VIIK 512.643 .8

X. /1. Ukpamon
MockoBckuit rocyiapctsennbiii yausepcuret uM. M.B. Jlomonocosa, Jlenunckue ropor, 1, M
E-mail: ikramov@cs.msu.su

O KOHTPYIHTHOM BBIJIEJIEHUU >KOP/IaHOBBIX OJIOKOB
U3 BBIPOXKJIEHHOI KBa/I[paTHON MaTPUIlbI

Nxpamos X.JI. O KOHIPYIHTHOM BBIJEJIEHUN YKOPJAHOBBIX OJIOKOB U3 BBIPOXK-
JeHHoil kBajparHoit marpuiel // Cub. xKypH. Bbramcs. maremaruku /| PAH.
Cub. orn-ume. HoBocubupcek, 2018. - T. 21, Ne 3. - C. 255-258.

[Mousitwe perymnsipusyiomero pasJsoxkenusi Beejeno P. Xopuom u B. Cep-
Pei9yKOM M O3HavaeT IIPeJICTaBICHUEe KBaJAPATHOW MaTPUIILl IIPAMONI CyMMON’
JKODJIAHOBBIX KJIETOK C HyJIEM Ha IVIABHOW JIMATOHAJIA U HEBBIPOXKJIEHHON MaT-
pHUIBl. DTO HPEJICTABICHNE JIOCTUTAETCsI KOHI'PYIHTHBIMU 1IPEO0OPA30BAHUSIMUA U
OTIMIAETCS OT KOPJAAHOBON HOpMausibHOU (opmbl. [lo mpuamnam, obbscHse-
MBIM B CTaThe, MbI MPEIIOIUTAEM MOBOPUTH BMECTO peryssipusyioriero o CP-
pasiokeHnn (MHAYE FOBODs, CHHTYJISIPHO-PETYIISIPHOM PA3JI0ZKEHNH) MATPHIIBL.
AJIropuT™MBbl, BEIYHCIISIONIAE 9TO pa3Jioykenne, Mbl HazbiBaeM CP-asropurmamu.
[Ipenaraercs panuoHAIBHBIN AATOPUTM, 3HAUUTEIHHO yiporaormit CP-asropurMbr
Xopua u Cepreitayka.
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The concept of a regularizing decomposition was introduced by R. Horn and
V. Sergeichuk. This means the representation of a square matrix by a direct
sum of the Jordan blocks with zero on the principal diagonal and a non-singular
matrix. Such a representation is attained via congruent transformations and
differs from the Jordan normal form. For the reasons explained in this paper,
we prefer to speak about the SN-decomposition of a matrix (in other words,
singular-non-singular decomposition) rather than the regularizing decomposition.
Accordingly, the algorithms providing the former decomposition are called SN-
algorithms. We propose a rational algorithm that considerably simplifies the
SN-algorithms proposed by Horn and Sergeichuk.
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1. IIycts A - xBagpaTHasg n X n-mMarpuna. s OnpeiesIeHHOCTH CYUTaeM
A KOMIIJIEKCHON MaTpuiieli, X0OTs BCe CKa3aHHOe HIKe NMPAKTHIeCKu 6e3
M3MEHEHUH PacIIPOCTPAHSIETCST Ha MATPUIIBL HaT JIIOOBIM HosieM (MJIH jJazke
TEJIOM) C MHBOJIIOINENA.

Bynem paziaumyars nBa THIIA KOHIPYIHTHBIX Tpeobpa3oBaHuil: T-KOHI'PYHIUH,
T. €. IpeoOPa30BAHUST BUIA

A— STAS (1)

u *-KOHTpy HIIUH

A— S*AS. 2)

B obenx dopmystax S - mpon3BobHAsT HEBLIPOXKIeHHAs MaTpuria. 1Ilpeobpa-
3oBaHusd Buja (1) COOTBETCTBYIOT CJlydalo, Korja B Kadecrse mHBOJOonuu B C
IPUHSITO TOXKJECTBEHHOEe OTOOparkeHwe z — z, a IpeobpasoBaHus Buaa (2) -
KOMILJIEKCHOMY COIIPSI?KEHUIO 2 — Z.

