moreover ∂_K ∂_K 2iπ S_K (X, ω^X ) = 1 − δ_{XK} c_{max, K} (N_{XK /X} , h^{NXK /X} ) . (3.17)

Let ω^{′X} be another G-invariant Kähler form on X. Let h^{′NX}K^{/X} be the corresponding metric on N_{XK /X} . Let ~c^{−1}_{max,K} (N_{XK /X} , h^{NX}K^{/X} , h^{′NX}K^{/X} ) ∈ P^{XK} /P^{XK ,o} be the Bott-Chern class such that

(3.18) ∂∂ 2iπ ~c^{−1}_{max,K} (N_{XK /X} , h^{NX}K^{/X} , h^{′NX}K^{/X} ) = c^{−1}_{max,K} (N_{XK /X} , h^{′NX}K^{/X} ) − c^{−1}_{max,K} (N_{XK /X} , h^{NX}K^{/X} ). The following result was established in [B8, Theorem 7]. Theorem 3.10. The following identity holds, (3.19) S_K (X, ω^{′X} ) − S_K (X, ω^X ) = −~c^{−1}_{max,K} (N_{XK /X} , h^{NX}K^{/X} , h^{′NX}K^{/X} )δ_{XK} in P^{XK} /P^{XK ,0}. 3.2. Bott-Chern currents, excess normal bundles and immersion formulas. Let (H, h^H ) be a holomorphic Hermitian vector bundle on X. Suppose that G acts on (H, h^H ) . Let σ be a G-invariant holomorphic section of H. Put Y = σ^{−1}(0).

(3.20) Assume that ∂σ|_Y is surjective, so that Y is a complex G-invariant submanifold of X, and that ∂σ : N_{Y /X} → H|_Y identifies the vector bundles N_{Y /X} and H|_Y . Let h^{NY /X} be the corresponding Hermitian metric on N_{Y /X} . Let i : Y → X be the obvious embedding. Put ω^Y = i^∗ω^X .

We will use for Y the same notation as for X. Since Y is G-invariant, the vector field K^X restricts on Y to the vector field K^Y . We still denote by i the embedding Y_K → X_K .

Consider the short exact sequence of vector bundles on Y_K , 0 → N_{YK /Y} → N_{XK /X} → ~N → 0. (3.21)

Equation (3.21) defines the vector bundle ~N. Observe that for reasons of dimension, ~N is in general nonzero. This vector field appears as an excess normal bundle. It measures the defect of transversality between X_K and Y .

Observe that we have the holomorphic splitting of vector bundles on Y_K , N_{Y /X} |_{YK} = N_{YK /XK} ⊕ ~N. (3.22) In fact, observe that K acts on N_{Y /X} |_{YK} . Then N_{YK /XK} is the eigenbundle associated to the eigenvalue 0, and ~N is the direct sum of eigenbundles associated to nonzero eigenvalues. Also the splitting (3.22) is orthogonal with respect to the metric h^{NY /X} .

Let ~ c^{−1}_{max,K} (N_{YK /Y} , N_{XK /X} , h^{NXK /X} ) be the Bott-Chern class on Y_K such that

(3.23) ∂∂ 2iπ ~ c^{−1}_{max,K} (N_{YK /Y} , N_{XK /X} , h^{NX}K^{/X} ) = c^{−1}_{max,K} (N_{XK /X} , h^{NX}K^{/X} ) − c^{−1}_{max,K} (N_{YK /Y} , h^{NY}K^{/Y} )c^{−1}_{max,K} ( ~N, h^{~N} ). Clearly, the vector bundle ~N splits holomorphically as ~N = ⊕_{θ′j′} ~N^{θ′}j′ , (3.24)

so that ∇^{T X} K^X = m^{T X} (K) acts on ~N^{θ′j′} by multiplication by iθ^′_j′ . Of course the splitting is orthogonal. Let h^{~N θ} ′ j′ be the corresponding metric on ~N^{θ′j′} .

Definition 3.11. Put

R^K ( ~N, h^{~N} ) = ∑ R^{θ′j′} ( ~N^{θ′j′} , h^{~N θ} ′ j′ ). (3.25)

Let R^K ( ~N) be the associated cohomology class.

We define P^X_{K,Y} as in Definition 3.5, by replacing X_K by Y . By [B9, Section 2 e)], there is an Euler-Green current ~e_K (X, h^H ) on X, which lies in P^X_{K,Y} , such that ∂_K ∂_K 2iπ ~e^K (X, h^H ) = δ_Y − c_{max,K} (H, h^H ).

(3.26)

The construction of ~e_K (X, h^H ) extends the construction of standard Euler-Green currents (with K = 0) given in [BGS3, Section 3 f)].

We define P^{XK}_{YK} as before. By [B9, Section 2 e)], there is a current e_K (X_K , h^H ) on X_K , which lies in P^{XK}_{YK} , such that ∂_K ∂_K 2iπ ~e^K (X_K , h^H ) = c_{max,K} ( ~N, h^{~N} )δ_{YK} − i^∗c_{max,K} (H, h^H ).

(3.27)

Note that since K^X vanishes on X_K , in (3.27), we may replace ∂_K , ∂_K by ∂, ∂.

Let P^X_{K,XK ∪Y} be the set of K-invariant currents on X which are sums of currents of type (p, p), whose wave front set is included in N^∗_{XK /X,R} +N^∗_{Y /X,R}. Let P^{X,0}_{K,XK ∪Y} be the set of currents γ in P^X_{K,XK ∪Y} such that there exists K-invariant currents α, β, whose wave front set is included in N^∗_{XK /X,R} + N^∗_{Y /X,R}, such that γ = ∂_K α + ∂_K β.

Now we recall the main result given in [B9, Theorem 3.2]. Theorem 3.12. The following identity of currents on X holds, (3.28) − ~e_K (X, h^H ) − S_K (X, ω^X )c_{max,K} (H, h^H ) + S_K (Y, ω^Y )δ_Y + ~e_K (X_K , h^H ) c_{max,K} (N_{XK /X} , h^{NX}K^{/X} ) δ_{XK} −c_{max,K} ( ~N, h^{~N} ) ~c^{−1}_{max,K} (N_{YK /Y} , N_{XK /X} , h^{NX}K^{/X} )δ_{YK} + c^{−1}_{max,K} (N_{YK /Y} )R_K ( ~N)δ_{YK} = 0 in P^X_{K,XK ∪Y} /P^{X,0}_{K,XK ∪Y} . Equivalently (3.29) − ~e_K (X, h^H ) − S_K (X, ω^X )c_{max,K} (H, h^H ) + S_K (Y, ω^Y )δ_Y + ~e_K (X_K , h^H ) c_{max,K} (N_{XK /X} , h^{NX}K^{/X} ) δ_{XK} −c_{max,K} ( ~N, h^{~N} ) ~c^{−1}_{max,K} (N_{YK /Y} , N_{XK /X} , h^{NX}K^{/X} )δ_{YK} + c^{−1}_{max,K} (N_{XK /X} )R_K (N_{XK /X} )c_{max,K} (H)δ_{XK} − c^{−1}_{max,K} (N_{YK /Y} )R_K (N_{YK /Y} )δ_{YK} = 0 in P^X_{K,XK ∪Y} /P^{X,0}_{K,XK ∪Y} . Remark 3.13. In Section 5, we will show that Theorem 3.12 is compatible with a conjectural Riemann-Roch like formula, in which the current S_K (X, ω^X ) can be expressed as as the difference of two ‘exotic’ classes.

3.3. Bott-Chern currents and moment maps. Now we make the same assumptions as in Sections 1 and 2. In particular we assume that G acts on X with a moment map μ.

First we establish a modification of Proposition 3.2. Proposition 3.14. The following identity holds ∂_K ∂_K 2π ⟨μ, K⟩ = d_K K^{′X} 4iπ . (3.30) Proof. By (2.4), d_K (ω^X − 2iπ⟨μ, K⟩) = 0 (3.31) From (3.2),(3.31), we get (3.30).

Definition 3.15. For t > 0, let d̃_t be the even form on X, d̃_t = −i ⟨μ, K⟩ t exp ( ∂_K ∂_K 2πt ⟨μ, K⟩ ) . (3.32)

Now we give an analogue of Theorem 3.4. Proposition 3.16. The following identity holds ∂ ∂t b_t = ∂_K ∂_K 2iπt d̃_T . (3.33) Proof. Equation (3.33) follows easily from (3.30).

Clearly, when replacing d_t by d̃_t, the analogue of (3.9) holds, when replacing ω^X /2π by i⟨μ, K⟩. Theorem 3.17. The following identity holds, −i⟨μ, K⟩ρ_1 = (c_{max})^{−1,′}_K (N_{XK /X} , h^{NXK /X} )δ_{XK} in P^X_K /P^{X,0}_K . (3.34)

Proof. We give two proofs of (3.34). First one can reproduce word for word the proof of [B8, eq. (40)-(49)] and of [Theorem 2.7][B9], and still get (3.34). Another indirect proof is to observe that the d_K cohomology class of t(d_t − d̃_t) is constant. Therefore one deduces easily (3.34) from (3.11).

By replacing d_t in (3.12)-(3.13) by d̃_t , one constructs a current ~S_K (X, ω^X ) as in Definition 3.7. Equation (3.16) still holds for ~S_K (X, ω^X ), when replacing d_t by d̃_t and ωX by 2iπ⟨μ, K⟩. Also Theorem 3.9 still holds for ~S_K (X, ωX ).

An explanation for the above results is as follows.

Theorem 3.18. The following identity holds S_K (X, ω^X ) = ~S_K (X, ω^X ) in P^X_K /P^{X,0}_K .

(3.35)

Proof. Clearly d_t − d̃_t = (−ω^X /2π + i⟨μ, K⟩)b_t/t. (3.36)

Now, we can reproduce the construction of the current S_K (X, ω^X ) in (3.12)- (3.14), by replacing d_t by b_t/t. Let T_K (X, ω^X ) be the corresponding current. We claim that T_K (X, ω^X ) = 0 in P^X_K /P^{X,0}_K .

(3.37) In fact, this follows from the identities in s, which are valid in the obvious domains of definition 1 Γ(s)

∫_1 0 t^{s−2}dt = 1 Γ(s)(s − 1) , 1 Γ(s) ∫_{+∞} 1 t^{s−2}dt = − 1 Γ(s)(s − 1) . (3.38)

From (3.31), (3.36) and (3.38), we get (3.35). The proof of our Theorem is completed.

Observe that by the analogue of (3.16), if η is a smooth form on X,

(3.39) ∫ X η ~S_K (X, ω^X ) = ∫_1 0 {∫ X η(−i⟨μ, K⟩) exp ( t ∂_K ∂_K 2π ⟨μ, K⟩ ) } dt + ∫_{+∞} 1 {∫ X η(−i⟨μ, K⟩) ( exp ( t ∂_K ∂_K 2π ⟨μ, K⟩ ) − δ_{XK} c_{max, K} (N_{XK /X} , h^{NX}K^{/X} ) − ρ_1 t )} dt + ∫ X_K η i⟨μ, K⟩ c_{max, K} (N_{XK /X} , h^{NX}K^{/X} ) + Γ^′(1) ∫ X ηi⟨μ, K⟩ρ_1. Equation (3.39) is interesting. In fact let C, | | be the trivial hermitian line bundle. Then c_{1,K} (C, e^{T ⟨μ,K⟩/2}| |) = i ∂_K ∂_K 2π T ⟨μ, K⟩. (3.40)

Clearly, on X, we can define equivariant Bott-Chern currents by the method of [BGS1, part I], by simply replacing the operators ∂, ∂ by the operators ∂_K , ∂_K . They will be also noted with a ~. Also by [BGS1, part I, Theorem 1.27], we have the identity ~ch_K (C, | |, e^{T ⟨μ,K⟩/2}| |) = − ∫_T 0 ⟨μ, K⟩ exp ( ti ∂_K ∂_K 2π ⟨μ, K⟩ ) dt in P^X_K /P^{X,0}_K . (3.41)

Of course the left-hand side of (3.40) still makes sense when replacing ⟨μ, K⟩ by −i⟨μ, K⟩. By (3.39),(3.40), we see that the current ~S_K (X, ω^X ) is a normalized limit as T → +∞ of Bott-Chern currents − ~ch(C, | |, e^{−iT ⟨μ,K⟩/2}| |).

4. Harmonic oscillator and the genus I

In this Section, we construct the genus I which will appear in our main formula. The genus I appears as the integral of an auxiliary genus Φ, which itself appears in a computation involving the heat kernels of semigroups which are associated to an harmonic oscillator. As explained in the Introduction, this harmonic oscillator is not lower bounded, because the corresponding quadratic potential is in general negative. The associated heat kernel is then defined via analytic continuation. This is a strong signal of difficulties to come, the estimates in the proof of our main result being made more difficult because the quadratic potential has the ‘wrong’ sign.

This Section is organized as follows. In Section 4.1, we introduce the function I(θ, θ^′, x), and in Section 4.2, the function Φ_s(θ, θ^′, x). In Section 4.3, we define the associated additive genera Φ_{s,g,B} and I_{g,B} . In Section 4.4, using Mehler’s formula, we compute the kernel of the semigroup associated to a harmonic oscillator. In Section 4.5, we obtain the genus Φ_{s,g,B} as the supertrace of the heat kernel associated to an harmonic oscillator. Finally in Section 4.6, under the assumptions of Sections 1 and 2, we construct the characteristic classes I_{g,K} (N_{XK /X} ) and Φ_{s,g,K} (N_{XK /X} ).

4.1. The function I.

Definition 4.1. For θ ∈ R, θ^′ ∈ R, |θ^′| small enough, and x ∈ C, |x| small enough, set I(θ, θ^′, x) = ∑ k∈Z 2kπ+θ≠0 log ( 1 +^{θ′}_{2kπ+θ} ) i(2kπ + θ + θ^′) + x . (4.1)

Recall that the function R^θ(x) was introduced in Definition 1.9.

Theorem 4.2. The function I(θ, θ^′, x) is periodic in θ of period 2π. If θ /∈ 2πZ, I(θ, θ^′, x) = R(θ, x + iθ^′) − R(θ + θ^′, x). (4.2)

Moreover I(θ, 0, x) = 0. For θ^′ ∈] − 2π, 2π[\0, x ∈ C, |x| < inf |θ^′ + 2kπ|, then I(0, θ^′, x) = R(x + iθ^′) − R(θ^′, x) + R^{θ′} (x). (4.3)

Proof. First we consider the case θ /∈ 2πZ. We may and we will assume that θ ∈]0, 2π[. Clearly I(θ, θ^′, x) = ∑ k∈Z^∗ log (1 + (θ + θ^′)/2kπ) − log (1 + θ/2kπ) i(2kπ + θ + θ^′) + x

(4.4) + log(1 + θ^′/θ) i(θ + θ^′) + x . Using (1.38), (4.4), we get (4.2). Clearly I(θ, 0, x) = 0. We will now assume that θ^′, x are taken as indicated before (4.3). Then I(0, θ^′, x) = ∑ k∈Z^∗ log (1 + θ^′/2kπ) i(2kπ + θ^′) + x . (4.5)

From (1.38), (4.5), we get (4.3). The proof of our Proposition is completed.

4.2. The function Φ_s.

Definition 4.3. For θ /∈ 2πZ, and |θ^′|, |x| small, or for θ ∈ 2πZ, |θ^′|, |x| small, with x + iθ^′ ≠ 0, and s ∈]0, 1], set

Φ_s(θ, θ^′, x) = 1 2 [ coth( iθ + siθ^′ 2 ) − coth( iθ + iθ^′ + x 2 ) ] siθ^′ (1 − s)iθ^′ + x . (4.6)

Observe that even if x + (1 − s)θ^′ may vanish, the expression (4.6) is still welldefined by analytic continuation. In particular Φ_s(θ, θ^′, x) depends smoothly on s ∈]0, 1]. Also Φ_s(θ, θ^′, x) is periodic in θ of period 2π. Finally if θ /∈ 2πZ,

Φ_s(θ, 0, x) = 0.

(4.7)

Proposition 4.4. As s ∈]0, 1] → 0,

Φ_s(θ, θ^′, x) = 1_{θ∈2πZ} 1 iθ^′ + x + O(s). (4.8)

Proof. Clearly, if θ /∈ 2πZ, as s → 0, Φ_s(θ, θ^′, x) = O(s). (4.9)

Also

Φ_s(0, θ^′, x) = 1 2 [coth(siθ^′/2) − coth((iθ^′ + x)/2)] siθ^′ (1 − s)iθ^′ + x . (4.10)

From (4.9), (4.10), we get (4.8). The proof of our Theorem is completed.

Proposition 4.5. The following identity holds,

Φ_s(θ, θ^′, x) = ∑ k∈Z sθ^′ (2πk + sθ^′ + θ)(2iπk + iθ + iθ^′ + x) . (4.11)

Proof. We use (4.6) and the identity 1 2 coth(x/2) = ∑ k∈Z 1 2iπk + x . (4.12)

Theorem 4.6. The following identity holds, ∫_1 0 ( Φ_s(θ, θ^′, x) − 1_{θ∈2πZ} 1 iθ^′ + x ) ds s = I(θ, θ^′, x). (4.13)

Proof. By (4.11),

(4.14) Φ_s(θ, θ^′, x) − 1_{θ∈2πZ} 1 iθ^′ + x = ∑ k∈Z 2kπ+θ≠0 sθ^′ (2kπ + sθ^′ + θ)(2ikπ + iθ + iθ^′ + x) .

By (4.1),(4.14), we get (4.13).

4.3. The genera Φ_{s,g,B} , I_{g,B} . Let X be a complex manifold. Let N be a holomorphic vector bundle on X. Let h^N be a hermitian metric on N.

Let g ∈ Aut(N) be a holomorphic isometry of (N, h^N ). Let e^{iθ1} , . . . , e^{iθq} , 0 ≤ θ_j < 2π be the locally constant distinct eigenvalues of the action of g on N. Let B be a holomorphic skew-adjoint section of End(N), which commutes with g. Let iθ^′_1, . . . , iθ^′_q′ , θ^′_j′ ∈ R be the locally constant eigenvalues of the action of B on N. Then N splits orthogonally as N = ⊕ 1≤j≤q_{1≤j′ ≤q′} N^{θj ,θ′j′} . (4.15)

We make the basic assumption that in (4.15), θ and θ^′ do not vanish together. Set N^+ = ⊕ 1≤j≤q 1≤j′ ≤q′ ,θ′ j′ ≠0 N^{θj ,θ′j′} , (4.16) N^0 = ⊕_{1≤j}′_{≤q}′ N^{0,θ′j′} . Then N^+, N^0 are holomorphic subbundles of N and N^0 ⊂ N^+. Let h^{N +} , h^{N 0} be the metrics on N^+, N^0 induced by h^N on N^+, N^0. Let ∇^{N θj ,θ} ′ j′ be the holomorphic Hermitian connection on N^{θj ,θ′j′} , and let R^{N θj ,θ} ′ j′ be its curvature.

If A is a (q, q) invertible matrix, using the notation in (3.10), we get c^′_{max} c_{max}

(A) = Tr[A^{−1}].

(4.17)

Definition 4.7. Put Φ_{s,g,B} (N, h^N ) = ∑ 1≤j≤q 1≤j′ ≤q′ Tr [ Φ_s ( θ_j , θ^′_j′ , − R^{N θj ,θj′} 2iπ )] ,

I_{g,B} (N, h^N ) = ∑ 1≤j≤q 1≤j′ ≤q′ Tr [ I ( θ_j , θ^′_j′ , − R^{N θj ,θj′} 2iπ )] , (4.18)

( c^′_{max} c_{max} ) B (N^0, h^{N 0} ) = ∑ 1≤j^′ ≤q^′ Tr iθ^′_{j′} − R^N 0,θ′ j′ 2iπ −1 .

Observe that by Theorem 4.2, and by (4.7), if θ /∈ 2πZ, then I(θ, 0, x) = 0, Φ_s(θ, 0, x) = 0, so that I_{g,B} (N, h^N ) = I_{g,B} (N^+, h^{N +} ),

(4.19) Φ_{s,g,B} (N, h^N ) = Φ_{s,g,B} (N^+, h^{N +} ).

Proposition 4.8. As s ∈]0, 1] → 0, Φ_{s,g,B} (N, h^N ) = ( c^′_{max} c_{max} ) B (N^0, h^{N 0} ) + O(s).

(4.20)

Proof. This follows from Proposition 4.4 .

Theorem 4.9. The following identity holds, ∫_1 0 ( Φ_{s,g,B} (N, h^N ) − ( c^′_{max} c_{max} ) B (N^0, h^{N 0} ) ) ds s = I_{g,B} (N^+, h^{N +} ).

(4.21)

Proof. This follows from Theorem 4.6 and from (4.20).

4.4. The heat kernel of the harmonic oscillator and its analytic extension. For u ∈ C, η ∈ C, x ∈ C, put

σ(u, η, x) = 4 sinh ( x − 2η + √ x^2 + 4u 4 ) sinh ( −x + 2η + √ x^2 + 4u 4 ) . (4.22)

Note that √ x^2 + 4u is well defined up to sign, but that σ(u, η, x) does not depend on the choice of the square root. In particular σ(u, η, x) is a holomorphic function of its arguments, which is periodic in η of period 2iπ. By [B12, Proposition 4.2], σ(u, iθ, x) = (θ^2 + iθx + u) ∏ k∈Z^∗ ( (θ + 2kπ)^2 + i(θ + 2kπ)x + u 4k^2π^2 ) , (4.23)

and if θ /∈ 2πZ,

σ(u, iθ, x) = 4 sin^2(θ/2) ∏ k∈Z ( 1 + ix θ + 2kπ + u (θ + 2kπ)^2 ) . (4.24)

Let V be a finite dimensional complex hermitian vector space. Let F, H be commuting elements of End(V ), with F self-adjoint and H skew-adjoint. Let e_1, . . . , e_{2ℓ} be an orthonormal base of V_R. Consider the differential operator L = − 1 2 (∇_{ei} + 1 2 ⟨HZ, e_i⟩)^2 + 1 2 ⟨F Z, Z⟩. (4.25) Put P = H^2 + 4F.

(4.26)

Then P is a self-adjoint element of End(V ). Clearly L = − 1 2 Δ − 1 2 ∇_{HZ} + 1 8 ⟨P Z, Z⟩. (4.27) Set M = L + 1 2 ∇_{HZ} . (4.28)

Then [M, ∇_{HZ} ] = 0. (4.29)

Also the operator M, with domain C_0(V_R, R), is a formally self-adjoint operator. If P ≥ 0, the operator M, when viewed as an unbounded operator acting on L_2(V_R), has a self-adjoint closure. When P > 0, the operator M is a harmonic oscillator. When P ≥ 0, let Q be the obvious nonnegative self-adjoint square root of P .

When P ≥ 0, let p(Z, Z^′), Z, Z^′ ∈ V_R, be the smooth kernel of the operator exp(−L) with respect to dv_V /(2π)^{dim V} . By using Mehler’s formula [GlJ, Theorem

1.5.10] as in [B7, eq. (6.37), (6.38)], [B12, eq. (4.48), (4.49)] we get

(4.30) p(Z, Z^′) = det ( Q/2 sinh(Q/2) ) exp { − 1 2 ⟨ Q/2 tanh(Q/2) Z, Z ⟩

− 1 2 ⟨ Q/2 tanh(Q/2) Z^′, Z^′ ⟩ + ⟨ Q/2 sinh(Q/2) e^{H/2}Z, Z^′ ⟩} . Observe that in (4.30), p(Z, Z^′) depends analytically on P , since all the functions of Q which appear are in fact functions of Q^2 = P . Therefore the kernel p(Z, Z^′) extends to a holomorphic function of (F, H), which is well-defined as long as for any k ∈ N^∗, −4k^2π^2 is not an eigenvalue of P , although the operator M is not lower bounded. Still, in this case, we will say that p(Z, Z^′) is the smooth kernel associated to the operator exp(−L).

A functional integral interpretation of the above is as follows. Let Z, Z^′ ∈ V_R, and let P_{(Z,Z}′_) be the probability law of the Brownian bridge Z_s, s ∈ [0, 1], with Z_0 = Z, Z_1 = Z^′. Then by using Feynman-Kac formula and the Ito calculus as in [B7, eq. (4.11)], we find that if P ≥ 0, , so that the operator exp(−L) is well defined, then

(4.31) p(Z, Z^′) = exp(−|Z − Z^′|^2/2)E^{P(Z,Z′ )} [ exp (∫_1 0 ⟨HZ_s, dZ_s⟩/2 − ∫_1 0 ⟨F Z_s, Z_s⟩/2 )] . In (4.31), E^{P(Z,Z′ )} is the expectation operator with respect to P_{(Z,Z}′_), and the integral ∫_1 0 ⟨HZ_s, dZ_s⟩ is an Ito or Stratonovitch stochastic integral. More generally, the condition P > −4π^2 guarantees that the expression in the right-hand side of (4.31) is integrable with respect to P_{(Z,Z}′_).

Proposition 4.10. If F is positive definite, there exists C > 0, C^′ > 0 such that for any skew-adjoint H ∈ End(V ) commuting with F such that H^2 ≥ −4π^2, then |p(Z, Z)| ≤ C exp ( −C^′|Z|^2 ) . (4.32)

Proof. By (4.30),

(4.33) p(Z, Z) = det ( Q/2 sinh(Q/2) )

exp ( − 1 2 ⟨ Q/2 sinh(Q/2)

4 sinh ( (H + Q)/4 ) sinh ( (H − Q)/4 ) Z, Z ⟩) . Clearly^{Q/2}_{sinh(Q/2)} is positive definite and remains uniformly bounded. The operator 4 sinh ( (H + Q)/2 ) sinh ( (H − Q)/2 ) is self-adjoint and nonnegative. We claim that it has a strictly positive lower bound, which is uniformly bounded away from 0. In fact, by (4.23),

4 sinh ( (H + Q)/4 ) sinh ( (H − Q)/4 ) = F ∏ k∈Z^∗ ( 1 + iH 2kπ + F 4k^2π^2 ) . (4.34)

By (4.34), we get the required uniform lower bound. Using (4.33), we thus get (4.32). The proof of our Proposition is completed.

4.5. Harmonic oscillator and the genus Φ_{s,g,B} . Let X be a complex manifold. Let E : 0 → L → M → N → 0 (4.35)

be a short exact sequence of holomorphic vector bundles on X. We assume that the sequence (4.35) splits holomorphically, i.e. M = L ⊕ N, (4.36)

Let h^M be a hermitian metric on M which is such that the splitting (4.36) is orthogonal. Let h^L, h^N be the corresponding metrics on L, N. Let g ∈ Aut(M) be a holomorphic isometry of M, which preserves L and N. Let e^{iθ1} , . . . , e^{iθq} , 0 ≤ θ_j < 2π be the distinct eigenvalues of the action of g on E. Then the exact sequence E splits into a direct sum E = ⊕_{1≤j≤q} E^{θj} , (4.37)

so that g acts on E^{θj} by multiplication by e^{iθj} , and the splitting (4.37) is orthogonal. Let B be a holomorphic skew-adjoint section of End(M) which also preserves L and N and which commutes with g. Let iθ^′_1, . . . , iθ^′_q′ , θ^′_j ∈ R be the distinct eigenvalues of B acting on E. Then the splitting (4.37) can be refined into E = ⊕ 1≤j≤q_{1≤j′ ≤q′} E^{θj ,θ′j′} , (4.38)

so that on E^{θj ,θ′j′} , g acts by multiplication by e^{iθj} , and B by multiplication by iθ^′_j′ .

Of course, the splitting (4.38) is still orthogonal. Let h^{N θj ,θ} ′ j′ be the corresponding

metric on N^{θj ,θ′j′} . Let ∇^N , ∇^{N θj θ} ′ j′ be the holomorphic hermitian connection on (N, h^N ), (N^{θj ,θ′j′} , h^{N θj ,θ} ′ j′ ), and let R^N , R^{N θj ,θ} ′ j′ be the corresponding curvatures .

We make the basic assumption that

E^{0,0} = L.

(4.39)

Equivalently, in M, N is the direct sum of the eigenbundles of g and B associated to θ > 0 or θ^′ ≠ 0.

Let J^M be the complex structure of M_R. Let da, da be odd Grassmann variables. Since C ≃ R^2, then Λ(R^2)⊗_R C is the algebra generated by 1, da and da. Moreover Λ^1(R^2)⊗_R C ≃ C(da, da). In the sequel, we will consider the graded tensor product ( Λ(R^2) ⊗_R C ) ^⊗c(N^∗_R), so that da, da will anticommute with the odd elements of c(N^∗_R).

Let ℓ^{′′} = dim L, ℓ = dim M. Let e_1, . . . , e_{2ℓ}′′ be an orthonormal basis of L_R, let e_{2ℓ}′′_{+1}, . . . , e_{2ℓ} be an orthonormal basis of N_R.

Recall that Λ(N^{∗(0,1)}) is a c(N_R) Clifford module. To make our notation simpler, we will assume that if U ∈ L_R, then c(U) acts like 0 on Λ(N^{∗(0,1)}).

Definition 4.11. For s ∈]0, 1], let L^s_0 be the differential operator acting on C_∞(M_R, C(da, da)^⊗Λ(N^{∗(0,1)})), L^s_0 = − 1 2 ( ∇_{ei} + 1 2 ⟨(R^M − (1 + s)B)Z, e_i⟩ )_2 + s 2 |BZ|^2

− s 4 ⟨Be_i, e_j ⟩c(e_i)c(e_j ) + s 2 ⟨R^M BZ, Z⟩ − s 2 idac(J^M BZ) − is 2 dada⟨J^M BZ, Z⟩ (4.40)

+ 1 2 Tr[R^M ] − 1 2 Tr[B]. Using the notation in (4.25), set F = −sB^2 + s(R^M − iJ^M dada)B, (4.41) H = R^M − (1 + s)B. Put P = H^2 + 4F

(4.42) A straightforward computation shows that P = (R^M − (1 − s)B)^2 − 4siJ^M Bdada. (4.43)

Let P^{(0)} be the component of degree 0 of P in the considered Grassmann variables. Then P^{(0)} = (1 − s)^2B^2.

(4.44)

Therefore, if |B| is small enough, for s ∈]0, 1], then P^{(0)} > −4π^2. For |B| small enough, we can then use the results of Section 4.4.

Definition 4.12. For |B| small enough, let q^s(Z, Z^′), Z, Z^′ ∈ M_R be the smooth kernel of the operator exp(−L^s_0) with respect to the volume dv_M (Z^′)/(2π)^{dim M} .

Then q^s(Z, Z^′) ∈ ( Λ(R^2) ⊗_R C ) ^⊗Λ(T^∗_RX)^⊗End(Λ(N^{∗(0,1)})). In the sequel, we will take the supertrace of gq^s(g^{−1}Z, Z). In the case where N = 0, we just consider q^s(Z, Z) ∈ Λ(R^2) ⊗_R C.

Theorem 4.13. For s ∈]0, 1], the form Tr_s[gq^s(g^{−1}Z, Z)] is invariant by translations by elements of L_R. If |B| is small enough, for any s ∈]0, 1], there is C > 0, C^′ > 0 such that if Z ∈ N_R, then |q^s(g^{−1}Z, Z)| ≤ C exp(−C^′|Z|^2). (4.45) Moreover, if |B| is small enough, the following identity holds, φ ∫ N Tr_s[gq^s(g^{−1}Z, Z)] dv_N (Z) (2π)^{dim N}

= Td_{ge}B (M, h^M )

(4.46) ( 1 + dadaΦ_{s,g,B} (N^+, h^{N +} ) ) . Proof. To prove (4.45) and (4.46), we may as well assume that g acts on M by multiplication by e^{iθ}, 0 ≤ θ < 2π and B by multiplication by iθ^′.

Now we use the notation in (4.22)-(4.47). By the above, it follows that σ(F, iθ, H) ∈ End(M) is well-defined. Put Σ(F, iθ, H) = det[σ(F, iθ, H)]. (4.47)

If θ^′ = 0, i.e. if B = 0, then P = R^{M,2}, (4.48)

of which a trivial square root Q is R^M . If θ^′ ≠ 0, then B is invertible. If s ∈]0, 1[, a square root Q of P is given by Q = R^M − (1 − s)B − dada(R^M − (1 − s)B)^{−1}2isJ^M B. (4.49) More generally, in all cases (including the case where s = 1), we temporarily assume that R^M is invertible (so that R^M (R^M )^{−1} = 1), and write a square root Q of P as in (4.49). Using (4.49), we get the identity , H + Q 2 = R^M − B − dada isJ^M B R^M − (1 − s)B , (4.50) −H + Q 2 = sB − dada isJ^M B R^M − (1 − s)B . Let L^s be the differential operator defined as in (4.25), with V = M, and F, H as given in (4.41). Let p^s(Z, Z^′) be the smooth kernel associated with the operator exp(−L^s), with respect to the volume dv_M (Z^′)/(2π)^{dim M} . By (4.30), we get

(4.51) p^s(g^{−1}Z, Z) = det [ Q/2 sinh(Q/2) ]

exp ( − 1 2 ⟨ Q/2 sinh(Q/2) σ(F, iθ, H)Z, Z ⟩ ) . First we consider the case where θ = 0, θ^′ = 0, i.e. M = L. Then σ(F, 0, H) = 0. (4.52)

Recall that ^A is the multiplicative genus associated to ^A(x) =^{x/2}_{sinh(x/2)} . By (4.51),(4.52), we obtain p^s(Z, Z) = ^A(−R^L). (4.53) Using (4.40), (4.53), we get φq^s(Z, Z) = Td(−R^L/2iπ). (4.54) So we have established our Theorem when θ = 0, θ^′ = 0.

Now we assume that θ and θ^′ do not vanish together so that M = N. We claim that if |B| is small enough, if s ∈]0, 1], then ( Q/2 sinh(Q/2)

)_{(0)}

and σ(F, iθ, H)^{(0)} are positive definite operators. By (4.49), this is clear for the first operator. Also observe that by (4.50), σ(F, 0, H)^{(0)} = 4 sinh(−B/2) sinh(sB/2),

(4.55) which is indeed positive for B invertible if|B| is small enough. A similar argument can also be used in the case where θ /∈ 2πZ.

From (4.51), we get (4.45) and we obtain ∫ N_R p^s(g^{−1}Z, Z) dv_N (Z) (2π)^{dim N} = 1 Σ(F, iθ, H) . (4.56)

By (4.22), (4.47)-(4.50), we get

(4.57) Σ(F, iθ, H) = det [ 4 sinh ( 1 2 ( R^N − B − iθ + dada ( sB/ ( R^N − (1 − s)B ))) )

sinh ( 1 2 ( sB + iθ + dadasB/ ( R^N − (1 − s)B )) )] . Equivalently,

(4.58) Σ(F, iθ, H) = det [ 4 sinh ( (−R^N + B + iθ)/2 ) sinh (−(sB + iθ)/2) ] ( 1 − dada 2 Tr [ sB R^N − (1 − s)B ( coth ( (−R^N + B + iθ)/2 ) −

coth ((sB + iθ)/2)) ]) . From (4.58), we get

(4.59) 1 Σ(F, iθ, H) = [ det ( 4 sinh ( (−R^N + B + iθ)/2 ) sinh (−(sB + iθ)/2) )]_{−1} ( 1+ dada 2 Tr [ sB R^N − (1 − s)B ( coth ( (−R^N + B + iθ)/2 ) − coth ((sB + iθ)/2) )] ) . Moreover by [B7, eq. (5.6)],

(4.60) Tr_s^{Λ(N ∗(0,1) )} [ g exp ( s/4 ∑ ⟨Be_i, e_j ⟩c(e_i)c(e_j )⟩ ) ] = e^{iθ dim N/2} det[2 sinh (−(sB + iθ)/2)].

From (4.40), (4.56)-(4.60), we find that when θ > 0,

(4.61) φ ∫ N_R

Tr_s[gq^s(g^{−1}Z, Z)] dv_N (Z) (2π)^{dim N}

= Td_{ge}B (N, h^N ) ( 1+ dada 2 Tr [( − coth ( (−R^N /2iπ + B + iθ)/2 ) + coth ((sB + iθ)/2) ) sB −R^N /2iπ + (1 − s)B ] ) . From (4.6), (4.19), (4.54), ’(4.61), we get (4.46). The proof of our Theorem is completed.

4.6. The characteristic classes I_{g,K} (N_{XK /X} ) and Φ_{s,g,K} (N_{XK /X} ). We make the same assumptions and we use the same notation as in Sections 1 and 2. Let g ∈ G, K_0 ∈ z(g). Take z ∈ R^∗, K = zK_0. On X_{g,K} , g acts on N_{XK /X} , with locally constant distinct eigenvalues exp^{iθ1} , . . . , exp^{iθq} . Similarly B = ∇^{T X}_. K^X acts as a skew-adjoint morphism of N_{XK /X} which commutes with g, whose eigenvalues are also locally constant.

