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Abstract

We consider the largest connected components in the percolation of a (large)
finite vertex-transitive graph. A geometrical condition reminiscent of the one in
Nachmias [Nac09] is formulated. Under this condition, the many-to-two formula
allows one to compute the fluctuations of the size of the largest components in the
weak subcritical regime. In the weak supercritical regime, a lower bound is given
for the expected number of components with size in a certain interval.

Consider a vertex-transitive graph G,, on n vertices, and call G, (p) the random sub-
graph of G,, obtained by deleting every edge of (&, independently and with the same
probability 1 — p for p € (0,1). The number of vertices in the connected components of
G, (p) is one of the simplest functionals of the graph G,,. Following a long tradition, we
propose ourselves to study the number of vertices, or sizes, of the largest of these con-
nected components. In the setting of an arbitrary vertex-transitive graph, the problem
has been started in the series of papers [BCvdH*05a, BCvdH*05b, BCvdH" 06|, and con-
tinued in [Nac09, vdHN15, HN16|. Specific graphs G, had been considered much before:
the case of K, (p) with K,, the complete graph on n vertices is the classical Erdés—Rényi
[ER60] random graph model that has been examined in detail by Erdés and Rényi in the
'60s. A convenient parametrisation for the probability p of retaining an edge is in this
case

A
p=— for A >0 a constant independent of n. (1)
n

For large values of n, the size of the largest component of K, (p) expects a double jump
when \ is increased: it is Op(log(n)) ' when A < 1, Op(n*?) when A = 1, and Op(n)
when A > 1. As for the size of the second largest component of K, (p): it is Op(log(n))
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when A < 1, ©p(n?*?3) when A = 1, and Op(log(n)) again when A\ > 1. The three regimes
are respectively called the subcritical, the critical and the supercritical regime. A dis-
tinctive feature of the critical regime is the non-concentration of the size of the largest
component, that weakly converges as n — o0 towards a non-degenerate random variable.
Aldous [Ald97| gives a construction of that random variable from the sample path of a
Brownian motion with a quadratic drift.

Always in the K, (p) case, Bollobés [Bol84] and Luczak [Luc90| discovered new regimes
of interest around the critical value A = 1: these regimes are parametrized by sequences
A = A\(n) with limit 1. Many qualitative features of the critical case A = 1 are retained
when A\ = \(n) approaches 1 fast enough: |\ — 1| = O(n~'/3), and this regime is called
the critical regime. An essential feature of that regime is the non-concentration of the
sizes Op(n??3) of the largest components. The two remaining regimes are parametrised by
positive sequences ¢ = £(n) satisfying 2

A=1+¢ with e—0 and &*n— +o.

Choosing the minus sign defines the weak subcritical regime in which the largest com-
ponent has size (2 + op(1)) e ?log(e3n), a quantity that interpolates between log(n) and
n?/ for € in the range described above. Choosing the plus sign defines the weak super-
critical regime, in which the size of the largest component is (2 + op(1)) en, a quantity
that interpolates between n%? and n. In the weak supercritical regime, the second largest
component is negligible with respect to the largest component, therefore called the giant
component.

In this paper, we consider a sequence (G, )nen of vertex-transitive graphs on n vertices
in place of the complete graph K,,. By vertex-transitivity, the degree ¢ of a vertex in GG, is
the same for all the vertices, and we shall (mainly) consider sequences ¢ = ¢(n) diverging
with n. We choose the percolation probability to be

A
_ 2
P=r—r (2)

and, again, we consider A = A\(n). The choice (2) is the natural generalisation of (1): the
expected total number of edges in G, (p) is for instance in both cases equal to An/2. In
the same setting, Nachmias [Nac09| investigates the critical and in the weak supercrit-
ical regime. Under condition (68) mentioned at the end of this article, he proves that
the largest components in the critical regime have ©p(n??) many vertices; in the weak
supercritical regime, under a slightly stronger condition, he gives a lower bound on the
size of the largest component, den/log(e3n) for some fixed constant 6 > 0 independent
of n; this latter result has been since superseded by the more general work [vdHN15],
that catches the correct asymptotic value 2en (1 + op(1)). If the choice (2) is natural,
it is not always adequate: for many interesting graphs, at the percolation probability

2¢ shall always denote a positive quantity in this paper
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1/(¢ — 1), |Ci| = op(n*?) so this value does not lie in the so-called critical window. A
line of research investigates the analogy between the percolation of those graphs with the
percolation of K, (p) by first defining an appropriate notion of the critical probability, see
the series [BCvdH"05a, BCvdH*05b, BCvdH" 06| and the recent works [vdHN15, HN16]

for significant successes.

1 Statement of the results and discussion.

Let GG,, be a sequence of vertex transitive graphs on n vertices. The degree of a vertex is
¢ ={(n) = 3. We will mainly work under the assumption

¢(n) diverges to + o0, (3)

although the case where ¢(n) has a finite limit is also discussed at the end of the article.
The edges of G, are retained independently with probability p, and we denote by G, (p)
the resulting random subgraph of G,,. We let

1+
Py = é—_i’ for e=¢(n)—0, ande’n— o, (4)

a positive sequence, and we call weak sub-critical the regime in which p = p_ and weak
super-critical regime the regime in which p = p,.

A function that is useful in describing the sizes of the largest components of G,,(p) is

_|_
Su(e,0—1) = —log(1+¢) — (£ —2) log (1 - e_€2>' (5)
It is connected to the tail of the size of a Bin(¢ — 1, p4)-Galton-Watson tree (GW-tree
hereafter) when p4 is given by (4), see (31) and (32). Taking the ¢ — oo limit in (5), we
find that limy_,, 0+ (e, —1) = —log(1 +¢) + ¢, an function that is ubiquitous in the study
of the Erdés-Rényi random graph. It is useful to keep in mind the equivalent

2
Sp(e 0 —1) ~ %whenz—:—»Oandéaoo. (6)

The probability that the non-backtracking random walk on G,, (a random walk on the
vertices of G, not allowed to traverse the same edge on two consecutive steps) started at a
vertex v € G, returns at v after k > 2 steps is denoted by P*(v,v). By vertex-transitivity,
this quantity does not depend on the vertex v, and we write P* for P*(v,v). We also
introduce the two parameters

ty =0;'s and s = log(e’n). (7)
Notice that, when n and ¢ diverge, t+ ~ 27 2log(e®n). Our key (asymptotic) condition

on the (sequence of) graphs G,, then writes:

2 1
3 a constant ¢ < 1/2 such that: (¢,)"? Z ke~ck /s pk — 0(—) asn — . (8)
s
k>3
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Condition (8) contains two conditions, the one with ¢, and the one with ¢_, we distinguish
them by writing (8); and (8)_ when needed. Condition (8) is a condition on the geometry
of the graphs G,,, where by "geometry" we simply mean the collection of numbers (P*, k e
N). We stress on the implicit dependence of the parameters t.., P¥ and s on € and/or n.
The quantity k e/t is an upper bound on the expected number of vertices at distance
k from the root in a (critical) GW-tree with finite variance and ¢ vertices, and the bound
is uniform over k € {1,...,t}. See Addario—Berry et al [ABDJ13] for related estimates for
GW-trees whose offspring distribution is critical and has a finite variance. The quantity
t1/2 that multiplies the sum in (8) is the expected distance of a random vertex to the root
in such a GW-tree. We will clarify in Section 1.2 why o(1/s) in the RHS of (8) is indeed
the precision needed, and we now proceed with the statement of the

Theorem 1.1. Assume e satisfies (4), { satisfies (3) and let p_ = (1—¢)/(£—1). Assume
also that the non-backtracking random walk on G, satisfies condition (8)_. Let (P;,j € N)
be the points, arranged in non-increasing order, of a Poisson measure with intensity

(4y/7) e " dx 9)

on the real line R. The sizes (|C;|,7 € N) of the largest components of G,(p—) arranged
i non-increasing order converge in distribution for the product topology: for each fized
keN, as n — o, we have:

N

(&(5,6 — 1) |Cj| = (log(e’n) — gloglog(£3n)), J < k;) = <Pj J k) (10)

Remark 1.2 (On the right-hand side in (10)). The computation:
IP)(791 < y) =e S[y,w)(4ﬁ)_l e Tdx _ e-(4ﬁ)—le—y7 ye R

ensures the rightmost point of the Poisson measure in (9) exists and is Gumbel distributed.
The convergence in distribution of a vector entails the convergence in distribution of its
first coordinate. Also, the Gumbel distribution has no atom. Therefore (10) implies, for
yeR:

P <5_(5,€ —1) |G| — (log(53n) — glog log(€3n)) > y) ] e WymTley

as n — o0. It is also possible to write down explicitly the limiting distribution of the size
of the k-th largest component for k£ € N fixed. Last, the (rescaled) spacing between the
two largest random variables is easily seen to weakly converge to an exponential random
variable with parameter 1: P(0_(e, £ — 1) (|C1| — |Cs]) > ) — ¢™* as n — o0.

Remark 1.3 (On the left-hand side in (10)). From (6) and (10), we deduce the first order
asymptotics: [C;| = (1 + op(1))07" (e, £ — 1)log(e®n) = (1 + op(1))2e?log(?*n). One
cannot in general replace §_(g,¢ — 1) by £2/2 in (10). Replacing 6_ = §_(g,£ — 1) by §_
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on the left-hand side of (10) is possible when (6_ —d_)/6_ = o(1/s) as n — oo. From the

expansion:
k

€ (=1)* >
-2 (1 5e) (1)
= k (6 —2)k—1
we see that 6_ = (1 + O(e + 1/0))€2/2 as { — o and € — 0. The choice 6_ = £2/2 is
possible under the conditions (¢ log(e3n) = o(1) and log(e3n) = o(()).