U B ToM, U B JpyroM ciiydae mMaTpuily S MOXKHO BBIOpaTh Tak, 4ToObl A
puobpesia Bu,

BOJn @@ Jy,. (3)

3nech Jy,, ...y Jn, - AKOPJAHOBBI KJIETKHU TIOPSIKOB COOTBETCTBEHHO N1, . . . , My
C HyJIeM Ha IJIABHOM JMarOHaJN, a B - HeBBIPOXK IeHHAS MATPHIIA, OIPEIe/IsIeMast
€ TOYHOCTBIO 710 KoHrpysHimu. [Ipencrasienue (3) nazsano B [1] perysspusyio-
MM pas/ioxKenneM MaTpurst A, npayas cymma Jy,, @ -« @ Jp, - CHArY/ISpHOLL
9ACTBIO 9TOTO PA3JIOKEHUSA, & O MATPUIE B rOBOPAT, 9TO OHA OLPEIE/IAET ero
PEryJIsipHyI0 9acTh. JIBa IIOCIeHAX TEPMUHA TAKXKE 3aMMCTBOBAHBI U3 CTATHU
[1].

Tam ke, B [1]|, onucanbl HECKOJBKO AJTOPUTMOB JIJIs BBHIUUCJIEHUS Pa3JIO-
skerus (3). ABTOPBI HA3BIBAIOT MX AJTOPUTMAMU DErYJISPU3ALUM, BUIUMO, 1O
TOI TIPUYMHE, YTO MOCJ]e BBIICICHNA KJIeTOK Jp,,. .., J,, OCTaeTCs HEBBIPOXK-
JIEHHAsI, T. €. peryysipHas, marpuna B. C nameii ToYkyu 3peHusi, 9TH HA3BAHUS -
PEryJIsipu3yIoliee PasjiozkKeHne, ajJllOPUTM PEryJISIPU3AlUN - KpaiiHe HeyJauHbl,
MTOCKOJIbKY HEM30€KHO HATIOMHHAIOT O Teopun perynspusanun A.H. Tuxonosa,
KOTOpYyI0 aBrophl [1| BoBce e mmesu B Buiy. Mbl Oymem naswiBarh (3) CP-
pasJioykeHueM (MHAYe rOBOPSsl, CUHIYJISIPHO-PErYJISPHBIM Pa3JIOXKEHUEM ) MaTpPHU-
Bl A, & aIrOpUTMBbI, BBIYUC/IAIONHIE 3TO pasjoxkenue, CP-ajaropurmamu.

Oyun n3 CP-aropuT™MoB, OIMCAHHBIX B [1], HCIO/IB3yeT TOJIBKO YHUTAPHBIE
(a B BeIECTBEHHOM CJIydae - TOJbKO OPTOrOHAJIBHBIE) IIPEOOPA30BaHUS, 4TO PAC-
CMATPHUBAETCS ABTOPAME KaK BasKHOE JOCTOMHCTBO, XOTS MOYKHO YCOMHHTBCS B
[OJIE3HOCTH YHUTAPHOCTU TPU PEIEHNN HEKOPPEKTHON 3a/1a4uu, POJICTBEHHON
3a/1ade IIOCTPOEHNUs 2KOP/IAaHOBOI HOPMaJIbHOM (DOPMBI.

Ha mamn B3ruisiz, usiuiise ciaoxked u apyroii CP-ajropurm u3 [1], ocHoBas-
HbIH HA 3JIEMEHTAPHBIX IPeobpa30BaHugX CTPOK u cTosibnos marpuibl A. enn



JIAHHOHM 3aMEeTKH - 10 BO3MOXKHOCTH yrpoctuTh CP-tiporiece, ocraBasich B Kitac-
ce HeOPTOTOHAJIbHBIX (HEyHUTAPHBIX) NpeobpasoBaHuii. B paMKax cucreM KOM-
MBIOTEPHOM ajredphl ITO JAeT BO3MOXKHOCTH TOYHOU peasU3aliy ajrOpUTMA,
1o Kpaiineit Mepe, Jj1d MaTPHIL C PAIlMOHAJBHBIMYU UJINA I'ayCCOBBIMHU PAIMOHAJIb-
HBIMH 3JIEMEHTaMU.