For z ∈ R^∗ close enough to 0, we can then define the characteristic classes I_{g,B} (N_{XK /X} ), Φ_{s,g,B} (N_{XK /X} ) on X_g . In the sequel, we will note these classes I_{g,K} (N_{XK /X} ), Φ_{s,g,K} (N_{XK /X} ).

5. A comparison formula for the equivariant torsions

In this Section we state our main result, which is a local formula for the ratio of the infinitesimal equivariant Quillen metric to the equivariant Quillen metric. In this local formula, the current S_K (X, ω^X ) constructed in Section 3 and the genus I introduced in Section 4 appear. Also we verify the compatibility of our formula to the immersion formulas for the Quillen metrics and for the current S_K (X, ω^X ). Finally, we speculate on the arithmetic consequences of our formulas, in particular in connection with recent work by Köhler-Roessler [KRo1, KRo2] and Kaiser-Köhler [KaK]. We show that at least formally, the known results on Quillen metrics and analytic torsion forms are consequences of a formula expressing the current S_K (X, ω^X ) in terms of arithmetic characteristic classes.

This Section is organized as follows. In Section 5.1, we state the formula comparing the two sorts of equivariant Quillen metrics. In Section 5.2, we show that this result combined with the immersion formulas for these Quillen metrics implies a non trivial identity on currents. In Section 5.3, we prove a nontrivial identity on Bott-Chern currents with excess normal bundle, which is essentially a restatement of the results given in Section 3.2 on excess formulas for the current S_K (X, ω^X ). In Section 5.4, we give a direct proof of the compatibility of our main formula with the immersion formulas using these excess formulas. Finally in Section 5.5, we speculate on the arithmetic consequences of our identity.

5.1. The main result. For convenience, we state again the main result of this paper, already given in Theorem 0.1. Here we take g ∈ G, K_0 ∈ z(g). If z ∈ R, we take K = zK_0.

Theorem 5.1. For z ∈ R^∗, if |z| is small enough, the following identity holds

(5.1) log ( ‖ ‖^~_{λG(E)}(g, K) ‖ ‖_{λG (E)}(ge^K ) )_2 = ∫ X_g Td_{g,K} (T X, h^{T X} )ch_{g,K} (E, h^E )S_K (X_g, ω^{Xg} ) − ∫ X_{g,K} Td_{ge}K (T X)I_{g,K} (N_{XK /X} )ch_{ge}K (E). 5.2. Compatibility with the Immersion formulas. We temporarily assume that besides the above assumptions, the assumptions of Sections 1.6 and 2.8 also hold. Using Theorem 2.28, we find that for |K| small enough,

(5.2) log ( ‖ ‖^~_{λG(E)} ‖ ‖^~_{λG(F )} )_2 (g, K) − log ( ‖ ‖_{λG(E)} ‖ ‖_{λG(F )} )_2

(ge^K ) = − ∫ X_g Td_{g,K} (T X, h^{T X} )T_{g,K} (X_g, h^E ) + ∫ X_{g,K} Td_{ge}K (T X, h^{T X} )T_{ge}K (X_{g,K} , h^E ) + ∫ Y_g Td^{−1}_{g,K} (N_{Y /X} , h^{NY /X} ) ~Td_{g,K} (T Y |_{Yg} , T X|_{Yg,} , h^{T X|Yg} )ch_{g,K} (F, h^F ) − ∫ Y_{g,K} Td^{−1}_{geK} (N_{Y /X} , h^{NY /X} ) ~Td_{ge}K (T Y |_{Yg,K} , T X|_{Yg,K} , h^{T X|Yg,K} )ch_{ge}K (F, h^F ) − ∫ Y_g Td_{g,K} (T X)R_{g,K} (N_{Y /X)}ch_{g,K} (F )+ ∫ Y_{g,K} Td_{ge}K (T X)R_{ge}K (N_{Y /X} )ch_{ge}K (F ).

On the other hand, by using Theorem 5.1, we find that

(5.3) log ( ‖ ‖^~_{λG(E)} ‖ ‖^~_{λG(F )} )_2 (g, K) − log ( ‖ ‖_{λG(E)} ‖ ‖_{λG(F )} )_2 (ge^K ) = ∫ X_g Td_{g,K} (T X, h^{T X} )ch_{g,K} (E, h^E )S_K (X_g, ω^{Xg} ) − ∫ Y_g Td_{g,K} (T Y, h^{T Y} )ch_{g,K} (F, h^F )S_K (Y_g , ω^{Yg} ) − ∫ X_{g,K} Td_{ge}K (T X)I_{g,K} (N_{XK /X} )ch_{ge}K (E)+ ∫ Y_{g,K} Td_{ge}K (T Y )I_{g,K} (N_{YK /Y} )ch_{ge}K (F ). Now, we will give a direct explanation for the compatibility of formulas (5.2) and (5.3).

5.3. An identity of Bott-Chern currents with an excess normal bundle. Consider the short exact sequence of vector bundles on Y_{g,K} , 0 → N_{Yg,K /Yg} → N_{Xg,K /Xg} → ~N → 0. (5.4) Equation (5.4) defines the vector bundle ~N. This vector bundle is an excess normal bundle.

Observe that we have the holomorphic splitting N_{Yg /Xg} = N_{Yg,K /Xg,K} ⊕ ~N. (5.5) In fact, observe that K acts on N_{Yg /Xg} . Then N_{Yg,K /Xg,K} is the eigenbundle associated to the eigenvalue 0, and ~N is the direct sum of eigenbundles associated to nonzero eigenvalues. Also the splitting (5.5) is orthogonal with respect to the obvious metric h^{NYg /Xg} .

Let ~ c^{−1}_{max,K} (N_{Yg,K /Yg} , N_{Xg,K /Xg} , h^{NXg,K /Xg} ) be the Bott-Chern class on X_{g,K} , such that (5.6) ∂∂ 2iπ ~ c^{−1}_{max,K} (N_{Yg,K /Yg} , N_{Xg,K /Xg} , h^{NXg,K /Xg} ) = c^{−1}_{max,K} (N_{Xg,K /Xg} , h^{NXg,K /Xg} ) − c_{max,K} (N_{Yg,K /Yg} , h^{NYg,K /Yg} )c^{−1}_{max,K} ( ~N, h^{~N} ). Clearly, the vector bundle ~N splits holomorphically as ~N = ⊕_{θ′j′} ~N^{θ′}j′ , (5.7)

so that ∇^{T X} K^X = m^{T X} (K) acts on ~N^{θ′j′} by multiplication by iθ^′_j′ . Of course the splitting is orthogonal. Let h^{~N θ} ′ j′ be the corresponding metric on ~N^{θ′j′} .

Definition 5.2. Put R^K ( ~N, h^{~N} ) = ∑ R^{θ′j′} ( ~N^{θ′j′} , h^{~N θ} ′ j′ ). (5.8)

Let R^K ( ~N) be the associated cohomology class.

Theorem 5.3. For z ∈ R, |z| small enough, the following identity of currents holds,

(5.9) − T_{g,K} (X_g , h^E ) − S_K (X_g, ω^{Xg} )ch_{g,K} (E, h^E ) +

S_K (Y_g , ω^{Yg} )ch_{g,K} (F, h^F ) Td_{g,K} (N_{Y /X} , h^{NY /X} ) δ_{Yg} + T_{ge}K (X_{g,K} , h^E ) c_{max,K} (N_{Xg,K /Xg} , h^{NXg,K /Xg )} δ_{Xg,K} − c_{max,K} ( ~N, h^{~N} ) ~c^{−1}_{max,K} (N_{Yg,K /Yg} , N_{Xg,K /Xg} , h^{NXg,K /Xg} ) Td^{−1}_{g,K} (N_{Y /X} , h^{NY /X} )ch_{g,K} (F, h^F )δ_{Yg,K} +c^{−1}_{max,K} (N_{Yg,K /Yg} )Td^{−1}_{g,K} (N_{Y /X} )R_K ( ~N)ch_{g,K} (F )δ_{Yg,K} = 0 in P^{Xg}_{K,XK ∪Yg} /P^{Xg ,0}_{K,XK ∪Yg} . Proof. This result has been essentially proved in [B9, Theorem 3.2], this result being also restated in Theorem 3.12. Here we will use the notation in Section 3.2. In fact assume temporarily that g = 1, and that the complex (E, v) is a Koszul complex (Λ(H^∗), √ −1i_σ ). Here H is a holomorphic vector bundle on X on which G acts, σ is a G-invariant section of H. Then dσ|_Y gives a G-equivariant identification H|_Y ≃ N_{Y /X} . (5.10)

We assume that the metric h^E comes from a G-invariant metric h^H on H, which is such that the identification (5.10) is an isometry. Then by [BGS3, Theorem 3.17],

T_K (X, h^E ) = Td^{−1}_K (H, h^H )~e^K (X, h^H ) in P^X_{K,Y} /P^{X,0}_{K,Y} .

(5.11)

In [BGS3], (5.11) has only been proved in the case where K = 0, but the proof immediately extends to the general case. The same argument shows that T_eK (X_K , h^E) = Td^{−1}_K (H, h^H )~e_K (X_K , h^H ) in P^{XK}_{K,YK} /P^{XK ,0}_{K,YK} . (5.12)

Then using Theorem 3.12, and (5.11), (5.12), we get (5.9) in this special case. In the case where g = 1, but the complex (E, v) is not necessarily Koszul, one can reproduce word for word the proof of [B9, Theorem 3.2] and obtain (5.9) in full generality.

When g is not necessarily equal to the identity, a combination of the arguments of [B9], [BGS3, Section 3 f)] and [B13, Section 6] leads easily to (5.9). Details are left to the reader.

5.4. A direct proof of the compatibility. Now we will show how to verify directly the equality of the right-hand sides of (5.2) and (5.3) using (5.9).

In fact we multiply (5.9) by the form Td_{g,K} (T X, h^{T X} ), and integrate on X_g . We claim that this identity, when combined with Theorem 4.2, leads to the equality of the right-hand sides of (5.2) and (5.3). In fact one uses the obvious identity over X_{g,K} , Td_{g,K} (T X, h^{T X} ) c_{max,K} (N_{Xg,K /Xg} , h^{NXg,K /Xg} ) = Td_{ge}K (T X, h^{T X} ). (5.13)

Also, by Theorem 3.9, we get

(5.14) ∫ Y_g Td_{g,K} (T X, h^{T X} ) S_K (Y_g , ω^{Yg} ) Td_{g,K} (N_{Y /X} , h^{NY /X} ) ch_{g,K} (F, h^F ) = ∫ Y_g Td_{g,K} (T Y, h^{T Y} )S_K (Y_g , ω^{Yg} )ch_{g,K} (F, h^F ) + ∫ Y_g Td^{−1}_{g,K} (N_{Y /X} , h^{NY /X} ) ~Td_{g,K} (T Y |_{Yg} , T X|_{Yg} , h^{T X|Yg} )ch_{g,K} (F, h^F ) − ∫ Y_{g,K} ( Td_{g,K} (N_{Y /X} , h^{NY /X} )c_{max,K} (N_{Yg,K /Yg} , h^{NYg,K /Yg} ) )_{−1}

~Td_{g,K} (T Y |_{Yg} , T X|_{Yg} , h^{T X|}Yg )ch_{g,K} (F, h^F ). We claim that on Y_{g,K} , (5.15) c_{max,K} ( ~N, h^{~N} ) ~c^{−1}_{max,K} (N_{Yg,K /Yg} , N_{Xg,K /Xg} , h^{NXg,K /Xg} )Td^{−1}(N_{Y /X} , h^{NY /X} ) Td_{g,K} (T X, h^{T X} ) + ( Td_{g,K} (N_{Y /X} , h^{NY /X} )c_{max,K} (N_{Yg,K /Yg} , h^{NYg,K /Yg} ) )_{−1} ~Td_{g,K} (T Y |_{Yg} , T X|_{Yg} , h^{T X|}Yg ) = Td^{−1}_{geK} (N_{Y /X} , h^{NY /X} ) ~Td_{ge}K (T Y |_{Yg,K} , T X|_{Yg,K} , h^{T XYg,K} )in P^{Yg,K} /P^{Yg,K ,0}. In fact, let N^⊥_{Y /X} be the direct sum of the eigenbundles of g associated to eigenvalues of g not equal to 1. Then we have the holomorphic splitting of vector bundles over Y_{g,K} , N_{Y /X} = N_{Yg,K /Xg,K} ⊕ ~N ⊕ N^⊥_{Y /X} . (5.16) Also the splitting in (5.16) is orthogonal. Using (5.16), we get identities of forms on Y_{g,K} which extend (5.13),

Td_{ge}K (T Y, h^{T Y} ) = Td_{g,K} (T Y, h^{T Y} ) c_{max,K} (N_{Yg,K /Yg} , h^{NYg,K /Yg} ) , (5.17)

Td_{ge}K (N_{Y /X} , h^{NY /X} ) = Td_{g,K} (N_{Y /X} , h^{NY /X} ) c_{max,K} ( ~N , h^{~N} ) . Using (5.13) and (5.17), when applying the operator^{∂∂}_{2iπ} to both sides of (5.15), we get a known identity. The identity (5.15) itself then follows from the uniqueness of Bott-Chern classes.

Also observe that by (1.47) and by Theorem 3.9, ∫ Y_g Tdg,K (T X)Rg,K (NY /X )chg,K (F ) − ∫ Y_{g,K} Tdge^K (T X)Rge^K (NY /X )chge^K (F ) = ∫ Y_{g,K} Tdge^K (T X) ( R_{g,K} (N_{Y /X} ) − R_{ge}K (N_{Y /X} ) ) ch_{ge}K (F ), (5.18) ∫ X_{g,K} Tdge^K (T X)Ig,K (NX^K /X )chge^K (E) − ∫ Y_{g,K} Tdge^K (T Y )Ig,K (NY^K /Y )chge^K (F ) = ∫ Y_{g,K} Tdge^K (T Y )Ig,K (NXK /X \NYK /Y )chge^K (F ). Now using Theorem 4.2, we get I_{g,K} (N_{XK /X} \N_{YK /Y} ) = R_{g,K} (N_{Y /X} ) − R_{ge}K (N_{Y /X} ) + R^K ( ~N). (5.19)

From (3.28), (5.14), (5.15), (5.18), (5.19), we have thus obtained a direct proof of the equality of the right-hand sides of (5.2) and (5.3).

5.5. Riemann-Roch for the equivariant Quillen metrics. Suppose that X is an arithmetic variety in the sense of Gillet-Soulé [GS1, GS2, GS3], i.e. X is an integral regular flat projective scheme over Spec(Z). Let ω^X be a Kähler form on X_C which is invariant under complex conjugation. Let ( E, h^E ) be an algebraic Hermitian vector bundle on X. Here h^E is a Hermitian metric on X_C which is also invariant under complex conjugation. Let ω^X be a Kähler form on X_C which is invariant under complex conjugation. Put

λ = det ( H^·(X, E) ) . (5.20)

We equip λ_C with the Quillen metric ‖ ‖ associated to ω^X , h^E .

The Hermitian vector bundles T X and E map to the Grothendieck group ^K_0(X) of Hermitian vector bundles introduced by Gillet and Soulé in [GS2]. In [GS1, GS2], Gillet-Soulé also defined arithmetic Chow groups ^CH(X) and a Chern character map ^ch : ^K_0(X) → ^CH(X). In particular, there is a map a from the vector space of sums of smooth real (p, p) forms modulo forms of the type ∂α + ∂β into ^CH(X). Other characteristic classes like the Todd class ^Td were constructed as well. The map f : X → Spec(Z) maps ^CH(X) into ^CH(Spec(Z)). Also ^CH^1(Spec(Z)) ≃ R.

Let ^deg(λ) ∈ R be the Arakelov degree of λ Then the Riemann-Roch theorem of Gillet-Soulé [GS4, Theorem 7] asserts in particular that

^deg(λ) = f_∗ ( ^Td(T X, h^{T X} ) ^ch(E, h^E ) − a(Td(T X)R(T X)ch(E)) )_{(1)} . (5.21)

More generally if X and Y are non singular quasiprojective arithmetic varieties and if f : X → Y is a projective morphism, let ^f_! : ^K_0(X) → ^K_0(Y ) be the direct image in ^K_0 theory. Note that the definition of ^f_! incorporates the higher analytic torsion forms constructed in Bismut-Köhler [BK]. As an example, if for i > 0, R^iπ_∗E = 0, let h^{R0 π∗E} be the obvious L_2 metric on R^0π_∗E. By definition,

f_!(E) = ( R^0π_∗E, h^{R0 π∗E} ) − a ( T (ω^X , h^E ) ) . (5.22)

As conjectured by Gillet-Soulé in [GS3], and proved by them in [GS5] using results of [B14] on the behaviour of the higher analytic torsion forms under embeddings (the results of [B14] extend the results of Bismut-Lebeau [BL], where the case where the base is a point was considered), (5.21) extends to the equality

^ch(f_!(E)) = f_∗ ( ^Td(T X, h^{T X} ) ^ch(E, h^E ) − a(Td(T X)R(T X)ch(E)) ) in ^CH(Y )_Q.

(5.23)

A K-theoretic version of (5.23) has been given by Roessler [Ro].

Assume now that X is an arithmetic variety taken as before. Put T = Spec(t, t^{−1}), and assume that X is equipped with a projective action of T . This induces in particular an action of C^∗ on X_C. Of course S^1 ⊂ C^∗. We assume that E is T -equivariant, and we also suppose that the considered metrics are S^1-invariant.

Take n ∈ N. Let U be the total space of the universal line bundle on P^n. Then Spec(t, t^{−1}) acts on U^∗ and X. Form the quotient^1 V = U^∗ ×_{Spec(t,t}−1_) X. Then f : V → P^n has fibre X. Let Θ be the curvature of the connection of the universal

1As pointed out by D. Roessler, quotients have to be handled carefully.

line bundle on P^n equipped with the Fubini-Study metric. Then by (2.74), the analytic torsion forms T (ω^X , h^E) associated to this projection (these are forms on P^n_C) are given by

T (ω^X , h^E) = ∂ ∂s ~θ(ω^X , h^E )(1, − Θ 2iπ )(0).

(5.24)

On the other hand, in [B12, Section 7 e)], Bismut conjectured an arithmetic Lefschetz formula with group actions, in which the genus R(x) of Gillet and Soulé would be replaced by the genus R(θ, x). Using the results of [B13] described in Section 1.6, Köhler and Roessler [KRo1] have established such a formula, which takes the form

^ch_g (f_!(E)) = f_∗ ( ^Td_g (T X) ^ch_g(E) − a(Td_g (T X)R_g(T X)ch_g (E)) ) . (5.25)

In (5.25), if f is the projection X → Spec(Z), ^Td_g (T X), ^ch_g (E) are arithmetic versions of the Atiyah-Bott characteristic forms evaluated on the fixed point set of g on X. The precise assumptions are given in [KRo1]. It is very likely that a similar statement holds when Spec(Z) is replaced by an arbitrary base Y . In (5.25), if for i > 0, R^if_∗E = 0, then

f_!(E) = ( R^0f_∗E, h^{R0 f∗E} ) − a ( T (ω^X , h^E) ) (.). (5.26)

In (5.26), ( R^0f_∗E, h^{R0f∗E} ) is considered as a G-equivariant Hermitian vector bundle, and T (ω^X , h^E )(.) is viewed as a form on Y depending on g ∈ G.

Now in the special case considered after (5.23), R^.f_∗E is given by

R^.f_∗(E) = U^∗ ×_{Spec(t,t}−1_) H^·(X, E).

(5.27)

From (5.27), we find that R^.f_∗(E) can be obtained via the character of the representation of T on H^·(X, E), which is given by the Lefschetz fixed point formula.

Let us now apply the Köhler-Roessler formula (5.25) in degree 1, and also the Riemann-Roch formula of Gillet-Soulé given in (5.23) to the projection f : V → P^n. Using Theorems 4.2 and 5.1, we should get the following conjectural equality in R,

(5.28)∫ X Td_K (T X, h^{T X} )ch_K (E, h^E )S_K (X, ω^X ) = ∫ X ^Td_K (T X, h^{T X} ) ^ch_K (E, h^E ) − ∫ X_K ^Td_{eK} (T X, h^{T X} ) ^ch_{eK} (E, h^E ) + ∫ X_K Td_eK (T X)R^K (N_{XK /X} )ch_eK (E).

In (5.28), K is a rational element of R, the Lie algebra of S^1. Also ^Td_K (T X, h^{T X} ) and ^ch_K (E, h^E ) are still not defined equivariant arithmetic characteristic classes. More generally, one should expect that if α is an arbitrary equivariant characteristic class,

(5.29)∫ X α(K)S_K (T X, h^{T X} ) = ∫ X ^α(K) − ∫ X_K ^α(K)^c^{−1}_{max,K} (N_{XK /X} , h^{NX}K^{/X} ) + ∫ X_K α(K)c^{−1}_{max,K} (N_{XK /X} )R^K (N_{XK /X} ).

In fact a direct motivation for suspecting that (5.29) should be true is the immersion result for the currents S_K (X, ω^X ) [B9, Theorem 3.2], which was stated in Theorem 3.12.

It is very likely that a formula like (5.29) can be given a direct proof, independent of Riemann-Roch, by using a technique of deformation to the normal cone.

However, it should be pointed out that part of Bismut’s work on Quillen metrics was itself motivated by the fact that at least formally, the theorem of Riemann- Roch in Arakelov geometry is itself a consequence of a formula like (5.29) in infinite dimensions.This has been explained in some detail in [B9, B10].

Namely let (X, ω^X ) be a compact Kähler manifold, and let LX be its loop space, i.e. the set of smooth functions from S^1 into X. Then S^1 acts on LX by k_sx_. = x_{.+s}. The generating vector field for this action of S^1 is just K(x_.) =^{dx}_{dt .}. The Kähler ω^X lifts to a S^1 -invariant Kähler form ω^{LX} on LX. Moreover K is a holomorphic vector field on LX (for a natural holomorphic structure on LX).

In [A], Atiyah explained an argument of Witten showing that at least formally, starting from the classical McKean Singer index formula [MKeS] for the Euler characteristic χ ( det T X)^{−1/2} ) (this is just equation (2.21), with g = 1) could be written formally in the form χ ( det T X)^{−1/2} ) = ∫ LX exp ( −(d + i_K )K^′/2t ) . (5.30)

Also in [A], it was observed that if ^A(x) =^{x/2}_{sinh(x/2)} is identified with the corresponding multiplicative genus, then one has the formal equality of cohomology classes on X, c^{−1}_{max,K} (X/LX) = ^A(T X). (5.31)

Recall that b_t was defined in (3.5). In [B9, B8], identity (5.31) was extended to the formal equality χ(E) = ∫ LX b_tβ ( L ( E ⊗ ( det T X )_{1/2})) . (5.32)

In (5.32), β ( L ( E ⊗ ( det T X )_{1/2})) is a natural lift of the Chern character form of E ⊗ ( det T X )_{1/2} to LX into a d − 2iπi_K -closed form, which was constructed in [B2].

In [B8], it was shown that at least formally ∂ ∂s θ(ω^X , h^E ) = ∫ LX S_K (LX, ω^{LX} )β ( L ( E ⊗ ( det T X )_{1/2})) . (5.33)

In [B10], the main result of Bismut-Lebeau [BL], which is Theorem 1.15 for g = 1, was obtained as a formal consequence of the main result of [B9] stated in Theorem 3.12. In particular, an interpretation given in [B10] of the genus R of Gillet and Soulé [GS3] is that R^K (N_{X/LX)} = R(T X) (5.34)

One can then show that at least formally, equation (5.29) ‘implies’ the Riemann- Roch theorem of Gillet and Soulé [GS4] in the form stated in (5.23).

The theory has almost come full circle. An infinite dimensional version of infinite dimensional equivariant cohomology was a motivation behind some of the proofs needed in establishing analytic aspects of the theory of Quillen metrics and higher analytic torsion forms.

6. A proof of the comparison formula

The purpose of this Section is to establish our main result Theorem 5.1. The general organization of the Section is similar to [BL, Section 6]. In particular, we prove our main result by deforming a contour integral.

This Section is organized as follows. In Section 6.1, we construct a closed 1- form γ_{t,v} on R^∗_+ × R^∗_+. In Section 6.2, we introduce a contour depending on two parameters,(a, A), with 0 < a < 1 < A < +∞, on which the integral of γ_{t,v} vanishes identically. We thus get an identity

∑_3

k=1 I^0_k = 0. In Section 6.3, we state two key intermediate results, whose proof is delayed to Sections 8 and 9. In Section 6.4, we study the asymptotics of the I^0_k ’s, as A → +∞, a → 0. Finally, in Section 6.5, we obtain a final identity, which is shown to be equivalent to Theorem 5.1.

In this Section, we make the same assumptions and we use the same notation as in Section 5.

6.1. A closed one-form.

Definition 6.1. Set

D^X_T = D^X + T c(K^X ) 2 √ 2 . (6.1)

With the notation in (2.19),

D^X_T = A_−^√_{−1T} .

(6.2)

Proposition 6.2. Let α_{t,T} be the 1-form on R^∗_+ × R, α_{t,T} = dt t Tr_s[Ng exp(−L_K − tD^{X,2}_T )] + dT Tr_s[i⟨μ, K⟩g exp(−L_K − tD^{X,2}_T )].

(6.3)

Then α_{t,T} is a closed form.

Proof. Replace temporarily T by √ −1T , i.e. D^X_T by A_T , which was introduced in (2.16), (2.18). Then the proof of our Proposition is the same as the proof of [B6, Theorem 2.2], [BL, Theorem 3.3] or [1, Theorem 5.6]. The comparison with [1] is especially relevant, since, in view of (2.10), ⟨μ, K⟩ plays here the role of f/2 in [1]. Changing back T into − √ −1T , we obtain the desired result. Needless to say, a direct simple proof can be given.

Definition 6.3. Let γ_{t,v} be the 1-form on R^∗_+ × R^∗_+,

(6.4) γ_{t,v} = dt t Tr_s [( N − i ⟨μ, K⟩ t ) g exp ( −L_K − tD^{X,2}_{1t − 1v} )]

+ dv v^2

Tr_s [ i⟨μ, K⟩g exp ( −L_K − tD^{X,2}_{1t − 1v} )] . Proposition 6.4. The 1-form γ_{t,v} is closed.

Proof. In (6.3), we make the change of variables T = 1 t − 1 v , (6.5)

and we use Proposition 6.2.

Figure 6.1 6.2. A contour integral. Take 0 < a < 1 < A < +∞. Let Γ = Γ_{a,A} be the oriented contour in R^2 indicated in Figure 6.1. Set I^0_k = ∫ Γ_k γ, 1 ≤ k ≤ 3. (6.6) Theorem 6.5. The following identity holds, 3∑ k=1 I^0_k = 0.

(6.7) Proof. This follows from Proposition 6.4.

In the sequel, we will make A → +∞, a → 0 in this order in identity (6.7), and we will ultimately obtain Theorem 5.1.

6.3. Two intermediate results. We use the notation of Section 3. Set ~e_v = ∫ X_g Td_{g,K} (T X, h^{T X} )ch_{g,K} (E, h^E ) ~d_v , ~D_{−1}(g, K) = ∫ X_{g,K} Td_{ge}K (T X)ch_{ge}K (E)i⟨μ, K⟩, (6.8)

E_0(g, K) = ∫ X_{g,K} Td_{ge}K (T X) ( c^′_{max} c_{max} ) K (N_{Xg,K /Xg} )ch_{ge}K (E). Then by the analogue of (3.9) for ~d_v and by (3.34), as v → 0, ~e_v = − ~D_{−1}(geK ) v − E_0(g, K) + O(v). (6.9) Also observe that by (4.20), as s → 0, ∫ X_{g,K} Td_{ge}K (T X)Φ_{s,g,K} (N_{XK /X} )ch_{ge}K (E) = E_0(g, K) + O(s). (6.10)

Recall that g ∈ G, K_0 ∈ z(g), and that K = zK_0, with z ∈ R^∗. We now state two intermediate results which will be needed in our proof of Theorem 5.1.

Theorem 6.6. For z ∈ R^∗, if |z| is small enough, given v ∈ R^∗_+, as t → 0,

Tr_s [ i ⟨μ, K⟩ v g exp ( −L_K − tD^{X,2}_{1t − 1v} )] → −~e_v. (6.11)

Moreover, given z ∈ R^∗, and |z| small enough, there exist C > 0, γ ∈]0, 1] such that for t ∈]0, 1], v ∈ [t, 1], | | |Trs [ i ⟨μ, K⟩ v g exp ( −L_K − tD^{X,2}_{1t − 1v} )] + ~e_v | | | ≤ C ( t/v )_γ . (6.12)

Given z ∈ R^∗, if |z| is small enough, there exists C > 0 such that for t ∈]0, 1], v ≥ 1, | |Tr_s[i ⟨μ, K⟩ v g exp ( −L_K − tD^{X,2}_{1t − 1v} )]| | ≤ C v . (6.13)

Theorem 6.7. If z ∈ R^∗, if |z| is small enough, given v ∈ [1, +∞[, as t → 0,

(6.14) Tr_s [ i ⟨μ, K⟩ tv g exp ( −L_K − tD^{X,2}_{1t (1− 1v )} )] = ~D_{−1}(geK ) tv + ∫ X_{g,K} Td_{ge}K (T X)Φ_{1/v,g,K} (N_{XK /X} )ch_{ge}K (E) + o(1). 6.4. The asymptotics of the I^{0′}_k s. We now study the I^0_k ’s. It will be understood in the sequel that in all our statement, z ∈ R^∗ will be such that |z| is small enough. 1) The term I^0_1 .

Clearly,

I^0_1 = ∫_A a Tr_s [( N − i⟨μ, K⟩ t ) g exp ( −L_K − tD^{X,2}_{1t − 1A} )] dt t . (6.15) α)A → +∞ As A → +∞,

(6.16) Tr_s [( N − i⟨μ, K⟩ t ) g exp ( −L_K − tD^{X,2}_{1t − 1A} )] → Tr_s [( N − i⟨μ, K⟩ t ) g exp ( −L_K − tD^{X,2}_{1t} )] = γ_t(g, K). Clearly, √ tD^X1_{t −} 1_A = √ tD^X + ( 1 − t A ) c(K^X ) 2 √ 2t . (6.17)

By (6.17) and by Theorem 7.7, for |z| ≤ 1, there is C > 0 such that for t ∈ [1, +∞[, A ∈ [t, +∞[, | | |Trs [( N − i⟨μ, K⟩ t ) g exp ( −L_K − tD^{X,2}_{1t − 1A} )] − Tr_s^{H· (X,E)}[Nge^K ] | | | ≤ C √ t . (6.18)

By (6.15)-(6.18), we find that as A → +∞,

(6.19) I^0_1 − Tr_s^{H· (X,E)}[Nge^K ] log(A) →

I^1_1 =

∫_1 a γ_t(g, K) dt t + ∫_{+∞} 1 ( γ_t(g, K) − γ_{+∞}(g, K) )dt t .

β)a → 0 By Theorem 2.22, as a → 0,

(6.20) I^1_1 − C_{−1}(g, K) a + C_0(g, K) log(a) →

I^2_1 =

∫_1 0 ( γ_t(g, K) − C_{−1}(g, K) t − C_0(g, K) )dt t + ∫_{+∞} 1 ( γ_t(g, K) − γ_{+∞}(g, K) )dt t − C_{−1}(g, K). γ)Evaluation of I^2_1

Proposition 6.8. The following identity holds,

I^2_1 = − ∂ ∂s ~θ(ω^X , h^E )(g, K)(0) + Γ^′(1)(C_0(g, K) − Tr_s^{H· (X,E)}[Nge^K ]).

(6.21)

Proof. This follows from Proposition 2.25 and from (6.20).

2) The term I^0_2

We have the identity

I^0_2 = − ∫_A a Tr_s [ Ng exp ( −L_K − tD^{X,2} )] dt t . (6.22) α)A → +∞ As A → +∞,

(6.23)

I^0_2 + Tr_s^{H· (X,E)}[Nge^K ] log(A) → I^1_2 = −

∫_1 a Tr_s [ Ng exp ( −L_K − tD^{X,2} )] dt t − ∫_{+∞} 1 ( Tr_s [ Ng exp ( −L_K − tD^{X,2} )] − Tr_s^{H· (X,E)}[Nge^K ] )dt t . β)a → 0 By Theorem 1.6, as a → 0,

(6.24) I^1_2 +

D_{−1}(ge^K ) a − D_0(ge^K ) log(a) →

I^2_2 = −

∫_1 0 ( Tr_s [ Ng exp ( −L_K − tD^{X,2} )] − D_{−1}(ge^K ) t − D_0(ge^K ) ) dt t − ∫_{+∞} 1 ( Tr_s [ Ng exp ( −L_K − tD^{X,2} )] − Tr_s^{H· (X,E)}[Nge^K ] ) dt t + D_{−1}(ge^K ).

γ)Evaluation of I^3_2

Proposition 6.9. The following identity holds,

I^3_2 = ∂ ∂s θ(ω^X , h^E )(ge^K )(0) + Γ^′(1)(−D_0(ge^K ) + Tr_s^{H· (X,E)}[Nge^K ]).

(6.25)

Proof. This follows from Proposition 1.7 and from (6.24).

3) The term I^0_3 We have the obvious

I^0_3 = ∫_A a Tr_s [ i⟨μ, K⟩g exp ( −L_K − aD^{X,2}_{1a − 1v} )] dv v^2 . (6.26) α)A → +∞ As A → +∞,

I^0_3 → I^1_3 = ∫_{+∞} a Tr_s [ i⟨μ, K⟩g exp ( −L_K − aD^{X,2}_{1a − 1v} )] dv v^2 . (6.27) β)a → 0 Set J_1 = −

∫_1 a ~e_v dv v , J_2 = ∫_{+∞} 1 Tr_s [ i⟨μ, K⟩ v g exp ( −L_K − aD^{X,2}_{1a − 1v} )] dv v , (6.28)

J_3 = ∫_{1/a} 1 ( Tr_s [ i⟨μ, K⟩ av g exp ( −L_K − aD^{X,2}_{1a (1− 1v )} )] + ~e_{av} ) dv v . Clearly I^1_3 = J_1 + J_2 + J_3.

(6.29)

By (6.9), as a → 0,

(6.30) J_1 − ~D_{−1}(ge^K ) a + E_0(g, K) log(a) →

J^1_1 = −

∫_1 0 ( ~e_v + ~D_{−1}(geK ) v + E_0(g, K) )dv v − ~D_{−1}(ge^K ). By (6.11), as a → 0,

Tr_s [ i⟨μ, K⟩ v g exp ( −L_K − aD^{X,2}_{1a − 1v} )] → −~e_v. (6.31) Also by (6.13), there exist C > 0 such that for v ≥ 1, a ∈]0, 1], | | |Trs [ i⟨μ, K⟩ v g exp ( −L_K − aD^{X,2}_{1a − 1v} )] | ≤ C v . (6.32) From (6.28), (6.31), (6.32), we find that as a → 0,

J_2 → J^1_2 = − ∫_{+∞} 1 ~e_v dv v . (6.33)

By (6.12), there exists C > 0, γ ∈]0, 1] such that for 1 ≤ v ≤ 1/a, | | |Trs [ i⟨μ, K⟩ av g exp ( −L_K − aD^{X,2}_{1a (1− 1v )} )] +~e_{av} | | | ≤ C v^γ . (6.34) Using (6.9), (6.14), (6.28) and (6.34), we find that as a → 0, (6.35)

J_3 → J^1_3 = ∫_{+∞} 1 (∫ X_{g,K} Td_{ge}K (T X)Φ_{1/v,g,K} (N_{XK /X} )ch_{ge}K (E)−E_0(g, K) )dv v .

From (6.29), (6.30), (6.33), (6.35), we see that as a → 0,

I^1_2 − ~D_{−1}(geK ) a + E_0(g, K) log(a) → I^2_3 = J^1_1 + J^1_2 + J^1_3 .

(6.36) γ)Evaluation of I^2_3

Proposition 6.10. The following identity holds,

(6.37) I^2_3 = − ∫ X_g Td_{ge}K (T X, h^{T X} )ch_{ge}K (E, h^E ) ~S_K (X_g, ω^{Xg} ) + ∫ X_{g,K} Td_{ge}K (T X)I_{g,K} (N_{XK /X} ) + Γ^′(1)E_0(g, K).

Proof. By (4.21) (6.30), (6.33), (6.35), (6.36), we get

(6.38) I^2_3 = −

∫_1 0 ( ~e_v + ~D_{−1}(ge^K ) v + E_0(g, K) )dv v − ∫_{+∞} 1 ~e_v dv v − ∫ X_{g,K} Td_{ge}K (T X)I_{g,K} (N_{XK /X} )ch_{ge}K (E) − ~D_{−1}(ge^K ). Using the analogue of (3.16) for ~S_K (X_g , ω^{Xg} ), (3.34) and (6.38), we get (6.37). 6.5. The final identity.

Theorem 6.11. The following identity holds, 3∑ k=1 I^2_k = 0.