Remark 1.4 (Weakly dependent random variables). For v € G,,, call C(v) the component
that contains the vertex v in the random subgraph G, (p). The n coordinates of the vector
(|IC(v)],v € Gy,) are identically distributed, with the tail of their common distribution given
by (33). Were these random variables also independent, then it would be easy to prove
Theorem 1.1 with only &3n replaced by en on the LHS of (10). The difference reflects the
weak dependence between the random variables (|C(v)|, v € G},) that one can for instance
detect in the following repetitions: if |C(v)| = ¢ for some vertex v in G, then |C(u)| =t
for at least ¢ — 1 other vertices u.

Remark 1.5 (A heuristic underlying the statement). The difference is also visible when
computing the expected number of components with size larger than ¢. It is equivalent to
(n/t)P(|C(v)| > t) and not nP(|C(v)| > t) = ©(1) as in the independent case: the division
by t accounts for the repetitions. To find the right order of magnitude, simply set t = 6~ 's
in the equation (n/t) P(|C(v)| > t) = 1: the LHS is by (33) equivalent to (¢3n) - s7%/2. e~
up to multiplicative constant, and this is 1 when s = log(e®n) — 5/2loglog(¢?n) + O(1).
In this expression, the log(e3n) term therefore comes from the exponential decay, and the
log log(g3n) from the polynomial correction.

With the help of the estimates on the kernel of the non-backtracking random walk
computed in [Nac09], one can check Theorem 1.1 for some new classes of graphs. Recall
that a sequence of connected graphs G, is called an expander family if the largest eigen-
value in absolute value of the transition matrix of the simple random walk on G,,, distinct
from +1, is strictly smaller than 1, uniformly in n. The girth of a graph is the length of a
shortest cycle in the graph. The d-dimensional Hamming graph is the cartesian products
of d complete graphs, it has vertex set V = {1,...,n}? and two vertices are linked by
an edge iff the associated d-tuples differ at a single coordinate. Also |x| € Z denotes the
integer part of x € R.

Proposition 1.6. Assume the sequence ¢ satisfies (4). Condition (8) holds for the fol-
lowing graphs G,,:

e the transitive expander graphs with girth g = g(n) that satisfy

()" 10 (m) = 0(0). (12

e the Hamming graph in dimension d = 3.



Remark 1.7 (Hamming graphs). The Hamming graphs are expanders that in dimension
1 and 2 satisfy condition (12) in the first statement. The Hamming graph in dimension 1
is the complete graph. The result on the Erdos-Rényi random graph by fuczak [Luc90|
is recovered, whereas the result in dimension 2 and 3 is new. See Section 1.1 below for
recent results on these graphs that are valid in any dimension.

Theorem 1.1 together with the verification of condition (8) are the highlights in this
paper. Slight improvements are conceivable: for instance the assumption of transitivity
of the graph could be slightly relaxed to include regular graphs. Simlarly, in our theorem,
P* could possibly be replaced by the (slightly smaller) probability that the random walk
draws a self-avoiding loop? of length k : in view of the form of condition (8), one expects
little benefit on the applicability of Theorem 1.1.

Our results follows the line of inquiry set up by Nachmias [Nac09]|. Because the precise
study of the the weak subcritical regime is of no use to compute the width of the critical
window, this work paid little attention to this regime, see the bottom of p.1173 in [Nac09].
That left aside a key feature of the weak subcritical regime, namely that it allows for a
sharp estimate of the size of the largest components under general assumptions. That
omission was subsequently repaired by the important work [HN16]| that tackles the more
general setting where the critical probability is implicitly defined only. If the largest com-
ponents in the weak subcritical regime are notably smaller, hence "easier", than their
counterparts in the critical and supercritical regimes, finding a sharp estimate with the
right multiplicative constant may represent a technical challenge, see [HN16| again. Our
setting, where the critical probability is explicit, is easier, and allows one to obtain the
optimal precision (fluctuations) by carefully controlling of the difference between a (con-
ditioned) GW-tree and the component containing a given vertex in G, (p). This crucially
requires to work with GW-trees conditioned by the size and not by the height like in
[Nac09, HN16]: the former conditioning better approximates the geometry of the largest
components in G, (p) in our regime. A key technical tool to succeed is the "many-to-two"
formula, that we rederive from scratch in formula (20) for & = 2. If the use of a many-to-k
formula seems new in the context of random graphs, the tool, that goes back to back to
Ikeda et al [INWG9] in the case k = 2, has already proved very useful in the study of
branching Brownian motion. A generic version, the many-to-k (or many-to-few) formula
is discussed in Harris and Roberts [HR15|; when k& = 1, it reduces to the standard many-
to-one formula, see [ABDJ13| or chapter 12 of the book [LP16].

1.1 Previous work

Let us try to summarize the state of affairs concerning the study of the size of the largest
components in the weak subcritical regime:

e The complete graph model K, (p): The fluctuations of the random variable |C;|,
J € N, have been identified by Luczak [Fuc90| in a sharpening of a result by Bollobéas

3a path v, v1,..., vk = vo where (v; =v; , 0<1i,j <k)iff (i =7 or {i,5} = {0,k})
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[Bol84]. We warn the reader of a small typo in the statement of the result in [Luc90]:
£2/2 should be replaced by § for the result to hold all along the critical window, see
Remark 1.3 or [BR09] p.50.

e The configuration model: The fluctuations of |C; | are (among other) given in Riordan
[Rio12], they involve the same Gumbel distribution as in our result.

e The Achlioptas bounded-size rules: Riordan and Warnke [RW17] offer a complete
study of the transition phase in the context of iteratively constructed Erdos-Rényi
random graphs, in which edges come by pair (say) and some amount of choice in the
edge to be added is allowed. Again, the authors are able to compute the fluctuations

of |01’

e The G, (p) model: Deterministic (but non complete) G,, require very different meth-
ods; upper and lower bounds on |C;|, j € N, have been known for some time now
under a finite size version of the triangle condition known as the "strong” trian-
gle condition, see Theorem 1.2 in Borgs, Chayes, van der Hofstad and Spencer
[BCvdHT05a], but these bounds were separated by a multiplicative log(¢°n) factor.
Only very recently has this gap been reduced to a multiplicative constant factor,
see [HN16], and it is by now known that |C;| = Op(e?log(e®n)). A key difficulty in
these works is that the critical probability is only implicitly defined; we should also
mention some recent progress concerning the asymptotic expansion of the critical
probability in the special case of the Hamming graph in (fixed) dimension d > 1,
see [FvdH17].

An important convention concerning the + index: when the index is omitted like in
0, t, one should understand that the statement holds for d, 4. An identity with such
a quantity therefore contains two identities: the one with the e, index and the one with
the o_ index.

1.2 Ideas of the proof

The key parameters involved in the study are, in term of § = §(e,¢ — 1), € and n:
-1 3 5 3
t=0""s, s=1log(e’n) — 3 loglog(e°n) + w. (13)

We do not show the dependence of these parameters on € and n; u will be either a fixed
constant, or a very slow function of n. We denote by t : R — R the function defined by
t = t(u) and by t~! its inverse function. Write C; for the j-th largest component of G,,(p),
as measured by its total number of vertices |C;| (ties are broken in an arbitrary way). Key
to the proof of Theorem 1.1 is the understanding of the following random measure:

N(dz) = > 6:-1(c,)) (), (14)

j=0



and of its convergence in distribution in particular. Define J = (uq, uy) with —o0 < u; <
uy < +0, and let t(J) = (t1,t2). We first want to check the convergence of the random
variable N_(J) (the — index refers to the subcritical regime) as n tends to o. Let C(v)
denote the component of G, (p) that contains the vertex v. Using the estimate t; ~ ¢ as
n — o, we find that the first moment of N(J) satisfies:

Lico P(|C t,t
E(N(J) =E Y Hewem (C)letvte) (15)
Z o)) f
Another easy fact is that the tail P(|C(v)| > ¢) is bounded from above by the quantity
P(|7™ > t), where T™ is a "modified" GW-tree with Bin(¢ — 1,_,,p) offspring distri-
bution. The complementary lower bound is the difficult step. Different ideas can be
developed to estimate it, let us review three different possibilities.

First, writing 7™ = T} to show the dependence of T™ on ¢, a step-by-step exploration
of C(v) reveals that:

P(T| = 1) < P(|IC(v)] = 1) < P(|T7|

\Y

).