2. Bynewm, njisi onpesiesieHHOCTH, TOBOPUTH O T-KOHIDYIHIUSIX MaTpUIbl A.
OueBUIHBIMI WHBAPUAHTAMI TAKUX ITPEOOPA3OBAHNM SIBJIAIOTCS PAHT T 4
u gedekr da vroit marpuipl. OTciona ciemyer:

1. koqmuecTBO p KoppanoBbix Kjaerok B CP-pasmoxenun (3) pasHo guciy
da;

2. kyieTky nopsaka 1 B (3) orBedaoT BEKTOPAM, JIEXKAIIUM B II€PECEYeHUN
gaep Marpunbsl A U Tpancrornposannoit Marpunsl AT ducno Taknx Kite-
TOK PaBHO Pa3MEPHOCTH JTOI'O IIepeCeyueHus.

Boraucnenne 6a3uca smapa mMarpuribl u 6asmca mepecedeHus JBYX ITOIIPO-
CTPAHCTB - 9TO CTAHJAPTHBIE 3@l JINHEITHON aaredpbl, PEIeHni0 KOTOPBIX
oby4aroT nepBoKypcHUKOB. CrieioBaTesibHO, BCs MpobIeMaTnKa IPUBEIEHUs K
Buzy (3) CBOAUTCS K TOMY, 9TOOBI HayYUTHCS BBIICIATH U3 A YKODJAHOBDI KJIeT-
KU [OPsiKa 2 1 Bbilie (IIPU yCJIOBUH, KOHEYHO, YTO TAKUE KJIETKH CYIIECTBYIOT).

3. Ilpexamoso:kuM, 9TO MaTpuiia A BeIpoxkieHna u ee aapo N, BO3MOXKHO,
nepecexasich ¢ sapom N qr marpunst AT, me coBmagaer ¢ muM.

[Iycts f - npoussosbHbIl BekTOp U3 MHOKecTBa NaA\N 7. OT ucxomHoro
baszuca KOOPIUHATHBIX BEKTOPOB €1, €2, . . ., €, IepeiijleM K IIPOU3BOJbHOMY Oa-
3HCY, B KOTOPOM [ SIBJISIeTCsI IIepBBIM BEKTOpoM. B Marpure A, mosyueHHol B
pe3yJibTaTe 3TOr0 IMepexojia, mepBbiil crosder HysteBoit. [lockosnbky f He mpu-
Hajuiexkut Ny, T0 B 1IepBoil cTpoke A, HAIPOTUB, €CTh
HEHyJIeBble BHEIMATOHAJBHDBIE 3/1eMeHThI. [lepecTaHoBKOI CTOOIOB 100BeMCsI,
qTOOBI HeHyJIeBbIM ObLT dsieMeHT B nosuiun (1,2). Ecam 310 MOXKHO crenaTh
pa3HBIME CIIOCOOAMU, TO, U3 COODparKeHUil IUCJIEHHONU YCTONYMBOCTH, IepeBe-
gem B nosunumio (1,2) sjeMeHT ¢ HamOOJbIIUM MOmysIeM. UToObl 3aBepHIAThH
KOHI'PYIHTHOE TIpeodpa30BaHue, HYKHO II€PEeCTABUTH U OJHOMMEHHBIE CTPOKHU.
Dra nepecraHOBKA He U3MEHHT (HYJIEBOI) 1epBblii cToJbe.

Tenepb ¢ OMOIIBIO 3eMeHTa (1,2) IpOBEIEM UCKIIIOUEHNEe TIPOINX BHEIHA-
TOHAJIbHBIX 3JIEMEHTOB IepBOil cTpoku. JIjist 3T0r0 BTOpOIi CTOJIOEI], YMHOXKEH-
HBII Ha TOJXOASAINE KOIDPUIMEHTHI, BRIYAUTAEM U3 MTOCJIEIYIONNX CTOJIOIOB.
Amnajyornanbie JIefiCTBUST HY>KHO MTPOJIEIATH CO CTPOKAME MATPHUIILI, 9TO CHOBA
HE U3MEHUT HYJIEBOTO MIEPBOTO CTOJIOIA.