(6.39)

Proof. We will check that, as should be the case by equation (6.7) in Theorem 6.5, the divergences of the I^0_k ’s add up to 0. α)A → +∞ By (6.19), (6.23), we get the diverging terms −Tr_s^{H· (X,E)}[Nge^K ] log(A) + Tr_s^{H· (X,E)}[Nge^K ] log(A) = 0

(6.40) Therefore 3∑ k=1 I^1_k = 0.

(6.41) β)a → 0 By (6.20), (6.24), (6.36), we get the diverging terms

(6.42) − C_{−1}(g, K) a + C_0(g, K) log(a) +

D_{−1}(ge^K ) a − D_0(ge^K ) log(a) − ~D_{−1}(geK ) a + E_0(g, K) log(a).

Now by (3.17), (3.31),

(6.43) ∫ X_g ( ωX 2π − i⟨μ, K⟩ ) Td_{g,K} (T X, h^{T X} ))ch_{g,K} (E, h^E ) = ∫ X_{g,K} ( ωX 2π − i⟨μ, K⟩ ) Td_{ge}K (T X, h^{T X} )ch_{ge}K (E, h^E ). Equation (6.43) says that, as should be the case, the coefficient of^1_a in (6.42) vanishes identically. A similar argument shows that the coefficient of log(a) also vanishes. We thus get (6.39). The proof of our Theorem is completed.

Now we use Propositions 6.8-6.10 and Theorem 6.11. Since the coefficient of log(a) in (6.42) vanishes, we find that the coefficient of Γ^′(1) in the left-hand side of (6.39) vanishes. Identity (6.39) is then equivalent to (5.1), i.e. we have completed the proof of Theorem 5.1.

7. The construction of the families equivariant analytic torsion forms

The purpose of this Section is in particular to establish Theorem 2.22. This result implies that the infinitesimal equivariant torsion^∂_{∂s} ~θ(ω^X , h^E )(g, K)(0) introduced in Section 2.6 is well defined. Also we introduce many of the tools which will be needed to complete the proof of the main result of this paper. Many of our tools were already used in [BL].

One of the main points is to show that^∂_{∂s} ~θ(ω^X , h^E)(g, K)(0) is well defined as a function of K ∈ g, for |K| small enough. By using the techniques of [BGS1], [BK], [BeGeV], it is relatively easy to define^∂_{∂s} ~θ(ω^X , h^E )(g, K)(0) as a formal power series. The fact it exists as a function requires nontrivial estimates.

This Section is organized as follows. In Section 7.1, we study the behaviour of γ_t(g, K) as t → +∞. The proofs use estimates on trace class operators. The fact that C_{K,t} is the sum of a self-adjoint part √ tD^X and of a skew-adjoint part c(K^X )/2 √ 2t plays an important role. In Sections 7.2-7.14, we study of γ_t(g, K) as t → 0. In Section 7.3, by using finite propagation speed techniques for solutions of hyperbolic equations [ChP], [T], we show that our problem can be localized near the fixed point set X_g. Let L^{3,t}_{x,K} be a rescaled version of the operator L_K + C^2_{K,t} near x ∈ X_g. The problem is now reduced to understanding the behaviour as t → 0 of a kernel ~F_t(L^{3,t}_{x,K} )(Z, Z^′) whose support is close to the diagonal.

Recall that equation (2.69) involves an asymptotic expansion of γ_t(g, K) as t → 0, and the first two terms have to be evaluated explicitly. Sections 7.4-7.13 are devoted to obtaining the first term in this asymptotic expansion. In Section 7.4, we state a Lichnerowicz formula. In Section 7.5, we introduce a local coordinate system near X_g. In Section 7.6, given x ∈ X_g, we replace the manifold X by (T_RX)_x. In Section 7.7, we perform a Getzler rescaling [Ge] on certain Clifford variables.

From Section 7.8 on, we use functional analytic methods inspired from [BL, Section 11]. In Section 7.8, we introduce a natural family of norms, and we prove that the rescaled operators L^{3,t}_{x,K} verify corresponding elliptic estimates. In Section 7.9, we truncate the operator L^{3,t}_{x,K} , and we express ~F_t(L^{3,t}_{x,K} )(Z, Z^′) as an infinite sum, for the reasons outlined in the Introduction.

In Section 7.10, we give estimates on the resolvent of the truncated operators, and in Section 7.11, we prove corresponding uniform regularizing properties. In Section 7.12, we establish uniform estimates on the truncated kernels. Finally, in Section 7.13, we obtain the first term in the asymptotic expansion of γ_t(g, K) as t → 0. In Section 7.14, we obtain the second term in the asymptotic expansion ofγ_t(g, K).

In fact we use an algebraic identity taken from [BGS1], to reduce the problem to a new one, which is accessible to the techniques we just described.

In our proofs, the constants C > 0 may vary from line to line.

7.1. The behaviour of the supertraces as t → ∞. Recall that

γ_t(g, K) = Tr_s [ (N − i ⟨μ, K⟩ t )g exp(−L_K − C^2_{K,t}) ] . (7.1)

Figure 7.1

Theorem 7.1. There exists β > 0, C > 0 such that if K ∈ z(g), |K| ≤ β, t ≥ 1, |γ_t(g, K) − Tr_s^{H· (X,E)}[Nge^K ]| ≤ C √ t . (7.2)

Proof. This subsection is devoted to the proof of Theorem 7.1.

Let F^s be the Sobolev space of sections of Λ(T^{∗(0,1)}X) ⊗ E on X. Then F^∞ = Ω^·(X, E).

(7.3)

The Hilbert space F^0 is naturally equipped with the norm | |_0 associated to the Hermitian product (1.6). More generally, for s ∈ R\{0}, let | |_s be a norm on F^s. We may and we will assume that | |_s increases with s. Let c ∈]0, 1] be such that Sp(D^X ) ∩ {λ ∈ R, |λ| ≤ 2c} ⊂ 0. (7.4)

Consider the contour in C indicated in Figure 7.1. Let U be the elements of C which lie outside the domain bounded by Δ and δ. In particular ±i∞ ∈ U.

If A ∈ L(F^s, F^{s′} ), let ‖A‖^{s,s′} be the norm of A with respect to the given norms on F^s, F^{s′} .

Proposition 7.2. There exist C > 0, C^′ > 0 such that if t ≥ 1, λ ∈ U, ‖(λ − √ tD^X )^{−1}‖^{0,0} ≤ C,

(7.5) ‖(λ − √ tD^X )^{−1}‖^{0,1} ≤ C(1 + |λ| √ t ). Proof. Using (7.4), the first inequality in (7.5) follows. Also

(7.6) (λ − √ tD^X )^{−1} = 1 √ t ( √ −1 − D^X )^{−1} + ( √ −1 − λ/ √ t)( √ −1 − D^X )^{−1}(λ − √ tD^X )^{−1}.

Moreover ‖( √ −1 − D^X )^{−1}‖^{0,1} ≤ C^′.

(7.7)

From the first inequality in (7.5), and from (7.6), (7.7), we get the second inequality in (7.5). The proof of our Proposition is completed.

Definition 7.3. For t ≥ 1, λ ∈ U, put

m_t(λ) = 1 − c(K^X ) 2 √ 2t (λ − √ tD^X )^{−1}.

(7.8)

Proposition 7.4. Given M > 0, there exist t_0 ≥ 1, C > 0 such that for K ∈ g, |K| ≤ M, t ≥ t_0, λ ∈ U, then m_t(λ) ∈ L(F^0) is invertible and moreover

‖m^{−1}_t (λ) − 1‖^{0,0} ≤ C √ t . (7.9)

Proof. By (7.5), there exists C^′ > 0 such that for K ∈ g, |K| ≤ M, t ≥ 1, ‖m_t(λ) − 1‖^{0,0} ≤ C^′ √ t . (7.10)

Equation (7.9) follows from (7.10).

Definition 7.5. If q ∈ R, q ≥ 1, let L_q (F^0) be the space of the A ∈ L(F^0) such that ‖A‖_q = { Tr [ (A^∗A)^{q/2} ]}_{1/q} < +∞. (7.11)

Then L_q (F^0) is a vector space and ‖ ‖_q is a norm on L_q (F^0). Similarly, if A ∈ L(F^0), let ‖A‖_∞ be the usual norm of A.

Let p be the orthogonal projection operator from F^0 on ker D^X . Put p^⊥ = 1 − p. (7.12)

Theorem 7.6. Given M > 0, there exist t_0 ≥ 1, C > 0 such that for K ∈ g, |K| ≤ M, t ≥ t_0, λ ∈ U, then λ − C_{K,t} is invertible, an moreover ‖(λ − C_{K,t})^{−1}‖_∞ ≤ C. (7.13)

Let q be an integer such that q ≥ 2 dim X + 1. Then there exists C^′ > 0 such that if K ∈ g, |K| ≤ M, t ≥ t_0, λ ∈ U, |λ| ≤ c √ t, ‖(λ − C_{K,t})^{−1} − p/λ‖_q ≤ C^′ √ t (1 + |λ|). (7.14)

There exist C^{′′} > 0 such that if K ∈ g, |K| ≤ M, t ≥ t_0, λ ∈ U, |λ| ≤ c √ t, ‖(λ − C_{K,t})^{−q} − p/λ^q‖_1 ≤ C^{′′} √ t (1 + |λ|). (7.15)

Finally there exist C^{′′′} > 0 such that if K ∈ g, |K| ≤ M, t ≥ t_0, λ ∈ U, ‖(λ − C_{K,t})^{−1}‖_q ≤ C(1 + |λ|). (7.16)

Proof. Clearly λ − C_{K,t} = m_t(λ)(λ − √ tD^X ). (7.17)

Using Propositions 7.2 and 7.4, and (7.17), we find that for t ≥ t_0, λ − C_{K,t} is invertible. More precisely (λ − C_{K,t})^{−1} = (λ − √ tD^X )^{−1}m^{−1}_t (λ).

(7.18)

By (7.5), (7.9), (7.18), we get (7.13).

By (7.5), (7.6), for q ≥ 2 dim X + 1, ‖(λ − √ tD^X )^{−1}‖_q ≤ C(1 + |λ|)‖( √ −1 − D^X )^{−1}‖_q

(7.19) ≤ C^′(1 + |λ|).

Using (7.9), (7.18), (7.19), we get

(7.20) ‖(λ − C_{K,t})^{−1} − (λ − √ tD^X )^{−1}‖_q ≤ ‖(λ − √ tD^X )^{−1}‖_q‖m^{−1}_t (λ) − 1‖_∞ ≤ C √ t (1 + |λ|). If μ ∈ Sp(D^X ), μ ≠ 0, then |μ| ≥ 2c. So if μ^′ ∈ C, |μ^′| ≤ c, then |μ − μ^′| ≥ |μ| 2 . (7.21)

Let (D^X )^{−1} be the inverse of D^X on the orthogonal space (ker D^X )^⊥ to ker D^X in F^0. From (7.21), we find that if λ ∈ U, |λ| ≤ c √ t, then ‖p^⊥(λ − √ tD^X )^{−1}‖_q ≤ 2 √ t ‖p^⊥(D^X )^{−1}‖_q ≤ C √ t . (7.22)

Equation (7.22) is equivalent to ‖(λ − √ tD^X )^{−1} − p λ ‖_q ≤ C √ t . (7.23)

By (7.20), (7.23), we get (7.14). If 1 ≤ r ≤ q, if λ ∈ U, |λ| ≤ c √ t, by (7.14), ‖ ‖ ‖(λ − CK,t)^{−(r−1)} ( (λ − C_{K,t})^{−1} − p λ ) p λ^{q−r} ‖ ‖ ‖_1

(7.24) ≤ C‖(λ − C_{K,t})^{−1}‖^{r−1}_q ‖(λ − C_{K,t})^{−1} − p/λ‖_q ≤ C √ t (1 + |λ|). From (7.24), we get (7.15).

Fix λ_0 ∈ U. If λ ∈ U,

(λ − C_{K,t})^{−1} = (λ_0 − C_{K,t})^{−1} + (λ_0 − λ)(λ − C_{K,t})^{−1}(λ_0 − C_{K,t})^{−1}.

(7.25)

By (7.13), (7.14), (7.25), we get (7.16). The proof of our Theorem is completed.

Theorem 7.7. Let M > 0. There exist C > 0 such that for K ∈ z(g), |K| ≤ M, t ≥ 1, then ‖ ‖exp(−C^2_{K,t}) − p ‖ ‖_1 ≤ C√ t . (7.26)

Proof. By Theorem 7.6, for |K| ≤ M, t ≥ t_0,

exp(−C^2_t ) = 1 2iπ ∫ Δ∪{δ} exp(−λ^2)(λ − C_{K,t})^{−1}dλ. (7.27)

Take q ∈ N, q ≥ 2 dim X + 1. Let f_q be the unique holomorphic function on C\ √ −1R which has the following two properties : lim λ→±∞ f_q(λ) = 0

(7.28) f^{(q−1)} q (λ) (q − 1)!

= exp(−λ^2).

Clearly, there exist c > 0, C > 0 such that if λ ∈ Δ, |f_q (λ)| ≤ c exp(−C|λ|^2). (7.29)

We have the identity 1 2iπ ∫ Δ exp(−λ^2)(λ − C_{K,t})^{−1}dλ = 1 2iπ ∫ Δ f_q(λ)(λ − C_{K,t})^{−q} dλ. (7.30)

By inequality (7.15) in Theorem 7.6 and by (7.29), for t ≥ t_0, ‖ ‖ ‖ ‖ 1 2iπ ∫ Δ∩{λ;|λ|≤c √ t} f_q (λ) ( (λ − C_{K,t})^{−q} − p λ^q ) dλ ‖ ‖ ‖ ‖_1 ≤ C √ t . (7.31)

Also by (7.16), (7.29), ‖ ‖ ‖ ‖ 1 2iπ ∫ Δ∩{λ;|λ|≥c √ t} f_q(λ) ( λ − C_{K,t})^{−q} − p λ^q ‖ ‖ ‖ ‖_1

(7.32) ≤ C ∫ Δ∩{λ;|λ|≥c √ t} |f_q(λ)| ‖ ‖(λ − CK,t)^{−q} − p λ^q ‖ ‖_1 dλ ≤ C exp(−C^′t). Finally by the theorem of residues, 1 2iπ ∫ Δ f_q(λ) dλ λ^q = 0.

(7.33)

By (7.30)-7.33), we find that for t ≥ t_0, ‖ ‖ ‖ 1 2iπ ∫ Δ exp(−λ^2)(λ − C_{K,t})^{−1}dλ ‖ ‖ ‖ 1 ≤ C √ t . (7.34)

Let now g_q(λ) be a holomorphic function on C such that g^{(q−1)} q (λ) (q − 1)!

= exp(−λ^2).

(7.35)

Then 1 2iπ ∫ δ exp(−λ^2)(λ − C_{K,t})^{−1}dλ = 1 2iπ ∫ δ g_q(λ)(λ − C_{K,t})^{−q} dλ. (7.36)

Moreover 1 2iπ ∫ δ g_q(λ) λ^q dλ = 1 2iπ ∫ δ exp(−λ^2) dλ λ = 1.

(7.37)

By (7.15) and (7.36), (7.37), we get ‖ ‖ ‖ 1 2iπ ∫ δ exp(−λ^2)(λ − C_{K,t})^{−1}dλ − p ‖ ‖ ‖ 1 ≤ C √ t . (7.38)

By (7.27), (7.34), (7.38), we get (7.26). The proof of our Theorem is completed.

Remark 7.8. Equation (7.2) in Theorem 7.1 is a simple consequence of Theorem 7.7.

7.2. The asymptotics of the supertraces as t → 0.

Theorem 7.9. There exist β > 0, C > 0, γ ∈]0, 1] such that if K ∈ g, |K| ≤ β, | | |αt(g, K) − ∫ X_g Td_{g,K} (T X)ch_{g,K} (E) | | | ≤ Ct^γ , (7.39) | | |γt(g, K) − C_{−1}(g, K) t − C_0(g, K) | | | ≤ Ct^γ . Proof. The remainder of the Section is devoted to the proof of Theorem 7.9.

Remark 7.10. By (2.68), α_t(g, K) does not depend on t. The first inequality in (7.39) then leads to a proof of the Kirillov formulas in (2.38). Still because α_t(g, K) does not depend on t, (2.38) follows from an equality of formal power series in the variable z ∈ C, when replacing K by zK. A proof of Kirillov’s formula along these lines has been given by Bismut [B3] by changing z into iz, and by Berline- Getzler-Vergne [BeGeV, Section 8.3] by proving the convergence as t → 0 of the corresponding power series. Still γ_t(g, K) cannot be dealt with by such arguments.

7.3. Finite propagation speed and localization. Put

A_t = t(L_K + C^2_{K,t}).

(7.40)

Equivalently

A_t = tL_K + t^2D^{X,2}_{1/t} .

(7.41)

Theorem 7.11. Given β > 0, there exist C_1 > 0, C_2 > 0, C^′_2(β) > 0, C_3(β) > 0, C_4 > 0, C_5(β) > 0 such that if K ∈ g, |K| ≤ β, t ∈]0, 1], if s, s^′ ∈ Ω^·(X, E),

Re⟨A_ts, s⟩ ≥ C_1t^2|s|^2_1 − (C_2t^2 + C^′_2(β))|s|^2_0, |Im⟨A_ts, s⟩| ≤ C_3(β)t|s|_1|s|_0, (7.42) |⟨A_ts, s^′⟩| ≤ C_4(t|s|_1 + C_5(β)|s|_0)(t|s^′|_1 + C_5(β)|s^′|_0).

Moreover, as β → 0, C^′_2(β), C_3(β), C_5(β) → 0.

Proof. Clearly

A_t = t^2D^{X,2} + t(L_K + [D^X , c(K^X ) 2 √ 2 ]) − |K^X |^2 8 . (7.43)

Moreover D^{X,2} is an elliptic second order differential operator, and L_K , [D^X ,^{c(KX )}_2^√_2 ] are first order skew-adjoint differential operators. So we find in particular that Re⟨A_ts, s⟩ = ⟨ (t^2D^{X,2} − |K^X |^2 8 )s, s ⟩ , (7.44) Im⟨A_ts, s⟩ = t ⟨ (L_K + [D^X , c(K^X ) 2 √ 2 ])s, s ⟩ . From (7.43), (7.44), we get the first two equations in (7.42). The proof of the third equation is similar. The last statement in our Theorem is trivial.

In the sequel, we take β > 0, and we assume that |K| ≤ β.

For c > 0, put U_c = {λ ∈ C, Re(λ) ≤ Im(λ)^2 4c^2 − c^2}, V_c = {λ ∈ C, Re(λ) ≥ Im(λ)^2 4c^2 − c^2}, (7.45)

Γ_c = {λ ∈ C, Re(λ) =

Im(λ)^2 4c^2 − c^2}. Note that U_c, V_c, Γ_c are the images of {λ ∈ C, |Imλ| ≥ c}, {λ ∈ C, |Imλ| ≤ c}, {λ ∈ C, |Imλ| = c} by the map λ → λ^2.

Theorem 7.12. There exists C > 0 such that given c ∈]0, 1], for β > 0 and t ∈]0, 1] small enough, if λ ∈ U_c, the resolvent (λ − A_t)^{−1} exists, extends to a continuous operator from F^{−1} into F^1, and moreover, ‖(λ − A_t)^{−1}‖^{0,0} ≤ 2 c^2 , (7.46) ‖(λ − A_t)^{−1}‖^{−1,1} ≤ C c^2t^4

(1 + |λ|)^2.

Proof. We use a method due to Lax-Milgram. By (7.42), we observe that if λ ∈ R, λ ≤ −(C_2t^2 + C^′_2(β)), then Re⟨(A_t − λ)s, s⟩ ≥ C_1t^2|s|^2_0, (7.47) so that |s|_0 ≤ 1 C_1t^2 |(A_t − λ)s|_0. (7.48) Also since A_t is elliptic of order 2, given λ ∈ C, there exists C_1(λ, t) > 0 such that |s|_2 ≤ C_1(λ, t)(|(λ − A_t)s|_0 + |s|_0). (7.49) From (7.48), (7.49), we find that if λ ∈ R, λ ≤ −(C_2t^2 + C^′_2(β)), the resolvent (λ − A_t)^{−1} exists.

Take now λ = a + ib, a, b ∈ R. By (7.42), (7.50) |⟨(A_t − λ)s, s⟩| ≥ sup { C_1t^2|s|^2_1 − (C_2t^2 + C^′_2(β) + a)|s|^2_0, − C_3(β)t|s|_1|s|_0 + |b||s|^2_0 } . Set (7.51) C(λ, t) = inf_{u∈R} u≥1 sup { C_1(tu)^2 − (C_2t^2 + C^′_2(β) + a), −C_3(β)tu + |b| } . Since |s|_0 ≤ |s|_1, using (7.50), (7.51) we get |⟨(A_t − λ)s, s⟩| ≥ C(λ, t)|s|^2_0. (7.52)

Now we fix c ∈]0, 1]. Suppose that λ ∈ U_c, i.e. a ≤ b^2 4c^2 − c^2. (7.53) Assume that u ∈ R is such that |b| − C_3(β)tu ≤ c^2. (7.54)

Then by (7.53), (7.54),

(7.55) C_1(tu)^2 − (C_2t^2 + C^′_2(β) + a) ≥ C_1(tu)^2 − b^2 4c^2

+ c^2 − C_2t^2 − C^′_2(β)

≥ (C_1 −

C^2_3 (β) 4c^2

)(tu)^2 −

C_3(β) 2 tu + 3 4 c^2 − C_2t^2 − C^′_2(β).

For β small enough,

C_1 ≥ C_1 −

C_3(β)^2

4c^2 ≥ C_1 2 . (7.56)

The discriminant Δ of the polynomial in the variable tu in the right-hand side of (7.55) is given by Δ = C_3(β)^2 4 − 4( 3 4 c^2 − C_2t^2 − C^′_2(β))(C_1 −

C_3(β)^2 4c^2 ). (7.57)

Clearly, for β, t small enough,

Δ ≤ −2c^2C_1.

(7.58)

From (7.55)-(7.58), we get

C_1(tu)^2 − (C_2t^2 + C^′_2(β) + a) ≥ c^2 2 . (7.59)

Ultimately, by (7.51)-(7.59), we find that for β > 0, t ∈]0, 1] small enough, if λ ∈ U_c, C(λ, t) ≥ c^2 2 . (7.60)

From (7.52), (7.60), we deduce that given c > 0, for t > 0, β > 0 small enough, |⟨(A_t − λ)s, s⟩| ≥ c^2 2 |s|^2_0. (7.61)

By (7.61), we get |(λ − A_t)s|_0 ≥ c^2 2 |s|_0. (7.62)

By (7.62), we deduce that if λ ∈ U_c, if the resolvent (λ − A_t)^{−1} exists, then

‖(λ − A_t)^{−1}‖^{0,0} ≤ 2 c^2 . (7.63)

From (7.63), we find that if λ^′ ∈ C, |λ^′ − λ| <^{c2}_2 , the resolvent (λ^′ − A_t)^{−1} still exists. We saw that if λ ∈ R, λ ≤ −(C_2t^2 + C^′_2(β)), the resolvent (λ − A_t)^{−1} exists. From the above, we deduce that for any λ ∈ U_c, the resolvent (λ − A_t)^{−1} exists and (7.63) holds, i.e. we have established the first inequality in (7.46). Incidentally, observe that (7.49) and (7.62) also imply the existence of the resolvent (λ − A_t)^{−1}.

Clearly A_t is a linear map from F^1 into F^{−1}. By the first inequality in (7.42), if λ_0 ∈ R, λ_0 ≤ −C_2t^2 − C^′_2(β), then |s|_1 ≤ 1 C_1t^2 |(λ − A_t)s|_{−1}. (7.64)

So by (7.49), (7.64), we see that if λ_0 ∈ R, λ_0 ≤ −(C_2t^2 + C^′_2(β)), the resolvent (λ_0 − A_t)^{−1} exists, is one to one from F^{−1} into F^1, and moreover ‖(λ_0 − A_t)^{−1}‖^{−1,1} ≤ 1 C_1t^2 . (7.65)

Take λ ∈ U_c, λ_0 ∈ R, λ_0 ≤ −(C_2t^2 + C^′_2(β)). Then

(λ − A_t)^{−1} = (λ_0 − A_t)^{−1} + (λ_0 − λ)(λ − A_t)^{−1}(λ_0 − A_t)^{−1}.

(7.66) By (7.63)-(7.66), (λ − A_t)^{−1} is a linear continuous map from F^{−1} into F^0 such that ‖(λ − A_t)^{−1}‖^{−1,0} ≤ 1 C_1t^2

(1 + 2 c^2 |λ − λ_0|). (7.67) Moreover we can interchange λ and λ_0 in (7.66). Using (7.65) and (7.67), we now get ‖(λ − A_t)^{−1}‖^{−1,1} ≤ 1 C_1t^2 + |λ − λ_0| (C_1t^2)^2 ( 1 + 2 c^2 |λ − λ_0|). (7.68) By (7.68), we get the second inequality in (7.46). The proof of our Theorem is completed.

Theorem 7.13. Given q ≥ 2 dim X + 1, there exist C > 0, C^′ > 0 such that given c > 0, for β > 0, t ∈]0, 1] small enough, if λ ∈ U_c, the resolvent (λ − A_t)^{−1} exists, and moreover ‖(λ − A_t)^{−1}‖_q ≤ C c^2t^4

(1 + |λ|)^2,

(7.69) ‖(λ − A_t)^{−q} ‖_1 ≤ C^q (c^2t^4)^q

(1 + |λ|)^{2q} .

Proof. Under the conditions of Theorem 7.12, we get ‖( √ −1 − D^X )(λ − A_t)^{−1}‖_∞ ≤ C c^2t^4

(1 + |λ|)^2.

(7.70) By (7.70), for q ≥ 2 dim X + 1, (7.71) ‖(λ − A_t)^{−1}‖_q ≤ ‖ √ −1 − D^X )^{−1}‖_q‖( √ −1 − D^X )(λ − A_t)^{−1}‖_∞ ≤ C c^2t^4

(1 + |λ|)^2, which is just the first inequality in (7.69) The second inequality is now trivial.

Let a_X be the injectivity radius of X. Let α ∈]0,^{aX}_8 ]. The precise value of α will be fixed later. The constants C, C^′ . . .may depend on the choice of α.

Let f : R → [0, 1] be a smooth even function such that f(s) = 1 for |s| ≤ α 2 , (7.72) = 0 for |s| ≥ α. Set g(s) = 1 − f(s). (7.73)

Definition 7.14. For t > 0, a ∈ C, put

F_t(a) = ∫_{+∞} −∞ exp(is √ 2a) exp ( − s^2 2 ) f( √ ts) ds √ 2π , (7.74)

G_t(a) = ∫_{+∞} −∞ exp(is √ 2a) exp ( − s^2 2 ) g( √ ts) ds √ 2π . Then F_t(a), G_t(a) are even holomorphic functions of a such that exp(−a^2) = F_t(a) + G_t(a).

(7.75) Moreover F_t and G_t both lie in the Schwartz space S(R). Put I_t(a) = ∫_{+∞} −∞ exp ( is √ 2 a t ) exp ( − s^2 2t ) g(s) ds √ 2πt . (7.76)

Then I_t(a) = G_t( a √ t ). (7.77)

By (7.72), (7.76), we find that given m, m^′ ∈ N, there exist C > 0, C^′ > 0 such that if t ∈]0, 1], a ∈ C, |Im(a)| ≤^α_8 , |a|^m|I^{(m′)}_t (a)| ≤ C exp(−C^′/t). (7.78)

Clearly, there exist uniquely defined holomorphic functions ~F_t(a), ~G_t(a), ~I_t(a) such that F_t(a) = ~F_t(a^2), G_t(a) = ~G_t(a^2), I_t(a) = ~I_t(a^2).

(7.79) By (7.75),(7.77), exp(−a) = ~F_t(a) + ~G_t(a),

(7.80) ~I_t(a) = ~G_t(a/t). By (7.78), we find that if λ ∈ V_{α/8}, then |λ|^m|~I^{(m′)}_t (λ)| ≤ C exp(−C^′/t). (7.81)

For q ∈ N, let ~I_{t,q} (a) be the holomorphic function on C, which is characterized by the following two properties: lim λ→+∞ ~I_{t,q} (λ) = 0, (7.82) ~I^{(q)}_{t,q} (λ) (q − 1)! = ~I_t(λ). By (7.81), if λ ∈ V_{α/8}, |λ|^m|~I^{(q)}_{t,q} (λ)| ≤ C exp(−C^′/t). (7.83)

By (7.80), exp(−L_K − C^2_{K,t}) = ~F_t(L_K + C_{K,t}) + ~I_t(A_t).

(7.84) Theorem 7.15. There exist β > 0, C > 0, C^′ > 0 such that if K ∈ g, |K| ≤ β, t ∈ ]0, 1], ‖~I_t(A_t)‖_1 ≤ C exp(−C^′/t). (7.85)

Proof. In Theorem 7.13, we take c =^α_8 . Then given β > 0, t ∈]0, 1] small enough, Theorem 7.13 holds. By (7.81),

~I_t(A_t) = 1 2iπ ∫ Γ_{α/8} ~I_t(λ)(λ − A_t)^{−1}dλ. (7.86)

From (7.83), (7.86), for q ∈ N,

~I_t(A_t) = 1 2iπ ∫ Γ_{α/8} ~I_{t,q} (λ)(λ − A_t)^{−q} dλ. (7.87)

Now in (7.87), we take q ≥ 2 dim X + 1, and we use the second inequality in (7.69) and (7.83). Then (7.85) follows.

The proof of our Theorem is completed.

By (7.84), (7.85), we find that to establish (7.39) in Theorem 7.9, we may as well replace exp(−L_K − C^2_{K,t}) by ~F_t(L_K + C_{K,t}).

By (7.74),

~F_t(L_K + C^2_{K,t}) = 2 ∫_{+∞} 0 cos ( s √ 2(L_K + C^2_{K,t}) ) exp(−s^2/2))f( √ ts) ds √ 2π . (7.88)

The principal symbol of the operator 2(L_K +C^2_{K,t}) is scalar and equal to t|ξ|^2. Also f( √ ts) vanishes for | √ ts| ≥ α. For ϵ > 0, x ∈ X, let B^X (x, ϵ) be the open ball of center x and radius ϵ. Let dv_X be the volume form on X associated to the metric h^{T X} . Other volume forms will be denoted in the same way.

Let ~F_t(L_K + C^2_{K,t})(x, x^′)(x, x^′ ∈ X) be the smooth kernel associated to the operator ~F_t(L_K + C^2_{K,t}) with respect to^{dvX (x′)}(_{2π})_{dim X} . Using finite propagation speed

for solutions of hyperbolic equations [ChP, Section 7.8], [T, Section 4.4], we find that ~F_t(L_K + C^2_{K,t})(x, .) depends only on the restriction of the operator L_K + C^2_{K,t} to the ball B^X (x, α). Therefore, we have shown that the proof of (7.39) can be made local on X.

Clearly the kernel of g ~F_t(L_K + C^2_{K,t}) is given by g ~F_t(L_K + C^2_{K,t})(g^{−1}x, x^′). By the above, it follows that g ~F_t(L_K + C^2_{K,t})(g^{−1}x, x^′) vanishes if d^X (g^{−1}x, x) ≥ α.

Now we explain our choice of α. Given ϵ > 0, let U_ϵ be the ϵ-neighborhood of X_g in N_{Xg /X} . Recall that N_{Xg /X} is identified with the orthogonal bundle to T X_g in T X|_{Xg} . There exists ϵ_0 ∈]0, a_X /32] such that if ϵ ∈]0, 16ϵ_0], the map (x, Z) ∈ N_{Xg /X,R} → exp^X_x (Z) is a diffeomorphism of U_ϵ on the tubular neighborhood V_ϵ of X_g in X.

In the sequel, we identify U_ϵ and V_ϵ. This identification if g-equivariant. We will assume that α ∈]0, ϵ_0] is small enough so that if x ∈ X, d^X (g^{−1}x, x) ≤ α, then x ∈ V_{ϵ0} .

By the above, it follows that for β > 0 small enough, our proof of (7.39) has been localized on the ϵ_0-neighborhood V_{ϵ0} of X_g .

Let k(x, Z) be the smooth function on U_{ϵ0} such that dv_X (x, Z) = k(x, Z)dv_{Xg} (x)dv_{NXg /X} (Z). (7.89)

In particular k|_{Xg} = 1. (7.90)

If δ ∈ Λ(T^∗_RX_g ), if δ^{(2 dim Xg )} is the component of top degree of δ, let δ^{max} ∈ R

be given by the relation

δ^{(2 dim Xg )} = δ^{max}dv_{Xg} .

(7.91)

Theorem 7.16. There exist β > 0, γ ∈]0, 1] such that if K ∈ z(g), |K| ≤ β, t ∈

]0, 1], x ∈ X_g , | | | t^{dim NXg /X} ( 2π )_{dim Xg} ∫ Z∈NX g /X,R |Z|≤ϵ0 / √ t Tr_s [ g ~F_t(L_K + C^2_{K,t})(g^{−1}(x, √ tZ), (x, √ tZ)) ] (7.92)

k(x, √ tZ) dv_{NXg /X} (Z) (2π)^{dim NXg /X} − { Td_{g,K} (T X, h^{T X} )ch_{g,K} (E, h^E ) }_{max} | | | ≤ Ct^γ , | | | | t^{dim NXg /X} ( 2π )_{dim Xg} ∫ Z∈NXg /X,R |Z|≤ϵ0 / √ t tTr_s [ (N − i ⟨μ, K⟩ t )g ~F_t(L_K + C^2_{K,t})(g^{−1}(x, √ tZ), (x, √ tZ)) ]

k(x, √ tZ) dv_{NXg /X} (Z) (2π)^{dim NXg /X} − { ( ω^X 2π − i⟨μ, K⟩)Td_{g,K} (T X, h^{T X} )ch_{g,K} (E, h^E ) }_{max} | | | | ≤ Ct^γ . Proof. Sections 7.4-7.13 are devoted to the proof of our Theorem.

Remark 7.17. Clearly,

(7.93) ∫ X Tr_s [ g ~F_t(L_K + C^2_{K,t})(g^{−1}x, x) ] dv_X (x) (2π)^{dim X} = ∫ U_{ϵ0} Tr_s [ g ~F_t(L_K + C^2_{K,t})(g^{−1}x, x) ] dv_X (x) (2π)^{dim X} = ∫ (x,Z)∈U_{ϵ0}^√_t t^{dim NXg /X} Tr_s [ g ~F_t(L_K + C^2_{K,t}) ( g^{−1}(x, √ tZ), (x, √ tZ) )]

k(x, √ tZ) dv_{Xg} (x)dv_{NXg /X} (Z) (2π)^{dim X} . Using Theorems 7.15 and 7.16, we find that for |K| ≤ β, | |α_t(g, K) − ∫ X_g Td_{g,K} (T X, h^{T X} )ch_{g,K} (E, h^E ) | | ≤ Ct^γ . (7.94)

A similar argument shows that | |tγ_t(g, K) − C_{−1}(g, K) | | ≤ Ct^γ . (7.95)

So we have established the first inequality in (7.39) and part of the second inequality.

Now we concentrate on the proof of Theorem 7.16. The proof of Theorem 7.9

will be completed in Section 7.14.

7.4. A Lichnerowicz formula. Now we recall the Lichnerowicz formula estab-

lished in [B3, Theorem 1.6]. Let e_1, . . . , e_{2ℓ} be a locally defined smooth orthonor-

mal basis of T_RX. Let (F, ∇^F ) be a vector bundle with connection on X. We use

the notation ( ∇^F_{ei} )_2 = 2ℓ∑ i=1 ( ∇^F_{ei} )_2 − ∇^{Λ(T ∗(0,1) X)⊗E} ∑_{2ℓ} i=1 ∇^{T X}_{ei} e_i . (7.96)

We will use formula (7.96) apllied to Λ(T^{∗(0,1)}X)⊗E equipped with the connection ∇^{Λ(T ∗(0,1) X)⊗E} . −^{⟨KX ,.⟩}_{2t} . Let H be the scalar curvature of X.

Proposition 7.18. The following identity holds,

(7.97) L_K + C^2_{K,t} = − t 2 ( ∇^{Λ(T ∗(0,1) X)⊗E} e_i − ⟨K^X , e_i⟩ 2t )_2 + tH 8 + t 4 c(e_i)c(e_j ) ( R^E + 1 2 Tr[R^{T X} ] ) (e_i, e_j ) − ( m^E (K) + 1 2 Tr[m^{T X} (K)] ) . 7.5. A local coordinate system near the fixed point set of g. Take x ∈ X_g. Then the map Z ∈ (T_RX)_x, |Z| ≤ a_X /2 → exp_x(Z) ∈ X identifies B^{T Xx} (0, a_X /2) and B^X (x, a_X /2). With this identification, there exists a smooth function k^′_x(Z), Z ∈ B^{T X} (0, a_X /2) such that dv_X (Z) = k^′_x(Z)dv_{T X} (Z). (7.98)

Also

k^′_x(0) = 1.