In case t is small with respect to ¢, like in the complete graph K, (¢ = n — 1), the two
bounds are equivalent sequences as n — 0. The computation of the successive moments
of |C(v)| does not raise additional difficult, and one finds sharp asymptotics on |C;|. The
same strategy works for "mean-field" model like the configuration model, see [Riol2]
around formula (7.5). There are other classes of graphs for which a uniform control of
the number of already explored vertices is possible, for instance the Hamming graph in
dimension 2 [vdHL10]| . Second, Nachmias [Nac09] introduced the idea of pruning off the
upper bound tree T™ from the so-called path-impure vertices to find a sub-tree of T™ that
is stochastically smaller than |C(v)|. The path-impure vertices are the vertices that are
present in the GW—-tree but have no counterpart in the exploration of C(v). The set of
path-impure vertices is denoted by I'(T™). A simple bound is, for 1 < ¢ < #":

P(|T" =t [IN(T™)| <t —t) <P(|C(v)| = t) < P(|T™| = t). (16)

Based on this bound, plus the second moment method, Nachmias derives in his Lemma
14 a lower bound on the probability that |C(v)| exceeds €72, that is not sharp in the
weak subcritical regime of interest to us (essentially because the method of proof relies
on conditioning a GW-tree by the height). The third method is the one developed in
this paper, it is based on conditioning the GW—trees by the size. Consider J' = (u, o).
From (15), the estimate (29) on the total progeny of a GW-tree gives that E(N_(J")) <
e " /(44/m). One asks under what condition is (1 — o(1))e™ /(44/7) a lower bound?
Examining (29) again, we see that if ¢’ close to t = §~'s in the sense that t' —t = 0o(671),
then the ratio P(T™ = t')/P(T™ > t) has limit 1 as n diverges. But the difference between
C(v) and T™ is controlled by the set I'*(T™) of path-impure vertices, so, by the first moment
method, we only need to show E(|I'(T™)|||T™ = t) = o(6~'). The latter is proved in
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Proposition 2.8 under condition (8), and the proof of that Proposition is in turn based on
a many-to-two formula, Lemma 2.1 with k& = 2, that is indeed our key tool. Under (8),
the lower bound matches the upper bound, and:

E(N_(J)) = (1+o(1)) (e7™ —e™"2). (17)

1
ING
The rest of the proof is routine: the RHS is also the expectation of a Poisson random
variable with parameter the integral over J = (uy,us) of the intensity measure (9). To
claim the convergence in distribution through the method of moments, see e.g. Sec-
tion 6.1 of [JLR11], it remains to check the convergence of the higher factorial moments
E(] Jo<j<r(N-(J) — @), which require a last technical point: (17) has to be proved with
G\ G° the graph induced by G on V(G)\ V(GY), for G° € G a subgraph with size O(t).

The next and last section contains the (self-contained) proof; it starts in Section 2.1
with the many-to-£ formula. The required estimates on the size of the GW-trees of
interest are stated in Section 2.2. In Section 2.3 GW-trees are randomly embedded in
the graph G,, and the number of path-impure vertices in a GW-tree with a given size
is estimated. The short subsection 2.4 is a remark on how to translate our estimates in
term of modified GW—trees. We start to work with the G, (p) model itself only at Section
2.5, where we compute the moment of the number of components in a given interval, and
also give the few additional ingredients needed to prove the main theorem. The extension
to bounded degree graphs is discussed in Section 2.6. In Section 2.7, we obtain, as a
by-product of our analysis in the weak subcritical regime, a lower bound on the expected
number of components in certain intervals in the weak supercritical regime: yet we fail
to get the lower bound on the size of the second largest component that is suggested by
this estimate. In the last Section 2.8 we prove the Proposition 1.6 on condition (8).

2 Proof

The set of integers is denoted by Z, the subset of non-negative integers {0, 1,2,...} by
Z*, the subset of positive integers {1,2,...} by N and the set of real numbers by R. Un-
less explicitly advertised, all the limits and asymptotic are as n the size of the graph G,
goes to 0. Also, we use the Landau notation o and O (but no more probabilistic coun-
terpart from now on). Sums over an empty set are 0, and products over an empty set are 1.

If G = (V,E) is a graph, |G| will denote its number of vertices, or size, of G. For
VO < V, the graph induced by G on V? is the graph with vertex set V? and edge set the
restriction of the original edge set E to VY x V0. Assume another graph G’ = (V’, E’) is
given. A map f:V — V' is called a graph homomorphism when adjacent vertices in G
are mapped to adjacent vertices in G', (u,v) € E = (f(u), f(v)) € E' for each u,v € V.
It is called a graph isomorphism when f is a bijection from V to V' and two vertices are
adjacent in G iff their images are adjacent in G’, that is (u,v) € E iff (f(u), f(v)) € E'.
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We may need to attach several distinguished vertices to a graph, that we shall calle the
pointed vertices: for k € N, and uy,ug,...,up € V, G = (V, E,uq,us, ..., ux) is a pointed
graph, and if G' = (V', E',u}, uj, ..., u)) for uj,ub, ..., u, € V' is another pointed graph,
we say a graph-homomorphism f from (V) E) to (V’, E’) preserves the pointed vertices
when f(u;) = u} for 1 <i <k.

The trees we will encounter will be planar and rooted. Such trees are embedded in
the so-called Ulam tree: this is the graph with vertex set the finite sequences of integers

U=UN".

n=0

The root of the Ulam tree is the vertex N°that we shall denote by p. A vertex dis-
tinct from the root, u = (u(1),u(2),...,u(k)) € U, k = 1, has a unique father a(u) :=
(u(1),u(2),...,u(k — 1)), and there is one edge between every vertex distinct from the
root and its father. Notice that the Ulam tree is a locally-infinite. The integer k
is the generation of u, denoted by |u|. By convention, |p| = 0. For i < k, define
u® = (u(1),u(2),...,u(i)) the ancestor of u at generation i. When u is an ancestor of v,
we write © < v, and u < v when also u # v; in the latter case, u is called a strict ancestor
of v. < defines a partial order on U called the ancestral order. A subset t of U is a planar
rooted tree when:

(i) t contains p.

(i) v = (v(1),.
{1,...,v(k)}

(iii) v

,0(k —1),v(k)) € t implies (v(1),...,v(k — 1),7) € t for any i €

(v(1),...,v(k)) € t implies v = (v(1),...,v(j)) € t, for any j e {1,...,k}.

A vertex v € t is a leaf when its set of children ¢y (v) := {w € t,a(w) = v} is empty.
We write ¢(v) for ¢¢(v) when t is clear from the context. The number |c(v)| of children of
v € t is called the outdegree of v in t. We call T the set of planar rooted trees.

There is a second natural order defined on U: the breadth-first order. We write © <p¢s
v when |u] < |v|, or |u] = |v| and there exists i < |u| such that (j < i = u(j) = v(j)),
and u(i+1) <v(i+1) ). We write u <pss v when u <pgs v or u = v. Unlike the ancestral
order, the breadth-first order is a total order. Again, we shall not distinguish between the
order <u¢s and its restriction to t € 7.

If k£ is an integer and wuq, ..., u; are k distinct vertices of t € T distinct from the root
p, we call ty = (t,uy,...,u) a pointed planar rooted tree, and Ty the set of pointed planar
rooted trees. Let us stress that the pointed vertices come in a specific order: (t,uy, us)
and (t,us,up) are for instance two distinct elements of T,. In case every vertex in ty € Ty
is an ancestor of a pointed vertex (possibly itself), we say that ty is spanned by its pointed
vertices, or simply that t, is spanned. Notice that the set of pointed vertices of a spanned
tree t, contains its set of leaves. Two pointed planar rooted trees ty, t; € Ty are equivalent
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when there exists a graph-isomomorphism between ty and t, that preserves the root and
the pointed vertices. We call 7,2 the set of equivalence classes of spanned pointed rooted
trees (we emphasise that those trees are no more ordered.)

For t, € Ty and 0 < ¢ < k, let V; € V be the set of vertices with precisely ¢ children
that are ancestors of pointed vertices: V; = {v € t,|{w € ¢(v),3j,w < u;}| = i}. In
the special case ty € T,°, every vertex is the ancestor of a pointed vertex, and Vj is the
subset of the vertices with ¢ children. The following is a partition of the set of vertices,
V = Up<ick Vi and we set

= |Vi. (18)

The definitions of ¢; and V; extend to a tree t, € 7?

Let p = (p;, k = 0) be a distribution on the non negative-integers, and (X,,u € U)
be a collection of i.i.d. random variables indexed by U with distribution p. Call T" the
random tree in which the number of children of a vertex u is given by X, in T, provided
X, # 0 for every strict ancestor v of u. The tree T is distributed as the GW-tree with
offspring distribution p. Formally, p € T and for every u € U\ {p}, u € T iff for every
1 <i<|ul,

U(Z) < Xa(u(i)).

2.1 Many-to-k formula

Certain functions on 7 can be decomposed as a sum over the different k-tuples of the
vertices of t. The expected value of such functions evaluated on GW-trees is then com-
puted using a many-to-k formula (20).

Consider p = (p;,k = 0) a probability distribution on the set Z*. Let kpax(p) =
max{l¢ > 0, k'p, < o}, and ko(p) = max{k > 0,p, # 0} € Z* U {0}. Ifi e Z*
satisfies ¢ < min {kyay, ko}, the i-th factorial moment and the i-th size-biased probability
distribution p¥ = ( ,(f), k = 0) are defined by:

mi= 2| TT (k=) andp” = oey®=9) - (19)

m.
k=i 0<j<i ¢

According to our convention that products over an empty set are 1, p(®¥ = p. Also, for
k < i, pg) = 0 since the product in the RHS of (19) contains a null factor. If i > ko(p),
m; = 0, and p® is not defined.

Fix t, = (t,v1,...,05) € Te With & < kpax(p), ko(p)-

From p and ty, we build Ty, = Ty (ty) = (T, u,. .., ux) € Ty a random tree that contains
t, as a subtree. Formally, there is a copy * T < T of t embedded in T'; for a vertex in 7",

4T’ does not belong to T since item (ii) in the definition of 7 is not satisfied, so the word "tree" that
we use here is an abuse

11



the offspring distribution is p(® the i-th size-biased distribution, where 7 is the number of
children of the corresponding vertex in t. For a vertex in T\ T”, the offspring distribution
SN (o)

is p\V = p.