ITepebie cTpoka 1 cTOJIOEI] MATPUIIBI IPUOOPeH Terepb HyKHbIi B Ciie-
JYIOIIMI 1Al UCKJIFOYEHHEe 3JIEMEHTOB BTOPOro cToJidia. IlepBas cTpoka B 3TOM
UCKJIIOUEHNN siBJIsteTcst Benyiei, a ee anement (1,2) - Bemyumm. Korma uc-
KJIIOYEHNE 3aKAHIUBAETCS, ITOT IJIEMEHT CTAHOBUTCS €IMHCTBEHHBIM HEHYJIEe-
BBIM 3JIEMEHTOM BTOPOro crojbdma. s dpopmanbHOro 3aBepiieHns KOHIPYIH-



[INY TIEPBBIH CTOJIOEI], YMHOXKEHHBIN Ha, Ha TeKalne KO3 UImeHTh, CaeI0Ba-
JIO OBl BBIUECTHb U3 OCTAJbHBIX. TaK KakK, OJHAKO, ITOT CTOJIOEI - HYJIEBOH, TO
COOTBETCTBYIOIIUE CTOJIOIOBBIE OIEPAIIANA MOYKHO OILYCTUTh.

IIycTb A - MAaTpHUIA, [OJIyUEeHHAs 10 3aBEPIICHIH UCKIIOYEHUsS BO BTOPOM
crosibue. Eciin B ee BTOPOIl CTpOKE MMEIOTCS HEHYJIEBBIE 9JIEMEHTBI, TO MbI II0-
BTOPSIEM JIJIs 3TOM CTPOKM T€ Ke JeHCTBUsI, KaKhe paHee ObLIU [IPOJIeJIaHbI JIJIst
[EePBOil CTPOKU MATPHUILI A, T. €. IepecTaHOBKOIl CTOJIOIOB IT€PEBO/IMM HEHYJIe-
BOIi 9JIeMeHT (M/IH JIa7Ke JJIEMEHT ¢ MAKCUMAJIBLHBIM MOJIYJIEM) B o3unuio (2, 3),
MPOBOJMM UCKJIIOUYEHUE OCTAJIbHBIX HEHYJIEBBIX 3JIEMEHTOB 3TON CTPOKH, a 3a-
TeM uckJrodaeM ajiementsl (3, 3),(4,3), ..., (n,3) Tperbero crosbua. Kaxioe u3z
TUX JIEeHCTBUI JOIOJIHIETCS 10 KOHIPYSHIIMH COOTBETCTBYIONIMMU OIIEPAIUSIMU
CO CTPOKAMM WJIM CTOJIOIAaMU. IIpu 9TOM COXpaHSIIOTCSI BCE HYJIEBBIE 3JIEMEHTHI
[IEPBBIX JIBYX CTOJIOIOB.

Ecim B Tperbeil cTpoke MOJIyIEeHHOU MATPUIIBI IIPUCYTCTBYIOT HEHYJIEBBIE
3JIEMEHTBI, TO OIMCAHHBIA IIPOLECC IPOIOJKAETCS yKE€ H3BECTHLIM OOpPa30M.
MozKeT cayduThCsi, YTO TaK MBI J0M1eM 110 mocaeaHed crpoku. Torna nToroBsM
pe3yJIbTaToM OyJIeT MAaTPHUIa BUJIA

0(11

g oD =12, . sl — 1,

KOHI'PYSHTHAas nCXoAHoi MaTpure A. JlonoJHuTe IbHON KOHIPYIHIUel ¢ Jua-
rOHAJIbHOIN TpanchOpMUpYIOIIeil MaTpurieil MOKHO peBPaTuTh (4) B 2KOPIAHO-
BY KJIETKY J,. B mannom ciydae sra KiaeTka Oy/IeT eIMHCTBEHHBIM CJIAraeMbIM
CP-pasnoxenns (3).