(7.99)

Recall that h^{T X} denotes the Hermitian metric on T X. We may and we will assume that ϵ_0 is small enough so that if Z ∈ (T_RX)_x ≤ 4ϵ_0, 1 2 h^{T X}_x ≤ h^{T X}_Z ≤ 3 2 h^{T X}_x . (7.100)

Recall that K^{′X} is the one form dual to K^X .

Definition 7.19. Let^1∇^{Λ(T ∗(0,1) X)⊗E} be the connection on Λ(T^{∗(0,1)}X) ⊗ E, 1∇^{Λ(T ∗(0,1) X)⊗E} . = ∇^{Λ(T ∗(0,1) X)⊗E} . − K^{′X} 2 . (7.101)

Using (1.3) and (7.101), we find easily that

(7.102)^1∇^{Λ(T ∗(0,1) X)⊗E,2} = 1 4 ⟨R^{T X} e_i, e_j ⟩c(e_i)c(e_j )+ 1 2 Tr[R^{T X} ]+R^E − 1 2 dK^{′X} . Definition 7.20. Let^1∇^{Λ(T ∗(0,1) X)⊗E,t} be the connection on Λ(T^{∗(0,1)}X) ⊗ E, 1∇^{Λ(T ∗(0,1) X)⊗E,t} = ∇^{Λ(T ∗(0,1) X)⊗E} − K^{′X} 2t . (7.103)

In the sequel, we will trivialize Λ(T^{∗(0,1)}X) ⊗ E by parallel transport along s ∈ [0, 1] → sZ with respect to the connection^1∇^{Λ(T ∗(0,1) X)⊗E,t}. It will often be more convenient to trivialize with respect to^1∇^{Λ(T ∗(0,1) X)⊗E} and then to change K into K/t. Incidentally, observe that the above connections are g-invariant.

Observe that if A ∈ End(Λ(T^{∗(0,1)}X) ⊗ E), 1∇^{Λ(T ∗(0,1) X)⊗E} . A = ∇^{Λ(T ∗(0,1) X)⊗E} A. (7.104)

In particular, if B is a smooth section of T_RX, 1∇^{Λ(T ∗(0,1) X)⊗E} . c(B) = c(∇^{T X}_. B). (7.105)

We temporarily trivialize T X, E by parallel transport along s → sZ with respect to ∇^{T X} , ∇^E . Let Γ^{T X} , Γ^E be the connection forms for ∇^{T X} , ∇^E in this trivialization. By [ABoP, Proposition 3.7],

Γ^{T X} (Z) = 1 2 R^{T X} (Z, .) + O(|Z|^2), (7.106)

Γ^E (Z) = 1 2 R^E (Z, .) + O(|Z|^2). Let Γ^K be the one form on B^{T Xx} (0, α) which vanishes at 0 and is obtained by radial integration of the 2 form dK^{′X} along s ∈ [0, 1] → sZ, so that dΓ^K = dK^{′X} . (7.107) In particular, Γ^K depends linearly on K. Then, by the same result as before,

Γ^K (Z) = 1 2 dK^{′X} (Z, .) + O(|Z|^2). (7.108)

Let (e_1, . . . , e_{2ℓ}′ ) be an orthonormal oriented basis of (T_RX_g)_x, let (e_{2ℓ}′_{+1}, . . . , e_{2ℓ}) be an orthonormal oriented basis of (N_{Xg /X,R})_x, so that (e_1, . . . , e_{2ℓ}) is an orthonormal oriented basis of (T_RX)_x. We denote with an upper script the corresponding dual basis.

Let^1Γ^{Λ(T ∗(0,1) X)⊗E} be the connection form of^1∇^{Λ(T ∗(0,1) X)⊗E} in the trivialization of Λ(T^{∗(0,1)}X)⊗E associated to the connection^1∇^{Λ(T ∗(0,1) X)⊗E} on Λ(T^{∗(0,1)}X)⊗ E. Then by (1.3),

(7.109)^1Γ^{Λ(T ∗(0,1) X)⊗E} = 1 4 ⟨Γ^{T X} e_i, e_j ⟩c(e_i)c(e_j ) + 1 2 Tr[Γ^{T X} ] + Γ^E −

Γ^K 2 . 7.6. Replacing the manifold by (T_RX)_x. Let γ(s) be a smooth even function from R into [0, 1] such that γ(s) = 1 if |s| ≤ 1/2, (7.110) = 0 if |s| ≥ 1. If Z ∈ (T_RX)_x, put ρ(Z) = γ ( |Z| 4ϵ_0 ) . (7.111)

Then ρ(Z) = 1 if |Z| ≤ 2ϵ_0,

(7.112) = 0 if |Z| ≥ 4ϵ_0.

For x ∈ X_g , let H_x be the vector space of smooth sections of (Λ(T^{∗(0,1)}X) ⊗ E)_x over (T_RX)_x. Let Δ^{T X} be the standard Laplacian on the fibres of T_RX.

Definition 7.21. Let L^{1,t}_{x,K} be the differential operator acting on H_x,

L^{1,t}_{x,K} = −(1 − ρ^2(Z)) t 2 Δ^{T X} + ρ^2(Z)(L_K + C^2_{K,t}).

(7.113)

Observe that if Z ∈ N_{Xg /X,R,x}, |Z| ≤ ϵ_0, if x^′ ∈ X is such that d^X (Z, x^′) ≤ α, since α ≤ ϵ_0, then d^X (x, x^′) ≤ 2ϵ_0.

(7.114)

In particular x^′ is represented by Z^′ ∈ (T_RX)_x such that |Z^′| ≤ 2ϵ_0, so that ρ(Z^′) = 1.

Let ~F_t(L^{1,t}_{x,K} )(Z, Z^′) be the smooth kernel of ~F_t(L^{1,t}_{x,K} ) with respect to^{dvT X (Z′)}_{(2π)dim X} . Using the finite propagation speed for solutions of hyperbolic equations [ChP, Section 7.8], [T, Section 4.4], we find that if Z ∈ (N_{Xg /X,R})_x, |Z| ≤ ϵ_0, then ~F_t(L_K + C^2_{K,t})(g^{−1}Z, Z)k^′_x(Z) = ~F_t(L^{1,t}_{x,K} )(g^{−1}Z, Z). (7.115)

In our proof of Theorem 7.16, we can then replace L_K + C^2_{K,t} by L^{1,t}_{x,K}.

7.7. The Getzler rescaling. Let Op_x be the set of scalar differential operators acting on H_x. Then L^{1,t}_{x,K} ∈ End ( (Λ(T^{∗(0,1)}X) ⊗ E)_x ) ⊗ Op_x.

(7.116)

For t > 0, let H_t : H_x → H_x be the linear map H_th(Z) = h( Z √ t ). (7.117)

Definition 7.22. Let L^{2,t}_{x,K} be the differential operator acting on H_x, L^{2,t}_{x,K} = H^{−1}_t L^{1,t}_{x,K} H_t. (7.118)

By (7.116), since End ( Λ(T^{∗(0,1)}X) ) = c(T_RX) ⊗_R C, L^{2,t}_{x,K} ∈ ( c(T_RX) ⊗ End(E) ) x ⊗ Op_x. (7.119)

Now we introduce the Getzler rescaling [Ge] of the Clifford algebra. For 1 ≤ j ≤ 2ℓ^′, the operators e^j ∧ and i_{ej} act as odd operators on Λ ( T^∗_R(X_g ) . Definition 7.23. For t > 0, put

c_t(e_j ) = √ 2/te^j ∧ − √ t/2i_{ej} , 1 ≤ j ≤ 2ℓ^′. (7.120)

Definition 7.24. Let L^{3,t}_{x,K} ∈ End ( Λ(T^∗_RX_g)^⊗Λ(N^{∗(0,1)}_{Xg /X} ) ⊗ E ) x ⊗ Op_x be the operator obtained from L^{2,t}_{x,K} by replacing c(e_j ) by c_t(e_j ) for 1 ≤ j ≤ 2ℓ^′ while leaving the c(e_j )’s unchanged for 2ℓ^′ + 1 ≤ j ≤ 2ℓ.

Let ~F_t(L^{3,t}_{x,K} )(Z, Z^′) be the smooth kernel associated to ~F_t(L^{3,t}_{x,K} ) with respect to dv_{T X} (Z^′)/(2π)^{dim X} . Recall that g acts on ( Λ(N^∗_{Xg /X} ⊗ E ) x. We may write ~F_t(L^{3,t}_{x,K} )(Z, Z^′) in the form

(7.121) ~F_t(L^{3,t}_{x,K} )(Z, Z^′) = ∑ e^{i1} ∧ . . . e^{ip} i_{ej1} . . . i_{ejq} ~F^{j1...jq}_{t,i1 ,...ip} , ~F^{j1 ...jq} t,i_1 ,...i_p ∈ ( c(N_{Xg /X,R}) ⊗ End(E) ) x. Put [ ~ F_t(L^{3,t}_{x,K} )(Z, Z^′) ]_{max} = ~F_{t,1,2,... ,2ℓ}′ (Z, Z^′). (7.122)

More precisely, ~F_{t,1,2,... ,2ℓ}′ (Z, Z^′) is the coefficient of e^1 ∧ . . . e^{2ℓ′} in (7.121).

Proposition 7.25. If Z ∈ (T_RX)_x, |Z| ≤ ϵ_0/ √ t, the following identity holds,

(7.123) t^{dim NXg /X} Tr_s [ g ~F_t(L_K + C^2_{K,t})(g^{−1}( √ tZ), √ tZ) ] k^′_x( √ tZ) = (−i)^{ℓ′} Tr_s^{Λ(N ∗Xg /X )⊗E} [ g ~F_t(L^{3,t}_{x,K} )(g^{−1}Z, Z) ]_{max} . Proof. Recall that all the above identifications are g-equivariant. Our identity now follows from (7.115), [Ge], [BL, Proposition 11.2].

Let j : X_g → X be the obvious embedding. Definition 7.26. Let L^{3,0}_{x,K} be the operator in ( Λ(T^∗_RX_g) ⊗ c(N_{Xg /X} ) ) x ⊗ Op_x given by

(7.124) L^{3,0}_{x,K} = − 1 2 ( ∇_{ei} + 1 2 ⟨(j^∗R^{T X} − m^{T X} (K))Z, e_i⟩ )_2

+ j^∗R^E_x − m^E (K)_x + 1 2 Tr[j^∗R^{T X} − m^{T X} (K)].

In the sequel, we will write that a sequence of differential operators on (T_RX)_x converges if its coefficients converge together with their derivatives uniformly on the compact subsets in (T_RX)_x. Proposition 7.27. As t → 0, L^{3,t}_{x,K} → L^{3,0}_{x,K} . (7.125) Proof. Using (3.1), (7.97), (7.106), (7.108), and proceeding as in Getzler [Ge] and in Berline-Getzler-Vergne [BeGeV, Proposition 8.16], we get (7.125). 7.8. A family of norms. Now we imitate constructions in Bismut-Lebeau [BL, Section 11 k)].

Definition 7.28. If s ∈ C^∞ ( T_RX, (Λ^q(T^∗_RX_g )^⊗Λ(N^{∗(0,1)}_{Xg /X} ) ⊗ E)_x ) has compact support, put |s|^2_{t,x,0} = ∫ T_RX |s|^2 ( 1 + |Z|ρ (√ tZ 2 ))2(2ℓ^′−q) dv_{T X} (Z). (7.126)

Let (I^0_x, | |_{t,x,0}) be the Hilbert closure of the above vector space, and let ⟨ ⟩_{t,x,0} be the corresponding Hermitian product.

Recall that by (7.112), if ρ( √ tZ) > 0, then | √ tZ| ≤ 4ϵ_0. Now we have the result in [BL, Proposition 11.24].

Proposition 7.29. For t ∈]0, 1], the following family of operators acting on (I^0_x, | |_{t,x,0}) are uniformly bounded 1_|^√_{tZ|≤4ϵ0} √ tc_t(e_j ), 1 ≤ j ≤ 2ℓ^′, (7.127) 1_|^√_{tZ|≤4ϵ0} |Z| √ tc_t(e_j ), 1 ≤ j ≤ 2ℓ^′. are uniformly bounded. Proof. If | √ tZ| ≤ 4ϵ_0, by (7.112), ρ (√ tZ/2 ) = 1. Then our Proposition follows from the obvious inequalities under the stated conditions, 1 1 + |Z|ρ( √ tZ/2) ≤ 1, |Z| 1 + |Z| ≤ 1, (7.128) t(1 + |Z|) ≤ C, t|Z|(1 + |Z|) ≤ C.

Definition 7.30. If s ∈ C^∞ ( T_RX, (Λ^q(T^∗_RX_g )^⊗Λ(N^{∗(0,1)}_{Xg /X} ) ⊗ E)_x ) has compact support, put |s|^2_{t,x,1} = |s|^2_{t,x,0} + 2ℓ∑ 1 |∇_{ei} s|^2_{t,x,0}. (7.129)

Let (I^1_x, | |_{t,x,1}) be the Hilbert closure of the above vector space with respect to | |_{t,x,1}. Then (I^1_x, | |_{t,x,1}) is densely embedded in (I^0_x, | |_{t,x,0}) with norm smaller than 1. We identify I^0_x to its antidual by the Hermitian product ⟨ ⟩_{t,x,0}. Let (I^{−1}_x , ||_{t,x,−1}) be the antidual of (I^1_x, | |_{t,x,1}). Then (I^0_x, | |_{t,x,0}) embeds densely in (I^{−1}_x , | |_{t,x,−1}) with norm smaller than 1.

Theorem 7.31. There exist constants C_1 > 0, . . . , C_4 > 0 such that if t ∈]0, 1], z ∈ C, |z| ≤ 1, if n ∈ N, x ∈ X_g , if the support of s, s^′ ∈ C^∞ ( T_RX, (Λ^q(T^∗_RX_g )^⊗Λ(N^{∗(0,1)}_{Xg /X} ) ⊗ E)_x ) is included in {Z ∈ (T_RX)_x, |Z| ≤ n}, then Re⟨L^{3,t}_{x,zK} s, s⟩_{t,x,0} ≥ C_1|s|^2_{t,x,1} − C_2 ( 1 + |nz|^2 ) |s|^2_{t,x,0}, |Im⟨L^{3,t}_{x,zK} s, s⟩_{t,x,0}| ≤ C_3 ( (1 + |nz|)|s|_{t,x,1}|s|_{t,x,0} + |nz|^2|s|^2_{t,x,0} ) , (7.130) |⟨L^{3,t}_{x,zK} s, s^′⟩_{t,x,0}| ≤ C_4 ( 1 + |nz|^2 ) |s|_{t,x,1}|s^′|_{t,x,1}. Proof. By Proposition 7.18 and using (7.106), (7.108) and Proposition 7.29, we get (7.130) easily. Note that the terms containing |nz|^2 come from terms like | | |⟨ (√ tρ( √ tZ) zΓ^K ( √ tZ) t )_2 s, s⟩_{t,x,0} | | | , (7.131)

which can be dominated by C(1 + |nz|^2)|s|^2_{t,x,0}.

7.9. The kernel ~F_t(L^{3,t}_{x,K} ) as an infinite sum. Let h : R → [0, 1] be a smooth even function such that h(u) = 1 for |u| ≤ 1/2, (7.132) = 0 for |u| ≥ 1.

For n ∈ N, put h_n(u) = h(u + n/2) + h(u − n/2). (7.133)

Then h_n is a smooth even function whose support is included in [−^n_2 − 1, −^n_2 + 1] ∪ [^n_2 − 1,^n_2 + 1]. Set H(u) = ∑ n∈N h_n(u). (7.134)

The above sum is locally finite, and H(u) is a bounded smooth even function which takes positive values and has a positive lower bound on R. Put k_n(u) = h_n H (u). (7.135)

Then the k_n are bounded even smooth functions with bounded derivatives, and moreover ∑ n∈N k_n = 1

(7.136)

Definition 7.32. For t ∈ [0, 1], n ∈ N, a ∈ C, put F_{t,n}(a) = ∫_{+∞} −∞ exp(is √ 2a) exp(− s^2 2 )f( √ ts)k_n(s) ds √ 2π . (7.137)

By (7.136),

F_t(a) = ∑ n∈N ~F_{t,n}(a). (7.138)

Also, given m, m^′ ∈ N, there exist C > 0, C^′ > 0, C^{′′} > 0 such that for any n ∈ N, c > 0, sup_{a∈C} |Im(a)|≤c |a|^m|F^{(m′)}_{t,n} (a)| ≤ C exp(−C^′n^2 + C^{′′}c^2). (7.139)

Let ~F_{t,n}(a) be the unique holomorphic function such that F_{t,n}(a) = ~F_{t,n}(a^2). (7.140) Recall that V_c was defined in (7.45). By (7.139), given m, m^′ ∈ N, there exist C > 0, C^′ > 0, C^{′′} > 0 such that for any c > 0, if λ ∈ V_c, |λ|^m| ~F^{(m′)}_{t,n} (λ)| ≤ C exp(−C^′n^2 + C^{′′}c^2). (7.141) By (7.138), ~F_t(a) = ∑ n∈N ~F_{t,n}(a). (7.142)

Using (7.142), we get ~F_t(L^{3,t}_{x,K} ) = ∑ n∈N ~F_{t,n}(L^{3,t}_{x,K} ). (7.143)

More precisely, by (7.141) and using standard elliptic estimates, given t ∈]0, 1], we have the identity ~F_t(L^{3,t}_{x,K} )(Z, Z^′) = ∑ n∈N ~F_{t,n}(L^{3,t}_{x,K} )(Z, Z^′), (7.144)

and the series in the right-hand side of (7.144) converges uniformly together with its derivatives on the compact sets in T_RX. Definition 7.33. Put L^{3,t}_{x,K,n} = − ( 1 − γ ( |Z| 2(n + 2) )) Δ^{T X} 2 + γ ( |Z| 2(n + 2) ) L^{3,t}_{x,K} . (7.145)

Observe that if k_n(s) ≠ 0, then |s| ≤^n_2 + 1. Using finite propagation speed and (7.100), we find there is C > 0 such that if Z ∈ T_RX, the support of ~F_{t,n}(L^{3,t}_{x,K} )(Z, .) is included in { Z^′ ∈ T_RX, |Z^′ − Z| ≤ 2(^n_2 + 1) } . Therefore, given p ∈ N, if Z ∈ T_RX, |Z| ≤ p, the support of ~F_t(L^{3,t}_{x,K} )(Z, .) is included in { Z^′ ∈ T_RX, |Z^′| ≤ n + p + 2 } .

If |Z| ≤ n + p + 2, then γ (_{|Z|} 2(n+p+2) ) = 1. Using finite propagation speed again, we see that if Z ∈ T_RX, |Z| ≤ p, then ~F_{t,n}(L^{3,t}_{x,K} )(Z, Z^′) = ~F_{t,n}(L^{3,t}_{x,K,n+p})(Z, Z^′). (7.146)

7.10. Estimates on the resolvent of L^{3,t}_{x,K,n}. Now we proceed as in [BL, Section 11 l]. From Theorem 7.31, it follows easily that Re⟨L^{3,t}_{x,zK,n}s, s⟩_{t,x,0} ≥ C_1|s|^2_{t,x,1} − C_2(1 + |nz|^2)|s|^2_{t,x,0}), |Im⟨L^{3,t}_{x,zK,n}s, s⟩_{t,x,0}| ≤ C_3 ( (1 + |nz|)|s|_{t,x,1}|s|_{t,x,0} + |nz|^2|s|^2_{t,x,0} ) , (7.147) |⟨L^{3,t}_{x,zK,n}s, s^′⟩_{t,x,0}| ≤ C(1 + |nz|^2)|s|_{t,x,1}|s^′|_{t,x,1}. If A ∈ L(I^k_x, I^{k′}_x ), k, k^′ = −1, 0, 1, let ‖A‖^{k,k′}_{t,x} be the norm of A with respect to the norms | |_{t,x,k}, | |_{t,x,k}′ . Theorem 7.34. Given η > 0, there exist c_η ∈]0, 1], C > 0, d > 0 such that if t ∈]0, 1], z ∈ C, |z| ≤ c_η , n ∈ N, x ∈ X_g, λ ∈ U_{ηn+d}, the resolvent (λ − L^{3,t}_{x,zK,n})^{−1} exists, and moreover ‖(λ − L^{3,t}_{x,zK,n})^{−1}‖^{0,0}_{t,x} ≤ 4 (ηn + d)^2 , (7.148) ‖(λ − L^{3,t}_{x,zK,n})^{−1}‖^{−1,1}_{t,x} ≤ C(1 + |n|^2)(1 + |λ|^2). Proof. We will use arguments which were already used in the proof of Theorem 7.12. By (7.147), if λ ∈ R, λ ≤ −C_2(1 + |nz|^2), Re⟨(L^{3,t}_{x,zK,n} − λ)s, s⟩_{t,x,0} ≥ C_1|s|^2_{t,x,0}, (7.149) so that |s|_{t,x,0} ≤ 1 C_1 |(L^{3,t}_{x,zK,n} − λ)s|_{t,x,0}. (7.150)

Since L^{3,t}_{x,zK,n} is elliptic of order 2 and coincides with −Δ^{T X} /2 at infinity, there exists C_1(λ, n, t) such that |s|_2 ≤ C_1(λ, n, t)|(L^{3,t}_{x,zK,n} − λ)s|_{t,x,0}. (7.151) From (7.150), (7.151), we find that if λ ∈ R, λ ≤ −C_2(1 + |nz|^2), the resolvent (λ − L^{3,t}_{x,zK,n})^{−1} exists. Let λ = a + ib, a, b ∈ R. By (7.147), (7.152) |⟨(L^{3,t}_{x,zK,n} − λ)s, s⟩_{t,x,0}| ≥ sup ( C_1|s|^2_{t,x,1} − (C_2(1 + |nz|^2) + a)|s|^2_{t,x,0}, − C_3(1 + |nz|)|s|_{t,x,1}|s|_{t,x,0} + (|b| − C_3|nz|^2)|s|^2_{t,x,0} ) . Set C(λ, n, t) = inf_{u∈R} u≥1 sup ( C_1u^2 − (C_2(1 + |nz|^2 + a), |b| − C_3(1 + |nz|)u − C_3|nz|^2 ) . (7.153)

By (7.150), (7.153), we get |⟨(L^{3,t}_{x,zK,n} − λ)s, s⟩_{t,x,0}| ≥ C(λ, n, t)|s|^2_{t,x,0}. (7.154)

Take η > 0, d > 0, and assume that λ = a + ib ∈ U_{ηn+d}, i.e. a ≤ b^2 4(ηn + d)^2

− (ηn + d)^2.

(7.155)

Suppose that u is such that |b| − C_3(1 + |nz|)u ≤ (ηn + d)^2. (7.156) Then (7.157)

C_1u^2 − (C_2(1 + |nz|^2) + a) ≥ C_1u^2 − b^2 4(ηn + d)^2

+ (ηn + d)^2 − C_2(1 + |nz|^2) ≥ ( C_1 −

C^2_3 (1 + |nz|)^2 4(ηn + d)^2 ) u^2 −

C_3 2 (1 + |nz|)u + 3 4 (ηn + d)^2 − C_2(1 + |nz|^2 ) . If |z| ≪ η, if d > 0 is large enough, for any n ∈ N,

C_1 ≥ C_1 −

C^2_3 (1 + |nz|)^2 4(ηn + d)^2 ≥ C_1 2 . (7.158)

The discriminant of the polynomial in the right-hand side of (7.157) is given by

Δ = C^2_3 4 (1 + |nz|)^2 − 4 ( 3 4 (ηn + d)^2 − C_2(1 + |nz|^2) ) ( C_1 −

C^2_3 (1 + |nz|)^2 4(ηn + d)^2 ) . (7.159)

Using (7.158), we find that for d > 0 large enough, and |z| ≪ η, Δ ≤ −C_1(ηn + d)^2.

(7.160) Therefore a lower bound for the polynomial in the right-hand side of (7.157) is given by^{(ηn+d)2}_4 . If |b| − C_3(1 + |nz|)u ≥ (ηn + d)^2, (7.161) for |z| ≪ η, |b| − C_3(1 + |nz|)u − C_3|nz|^2 ≥ (ηn + d)^2 4 . (7.162)

It follows from the above that given η > 0, for d > 0 large enough and |z| ≪ η, for any n ∈ N, if λ ∈ U_{ηn+d}, C(λ, t, n) ≥ (ηn + d)^2 4 . (7.163)

From (7.154), (7.163), for η > 0, t ∈]0, 1], |z| ≪ η, n ∈ N, λ ∈ U_{ηn+d}, |⟨(L^{3,t}_{x,zK,n} − λ)s, s⟩_{t,x,0}| ≥ (ηn + d)^2 4 |s|^2_{t,x,0}. (7.164)

From (7.164), we deduce that if λ ∈ U_{ηn+d}, if the resolvent (λ−L^{3,t}_{x,K,n})^{−1} exists, then ‖(λ − L^{3,t}_{x,zK,n})^{−1}‖^{0,0} ≤ 4 (ηn + d)^2 . (7.165)

From (7.165), and by proceeding as in the proof of Theorem 7.12, we find that for t ∈]0, 1], |z| ≪ η, n ∈ N, λ ∈ U_{ηn+d}, the resolvent (λ−L^{3,t}_{x,zK,n})^{−1} exists and (7.165) holds.

Then by proceeding as in (7.64)-(7.68), we get (7.148). The proof of our Theorem is completed.

7.11. Regularizing properties of the resolvent of L^{3,t}_{x,K,n}. Here, we proceed as in Section [BL, Section 11 m)].

Definition 7.35. Let Q_x be the family of operators Q_x = {∇_{ei} , 1 ≤ i ≤ 2ℓ}. (7.166)

For j ∈ N, let Q^j_x be the set of operators Q_1 . . . Q_j , with Q_i ∈ Q_x, 1 ≤ i ≤ j.

Proposition 7.36. Take k ∈ N. There exists C_k > 0 such that if t ∈]0, 1], z ∈ C, |z| ≤ 1, x ∈ X_g, Q_1, . . . , Q_k ∈ Q_x, if s, s^′ ∈ C^∞ ( (T_RX)_x, (Λ(T^∗_RX_g)^⊗Λ(N^{∗(0,1)}_{Xg /X} ) ⊗ E)_x ) , have compact support, then |⟨[Q_1, [. . . Q_k, L^{3,t}_{x,K,n}] . . . ]s, s^′⟩_{t,x,0}| ≤ C_k(1 + n^2)|s|_{t,x,1}|s^′|_{t,x,1}. (7.167)

Proof. We proceed as in the proof of Theorem 7.31, and we obtain (7.167) easily. If s ∈ C^∞ ( (T_RX)_x, (Λ(T^∗_RX_g )^⊗Λ(N^{∗(0,1)}_{Xg /X} ) ⊗ E)_x ) has compact support, put

‖s‖^2_{t,x,k} = k∑ j=0 ∑ Q∈Q^j_x |Qs|^2_{t,x,0}. (7.168)

Let (I^k , ‖ ‖_{t,x,k}) be the corresponding closure with respect to the norm ‖ ‖_{t,x,k}.

Theorem 7.37. Given η > 0, k ∈ N, there exist m_k ∈ N, C_k > 0 such that if t ∈]0, 1], z ∈ C, |z| ≤ c_η , n ∈ N, x ∈ X_g, λ ∈ U_{ηn+d}, the resolvent (λ − L^{3,t}_{x,zK,n})^{−1} maps I^k_x into I^{k+1}_x , and moreover ‖(λ − L^{3,t}_{x,zK,n})^{−1}‖^{k,k+1}_{t,x} ≤ C_k ( (1 + n^2)(1 + |λ|^2) )_{mk} . (7.169)

Proof. In view of Theorem 7.34 and of Proposition 7.36, the proof of our Theorem is the same as the proof of [BL, Theorem 11.30].

7.12. Uniform estimates on the kernel of ~F_{t,n}(L^{3,t}_{x,K} ). Recall that for c > 0, the set Γ_c ⊂ C was defined in (7.45). We will now proceed as in [BL, Section 11 n)].

Theorem 7.38. There exist C^′ > 0, C^{′′} > 0, C^{′′′} > 0 such that for η > 0 small enough, for any m ∈ N, there is C > 0, r ∈ N such that for t ∈]0, 1], |z| ≤ c_η, n ∈ N, x ∈ X_g , Z, Z^′ ∈ (T_RX)_x,

(7.170) sup |α|,|α^′|≤m | | | | | ∂^{|α|+|α′|} ∂Z^α∂Z^{′α′} ~F_{t,n}(L^{3,t}_{x,K} )(Z, Z^′) | | | | | ≤ C ( 1 + |Z| + |Z^′| )_r

exp ( −C^′n^2/4 + 2C^{′′}η^2 sup ( |Z|^2, |Z^{′2}| ) − C^{′′′}|Z − Z^′|^2 ) . Proof. We use the notation in (7.139)-(7.142). We fix η > 0 small enough so that

C^′ − 2C^{′′}η^2 ≥ C^′ 2 . (7.171)

By (7.141), (7.171), given m, m^′ ∈ N, d > 0, there exists C > 0 such that if λ ∈ V_{η(n+p)+d}, |λ|^m| ~F^{(m′)}_{t,n} (λ)| ≤ C_0 exp ( − C^′ 2 n^2 + 2C^{′′}η^2p^2 ) . (7.172)

By Theorem 7.34 and by (7.172), if η > 0 is chosen as before, for c_η and d taken as in Theorem 7.34, and z ∈ C, |z| ≤ c_η, ~F_{t,n}(L^{3,t}_{x,zK,n+p}) = 1 2iπ ∫ Γ_{η(n+p)+d} ~F_{t,n}(λ)(λ − L^{3,t}_{x,zK,n+p})^{−1}dλ. (7.173)

In view of (7.172), given q ∈ N, there is a unique holomorphic function ~F_{t,n,q}(λ) defined on a neighborhood of V_{η(n+p)+d} such that ~F_{t,n,q} (λ) → 0 as λ → +∞, (7.174) ~F^{(q−1)} t,n,q (λ) (q − 1)! = ~F_{t,n}(λ). Then ~F_{t,n,q} (λ) verifies bounds on V_{η(n+p)+d} similar to (7.172).

By (7.173), (7.174), we get ~F_{t,n}(L^{3,t}_{x,zK,n+p}) = 1 2iπ ∫ Γ_{η(n+p)+d} ~F_{t,n,q} (λ)(λ − L^{3,t}_{x,zK,n+p})^{−q} dλ. (7.175)

By Theorem 7.37, if Q ∈ Q^k_x, k ≤ q, there is m_q such that if λ ∈ U_{η(n+p)+d}, z ∈ C, |z| ≤ c_η, ‖Q(λ − L^{3,t}_{x,zK,n+p})^{−q} ‖^{0,0}_{t,x,0} ≤ C ( (1 + (n + p)^2)(1 + |λ|^2) )_{mq} . (7.176)

By introducing the adjoint operator L^{3,t∗}_{x,zK,n+p} and by proceeding as before, we also find that if Q^′ ∈ Q^k_x, k ≤ q, ‖(λ − L^{3,t}_{x,zK,n+p})^{−q} Q^′‖^{0,0}_{t,x,0} ≤ C ( (1 + (n + p)^2)(1 + |λ|^2) )_{mq} . (7.177)

Ultimately, we find that if Q ∈ Q^k_x, Q^′ ∈ Q^{k′}_x , k + k^′ ≤ q, ‖Q(λ − L^{3,t}_{x,zK,n+p})^{−q} Q^′‖^{0,0}_{t,x,0} ≤ C ( (1 + (n + p)^2)(1 + |λ|^2) )_{mq} . (7.178)

From (7.172), (7.175), (7.178), we deduce that there exists m_q ∈ N such that if Q ∈ Q^k_x, Q^′ ∈ Q^{k′}_x , k + k^′ ≤ q, if z ∈ C, |z| ≤ c_η , ‖Q ~F_{t,n}(L^{3,t}_{x,zK,n+p})Q^′‖^{0,0}_{t,x} ≤ C(1 + p)^{2mq} exp ( −C^′ n^2 4 + 2C^{′′}η^2p^2 ) . (7.179)

Let J^0_{x,p} be the vector space of square integrable sections of ( Λ(T^∗_RX_g)^⊗Λ(N^{∗(0,1)}_{Xg /X} )⊗ E ) x over {Z ∈ T_RX, |Z| ≤ p + 1 } . If s ∈ J^0_{x,p}, put

|s|^2_0 = ∫ |Z|≤p+1 |s|^2dv_{T X} (Z). (7.180)

By (7.126), if s ∈ J^0_{x,p}, |s|_0 ≤ |s|_{t,x,0} ≤ C(1 + p)^{2ℓ′} |s|_0. (7.181)

If A ∈ L(J^0_{x,p}), let ‖A‖_{∞,p} be the norm of A with respect to to | |_0. From (7.179)-(7.181), we find that if Q ∈ Q^k_x, Q^′ ∈ Q^{k′}_x ,k + k^′ ≤ q, ‖Q ~F_{t,n}(L^{3,t}_{x,zK,n+p})Q^′‖_{∞,p} ≤ C(1 + p)^{2(ℓ′ +mq )} exp ( −C^′n^2/4 + 2C^{′′}η^2p^2 ) . (7.182)

Using Sobolev inequalities, we deduce from (7.182) that given m ∈ N, there exist C > 0, r ∈ N such that for z ∈ C, |z| ≤ c_η, n ∈ N, p ∈ N,

sup |α|,|α′|≤m |Z|,|Z′|≤p | | | | ∂^{|α|+|α′|} ∂Z^α∂Z^{′α′} ~F_{t,n}(L^{3,t}_{x,zK,n+p})(Z, Z^′) | | | | ≤ C(1 + p)^{(2ℓ′+r)} exp ( −C^′n^2/4 + 2C^{′′}η^2p^2 ) . (7.183)

For h ∈ N, put F^h_{t,n}(a) = ∫_{+∞} −∞ exp(is √ 2a) exp ( (− s^2 2 ) f( √ ts)k_n(s) (1 − γ(2s/h)) ds √ 2π . (7.184)

Then F^h_{t,n} has the same properties as ~F_{t,n}. The estimate in (7.139) is replaced by

sup_{a∈C} |Im(a)|≤c |a|^m|F^{h(m′)}_{t,n} (a)| ≤ C exp ( −C^′n^2 + C^{′′}c^2 − C^{′′′}h^2 ) . (7.185)

Let ~F^h_{t,n}(a) be the holomorphic function such that F^h_{t,n}(a) = ~F^h_{t,n}(a^2). (7.186)

Then ~F^h_{t,n} verifies uniform estimates similar to (7.141), with the extra factor exp(−C^{′′′}h^2).

Using finite propagation speed and (7.100), it is clear that if Z, Z^′ ∈ (T_RX)_x, |Z− Z^′| ≥ h, ~F_{t,n}(L^{3,t}_{x,zK,n+p})(Z, Z^′) = ~F^h_{t,n}(L^{3,t}_{x,zK,n+p})(Z, Z^′) (7.187)

On the other hand, by (7.185) and by proceeding as in (7.172)-(7.183), we find that for |z| ≤ c_η, (7.188) sup_{|α|,|α′|≤m} |Z|,|Z′ |≤p | | | | ∂^{|α|+|α′|} ∂Z^αZ^{′α′} ~F^h_{t,n}(L^{3,t}_{x,zK,n+p})(Z, Z^′) | | | | ≤ C(1 + p)^{(2ℓ′+r)} exp ( −C^′n^2/4 + 2C^{′′}η^2p^2 − C^{′′′}h^2 ) . Using (7.146), (7.187), (7.188), we get (7.170). The proof of our Theorem is completed. Put L^{3,0}_{x,K,n} = − ( 1 − γ^2 ( |Z| 2(n + 2) )) Δ^{T X} 2 + γ^2 ( |Z| 2(n + 2) ) L^{3,0}_{x,K}. (7.189)

By Proposition 7.27, as t → 0, L^{3,t}_{x,K,n} → L^{3,0}_{x,zK,n}. (7.190)

Also if s is smooth with compact support, as s → 0, |s|_{t,x,0} → |s|_{0,x,0}, |s|_{t,x,1} → |s|_{0,x,1}. Let (I^{′ 0}_x , | |_{0,x,0}), (I^{′ 1}_x , | |_{0,x,1})be the Hilbert closures of the above s with respect to to the corresponding norms. Let (I^{′ −1}_x , | |_{0,x,−1}) be the antidual of (I^{′ 1}_x , | |_{0,x,1}). Then we have the embeddings with norm smaller than 1,

I^{′1}_x → I^{′0}_x → I^{′−1}_x .

