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Abstract

We relate L?P-cohomology of bounded geometry Riemannian man-
ifolds to a purely metric space notion of £9P-cohomology, packing co-
homology. This implies quasi-isometry invariance of L?P-cohomology
together with its multiplicative structure. The result partially ex-
tends to the Rumin L%P-cohomology of bounded geometry contact

manifolds.
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1 Introduction

(7P cohomology is a quantitative variant of simplicial cohomology
for simplicial complexes: cocycles are required to belong to ¢ and
cochains to ¢4. It has proven its usefulness in various parts of geome-
try and topology, [G2], [L], [BP], [BK].

Because of its topological origin, it is expected that ¢P cohomol-
ogy be quasi-isometry invariant, and be computable by many different
means. In particular, using differential forms in the case of (trian-
gulated) Riemannian manifolds. This has been established over the



years in many cases, [G1], [I], [E], [BP], [D], [Ge]. In this paper, one
completes the picture,

e by covering all remaining cases (limiting cases for exponents p
and q),

e by proving invariance of cup-products.
The new input is two-fold.

1. We exploit progress made in the 2000’s on the L' analytic prop-
erties of the exterior differential, [BB2], [VS], [LS].

2. We use a definition of £P cohomology for metric spaces, packing
cohomology, which is well-suited to handle products.

1.1 Results

Packing cohomology will be defined in subsection 6.1.

Definition 1 Say a metric space X has uniformly vanishing cohomol-
ogy up to degree k if, for every R, there exists R such that for every j =
0,...,k and every x € X, the map H/(B(z,R),R) — HI(B(z, R),R)
induced by inclusion B(z, R) C B(z, R) vanishes.

Theorem 1 Assume that 1 < p < q < oco. Consider the class of
stmplicial complexes with the following properties.

1. Bounded geometry: every simplex intersects a bounded number
of simplices.

2. Uniform vanishing of cohomology up to degree k — 1.

For X in this class, and up to degree k — 1, £9P-cohomology and
packing £LPP-cohomology of X at all sizes are isomorphic as vectorspaces.
Furthermore, in degree k, the exact £4P-cohomology and exact packing
L3P -cohomology of X at all sizes are isomorphic. It follows that these
spaces, together with their multiplicative structure, are quasi-isometry
moariant.

The isomorphisms are topological, they arise from homotopy equiv-
alences of complexes of Banach spaces.

This allows to define ¢9P-cohomology for a large class of Rieman-
nian manifolds as follows.

Definition 2 Consider the class of Riemannian manifolds with the
following properties.



1. Bounded geometry: there exist M > 0 and ro > 0 and for every
point x an M -bi-Lipschitz homeomorphism of the unit ball of R™
onto an open set containing B(x, ).

2. Uniform vanishing of cohomology in all degrees.

For manifolds X 1in this class, define the £9P-cohomology of X as
the £9P-cohomology of any bounded geometry simplicial complex quasi-
isometric to X.

However, on Riemannian manifolds, differential forms lead to a
more natural definition.

Definition 3 Let X be a Riemannian n-manifold. Q4P*(X) denotes
the space of L1 differential forms whose distributional exterior deriva-
tive is an LP differential form. Define L9P cohomology by

HIPF(X) = ker(d) N QPP¥(X) /dQorh =1 (X).

Exact L%P-cohomology EHIP*(X) is the kernel of the forgetful map
HPkE(X) — HY (X, R).

The following theorem states that the topological definition (via
quasi-isometric simplicial complexes) and the analytic definition (via
differential forms) coincide, except in regimes where local obstacles
arise.

Theorem 2 Assume that 1 < p < q < 0o and % — L <1 Consider

—n *
the class of Riemannian manifolds with the following properties.

1. Dimension equals n.
2. Bounded geometry.
3. Uniform vanishing of cohomology up to degree k — 1.

Ifp =1, ¢ = n/n—1 and k = n, one should replace Ln/n=11
cohomology with L”/”_l’Hl-cohomology, to be defined in subsection
2.2. Ifp=mn, g =00 and k =1, one should replace L°*™-cohomology
with LBMO™_cohomology, to be defined in subsection 2.2 as well.

For X in this class, and up to degree k — 1, L9P-cohomology and
LPP-cohomology of X are isomorphic as vectorspaces. Furthermore, in
degree k, the exact LYP-cohomology and exact packing £9P-cohomology
of X at all sizes are isomorphic. Finally, these spaces, together with
their multiplicative structure, are quasi-isometry invariant.

If (p,q) # (1,.%5), or (n,00), the isomorphisms are topological,
they arise from homotopy equivalences of complexes of Banach spaces.
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Along the way, we shall establish an analogue of Theorem 2 (ex-
cept its multiplicative content) for contact manifolds equipped with
bounded geometry Carnot-Carathéodory metrics and the Rumin com-
plex. This relies on recent L' analytic results for invariant operators
on Heisenberg groups, | I, [ ]. It would be nice to extend
this result to larger classes of equiregular Carnot manifolds. The ma-
chinery developped here would yield it provided the needed analytical
properties of Rumin’s complex were known. Unfortunately, Rumin’s
complex does not form a differential algebra, so it cannot capture the
multiplicative structure of cohomology.

1.2 Plan of the paper

Section 2 collects the needed Euclidean Poincaré inequalities. Section
3 recalls Leray’s proof of de Rham’s theorem relating de Rham to Cech
cohomology. Section 4 presents a new variant of Leray’s method,
which is far less demanding in terms of properties of coverings and
Poincaré inequalities. The loss on domains in Poincaré inequalities
that it allows is crucial in two ways,

1. It feeds on existing, perhaps suboptimal in terms of domains,
analytical inequalities. Hence it suffices to prove Theorem 2.

2. It allows to jump from one scale to a much larger one, under a
mere global topological assumption.

The second feature is illustrated in section 5, where the ¢P cohomol-
ogy of a simplicial complex with uniformly vanishing cohomology is
shown to coincide with that of its Rips complex at arbitrary scales.
In section 6, this result is reformulated in terms of Alexander-Spanier
cochains and packing cohomology, a theory which is quasi-isometry
invariant by nature, this proves Theorem 1. Note that the main out-
put of sections 5 and 6 (functoriality of ¢9P-cohomology of simplicial
complexes under coarse embeddings) is valid with no other restriction
on (g,p) than 1 < p < g < 4+00). Section 7 details the analogous result
for contact sub-Riemannian manifolds. Some extra analytical difficul-
ties arise since the adapted exterior differential, due to M. Rumin, is
a second order operator in middle dimension.



2 Analytical input

2.1 Poincaré inequalities

We shall use the following results, which can be found in [ | for
p>1and g < oo, and in | | for limiting cases.

Theorem 3 (Baldi-Franchi-Pansu) Assume that 1 < p < q¢ < oo

1 1 1
and — — — < —. Let A\ > 1. Let B = B(0,1) and B' = B(0,\) be
n

concfntm'g balls of R™.

Assume first that (p,q,k) ¢ {(1,n/n —1,n),(n,00,1)}. There ex-
ists a constant C = C(\) such that for every closed differential k-
form w on B’, there ewists a differential k — 1-form ¢ on B such that
d¢ = wp and

Pl asy < CllwllLe(pr)- (Poincareg ,(k))

Ifp=1, ¢ =n/n—1 and k = n, inequality (Poincareq,(k)) is
replaced with

@l pnim-1(p) < C llwllag(sr)- (Poincarey, /1 31(n))

Ifp=mn, ¢ =00 and k =1, inequality (Poincareg p(k)) is replaced
with

16l Baros) < CllwllLn(s)- (Poincarepnon(1))

Similar inequalities hold for A large enough on Heisenberg balls, with
exterior differential d replaced with Rumin’s differential d., see 8.

Remark 1 Note that inequalities (Poincare,;,_11(n)) and
(Poincarese (1)) fail.