Ecsn abcTparnpoBaThest OT 9TOTO KpaifHero ciaydasi, TO IIPOIECC BbIIEICHUS
JKOPJIAHOBOI KJIETKM 3aKOHYHUTCH Ha KaKOM-TO Gosiee panHeMm mare. IIpesrro-
JIOKWM, 9TO Tocje k — 1 1maroB onmmcaHHOTO BBIIIE Iporiecca, rae k < n — 2,
0OHAPYKUIIOCH, ITO BCE JIEMEHTHI k-ii CTPOKY PABHBI HYJII0. DTO 0O3HAYAET, 9TO
TeKylllasd MaTpUIa UMeeT BUJ, IPAMOIl CyMMbI

Gr ® Ap_p,

rie

Gy,



a A, - MaTpuna nopsjaka n — k. JluaroHajabHON KOHI'DYIHIIMEN [IpeBpaTUM
G B KODIAHOBY KJETKYy Ji, KoTopasi Oy/ler OIHHM U3 CJIaraeMbIX HCKOMOT'O
CP-pa3zio:keHust.

Ecimu marputia A, HEBBIPOXKJEHA, TO OHA OyJeT ciaaraeMbiM B aToro pas-
JIOXKEHHsI, a CAMO Pa3JIOXKeHHe OyaeT CYMMOI IBYX ClaraeMbIX. B IpOTHBHOM
ciaydae K A, _jp HYX>KHO [PUMEHHTb U3JIOYKEHHBIN BBIIIE IIPOIECC BbIJIEJIEHUS
2KOP/IaHOBBIX KJIETOK.

4. Asropwr crateu [1] pacemarpusaror CP-pasnoxkenne (3) Kak mepsbrii aTam
B IIPOIIECCE TTOCTPOEHUST KAHOHUIECKON (hOPMBI MATPHUITHI A OTHOCUTETHHO
KOHrpysHImil. Cirelyonuii 9ram cOCTOUT B YIPOIIEHUU BUJA HEBBIPOXK-
JenHol Matpunsl B. B ciydae *-KOHrpysHumii 9TOT 3Tanm mMeeT ompe/e-
JIEHHBIE CJIO?KHOCTH, KOTOPBIE Mbl PACCMOTPUM B OTJIEJIbHON ITyOJIMKAIIIH.

5. Kak n3BecTHO, HUJIBIIOTEHTHYIO 9aCTh YKOPJAHOBOM (hOPMBI IIPOU3BOIHHOM
KOMIIJIEKCHON MAaTPHUIIbI MOXKHO OIIPE/IEIUTh PAallMOHAJIBHBIM BBIYUC/ICHHU-
€M, T.e. KOHEYHBIM aJITOPUTMOM, UCIOJIB3YIOMIAM TOJIBKO aprudMeTUIeCKue
omneparuu. KoJmdecTBO U MOPSJIKKA KJIETOK JIJIsT HYJEBOI'O COOCTBEHHOTO
3HAYEHUS OIPEJIEISIOTCS YUCIaMU

re =rank A*¥, k=1,2,..., ro=n (5)

IMocnenoBaTenbHOCTD {T) } Hy?KHO BBIYHCJISITH JI0 MOMEHTa €€ CTa0uIN3aliHg,
T. €. 10 UHIEKCa kg, KOTJIa BIEPBBIE BBITOJTHUTCS PABEHCTBO

Tk}() = Tk0+1

AnropurMm Beraucienus CP-pasiokeHnsi, ONMUCAHHDIA B IIyHKTE 3 HACTOSIIEH
CTATbU, TAKXKE ABJIAETCS panuoHaabHbIM. OHAKO OCTAETCS OTKPBITBIM BOIPOC
0 TOM, KaK HHTEpPIPETHPOBATL HapaMeTPHL P, N1, Ny, . .., N, pasioxenns (3) B
TePMUHAX BEJIMYUH, OLIpeJeisieMblX HerocpecTBerHo 1o marpuie A (cp. ¢ (5)).

JIuteparypa

1. Horn R.A., Sergeichuk V.V. A regularization algorithm for matrices of
bilinear and sesquilinear forms // Linear Algebra Appl. - 2006.- Vol. 412,
iss. 2-3.-P. 380-395.

ITocrynuna B pemaknuio 10 asrycra 2017 r., B OKOHYATEJHHOM BapuaHTe 7
HOos10pst 2017 1.