Observe that we can take t = 0 in (7.147). Therefore the estimates in Theorems 7.34 and 7.37 still hold when making t = 0. Also |s|_{t,x,0} ≤ |s|_{0,x,0}. (7.191)

7.13. A proof of Theorem 7.16.

Theorem 7.39. There exist C > 0 such that for t ∈]0, 1], z ∈ C, |z| ≤ 1, n ∈ N, x ∈ X_g, if s ∈ C^∞ ( (T_RX)_x, (Λ(T^∗_RX_g )^⊗Λ(N^{∗(0,1)}_{Xg /X} ) ⊗ E)_x ) has compact support, then | | |(L^{3,t}_{x,zK,n} − L^{3,0}_{x,zK,n})s | | |_{t,x,−1} ≤ C √ t(1 + n^4)|s|_{0,x,1}. (7.192)

Proof. Clearly (7.192) is equivalent to the inequality | |⟨(L3,t_{x,zK,n} − L3,0_{x,zK,n})s, s_′⟩_{t,x,0} | | ≤ C (1 + √tn_4) |s|_{0,x,1}|s_′|_{t,x,1}. (7.193)

Recall that if γ (_Z 2(n+2) ) ≠ 0, then |Z| ≤ 2(n+2). An application of Taylor’s formula leads to (7.193).

Now we prove an analogue of [BL, Theorem 11.36].

Theorem 7.40. Given η > 0, there exist C > 0, c_η ∈]0, 1], d > 0, q ∈ N such that if t ∈]0, 1], z ∈ C, |z| ≤ c_η , x ∈ X_g , λ ∈ U_{ηn+d}, if s has compact support, then | | | ( (λ − L^{3,t}_{x,zK,n})^{−1} − (λ − L^{3,0}_{x,zK,n})^{−1} ) s | | |_{t,x,0} ≤ C √ t(1 + n^q )(1 + |λ|^q )|s|_{t,x,0}. (7.194)

Proof. We use the formula (7.195) (λ − L^{3,t}_{x,zK,n})^{−1} − (λ − L^{3,0}_{x,zK,n})^{−1} = (λ − L^{3,t}_{x,zK,n})^{−1}(L^{3,t}_{x,zK,n} − L^{3,0}_{x,zK,n})(λ − L^{3,0}_{x,zK,n})^{−1}. Also if s is smooth with compact support, by (7.191), |s|_{0,x,−1} ≤ |s|_{t,x,−1} ≤ |s|_{t,x,0}. (7.196)

Using now the inequality (7.148) (also in the case t = 0) and (7.192), (7.195), we get (7.194).

By (7.137),

F_{0,n}(a) = ∫_{+∞} −∞ exp(is √ 2a) exp(−s^2/2)k_n(s) ds √ 2π . (7.197)

By proceeding as in (7.139), we find that for m, m^′ ∈ N, there exist C > 0, C^′ > 0, C^{′′} > 0, C^{′′′} > 0 such that for for c > 0,

sup_{a∈C} |Im(a)|≤c |a|^m|(F_{t,n} − F_{0,n})^{(m′)}(a)| ≤ C exp(−C^′n^2 + C^{′′}c^2 − C^{′′′}/t). (7.198)

Also by (7.136), ∑ n∈N F_{0,n}(a) = exp(−a^2).

(7.199)

Moreover ~F_{0,n}(a) is the holomorphic function such that

F_{0,n}(a) = ~F_{0,n}(a^2).

(7.200)

By (7.198), (7.199), we get ∑ n∈N ~F_{0,n}(a) = exp(−a). (7.201)

Now we use the notation in (7.182). In particular if A ∈ L(J^0_{x,p}), let ‖A‖_{∞,p} be the norm of A with respect to the norm | |_0 on J^0_{x,p}.

Theorem 7.41. For η > 0 small enough, there exists C > 0, c_η ∈]0, 1], r ∈ N such that if t ∈]0, 1], z ∈ C, |z| ≤ c_η, n ∈ N, p ∈ N, x ∈ X_g, ‖ ~F_{t,n}(L^{3,t}_{x,K} ) − ~F_{0,n}(L^{3,0}_{x,K} )‖_{∞,p} ≤ C √ t(1 + p)^r exp ( −C^′n^2/4 + 2C^{′′}η^2p^2 ) . (7.202)

Proof. Clearly, by Theorem 7.34, (7.203) ~F_{t,n}(L^{3,t}_{x,zK,n+p}) − ~F_{t,n}(L^{3,0}_{x,zK,n+p}) = 1 2iπ ∫ Γ_{η(n+p)+d} ~F_{t,n}(λ) ( (λ − L^{3,t}_{x,zK,n+p})^{−1} − (λ − L^{3,0}_{x,zK,n+p})^{−1} ) dλ. By (7.172), (7.181), by Theorem 7.40 and by (7.203), for η > 0 small enough, and z ∈ C, |z| ≤ c_η ,

‖ ~F_{t,n}(L^{3,t}_{x,zK,n+p}) − ~F_{t,n}(L^{3,0}_{x,zK,n+p})‖_{∞,p} ≤ C √ t(1 + p)^q exp ( −C^′n^2/4 + 2C^{′′}η^2p^2 ) . (7.204)

Also by (7.148), (7.181) and (7.198), for η > 0 small enough, z ∈ C, |z| ≤ c_η,

‖( ~F_{t,n} − ~F_{0,n})(L^{3,0}_{x,zK,n+p})‖_{∞,p} ≤ C(1 + p)^{2ℓ′} exp ( −C^′n^2/4 + 2C^{′′}η^2p^2 − C^{′′′} t ) . (7.205)

By (7.146),(7.204),(7.205), we get (7.202). The proof of our Theorem is completed.

Theorem 7.42. For η > 0 small enough, there is C > 0, C^′ > 0, C^{′′} > 0, C^{′′′} > 0, r ∈ N, c_η ∈]0, 1] such that if t ∈]0, 1], z ∈ C, |z| ≤ c_η, n ∈ N, x ∈ X_g , Z, Z^′ ∈ (T_RX)_x,

(7.206) | | ( ~F_{t,n}(L^{3,t}_{x,K} ) − ~F_{0,n}(L^{3,0}_{x,K} ) ) (Z, Z^′) | | Ct^{1/4(2ℓ+1)} ( 1+|Z|+|Z^′| )_r exp ( −C^′n^2/4 + 2C^{′′}η^2 sup(|Z|^2, |Z^′|^2) − C^{′′′} 2 |Z − Z^′|^2 ) . Proof. We proceed as in [BL, Section 11 p)]. Let ϕ : R → [0, 1] be a smooth function with compact support, equal to 1 near 0, such that ∫ T_RX ϕ(|Z|)dv_{T X} (Z) = 1. (7.207)

Take β ∈]0, 1]. By Theorem 7.38, there exists C > 0 such that if |Z| |Z^′| ≤ p, U, U^′ ∈ (Λ(T^∗_RX_g )^⊗Λ(N^{∗(0,1)}_{Xg /X} ) ⊗ E)_x,

(7.208) | | | ⟨( ~F_{t,n}(L^{3,t}_{x,K} ) − ~F_{0,n}(L^{3,0}_{x,K} ))(Z, Z^′)U, U^′ ⟩ − ∫ (T_R X)_x×(T_RX)_x ⟨ ( ~ F_{t,n}(L^{3,t}_{x,K} ) − ~F_{0,n}(L^{3,0}_{x,K} ))(Z − ~Z, Z^′ − ~Z^′)U, U^′⟩ 1 β^{2ℓ} ϕ( ~Z/β) 1 β^{2ℓ} ϕ( ~Z^′/β)dv_{T X} ( ~Z)dv_{T X} ( ~Z^′) | | | ≤ Cβ(1 + p)^r exp ( −C^′n^2/4 + 2C^{′′}η^2p^2 ) |U||U^′|. On the other hand, by Theorem 7.41,

(7.209) | | ∫ (T_RX)_x×(T_RX)_x ⟨ ( ~ F_{t,n}(L^{3,t}_{x,K} ) − ~F_{0,n}(L^{3,0}_{x,K} ) ) (Z − ~Z, Z^′ − ~Z^′)U, U^′⟩ 1 β^{2ℓ} ϕ( ~Z/β) 1 β^{2ℓ} ϕ( ~Z^′/β)dv_{T x}( ~Z)dv_{T X} ( ~Z^′) | | | ≤ C √ t β^{2ℓ} (1+p)^r exp ( −C^′n^2/4 + 2C^{′′}η^2p^2 ) . By taking β = t^{1/2(2ℓ+1)}, we deduce from (7.208),(7.209) that if |Z|, |Z^′| ≤ p, | |( ~Ft,n(L^{3,t}_{x,K} ) − ~F0,n(L^{3,0}_{x,K} ))(Z, Z^′) | | ≤ Ct^{1/2(2ℓ+1)}(1 + p)^r exp ( −C^′n^2/4 + 2C^{′′}η^2p^2 ) . (7.210)

By (7.170), (7.210), we get (7.206). The proof of our Theorem is completed.

Now we briefly explain how to make sense of the kernel exp(−L^{3,0}_{x,K} )(Z, Z^′). In fact, since L^{3,0}_{x,zK,n+p} coincides with −Δ^{T X} /2 at ∞, the operator ~F_{0,n}(L^{3,0}_{x,zK,n+p}) is well defined. Also, by proceeding as in (7.146), if |Z|, |Z^′| ≤ p, using finite propagation speed, we find that the kernel ~F_{0,n}(L^{3,0}_{x,zK,n+p})(Z, Z^′) does not depend on p. Finally this kernel verifies estimates similar to (7.170) for η > 0 small enough and |z| ≤ c_η. Therefore we may define the kernel exp(−L^{3,0}_{x,K} )(Z, Z^′) by the formula

exp(−L^{3,0}_{x,K} )(Z, Z^′) = ∑ n∈N ~F_{0,n}(L^{3,0}_{x,zK,n+p})(Z, Z^′), |Z|, |Z^′| ≤ p, (7.211)

and the series in (7.211) converges uniformly on compact subsets of (T_RX)_x together with its derivatives.

Theorem 7.43. For η > 0 small enough, there exists c_η ∈]0, 1], r ∈ N such that if t ∈]0, 1], z ∈ C, |z| ≤ c_η, x ∈ X_g, Z, Z^′ ∈ T_RX, (7.212) | |( ~F_t(L3,t_{x,K} ) − exp(−L3,0_{x,K} ))(Z, Z_′) | | ≤ Ct^{1/4(2ℓ+1)} ( 1 + |Z| + |Z^′| )_r exp ( 2C^{′′}η^2 sup(|Z|^2, |Z^′|^2) − C^{′′′} 2 |Z − Z^′|^2 ) . Proof. By (7.144), by Theorem 7.42 and by (7.211), (7.212) follows.

Now there is c > 0 such that if Z ∈ N_{Xg /X,R}, then |g^{−1}Z − Z| ≥ c|Z|. (7.213)

By (7.212), (7.213), we find that there exists C^{′′′′} > 0 such that if Z ∈ N_{Xg /X,R,x},

(7.214) | | | | ( ~F_t(L^{3,t}_{x,K} ) − exp(−L^{3,0}_{x,K}) ) (g^{−1}Z, Z) | | | | ≤ Ct^{1/4(2ℓ+1)} ( 1 + |Z| )_r exp ( 2C^{′′}η^2|Z|^2 − C^{′′′′}|Z|^2 ) . For η > 0 small enough, 2C^{′′}η^2 − C^{′′′′} ≤ −C^{′′′′}/2, (7.215)

so that by (7.214), if Z ∈ N_{Xg /X,R,x}, | | | ( ~F_t(L^{3,t}_{x,K} ) − exp(−L^{3,0}_{x,K}) ) (g^{−1}Z, Z) | | | ≤ Ct^{1/4(2ℓ+1)} exp ( − C^{′′′′} 4 |Z|^2 ) . (7.216) Put H^{T X} = j^∗R^{T X} − m^{T X} (zK). (7.217)

Clearly H^{T X} splits as H^{T X} = H^{T Xg} + H^{NXg /X} . (7.218)

By (4.25), 4.30), (7.124), for |z| small enough,

(7.219) exp ( −L^{3,0}_{x,K} ) (g^{−1}Z, Z) = det ( H^{T X} /2 sinh ( H^{T X} /2 ) ) exp ( − 1 2 Tr[H^{T X} ] )

exp ( − ⟨ H^{T X} /2 sinh ( H^{T X} /2 )(cosh(H^{T X} /2) − e^{HT X /2}g^{−1})Z, Z ⟩) exp ( −j^∗R^E + m^E (zK) ) . We can write g|_{NXg /X} in the form g = e^A, (7.220)

with A ∈ End(N_{Xg /X} ) skew-adjoint, parallel and commuting with H^{T X} .

By (7.219), (7.220), we get

(7.221) exp ( −L^{3,0}_{x,K} ) (g^{−1}Z, Z) = det ( H^{T X} /2 sinh ( H^{T X} /2 ) ) exp ( − 1 2 Tr[H^{T X} ] )

exp ( − ⟨ H^{T X} /2 sinh(H^{T X} /2) ( cosh(H^{T X} /2) − cosh(H^{T X} /2 − A) ) Z, Z ⟩)

exp(−j^∗R^E + m^E (zK)) = det ( H^{T X} /2 sinh ( H^{T X} /2 ) ) exp ( − 1 2 Tr[H^{T X} ] )

exp ( − ⟨ H^{T X} /2 sinh(H^{T X} /2)

2 sinh(A/2) sinh ( (H^{T X} − A)/2 ) Z, Z ⟩) exp ( −j^∗R^E +m^E(zK) ) . Now we use the same notation as in (4.44). Observe that for z ∈ R, if |z| is

small enough, (_{HT X /2} sinh(H^{T X} /2)

)_{(0)}

is positive definite. Moreover if |z| is small enough, ( sinh(A/2) sinh ( (H^{T X} − A)/2 ))_{(0)} is positive definite on N_{Xg /X} . Using (7.221), one then finds easily that if |z| is small enough, exp ( −L^{3,0}_{x,K} ) is a Gaussian on N_{Xg /X,R,x}, and moreover

(7.222) ∫ N_{Xg /X} exp ( −L^{3,0}_{x,K} ) (g^{−1}Z, Z) dv_{NXg /X} (Z) (2π)^{dim NXg /X} == det ( H^{T Xg} sinh ( H^{T Xg} /2 ) )

exp ( −^1_2 Tr[H^{T X} ] ) det^{NXg /X} [ 4 sinh(A/2) sinh ( (H^{NXg /X} − A)/2 ) ] exp ( −j^∗R^E + m^E (zK) ) .

Also

(7.223) Tr_s^{Λ(N ∗(0,1)Xg /X )⊗E} [ g exp(−j^∗R^E + m^E (zK) ] = det(1 − e^A)|_{NXg /X} Tr [ g exp ( −j^∗R^E + m^E (zK) )] . Using (7.222), (7.223), we get

(7.224) φ ∫ N_{Xg /X} Tr_s^{Λ(N ∗(0,1)Xg /X )⊗E} [ g exp ( −L^{3,0}_{x,K} ) (g^{−1}Z, Z) ] dv_{NXg /X} (Z) (2π)^{dim NXg /X} = Td_{g,K} (T X, h^{T X} )ch_{g,K} (E, h^E ) ] . From (7.123), (7.216), (7.224), we find that the first inequality holds in (7.92), with K replaced by zK. It is then trivial to obtain the required uniformity. The proof of the second inequality is similar. In fact by [BGS1, II, Proposition 2.4], or by an easy direct computation, N = i 4 c(Je_k)c(e_k) + dim X 2 . (7.225)

Let N^t be the operator obtained from N by the Getzler rescaling indicated above. One verifies easily that as t → 0, tN^t → ω^{Xg} . (7.226) By proceeding as before, we get the second inequality in (7.92).

7.14. A proof of the second half of Theorem 7.9. Put C^{′′}_{K,t} = √ t∂^X + c(K^{X(1,0)}) 2 √ 2t , (7.227) C^′_{K,t} = √ t∂^{X∗} + c(K^{X(0,1)}) 2 √ 2t . Then C^2′′_{K,t} = 0 , C^{′ ,2}_{K,t} = 0, (7.228) C^2_{K,t} = [C^{′′}_{K,t}, C^′_{K,t}]. Moreover, using (2.4), we get ∂ ∂t C^{′′}_{K,t} = − 1 2t [C^{′′}_{K,t}, N − i ⟨μ, K⟩ t ], (7.229) ∂ ∂t C^′_{K,t} = 1 2t [C^′_{K,t}, N − i ⟨μ, K⟩ t ].

Let da, da be odd Grassmann variables as in Section 4.5. The considerations we made after (4.39) still apply. Here da, da will anticommute with the odd elements of the above endomorphism algebras, and commute with the even elements of these algebras. If σ ∈ Λ ( R^{2,∗} ) ⊗_R C, then σ = s_0 + daσ^{da} + daσ^{da} + dadaσ^{dada}, s_0, σ^{da}, σ^{da}, σ^{dada} ∈ C. (7.230) Now we establish an identity proved in a related form in [BGS1, II, Theorem 2.14].

Proposition 7.44. The following identity holds,

(7.231) ∂ ∂t tγ_t(g, K) = Tr_s [ g exp ( −L_K − C^2_{K,t} −

da √ 2t ∂ ∂t (C^{′′}_{K,t} − C^′_{K,t}) − da √ 2t ∂ ∂t (C^{′′}_{K,t} + C^′_{K,t}) + Ndada )]dada . Proof. Using (7.229), we get

(7.232) ∂ ∂t tTr_s [( N − i ⟨μ, K⟩ t ) g exp ( −L_K − C^2_{K,t} ) ] = Tr_s [ Ng exp ( −L_K − C^2_{K,t} ) ]

+ ∂ ∂b Tr_s [ (tN − i⟨μ, K⟩)g exp ( (−L_K − C^2_{K,t} − b[C_{K,t}, ∂ ∂t C_{K,t} )] |_{b=0}. Also [L_K , C_{K,t}] = 0

(7.233) By (7.229), (7.232), (7.233), and using the fact that Tr_s vanishes on supercommutators [Q1], we obtain

(7.234) ∂ ∂t tTr_s [( N − i ⟨μ, K⟩ t ) g exp ( −L_K − C^2_{K,t} ) ] = Tr_s [ Ng exp ( −L_K − C^2_{K,t} ) ]

+ ∂ ∂b Tr_s [ 2t^2 ∂ ∂t (C^{′′}_{K,t} − C^′_{K,t})g exp ( −L_K − C^2_{K,t} − b ∂ ∂t C_{K,t} ) ] , which is equivalent to (7.231). The proof of our Proposition is completed.

The following result was proved in [BGS1, II, Theorem 2.15].

Theorem 7.45. The following identity holds

(7.235)

L_K + C^2_{K,t} + da √ 2t ∂ ∂t (C^{′′}_{K,t} − C^′_{K,t}) + da √ 2t ∂ ∂t (C^{′′}_{K,t} + C^′_{K,t}) − Ndada = − t 2 ( ∇^{Λ(T ∗(0,1) X)⊗E} − ⟨K^X , e_i⟩ 2t + da 2 √ t ic(J^{T X} e_i) − da 2 √ t c(e_i) )2 +t H 8 − dim X 2 dada + t 4 c(e_i)c(e_j ) ( R^E + 1 2 Tr[R^{T X} ] ) (e_i, e_j ) − (m^E (K) + 1 2 Tr[m^{T X} (K)].

Proof. When making da = 0, da = 0, (7.235) is just (7.97). Using (7.225), we then get (7.235) in full generality.

By proceeding as in [BGS1, II, Theorem 2.10], [BeGeV, Chapter 10] and [B14, Section 11], i.e. by using the techniques of the local families index theorem instead of the above techniques for the usual local index theorem, we see that the above methods can be applied to the operator which appears in (7.228). In particular , we find that for z ∈ R, with |z| small enough, t ∈]0, 1], | ∂ ∂t tγ_t(g, zK) − C_0(g, zK)| ≤ Ct^γ . (7.236)

From (7.95), (7.236), we deduce that for |z| small enough, as t → 0, tγ_t(g, zK) − C_{−1}(g, zK) = C_0(g, zK)t + O(t^{γ+1}), (7.237) which is just the second inequality in (7.39). This completes the proof of Theorem 7.9.

8. A proof of Theorem 6.6

The purpose of this Section is to establish Theorem 6.6. We will use some of the techniques developed in Section 7, and also the techniques of [BL, Section 11], [B13, Section 11]. It should be observed that the geometric situation is much closer to [BL] and [B13] than in Section 7, with X_{g,K} playing formally the role of Y or Y_g in [BL] and [B13].

For technical reasons it is here important to split ⟨μ, K⟩ into two pieces μ_1 and μ_2, where μ_1 vanishes together with its first derivatives on X_K , and μ_2 is locally constant near X_K . In fact X_K is the critical submanifold for ⟨μ, K⟩. If ⟨μ, K⟩ vanished identically on X_K , the proof of Theorem 6.6 would be relatively easy, as the sequel will show. Also if ⟨μ, K⟩ was just any constant (forgetting for the moment the relation between ⟨μ, K⟩ and K^X ), the proof of Theorem 6.6 would be even easier, since the supertrace appearing in (6.11) would itself be constant. Since the above ideal assumptions are absurd anyway, we try to capture in the proof the best features of these two cases.

This Section is organized as follows. In Section 8.1, we establish a Lichnerowicz formula. In Section 8.2, we establish equation (6.11).

Sections 8.3-8.12 are devoted to the proof of the uniform estimate (6.12) in Theorem 6.6. In Section 8.3, we construct a splitting of the function ⟨μ, K⟩. In Section 8.4, we show that the problem is localizable near X_g . In Section 8.5, we introduce a rescaling of the normal coordinate to X_{g,K} in X_g . In Section 8.17, we construct a coordinate system near y_0 ∈ X_{g,K} and we use an associated Getzler rescaling technique on the Clifford variables. Note here that we concentrate on the analysis near X_{g,K} , because what happens away of X_{g,K} is easier to control. In Section 8.7, we construct a family of norms, closely related to constructions in [BL]. In Section 8.8, we establish regularizing properties for the resolvents of the considered rescaled operators. In Section 8.9, we prove uniform estimates on the truncated kernels, which are indexed by n ∈ N, as in Section 7. In Section 8.10, this leads us to estimates on the full kernel. In Section 8.11, we estimate the local supertrace containing μ_1 near X_{g,K} , and in Section 8.12 we control the full supertrace involving μ_1. In Section 8.13, using non trivial algebraic identities still involving a Grassmann variable, we prove corresponding estimates for the supertrace associated to μ_2, which leads us to the completion of the proof of the estimate (6.12) in Theorem 6.6.

Finally in Section 8.14, we establish the estimate in (6.13). This completes the proof of Theorem 6.6.

We use the same notation as in Sections 3, 6 and 7.

8.1. A Lichnerowicz formula. We still use the notation in (7.96).

Theorem 8.1. The following identity holds,

(8.1) L_K + tD^{X,2}_{1t − 1v} = − t 2 ( ∇^{Λ(T ∗(0,1) X)⊗E} e_i − ( 1 t + 1 v ) ⟨K^X , e_i⟩ 2 )_2

+ 1 2v |K^X |^2 + t 8 H + t 4 c(e_i)c(e_j ) (( R^E + 1 2 Tr[R^{T X} ] ) (e_i, e_j ) − 1 v ⟨∇^{T X}_{ei} K^X , e_j ⟩ )

− ( m^E (K) + 1 2 Tr[∇^{T X}_. K^X ] ) .

Proof. By (3.1), if U, V ∈ T_RX, dK^{′X} (U, V ) = 2⟨∇^{T X}_U K^X , V ⟩. (8.2)

Also observe that √ 2D^X_{−1/v} is a standard Dirac operator associated to the connec-

tion d −^{K′X}_{2v} on the trivial line bundle L. Moreover ( D^X_{−1/v} ) 1/t = D^X1_{t −} 1_v .

(8.3)

Note that since G acts trivially on L, the corresponding m^L(K) in the sense of Section 2.1 is obviously given by

m^L(K) = − |K^X |^2 2v . (8.4)

Then equation (8.1) is just a special case of Proposition 7.18.

8.2. A proof of the convergence of the supertrace as t → 0. Recall that ~e_v was defined in (6.8).

Theorem 8.2. For |K| small enough, given v > 0, as t → 0,

Tr_s [ i⟨μ, K⟩ v g exp ( −L_K − tD^{X,2}_{1t − 1v} )] → −~e_v. (8.5)

Proof. As we observed in (8.3),

L_K + tD^{X,2}_{1t − 1v} = L_K + t ( D^X_{−1/v} )_2 1/t. (8.6)

Using the methods in the proof of Theorem 7.9, (8.4) and (8.6), we get (8.5). Details are left to the reader.

Remark 8.3. The main difficulty in the proof of Theorem 6.6 is to establish an estimate of the rate of convergence in (8.5), which is uniform t ∈]0, 1], v ∈ [t, 1].

8.3. A splitting of ⟨μ, K⟩. By (2.4), d⟨μ, K⟩|_{XK} = 0. (8.7)

Therefore ⟨μ, K⟩ is locally constant on X_K . For ϵ ∈]0, a^X /8], let U^′_ϵ be the ϵneighborhood of X_K in N_{XK /X} . We choose ϵ^′_0 small enough so that if ϵ ∈]0, 8ϵ^′_0], the map (x, Z) ∈ U^′_ϵ → exp_x(Z) ∈ X is a diffeomorphism from U^′_ϵ into the tubular neighborhood V^′_ϵ of X_K in X. Recall that ϵ_0 was introduced in Section 7.3. By replacing ϵ_0 and ϵ^′_0 by inf(ϵ_0, ϵ^′_0), we may and we will assume that ϵ_0 = ϵ^′_0.

Since X_g is totally geodesic in X, the above identification also identifies a neighborhood of X_{g,K} in N_{Xg,K /Xg} to a tubular neighborhood of X_{g,K} in X_g .

Let P : V^′_{ϵ0} → X_K be the obvious projection. Also, recall that the function γ(s) was defined in (7.110).

Definition 8.4. Put μ_1 = ⟨μ, K⟩ − γ ( 2|Z|/ϵ_0 ) ⟨μ, K⟩(P.), (8.8)

μ_2 = γ ( 2|Z|/ϵ_0 ) ⟨μ, K⟩(P.).

Then the function μ_1 vanishes on X_K . Moreover μ_2 is locally constant on V^′_{ϵ0/4}. Also ⟨μ, K⟩ = μ_1 + μ_2.

(8.9) By (8.7), we deduce that near X_K , μ_1(x, Z) = O(|Z|^2). (8.10)

Clearly

(8.11) Tr_s [ i⟨μ, K⟩ v g exp ( −L_K − tD^{X,2}_{1t − 1v} )] = Tr_s [ iμ_1 v g exp ( −L_K − tD^{X,2}_{1t − 1v} )] + Tr_s [ iμ_2 v g exp ( −L_K − tD^{X,2}_{1t − 1v} ) ] . Set ~d_{v,j} = −iμ^j v exp ( ∂_K ∂_K 2πv ⟨μ, K⟩ ) , j = 1, 2. (8.12)

Then ~d_v = ~d_{v,1} + ~d_{v,2}. (8.13)

Similarly, we define ~e_{v,1}, ~e_{v,2} by replacing ~d_v by ~d_{v,1}, ~d_{v,2} in the right-hand side of the first equation in (6.8). Then ~e_v = ~e_{v,1} + ~e_{v,2}. (8.14) By the same arguments as in the proof of Theorem 8.2, one finds easily that given v ∈ R^∗_+, as t → 0,

Tr_s [ iμ_j v g exp ( −L_K − tD^{X,2}_{1t − 1v} ) ] → −~e_{v,j} , j = 1, 2. (8.15)

To establish inequality (6.12) in Theorem 6.6, we will instead establish corresponding statements for the two supertraces appearing in the right-hand side of (8.11).

8.4. Localization of the problem. Definition 8.5. For t > 0, v ∈ R^∗_+, set A^v_t = tL_K + t^2D^{X,2}_{1t − 1v} .

(8.16)

Comparing with (7.41), we get A_t = A^{+∞}_t .

(8.17) Clearly

A^v_t = t^2D^{X,2} + t ( L_K + (1 − t v )[D^X , c(K^X ) 2 √ 2 ] ) − ( 1 − t v )_2 |K^X |^2 8 . (8.18)

From (8.18) and comparing with (7.43), it is clear that for t ∈]0, 1], v ∈ [t, 1], A^v_t verifies the same estimates as A_t in Theorem 7.11, with constants which are uniform in t ∈]0, 1], v ∈ [t, 1].

Now we take α ∈]0, a_X /8] as in Section 7.3. Also we use the notation in Section 7. By (7.80), exp ( −L_K − tD^{X,2}_{1t − 1v} ) = ~F_t(L_K + tD^{X,2}_{1t − 1v} ) + ~I_t(A^v_t ).

(8.19)

Theorem 8.6. There exist β > 0, C > 0, C^′ > 0 such that if K ∈ g, |K| ≤ β, t ∈ ]0, 1], v ∈ [t, 1], ‖~I_t(A^v_t )‖_1 ≤ C exp(−C^′/t). (8.20)

Proof. The proof of our Theorem is the same as the proof of Theorem 7.15.

Remark 8.7. From (8.19), it follows that to establish inequality (6.12) in Theorem 6.6 for any of the supertraces appearing in the right-hand side of (8.11), we may as well replace exp ( −L_K − tD^{X,2}_{1t − 1v} ) by ~F_t(L_K + tD^{X,2}_{1t − 1v} ).

As in Section 7.3, ~F_t ( L_K + tD^{X,2}_{1t − 1v} ) (x, x^′) vanishes if d^X (x, x^′) ≥ α, and, as a

function of x^′, depends only on the restriction of the operator L_K + tD^{X,2}_{1t − 1v} to the

ball B^X (x, α). By our choice of α, ~F_t ( L_K + tD^{X,2}_{1t − 1v} ) (g^{−1}x, x) is nonzero only if x ∈ V_{ϵ0} .

It follows from the above that our proof of inequality (6.12) in Theorem 6.6 can be localized near X_g .

8.5. A rescaling of the normal coordinate to X_{g,K} in X_g . In the sequel, we fix g ∈ G, K_0 ∈ z(g), and we assume that K = zK_0, with z ∈ R^∗ .

Recall that X_g and X_{g,K} are totally geodesic in X. Given ϵ > 0, let U^{′′}_ϵ be the ϵ-neighborhood of X_{g,K} in N_{Xg,K /Xg} . There exists ϵ^{′′}_0 ∈]0, a^X /32] such that for 0 < ϵ ≤ 16ϵ^{′′}_0 , the map (y_0, Z_0) ∈ N_{Xg,K /Xg ,R} → exp^{Xg}_{y0} (Z) ∈ X_g is a diffeomorphism from U^{′′}_ϵ into the tubular neighborhood V^{′′}_ϵ of X_{g,K} in X_g . By replacing ϵ_0, ϵ^{′′}_0 by inf(ϵ_0, ϵ^{′′}_0 ), we may and we will assume that ϵ^{′′}_0 = ϵ_0.

Since X_g is totally geodesic in X, the connection ∇^{T X} induces the holomorphic Hermitian connection ∇^{NXg /X} on N_{Xg /X} .

If (y_0, Z_0) is taken as before, we identify N_{Xg /X,(y0 ,Z0)} to N_{Xg /X,y0} by parallel transport along the geodesic s ∈ [0, 1] → Z_0. If y_0 ∈ X_{g,K} , Z_0 ∈ N_{Xg,K /Xg ,R,y0} , Z ∈ N_{Xg /X,R,y0} , |Z_0|, |Z| ≤ 4ϵ_0, we identify (y_0, Z_0, Z) to exp^X_{expXgy0 (Z0)}(Z) ∈ X. There-

fore (y_0, Z_0, Z) defines a coordinate system on X near X_{g,K} .

Recall that the function k was defined in (7.89). Also ~e_{v,1} was defined as in (6.8), with ~d_v replaced by ~d_{v,1}. Put

β_{v,1} = ( 2π )_{dim Xg} [ Td_{g,K} (T X, h^{T X} )ch_{g,K} (E, h^E ) ~d_{v,1} ]_{max} . (8.21)

For |z| small enough, β_{v,1} is a smooth function on X_g . Set

ℓ^{′′} = dim(X_{g,K} ).

(8.22)

A first important result in our proof of the estimate (6.12) in Theorem 6.6 is as follows.

Theorem 8.8. There exist c ∈]0, 1], γ ∈]0, 1] such that for p ∈ N, there is C > 0 such that if z ∈ R, |z| ≤ c, t ∈]0, 1], v ∈ [t, 1], y_0 ∈ X_{g,K} , Z_0 ∈ N_{Xg,K /Xg ,R,y0} , |Z_0| ≤

ϵ_0√

v , then

(8.23)| | |v^{dim NX}g,K^{/X}g (∫ Z∈NX g /X,R,y0 |Z|≤ϵ0 Tr_s [ iμ_1 v g ~F_t(L_K + tD^{X,2}_{1t − 1v} ) ( g^{−1}(y_0, √ vZ_0, Z),

(y_0, √ vZ_0, Z) ) ] k(y_0, √ vZ_0, Z) dv_{NXg /X} (Z) (2π)^{dim NXg /X} + β_{v,1}(y_0, √ vZ_0) )| | | ≤ C (1 + |Z_0|)^{2ℓ′′+1} (1 + |zZ_0|)^p ( t v )_γ . Proof. Sections 8.6- 8.11 will be devoted to the proof of Theorem 8.8.

8.6. A local coordinate system near X_{g,K} and a Getzler rescaling. Take y_0 ∈ X_{g,K} . If Z ∈ (T_RX_g)_{y0} , |Z| ≤ 4ϵ_0, we identify Z to exp^{Xg}_{y0} (Z) ∈ X_g. We trivialize N_{Xg /X} along the geodesic s ∈ [0, 1] → sZ ∈ X_g by parallel transport with respect to to the connection ∇^{NXg /X} . Then (Z, Z^′) ∈ (T_RX_g )_{y0} × N_{Xg /X,R,y0} → exp^{T X}_{expXgy0 (Z)}(Z^′) ∈ X, |Z|, |Z^′| ≤ 4ϵ_0 defines a coordinate system on X near y_0.

Since g preserves geodesics and parallel transport, in the above coordinate system g(Z, Z^′) = (Z, gZ^′). (8.24)

If Z_0 ∈ N_{Xg,K /Xg ,R,y0} , |Z_0| ≤ 4ϵ_0, we trivialize T X along the geodesic s ∈ [0, 1] → sZ_0 ∈ X_g by parallel transport with respect to ∇^{T X} . Then Z ∈ (T_RX)_{y0} , |Z| ≤ 4ϵ_0 → exp_{Z0} (Z) ∈ X is a coordinate system near Z_0 ∈ X_g. By an abuse of notation, we will often write Z_0 + Z instead of exp_{Z0} (Z).

Now we fix Z_0 ∈ N_{Xg,K /Xg ,R,y0} , |Z_0| ≤ 4ϵ_0, and we take Z ∈ (T_RX)_{y0} , |Z| ≤ 4ϵ_0. The curve s ∈]0, 1] → exp_{Z0} (sZ) lies in B^{T X}_{y0} (0, 5ϵ_0). Moreover we identify T X_{Z0+Z} , Λ(T^{∗(0,1)}X)_{Z0+Z} , E_{Z0 +Z} with T X_{Z0} , Λ(T^{∗(0,1)}X)_{Z0} , E_{Z0} by parallel transport with respect to the obvious connections ∇^{T X} , ∇^Λ(^{T ∗(0,1) X}), ∇^E along this curve.

When Z_0 ∈ N_{Xg,K /Xg ,R,y0} is allowed to vary, we identify T X_{Z0} , Λ(T^{∗(0,1)}X)_{Z0} , E_{Z0} to T X_{y0} , Λ(T^{∗(0,1)}X)_{y0} , E_{y0} by parallel transport along s ∈ [0, 1] → sZ_0 with respect to the given connections.

We may and we will assume that ϵ_0 is small enough so that if |Z_0|, |Z| ≤ 4ϵ_0, then 1 2 h^{T X}_{y0} ≤ h^{T X}_{Z0+Z} ≤ 3 2 h^{T X}_{y0} . (8.25)

Recall that for x ∈ X_g , the vector space H_x was defined in Section 7.6. We still define ρ(Z) as in (7.111), (7.112).

We fix Z_0 ∈ N_{Xg,K /Xg ,R,y0} . The considered trivializations depend explicitly on Z_0. Therefore the action of the operator L_K + tD^{X,2}_{1t − 1v} depends explicitly on Z_0. We denote by (L_K + tD^{X,2}_{1t − 1v} )_{Z0} the action of this operator centered at Z_0, i.e.

(L_K + tD^{X,2}_{1t − 1v} )_{Z0} f = (L_K + tD^{X,2}_{1t − 1v} )f(Z_0 + Z).

(8.26)

In (8.26), the operator (L_K + tD^{X,2}_{1t − 1v} )_{Z0} acts on H_{Z0} . Also H_{Z0} is identified with H_{y0} , so that ultimately, (L_K + tD^{X,2}_{1t − 1v} )_{Z0} acts on H_{y0} .