2.2 LBMO and L™ norms

To cover the exceptional configurations p =1, ¢ =n/n—1and k = n,
on one hand, and p = n, ¢ = co and k = 1, on the other hand, one
needs switch from Lebesgue spaces to mixed Lebesgue-Hardy spaces.

Definition 4 Let X be a bounded geometry Riemannian manifold.
For a differential forms w on X, define

|wllLsmo = sup |wlBpoB)), Wl =/ o (B(a,1)) do-
rzeX X
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These are the norms used in the definition of LBMOm and [n/n—1#"
cohomology, required only in degrees 1 and n respectively. One does

not need modify the definition of packing £°" and ¢*/"~11-cohomology.

2.3 L™-cohomology

For the proofs, it will be necessary to deal with a whole complex at
the same time.

Notation 1 Let 7 = (po,--- ,pn) be a nonincreasing sequence in
[1,00]. Q™F(X) denotes the space of LP* differential forms whose dis-
tributional exterior derivative is an LPr+1 differential form. The norm
there 1is

‘w|pk + |dw‘1’7k+1'

The exterior differential d is a bounded operator on

n

0™ (X) =P (x).

k=0

It constitutes a complex whose cohomology
H™ (X) = ker(d) N Q™ (X)/dQ™ (X)

is called the L™-cohomology of X. Reduced L™-cohomology H™ (X)
is obtained by modding out by the closure of the image of d.

Note that, for k = 0,...,n, if pp_1 > pg, HPF-1Pe*(X) = H™F(X)
for any nonincreasing sequence 7 containing (pg_1,pr) as a subse-
quence.

A similar notation, ™ cohomology, will denote the cohomology of
the complex of simplicial cochains (resp. Alexander-Spanier cochains)
whose degree k component belongs to ¢P¢ for each k = 0,...,n, and
whose coboundary shares the same property.

3 Leray’s acyclic coverings theorem

Let X be a Riemannian manifold. Let & = (U;);es be an open cover-
ings of X. Assuming that Poincaré’s inequality holds as in Proposition
3 for all pairs (U;,U;) and all intersections U;, ., := U;; N---NUj,
with uniform constants, we shall show that L™-cohomology of X is



isomorphic to the L™-cohomology of the nerve T, of U, i.e. the sim-
plicial complex which has a vertex ¢ for each open set U; and a face
i1 .. .1 each time the intersection U;,._;, # (). We shall furthermore as-
sume that the nerve is locally bounded (every Uj; intersects a bounded
number of other U;’s), and we shall need a partition of unity (x;)
subordinate to U such that the gradients Vy; are uniformly bounded.

Recall that simplicial cochains are skew-symmetric functions on
oriented simplices.

3.1 Closed 1-forms and 1-cocycles

Let us first explain the argument for L™ H!(X).

Given a closed 1-form w on X, let us view the collection @ of its
restrictions w; = wy, as a 0-cochain with values in 1-forms, w € Co1,
It is a 0-cocycle,

&DU = wi|Uij - wi|Ui. =0.

By assumption, dw = 0. Poincaré inequalities provide us, for each U;,
with a primitive ¢; of w;, d¢; = w;. This forms a 0-cochain ¢ = (di)ier
with values in 0-forms, qg € C%0 These 0-forms need not match on
intersections, i.e. 6&@- = ¢i|Ui]- — ¢j|Uij need not vanish. Note that

R := 0¢ is a 1-cochain with values in 0-forms, & € C19. Furthermore,
dic = dé¢ = 6d¢ = 6o = 0. This means that each function Kij is
constant, one can view k as a real valued 1-cochain of the nerve. It is
a cocycle, since 6k = §d¢ = 0.

Assume that w € LP1(X). Poincaré inequalities state that prim-
itives ¢; have LP9-norms controlled by local LP* norms of w, so qz S
¢P1(LP0). The coboundary is bounded, so & = d¢ € £°1(LP). Since
each k; is constant, kK € /P,

If different choices of primitives ¢} are made, ¢, = ¢; + u;, then
u;’s form a 0-form valued cochain @ such that ¢’ = ¢ + @. Therefore
k' = k + 0u. Since du = 0, one can view @ as a real valued 1-cochain
of the nerve, and k' = k + du. Again, each (constant) u; is bounded
by |lw|lr1 (1), 80 w € 1. Since pg > p1, £P* C £P°, thus u € £P°. This
shows that the cohomology class [k] € L™ H'(T) does not depend on
choices.

If w = d¢ is exact, with ¢ € LP°(X), one can choose ¢; = ¢|1,, 5 =
0, thus k = 0. Therefore we get a bounded linear map L™H!(X) —
L™HY(T).



Conversely, given a l-cocycle A of the nerve, i.e. a collection of
real numbers \;; such that A = 0, we first view it as a 1-cocycle A
with values in (constant) 0-forms. We set

b= Niexe.
¢

This defines a 0-form valued 0-cocycle ¢ € C%°. The map e : C+0 —
C%9 that we just defined, is an inverse for § on cocycles. Indeed,

0P = > AieXeyu,; — > Ajexe|us;
¢ ¢

= Z()\M + /\zj + )\ji + /\ij)XZ\Uij
4
V4

= Aijs

since o\ = 0.

Its exterior differential & := di satisfies 0& = ddi) = doy) = d\ =
0, therefore it defines a global closed 1-form «a. If A € P1, o € LP! as
well. If A = du where u is an £9 0-cochain, the corresponding 0-form
valued 0-cochain 15 satisfies

i =Y (ui = ug)xe =ui —v

L

where

vi=¢€(u) = ZWXL;
¢

is a global LY 0-form. Furthermore, & = dd; = —dv, sow = —dv. Thus
we have a well-defined bounded linear map L"H(T) — L™ H'(X).
The maps just defined in cohomology are inverses of each other.
Indeed, sart with a closed 1-form w, get a 1l-cocycle k. Apply the
reverse procedure to A = k and get a closed 1-form «. Then, on U;,

8¢~ )=k —R=0,

hence there exists a globally defined function v such that v; = ¢; — ¥;
on U;, hence dv = w — o. If w € LPY, then v € (P2 (LP0) C (Po(LP0) =



LPo since p; < pg. Conversely, start with a 1-cocycle A, get the corre-
sponding 1-form «, and apply the reverse procedure to w = « to get
cocycle k. Then

d¢p—¢)=a—-a=0,

hence there is a 0-cochain u such that u; = ¢; — ¥; on U;, hence
ou=rK—A If A € /PL then u € (P,

All we have used is € which inverts é and Poincaré inequalities
which allow to invert d. The map in one direction is § o d~'; in the
opposite direction, it is doe = do é L.

To sum up, the argument uses spaces of differential forms on open
sets U;’s and intersections Uj;’s, the operators d and 6, the inverse €
of & provided by a partition of unity, the possibility to invert d locally.
The procedure 6§ o d~' amounts to finding b that relates a globally
defined closed 1-form w and a scalar 1-cocycle « via

(d+9)b=w+F,
revealing the role played by the complex +d + § (here, b = QNS) Inci-
dentally, we see that the inclusion /# C ¢? when p < g plays a role.

3.2 The general case

A bit of notation will help. Let T be a simplicial complex, with a Ba-
nach space B;,_;, attached at each simplex. Let C*(T, B) denote the
set of cochains, i.e. skew-symmetric functions x on oriented simplices
with values in B (i.e. k(i ...4) is a vector in B;,. ;, for each simplex
i0 .. .1x). Denote by

K™h = {k € CM(T,B); |k| € P» and |6k| € (Pr+1},

Let C™* denote the space of h-cochains with values in k-forms,
equipped with the KCPr+#"(Q™F)-norm (here, Bj, s, = Q™% (Uiy..in))-
It has two bounded differentials, d’ = § and d” = (—1)"d, which anti-
commute, thus d’ + d” is again a complex. Note that the space of
globally defined, LP¢ k-forms, is Q™*(X) = C%* N ker(d’) and that
the space of /P scalar valued h-cochains coincides with C*Y Nker(d”).
The choice of exponent pj, 4 in the definition of C"*, constant along
diagonals of the bi-complex, makes it possible to iterate § o d~ and
d o € and relate LP* and /P cohomologies.
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Say a complex of Banach spaces (C",d) is acyclic up to degree L
if its cohomology vanishes in all degrees up to L.
We show that lines and columns of our bi-complex are acyclic.