A precise definition uses an induction: The trees 7" and T, T < T', and the graph-
isomorphism w : t — T are defined by the following steps:

e Initialization: The root p belongs to T and 77, it is the image of p; the root in t:
p = w(pe).

e Induction 1: If w € T”, its number of children in 7" is distributed as p® where
i = |c(v)| is the number of children of v = w™! () in t. Furthermore, if (vj, 1 < j < 1)
are the ordered children of v in t, then (w(vj),1 < j <) is a random sequence of i
distinct children ® of w in T, with uniform distribution. These ¢ children of « belong
to 17", and the remaining children of u belong to T\ T".

e Induction 2: If uw € T\ T", its number of children is distributed as p = p®, all of
them belong to T\ 7".

e Induction 3: distinct vertices in 7" have an independent number of children.
e The pointed vertices in T are (uq,...,ux) = (w(v1),...,w(v;)).

In the next formula, m; = m;(p) is the i-th factorial moment of the distribution p, see
(19), and ¢; = {;(tx) simply counts the number of vertices with precisely i children since
ty € T, see (18).

Lemma 2.1 (Many-to-k formula). Let p be a distribution on Z*, and let k € N satisfy
k < knaa(p), ko(p). For F' a non-negative measurable function on the set of pointed trees
Te, and T € T a GW-tree with offspring distribution p, it holds:

E( 3 F(T,ul,...,uk)):Z(Hmfi)E(F(Tk(tk))), (20)

ULy.. UK tr =1
where:

(i) the first sum is over the vertices uy,...,ur of T such that no one is an ancestor
of the other, and the second sum is over the trees ty in T,° that are spanned by k
pointed leaves,

(i4) or the first sum is over the pairwise distinct vertices uy, ..., uy of T, and the second
sum is over the trees ty in T,°.

Sthis is a.s. possible since the number of children of v in T, with distribution p, is a.s. > i.
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The so-called many-to-one formula is the k = 1 case. The generation of the leaf
uniquely specifies a tree in 72, which identifies the latter set with the set of non-negative

integers Z*, while the product on the RHS reduces to mf" = m/™.

The restriction to k < ko(p) is for the sake of simplicity: in case k > ko(p), the correct
formula is obtained by discarding those trees t, that have vertices with outdegree larger
than kg in the sums (i) and (i7).

Proof. Let t2 = (t° vy, ...,v;) € Tx be a pointed planar rooted tree. We first check (20)
for F' = 1yp. The subtree of tY spanned by vy, ...,v; is denoted t, € 7,°. For i > 0,
set VO = Vi(t2), 09 = ¢;(t)) and ¢; = ¢;(ty). For i > 1, notice that ) = ¢;. Using the
definition (19) of p, we find:

PT=t)= [] P
)

ueV (0

0 1 i
(I 1T T o= Pt

1<i<ko 0<i<ho ueV?

= ( [] mi)P(Tu(te) = t2). (21)

1<i<ko

Formula (21) is formula (20) with the choice F' = 1, since one single tree, the tree
t, defined above, contributes to the sum on the RHS of (20). A function F' on 7, may
be decomposed as a sum of indicator functions, and relation (20) is linear in F: Formula
(21) therefore implies (20), with the sum as in (ii). Adding the restriction that, in the
collection vy, ..., v, no one is an ancestor of another is equivalent to summing over the
trees ty spanned by pointed leaves, giving (). ]

2.2 Asymptotics for the size of GW-trees.

We restrict in this section our views to a particular class of GW-trees. These are, for
e >0 and ¢ > 2 an integer,

T =T, €T the GW—tree with Bin(¢ — 1, p4) offspring distribution. (22)

Although the notation does not show it, 7" depends on € and /. The next Lemma
bounds the probability that a forest of GW—trees distributed as (22) has a given size in
term of the probability that a single GW—tree has that same size. We stress the statement
is valid for € fixed (i.e., condition (4) is not assumed).

Lemma 2.2. Let (T;,i = 1) be independent GW-trees distributed as T = Ty € T the
GW-tree in (22). Let ¢ < 1/2. There exists by = lo(c) such that, for ¢ = {y, and for
1<h<j:

. 1—p\n-1 _ =) .
P( Y Tl=j) <h(352)" 5 B(T| = j). (23)
1<i<h -
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Remark 2.3. For critical GW—trees with a finite variance, similar bounds may be deduced
from the estimates in Addario-Berry, Devroye and Janson [ABDJ13], see formulae (18)
and (20) in this article.

Proof. Let (Z;,t = 0) be a random walk started at Zy; = 0 with independent increments
distributed as X — 1, X a Bin(¢ — 1,p) random variable. For h € N, we let H_,(Z) =
inf{j > 1,Z; = —h} be the hitting time of —h. Also, let T € T be a GW-tree with
offspring distribution the distribution of X. If p = wvi,..., v is the sequence of the
vertices of T" arranged in breadth-first order, then there is the identity in distribution

(Z1<i < HA(2) = (|Ulewi\ Jtuid] .1 <5 < |T) (24)
i<j i<j
where the RHS counts the number of vertices among the children of the vertices v; ... v;
that do not belong to v; ... v;. The identity (24) implies in particular:

which extends in a straightforward way to a collection of h > 1 independent GW—trees
(T;,1 < i < h) distributed as T

Z Ti| = H_n(2).

1<i<h

We also use the following combinatorial identity, known as Spitzer lemma [Spi56]|, that
connects the distribution of the hitting time of a random walk with its marginal distribu-
tion®,

JP(H-n(Z)| = j) = hP(Z; = —h). (26)
We deduce from this and the convolution property of the Binomial distribution that:
, h
P( > ITi| =j) = 5 P(Z; = —h)
1<i<h

h ) . .

=3 P(Bin((¢ —1)j,p) = j — h)
h ((€— 1)]’) —h 1) (—h

= . P (1= p)EDI=Gh) 27
() e (27)

Expanding the binomial coefficient in the last expression allows to relate the above prob-
ability to the same probability when h is set to 1, P(|T1| = j):

h (ﬂ)h_l = [TicicnU — 1) ' (1 H0<i<jfl(€ —Dj- ipj—l(l _p)(e—l)j—(j—1)>

p j—h<i<j—1(€ —1)j—i J (j—1)!
- (5B e e wri - )

p j7h<i<j71(£ —1)j —i

6the proof of which only requires the invariance by cyclic shift of the distribution of the increments of
the random walk, see e.g. Pitman [Pit02]
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Using the definition of p = p4 in (4), one can estimate the prefactor:

h (1 - p)h—l H1<z’<h(j — 1)

p [jheicjr (€= 1)j —i
_ <1 — p)hl H1<z<h (1 ) (28)
lte ] h<i<t—1 (1 )
1+e¢
For ¢ large enough, O(%) < 1 — 2¢, and the inequality (23) is proved. O

Another key ingredient is a precise estimate on the tail of the size of a single tree
T. Such estimates generally follow from two ingredients: a local central limit theorem
on the random walk, plus a centering (or tilting) operation, see Riordan |Riol2| for an
implementation of that combination. Our example allows for direct computations. Unlike
the previous Lemma, we now assume that ¢ and ¢ depend on n in a way specified by
conditions (3) and (4).

Proposition 2.4. Let T =Ty € T be the GW-tree given by (22), with sequences € and {
satisfying (4) and (3) respectively. Let v be a sequence that satisfies v, = o(loglog(en)).
Then, fort = t(u) given by (13), it holds that:

P p(t < 7] < ) = (14 41))% e asn — o, (29)

with o(1) uniform over the sequences u = (u,) such that |u,| <v,, n € N.

Under (4), the sequence (£3n),>; diverges and the condition |u,| < v, allows for
constant sequences (u,,). Also, the restriction to finite trees on the LHS of (29) is necessary
in the case of supercritical GW—trees only, since subcritical GW—trees are a.s. finite. Last,
(29) entails |T';| and |T_| have equivalent tail (not equal, though).