We define k^′_{(y0,Z0 )}(Z) as in (7.98).

Definition 8.9. Put L^{1,(t,v)} Z_0,K = (1 − ρ

2(Z)) ( − t 2 Δ^{T X} ) + ρ^2(Z) ( L_K + tD^{X,2}_{1t − 1v} ) Z_0 .

(8.27)

By proceeding as in (7.114),(7.115), and using (8.24), we find that if Z_0 ∈ N_{Xg,K /Xg ,R,y0} , Z ∈ N_{Xg /X,R,y0} , |Z_0|, |Z| ≤ ϵ_0,

~F_t (L_K + C^2_{K,t}) (g^{−1}(Z_0, Z), (Z_0, Z)) k^′_{(y0,Z0)}(Z) = ~F_t ( L^{1,(t,v)} Z_0,K ) ( g^{−1}Z, Z ) . (8.28)

We still define H_t as in (7.117). Let L^{2,(t,v)}_{Z0,K} be the operator obtained from L^{1,(t,v)}_{Z0,K} as in (7.118).

Let (e_1, . . . , e_{2ℓ}′′ ), (e_{2ℓ}′′_{+1}, . . . , e_{2ℓ}′ ), and (e_{2ℓ}′_{+1}, . . . , e_{2ℓ}) be orthonormal oriented bases of T_RX_{g,K,y0} and N_{Xg,K /Xg ,R,y0} , N_{Xg /X,R,y0} . Recall that for 1 ≤ j ≤ 2ℓ^′, c_t(e_j ) was defined in (7.120).

Definition 8.10. Let L^{3,(t,v)}_{Z0,K} be the operator obtained from L^{2,(t,v)}_{Z0,K} by replacing c(e_i) by c_t(e_i) for 1 ≤ i ≤ 2ℓ^{′′}, by c_{t/v}(e_i) for 2ℓ^′ + 1 ≤ i ≤ 2ℓ^{′′}, while leaving unchanged the c(e_i)’s for 2ℓ^′ + 1 ≤ i ≤ 2ℓ.

We denote by ~F_t ( L^{3,(t,v)} Z_0,K ) (Z, Z^′) the smooth kernel associated to the operator ~F_t(L^{3,(t,v)} Z_0,K ) with respect to dv_{T X} (Z^′)/(2π)^{dim X} . Proposition 8.11. For y_0 ∈ X_{g,K} , Z_0 ∈ N_{Xg,K /Xg ,R,y0} , |Z_0| ≤ ϵ_0, Z ∈ N_{Xg /X,R,y0} , |Z| ≤ ϵ_0/ √ t, the following identity holds,

(8.29)

t^{dim NXg /X} Tr_s [ iμ_1 v g ~F_t ( L_K +tD^{X,2}_{1t − 1v} )( g^{−1}(Z_0, √ tZ), (Z_0, √ tZ) )] k^′_{(y0,Z0)}( √ tZ) = (−i)^{ℓ′} v^{ℓ′ −ℓ′′} Tr_s^{Λ(N ∗(0,1)Xg /X )⊗E} [ iμ_1(Z_0, √tZ) v g ~F_t(L^{3,(t,v)}_{Z0,K} )(g^{−1}Z, Z) ]_{max} . Proof. Using (8.28), the proof is a trivial modification of the proof of Proposition 7.25.

Recall that j denotes the embedding X_g → X.

Definition 8.12. If x ∈ X_g, let L^{3,(0,v)}_{x,K} be the operator in ( Λ(T_RX^∗_g ) ⊗ c(N_{Xg /X} ) ⊗ End(E) ) ⊗ Op_x,

(8.30) L^{3,(0,v)} x,K = − 1 2 ( ∇_{ei} + 1 2 ⟨ ( j^∗R^{T X} − ∇^{T X}_. K^X ) Z, e_i⟩ )_2 − 1 2v ( d − i_KX ) j^∗K^{′X} + j^∗R^E − m^E (K) + 1 2 Tr[j^∗R^{T X} − m^{T X} (K)].

Let ψ_v ∈ End ( Λ(T^∗_RX_g) ) be the morphism of exterior algebras such that ψ_v(e^i) = √ ve^i for 1 ≤ i ≤ 2ℓ^{′′}, ψ_v(e^i) = e^i for 2ℓ^{′′} + 1 ≤ i ≤ 2ℓ^′. Recall that (y_0, Z_0) ∈ X_g, and that Λ ( T^∗_RX_g ) (y_0,Z_0 has been identified to Λ ( T^∗_R(X_g ) y_0 .

Definition 8.13. Let L^{3,(0,v)}_{Z0,K} be the operator L^{3,(0,v)} Z_0,K = ψvL 3,(0,v) Z_0 ,K ψ −1 v . (8.31)

Theorem 8.14. Given Z_0 ∈ N_{Xg,K /Xg ,R,y0} , |Z_0| ≤ ϵ_0, as t → 0, L^{3,(t,v)} Z_0 ,K → L 3,(0,v) Z_0,K . (8.32)

Proof. First we assume that v = 1, so that our proof will work for any x ∈ X_g. Using (3.1), we find that as t → 0,

(8.33) 1 ≤ i, j ≤ 2ℓ t 4 c_t(e_i)c_t(e_j )⟨∇^{T X}_{ei} K^X ( √ tZ), e_j ⟩ → ∑ 1≤i,j≤2ℓ^′ 1 2 e^i ∧ e^j ⟨∇^{T X}_{ei} K^X (x), e_j ⟩ = 1 2 dj^∗K^{′X} . Our Theorem is now a trivial consequence of (8.1), (8.33) and of arguments which were already used in the proof of Proposition 7.27.

8.7. A family of norms. Here we imitate [BL, Section 11 k)] and Section 7.8. For 0 ≤ p ≤ 2ℓ^{′′}, 0 ≤ q ≤ 2(ℓ^′ − ℓ^{′′}), put

Λ^{(p,q)}(T^∗_RX_g )_{y0} = Λ^p(T^∗_RX_{g,K} )_{y0} ⊗ Λ^q(N^∗_{Xg,K /Xg ,R})_{y0} .

(8.34)

The various Λ^{(p,q)}(T^∗_R(X_g ) are mutually orthogonal in Λ(T^∗_RX_g)_{y0} . Let I_{y0} be the vector space of smooth sections of (Λ(T^∗_RX_g)^⊗Λ(N^{∗(0,1)}_{Xg /X} ) ⊗ E)_{y0} over (T_RX)_{y0} , let I_{(p,q),y0} be the vector space of smooth sections of ( Λ^{(p,q)}(T^∗_R(X_g) ⊗ Λ(N^{∗(0,1)}_{Xg /X} ) ⊗ E ) y_0 over (TRX)y^0 . Let I 0 y_0 , I 0 (p,q),y_0 be the corresponding vector spaces of square-

integrable sections.

Definition 8.15. For t ∈ [0, 1], v ∈ R^∗_+, y_0 ∈ X_{g,K} , Z_0 ∈ N_{Xg,K /Xg ,R,y0} , |Z_0| ≤ ϵ_0/ √ v, s ∈ I^0_{(p,q),y0} , set (8.35) |s|^2_{t,v,Z0,0} = ∫ (T_RX)_{y0} |s|^2 ( 1 + ( |Z| + |Z_0| ) ρ( √ tZ/2) )_{2(2ℓ}′′_{−p)} ( 1 + √ v|Z|ρ( √ tZ/2) )_{2(2(ℓ}′_{−ℓ}′′_{)−q)} . Then (8.35) induces a Hermitian product ⟨ ⟩_{t,v,Z0 ,0} on I^0_{(p,q),y0} . We equip I^0_{y0} = ⨁ I^0_{(p,q),y0} with the direct sum of these Hermitian products. Now we have a result already proved in [BL, Proposition 11.24].

Proposition 8.16. For t ∈]0, 1], v ∈ [t, 1], y_0 ∈ X_{g,K} , Z_0 ∈ N_{Xg,K /Xg ,R,y0} , |Z_0| ≤ ϵ_0/ √ v, the following families of operators acting on I^0_{y0} are uniformly bounded, 1_|^√_{tZ|≤4ϵ0} √ tc_t(e_j ) ; 1_|^√_{tZ|≤4ϵ0} |Z| √ tc_t(e_j ), 1 ≤ j ≤ 2ℓ^{′′}; 1_|^√_{tZ|≤4ϵ0} |Z_0| √ tc_t(e_j ), 1 ≤ j ≤ 2ℓ^{′′}; (8.36) 1_|^√_{tZ|≤4ϵ0} √ t/vc_{t/v}(e_j ), 1_|^√_{tZ|≤4ϵ0} |Z| √ tc_{t/v}(e_j ), 2ℓ^{′′} + 1 ≤ j ≤ 2ℓ^′.

Proof. We refer to [BL, Proposition 11.24] for a detailed proof, when making t =

u^2, v =^1_{T 2} . If √ t|Z| ≤ 4ϵ_0, by (7.112), ρ (^√_{tZ} 2 ) = 1. Then we just observe the key

bounds t ( 1 + |Z| + |Z_0| ) ≤ C √ t; t|Z| ( 1 + |Z| + |Z_0| ) ≤ C; t|Z_0| ( 1 + |Z| + |Z_0| ) ≤ C; t v ( 1 + √ v|Z| ) ≤ C; (8.37) t √ v |Z| ( 1 + √ v|Z| ) ≤ C, √ v|Z| 1 + √ v|Z| ≤ 1, from which our Proposition follows easily.

Definition 8.17. For t ∈ [0, 1], v ∈ R^∗_+, y_0 ∈ X_{g,K} , Z_0 ∈ N_{Xg,K /Xg ,R,y0} , |Z_0| ≤

ϵ_0/ √ v, s ∈ I^0_{(p,q),y0} , set (8.38) |s|^2_{t,v,Z0,1} = |s|^2_{t,v,Z0,0} + 1 v | | |ρ (√ tZ ) | K^X | | (√vZ_0 + √ tZ ) s | | |^2_{t,v,Z0 ,0} + + 2ℓ∑ 1 |∇_{ei} s|^2_{t,v,Z0,0}. Observe that Definition 8.17 is the strict analogue of [BL, Definition 11.25],

with u = √ t, T =^{1√}_v and V^− replaced by K^X . Also note that |s|_{t,v,Z0 ,1} depends

explicitly on K. In the sequel, it will be understood that if z ∈ R, when replacing

K by zK_0, in (8.38), K^X is replaced by zK^X_0 , so that |s|_{t,v,Z0,1} will in fact also

depend on z ∈ R^∗.

If Z_0 ∈ N_{Xg,K /Xg ,R,y0} , |Z_0| ≤ ϵ_0, Z ∈ T_RX_{y0} , if U ∈ (T_RX)_{y0} , let τ^{Z0} U(Z) ∈

T_RX_{Z0+Z} be the parallel transport of U along the curve t → 2tZ_0, 0 ≤ t ≤ 1/2, t →

exp_{Z0} ((2t − 1)Z) , 1/2 ≤ t ≤ 1 with respect to ∇^{T X} .

Theorem 8.18. There exist constants C_1 > 0, . . . , C_4 > 0 such that if t ∈]0, 1], v ∈ [t, 1], n ∈ N, y_0 ∈ X_{g,K} , Z_0 ∈ N_{Xg,K /Xg ,R,y0} , |Z_0| ≤ ϵ_0/ √ v, if z ∈ R, |z| ≤ 1, if s, s^′ ∈ I_{y0} have compact support in { Z ∈ (T_RX)_{y0} , |Z| ≤ n } , then Re⟨L^{3,(t,v)√}_{vZ0,zK0} s, s⟩_{t,v,Z0,0} ≥ C_1|s|^2_{t,v,Z0 ,1} − C_2(1 + |nz|^2)|s|^2_{t,v,Z0 ,0}, |Im⟨L^{3,(t,v)√}_{vZ0 ,zK0} s, s⟩_{t,v,Z0,0}| ≤ C_3(1 + |nz|)|s|_{t,v,Z0,1}|s|_{t,v,Z0,0}, (8.39) |⟨L^{3,(t,v)} √ vZ_0,zK_0 s, s ′⟩_{t,v,Z0,0}| ≤ C_4(1 + |nz|^2)|s|_{t,v,Z0 ,1}|s^′|_{t,v,Z0 ,1}. Proof. By proceeding as in the proofs of [BL, Theorem 11.26] and of Theorem 7.31,

we can handle all the terms in the right-hand side of (8.1) except the ”annoying”

term

−ρ^2( √ tZ) t 4v ⟨∇^{T X}_τ^√_{vZ0 ej (}^√_{tZ)}zK^X ( √ vZ_0 + √ tZ), τ^{√vZ0} e_j′ ( √ tZ)⟩c(e_j )c(e_j′ ). (8.40)

Recall that by (2.6), (2.8),

∇^{T X} ∇^{T X} K^X + i_KX R^{T X} = 0.

(8.41)

Take i, 1 ≤ i ≤ 2ℓ^{′′}. We claim that at (Z_0, Z) = (0, 0), ∇^{T X}_{τ Z0 ei (Z)}K^X and its first

derivatives in Z_0, Z vanish. The vanishing of this section follows from the fact that

e_i ∈ (T_RX_{g,K} )_{y0} and that K^X vanishes on X_{g,K} . Also τ^0e_i(Z) is parallel along s → sZ. Using (8.41), it is now clear that the first derivative in Z of the above section also vanishes. Finally τ^{Z0} e_i(0) is parallel along s ∈ [0, 1] → sZ_0. Using (8.41) again, the derivative of the above section in the variable Z_0 also vanishes. It then follows that for 1 ≤ i ≤ 2ℓ^{′′}, ∇^{T X}_τ^√_{vZ0 ei (}^√_{tZ)}K^X ( √ vZ_0 + √ tZ) = O (√ v|Z_0| + √ t|Z| )_2 . (8.42)

From (8.42), we deduce that for 1 ≤ j ≤ 2ℓ^{′′}, 1 ≤ j^′ ≤ 2ℓ^{′′}, |Z_0| ≤ ϵ_0/ √ v, (8.43)

ρ^2( √ tZ) t 4v ⟨ ∇^{T X}_τ^√_{vZ0 ej (}^√_{tZ)}zK^X ( √ vZ_0 + √ tZ), τ^{√vZ0} e_j′ ( √ tZ) ⟩ c_t(e_j )c_t(e_j′ ) =

ρ^2( √ tZ)|z|O ( |Z_0| + √ t v |Z| )_2√ tc_t(e_j ) √ tc_t(e_j′ ). Using the fact that t/v ≤ 1 and also Proposition 8.16, we find that the operator in (8.43) remains uniformly bounded with respect to | |_{t,v,Z0,0}. The same arguments show that if 1 ≤ j ≤ 2ℓ^{′′}, 2ℓ^{′′} + 1 ≤ j^′ ≤ 2ℓ^′, when replacing in (8.43) c_t(e_j′ ) by c_{t/v}(e_j′ ), the corresponding boundedness result still holds. Similarly, if for 2ℓ^′ +1 ≤ j^′ ≤ 2ℓ, in (8.43), we replace c_t(e_j′ ) by c(e_j′ ), we still obtain a uniform boundedness result.

Using again Proposition 8.16, if 2ℓ^{′′} + 1 ≤ j, j^′ ≤ 2ℓ^′, the operators t v c_{t/v}(e_j )c_{t/v} (e_j′ ) (8.44)

are uniformly bounded. Similarly for 2ℓ^{′′} + 1 ≤ j ≤ 2ℓ^′, 2ℓ^′ + 1 ≤ j^′ ≤ 2ℓ, since t/v ≤ 1, using Proposition 8.16, the operators^t_v c_t(e_j )c(e_j′ ) are uniformly bounded. Finally for 2ℓ^′ + 1 ≤ j, j^′ ≤ 2ℓ, the operators^t_v c(e_j )c(e_j′ ) are also uniformly bounded.

The proof of our Theorem is completed.

Remark 8.19. It should be pointed out that the term (8.40) could cause trouble. In fact its ”size” (after the standard Getzler rescaling, where for 1 ≤ j ≤ 2ℓ^′, c(e_j ) is changed into c_t(e_j )), is of the order z/v, while the size of the nonnegative term 1 v |zK^X |^2 is^{|z|2}_v , which is in fact smaller for small |z|.

Definition 8.20. Put L^{3,(t,v)} Z_0,K,n = − ( 1 − γ ( |Z| 2(n + 2) ))Δ^{T X} 2 + γ ( |Z| 2(n + 2) ) L^{3,(t,v)} Z_0,K . (8.45)

Using (8.25) and proceeding as in (7.146), i.e. using finite propagation speed, we get for Z ∈ T_RX_{y0} , |Z| ≤ p, ~F_{t,n}(L^{3,(t,v)}_{Z0 ,K} )(Z, Z^′) = ~F_{t,n}(L^{3,(t,v)}_{Z0,K,n+p})(Z, Z^′). (8.46)

Clearly, when replacing in (8.39) L^{3,(t,v)√}_{vZ0 ,zK0} by L^{3,(t,v)√}_{vZ0 ,zK0,n}, the estimates (8.39) still hold when assuming only that s, s^′ have compact support.

Now we use the notation of Section 7.10, while replacing the norms | |_{t,x,0}, | |_{t,x,1}, by the norms | |_{t,v,Z0,0}, | |_{t,v,Z0,1}. Then it follows from the above that the obvious analogue of Theorem 7.34 holds for L^{3,(t,v)√}_{vZ0,zK0,n}.

8.8. Regularizing properties of the resolvent of L^{3,(t,v)√}_{vZ0 ,zK0,n}. Now we proceed as in [BL, Section 11m)] and in Section 7.11. Since X_K is a compact manifold, there exists a finite family of smooth functions f_1, . . . , f_r : X → [0, 1] which have the following properties: • X_K = r⋂ j=1 { x ∈ X, f_j (x) = 0. }

• On X_K , df_1, . . . , df_r span N_{Xg,K /X,R}. Definition 8.21. Let Q_{t,v,Z0} be the family of operators Q_{t,v,Z0} = { ∇_{ei} , 1 ≤ i ≤ 2ℓ; z √ v ρ (√ tZ ) f_j (√ vZ_0 + √ tZ ) , 1 ≤ j ≤ r } . (8.47)

LetQ^j_{t,v,Z0} be the set of operators Q_1 . . . Q_j , with Q_i ∈ Q_{t,v,Z0} . Now we prove the obvious analogue of [BL, Proposition 11.29] and of Proposition 7.36.

Proposition 8.22. Take k ∈ N. There exists C_k > 0 such that if t ∈]0, 1], v ∈ [t, 1], n ∈ N, y_0 ∈ X_{g,K} , Z_0 ∈ N_{Xg,K /Xg ,R,y0} , |Z_0| ≤ ϵ_0/ √ v, z ∈ R, |z| ≤ 1, Q_1, . . . , Q_k ∈ Q_{t,v,Z0} , if s, s^′ ∈ C^∞ ( (T_RX)_{y0} , (Λ(T^∗_RX_g)^⊗Λ(N^{∗(0,1)}_{Xg /X} ) ⊗ E)_{y0} ) have compact support, then | | |⟨[Q1, [. . . Qk, L^{3,(t,v)√}_{vZ0,zK0,n}] . . . ]s, s⟩t,v,Z_0,0 | | | ≤ C(1 + n^2)|s|t,v,Z_0 ,0|s|t,v,Z_0 ,1. (8.48)

Proof. We proceed as in the proof of [BL, Proposition 11.29], and in the proof of Propositions 7.36. We concentrate here on the new terms with respect to [BL] and to Proposition 7.36. In fact note that

(8.49) [ ∇_{ei} , ρ^2 (√ tZ )|K^X (√vZ_0 + √ tZ|^2) 2v ] = ρ^2 (√ tZ ) √ t v ⟨∇^{T X}_{ei} K^X , K^X √ v ⟩ (√ vZ_0+ √ tZ )

+ √ t v (∇_{ei} ρ) (√ tZ ) ρ (√ tZ ) |K^X |^2 (√ vZ_0 + √ tZ ) √ v , and so

(8.50) | | |[∇e_i , ρ^2 (√ tZ )|K^X (√vZ_0 + √ tZ|^2 2v ] | | | ≤ C √ t v ( 1 + ρ^2 (√ tZ ) |K^X |^2 v (√ vZ_0 + √ tZ ) ) . Since^t_v ≤ 1, inequality (8.50) is enough to control the commutator in the left-hand side. Higher derivatives are even easier to control, since t/v is uniformly bounded.

Also, as we saw in the proof of Theorem 8.18, for any j, j^′,

∇_.⟨∇^{T X}_τ Z_{0 ej (Z)}K^X (Z_0 + Z), τ^{Z0} e_j′ (Z)⟩

(8.51)

vanishes for Z_0 = 0, Z = 0, so that

∇_.⟨∇^{T X}_τ Z_{0 ej (Z)}K^X (Z_0 + Z), τ^{Z0} e_j′ (Z)⟩ = O ( |Z_0| + |Z| ) . (8.52)

Using the fact that t/v ≤ 1 and also Proposition 8.16, we find that the commutator corresponding to (8.52) is uniformly bounded with respect to | |_{t,v,Z0,0}. Higher commutators are harmless, again because t/v ≤ 1 and also by Proposition 8.16.

The commutators with the^{1√}_v ρ (√ tZ ) f_j (√ vZ_0 + √ tZ ) ’s and the mixed commutators can be easily controlled. In fact

(8.53) [ ∇_{ei} , 1 √ v ρ (√ tZ ) f_j (√ vZ_0 + √ tZ ) ] = √ t v ( ∇_{ei} ρ (√ tZ ) f_j (√ vZ_0 + √ tZ ) + + ρ (√ tZ ) ∇_{ei} f_j (√ vZ_0 + √ tZ )) . Since t/v is bounded, the commutator corresponding to (8.53) is again harmless.

The proof of our Proposition is completed. If s ∈ C^∞ ( (T_RX)_{y0} , (Λ(T^∗_RX_g)^⊗Λ(N^{∗(0,1)}_{Xg /X} ) ⊗ E)_{y0} ) has compact support, put ‖s‖^2_{t,v,Z0,k} = k∑ j=0 ∑ Q∈Q^j_{t,v,Z0} |Qs|^2_{t,v,Z0,0}. (8.54)

We claim there is C > 0 such that for any z ∈ R, |z| ≤ 1, ‖s‖_{t,v,Z0,1} ≤ C|s|_{t,v,Z0,1}. (8.55)

Since f_j vanishes on X_K and since ∇^{T X}_. K^X |_{XK} acts as an invertible operator on N_{XK /X} ,there exists C > 0 such that for 1 ≤ j ≤ r, for x ∈ X, |f_j (x)| ≤ C|K^X (x)|, (8.56)

so that (8.55) holds. Then the obvious analogue of [BL, Theorem 11.30] and of Theorem 7.37 for L^{3,(t,v)}√_{vZ0 ,zK0,n} holds. In fact, using the analogue of Theorem 7.34 (which we just proved in Section 8.7), Proposition 8.22, (8.55) and proceeding as in the proof of [BL, Theorem 11.30], we obtain the analogue of Theorem 7.37.

8.9. Uniform estimates on the kernel of ~F_{t,n}(L^{3,(t,v)√}_{vZ0 ,zK0} ). Now we proceed as in [BL, Section 11 n)] and in Section 7.12.

Theorem 8.23. There exist C^′ > 0, C^{′′} > 0, C^{′′′} > 0 such that for η ∈]0, 1] small enough, z ∈ R^∗, |z| ≤ c_η, for m, m^′ ∈ N, there is C > 0, r ∈ N such that for t ∈]0, 1], v ∈ [t, 1], n ∈ N, y_0 ∈ X_{g,K} , Z_0 ∈ N_{Xg,K /Xg ,R,y0} , |Z_0| ≤ ϵ_0/ √ v, Z, Z^′ ∈ (T_RX)_{y0} , |Z|, |Z^′| ≤ ϵ_0/ √ t, (8.57) ( 1 + |zZ_0| )_m sup |α|,|α^′|≤m | | ∂^{|α|+|α′|} ∂Z^α∂Z^{′α′} ~F_{t,n}(L^{3,(t,v)}_{√vZ0,zK0} )(Z, Z^′) | | ≤ C ( 1 + |Z| + |Z^′| )_r( 1 + |Z_0| )_{2ℓ}′′ exp ( −C^′n^2/4 + 2C^{′′}η^2 sup(|Z|^2, |Z^′|^2) − C^{′′′}|Z − Z^′|^2 ) . Proof. We proceed as in the proof of [BL, Theorem 11.31], [B13, Theorem 11.14], and of Theorem 7.38. Then the obvious analogue of (7.179) holds, with Q ∈ Q^k_{t,v,Z0} , Q^′ ∈ Q^{k′}_{t,v,Z0} , k + k^′ ≤ q. We still define J^0_{y0,p} as in the proof of Theorem 7.38. The obvious analogue of (7.181) is now |s|_0 ≤ |s|_{t,v,Z0 ,0} ≤ C ( 1 + p )_{2ℓ}′ ( 1 + |Z_0| )_{2ℓ}′′ |s|_0. (8.58)

Therefore the analogue of (7.182) is now (8.59) ‖Q ~F_{t,n}(L^{3,t,v}√_{vZ0 ,zK0,n+p})Q^′‖_{∞,p} ≤ C ( 1 + p

)_{(2ℓ}′_{+mq )}( 1 + |Z_0| )_{2ℓ}′′ exp ( −C^′n^2/4 + 2C^{′′}η^2p^2 ) . Using Sobolev inequalities as in (7.183), we deduce from (8.59) that there exists

r ∈ N such that given α, α^′,

(8.60) sup |Z|≤p,|Z^′ |≤p | | ∂^{|α|+|α′|} ∂Z^α∂Z^{′α′} ~F_{t,n}(L^{3,t,v}_{√vZ0,zK0,n+p})(Z, Z^′) | | ≤ C(1+p)(2ℓ^′+r)(1+|Z_0|)2ℓ^{′′} exp ( −C^′n^2/4 + 2C^{′′}η^2p^2 ) . Now we exploit the fact that the operators ρ (√ tZ )_{z√} v f_j ( √ vZ_0 + √ tZ) also lie

in Q_{t,v,Z0} . In fact since the df_j |_{XK} ’s span N_{XK /X,R}, there is C > 0 such that on X, r∑ j=1 f^2_j (x) ≥ Cd^{X,2}(x, X_K ). (8.61)

By (7.112), if |Z| ≤ 2ϵ_0/ √ t, then ρ (√ tZ ) = 1. Using (8.59) and proceeding as in

the proof of (8.60), we find that given k^′ ∈ N and α, α^′,

(8.62) sup |Z|,|Z′ |≤ inf(p,ϵ0 / √ t) | | | {[ z2 v d^{X,2} (√ vZ_0+ √ tZ, X_K )]k^′ ∂^{|α|+|α′|} ∂Z^α∂Z^{′α′} ~F_{t,n}(L^{3,t,v}_{√vZ0,zK0,n+p})(Z, Z^′) }| | ≤

C ( 1 + p

)_{(2ℓ}′_{+r)}(

1 + |Z_0| )_{2ℓ}′′ exp ( −C^′n^2/4 + 2C^{′′}η^2p^2 ) . If |Z_0| ≤ ϵ_0/ √ v, |Z| ≤ inf(p, ϵ_0/ √ t), if t/v ≤ 1, 1 √ v d^X ( √ vZ_0, X_K ) ≤ 1 √ v d^X ( √ vZ_0 + √ tZ, X_K ) + Cp, (8.63) 1 √ v d^X ( √ vZ_0, X_K ) = |Z_0|.

Using (8.62), (8.63), we find that given k^′ ∈ N, and α, α^′, there exist C > 0, r ∈ N

such that (8.64) sup_{|Z|,|Z′ |≤} inf(p,ϵ0 / √ t) | ||zZ0|^{k′} ∂^{|α|+|α′|} ∂Z^α∂Z^{′α′} ~F_{t,n}(L^{3,t,v}_{√vZ0 ,zK0,n+p})(Z, Z^′) | | ≤

C ( 1 + p

)_{(2ℓ}′_{+r)}(

1 + |Z_0| )_{2ℓ}′′ exp ( −C^′n^2/4 + 2C^{′′}η^2p^2 ) . By proceeding as in the proof of Theorem 7.38, i.e. by replacing ~F_{t,n} by ~F^h_{t,n}

and using finite propagation speed, we obtain in the right-hand side of (8.64) the

extra factor exp ( −C^{′′′}|Z − Z^′|^2 ) , i.e. we have established (8.57).

The proof of our Theorem is completed.

8.10. An estimate on the kernel of ~F_t(L^{3,(t,v)√}_{vZ0 ,zK0} ). We will proceed formally

as in Section 7.13. We extend the definition of |s|_{t,v,Z0,0}, |s|_{t,v,Z0 ,1} to the case where

t = 0. Now we prove the analogue of [BL, Theorem 11.35] and of Theorem 7.39.

Theorem 8.24. There exists C > 0, r ∈ N such that for t ∈]0, 1], v ∈ [t, 1], z ∈ R, |z| ≤ 1, n ∈ N, y_0 ∈ X_{g,K} , Z_0 ∈ N_{Xg,K /Xg ,R,y0} , |Z_0| ≤ ϵ_0/ √ v, then

(8.65) | | ( L^{3,(t,v)} √ vZ_0,zK_0 ,n − L 3,(0,v) √ vZ_0 ,zK_0,n ) s | t,v,Z_0 ,−1 ≤ C ( 1 + n^r ) √ t v ( 1 + |Z_0| ) |s|_{0,v,Z0,1}. Proof. We need to establish an analogue of (7.193). We only consider the terms

which do not appear in the proof of [BL, Theorem 11.35] and of Theorem 7.39.

Clearly

(8.66) 1 v ( |K^X ( √ vZ_0 + √ tZ)|^2 − |K^X ( √ vZ_0)|^2 ) = 1 v ⟨ K^X ( √ vZ_0 + √ tZ) − K^X ( √ vZ_0), K^X ( √ vZ_0 + √ tZ) + K^X ( √ vZ_0) ⟩ . From (8.66) and from the fact that K^X vanishes on X_{g,K} , so that for (Z_0, Z) =

(0, 0), then K^X ( √ vZ_0 + √ tZ) = 0, we get

(8.67) 1 v ( |K^X ( √ vZ_0 + √ tZ)|^2 − |K^X ( √ vZ_0)|^2 ) = 1 v O ( | √ tZ|(| √ vZ_0| + | √ tZ| )) = O (√ t/v|Z||Z_0| + (t/v)|Z|^2 ) . From (8.67), we deduce that for t ∈]0, 1], v ∈ [t, 1], |Z| ≤ n,

(8.68) | | | 1 v ( |K^X ( √ vZ_0 + √ tZ|^2) − |K^X ( √ vZ_0)|^2 )| | | ≤ C √ t v (1 + n^2) ( 1 + |Z_0| ) . Now we have to consider the terms containing ∇^{T X}_. K^X . By (8.41), we get for 1 ≤ j, j^′ ≤ 2ℓ, (8.69) ⟨ ∇^{T X}_τ^√_{vZ0 ej (}^√_{tZ)}K^X (√ vZ_0 + √ tZ ) , τ^{√vZ0} e_j′ ( √ tZ) ⟩ − ⟨ ∇^{T X}_τ^√_{vZ0 ej (0)}K^X (√ vZ_0 ) , τ^{√vZ0} e_j′ (0) ⟩ = O (√ t|Z| ) O (√ v|Z_0| + √ t|Z| ) . Using Proposition 8.16 and (8.69), we get (8.65) easily. The proof of our Theorem

is completed.

Now we establish an analogue of [BL, Theorem 11.36] and of Theorem 7.40.

Theorem 8.25. Given η ∈]0, 1], there exist c_η ∈]0, 1], d > 0, r ∈ N such that if z ∈ R, |z| ≤ c_η, t ∈]0, 1], v ∈ [t, 1], n ∈ N, Z_0 ∈ N_{Xg,K /Xg ,R,y0} , |Z_0| ≤ ϵ_0/ √ v, λ ∈

U_{ηn+d}, if s has compact support, then

(8.70) | |((λ − L3,(t,v)_{√vZ} 0 ,zK_0,n) −1 − (λ − L^{3,(0,v)}√_{vZ0 ,zK0,n})^{−1} ) s | | t,v,Z_0,0 ≤ C √ t v (1 + n^r) ( 1 + |Z_0| ) (1 + |λ|^r )|s|_{0,v,Z0,0}. Proof. We use Theorem 8.24, and we proceed as in the proof of Theorem 7.40. The proof of our Theorem is completed.

Now we establish an analogue of Theorem 7.41.

Theorem 8.26. For η ∈]0, 1] small enough, there exist C > 0, r ∈ N such that if t ∈]0, 1], v ∈ [t, 1], n ∈ N, z ∈ R, |z| ≤ c_η , y_0 ∈ X_{g,K} , Z_0 ∈ N_{Xg,K /Xg ,R,y0} , |Z_0| ≤ ϵ_0/ √ v, p ∈ N, then (8.71) ‖ ~F_{t,n} ( L^{3,(t,v)} √ vZ_0 ,zK_0 ) − ~F_{0,n} ( L^{3,(0,v)} √ vZ_0 ,zK_0 ) ‖_{∞,p} ≤ C √ t v ( 1 + |Z_0|

)_{2ℓ}′′_{+1} (1 + p)^r exp ( −C^′n^2/4 + 2C^{′′}η^2p^2 ) . Proof. Using (8.58) and Theorem 8.25, the proof of our Theorem is the same as the proof of Theorem 7.41.

Theorem 8.27. There exist C^′ > 0, C^{′′} > 0, C^{′′′} > 0 such that for η ∈]0, 1] small enough, there is c_η ∈]0, 1] such that given m ∈ N, there is C > 0 for which if t ∈]0, 1], v ∈ [t, 1], z ∈ R, |z| ≤ c_η, n ∈ N, y_0 ∈ X_{g,K} , Z_0 ∈ N_{Xg,K /Xg ,R,y0} , |Z_0| ≤ ϵ_0/ √ v, Z, Z^′ ∈ (T_RX)_{y0} , |Z|, |Z^′| ≤ ϵ_0/ √ t, (8.72) | | ( ~ F_{t,n}(L^{3,(t,v)√}_{vZ0,zK0} ) − ~F_{0,n}(L^{3,(0,v)√}_{vZ0 ,zK0} ) ) (Z, Z^′ | | ≤ C ( t v )_{1/4(2ℓ+1)} (1 + |Z_0|)^{2ℓ′′ +1} ( (1 + |zZ_0| )_m ( 1 + |Z| + |Z^′| )_r

exp ( −C^′n^2/4 + 2C^{′′}η^2 sup(|Z|^2, |Z^′|^2) − C^{′′′} 2 |Z − Z^′|^2 ) . Proof. Using Theorems 8.23 and 8.27, the proof of our Theorem is the same as the proof of Theorem 7.42.

Theorem 8.28. There exist C^′ > 0, C^{′′} > 0, C^{′′′} > 0 such that for η ∈]0, 1] small enough, there exists c_η ∈]0, 1] such that given m ∈ N, there exists C > 0 such that if t ∈]0, 1], v ∈ [t, 1], z ∈ R, |z| ≤ c_η , y_0 ∈ X_{g,K} , Z_0 ∈ N_{Xg,K /Xg ,R,y0} , |Z_0| ≤ ϵ_0/ √ vZ, Z^′ ∈ (T_RX)_{y0} , |Z|, |Z^′| ≤ ϵ_0/ √ t, (8.73) | | ( ~ F_t(L^{3,(t,v)√}_{vZ0,zK0} ) − exp ( −L^{3,(0,v)} √ vZ_0 ,zK_0 ) (Z, Z^′ )| | ≤ C ( t v )_{1/4(2ℓ+1)} ( 1 + |Z_0|

)_{2ℓ}′′_{+1} ( 1 + |zZ_0| )_m ( 1 + |Z| + |Z^′| )_r

exp ( 2C^{′′}η^2 sup(|Z|^2, |Z^′|^2) − C^{′′′} 2 |Z − Z^′|^2 ) . Proof. Our Theorem follows from (7.142) and from Theorem 8.27.