Lemma 1 Ifp <gq, then || - |lea < |- ||ee-

Proof If x; > 0and ) x; = 1, then all z; are < 1, whence ) xg/p <1.
Applying this to

yields

S (i)’ < (3 laslP)e,
whence the announced inequality. [ |
Lemma 2 Let U = (U;); be a open covering of a Riemannian mani-
fold. Assume that the volumes of U;’s are bounded, and that U admits
a partition of unity (x;); with uniformly bounded Lipschitz constants.

Given ¢ € CMF, i.e. ¢ is the data of a differential k-form on each
Uiy...ir,» set

Z0 Ah—1 E :X]¢JZO Ap—1"

Then € : CF — Ch=LF s bounded and 1 = €6 + de.

Proof Computing

((€0 +0€)@)ig..i, = Z X (00)jiq..in + Z(_l)f(e(ﬁ)io,..{zmih
= Zx] (io. zh+z D60 in)
Z ZXJ%...W...%
= ZX]¢10 in

= ¢10...zh7

shows that €§ + de = 1.
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Multiplying a differential k-form ¢;,. 4, ,; with x; does n
crease its LPk-norm. For its differential,

ot in-

(X Pio-inai)leowrr iy a5y < N dbiginrillress @iy s, )

+L‘|¢z‘0.‘.ih,1j Hka+1 U;

where L is a Lipschitz bound on x;. By Holder’s inequality,

Pk+1 < Pk, the second term is bounded above by ||¢i,..i, 15l ek Uig-oin_15)

Ou.ihilj)'

since

times a power of the volume of U;, which is assumed to be bounded
above. Thus multiplication with x; is continuous in local O™k norms.

Since x; has compact support in Uj, x;®i,...q, ,; extends by 0 to
Uiy...i,,_, without increasing its Q™ norm. Therefore € is bounded
from ¢Pr (Q™F) to (Pr(Q™F), and thus from ¢P» (Q™F) to Pr-1(Q™F) by
Lemma 1. With the identity 1 = € + e, this shows that e : C™* —

Ch=1E is hounded.

Corollary 1 Under the asumptions of Lemma 2, the horizontal com-

plexes (CF.8) are acyclic.

Lemma 3 Assume that w satisfies 1 < pp < oo for all h. Assume
that the open covering U satisfies the following uniformity property,

for some constant M: for each nonempty intersection Us,. 4,

there

is a M-bi-Lipschitz homeomorphism of Uy, i, to the unit ball of R™.

Then the vertical complezes (C™,d) are acyclic.

Proof We use the fact that inequality (Poincaregp(k)) is valid for
A =1 (no loss on the size of domain) if p > 1 and ¢ < co. This is due
to Iwaniec and Lutoborsky, [IL]: they observe that Cartan’s formula
provides an explicit inverse to d on bounded convex domains, which

11
qg— n’

is bounded from LP, p > 1, to L4, q¢ < oo, provided % —

Lemma 4 Let (CPF, d',d") be a bi-complex of Banach spaces indexed
by N x N.  Assume that the horizontal complexes (C* d') all are

acyclic up to degree L. Then the inclusion of (C* Nker(d'),d”

) into

(C,d +d") induces an isomorphism in cohomology up to degree L.

Proof Let us replace C"* with C™* Nker(d') when h + k = L and
by 0 when h+ k > L. This does not affect the conclusion in degree L,

and allows to assume acyclicity in all degrees.
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If a € C, let ay, denote the sum of the components of a of h-
degree equal to m. For an integer ¢, let

A = Hae O™ (d +d)aeC™h)
= {aeC=t;da=0}.

Then (A, d' + d") is a subcomplex.

One shows that for all £, the inclusion of A¢ into A*! induces an
isomorphism in cohomology. If a € A is d’+d"-closed, by acyclicity,
there exists b € C"<4" such that d’b = apyq. Then o’ = a— (d' +d")b €
C'=tr it is d’ + d"-closed, so a’ € A’. This shows that the inclusion
AY = A1 is onto in cohomology. Let a € A Nker(d’ + d”). Assume
that there exists b € A“T! such that a = (d’+d")b. By acyclicity, there
exists ¢ € C"<% such that d'c = by, 1. Then b/ := b—(d'+d")c € C<b.
Since

(d+d")W = (d+d)0b=acC=",
V' € A, Since a = (d'+d")V, this shows that the inclusion A* — A*!

is injective in cohomology. [ |

Corollary 2 Under the asumptions of Lemmas 2 and 3, L™ -cohomology
of differential forms and £™-cohomology of simplicial cochains of the
nerve coincide.

Proof Apply Lemma 4 twice, once with d’ = § and d”’ = +d, once
with d’ = d, d" = +6. n

Remark 2 Assume an even stronger form of Poincaré inequality holds:
up to degree L, there exist bounded linear operators e : Q’r’k(Uio,,,ih) —
QmF=Y (U, ) with uniformly bounded norms such that 1 = de + ed.
Then the conclusion is stronger: there exists a homotopy of complezes
Q™ (X) — K™ (T) up to degree L.

4 A customized version of Leray’s acyclic
coverings theorem

The above argument has the following drawbacks:

e It requires Poincaré inequalities without loss on the size of do-
main, which are not known in all cases.
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e [t makes strong assumptions on coverings, see Lemma 3.

Fortunately, a modification of the homological algebra allows for weaker
assumptions on coverings and for weaker Poincaré inequalities, allow-
ing loss on the size of domain, as stated in Theorem 3.

4.1 Existence of uniform coverings

Definition 5 Let X be a metric space. A uniform sequence of nested
coverings is a sequence U°, ..., U of open coverings of X with the
following properties, for some constants M > 0, r > 0 and some
model pair of metric spaces Z' C Z,

1. Nesting: for each i and all j=1,---,L, Uijf1 C UZJ

2. Bounded size: the diameters of UZ-L ’s are bounded; each UZ-O con-
tains a ball of radius r, and these balls are disjoint.

3. Bounded multiplicity: every point of X is contained in at most
M open sets UL.

4. Bounded partition of unity: UY has a partition of unity with
bounded Lipschitz constants.

5. Contractibility: each Uio is contractible within U} .

i . —1 ] 0 .
6. Model: for each pair (Uz‘]()...z‘h’ Ui]o---ih) such that Uy, ;. 1s nonempty,
there 1s an M-bi-Lipschitz map ¢i,..q, 5 @ £ — X such that
j j—1
Pi..ing(Z) C U}, i, and Ui C Gig iy 5(Z))-
With some lead over Section 7, let us define bounded geometry in

the contact sub-Riemannian case.

Definition 6 Let X be a contact manifold equipped with a sub-Rieman-
nian metric. Say that X has bounded geometry if there exist M > 0

and rog > 0 and for every point x a smooth contactomorphism ¢, of
the unit ball of H™ to an open subset of X, mapping the origin to x,

and such that B(x,rg) C ¢(B(1)), and ¢, is M-bi-Lipschitz.

Proposition 1 Let X be a bounded geometry Riemannian or contact
manifold. Then X admits uniform sequences of nested coverings of
arbitrary length, where the models are pairs of concentric Euclidean
(resp. Heisenberg) balls whose ratio of radii can be chosen arbitrarily.