Proof. We first consider a given GW-tree, associated with a fixed n and ¢. The symbol
0,(1) stand for a sequence with null limit as j — oo. Formula (27) with h = 1 reads:

p(r1 =) -5 (7)) - peu (30)

Stirling formula under the form

§'= (14 0;(1)) vV2r j7 T2 7
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allows to approximate the Binomial coefficient and to estimate:

_ ((£—=1)5)!
(7= DI —=2)5 +1)!
1 (€ —1)7)(E=Di+1/2

1
JV2m (= 1 2((€ = 2)f + 1)E2i+3/2
1

-1 v N (625432 ’ '
=(1+ 0j(1>)j \/; [(] —Jl)ﬂ o ((E(f 2)?1 1) ] (1+e)i~! (1 — p)E=2i+1,

The term under bracket requires some care, and may be evaluated using:

jj_l < (6 o 1)] (6—2)j+3/2
)

(G- 1)1\ ((=2)j +1

_ j—l/Q j j—1/2 M (£—2)5+3/2 (f . 1)] (6—2)5+3/2
j—1 (6—2)j+1 ((—2)j

o 1 j—1/2 1 (€—2)j+3/2 1 (€—2)j+3/2
=1+ — [ 1+ ——
! ( j—l) < (6—2>j+1) ( (- 2)

1 (£—2)j+3/2
S ) o) (1 5)

P (1 = p) (D=

Pl (1 = p) D=

This entails

1 1 1 (0—2)5+3/2 ' '
P(T| =j) = 1+0;(1) — =5 (1 + —2) (1+ 5)]*1 (1- p>(€—2)J+1

Vor j32 (—
~ (1) 0= =55 ¢ (31)
with the notation:
1 3/2 1 \0-2
n <1 + e——2> (1+¢)"(1—p) and go = (1 + e——2) (1+¢) (1-p)2
We now recognise that
g = e, with 6 = §(¢ — 1,¢) defined in (5), (32)
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by the following computation:

(1+7=5) 09 = (1 =5) (- 755)

14 1 _1i€_ 1+te

(—2 (-1 ((—1)(f—2)
. (-1 —(1+xe)(l—2) l+e
I (2 TV R (G § ()
_1+(€—1)(1—(1i5))+(1i5)_ l+e
- (—=1)(¢~-2) (=1)(¢—-2)
o te

—2

Summing the equivalents in (31), we find that:

P(|T| > j) = (1 + 0(1))52% M8z,

We now set j = ¢ and assume the parameters € and ¢ depend on n, with ¢ — 0 and

i>j

¢ — 0. The next o(1) are 0,(1) as usual. Plainly, ¢; = 1+ o0(1). The map z > 273279
is non increasing on [¢,0), this implies:
1 _3/2 i 1 J —3/2 -6
— Y i e =(140(1)— x”V" e du.
o) (o) |
Integrating the latter expression we find that
1
Pt < |T| <o) = (1 +0(1))—=—=06 "t *2e . 33
(t < [T <o) = (1+0(1)) o (33)

The upper bound follows from the bound z=%? < t=32 in the integrand, and a lower
bound is given by the same integral over [t,¢'] instead of [t,0). Then we choose t' in
such a way that 0(t' —t) — oo with ¢’ = (1 + o(1))t. To complete the proof, it remains to
expand t = § ls:

3/2
5—1(5—15)—3/2 o067 1s) _ n o ot

¢85/

n

Ms—1p=83/2 oot _

0 1s

and then s = s(u), using also 6 = (1 + o(1))&?/2 from (5) (recall ¢ — 0 and ¢ — ) as
well as e3n — oo:

2—3/2 en e—(log(e3n)—g log(log(e3n))+u)
(log(e3n) — 2 log(log(e?n)) + u)>/?

= (2732 4+ 0(1)) 7", (34)

with o(1) in the last expression uniform in |u| < v with v = o(loglog(¢3n)). Bearing in
mind the 1/4/27 factor in (33), the Proposition is proved. ]
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Remark 2.5 (Duality of GW-trees). Let p, = (1 +¢)/({ —1) and p_ = (1 —&)/({ — 1).
We have, from (5), that

pi(1—p) 2 =p_(1—p_)?ifand only if §, (s, — 1) =0_(&, £ —1).

For a fixed € > 0, the latter equation has a unique solution £ > 0, from the definition
of the function d4. (30) then implies that, for the GW—trees T, and T_ respectively
associated with p, and p_ as above:

(T, ||T| < o0) is distributed as 7.

It is a general fact that supercritical GW-trees conditioned on being finite have the same
distribution as certain subcritical GW—trees. The specificity of the Binomial GW-trees
is that the corresponding subcritical GW-tree again are Binomial GW—trees.

We notice the following stability property of the Bin(¢ — 1, p) distribution under size-
biaising.
Lemma 2.6. Let ¢ € N, i € {0,1,...,0 — 1}, and p € (0,1]. If p is the Bin(¢,p)
distribution, then (pgk, ke Z") is the Bin(¢ — i, p) distribution.

Proof. The generating function of p the Bin(¢, p) distribution is given by:

st p = (1—p(1—9)),

k=0

The i-th factorial moment of p is:

n%'::pi I]:(g__j%

0<y<i

and the size-biased distribution p®® satisfies:

o~ Towslh = (O,
" P’ H0<j<i<€ —J)\k

=i\ o . A
_ —i(] _ p)(e=D)—(k=i)
<k B Z.)p (1-p)

Therefore (p\”,, k € Z¥) is the Bin(£ — i, p) distribution. 0

Consider a tree t, € 7,5, and the corresponding random tree Ty (ty). The next Lemma
estimates the number of vertices in the latter tree, that is the random variable |Ty(ty)]|.
We set h + 1 = |ty|. Recall the definition of ¢; in (18). We have

h=> il (35)
i>1
since both sides count the number of non-root vertices in ty.
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Lemma 2.7. Let T = Ty € T be the GW-tree in (22). Let j = 3, and ¢ < 1/2. There
exists by = Lo(c) such that, for € = ly,

_ hh+1)

P(Tute) =5) < (h+1) (1 +e)™ ¢ 7 P(IT| = j). (36)

Proof. We first compare p'” and p, for p the Bin(¢ — 1, p) distribution. Using Lemma 2.6,
and expanding the binomial coefficient, we find, for 1 < k < ¢ — i, that:

i 0—1—i L
I G T

_Ho<j<¢(€—1—1—k) 1 '(6—1

H0<j<i(€ —1-—7) (1 —p)
1

< A=y P (37)
where the inequality follows by bounding the first factor of the product by 1.

Let t, = (t,u1,...,u;) € Tx. Denote by (vj)i1<j<nt1 the ancestors (large or strict)
of the k pointed vertices (including the pointed vertices themselves) in t;, ranked by
breadth-first order. (This definition of & is consistent with the one in (35)). Consider,
for i e {1,...,h+ 1}, U; the set of vertices of t; whose most recent common ancestor in
{(v;)1<j<nt1} 18 v;, and define tll € T the tree induced by t on U; and rooted at v;. We
apply this construction to Ty (ty) € Ty, shortened in T; in the following lines. Recall 7" is
the random tree embedded in 7;. Conditionally on 7", the random tree Tk[i] is a GW-tree
with offspring distribution p, except for the root that has offspring distribution pg.{z,, for
J = |er(v;)] the number of children of v; in 77. With the help of (37), we see that:

P(TH = t) < (1 — p) v @I p(T = t).

Now, the trees Tkm are independent. Let (7})1<;<n+1 be a collection of independent trees
distributed as T'. The latter identity and >}, _,, ., |cr(vi)| = h together imply that

P(Tl =) =P( Y. [T =5)<0-p) P > |Ti=7).

1<i<h+1 1<i<h+1

Combined with (23) and the inequality 1 — p < 1, the latter gives (36). O

2.3 The number of path-impure vertices in one large GW—tree.

Let GG,, be a vertex transitive graph on n vertices with a pointed vertex called the root, and
let t € 7. Call ¢ the common degree of the vertices in (G,,, and assume that the number
of children of every vertex in t is < ¢ — 1, except the root of t that may have up to /¢
children. Conditionally on t, we first define ¢ : t — G,, a random graph homomorphism
by induction:
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e ((p) is a random vertex x in G,.

e If v € t has i children, denoted by v1, ..., vi, then (¢«(vj),1 < j < i) is a random,
uniformly distributed, sequence of ¢ distinct elements of the set of neighbours of ¢(v)
in G, also distinct from ¢(a(v)) in case v # p.

e The vertices of t are seen in the breadth-first order.

Conditionally on t and ¢, a vertex w € t is called impure if there exists a vertex v
smaller than w in the breadth-first order, v <y¢s w, such that ¢(v) = ¢(w). In that case,
say that v makes w impure; also, a vertex w € t is called path-impure if it has an ancestor
in t that is impure. This means that there exists v < w, and a vertex u <pgs v such that
t(u) = t(v); say that u makes w path-impure in this case. We denote by I'(t) the subset
of path-impure vertices of t.

Fix a graph G° € G = G,,. Define G\ G° the graph induced by G on the vertex set
V(G)\V(G®). Conditionally on t and ¢, a vertex of t is called G°-impure if it is mapped
by ¢ to a vertex in G°, and is called G°-path-impure if it has an ancestor (strict or large)
in t that is G°-impure. We denote by I°(t) the subset of G%-path-impure vertices of t.

For v a vertex of G, we let C°(v) be the component that contains v in the percolation

of G\ G°. We set, for t € T,
I(t) = I°(t) U T'(%). (38)
We shall consider successively the expected number of path-impure vertices and of G°-

path-impure vertices in a large GW—tree. To bound the expected number of path-impure
vertices, we need the special case k = 2 in formula (20) (many-to-two formula).

Proposition 2.8. Let T € T be the GW-tree given by (22). Assume € satisfies (4) and
( satisfies (3). Let also I' = I'(T) be the subset of the path-impure vertices of T, and let
P% be the kernel of the non-backtracking random walk on G,,. Let ¢ < 1/2. There exists
Uy = lo(c) such that, for ¢ = ly and for any j = 1,

/2

. _ck? .
E(IND)|IT] = ) < s ( 2o ke ™7 PF) 572 (39)
k=3

Notice that, for the RHS of (39) to be o(j), we need the term in parenthesis to be
o(j71?).