8.11. A proof of Theorem 8.8. Now we take c > 0 as in (7.213). By (8.73),

there exists C^{′′′′} > 0 such that if Z ∈ N_{Xg /X,R,y0} , |Z| ≤ ϵ_0/ √ t, (8.74) | |( ~F_t(L3,(t,v)_{√vZ} 0 ,zK_0 ) − exp ( −L^{3,(0,v)} √ vZ_0,zK_0 )) (g^{−1}Z, Z) | | ≤

C ( t v )_{1/4(2ℓ+1)} ( 1 + |Z_0|

)_{2ℓ}′′_{+1} ( 1 + |zZ_0| )_m ( 1 + |Z| )_r exp ( 4C^{′′}η^2|Z|^2 − C^{′′′′}|Z|^2 ) . For η ∈]0, 1] small enough, 4C^{′′}η^2 − C^{′′′′} ≤ −C^{′′′′}/2. (8.75)

Using (8.74), (8.75), for Z ∈ N_{Xg /X,R,y0} , |Z| ≤ ϵ_0/ √ t, (8.76) | | | ( ~F_t(L^{3,(t,v)} √ vZ_0 ,zK_0 ) − exp ( −L^{3,(0,v)} √ vZ_0,zK_0 )) (g^{−1}Z, Z) | | | ≤ C ( t v )_{1/4(2ℓ+1)} ( 1 + |Z_0|

)_{2ℓ}′′_{+1} ( 1 + |zZ_0|

)_m exp ( − C^{′′′′} 4 |Z|^2 ) . Now using (8.7), we get

μ_1 (√ vZ_0 + √ tZ ) − μ_1 (√ vZ_0 ) v = O (√ t|Z| ) O (√ t|Z| + √ v|Z_0| ) v , (8.77)

so that | | | μ_1 (√ vZ_0 + √ tZ ) − μ_1 (√ vZ_0 ) v | | | ≤ C ( t v |Z|^2 + ( t v )_{1/2} |Z||Z_0| ) . (8.78)

Also by (8.10), | | μ1 (√ vZ_0 ) v | | ≤ C|Z_0|_2. (8.79)

Using (7.224), (8.21), (8.29),(8.30), (8.57), (8.76), (8.78), (8.79), we get (8.23). The

proof of Theorem 8.8 is completed.

8.12. The supertrace containing μ_1.

Theorem 8.29. There exist c > 0, r ∈ N, C > 0, γ ∈]0, 1] such that if z ∈ R^∗, |z| ≤

c, then |z|^r | | |Tr^s [ iμ_1 v exp ( −L_K − tD^{X,2}_{1t − 1v} )] + ~e_{v,1} | | | ≤ C ( t v )_γ . (8.80)

Proof. Let k(y_{0,}Z_0) be the function defined on X_g ∩ U_ϵ′_0 by the relation dv_{Xg} (y_{0,}Z_0) = k(y_0, Z_0)dv_{Xg,K} (y_0)dv_{NXg,K /Xg} (Z_0). (8.81)

Then k|_{Xg,K} = 1. (8.82)

Recall that ~F_t ( L_K + tD^{X,2}_{1t − 1v} ) (g^{−1}x, x) vanishes on X \ U_{ϵ0} . Using (7.89), (8.81),

we get

(8.83) ∫ U^′_{ϵ0} Tr_s [ iμ_1 v g ~F_t ( L_K + tD^{X,2}_{1t − 1v} )(g^{−1}x, x) ] dv_X (x) (2π)^{dim X} + ∫ X_g ∩U^′_{ϵ0} β_{v,1} dv_{Xg} (2π)^{dim Xg} = ∫ X_{g,K} v^{dim NXg,K /Xg} [∫ Z0∈NX g,K /Xg ,R,y0 ,|Z0|≤ϵ0 / √ v Z∈NXg /X,R,y 0 ,|Z|≤ϵ0 Tr_s [ iμ_1 v g ~F_t ( L_K + tD^{X,2}_{1t − 1v} )

( g^{−1}(y_0, √ vZ_0, Z), (y_0, √ vZ_0, Z) ) ] k(y_0, √ vZ_0, Z) dv_{NXg /X} (Z) (2π)^{dim NXg /X} + β_{v,1}(y_0, √ vZ_0) ]

k(y_0, √ vZ_0) dv_{NXg,K /Xg} (Z_0) ( 2π )_{dim NXg,K /Xg} dv_{Xg,K} (y_0) ( 2π )_{dim Xg,K} . Using Theorem 8.8 and (8.83), we find that there exists C > 0 such that for z ∈ R^∗, |z| ≤ c, (8.84) |z|^{2ℓ′′ +1} | | | | ∫ U^′_{ϵ0} Tr_s [ iμ_1 v g ~F_t ( L_K + tD^{X,2}_{1t − 1v} ) (g^{−1}x, x) ] dv_X (x) (2π)^{dim X} + ∫ X_g ∩U^′_{ϵ0} β_{v,1} dv_{Xg} (2π)^{dim Xg} | | | | ≤ C ( t v )_γ

. Now we claim similar estimates can be very easily obtained for

(8.85) | | | | ∫ X\U^′_{ϵ0} Tr_s [ iμ_1 v g ~F_t ( L_K + tD^{X,2}_{1t − 1v} )(g^{−1}x, x) ] dv_X (x) (2π)^{dim X} + ∫ X_g \U^′_{ϵ0} β_{v,1} dv_{Xg} (2π)^{dim Xg} | | | | | . In fact, on X \ U^′_{ϵ0} , we observe that^1_{2v} |K^X |^2 has a positive lower bound. We

then adapt the above techniques to the case where X_{g,K} = ∅. In particular for

1 ≤ i ≤ 2ℓ^′, the Clifford variables c(e_i) are now replaced by c_{t/v}(e_i), while being

unchanged for 2ℓ^′ + 1 ≤ i ≤ 2ℓ. The potentially annoying term^{iμ1}_v is more than

killed by the presence of the term^1_{2v} |K^X |^2. Details are left to the reader.

The proof of Theorem 8.29 is completed.

8.13. Control of the term containing μ_2. The purpose of this Section is to

prove the following second key result.

Theorem 8.30. There exists c ∈]0, 1], C > 0, γ ∈]0, 1] such that for z ∈ R, |z| ≤ c, t ∈]0, 1], v ∈ [t, 1] |z|^2 | | |Tr^s [ iμ_2 v exp ( −L_K + tD^{X,2}_{1t − 1v} ) ] + ~e_{v,2} | | | ≤ C ( t v )_γ . (8.86)

Proof. The remainder of the Section is devoted to the proof of this result.

We take odd Grassmann variables da, da as in Sections 4.5 and 7.14, and we use the notation in (7.230). Set B_{t,v,} = L_K + tD^{X,2}_{1t − 1v} + da √ tD^X_− 1_{t −} 1_v .

(8.87)

Proposition 8.31. The following identity holds,

(8.88) B_{t,v} = − t 2 ( ∇^{Λ(T ∗(0,1) X)⊗E} e_I − ( 1 t + 1 v ) ⟨K^X , e_i⟩ 2 − dac(e_i) √ 2t )2

+ |K^X |^2 2v + t 8 H + t 4 c(e_i)c(e_j ) (( R^E + 1 2 Tr[R^{T X} ] ) (e_i, e_j ) − 1 v ⟨∇^{T X} K^X , e_j ⟩ )

− ( m^E (K) + 1 2 Tr[m^{T X} (K) ) . Proof. Our identity follows from easily from (8.1).

Proposition 8.32. The following identity holds,

(8.89) t ∂ ∂t Tr_s [ iμ_2 v g exp ( −L_K − tD^{X,2}_{1t − 1v} )] = 1 v Tr_s [√ t 2 c ( i∇_.μ_2 ) g exp (−B_{t,v}) ]_{da} . Proof. Clearly,

(8.90) ∂ ∂t Tr_s [ iμ_2 v g exp ( −L_K − tD^{X,2}_{1t − 1v} )] = ∂ ∂b Tr_s [ iμ_2 v g exp ( −L_K − tD^{X,2}_{1t − 1v} − b[ √ tD^X1_{t −} 1_v , ∂ ∂t (√ tD^X1_{t −} 1_v ) ] )] b=0 = − ∂ ∂b Tr_s [ [ √ tD^X1_{t −} 1_v , iμ_2 v ]g exp ( −L_K − tD^{X,2}_{1t − 1v} − b ∂ ∂t (√ tD^X1_{t −} 1_v ) )] . Clearly, [ √ tD^X1_{t −} 1_v , iμ_2 v ] = 1 v √ t 2 c(∇_.iμ_2), (8.91) t ∂ ∂t (√ tD^X1_{t −} 1_v ) = √ t 2 D^X_− 1_{t −} 1_v .

From (8.90)-(8.91), we get (8.89).

Remark 8.33. Incidentally note that 1 v Tr_s [√ t 2 c ( i∇_.μ_2 ) g exp (−B_{t,v}) ] = 1 v Tr_s [√ t 2 c ( i∇_.μ_2 ) g exp (−B_{t,v}) ]_{da} , (8.92)

because, if we make da = 0, in the left-hand side of (8.92), we evaluate the supertrace of an odd operator, which is 0.

By (7.80), exp (−B_{t,v}) = ~F_t ( B_{t,v} ) + ~I_t ( tB_{t,v} ) . (8.93)

Now (8.94) tB_{t,v} = t^2D^{X,2} + t ( L_K + ( 1 − t v ) [D^X , c(K^X ) 2 √ 2 ] )

− ( 1 − t v )_2 |K^X |^2 8 + da ( t^{3/2}D^X − t^{1/2} ( 1 + t v ) c(K^X ) 2 √ 2 ) . By (8.94), it is clear that for t ∈]0, 1], v ∈ [t, 1] and |K| small enough, the operator tB_{t,v} verifies estimates similar to A_t in Theorem 7.11. One then finds easily that for |K| small enough, t ∈]0, 1], v ∈ [t, 1], ‖~I_t(B_{t,v})‖_1 ≤ C exp ( −C^′/t ) . (8.95)

In particular, by (8.95), we get for t ∈]0, 1], v ∈ [t, 1], | | | 1 v Tr_s [√ t 2 c ( i∇_.μ_2 ) g ~I_t(tB_{t,v} ) ]_{da}| | | ≤ C exp ( −C^′/t ) . (8.96)

By (8.88), and proceeding as in [BGS1, II, proof of Theorem 2.16] [BeGeV, Chapter 10] , we find that as t → 0,

Tr_s [√ t 2 c ( i∇_.μ_2 ) ~ F_t ( −B_{t,v} ) ] → 0. (8.97)

Incidentally, note that because of the Grassmann variable da, the relevant techniques to establish (8.97) are either probabilistic, or use techniques developed in [BeGeV] to establish the local families index theorem of [B4]. Note here that the relevant computations in a more complicate context have already been done in [B14, Section 12] (see in particular [B14, eq. (12.44) and (12.48)]). Also (8.97) fits nicely with (8.89).

Now we will exploit the essential fact that ∇_.μ_2 vanishes near X_K . In fact using (8.97) and proceeding as in Sections 8.4 -8.12, and in particular as in the end of the proof of Theorem 8.29, we find that given m ∈ N, t ∈]0, 1], v ∈ [t, 1], | | | z^2 v | | |^m | | |Trs [√ t 2 c ( i∇_.μ_2 ) ~ F_t ( B_{t,v} ) ]| | | ≤ C ( t v )_γ . (8.98)

In particular, by Proposition 8.32 and by (8.96), (8.98), for t ∈]0, 1], v ∈ [t, 1], |z|^2 | | | ∂ ∂t Tr_s [ i μ_2 v exp ( −L_K + tD^{X,2}_{1t − 1v} )]| | ≤ C t ( t v )_γ . (8.99)

By (8.97) and by integration of (8.99) in the variable t , we get |z| | |Tr_s[i μ2 v exp ( −L_K − tD^{X,2}_{1t − 1v} )] + ~e_{v,2} | | ≤ C ( t v )_γ . (8.100)

From (8.96), (8.100), we get (8.86), i.e. we have completed the proof of Theorem 8.30.

8.14. A proof of the last part of Theorem 6.6. When v ∈ [1, +∞[,^1_v remains bounded. By using the methods of Section 7 and of the present Section, one sees easily that for z ∈ R, and |z| small enough, there exists C > 0 such that for t ∈]0, 1], v ∈ [1, +∞[, | | |Trs [ i⟨μ, K⟩g exp ( −L_K − tD^{X,2}_{1t − 1v} )]| | ≤ C, (8.101)

which is equivalent to (6.13). The proof of Theorem 6.6 is completed.

9. A proof of Theorem 6.7

The purpose of this Section is to establish Theorem 6.7. We use techniques which are closely related to [BL, Section 12], and also to Sections 7 and 8. The main difficulty with respect to [BL] is still to obtain the adequate control of the considered operators for |z| small enough.

This Section is organized as follows. In Section 9.1, we establish an algebraic identity on supertraces, which we will need to obtain the two terms in the asymptotic expansion in Theorem 6.7. In Section 9.2, we state our main convergence result. Sections 9.3-9.6 are devoted to the proof of this result. In Section 9.3, we establish a Lichnerowicz formula. In Section 9.4, we make a local change of coordinates near X_{g,K} and introduce a simple Getzler rescaling on the Clifford algebra. This coordinate system turns out to be too elementary, and does not allow us to obtain the adequate control of the local supertraces. In Section 9.5, a more complicate coordinate system is introduced near X_{g,K} , which is compatible with what we did in Sections 7 and 8. This will allow us to establish the right estimates, and prove the result announced in Section 9.2. Finally, in Section 9.7, we prove Theorem 6.7.

In this Section, we use the notation in Sections 7-9. Also we fix g ∈ G, K_0 ∈ z(g), and we assume that K = zK_0, with z ∈ R^∗.

9.1. A simple identity of supertraces. Let da, da be odd anticommuting Grassmann variables as in Sections 7.14 and 8.13. Then da, da span Λ^1(R^2) ⊗_R C.

Definition 9.1. Put

C_{t,v} = L_K + tD^{X,2}_{1t (1− 1v )} − da 2v √ t c(iJ^{T X} K^X ) + da √ t √ 2 D^X_− 1_{t (1−} 1_{v )}.

(9.1)

Proposition 9.2. The following identity holds, ∂ ∂t Tr_s [ i⟨μ, K⟩ v g exp ( −L_K − tD^{X,2}_{1t (1− 1v} ) ] = Tr_s [ g exp ( −C_{t,v} )]_{dada} . (9.2)

Proof. Clearly,

(9.3) ∂ ∂t Tr_s [ i⟨μ, K⟩ v g exp ( −L_K − tD^{X,2}_{1t (1− 1v} )]

= ∂ ∂b Tr_s [ i⟨μ, K⟩ v g exp ( −L_K − tD^{X,2}_{1t (1− 1v )} − b[ √ tD^X1_{t (1−} 1_{v )}, ∂ ∂t √ tD^X1_{t (1−} 1_{v )}] )] |_{b=0} = − ∂ ∂b Tr_s [ [ √ tD^X1_{t (1−} 1_{v )}, i⟨μ, K⟩ v ] exp ( −L_K − tD^{X,2}_{1t (1− 1v )} − b ∂ ∂t √ tD^X1_{t (1−} 1_{v )} )] |_{b=0}. By (1.17), (2.4), [ √ tD^X1_{t (1−} 1_{v )}, i⟨μ, K⟩ v ] = √ t √ 2v c(i∇_.⟨μ, K⟩) = √ t √ 2v c(iJ^{T X} K^X ). (9.4)

Also t ∂ ∂t √ tD^X1_{t (1−} 1_{v )} = √ t 2 D^X_− 1_{t (1−} 1_{v )}.

(9.5)

So by (9.3)-(9.5), we get (9.2).

Remark 9.3. Put

(9.6) C^′_{t,v} = L_{(1−} 1_{v )K} + tD^{X,2}_{1t (1− 1v )} − da 2v √ t c(iJ^{T X} K^X ) + da √ t √ 2 D^X_− 1_{t (1−} 1_{v )}.

Then

Tr_s [ g exp ( −C_{t,v} )] = Tr_s [ ge^{K/v} exp ( −C^′_{t,v} )] . (9.7)

We make temporarily da = 0, da = 0. Observe that

C^′_{t,v} = L_{(1−} 1_{v )K} + tD^{X,2}_{1t (1− 1v )}

is just the operator L_K + tD^{X,2}_{1t} , with K replaced by (1 −^1_v )K. By (9.7), Tr_s[g exp ( −C_{t,v} ) ] is just Tr_s[g^′ exp ( −L_K − tD^{X,2}_{1t} ) , with K replaced by (1 −^1_v )K, and g^′ replaced by ge^{K/v}. Incidentally note that by (2.41), this quantity is just L(ge^K ). So the considerations which follow are relevant only when da, da are nonzero. Still, to make our discussion simpler, we concentrate on the trivial case da = 0, da = 0, by discussing the behaviour as t → 0 of the associated local supertraces.

By using the techniques of Section 7, if g^′ ∈ G, if K_0 ∈ z(g^′), if for z ∈ R, K = zK_0, for |z| small enough, as t → 0, the local supertrace of Tr_s[g^′ exp ( −L_{(1−} 1_{v K} − tD^{X,2}_{1t (1− 1v} ) ] converges to an an explicit current over X_g′ . Still, by (7.212)-(7.215), the size of |z| is explicitly related to g^′. Here g^′ = ge^{K/v} depends on z. This already indicates that the techniques of Section 7 cannot be used directly to establish a convergence result for Tr_s [ g exp ( −C_{t,v} )]_{dada} as t → 0.

9.2. A convergence result.

Theorem 9.4. For z ∈ R^∗, and |z| small enough, for any v ∈ [1, +∞[, as t → 0,

Tr_s [ g exp ( −C_{t,v} )]_{dada} → ∫ X_{g,K} Td_{ge}K (T X)Φ_{1/v,g,K} (N_{XK /X} )ch_{ge}K (E). (9.8)

Proof. The purpose of Sections 9.3-9.6 is to establish our Theorem.

9.3. A Lichnerowicz formula.

Theorem 9.5. The following identity holds,

(9.9) C_{t,v} = − t 2 ( ∇^{Λ(T ∗(0,1) X)⊗E} e_i − 1 2t (1 + 1 v )⟨K^X , e_i⟩ − da 2 √ t c(e_i) )_2

− da 2v √ t c(iJ^{T X} K^X ) + da 2v √ t c(K^X ) + |K^X |^2 2vt + t 8 H + t 4 c(e_i)c(e_j ) ( R^E + 1 2 Tr[R^{T X} ] ) (e_i, e_j ) − 1 4v ⟨∇^{T X}_{ei} K^X , e_j ⟩c(e_i)c(e_j ) − ( m^E (K) + 1 2 Tr[m^{T X} (K)] ) . Proof. When da = 0, da = 0, (9.9) is just (8.1), with v replaced by tv. It is then easy to verify that (9.9) extends to the general case.

Again, we write exp ( −C_{t,v} ) = ~F_t ( C_{t,v} ) + ~I_t ( tC_{t,v} ) . (9.10)

Then

(9.11) tC_{t,v} = t^2D^{X,2} + t^{3/2} √ 2 daD^X + t ( L_K + ( 1 − 1 v ) [D^X , c(K^X ) 2 √ 2 ] )

+ √ t ( − da 2v c(iJ^{T X} K^X ) − da(1 − 1 v ) c(K^X ) 4 ) − ( 1 − 1 v )_2 |K^X |^2 8 . By proceeding as in Sections 7.3 and 8.4, we find that for t ∈]0, 1], v ∈ [1, +∞[, |z| small enough, ‖~I^√_t ( tC_{t,v} ) ‖_1 ≤ C exp ( −C^′/t ) . (9.12)

As in Sections 7.3 and (8.6, the problem of evaluating the limit as t → 0 of Tr_s[g exp ( −C_{t,v} ) ]^{dada} is now localized on X_g .

Clearly, there exists ϵ_0 ∈]0, a^X /8] such that if ϵ ∈]0, 8ϵ_0], the map (y_0, Z) ∈ N_{Xg,K /X,R} → exp^X_{y0} ( Z ) ∈ X induces a diffeomorphism from the ϵ-neighborhood U_ϵ of X_{g,K} in N_{Xg,K /X} on the tubular neighborhood V_ϵ of X_{g,K} in X.

As explained in Section 8.3, we may as well assume that ϵ_0 = ϵ^′_0 = ϵ^{′′}_0 = ϵ_0. So we now use the notation ϵ_0 instead of ϵ_0.

Definition 9.6. Let^1∇^{Λ(T ∗(0,1) X)⊗E ^⊗Λ(R2)⊗RC} be the connection on Λ(T^{∗(0,1)}X)⊗ E ^⊗Λ(R^2) ⊗_R C,

1∇^{Λ(T ∗(0,1) X)⊗E ^⊗Λ(R2 )⊗RC} = ∇^{Λ(T ∗(0,1) X)⊗E} . − ( 1 + 1 v ) K^{′X} 2 − da 2 c(.). (9.13)

Now we will evaluate the curvature of^1∇^{Λ(T ∗(0,1) X)⊗E ^⊗Λ(R2)⊗RC}.

Proposition 9.7. The following identity holds,

(9.14)^1∇^{Λ(T ∗(0,1) X)⊗E⊗Λ(R2)⊗RC,2} = 1 4 ⟨R^{T X} e_i, e_j ⟩c(e_i)c(e_j ) + 1 2 Tr[R^{T X} ] + R^E − ( 1 + 1 v ) dK^{′X} 2 . Proof. This follows from (9.13).

Let A, B be smooth sections of T_RX. By (9.13), 1∇^{Λ(T ∗(0,1) X)⊗E ^⊗Λ(R2)⊗RC} A c(B) = c(∇^{T X}_A B) + da⟨A, B⟩. (9.15)

Let c^1(T_RX) ≃ T_RX be the set of elements of c(T_RX) which have length 1. By (9.15), it follows that parallel transport with respect to^1∇^{Λ(T ∗(0,1) X)⊗E ^⊗Λ(R2)⊗RC} maps c^1(T_RX) into c^1(T_RX) ⊕ C(da).

Definition 9.8. For t > 0, put 1∇^{Λ(T ∗(0,1) X)⊗E⊗Λ(R2)⊗RC,t} = ∇^{Λ(T ∗(0,1) X)⊗E} − ( 1 + 1 v ) K^{′X} 2t − da 2 √ t c(.). (9.16)

Clearly^1∇^{Λ(T ∗(0,1) X)⊗E⊗Λ(R2 )⊗RC,t} is obtained from^1∇^{Λ(T ∗(0,1) X)⊗E ^⊗Λ(R2)⊗RC} by scaling K into K/t, and da into da/ √ t. Then

(9.17)^1∇^{Λ(T ∗(0,1) X)⊗E⊗Λ(R2)⊗RC,t,2} = 1 4 ⟨R^{T X} e_i, e_j ⟩c(e_i)c(e_j ) + 1 2 Tr[R^{T X} ] + R^E − ( 1 + 1 v ) dK^{′X} 2t . Finally the connections^1∇^{Λ(T ∗(0,1) X)⊗E ^⊗Λ(R2 )⊗RC} and^1∇^{Λ(T ∗(0,1) X)⊗E⊗Λ(R2 )⊗RC,t} are g-invariant.

9.4. A change of coordinates and a Getzler rescaling: a first simple approach. Here, we follow again the strategy of [BL, Sections 11 and 12] and of Section 8. Namely we will concentrate on the proof of estimates near X_{g,K} , while in principle we should also prove corresponding estimates near X_g. However the proof of the estimates near X_g and far from X_{g,K} are in fact much easier.

Take y_0 ∈ X_{g,K} . As in Section 8.6, if Z ∈ (T_RX)_{y0} , |Z| ≤ 4ϵ_0, we identify Z to exp_{y0} (Z) ∈ X. If Z ∈ ( T_RX ) y_0 , |Z| ≤ 4ϵ0, we identify ( Λ(T^{∗(0,1)}X)⊗E ^⊗Λ(R^2)⊗_R C ) Z to ( Λ(T^{∗(0,1)}X) ⊗ E ^⊗Λ(R^2) ⊗_R C ) y_0 by parallel transport with respect to

1∇^{Λ(T ∗(0,1) X)⊗E⊗Λ(R2)⊗RC,t} along the curve t ∈ [0, 1] → tZ ∈ X.

We still define ρ(Z) as in (7.111), so that (7.112) holds.

Definition 9.9. Let L^{1,(t,v)}_{y0,K} be the operator L^{1,(t,v)} y_0,K = ( 1 − ρ^2(Z) )( − t 2 Δ^{T X} ) + ρ^2(Z)C_{t,v}. (9.18)

Then L^{1,(t,v)} y_0,K ∈ ( c(T_RX) ⊗ End(E) ) y_0 ^⊗Λ(R

2 ⊗_R C) ⊗ Op_{y0} .

(9.19)

We still define H_t as in (7.117). Let L^{2,(t,v)}_{y0,K} be obtained from L^{1,(t,v)}_{y0,K} as in (7.118).

Let (e_1, . . . e_{2ℓ}) be an orthonormal oriented basis of (T_RX)_{y0} taken as after Definition 8.9.

Definition 9.10. Let L^{3,(t,v)}_{y0,K} be the operator obtained from L^{2,(t,v)}_{y0,K} by replacing c(e_i) by c_t(e_i) for 1 ≤ i ≤ 2ℓ^{′′}, while leaving the c(e_i)’s unchanged for 2ℓ^{′′} + 1 ≤ i ≤ 2ℓ. Let j^′ : X_{g,K} → X be the obvious embedding. The tensors which are considered in the following definition are evaluated at y_0.

Definition 9.11. Let L^{3,(0,v)}y_0 be the operator

(9.20) L^{3,(0,v)}_{y0,K} = − 1 2 ( ∇_{ei} + 1 2 ⟨ ( j^{′ ∗}R^{T X} − ( 1 + 1 v ) ∇^{T X}_. K^X ) Z, e_i⟩ )_2

+ 1 2v | |∇_{T XZ} K_X | |^2 − 1 4v ⟨∇^{T X}_{ei} K^X , e_j ⟩c(e_i)c(e_j ) + 1 2v ⟨j^{′ ∗}R^{T X} ∇^{T X}_Z K^X , Z⟩ − i da 2v c ( J^{T X} ∇^{T X}_Z K^X ) − i dada 2v ⟨J^{T X} ∇^{T X}_Z K^X , Z⟩ + j^{′ ∗} ( R^E + 1 2 Tr[R^{T X} ] )

− ( m^E (K) + 1 2 Tr[∇^{T X}_. K^X ] ) .

Theorem 9.12. For v > 0, as t → 0, L^{3,(t,v)} y_0,K → L 3,(0,v) y_0,K . (9.21)

Proof. If A is a differential operator, we denote by [A]^{(3)}_t the differential operator obtained from A by using the trivialization with respect to^1∇^{Λ(T ∗(0,1) X)⊗E⊗Λ(R2)⊗RC,t}, the rescaling of the coordinate Z and the Getzler rescaling of the Clifford variables which was given in Definition 9.10. We start from (9.9). Using (7.106), (7.108), (9.14) and proceeding as in Proposition 7.27, we find that as t → 0,

(9.22) [ − t 2 ( ∇^{Λ(T ∗(0,1) X)⊗E} e_i − 1 2t (1 + 1 v )⟨K^X , e_i⟩ − da 2 √ t c(e_i) )2]^{(3)} t →

− 1 2 ( ∇_{ei} + 1 2 ⟨ ( j^{′∗}R^{T X} − (1 + 1 v )∇^{T X} K^X ) Z, e_i⟩ )_2 . Let τe_j (Z) be the parallel transport of e_j along the curve t ∈ [0, 1] → tZ with respect to the connection ∇^{T X} . Let O_1 ( |Z|^2 ) be any object in ( c(T_RX_{g,K} )^⊗Λ(R^2)⊗_R C ) y_0 which is of length at most 1 and is also O(|Z|

2). By (9.15), in the trivialization associated to^1∇^{Λ(T ∗(0,1) X)⊗E ^⊗Λ(R2 )⊗RC}, c ( τe_j (Z) ) = c(e_j ) + da⟨Z, e_j ⟩ + O_1 ( |Z|^2 ) . (9.23)

From (9.23), we deduce that for 1 ≤ j ≤ 2ℓ^{′′}, [√ tc ( τe_j ( √ tZ) )](3) t = √ 2e^j ∧ +O (√ t|Z| ) , (9.24)

and that for 2ℓ^{′′} + 1 ≤ j ≤ 2ℓ, [ c(τe_j )( √ tZ) ]_{(3)} t = c(e_j ) + da⟨Z, e_j ⟩ + O (√ t|Z|^2 ) . (9.25)

By (8.41), ⟨iJ^{T X} K^X (Z), τe_j (Z)⟩ = ⟨iJ^{T X} ∇^{T X}_Z K^X_{y0} , e_j ⟩ + O ( |Z|^3 ) . (9.26)

Moreover c(K^X )(Z) = c(τe_j )(Z)⟨K^X (Z), τe_j (Z)⟩. (9.27)

A similar identity holds for c(iJ^{T X} K^X )(Z). By (9.24)-(9.27), we find that [ − da 2v √ t c(iJ^{T X} K^X )( √ tZ) ]_{(3)} t = − da 2v ( c(iJ^{T X} ∇^{T X}_Z K^X_{y0} ) + da⟨iJ^{T X} ∇^{T X}_Z K^X_{y0} , Z⟩ ) + O( √ t|Z|^2), (9.28) [ da 2v √ t c(K^X )( √ tZ) ](3) t = da 2v c(∇^{T X}_Z K^X_{y0} ) + O( √ t|Z|^2). Also |K^X |^2 2vt ( √ tZ) → 1 2v |∇^{T X}_Z K^X |^2. (9.29)

From (8.41), we get

⟨∇^{T X}_{τ ei} K^X , τe_j ⟩(Z) = ⟨∇^{T X}_{ei} K^X_{y0} , e_j ⟩ − 1 2 ⟨R^{T X} (∇^{T X}_Z K^X_{y0} , Z)e_i, e_j ⟩ + O(|Z|^2). (9.30)

By (9.24), (9.25), (9.30), and using the (2, 2) symmetry property of the curvature R^{T X} of the Levi-Civita connection ∇^{T X} , we find that as t → 0,

(9.31) 1 4 [ ⟨∇^{T X}_{τ ei} K^X , τe_j ⟩c(τe_i)c(τe_j )( √ tZ) ]_{(3)} t = 1 4 ∑ 2ℓ^{′′} +1≤i,j,≤2ℓ ⟨∇^{T X}_{ei} K^X_{y0} , e_j ⟩c(e_i)c(e_j )

− 1 2 ⟨j^{′ ∗}R^{T X}_{y0} ∇^{T X}_Z K^X_{y0} , Z⟩ + da 2 c(∇^{T X}_Z K^X_{y0} ). From (9.9), (9.22)-(9.31), we get (9.21). The proof of our Theorem is completed.

Remark 9.13. Consider the exact sequence of holomorphic Hermitian vector bundles on X_{g,K} , E : 0 → T X_{g,K} → T X|_{Xg,K} → N_{Xg,K /X} → 0. (9.32)

Then the exact sequence (9.32) verifies the assumptions of Section 4.5. Namely g acts on E as a parallel isometry, B = ∇^{T X}_. K^X ∈ End(E) is skew-adjoint, parallel, and commutes with g, and finally (4.39) holds. Using the notation in (4.16), N^+_{Xg,K /X} = N_{XK /X} . (9.33)

Also using the notation in Definition 4.11, then L^{3,(0,v)} y_0,K = L 1/v 0 + R^E − m^E (K).

(9.34)

Now we use the notation in (4.41)-(4.44). By (4.44),

P^{(0)} = ( 1 − 1 v )_2 ( ∇_.K^X )_2 , (9.35)

so that P^{(0)} ≤ 0. This is again an ominous indication of difficulties to come. In fact, as explained in Section 4.4, the operator in (4.28) is not lower bounded.

To make our estimates easier, in the next Section, we will use a slightly different trivialization, which will be compatible with what was done in Section 8.

9.5. A new trivialization. Take Z_0 ∈ N_{Xg,K /Xg ,R,y0} , |Z_0| ≤ ϵ_0. If Z ∈ (T_RX)_{y0} , |Z| ≤ 4ϵ_0, we identify ( Λ(T^{∗(0,1)}X)⊗E ^⊗Λ(R^2)⊗_RC ) Z to ( Λ(T^{∗(0,1)}X)⊗E ^⊗Λ(R^2)⊗_R C ) Z_0 by parallel transport along the curve s ∈ [0, 1] → expZ0 (sZ) with respect

to the connection^1∇^{Λ(T ∗(0,1) X)⊗E⊗Λ(R2)⊗RC,t}. Also we identify ( Λ(T^{∗(0,1)}X) ⊗ E ^⊗Λ(R^2) ⊗_R C ) Z_0 to ( Λ(T^{∗(0,1)}X) ⊗ E ^⊗Λ(R2) ⊗ C ) y_0 by parallel transport along

the curve s ∈ [0, 1] → sZ_0 with respect to the connection ∇^{Λ(T ∗(0,1) X)⊗E} .

We may and we will assume that ϵ_0 is small enough so that if |Z_0| ≤ ϵ_0, |Z| ≤ 4ϵ_0, 1 2 h^{T X}_{y0} ≤ h^{T X}_{Z0+Z} ≤ 3 2 h^{T X}_{y0} . (9.36)

We still use the notation in (8.26).

Definition 9.14. Let L^{′1,(t,v)}_{Z0,K} be the operator L^{′1,(t,v)} Z_0,K = ( 1 − ρ^2(Z) )( − t 2 Δ^{T X} ) + ρ^2(Z) ( C_{t,v})_{Z0} . (9.37)

We still obtain L^{′2,(t,v)}_{Z0,K} , L^{′3,(t,v)}_{Z0,K} from L^{′1,(t,v)}_{Z0,K} as before. Recall that k^′_{y0 ,Z0} (Z)

was defined in (7.98).

Proposition 9.15. The following identity holds for Z_0 ∈ N_{Xg,K /Xg ,R,y0} , Z ∈ N_{Xg /X,R,y0} , |Z_0| ≤ ϵ_0, |Z| ≤ ϵ_0/ √ t, (9.38) t^{dim NXg,K /X} Tr_s [ g ~F_t ( C_{t,v} )( g^{−1}(Z_0, √ tZ), (Z_0, √ tZ) )] k^′_{(y0 ,Z0)}( √ tZ) = ( −i )_{dim Xg,K} Tr_s [ g ~F_t ( L^{′3,(t,v)} y_0,Z_0 ,K )( g^{−1}Z, Z )]max . Proof. The proof of (9.38) is the same as the proof of (7.115) and of Proposition

7.25.

Definition 9.16. Let L^{′3,(0,v)}_{y0,Z0,K} be the operator

(9.39) L^{′3,(0,v)}_{y0,Z0 ,K} = − 1 2 ( ∇_{ei} + 1 2 ⟨ ( R^{T X} − ( 1 + 1 v ) ∇^{T X}_. K^X ) y_0 Z, e_i⟩ )_2

+ 1 2v |∇_{Z+Z0} K^X |^2 − 1 4v ⟨∇_{ei} K^X , e_j ⟩c(e_i)c(e_j ) + 1 2v ⟨R^{T X} ∇^{T X}_{Z+Z0} K^X , Z + Z_0⟩ − i da 2v c ( J^{T X} ∇_{Z+Z0} K^X_{y0} ) − i dada 2v ⟨J^{T X} ∇^{T X}_{Z+Z0} K^X_{y0} , Z + Z_0⟩ + i^∗ ( R^E + 1 2 Tr[R^{T X} ] ) − ( m^E (K) + 1 2 Tr[∇^{T X}_. K^X ] ) y_0 .

Remark 9.17. Observe that

(9.40) L^{′3,(0,v)}_{y0,Z0 ,K} = exp ( 1 2 ⟨ ( R^{T X} − ( 1 + 1 v ) ∇_.K^X ) Z_0, Z⟩ ) [ L^{3,(0,v)} y_0,K ] Z+Z_0 exp ( − 1 2 ⟨ ( R^{T X} − ( 1 + 1 v ) ∇_.K^X ) )Z_0, Z⟩ ) . Theorem 9.18. As t → 0, L^{′3,(t,v)} y_0, √ tZ_0 ,K → L ′3,(0,v) y_0,Z_0 ,K . (9.41)

Proof. The proof of (9.41) uses the same arguments as the proof of Theorem 9.12.

9.6. A proof of Theorem 9.4.

Theorem 9.19. There exist C^′ > 0, C^{′′} > 0, C^{′′′} > 0 such that for η ∈]0, 1] small

enough, there exists c_η ∈]0, 1] for which if z ∈ R, |z| ≤ c_η, given m, m^′ ∈ N,

there is C > 0, r ∈ N such that for t ∈]0, 1], v ∈ [1, +∞[, y_0 ∈ X_{g,K} , Z_0 ∈ N_{Xg,K /Xg ,R,y0} , Z, Z^′ ∈ (T_RX)_{y0} , |Z_0|, |Z|, |Z^′| ≤ ϵ_0/ √ t, (9.42) ( 1 + | z √ v Z_0| )_m sup |α|,|α^′|≤m^′ | | | | ∂^{|α|+|α′|} ∂Z^α∂Z^{′α′} ~F_t(L^{′3,(t,v)} y_0, √ tZ_0 ,zK_0 ) (Z, Z^′) | | | | C ( 1 + |Z| + |Z^′| )_r( 1 + |Z_0|

)_{2(ℓ}′′_{+1)+1} exp ( 2C^{′′}η^2 sup ( |Z|^2, |Z^′|^2 ) − C^{′′′}|Z − Z^′|^2 ) .