14



Proof Fix A > 1. Let ry be the radius occurring in the definition

of bounded geometry. Let r = (AM)~2Lry. Pick a maximal packing

of X by disjoint 7-balls. Let U° be the collection of twice larger balls

UY = B(z;,2r), and U} = B(z;,2(AM)%r). The nesting, size and

multiplicity requirements are satisfied. The partition of unity can be

constructed from the distance function to x;, it is uniformly Lipschitz.
If U? is nonempty, then all z;, belong to B(z;,, 4r), thus

10...1h

B(@io, (AM)Y —d)r) c UL, .
Consider given chart ¢, : B(1) — X, whose image contains uk ..
by construction. Then

oy (B (AMY? — 4)7)) € Blaiy, (M) — a)r) CUJ,

On the other hand,

Oy (Bl@io, AM)¥~2r)) € B(M(AM)¥~?r),

.'L’io
thus

UJ s C Bl@ios AM)¥72r) C by, (B(IM(AM)*~?r)).

90...0p

Thus one can set ¢;,. i, = qﬁmio precomposed with dilation (in Eu-
clidean space or Heisenberg group) by factor M (AM)?~2. The pair
Z' = B(r), Z = B(\r) of concentric balls serves as a model. Indeed,
the ratio of radii
1 25
=(AM)¥ —4
pOMT =4 4 e 4y
M()\M)Qj—2 )\2]—2M2J—1 M
provided M > 2 and \ > 2.
The contractibility requirement follows from the existence of model,
since model balls are contractible. [ |

Remark 3 By definition, in a uniform sequence of nested coverings,
Poincaré inequalities as in Theorem 3 hold with uniform constants for
all pairs (Ujf1 Ul ) such that Uioo...' is nonempty.

20...1p 7 ~ 20...1p ih

Indeed, pull-back by M-bi-Lipschitz diffeomorphisms (resp. contacto-
morphisms) expands or contracts LP norms of differential forms (resp.
Rumin forms) by at most a power of M. This is also true for BMO
and H!, [BN].
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4.2 Closed 1-forms and 1-cocycles

Let 4° and U! be nested open coverings, i.e. for all 4, UZ-0 C Uil. One
assumes that Poincaré inequality applies to each pair (U?,U}). One
introduces the two bi-complexes C° and C""! associated with the
two coverings. The simplicial complexes T° and T share the same
vertices, but T° has less simplices. Without change in notation, let
us associate the trivial vectorspace to simplices of T which do not
belong to T°. Let r : C»!' — C? denote the restriction operator
(which vanishes for empty intersections UZ% i) It commutes with d
and 6.

Using covering U!, a globally defined closed 1-form w on X de-
fines an element @! € CO%L1. The primitive ¢° € C%%0 provided
by local Poincaré inequalities satisfies d¢® = r(@'). &0 = §(¢°) de-
fines a 1-cocycle of U°. The inverse procedure, from 1-cocycles of
U to closed 1-forms, is unaffected by covering U!. Both procedures,
when precomposed with the restriction operator r, coincide with the
procedures defined earlier, i.e. provide the required cohomology iso-
morphism relative to covering U°.

To sum up, only one simplicial complex is needed, the nerve of the
covering U° by small open sets.

4.3 General case

One starts with a uniform sequence (Z/{j )j=o0,...,. of nested coverings.
Let C denote the bi-complex of cochains of T 0 with values in differ-
ential forms on intersections UZ-JOW% (this differs from the bi-complex
associated to U7). There are restriction maps r : C+J — C~J~1
which commute with d and §. Poincaré inequalities state that a form

of acyclicity holds: r induces the 0 map in cohomology.

Definition 7 Let (r : C7 — C~771 d) be a commutative diagram of
complexes. Say the diagram is r-acyclic up to degree L if r induces
the 0 map in cohomology up to degree L.

Lemma 4 is replaced with
Lemma 5 Let (r: CJ — C+J=1 d' d") be a commutative diagram
of bi-complexes. Assume that all horizontal diagrams (r : C-*J —

C-*i=1 d'), are r-acyclic up to degree L. Let tj denote the cohomology
map induced by the inclusion of (C%INker(d"),d’) into (C7,d' +d").
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Then up to degree L, the image of 1y contains the image of v, and
the kernel of v, is contained in the kernel of r’.

Proof As before, one may assume that the bi-complex has finitely
many terms and is r-acyclic in all degrees. Denote by A% the sub-
complexes introduced in the proof of Lemma 4, relative to the j-th
complex, i.e.

AY = {a e C=HI (d 4 d)a € OS5I,

The same argument as in the proof of Lemma 4 shows that, for all £,

1. for all closed a € A'*T19 there exists o’ € A%~ such that ra —
a € (d/ 4 d”)(A“’l’j).

2. ifa € A% belongs to (d'+d") (A7), then ra € (d'+d")(A%~1).

It suffices to iterate L times to obtain the claimed statement. Indeed,

each time d’ is inverted, degree decreases by 1, so at most L inversions
are required. [ |

Corollary 3 Let X be a bounded geometry Riemannian manifold.
Pick a uniform sequence of mested coverings of length 2L. Assume
that L™ -cohomology is modified as prescribed in Theorem 2 for excep-
tional values of (p,q, k). Then L™-cohomology of differential forms and
0™ -cohomology of simplicial cochains of the nerve of U° are isomorphic
as vectorspaces. The isomorphism maps the exact cohomology of X to
the exact cohomology of the nerve.

Proof The following diagram commutes.

H(CO0nker(d")) —2— H(C0) +2— H(CO0Nker(d))

i o] -
H(COE Aker(d")) —E—s H(CL) L H(COL A ker(d))
o= v o=
H(CO2L Aker(d")) 2L H-(C2L) <22 F-(C92L A ker(d)))

For clarity, we used different notations, p, R and p’, for the cohomology
maps induced by r for the 3 different complexes.

1. The d” = ¢ complexes are r-acyclic (in fact, acyclic in the usual
sense, but we do not need this favourable circumstance). The complex
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C% Nker(d') consists of scalar simplicial cochains of the nerve 79,
restriction r has no effect on them. Therefore the cohomology map p’
between consecutive levels is an isomorphism. From Lemma 5, it fol-
lows that the image I}, of 1}y : H (C%°Nker(d’),d") — H (C°,d'+d")
composed with p'* contains the image I of RL : H (CF. d + d") —
H(C0 d'+d"). Also, /; : H (C"%Lnker(d'),d") — H (CL, d'+d")
is injective. Let Iy C H (CL, d' + d") denote its image.

2. Thanks to Theorem 3, the d = 4d complexes are r-acyclic.
The complex C%J N ker(d”) consists of globally defined differential
forms, restriction r has no effect on them. Therefore the cohomology
map p between consecutive levels is an isomorphism. Lemma 5 implies
that the image Iy of 1o : H (C%? Nker(d”),d) — H (C+0 d +d")
composed with p¥ contains I, and that ¢z, : H (C% Nker(d”),d’) —
H (CL d +d") is injective. Let Iy, C H (C~F d' 4 d") denote its
image.

3. Since RF o1y o (p~ 1) = 19, Ip = im(1p) C im(R*) = I. We
conclude that Iy = I. Similarly, I = I, hence Iy = I). For the same
reason, using the bottom part of the diagram, I, = I} .

Therefore (1;)~! o, is a bijection

L™"H (X) = H (C*'nker(d")) = H(C"F Nker(d)) = ("H (T°).

4. The construction provides an isomorphism between quotients of
spaces of forms/cochains of finite norms, but also between quotients of
larger spaces of forms/cochains without any decay condition. There-
fore the isomorphism is compatible with forgetful maps H?PF — HF
to ordinary (un-normed) cohomology, it maps kernel to kernel, exact
cohomology to exact cohomology. [ |

Remark 4 Since d’ = 6 has a bounded linear inverse ¢, i.e. 1 = de+
€d, the map ¢, has a continuous inverse, hence the linear isomorphism
()7L oy is continuous. If ¢*H (T°) is Hausdorff, so is L"H (X)

and both are isomorphic as Banach spaces.