We first fix some notation. Let t, € T be a tree spanned by 2 pointed vertices. We
denote by hgy the generation of the most common ancestor of the two pointed vertices, and
by ho + h1 and hg + ho the generations of the two pointed vertices, with hg + hy < hg + ho.
In this way, the triplet h = (hg, h1, ho) uniquely defines a tree t, € 7,7, and we abuse
notation by writing T5(h) for T5(ty) the associated GW—tree in this case. Let us point
that the number A of non-root vertices in t, then satisfies:

h = hg + hy + hs. (40)
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Proof. Let j € N. We use the many-to-two formula in Lemma 2.1 with the index of
summation (ii). For v, w distinct vertices of T, the choice

F(T,v,w) = 1{w makes v path-impure in 7, |T| = j}

allows to estimate the size of I'(T') the subset of the path-impure vertices in the GW-tree
T. (The function F' is, through ¢, a random function, but the many-to-two formula still
holds for such a function.) Recall the notation T5(h) = (7'(h), u1,us) and the notation
ug for the most recent common ancestor of u; and us. Recall the definition of A in
(40), and the equality (35) on ¢; + 2¢5. We point out that m; = p({ — 1) = 1 + ¢ and
my = p?({—1)({—2) < (p(f—1))? < (1+¢)?, so the product that appears in (20) satisfies

H mi = mimi2 < (1+e)27% = (1+e)", (41)

1<i<ko

Recall ugi) denotes the ancestor of u; at generation ¢. Fix j and apply (20) to find:

B0 |TI =) <E( Y, F(Tvw)
vrweT\(p)
< Z (1 + )" P(uy makes u; path-impure in Ts(h), |T5(h)| = j)
ho,h1,ho

< D (1 46)" Py <ugs 0, t(us) = o(ul), |Ta(b)] = j)
ho,h1,ha,i

D (Lt &) Lpngsngizhorn) P(e(uz) = o(u?), [T (0)] = 5)
ho,h1,ha,i

= > (L) Lpyrnohenarny PPP(Ta(h)] = j). (42)

ho,h1,h2,k

N

At the third line, we use the definition of path-impurity of u; in term of its ancestors. For
any two vertices u and v, u <pgs v implies |u| < |v|, whence the inequality at the fourth
line. We set k = hy + i — hg at the fifth line, % is the graph distance between the vertices
up and ugl). Also we use that, for two vertices of Ty(h) that are mapped to the same
vertex of G, by ¢, the image in G, of the unique path in T5(h) between these vertices is
distributed as a loop of the non-backtracking random walk: this follows by construction
of ©. We now fix k, and, motivated by (36), compute a sum over hg, hy, ho in (42): Fix

c > 0 an arbitrary positive number, and set

_o(hgthytho)?
A= > Lpyinyehehorny(ho+ by + hy)e 7
ho,h1,h2

First we can sum over hy > 1, using a simple comparison with an integral. This leaves

J _C(h1+_h2)2
A< = E Ly rhoskshothn) © g
2c
hi,h2
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There remains two sums to perform. Set i = hy + hg; due to the restriction, hy + hy < k,
a given value of ¢ appears at most k/2 times:

.j —07(h1+.h2)2 j k —ct-
A< - Z Lng+ho<k<hathi} © S —Z 5¢ 7

2c
hi,ho i=k

The last sum is estimated writing ¢ = k + ¢/

_oeti)? _ck? _ih? JTN1/2 k2
3 e et R e < () e

7730 >0 2¢
SO .
T 2.
< — —C¢ '3/2
A\25/203/2k:e i g,

Inserting (36) into (42), and using the bound on A, we finally deduce for any ¢ < 1/2:

! ‘ L —ck ok 132 ,
E(U ‘7’T‘:])<25/2—C3/2(2ke J P)j P(‘T‘:j)’
k=3

and this is estimate (39). In the latter formula, the sum over k starts from k& = 3 because
the non-backtracking walk can not do shorter loops. The Proposition now follows by
definition of the conditional expectation. O

To bound the expected number of G®-path-impure vertices, we only need the special
case k = 1 in formula (20).

Proposition 2.9. Let T € T be the GW-tree given by (22). Let I° = I°(T) be the subset
of the GY-path-impure vertices of T constructed from the random homomorphism ¢ from
T to G,. Let ¢ < 1/2. There exists by = ly(c) such that, for £ = €y, and for any j > 1,

1/2 :3/210
0 . ™) |G ’
B(I(T)|| T) = j) < gyl

Notice that, whenever ((p) € G°, we have [°(T) = T. The fact that ¢(p) is random is
therefore important to avoid starting from G° too often.

' (43)

For a tree t; € T;° spanned by 1 pointed vertex, we denote by i the generation of the
pointed vertex, which uniquely defines the tree t; € 7. We abuse notation by writing
T (h) for Ty(ty) in this case.

Proof. We do the choice
F(T,v) = 1{v G®-path-impure in T', |T| = j}

and we use the many-to-one formula: this formula involves the tree T (h) with one single
pointed vertex at generation h. We find, after (41), that the product [ ], ,, mt in (20)
simplifies to:

mit = (14 ¢)h.
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Recall ugi) is the ancestor of u; at generation i. We apply (20) to the GW—tree T to find:

E(|I°(T)],|T| = j) <E( ), F(T,v))
veT\{p}

= 2(1 + )" P(u; G -path-impure in T (h), |Ty(h)| = j)
h

< (1) Blu(u?) € GO, |T3(h) = j)

= 21 £0)" Plu(u”) € G) P(T3(h)] = J)
< % (1+e)"hP(|TL(h)] = j). (44)

For the last estimate, we used that P(¢(ul”) € GO) = |G°|/n for any 1 < i < h, which
holds because ¢(p) is a random vertex in G. We now use Lemma 2.7:

D) hP(Ti(h)| = j) < Y W% e "I P(T] = j)

h h
j —ch?/j _ 4
< L e = )
h>1
1/2
< T BT = ) (15)
The estimate (43) follows from (44) and (45). O

We now bound I'(T') and I°(T) using the basic

Lemma 2.10. Let X,, = 0 be a sequence of non-negative random variables with a finite
first moment, and d,, be a sequence such that E(X,) = o(d,). There exists a sequence b,
satisfying

b, = o(d,) and P(X,, = b,) = o(1).

Proof. Set a,, = E(X,) and choose b, = +/a,d, = o(d,). By Markov inequality, P(X,, >
bn) < E(X,) /by = (an/dn)"? = o(1). O]

Lemma 2.10 entails the following Corollary to Proposition 2.8.

Corollary 2.11. Let t be given by (13), and [’ be a non-negative sequence such that
t + " ~ t. In the setting of Proposition 2.8, and under condition (8), there exists a
sequence (31 such that

Br=o(6") and sup P(II'| = Bi]|T] = ¢') = o(1). (46)

<t/ <t+

23



Proof. Using condition (8) and the estimate (39), we find the bound:

1/2 5
1 . d —cE ok 1\3/2
sup IE(|I|||T|—t)<25/263/2<g>:3ke tP>(t+6) .

t<t/<t+f/

The assumption ¢ + 3’ ~ t and the condition (8) ensure the RHS is 0(d~!). The existence
of a sequence f; satisfying (46) now follows from Lemma 2.10. O

Corollary 2.12. Let t be given by (13), and [’ be a non-negative sequence such that
t+ [ ~t. In the setting of Proposition 2.9, if ¢ satisfies (4), there exists a sequence [
such that
Bo = 0(07") and sup P(II°] = fo ||T| =t') = o(1), (47)
#,GO

with the sup over (t',G°) such that t <t <t+ ' and G° < ct for c a finite constant.
Proof. We set j =t in (43) and observe, using (13), that

52 §-5/265/2

L )

n n
Together with (43), we obtain: sup, qo E([I°(T)[[|T| = ') = o(6~") with the sup as
indicated above. Lemma 2.10 now applies to give (47). O

The following Proposition is key to the proof of Theorem 1.1. Notice Proposition 2.4
makes a similar statement without taking into account the path-impure vertices.

Proposition 2.13. Let T = Ty € T be the GWtree in (22). Assume € satisfies (4), ¢
satisfies (3), and t = t(u) is given by (13). There exists a sequence 3 such that 3 = o(671)
and

%P(t + B <|T| <o, [[(T)] < B) = (1+0(1)) (48)

1 —u
4\/T ¢
with o(1) uniform over the sequences |u| < v for v(n) = o(loglog(e3n)).

Crucial in this estimate is the choice of g: it should be larger than the typical values

of I(T'), but small enough so the replacement of ¢ by ¢ + 5 on the LHS in (29) and (48)
does not change the limit in the RHS.

Proof. We set 8 = By + (1 given by the two Corollaries, and we notice that t + § =
671 (s + o(1)). Also, we set v’ = (loglog(e®n))"/? and # = §~'«/ 7. With this definition,
we have that t + 8’ ~ t + 8 ~ t. Proposition 2.4 applies and we find that the three
quantities:

B(t+A<|TI<t+0),Pt+B<|T|<w), and Pt <|T| <c0)  (49)

Tany sequence u’ satisfying 1 « v/ « loglog(e3n) works as well
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are equivalent as n — o0. We have the lower and upper bounds:

(1—= sup P >B[|T]=t)Pt+B<|T|<t+p)

t+ A<t/ <t+8'
<Pt+p<|T| <o |l <B)
<SPt+p5<|T| <)

By (46), (47), the definition of § and (49), the two bounds are equivalent quantities,
moreover (n/t)P(t+ 8 < |T| < oo, |[I| < B) = (1 +o0(1)) e /(4+/7). O

2.4 Modified GW-trees.

In the modified GW-tree T € T, every vertex v has a random independent number
of offspring distributed as Bin(¢ — 1,.,,p). It is called "modified" because the distinct
offspring distribution is different at the root. In the case (3) that ¢ diverges, this change
affects the asymptotic of the tree only slightly, and the following dominations hold between

the tails of |7™| and |T'|.
Lemma 2.14. Let j € N. The tail of the random variables |T'| and |T™| satisfy:
P(T] = j) < P(T" = j) < (1 + O(1/0) P(IT| = j). (50)

Proof. We call natural coupling of 7" and 7™ the coupling that uses the same Bernoulli
random variables to define the Binomial number of offspring at each vertex. In this
coupling, only the number of children of the root may differ, by at most 1. We have T' <
T™, whence the lower bound in (50). If we consider T} and T» two independent copies of T,
and B an independent random variable such that P(B=1)=1—-P(B =0) =1/(¢{ — 1),
then we have

77| = |T1| + B|T| (51)
in this coupling. We also point out that P(|T}|+ |T3| = j) < 2(1+O0(¢e)) P(|T| = j) follows
from (23) with h = 2. These two equations entail the upper bound in (50):

P(T% = j) < P(Th| = j) + B(B = D) P(Th] + [T2] = J)

<
< (1+0@1/0)P(T] = j).