Proof. First assume that v = 1. We apply Theorem 8.23 to the case v = t and

we use (7.142). Note here that Λ ( T^∗_RX_{g,K} ) is now replaced by Λ ( T^∗_RX_{g,K} ) ^⊗Λ(C),

which explains why ℓ^{′′} is now changed in ℓ^{′′} + 1. The proof extends easily to the

general case.

Let K_{y0} be the vector space of smooth sections of ( Λ(T^∗_RX_{g,K} ⊕R^2)^⊗Λ(N^{∗,(0,1)}_{Xg,K /X,R}) ⊗E ) y_0 over (TRX)y^0 , let Kp,y^0 be the vector space of smooth sections of ( Λ^p(T^∗_RX_{g,K} ⊕ R^2)^⊗Λ(N^{∗,(0,1)}_{Xg,K /X,R} ⊗E ) y_0 over (TRX)y^0 . We denote by K 0 y_0 , K 0 p,y_0 the correspond-

ing vector spaces of square integrable sections.

Definition 9.20. For t ∈]0, 1], y_0 ∈ X_{g,K} , Z_0 ∈ N_{Xg,K /Xg ,R,y0} , s ∈ K_{p,y0} , put |s|^2_{t,Z0 ,0} = ∫ (T_RX)_{y0} |s|^2 ( 1 + ( |Z| + |Z_0| ) ρ (√ tZ/2 ))2 (_{2(ℓ′′ +1)−p}) dv_{T X} (Z). (9.43)

Then (9.43) induces an Hermitian product ⟨ ⟩_{t,Z0,0} on K^0_{p,y0} . We equip K^0_{y0} with

the Hermitian product which is the direct sum of the Hermitian products on the

K^0_{p,y0} . Incidentally observe that if v ∈ [1, +∞[, by replacing v by tv in (8.35), we

get a norm which is equivalent to the norm (9.43).

Definition 9.21. For t ∈]0, 1], v ∈ [1, +∞[, y_0 ∈ X_{g,K} , Z_0 ∈ N_{Xg,K /Xg ,R,y0} , and

s ∈ K_{y0} with compact support, put

|s|^2_{t,v,Z0,1} = |s|^2_{t,Z0 ,0} + 1 tv | | |ρ (√ tZ ) K^X (√ t(Z_0 + Z) )| |^2_{t,Z0,0} + 2ℓ∑ i=1 |∇_{ei} s|^2_{t,Z0,0}. (9.44)

Again the norm | |_{t,v,Z0,1} is equivalent to the obvious modification of the norm

in (8.38), with v replaced by tv.

Note that the norm | |_{t,v,Z0,1} depends explicitly on K. It will be understood that

when K is replaced by zK_0, the norm | |_{t,v,Z0,1} is modified correspondingly. We

define L^{′3,(t,v)}_{y0,Z0 ,K,n} as in (8.45).Using (9.36), and proceeding as in (7.146) , we find that if Z ∈ (T_RX)_{y0} , |Z|, |Z^′| ≤ p, ~F_{t,n}(L^{′3,(t,v)} y_0,Z_0 ,K ) (Z, Z^′) = ~F_{t,n} ( L^{′3,(t,v)} y_0,Z_0,K,n+p ) (Z, Z^′). (9.45)

One verifies easily that the estimates in Theorem 8.18 still hold with respect

to the new norms, with constants which are uniform in t ∈]0, 1], v ∈ [1, +∞[. In

particular, the obvious analogue of Theorem 7.34 still holds with uniform constants.

Now we will prove an analogue of [BL, Theorem 12.16]. Here for λ ∈ U_{ηn+d}, ( λ − L^{′3,(t,v)} y_0, √ tZ_0 ,zK_0,n )_{−1}) , ( λ − L^{′3,(0,v)} Z_0,zK_0,n )_{−1} will be considered as distributions on ( T_RX ) y_0 × ( T_RX ) y_0 .

Theorem 9.22. Given η > 0, there exists c_η ∈]0, 1] such that if t ∈]0, 1], v ∈ [1, +∞[, n ∈ N, y_0 ∈ X_{g,K} , |Z_0| ≤ ϵ_0/ √ t, z ∈ R^∗, |z| ≤ c_η, if λ ∈ U_{ηn+d}, (9.46) ( λ − L^{′3,(t,v)} y_0, √ tZ_0,zK_0,n )_{−1} → ( λ − L^{′3,(0,v)} Z_0 ,zK_0,n )_{−1} in the sense of distributions.

122 JEAN-MICHEL BISMUT AND SEBASTIAN GOETTE

Proof. Clearly

(9.47) ( λ − L^{′3,(t,v)} y_0, √ tZ_0,zK_0,n )_{−1} − ( λ − L^{′3,(0,v)} Z_0,zK_0,n )_{−1} = ( λ − L^{′3,(t,v)} y_0, √ tZ_0 ,zK_0,n )_{−1}( L^{′3,(t,v)} y_0, √ tZ_0 ,zK_0,n − L ′3,(0,v) Z_0,zK_0,n )( λ − L^{′3,(0,v)} Z_0,zK_0,n )_{−1} . Then we use (9.47), and we proceed as in the proof of [BL, Theorem 12.16]. In fact

given z ∈ R^∗ such that |z| is small enough, the situation is the same as in [BL].

By the analogue of Theorem 7.34, if z ∈ R, |z| ≤ c_η, ~F_p t,n (( 3116]. y

yψFn↼p↽pψ2 ▷ Here

{}(⨆{(⨆√{√}{~}√{[~}~{}{~}(⨆{⌊}]⌈} {⨀}((⟨{Uw↼L↽6ψ146yψFs↼↼B↼R↽pq♯▷↽55ψm↼Here↽ub↼i20ψyψz↽tψFq↼j↽22ψ↼1↽pψ24 c

24 0

F

p (

119yFv(y27Fs(16].6821y4585285yFq(r)2189Ω16].)34b(yFn(p5y(Π282640+2)c89441y0(;)pFs(53861yFm(0)22315611181yFx(,)Ω837824Ωy)rFs()3114807yFyFx(4)hFw(c)d780Fw(dv013620yFx48v(X)3261yFm(73568(as)gin)h(Δ)pFs(57v3388Ω977555429in)h(:)45613993y(One)36f92y(parFn(Γy(One)36f96ypar,(Ω)pFg(9.36),)i(Ωv)rFsFx(and)asnew)e(nocv172hyFq(7yFw((triBASTIAN7yΩ767)c816Fq(j)22b(Θ837Fw(c)23821184y(fi)21)24)70970yFx(+)19y9Θ837Fw(c)75188870)2663F)80411789401Γ)2720775ΩyFw(&2799V72xFw4888875()p)pFx(ΛΩ1)27462+2)cFB(31875()p)p(017132189863422)31v(=X2189V)31v(31875Σ821yF2)o1)27462+2)c2Θ875Fv(y)1yFn(p)p2 026703y16863422p r

0

yψFr↼2ψyψF8963ψ1061ψyψFo0yψ8ψy▷↽34ψb↼yψFn↼p5ψFm↼F8965ψyψFq↼r↽4↼↽p8ψy▷↽34ψb↼5ψ3861ψyψFm↼0↽2227ψ22Ω770Fm↼0↽1323Ω87Ωb↼Ω2837ψFw↼4984ψyψFv↼,z↽r↼K↽2n↽pψFs↼s↽i↼ψFw↼tZ↽29ψ3↼↼↽Ωψ237ψFw↼498↽8ψ3↼z↽fatioyhen↽24ψb↼wΩ4975ψyψFo↼Δ↽2269ψ4992ψyψFn↼Fw↼,↽yψFv↼,2117ψFw↼49↼the↽h↼↽↽13281ψ↽pψFw↼n↼vious↽fΩ4348ou1ψ594ψ317Ω80y↼One↽36f96ψ199ψ7253568gw↼Z↽q↼,↽14arψFn↼ΓSTIAN7ψy338Ω77r↼endseeΩb↼prob↼C↽2asne↽g↼of17ψFw↼c↽nocψvψ172gyψFq↼7ψyψFw23es↽f↼STIA50ψyΩ767↽2o↼Γ↽↽22ψb↼ιes↽fw↼c↽2382ψ1↼0↽23↼β↽21↽24↽72ΣyψFx↼⇁↽19ψy9Θ3es↽fw↼c↽7518882↼tv↽sψFF↽804ψ117Fm↼001Γ↽2720ψ775ΩyψFw↼ςψ2799ψVψ72ψxψFw4888pψFx↼♭↽pψFψFx↼ΛΩpψF2ΩbψFq↼j↽pFB↼3pψFx↼♭↽pψF↼0ψ1713249Ω18ψ63ψ422↽31v↼/249Ω1V↽31v↼3pψFx↼6ψ821ψyψF2↽oψpψF2ΩbψFq↼j↽p2ΓpψFx↼♭v↼y↽1yψFn↼p↽pψ2↽pψF2ΩbψFq↼j↽p37↽808ψyψFo↼Γ↽92541Fw23es,Z↽1412ψ3861ψyΩFm↼0↽1445ψ3856↽262359↼tZ↽29ψ3715ψ123es,Z↽1412↽8ψ3540ΩyψFw1↽rψF2o↼Γ↽↽22ψ1↼0↽723es↽fw↼c↽23ψ84↽↽p056Ω1209ψypv↼Z↽240190

tvc

;vb41Fo(Γ(yFn(p52Fv(tFw724VΩ3432Fo0y08yFo(Γ)92226Ω2319021571ΩyFo(Δ)r(K)2614Ω49786y359(tZ)29323Ωb319021571Ω))8778yFx((n(viouslyFo((unifoΩyFgFq(2)gFBΩ497t594317d6))f(,)i(w20545y(0010Fo(Θ875yFx(,)Fq(c)1412)82183y(0010Fr(0)25125582640+2)c89yFyFx(,)1031geFB(T13313yt36yFeiFgFder13723133t(of)f((Fw(;)yFv(;2678Fw(49(te())1hΩ(Theorew(n(vious)f((9.45))5h317Ω80y(One)36esume)gh).Us253568e(STIA50y,(Ω)pF(9.36),w(:)-2400(e)e(f(thatj07yFv(gy(y)22091049y27(0)169(In)2426ΩVy(y)2yFs(0)1129Ω4830yFq)j(TheorembFq(j)pFw(;c)8883Ωy9(;)pFsB(R)p92yy(y)22095)hFq(22811f(STIA51yΩ767445Ω00))22b(Θ9)hFw(c)2382129Fo(Δt)88s(2)181yFx(,)76276729)hFw(c)7512w(s)pΓ)167491429yFv(t;n)55111408Fw(˘)19ΩbFq(Γ)fFw5970x(()p)pF9)h0x;v)rFs()p(R)06].)34b(01(;vb95(t;v)rFs()936b95(tV)936)06]Ω6821yF2380x;v)rFs(Δtian)06].)34b(yFn(p))3150x;Fm(0)1203)pFs(81yFx(,)Ω8132825yFo()2243853;z)r(K)2614Ω4(5Fx(])28(tZ)2937536b9yFo()22)74ΩyFmyFwfyFs(2()85x(=)24975yFo(Γ)249b9yFo(441aFw(tZ)7520)pFs(4Fx((9.)0)8429yFv(t;n)55111408yFw(˘)hFq(Γ)fFw(0)pΩ3023Γ)72)62292794yFm(0tes)3023Γ(yFn(p52)24292794yFm(0Fw(s)p0)2024Ω5066y7825yFo()2243853;z)r(K)2614Ω4yF8(])28(tZ)293285279yFo()22)78778)2790((n(viouslyFo((unifoΩyFgFq(2)gFBΩ497t594317d6))f(,)i(w20545315(Λ)164002873925182Fq(c)1412)82183315(ΛFr(0)25131w724VΩ3432Fy39251821031geFB(T13313yt36yFeiFgFder13723133t(of)f((Fw(;)y(in)c247Fw(49By23ΩbFin)h87y,3eyFv(81)pyFw(:)4,fΩFw(K4v(STIA52)14b(Ξ7K)1105526993593Fs((X(duct3633Fm(0)))f(,u))111y64712146530023633Fs((;Z6Ω32m2588x((2)f(,u)N)81y6(001v)67yF6638))82bFw)h(i6(0Ω99yFs0(e)f(88))8(3)p3633Fs(r(X)678f(,u)N)p2Σi6(0Ω99XL)1282f(88))8(1304Ω6(001vy8)23270)2663F)j)f(,u))1912Ωo(ΛyFv(;)7423270)2663F)j)f(,u)408yF)j)f(,u))1syF)j13)pΩFΩ((B(4b13yF765V1220943563211708)955Ω1410yF35(Γ)13s37536346Fm(0)3hyFp(R3563211441y13703539Ω00))2216(00356321144F(;n)3568952ΩyFxte(that3th)f(Δ)2043Ω770F35632111405;Z)168952ΩyFxt8142983th)Fv(;Z)2296228034R356321144120)p352Fx())605yFv(;K)2735406321170))f(,)i(0)27b(5(Γ)13432F16pFv(;)pFs(0)220624392b(5(Γ)13432pFv(56321144447176Ωif)iFw((2)pFx(]0)pFw))f(,)i(0)58b(5(Γ)13432606y(5632114444717Fv(;(5(Γ)13432(L)757346744447176Ωif)iFw(2889t3th)f(024Ω5066y)pFs46Fm)2725935974s(0)151638(R)1351799304349795974s(pFw))f(,)i(03164Ω3517993836yFv(574s(pFs(0)2916459413517993836y(0)97574s(pFs(0g(53ΩyFs(0)1987259359458y)g(is)gv(tZ36)pΩaw)238537316Ω3213pΩFx23993593Fs(o(Γ)170416285942Ω06321170=)7597755K)11055Fn(Λ943993043597955Ω00)n(Λ)pF385355K)11055w(L)3943993(fi)174ZFs(3)p3953v8494453394399306yΩFv(m)14272759n)j13)pΩFΩ(v(B(4bb(eq3953v849431339439930=p)p11346y(Z)rFs()4031346yyFv(y)1030647yΩFv(m)1Fo(Γp186Δ)2043Ω49Theor8Fo(441aFw(tZ)260y(No8(t;Z)884(,)Ω8162)p3818Fs(o(Γf304674438237Ω1055yFs(013473or8Ω11708)955Ω141019683880000)13s32454337(0)2024Ωhw(;)4Ωeor8Fo(4412(Aga49Ω)-7b(r)22117eor8Fo(4423Ω470F38465yFq)20499No8(t;Z)884(,)432F37eor8Fo(4483Ω4533o(Δ)821y304Ω32v(r)110)55111408(p)p20462799V72xFwy2y38952ΩyFx(.3327y1952yFx(359(38952ΩyFx)pF(nory15yFq(r)4L)758952ΩyFx)(0)pFv677y1952yFx(60313400Fv(;Z)22962282Fm(eor8Fo(44127Fm(033x())605yFv(;K)27+)geor8Fo(44;z)r(K)2n)pFs9441o8(t;Z)884(,)Ω80x6y(yFs(09y)p3793Fs(o(yFw6171113Ω1011xspFw))fΩ,)i(061Ωy408when)34b)pΩF1113Ω1011;)875ΓFq(j)24Ωb(ΩgΩFq(00Fq317)22434714yZFs(3Ωy408when)34b)9361113;)pFs(0)189400Fq(j)24Ωb(1049Fq(00FqV434714yZF6ts)f(w)1987Fv(p;(00FqyΩF22411x)13454004975yFo(Λ963113Ω1011yyFvy408when)34b)2631113Ω1011;)Ω498;(00F001)18002853y(00Fq317)22434714yZFs(2)c408when)34b)691Ω4004975yFo(Fq(i171v(;v1Fv(Γo(Γ)g()Fq(ja411x967Ω4170(tZ)2930)1942r)29712001)2650Ω1x(()4000)v84944)p33n)hFw((017(;)g89t;v)rFs()42y)g89tyFv(y)103Ω647yFm1)4000)v8494246y2r)297120(L)14842Fq(jyi)pFw(1181455114Ω180028z)r(4551317)2248z)r(45q(jaΩFs())2966144173y(0546Ω799d14n)g(06)2676Ω1N013463118Fs((X(1yFo40rem)eyFs(0)4702118Fq(2)211034086Ωy412()o(00546Ω79(X)1939280322610Z)25552432F(p;(055;Z)1412)83)pΩFo4v(;v60g()1716ΩFo42931aw)238537316Ω)f(w)191347341)pFv(y)Γk76Ω1N02v(tZ4175Fs((X(2125Ω)g89t;eyFs(0)2514175Fq(2)2Fv(41the)hgr)4()4069yFq(d892(C)10732676Ω1N0FyFx408when)(X(20y(N40rem)ey2269Ω408wheq(2)2yF4pFw(T)(X)19392803cFs(0)19872;)g(Z2y)133473y;)g(ZFm1)aw)238537316Ω3213pΩF25y41)pFΩ(o(Γ)170416N)2y0Z4175Fs((X(2)25841the)hgr)723y175Fq(2)29yFn113Ω1011d8979y408when)6y(Z)Fv(ΓreΩ00)n(Λ)py300Fn113Ω101Fw))f(,)i(03146y08when)34b32yΩn113Ω101FwΔ98728)r(of)94343473y8)r(of9Thaw)238537316Ω)f(w)19y))e(a6bΩFq(iΓgn)6y(ZΩ821y1737Ω1055yFs(0Fm(0)4(Again);)y(in)4357Fw(49By23ΩbFin)h211y,3eyF22Ω463,(Δ)2235Ω4z851Theorem)fΩ((5Fx(43189863n)2415y4357Fw(he)g(analogue)Ωd(of)j(TheorembFq(j)pFw(;c)18)23430)26632(l)456)p0Ω4357Fw(49en)dΩFw(11f(STIA5Fv(T)334554975yFo(()946Ω3332yFvc18b(+)1777)r(o51951439.42Ξ842633smo)2871Ω8426504946yFx(3)p6504(j)10004890yFw875&16855w3)p66when)34b(=X)76Ω3332)177z)r(4554975yFo(1Fw)h((v)552ΩyFxm7913545822299Ω140821354Fq(2)Ω1408213946Ω(2)Ω140823y63Fse)q(;K)76Ω333244F(;49Fq(66yFv(ΓyFm34554975yFo(ffiy76Ω3332443829yFnyFw(F)804yFw460Fv(t;n)55111408(p)p20462799V72xFw8299469(()p)pFx33)p6982640+2)c3)19469(()p)pΔy(N46ions)grFs()4Fx4(Γv(y)16214Fx4(9].6821y4520698Fm(0)1200y769(()p)pyFn(p)651p6982640+2)c)f(s4554Fv(;Z)22962280Fw(¿Ω333244gw1)rΩFw610)169(In)2yFv(;K)20Kc7614702554975yFo(1F1641Ω45Ω(2)Ω1408164154Fq(2)Ω1408164154FΩ(2)Ω140811y76Ω3ΩFo(441j)pn)22bFC3Ω4534554975yFo(´3)p6Ω3332yFvv(T)9b5000Ωy(fi)4565182y20y(N4554975yFo(1F163)p6008yFwrc8434554975yFo(y6Ω3332yj)pFw(s)pFo(Δ)1065Ωb95(t66when)34b2488876Ω3332)17731374554Fv(;Z)229(Z)FFw460Γ

Δ2442w(@)1796Fs(2(26324;Z)2555yFo(%994(@)1796FsFs(2)124CyFv7p)p1863479yF742w(@)1796Fo(ΓFr(0p186301)248742w(@)1796)1995813yC(Z)t7p(2)0Ωy(fi)4565182y99y0p186301({}(⨆(~~√∐^⌈~ ∫ ^}}{(√⌉√/}]{][}~{^}{√∐{}{{√(^(⨆{({{]}(((⟨⟨⨆√{}(}√(⨆{}/}(⟨^}}{(^{{(}√(⨆(⨆{(⟨((⨆{(^(⨆(((}√⟨⨆{}/{}}⟨((⌊}√{}((√{}⟨(((⨆{(∐(⨆{((}(({⌊}(∐(((⟨^}((((⨆{{}((⟨(⟨⟨(}(((⨆}{)}(⟨(⨆{}√(~}√⟨⌋⌋∑∐~~((⟨((^}√(((∐(⨆√{∮⨂⨁⨂⨁⨂∫∑∮∮(∐(⨆√{}⟨^{⋃⋂∮(\(⨆/⟨√{~{^/}/{}\{~}~{~{[}{({⋃}{{]^(((}(⨆√{⌊}(⋂[~}√~⌉}~⟨{(√~^]}{√}~{}~}(⟨⨆}{(∐⟨⨆{}(^{}(^(⨆√{}~(⨆]{[]^[}~{]~}~⟨⨆}((⨆{}{({}(^{√}(⟨⨆{(~{⋃⋂∮}(^{�⨀}((⨆(⟩}}~{/}}(⟨(({}(⨆√{{∫⟨⌉(({{}~{/}⨂}(⟨}((}}(^(⨆}{(((}}{⟨{√⟨(⨆√{√{∑}~{/}⨂}√{∑⨆(}}{({√√{(((⨆}⌊}~{/}}⟨(⟩}^((((⨆}⌊}~{/}(⨆}⌊}~{/}}√(⨆{{(^(}(⟩ (X() 0 125b(W08Fq(2))49581822(pFs’(with)8)955Ω14105674a1822(pFsgyFv(yFs(2()83(p)35534yFo(Γ)3091822(p441aFw(tZ)750yF)3553x((9.)0k(R)17Fv(t;n)55111408(p)p2025)hΩFq(Γ)fFw(L9)Ω24ΩFw(T)9742054518)23(that)f2y9724ΩFw(T)90

↼423ψΓ↼yψFn↼p5266ψz8↽23↼that↽f295ψyψ75yψFx↼1↽h↼⇁↽g232651822ψ↼pψFw↽↽f↼↽igc8Fk↼R↽18↼↽pΩF↽605ψyψFv↼,K↽2752ψ11823332ψ44,z↽r↼Kd↼53ΩyψFs↼0↽19b6465ψyψ0↽1692Ω27273↼p↽3↼Z↽20ψbψyψFw2ψ169↽3↼1ψ↼pψFsd89ψo↼Γψ75799ψ30ψNryψFmΩ1↼Z↽2555uψy↼Z↽q↼j↽p8T1↽↽82ψbψF325ψyψ76701vψyψ315Γψ7↽r↼K41ψ03↽x↼�99ψ30ψ7ψ1621ψy17w↼X↽3ψ7623↼that↽f↼for↽�000↽49Δ9872ut↽70ψFw↼60g↼↽1712ut↽70ψ959apψFw↽2ψ3853ψ7ψ316Ω w 01456

(X(pFv(8y1))82bFw5Ω(222101vy2497F174s(0)15’(with)8)955Ω14109y211799383sn(v)n62)12 Referen())Fq(2)5897yA([A]p54%%Pah(reiyh(ra30n)221M.F.:ΩeopΩ%Cir(2)feFi(wsymmetry)gΩ(cd)k(st)f(thar00)2pha(the)aph)g(unx.45(th.)gΩPr4Ω946)109339(Pr)l41Fs(0)31g(Conferen(Πh317e(ho71rFx(the)L.92Sc)Ω456Ωnsing)artz.Fiw)t(Ast)290523131,A23f(43-59jr71981g(whic)n+)20b[ABo1]3Ωy0Ω%Pah(reiyh(ra30n2221M.F.,3eyBott3jrR.:Ω34%%Pah([1)pLefst)456etL,)hd9.36x30ew(348oi)h(reC)2(e)mh(r2)f3c9(e)ei(elliptct)hq(2)lexes.dtPah(rnh.)j(9(Pr)Math.86

HOLOMORPHI5aFs(122)56A3[BK]e(23T)9Bismh(r2t36j((J.-M.3h(K¨)-120bohler,(Fv((K.)(d:)e3T)9HighyF1281a388ytic)ir0Zrn(th9fP(e)ms9eP(e)5yFreFBndim518spf(Fn(Ω3560os5Fyy)p)508Fq(e)mh(r2)fs,Bj(itΩJ.)3281ah(rlg.)f(GeJEANm.9fΩ,A23f)hd(1)f(,A23f(647-684429in7592g(whic)591123[BL]19T)9Bismh(r2t3r0b(J.-M.3g(Le4348au3jrG.)d5yF4pΩ%C(2)lex11404Ωimmersy(inpd2Fn(kdQuillei(f(metrics,)g(itPPubl.+i)Math.))pFn)14y(IHES9f(,A2320h)emd(74)f(,A23g(1-297FΓST1991g(wh679Ω7Ω(2)Ω[1]3120bBismh(r2t343b(J.-M.3g(Zhang3irW.:)65Ωb(Anv(y)1(extyn(th)p(9ePa(Γy(One)36f9(9g(Ch0e3er)3560yFM348¨)Ω-1Fv((ullerg))p)0)1780t(Ast)290523)iΩerisque)f(,A232024)hd(205)f(,A23f(1992whic)n14b23[BoCh]3Ω)8)9Bott,13Fi(wR.,3eyCh01n3irS.S.)gΩ:Ω34%%PHermitigueFj((yFm(0oFkFbundleteΩ133n(Γ)31g(3Z)1694992yFn6f9(9g()pFw(zee)g(uet)pF10790((uiv)-0)3ir3h,)21omorpect)fPs99y(is.9h(itPA-MIctaFw(Math.)fΩ,A23f)hd(114)f(,A23e(71-112429in755g(whic)n4489Fq[Bou]b)69Ωb(Bourbaki3n3221N.:)30(c(itPEl)290523)-1899Ωementsy37Ωb(d(repmath)290523)-1899Ωematique)f(,A2.13899ΩChapitrebfs()f(Ph(Ω)aris:)3x(1]MassFn6204T1982whic)n4127(5[ChP]05899ΩChazarain,pFT)9J.3f(Piriou3g(A.:)b7(c(itPInt(JEAN-MIdu9y(i(nx(1]0522)-1The)an022)la9g()p)290523)-1899Ωeorieny)1(dete90523)-18Ωb2;Z)aΩb(asny)1(aux1g(d)290523)-1899Ωeriv)290523)g(3es+n1614p7l)arFqyl)t(let)p2155((len)un0523)-1899Ωeai(Theos)fΩ,A2.)34bPh(rar0:)3x(1]Gauthqys-Villartn22211981whic)=XΩFx(([D]620Fj((Donn9lly)-2810nx(1]H.:)b9ceeEta-en)unifl)arigue)f(tΩnx(1](e)e(an1]G)f(,A2-1189s.)g(itPIidia3813899ΩUniv.)d5Math.)g(J.2fΩ,A23eemd(27)f(,A23f(889-918429in757yg(whic)n1for)(([F]p57Ωb(F)-281alt33))3899ΩG.xhs:)1(ce(itPLTheorMIctu(Theos)37Ωb(on)s(57f)arithmetct)g)Re)fiemann-RJEAN-MIch)ir0)31lrablheom)fΩ,A2.)d(Ann.92Math.)h(Studiet)p2574s(dis7.)gΩPrinceton:)1Fi(wPrinceton)34bUniv)2801sithe)g(nsPr)s3f(1992whic)Ω15(th)v[DuH]1047j((Du94ermaat8(as)gJ.J.3f(He12ykm(conΩG.:Ω33he)On13as)g)pFw(ifl)arigy(i(g((9g()pFgFo(homology)1)2fyFb(riΩwsym)lectct)(Pr)2442Fq(e)mhd55429)pFgFredu9ed)irpha(theF1189.9hΩ,tPInvent.)h1Math.)g(iA23eemd(69)f(,A23f(259-268429in7582g(whgΩgAdd(idum3f)hd(72)f(,A23(Pr)23553(153-1588yF198)g(whic)=X(triBA[Ge(107j((GetLle)3n2221E.)gΩ:Ω34%%Pah([1)pshor(Cg22e)g(use)gΩg(9g()pFw(ah(reiyh(ra3-233er)f])pdex(Γy(One)3,d)f(tPT120bo(3l(olo3l(gy)f(,A2320h)emd(25)f(,A23d(111-117+)pF((20)19in7586g(whic)120()pw[Gi]wy40j((Gilk)280y)-2810nxΩ21P)-281.B.:)b9ceeIn)unifl)ariguce3n3221)pFeTheb(Ci2;Z)aΩb(alf2Fn(gΩ57f)ah(reiyh(ra3-233er)s(index(fs0)3ne)3.+)PPub-))pF2(8Fx((lesh)ire)ei(P)2801esh:Ω34%%PW)-281ash317)f(on)3524T1984whic)1210)26([GS1]3ΩbutioGillet33281H.3h(Souln90523)-14Ω43)p27w(zC.)(d:)1Fv((Arithmetct)n5221I17)f(ers99y(i(k0y(Oney)-The).n7(c(itPPubl.+w(Math.)g(IHES9f(,A23d)hd(72)f(,A23g(93-1744)pF2252)19in7590g(whic)1233bΩ[GS2]3ΩbutioGillet3Fj((H.3h(Souln90523)Ω-14843)p2Fw(zC.)(d:)eopΩ%ChargF3ristich([1)pclasseyeP(e)5gΩalgebraicFw(ifFm(0oFhFbundletf3yt36fThermitigue)pF241Fo((metrics.)j(tPah(rnh.)jMath.)f(,A2I.)g(id(131)fΩ,A23e(163-203,)(F1990g(whg(I348I.92(d(131)f(,A23e(205-238,)hd91990g(whic)1250096([GS3]3ΩbutioGillet33281H.3g(Souln90523)-14Ω43)p26w(zC.)ss:)16(1]A388ytct)n7ceetZrn(th9fPFn((57varithmetct)eΩ1T)-281o)212dn7ceege)h(rus.)g(itPT120bo(3l(olo3l(gy)fΩ,A23n7(c(id(30)f(,A23(Pr)yyFpy(21-547d6)1991g(whic)Ω‘66riBA[GS4]3ΩbutioGillet33281H.92Souln90523)-14Ω43)p23w(zC.)(d:)14%%Pan6204Tarithmetct)erRiemann-R;K;n))456)hΩ8t)3ne)3.+g(itPIiv.)jMath.)f(,A23d)hd(110)f(,A23f(473-543e)pF2750)19in7592g(whic)2033x(A[GS5]3ΩbutioGillet6204TH.3g(Souln90523)Ω-14843)p24w(zC.)(dT)-281o)24w(zap76Ω4earwhic)216Ωy4[GlJ]e(2281Glimm,3120bJ.)ha0yg(Ja3823eg(A.:)5524)htPQuantum)3Fq(Physicspf(,A2.1d1Berli9-Heidel4348rg-New-Y)-2Ω1ork:Ω54w(zSpr33er(Pr)294v(1987whic)n3)348y4[Go(104Ω4Go)21etΩe3yFn(S.:)4Fq(EZ)137l)arigue)f(y329b(b(o(ΓrΩ,A2-en)unifl)arigue)f(tfPFn(Φ(b(o(Γr(,A2-(e)ms.)dsPrpr3e)f(yiΩw16/7598.+i)Univ.)e(F)-281r992rgy(Pr)346ect(7598.+ic)Ω32f(Ξ[GuSt]6Ω3y81Guillemin,pn5221V.3h(St01nyn(4348rg3irS.:Ω3The)Gfometrct)n281Z)ae)f(izaΩb(aljrFn(e(mh(r2)ti33yitieyePuiv)Ω]groupFs(rp-(Pr)333Fsr)e)h(reay(ing)d,tPInvent.)h1Math.)fΩ,A23f)hd(67)f(,A23e(515–538,k9in7582g(whic)n3411)[H]p54T)9Hit))456in,pn3221N.J.:)30(c)Harmonct)n3221spinZrng))f(tPahMIdv.+kΩMath.)f,A23eemd(14)f(,A23e(19-55429in7574g(whic)Ω34)701v[KaK]e(4Fq(Kaise)3n899ΩC.3h(K¨)-120bohler)3524TK.:)35(c)A)n2819.36x30hw(348oi)h(reCf2(e)mh(r2)f3555429Lefst)4Ω56etL,hΩ3Ωnsy76Ω4e(Then)f(arak)280l)gnnifgg)fometry)-2Ω1.)(Pr)3)-71I348I348I.924w(zRpr)e)h(reay(inpFx(thfyCh0ifl)alley5gΩst)456emes952Fn(g()3ighe)f(tg((9g(9.35a35yifl)arieti)).(dT)-2Ω1o)24w(zap76Ω4earwhic)36114(5[KnM]6Ω3(ceeK)h(rud)e),11404ΩF.F.,3eyMum(e)d3f(D.:)40(c)n(ha0opΩ%2e)gt(j99yvithe)g(ns2fyFb(riΩwmo)212uli)ds1189)p(9f(st)blFw(curof)f((.)(Pr)37FΩesPrliminariesny)1((i(k0”det”)3560ye0”d137q(”.+g(itPMath.)h(ScflΩ)and.)f,A23p(id(39)f(,A23e(19-55429in7576g(whic)13;)g((5[KRo1]3Ω1281K¨)-120bohler,(281K.3h(R)g(uetsler,(f(D.:)27Ω%Pah8539.36x30iw(348oi)h(reCg2(e)mh(r2)f3d(uiv)-Lefst)456etL,)Ω3ΩnΩsy76Ω4e(f317e(arak)280l)gnnifhg)fometry)-281.I.))pF3911f(SeaemyFm(0)n899Ω60yF(e)g(uses.2fsPrpr3e)f(ygΩIHES/M/98/76.)iNo(uniformmyn(4348r3f(1990.22dT)-2Ω1o)24w(zap76Ω4earwhic)39sect([KRo2]3Ω1281K¨)-12Ωbohler,(981K.3h(R)g(uetsler,(f(D.:)29(c)A)9819.36x30iw(348oi)h(ΩreCf2(e)mh(r2)f35554hdLefst)456etL,i23Ωnsy76Ω4e(Then)e(arak)280l)gnnifΩhg)fometry)-281.y)p)f118FqI348I.924w(zAp33yay(ing)fdT)-2Ω1o)24w(zap76Ω4earwhic)41rFs[MKeS](p0)221McKea),11404ΩH.)e(3h(S33er,(g0I.M.:)40(c)Curofl)atu(e)30(c)60yFb(rg,3igengnΩ1yl)aluenpFx(theFb(ri(Laplacigu.92(tPJ.)hD3823.))pF424499(GeJEANm.9c(,A23d)hd(1)f(,A23g(43-69FΓST1967g(wh)326431898([Qx(10)221Quillei33281D.xhs:)1[1)pS676Ω4erconn99y(isb(The)60yFb(repCh01nygFo)456argF3r.)g(itPT120bo(3l(olo3l(gy)e)d)f(A23d)hd(24)f(,A23e(89-95429in7581g(whic)n441(;yw[Q2(104Ω4Quillei33481D.xhs:)120bDe(ermingue)f())3899Ω(9g(Cay(giv)nΩsy-Riemann)h(.Ω4eratZrnasso(uniformr)f3h(Riemann3gue(K)6rf89.9)pF4493Fs(tF(8.5unct.)35(c)A)(rnal.9hzAp33.)f,A23eΩhd(19)f(,A23f(31-34FΓST1981g(whic)n457yF3[RS(10Fi(wRahe)g(-2810n281D.B.3g(S33er,(g0I.M.)(d:)16(1]A388ytct)n7Ωbr0Zrn(th9fP(e)yFo(2)lex1h(manif21b.)e40tPah(rnh.)k(9g(Math.)fΩ,A23e)hd(98)f(,A23788876Ωv(154-177)er7197)g(whic)=47448y4[Ro(106(1]R)g(uetsler,(30(c)D.:)42%%Pan614%%Padams-Riemann-R;K;Ωn))456)d(0)3ne)32jhen)f(arak)280l)gnnifhg)fometry)-2Ω1.)29h)emt(DukFi)Math.))p48122)(J.2f(,A2320h)emd(96)fΩ,A23g(61-126yΓST1999g(wh0470208Fq[Se(1n3221Serr3)p25Ωb(J.-P)-281.:)1(ce(itPah(rlgn90522)-1899Ωebblheo21121lo3l(c7l)ale.+g)M2)ti33yit)un0523)-1899Ωespf(,A2.1(The)Lectu(e)gNo))5h317gΩMathematic)5hnygF11.+g)Berli9-9)pF4991K)(Heidel4348rg-New-Y)-281ork:Ω34%%PS(r33er2424T1965.Fq(2)h)14y([T]p52%%PT)-281ahe)glor0nPseudN-MId3823eblheontigl3l(eblheatZrnaf(,A2.1gΩPrinceton:)11i(wPrinceton)3899ΩUniv)2801sithe2senseof dis6ributions.

ep7lema7lUniv01sith20181y19ψy90523w(123jr91405)c(Orsa7l)y,Fq(2)h8FqFrguce(in)59112Ω,t(E-mailp0281add(Theoss)5362A(:y329b(a(bismut@topo.math.u-psu)qΩ(d.f7q(r(in)70)2137z(D)61217yF30523)612)70)21(ep7l)ar7l)emytema7l 123jr91405T⟨⌉≀∫∫}≀⌉⊔⊗⌉ℵ⊔≀√≀↙⇕⊣⊔⟨↙⊓↖√∫⊓⇕†←⊔