Remark 5 Assume a slightly stronger form of Poincaré inequality
holds: up to degree L, there exist bounded linear operators

)_>Qﬂ,k71(Uj—1 )

20...0h

e: QVF(UI

Zo...ih

with uniformly bounded norms such that 1 = de 4+ ed. Then the con-
clusion is stronger: there exists a homotopy of complezes Q™ (X) —
K™ (T) up to degree L. In particular, the vectorspace isomorphism is
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topological, it induces isomorphisms of reduced cohomology and tor-
Ston.

The stronger assumption holds unless p = 1 and ¢ = 25, or p = n
and g = oo, [[L]. It fails if p = n, ¢ = oo (] |, Proposition 2, for
E=n,| ], Proposition 9, for other values of k).

4.4 Limiting cases

To show that L9PH*(X) and its discretized version (9P H*(T?) are

isomorphic, one defines a vector m by pg = --- = pr_1 = q and pg = p.
If a limiting case arises, i.e. L — % = % and either p =1 or ¢ = o0, it is

only in degree k that a limiting Poincaré inequality is required. This
is why the restrictions on (p, ¢, k) appearing in Theorem 3 are exactly
reflected in Theorem 2.

4.5 Multiplicative structure

Differential forms form a graded differential algebra: the wedge prod-
uct satisfies

d(a A B) =dan B+ (1)@ A dp.
Simplicial cochains do as well: the cup-product satisfies
§(k — AN) =0k — A+ (=1)d8) . _ 5\,

The tensor product of two graded differential algebras inherits the
structure of a graded differential algebra (the algebra of differential
forms on the product of two manifolds illustrates this). Therefore, if
¢ € CMF and ¢/ € CMH' | set

(¢ ~ ¢I)i0...ih+h/ =
kh' o
DM (D7 Botio)atin) A Sotin)o iy )1V

UEGh,h’

0 tpppt’

where &}, 5y denotes the set of permutations of {0, ...,k + h'} which
are increasing on {0,...,h} and on {h,...,h+ h'}. Set

(d +d")¢ = ¢+ (—1)dg.
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The multiplication is continuous LP ® L? — L¥" provided %—&— l% = }%.

It maps LI® LP — L9 and LY @ LP — L7 provided % + % = ﬁ and
1,1 _ 1
vl |
This multiplication descends to cohomology and restricts to the
usual cup-product on de Rham and simplicial cohomology. Since the
isomorphisms of Lemmas 4 and 5 arise from multiplication preserving
inclusions, they preserve multiplication.
One concludes that, provided
1 1 1 1 1 1 1
7+7/:7 and *+*/:7:* —y
p p p p g q

the cup-product

sy

—: HPPF(X) ®Hq’,p’,k’(X) s ga'p ,k+k’(X>

is well-defined, and can be computed either using differential forms or
simplicial cochains.

4.6 Proof of Theorem 2

Let X be a bounded geometry Riemannian manifold. Pick a uniform
sequence of nested coverings U°, ... ,U*. Up to rescaling once and for
all the metric on X, one can assume that coverings have the following
properties (Proposition 1):

1. Each Ui0 contains a unit ball B;, and these balls are disjoint.
2. Each Uio is contractible in Uil.
3. The diameters of Ui1 are bounded.

Under these assumptions, the 0-skeleton Y of the nerve T of the cover-
ing U° is quasi-isometric to X. Indeed, the map that sends vertices to
centers of balls B; is bi-Lipschitz, its image is D-dense for some finite
D. Since the covering pieces are contractible in unions of boundedly
many pieces, the natural map of X to the nerve, given by a partition
of unity, is a homotopy equivalence. Therefore uniform vanishing of
cohomology passes from X to the nerve.
By Corollary 3, L™-cohomology of X is isomorphic to ¢"-cohomology

of the nerve. Subsection 4.5 explains why these isomorphisms are mul-
tiplicative.
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5 Leray’s theorem for simplicial com-
plexes

Next, we establish an analogue of Corollary 3 where manifolds are
replaced with simplicial complexes and differential forms with simpli-
cial cochains. The analytic point, Poincaré inequalities for differential
forms, turns out to be replaced with a purely topological fact.

In this section, radii R are integers. All simplicial complexes have
bounded geometry, i.e. every vertex belongs to a bounded number of
simplices. The exponent sequence py > --- > pr > --- iS nonincreas-
ing.

5.1 Uniform vanishing of cohomology

Definition 8 Say a simplicial complex X with 0-skeleton Y has uni-
formly vanishing cohomology up to degree L if for every R > 0, there
exists R(R) such that for every pointy € Y, the maps H (B(y, R)) —
HI(B(y, R)) induced by inclusion B(y, R) C B(y, R) vanish for all
j=0,...,L.

Example 1 Assumption holds if X has vanishing cohomology up to
degree L and a cocompact automorphism group.

Indeed, by duality, the assumption is that homology vanishes. The
vectorspace of cycles in B(y, R) is finite dimensional. Pick a finite ba-
sis. Every element bounds a finite chain, all these chains are contained
in some ball B(y, R). Thus all maps H’(B(y,R)) — H’(B(y,R))
vanish. R depends on R and y. If X has a cocompact automorphism

group, R depends on R only.

5.2 Poincaré inequality for simplicial complexes

Lemma 6 Let X be a simplicial complex X with uniformly vanishing
cohomology up to degree L. Then Poincaré inequalities hold for all

pairs (B(y,R — 1), B(y, R(R))) up to degree L. For the subspace of
exact cocycles, Poincaré inequalities hold for all degrees. In both cases,
constants do not depend on y

Proof Let C(y,R) (resp. C'(y,R)) be the union of simplices con-
tained in B(y, R) (resp. intersecting B(y, R)). As y varies, at most
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finitely many different pairs of complexes (C, C’) are encountered. By
assumption, for each pair, the cohomology maps H’(C') — H’(C)
vanish if j < L. If j > L, the cohomology maps EH’(C'") — EHI(C)
vanish by definition. Since simplicial cochains of C' and C” form finite
dimensional vectorspaces, Poincaré inequality is nothing more than
this vanishing. Uniformity of constants arises from finiteness of the
collection of maps. [ |

5.3 Vertical r-acyclicity

Using uniform vanishing of cohomology, one constructs nested cover-
ings as follows. Fix R € N. The specifications are that all U be
R-balls and each pair (Ul{)mih, Ufoﬂlh) such that U . # 0 satisfies
Poincaré inequality.

Let Ry = R. Let covering U consist of subcomplexes C(y, Ry),
y €Y. Pick Ry = R(Ro + R) + R according to uniform cohomology
vanishing, and let covering U ! consist of subcomplexes C(y, R1), y €

Y, set Ry = R(Ry + R) + R, and so on. If y € U then the

90...0h 7

centers of all Ul-je, ¢ =0,...,h, all j, belong to B(y, R), so U’

20...1h

contained in B(y, Rj + R) and U7+14h contains B(y, Rj+1 — R). Since

i0...1
R;ji1—R > R(Rj+R), the pair (B(y, Rj+R), B(y, Rj+1— R)) satisfies
Poincaré inequality. This shows that all relevant pairs (U ’lJO'Lh’ Ui70+lzh)
satisfy Poincaré inequality. All other boundedness properties follow
from the fact that X has bounded geometry.