Recall the definition of C%(v) a few lines before (38).

Lemma 2.15. There exists a coupling in which, if v is a uniformly chosen random vertex
independent of the percolation of G:

[T\ I(T™)] < [CP(v)] < |T7]. (52)
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This is essentially the statement of Proposition 11 in [Nac09|, with the only difference
that we take v a uniformly chosen random vertex in G (consider the case of a fixed, de-
terministic v € G° to see why this is needed). We do not repeat the proof. The lower
bound in (52) may be strict: this is because a vertex w € T can be path-impure because
of a vertex v € T' that is itself path-impure.

Pruning off the path-impure vertices does not necessarily preserve the inclusion of
trees: T' < T™ does not imply in general 7'\ I(7') < 7™\ I(T™). However, in the coupling
(51), T and T™ agree in distribution on the event B = 0, and we always have the lower
bound:

POT*\I(T*)| = j) = P(IT\I(T)| = j, B = 0)
P

=
> (1=O0/O) (T = j + 5, [I(T)] < B)- (53)

2.5 The number of components of G,(p) with size in a given in-
terval.

The results collected so far are applied to the random graph of interest. For G < G = G,,,
recall G\ G* is the graph induced by G on the vertex set V(G)\V(G°). Call (CY,j > 1)
the largest components of (G'\ GY)(p) arranged in non-increasing order of size. Recall the
definition of the map R — R, u — t(u) in (13), and set t~* for the inverse function of t.
A point measure recording the sizes of the components in (G\ G°)(p) is defined by:

NO =3 8ereop,

=1

and we set N for N° when GV is the empty graph. The goal of this section is to show the
convergence, in a sense to be precised, of the random measure N towards a Poisson point
measure whose intensity measure p is given by (9). A first step is to compute the first
moment of the random measure N evaluated on intervals. Call an interval J = (uq, uz)
bounded when —o0 < u; < uy < 00, and bounded from the left when —o0 < u; < uy < 0.
In the following, we set t; = t(u1) and to = t(uy). We stress that the next two propositions
are concerned with the weak subcritical regime.

Proposition 2.16. Let J be a bounded interval. Assume € satisfies (4), { satisfies (3), t
is given by (138) and P* satisfies condition (8). The first moment of the random variable
NO(J) satisfies:

E(N°(J)) — f p(dx) as n — oo,
J
and the convergence is uniform over the graphs G° < G such that |G°| < Ct for any
constant C' independent of n.
Proof. Let j,j' € N with j < j'. The inequality in Lemma 2.15:
P(IT™\1(T")| = j) < P(IC°(v)| = j) < P(|T"| = j) (54)
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can also be written in term of T &:
(1-0/0)P(|T\I(T)| = j) < P(C°(v)] = j) < (1+ O1/0)P(IT| = j),

using the natural coupling of 7" and T™ for the lower bound, see the proof of Lemma 2.14,
and again Lemma 2.14 for the upper bound. We can now put the pieces together. We
multiply the last inequality by n/j and then observe that P(|T\I(T)| = j) = P(j’ <
T| < o0, |I(T)] < j"—j). Also we choose j =t and j' = ¢t + . The estimates in (29),

(48) entail that

: E 0 _ 1 —u
lim : P(|CZ(v)| = t) = —4ﬁe : (55)

The first moment of N°(J) then satisfies:

v 1

E(N°(J)) = E (Z W) — (1+0(1)) ;P(|c0(v)| € (t,t2))

1
— (1+0(1)) ——=(e™™ —e™ 56
(o) e =e™) (50
when n — co. Notice we used t; ~ ty for the second equality. The RHS of (56) is the
integral of u given by (9) on J, which concludes the proof. O

Recall that N stands for N° when G is the empty graph.

Proposition 2.17. Let J be a bounded interval. Assume € satisfies (4), { satisfies (3),
t is given by (13) and P* satisfies condition (8). The second factorial moment of N_(J)
satisfies:

BV-()(V-() = 1)) = ( Lu(dw)>2- (57)

Proof. We start by writing:

E(N(J)(N(J) — 1)) =E <Z W (N(J) - 1>>
E(N(J)—-1,|C(w)| =j
5 EWV() LIl =)

jes() J

where the sum at the first equality is over the vertices w of GG,,, and w may be any vertex
(by vertex transitivity) at the second equality. The latter expression may be written

(1+0(1) = > E(N(J) = 1|C(w) = G") P(C(w) = G°) (58)

t
1 GOCGn,|GOe(t,t2)

8this step could have been avoided by stating a many-to-two formula for modified GW-trees

27



In term of N?, this also writes:

]waj)ucmoza%:ExN%J»=(1+4n)fuu@ (59)

J

using Proposition 2.16 for the latter identity, where o(1) is uniform over the graphs G° =
G, such that |G°| € (t1,t,). Putting this into (58), and using (59) with G° reduced to the
empty graph, we conclude that (57) holds. ]

Let J denote the set of finite unions of intervals bounded from the left.
Lemma 2.18. Propositions 2.16 and 2.17 are valid for J € J.

We stress that Propositions 2.16 and 2.17 are stated in the weak subcritical regime.
Proposition 2.16 does not hold for every J € J in the weak supercritical regime.

Proof. We start with Proposition 2.16. First consider the case when J is an interval,
J = (u1,uy) with ug = 0. The equivalent t; ~ t does no more hold in the equality (56).
An inequality replaces that equality:

B(N(7) < 1 B(CW)] €7) = (1+0(1)) = (60)

The converse inequality is proved by approximating J by an increasing sequence of finite
intervals, and we obtain liminf, ,, E(N®(J)) = e™* /4y/7. Linearity of the expectation
entails that (56) extends to an arbitrary J € J.

We turn to Proposition 2.17. First consider J = (uy,us) with ug = 00. As before,
a lower bound is achieved by approximation through an increasing sequence of finite
intervals: liminf, o, E(N_(J)(N_(J) — 1)) > (e ™ /44/7)%. For the upper bound, we
notice that |C°(v)| < |C(v)| and this entails, since uy = oo, that:

wmwnggwwmﬂanggmmmmﬂ.

1

We compute as in (58):

E(NJ)N()-1) <+ Y EWN'())BC(w) = C")
1 |GOlet(J)
< (F)’Plcw) et() Y, PC(w)=G")
1 |GO et ()

< (riewiev)

But we know from (60) with G° the empty graph that (n/t;)P(|C(v)| € t(J)) = (1 +
o(1)) e /44/m in the weak subcritical regime, and the upper bound lim sup,, ,,, E(N_(J)(N_(J)—
1)) < (e7"t /4y/m)? follows. The case of an arbitrary J € J is similar. O
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Let M(R) be the set of locally finite measures on the Borel sigma-algebra of R. A
measure M € M(R) is called a point measure when M(J) takes values in N for any J
bounded Borel set; a point measure is further called simple when M ({z}) € {0, 1} for any
x € R. A random element of M(R) is called a random measure. A sequence (M,,),en of
random measures weakly converges (resp. vaguely converges) towards a random measure
M when the sequence of random variables § M, (dz) f(z) weakly converge to § M (dx) f(x)
for each f continuous and bounded (resp. continuous bounded and compactly supported).
Proposition 16.17 in [Kal02|, reproduced below, gives a criterion for the vague convergence
of probability measures in term of the void probabilities.

Proposition 2.19. Let (M,,),>1 be a sequence of random point measures on R, and let M
be a random simple point measure. Then (M, )n,>1 vaguely converges to M if the following
two conditions hold:

o lim, ,,, P(M,(J) =0) =P(M(J) =0), for any J finite union of bounded intervals
of R .

e limsup, , E(M,(K)) < E(M(K)), for any compact set K.

Theorem 1.1 requires the weak convergence of the measures restricted to intervals
bounded from the left. The latter may be turned into vague convergence by compactifi-
cation of the space.