We consider the bi-complexes C™*J consisting of h-cochains of
the nerve of U° with values in k-cochains of intersections of open sets

Ul . of UI. We truncate it: if h +k > L + 1, we set CPFJ =

9Q...0h i
0 and replace @, k=41 CMk3 with its subspace of exact elements.

is

Here, d’ = § is the covering coboundary, d’ = (—1)"d is the simplicial
coboundary of X. Let r: C» — C~J~1 denote the restriction map.
From Lemma 6, vertical complexes are r-acyclic.

5.4 Horizontal acyclicity

Lemma 7 The horizontal complezes d' : C*7 — CH1*7 are acyclic.

Proof The same operator € which inverts § will be used for all cov-
erings U7. Tt is made from a partition of unity (x;) for U°. Let ;
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denote the function on Y which is 1 on Y N U; and 0 elsewhere. Set
o
= Zj i
If k a k-cochain on T, view ; as a 0-cochain and use the unskewsym-
metrized cup-product to multiply y; with &,

(Xz ~ ’%)yo...yk = Xi(yo)“yo-nyk'

If Kjig...i5,_, is defined on Uj;,..4, ., Xj — K extends by 0 to U;
So the following k-cochain

0--lh—1"

(€R)ig.rins = D X5 = Kiioin-1
J
is well-defined on Uj,.. 4, ,. The identity e/ + de = 1 is formal. The
formula

d(Xj = Kjig.in—) = (AX5) = Kjig..in_y + Xj = (djig..ip_,)
shows that the norm of (ex)s,..s, , in €P*(Uj,. 4, ,) is controlled by
the norms of kji,..4, , and dkji..q, , in P*(Ujs..4, ). By Holder’s
inequality, one can replace the latter by the norm of dkj;,. 4, , in
P+ (Ujio..p, ) (since the number of k + 1-simplices in Ujs,. 4, , is
bounded). This shows that e is bounded in local X™*-norms. Adding
terms up shows that e is bounded from ¢Pr(K™*) to ¢Pr(K™F), and
thus from P» (K™F) to £Pr-1(K™F) by Lemma 2. With the identity
€6 4 de = 1, this shows that e : C"FJ — Ch=15J is bounded. [

5.5 Coverings by large balls

Proposition 2 Let X be a bounded geometry simplicial complex with
uniformly vanishing cohomology up to degree L. LetY be its 0-skeleton.
For every R € N, R > 1, consider the covering of Y by balls of radius
R, and its nerve T®. The inclusion X C T induces a multiplicative
topological isomorphism in £™ -cohomology up to degree L, and in exact
0T -cohomology in degree L + 1.

Proof Lemma 5 applies as in the proof of Corollary 3. It provides an
isomorphism between cohomology at bi-degrees (h,0) and (0, h) for
all A. In degrees < L, it maps cohomology of X to cohomology of
the nerve. In degree L + 1, it maps exact cohomology of X to exact
cohomology of the nerve. [ |

Remark 6 Here, the cohomology isomorphism arises from a homo-
topy of complezes.
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6 Quasi-isometry invariance

The above discussion suggests to use the similarity between ¢™-cochains
of a covering and Alexander-Spanier cochains, a purely metric notion.

6.1 Alexander-Spanier cochains

Definition 9 Let X be a metric space. Given r > 0, the Rips com-
plex of size S T of X is the simplicial complexr whose vertices are all
points of X, and where a set of k+1 distinct vertices spans a k-simplex
if and only if it is contained in some ball of radius S. Its simplicial
cochains are called Alexander-Spanier cochains of size S.

The following definitions are taken from [P].
Definition 10 Let X be a metric space. Given 0 < R < § < 400
and £ > 1, a (¢, R, S)-packing is a collection of balls Bj such that

1. the radii belong to the interval [R,S],

2. the concentric balls {B; are pairwise disjoint.
Definition 11 Let « be an Alexander-Spanier k-cochain of size S.
Its packing ¢P norm is defined by
1/p

pl.R,S = sup E sup  |k(zo, ..., xk)|P
(¢,R,S)—packings {Bj} j Z0,..., K EB;

%]

This defines a Banach space AL?’;; (X).
Given m = (po, ..., Pn,-..), the spaces
k k _ Je1
ALZR,S(X) = AL%{,S(X) nd 1(AL§,I€E,19 (X))
form a complex of Banach spaces, whose cohomology is the packing

™ -cohomology of X. It has a forgetful map to ordinary cohomology,
whose kernel is the ezact packing £™-cohomology of X.
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6.2 Changing size

An Alexander-Spanier cochain of size S > 1 determines an Alexander-
Spanier cochain of size 1, by restriction, whence a map AS; 5 sY)—
AS; 1 1(Y), where the domain only depends on S whereas parameters
¢>1 and R > 0 merely influence the norm.

Proposition 3 Let X be a simplicial complex with bounded geome-
try and uniformly vanishing cohomology up to degree L. Let'Y be its
0-skeleton. For every integer S, every 0 < R < S and ¢ > 1, the
forgetful map AS, p o(Y) = AS]11(Y) induces a multiplicative topo-
logical isomorphi{s”'rﬁ in LT -cohomology up to degree L, and in exact
cohomology EHZ}éEl(Y) — EHfffl(Y) in degree L + 1.

Proof Cochains of size 1 coincide with simplicial cochains of X. The
counting ¢™ norm coincides with the packing ¢ norm at size 1, up to
a multiplicative constant depending on the local geometry of X.

By construction, a collection of S-balls in Y has a nonempty in-
tersection if and only if their centers belong to the same S-ball. Thus
the Rips complex of size S coincides with the nerve of the covering
by S-balls coincide with Alexander-Spanier cochains of size S. Let us
compare norms. In nerve notation, the packing f’-norm reads

161 05,5 = p sup Z sup |k (i, ..., in) P

£S)—separated subset of Y’ jed {i0ye-esin ;7€Us

This is always less than

> > (o, -, in)[P < V(S) Y Ko, ... in)P,

JEY {io,..vin; J€Uig, ... ip, 00,510

where V' (.S) is an upper bound for the number of vertices in an S-ball.
Indeed, a multi-index ig,...,%, arises in the sum at most as many
times as there are vertices in Uj, ; , and this is less than V(S5).
The same crude bound remains valid for ||s|/,¢rs for all R < S.
Conversely, pick, for each h-simplex ig,...,i, a j € Y such that
i0,...,in C B(j,95), denote it by j(ig,...,is). Assume that Y can
be covered with at most N (£S)-separated subsets J. For each of
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them,

> WGP
{20y-+43h 33 (30,500 ) €T }
= ¥ > |k (i0, - - - in)|P

JE€J {i0s-sin 5 §(10,4in) =3}

< V(S)Y sup (o, - -, in) P,
jeg i0sin; j€Uig, iy }
hence
> sGio,-...in)l? < NV(S)|sllp 5.5 < NVl g 5.5
105+ TR

To get an upper bound on N, let us construct inductively a colouring
of Y with values in {0,...,V(¢S)}. Pick an origin o, and colour it
0. Assume a finite part A of Y has already been coloured, pick a
point y among the uncoloured points which are closest to o, choose its
colour among those which are not already used in B(y, £S) N A. This
is possible since |B(y, £S)| < V(£S)+ 1. In such a way, one colours all
of Y, and each set J of points of equal colour is (£5)-separated. So
N =V (£S) + 1 is appropriate.

This shows that the counting ¢™ norm on cochains of the covering
and the packing norm are equivalent, with constants depending only
on the geometry of X at scale S, i.e. on S only. Thus £™-cohomology
of the nerve T coincides with packing ¢™-cohomology at size S, with
equivalent norms. The inclusion of nerves corresponds to the forgetful
map for cochains. Thus the statement is a reformulation of Proposi-
tion 2. ]

6.3 Invariance

Say a map f : X — X’ between metric spaces is a coarse embedding
if for every T' > 0, there exists T'(T) > 0 such that for every T-ball B
of X and every T-ball B’ of X/, f(B) and f~!(B’) are contained in
T’-balls. A quasi-isometry is a pair of coarse embeddings f : X — X’
and g : X’ — X such that fog and go f are a bounded distance away
from identity.

Packing cohomology is natural under coarse embeddings, up to a
loss on size. Furthermore, embeddings which are a bounded distance
away from each other induce the same morphism in packing cohomol-

ogy.
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Proposition 4 Let f : X — X' be a coarse embedding between metric
spaces. Then for every R > 0, R < S < oo and ¢’ > 1, there ewist
R > 0,58 < oo and ¢ > 1 such that f induces a multiplicative
morphism f* 1 L, g o H (X') = L] g sH (X).

If g : X — X' satisfies sup,ex d(f(x),g(z)) < 400, then g is a
coarse embedding as well, and f* = g*.

Proof Given a size r > 0, by definition of a coarse embedding, there
exists 7/(r) such that composition with f maps cochains of size 7’ to
cochains of size at least 7.

Given 0 < R<S<+ocand ¢/ > 1,let R =5 =7/(5),let T =
20'S" and ¢ = r'(T)/R. Then f maps (¢, R, S)-packings to (¢, R, S’)-
packings. Thus composition with f is bounded in suitable packing
norms. It commutes with d and with cup-product. Therefore it in-
duces a multiplicative morphism f*: L}, p o H (X') = L} g ¢H (X).

Given simplices A = {zg, ..., 2} and A" = {x[, ..., 2} } of T5(X),
the prism b(A, A’), obtained by triangulating the product of a simplex
and an interval, is defined by

k

b(T0, -y TR Ty - oy T) = Z(—l)i(xo, e T T T Ty T
=0

It satisfies

B

Ob(A,A") = A= A= (=1)b(9;A,0;A").
j=0

Assume that sup,cx d(f(z),g(z)) < e. If k is a k-cochain of size S +€
and A a simplex of size S, set (Bk)(A) = k(b(f(A),g(A))). Then

dB+Bd=kog—kof.

For all £ > 1,
1/p
1By, gomip g < (BH1)VP
This shows that f* = g* on cochains of sufficiently large size. ]

6.4 Packing ("-cohomology equals {"-cohomology

We can now proceed to the proof of Theorem 1. Let X be a bounded
geometry simplicial complex whose cohomology vanishes uniformly
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up to degree k — 1. By Proposition 3, exact ¢™-cohomology of X is
isomorphic to exact packing ¢™-cohomology of X at all sizes up to
degree k.

According to Proposition 4, a quasi-isometry between simplicial
complexes f : X — X' gives rise to cohomology maps in both direc-
tions with a loss on size, whose compositions coincide with forgetful
maps. Since forgetful maps are isomorphisms, Proposition 3, f* is
an isomorphism up to degree k, and an isomorphism on exact ¢"-
cohomology in degree k.

7 Contact manifolds

7.1 Sub-Riemannian contact manifolds

A sub-Riemannian manifold is the data of a manifold M, a smooth
sub-bundle H € T'M, and a smooth field of Euclidean structures on
H.

A smooth codimension 1 sub-bundle H C T'M can be defined as
the kernel of a smooth 1-form . Up to a scale, the restriction of df
to H does not depend on the choice of 0. Say (M, H) is a contact
manifold if df|y is non-degenerate.

A sub-Riemannian metric on a 2m + 1-dimensional contact man-
ifold extends canonically into a Riemannian metric. Indeed, there is
a unique contact form 6 such that %(d@)”ﬂ g equals the Euclidean
volume form on H. This contact form is smooth, the kernel of df de-
fines a complement to H carrying the Reeb vectorfield p, normalized
so that (6, p) = 1, hence the unique Riemannian metric which makes
p L Hand |p|?> =1.

Remark 7 A sub-Riemannian contact manifold has bounded geom-
etry (see Definition 6) if and only if the corresponding Riemannian
metric has bounded geometry.

7.2 Rumin’s complex

On a 2m + 1-dimensional contact manifold, consider the algebra € of
smooth differential forms, let Z~ denote the ideal generated by 1-forms
vanishing on H, let J" denote its annihilator. The exterior differential
descends (resp. restricts) to an operator d. : /" — Q' /T (resp.
d. : J — J). Note that Z" = 0 for h > m+1 and J" = 0 for
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h < m. In [R1], M. Rumin defines a second order linear differential
operator d. : Q™/I™ — J™*! which connects Q' /7" and J" into a
complex (d. o d. = 0) which can be used to compute cohomology.
/T and J° identify with spaces of smooth sections of bundles Ef,
h =0,...,2m + 1, which inherit Euclidean structures, therefore LP
norms make sense.

11 1
Theorem 4 Assume that 1 < p < ¢ < 00 and 5 — ; < 505 (to
1 2

be replaced with % — 3 S oo when degree m + 1 cohomology is
considered).
Consider the class of contact sub-Riemannian manifolds with the

following properties.

1. Dimension equals 2m + 1.
2. Bounded geometry.
3. Uniform vanishing of cohomology up to degree k — 1.

Assume that k < m. For X in this class, and up to degree k—1, the
L%P-cohomology of Rumin’s complex and the packing (9P -cohomology
of X at all sizes are isomorphic as vectorspaces (if p = 2m + 2,
g =00 and k =1, one should replace L>P-cohomology with LBMO».
cohomology). In degree k, it is the exact LTP-cohomology of Rumin’s
complex which is isomorphic to packing ¢9P-cohomology.

If k > m + 1, the same conclusion holds in nonlimiting cases, i.e.

R . 1 1 1 1 1 2 .
if either p > 1, ¢ < o0 or 5 — 4 < 2mi2 (resp. » ¢ < Zmyz M

degree m + 1). In limiting cases, a weaker result holds, where L9!-
cohomology is replaced with Lq’Hl—cohomology or LP-cohomology is
replaced with LPMOP_cohomology.

Ifk<m, orifk>m+1 and % — % < 2m1+1, the isomorphism is
topological, it follows from an equivalence of complexes.

The given sub-Riemannian metric and the corresponding Rieman-
nian metric are quasi-isometric, so their packing ¢"-cohomologies are
isomorphic. Therefore, under the assumptions of Theorem 4, the Ru-
min complex can be used to compute packing £™-cohomology.

Example 2 If k€ {0,...,2m+ 1}, 1 < p < q < oo salisfy

{2m1+2 if k#m+1,

>

"=
Q|

then HIPF(H™) = 0, under the assumptions of Theorem /.
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Indeed, if equality % — % = 2ml+2 (resp. Wﬂz if kK = m + 1) holds,
the existence of global homotopy operators, Proposition 6.8 of | ]
for p > 1,9 < oo, Corollary 3.4 of [ | for p =1 or ¢ = 0,
implies that the cohomology of the Rumin complex vanishes, and thus
%P cohomology vanishes by Theorem 4. (9P cohomology vanishes a
fortiori for larger values of q.

An alternative proof, valid when 1 < p < ¢ < oo, of the result of

Example 2 can be found in [PRR]. There, a converse is also proven:
HOPFHE™) # 0if § — ¢ < gy (tesp. g if k= m +1). This

shows that the result of Example 2 is nearly complete. The remaining
open cases are

Lp=14q=3522 m+1<k<2m,
2. p=2m+2, g =00, A COMPLETER.

7.3 Cutting-off Rumin differential forms

The proof of Theorem 4 follows the same lines as Theorem 2. The
local model for 2m + 1-dimensional sub-Riemannian contact manifolds
is the Heisenberg group H™ equipped with its left-invariant contact
structure and a left-invariant Euclidean structure on it. The local
ingredients are

1. An inverse of the analytic differential d on balls, possibly with a
loss on the domain: this is given by Poincaré inequalities. Ac-
cording to | , ], Poincaré inequalities are valid in balls
of H™ with respect to Rumin’s differentials d.. The fact that Ru-
min’s differential in degree m is second order allows the broader

inequality % — % < 2m2 5 in degree m + 1.