Proof of Theorem 1.1. To stress on the dependence in n, we write N,, for N in this proof.
Let £ > 1, and J € J. By an induction argument, we arrive at the following generalisation
of Proposition 2.17: the k-th factorial moment satisfies

E( JT al) =) = (1+0(1)) (j u(d@)k. (61)

0<i<k—1

For k € N, the k-th moment of a random variable is a linear combination of the i-th fac-
torial moments for 1 < i < k, hence the convergence (61) of the factorial moments entails
that of the usual moments. Moreover, the Poisson distribution is uniquely determined
by its moments. By the method of moments, see e.g. Section 6.1 of [JLR11], and the
Theorem 6.1 in particular, N, (J) weakly converges towards the Poisson distribution with
parameter § ; #(dx). This implies in particular the convergence of the void probabilities:

lim P(N,,(J) = 0) = e~ Ss#ldo) (62)
n—0o0
The proof is concluded applying Proposition 2.19 to N¢ the push-forward of N,, by an
increasing diffeomorphism ¢ : R — (—0,0), e.g. z — —e™®. Call p® the push-forward
measure 4 by the map ¢. Let J be a finite union of bounded intervals. Equation (62) is
equivalent to:

lim P(N?(J) = 0) = e~ ds#7() (63)

n—o0
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Let ¢ > 0, and K be a compact set of the real line. For z € R, set d(z, K) = inf{d(z,y),y €
K} for the distance of = to K. For n > 0, the set O,, = {z;d(z, K) < n} is an open set
of the real line, hence it can be written as a union of open intervals, that is furthermore
finite. By monotone convergence there exists 7 > 0 so that u?(O,\ K) < e. Proposition
2.16 applies:

E(NZ(K)) <E(NZ(0,)) — J

po(de) < | wttdn) +e.
o

K

and this proves, since ¢ is arbitrarily small, that

limsup E(N?(K)) < J p?(dz), for K a compact set. (64)

n—00 K
(62) and (64) are the assumptions to apply Proposition 2.19, which entails the vague
convergence of N¢ towards the Poisson measure with intensity x®. The latter in turn is
equivalent to the weak convergence of N,, to the Poisson measure with intensity u, when

both measures are restricted to intervals bounded from the left. This is the statement of
Theorem 1.1. O

2.6 Adaptation to the case of graphs with bounded degrees

Interesting examples of expander graphs with bounded degrees are known (the Ramana-
juan graphs constructed in [LPS88| for instance), and we would like them to be included
in our analysis. This requires modifications in the both the statement and the proof of
Theorem 1.1. Precisely, assume
l(n) =3, lim{(n)=1L < o,
n—ao0
which means that ¢(n) is constant equal to L for n large enough. Theorem 1.1 then holds
with the intensity of the Poisson point measure in that Theorem replaced by its multiple

1 L
4ym L —1
Observe that, when L = oo, the convention L/(L — 1) = 1 allows to recover the original

intensity measure. If ¢ = £(n) and € = ¢(n) satisfy (4) and n goes to infinity, one has

(L—1)(L —3) &2
(L2 ?asn—>oo,

e Tdzx.

5i(€a€ - 1) ~

and the first order of the size of the largest components is now 2e 2 log(e?n)(L—2)?/((L—
1)(L — 3)). To prove Theorem 1.1 in this new setting, we first observe using the decom-
position (51) and the exact computation (31) for the size of the union of h = 2 GW trees
that the estimate (50) on the tail of the modified GW tree has to be replaced by
n 1 L
?IP(|T’,“|Zt)z(l—i—o(l))m[/_le_“ asn — o : (65)
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in other words, 7" and 7™ have no more equivalent tails (in the scale ¢ = t(u)). We
then need an estimate similar to (65) with 7™\ I(7™) in place of T™ in order to prove the
analogue of (55). There is no way round but to find a many-to-k formula in the context
of modified GW-trees. This modification is achieved as follows: in Lemma 2.1, if m;
denotes the i-th factorial moment of the offspring distribution at the root, the RHS in
(23) is multiplied by ., (p)/Me,, (o) (temember that the root only has a distinct offspring
distribution in modified GW—trees). In our case, the ratio m;/m; is £/(¢—1i), and the upper
bounds in the estimates (39) and (43) are multiplied by a positive constant independent
of n. Since condition (8) is not sensitive to constants, we conclude that, under (8),

n m my| S _ L L —u o
?IP’(]T_\I(T_)] >t) = <1+0<1))4ﬁL—1e as n , (66)

and the rest of the proof follows unchanged from this point on.

2.7 A remark on the second largest component in the weak su-
percritical regime.

Recall if necessary the definition of the quantity £ in Remark 2.5. There is a conjec-
tured parallel, known as the discrete duality principle, between the largest components in
Gn(p-), p— = (1 —&)/(£ — 1) and the largest components from the second one in G, (p4),
p+ = (1 +¢)/(£ —1). This principle has been proved for a few graphs, among which the
complete graph [NP07] and the configuration model |[Rio12]. The proof usually relies on
the possibility to characterise the (random) graph induced by G, (p; ) on the complement
of C; in a simple way. We believe that an analogous result should hold in our case, yet the
assumption we make and/or the methods we use in this paper only give a lower bound
for the expected number of components in certain intervals, as shown below. The random
measure of interest is again
N =) 0e1c)),

j=1

and the lower bound is on the expected number of components with size in the interval
t(ug, ug) = (tq,12), as follows.

Proposition 2.20. Assume ¢ satisfies (4), € satisfies (3), and let p, = (1 +¢)/(¢ — 1).
Assume the non-backtracking random walk on G,, satisfies (8). It holds, for J = (uy, us),
—0 < uy < uy < 0, that:

‘ -

E(N(J)) = (1 +0(1)) 7—=(e"" —e™™),

4

5

as n — 0.

Proof. The set I'(T) is the subset of path-impure vertices in 7' defined from the random
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homomorphism ¢ from T to G,,. For 8 = 0(67!) as in Corollary 2.11, we have:
n
E(N(J)) = (1 +o(1)) EP(IC(U)I € (t1,12))

> (1+0(1)) %IP’(|T| e (t + B, ta), [I'] < B)

1
4/
using t; ~ to at the first and second line and Proposition 2.4 (with condition (8)) at the
second line. N

= (1 +0(1)) (e —e™™),

With respect to the computation (56), we obtain an inequality in place of an equality
at the second line. Let n > 0 and 7 € N be fixed, independent of n. The lower bound
above suggests that, with high probability as n — oo, the j-th largest component has size
at least 0, (e, — 1)~ (log(e?n) — (5/2 + n) loglog(e3n)):

d4(e,0 —1)|Cj| — log(e®n)
P
loglog(e3n)

> —(5/2 + n)) —1-o(1). (67)

To prove this statement, it would be enough to have an upper bound on the second
(factorial) moment. For v,w € V(G,,), we write v % w if v and w are not connected by a
path of open edges. Now, N(J)(N(J) — 1) counts the number of ordered pair of distinct
components, and

1{|C(v)|€t(J)7|C(w)\Et(J),C(W)?éC(w)}
NN =1) = 2 C(0)]IC(w)] ‘

v,W

It follows that if V' and W stand for two independent uniform vertices in V(G),) under P,
nA 2
E(N()(N(J) = 1)) = (1+ o(1) () BACV)| € (7). [COW)] € £().V 7).

We did not find ? an obvious way to bound P(|C(V)| € £(J),|C(W)| € t(J),V # W) by
P(IC(V)| € £(J))?, which is the first step to implement the second moment method and
conclude to (67). It may be that further conditions are necessary to prove (67).

2.8 Verification of condition (8)

We rely on [Nac09] to check condition (8). To that aim, it is useful first to relate (8) with

the assumption
nl/3

n'/2 > kP* = O(1) (68)
k=1

9The possibility of closed edges with endvertices in both |C(V)| and |C(W)| prevents us from using
the van den Berg-Kesten-Reimer (BKR) inequality
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made by Nachmias in the study of the critical regime. Assumption (68) alone is not
enough to check condition (8). One also needs the following condition!®: there exists a
finite constant ¢ independent of n such that for n large enough,

P* < & for k =3, (69)
n

Lemma 2.21. Assume the sequence € satisfies (4). Conditions (68) and (69) imply (8).

Proof of Lemma 2.21. The first n'/? terms in the sum in (8) are bounded using Nachmias
condition (68)

nl/3 ) nl/3 31/2
1/2 —ck pk 1/2, —1/3(.1/3 kY _
' kZlk;e F PR <2y kZlk:P ) _0(—(53/2n)1/3).

and it is simple to check that s'/2/(§%2n)'/3 = o(1/s). For the subsequent terms in the
sum, we have from assumption (69) that:

22 3 ket P = 0(—)

k=n1/3 n

with room to spare. Then

12 (5715)32 $3/2 1
n n o832 0( >’

- 70
: (70
using for the last estimate that §%%n = (2732 + o(1))e%n, as follows from (11), and then
log”?(3n) = o(e®n), as follows from (4). Both terms in the sum in the LHS of (8) are
0(1/s), hence the condition is satisfied. O

Estimates on the kernel of the non-backtracking walk computed in [Nac09| then yield
Proposition 1.6.

Proof of Proposition 1.6. For the two graphs, condition (68) is checked in Theorem 2 and,
under condition (12), in Theorem 6 of [Nac09|. Also, condition (69) is checked along the
proofs of these two theorems: see p.1177 for the expander graphs and p.1178 for the
Hamming graph in that same reference. Lemma 2.21 concludes the proof. O

In the case of the Hamming graph in dimension 1, 2 and 3, one may check (8) by
hand, without the intermediate step of checking condition (68). Linking conditions (8)
and (68) allows us not to display these tedious but straightfoward computations.

19Tn practice, checking (69) usually does not raise additional difficulties with respect to (68). In [Nac09]
for instance, (68) is checked by proving in the first place that the bound on P* in (69) holds for k > log(n),
which entails (69).
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