2. An inverse of the combinatorial coboundary 6.

In Lemma 2, the following inverse € was used,

€(Diginr = D XiBjiomin1-
J

It is bounded on L?. One needs it to be bounded on LI Nd_ L. In
Lemma 2, this relies on Leibniz’ formula

d((a) = d( N a+ (da.

A difficulty arises in the contact case since the middle d. is second
order: Leibniz formula reads

dc(ca) = Cdc(a) + P(VC> VO() + Q(V2C> Od),
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where ) does not differentiate «, so it is bounded on L9, but P does
depend on all horizontal first derivatives of «;, and is not expressible
in terms of d.a only. The solution consists in passing to a homotopy
equivalent complex of forms whose horizontal first derivatives are con-
trolled.

7.4 The W ™-Rumin complex

Definition 12 Let M be a sub-Riemannian contact manifold. Fix an
integer s. Let W*P(M, E{f) denote the space of degree k Rumin forms
which satisfy, in the sense of distributions,

lal € LP, ... |Val € LP.
Given a vector of exponents ™ = (po, ..., Pam+1), let
OPF (M) = LP(M, Eg)nd; ' (LP+ (M, EgTY),

O (M) = WM, Ef) nd, (WhPe (M, By ™))

denote the two complexes one can form with Rumin forms: the L™
Rumin complex and the W™ Rumin complex.

Multiplication with a smooth function maps Qfy to Q2"
Here is the relevant Poincaré inequality. It is valid provided the
following inequalities hold.

1 .
fk 1
1<p<q<oo, 1—1§{2m;2 Hk7Fm+1, (1)
P q m lf k =m + 1,
We speak of a limiting case when % — % = ﬁ (resp. Wiz if
k=m+1)and p=1or ¢ = c0.
Lemma 8 (7? of | 1) Assume that (k,p,q) satisfy inequations

(1) above. There exists A > 1 and C(X) such that the following holds.
Let B = B(e,1) and B” = B(e, \) be concentric balls of H™.

Assume first that (p,q,k) ¢ {(1, gZﬁ,Qm +1),(2m + 2,00,1)}.
For every closed differential k-form w on B”, there exists a differential

k —1-form ¢ on B such that d¢ = wp and

16l Le(s) < CllwllLrsr)- (H — Poincareq (k)
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Ifp=1,q= 3213 and k = 2m+1, inequality (H— Poincareg p(k))
1s replaced with

loll,

< Cllwlyr (- (H — Poincaregzﬁ 21(2m+1))

2m+42
2m+1 (B)

If p=2m+2, ¢ = 00 and k = 1, inequality (Poincareqp(k)) is
replaced with

”QbHBMO(B) S C Hw||L2m+2(B//). (H — PO’L'TLCCLTBBMO72m+2(1))

In nonlimiting cases, for every d.-closed k-form o € WHP(B", E{)“),
there exists a k — 1-form 8 € W14(B, Eg_l) such that d.8 = a|p, and

1Bllwras) < Cllallwrsr.

If k <m, orifk>m+1 and % — % < 2ml+1, there are bounded
linear operators on differential forms K : LP(B") — L%(B) and K :
WLr(B") — WhH4(B) such that 8 = Ka achieves (H—Poincare, ,(k))

and its WYP version.

7.5 Back to the I Rumin complex

To overcome the fact that the inverse e of the Cech coboundary ¢ in-
volves a loss of differentiability (it merely maps Qll/"/ﬂ to Q};’ﬂ), we shall
use a local smoothing procedure, provided again by | , ].

Lemma 9 (Theorem 6.10 of | ], Corollary 3.5 of | D
Let B = B(e,1) and B' = B(e,2) be concentric balls of H™. There
exist operators S and T from smooth forms on B’ to smooth forms
on B which satisfy S+ d.T 4+ Td. = Rp, the restriction of forms to
B. For every s € N and for every (k,p,q) satisfying inequations (1)
above, with the exceptions of (1, gzﬁ, 2m+1) and (2m+2, 00, 1), these
operators extend to bounded operators T : LP(B', Ey) — LP(B, Ey )
and S : LP(B', Ey) — WP(B, Ej).

Furthermore, if p > 1 and q < oo, T is bounded W'P(B', E;) —
Whi(B, E; ).

The operator T is pseudodifferential of order —1 (resp —2 in degree
m+1). Boundedness on LP and on W!? follow from singular integral
operator theory when p > 1 and ¢ < co. When p = 1, boundedness
on L! follows from a different mechanism, see [ ], which does not
automatically imply boundedness on W11, This is why Theorem 4
fails to cover the cases when p=1and k£ > m + 1.
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7.6 Proof of Theorem 4

Up to degree m (included), the method of proof of Theorem 2 applies
without change, the results are similar to the Riemannian case.

In higher degrees, the proof requires applying operator ¢ on m-
forms. Therefore W™-forms are needed. The globally defined smooth-
ing operator S provides us with a homotopy equivalence Q;" — QIl,{,Tr,
so the use of Qll/VW is permitted. However, when dealing with the bi-
complexes C{,’I}’j , j = 0,...,L, associated to a uniform sequence of
nested coverings, in order to convert d.-closed forms into cocycles,
each use of € on m-forms puts us back in Q;", so the local version of
S is needed as well.

Let us embark for the proof. Proposition 1 allows to adjust the
ratio of radii of the model Heisenberg balls Z’ € Z. Choose this ratio
to be > 2, in order that Lemma 9 be applicable and yields operators
ro.S and r o T defined on the Rumin bi-complex

rS, rT: Oy —

Here, d’ = ¢ is the Cech coboundary, and d” = (—1)"d,. is the Rumin
differential (up to sign). Let e denote the operator defined in Lemma
2, which satisfies ed4+de = 1. Since € is not bounded on C;;", it cannot
be used alone, but Se is bounded on Cj;/. Replacing e with Se spoils
the identity €6 + de = 1. Nevertheless, a homotopy for d’ + d” can be
constructed. Let us compute

(d +d")(rSe+ (=1)rT) = d'rSe—rSde+rSde+ d'rSe
+(=Dd"r T + (—1)"d"rT,
(rSe+ (=D)T)(d +d") = rSed +rSed”
+(=D)rrTd” + (—-1)"rTd .

Since d'e + ed’ =1 on C"¥J and rS + (—1)"d"rT + (=1)"rTd" = r,
(d +d")(rSe+ (=1)"T) + (rSe + (=)"rT)(d +d") = r+U+V,
where

U=drSe—rSde+rSed’ + d'rSe
is smoothing, and

V = (-1)"drT + rTd)
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has bi-degree (1,—1). Denote by D = d’' 4+ d”, B = rSe + (—1)"rT
and W = U + V. Note that WD = DW. One can iterate identity
DB+ BD =r+ W as follows. Write

DBW +BWD = (DB+ BD)W =rW +W?2,
DrB+4rBD = r(DB+BD)=7r>+rW

and substract,
D(rB — BW) 4 (rB — BW)D = r? — W2

Ultimately, we find a polynomial P in r and W such that DBP +
BPD =t —(—=1)EWZ. Since V has bi-degree (1, —1), V¥ = 0, hence
WL is a sum of words in U and V such that each term has at least a
U in it, hence is smoothing. Since T is bounded WP — W14 BP is
bounded from Cy°% — C’{,’[',’O. This provides a homotopy of r” to the
bounded operator W : Civ" — ¢

Up to the cost of enlarging the number of nested coverings required
from L to L?, we can follow each use of € with a use of Wl and
return to the bi-complexes CI',’I'/’] without changing homotopy types.
This makes it possible to apply Lemma 5 as in the proof of Corollary
3. This proves Theorem 4.
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