SIGNATURE AND TOLEDO INVARIANTS FOR FLAT
UNITARY BUNDLES OVER SURFACES WITH BOUNDARY
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ABSTRACT. This paper deals with the representations of the fundamental
groups of compact surfaces with boundary into classical simple Lie groups
of Hermitian type. We relate work on the signature of the associated local
systems, due to Meyer and Atiyah, to Burger-lozzi-Wienhard’s Toledo in-
variant. To measure the difference, we extend Atiyah-Patodi-Singer’s rho
invariant, initially defined on U(p), to discontinuous class functions, first
on U(p, q), and then on other classical groups via embeddings into U(p, q).
As an application, we obtain a Milnor-Wood type inequality which slightly
differs from, and sometimes improves upon Burger-lozzi-Wienhard’s version.
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INTRODUCTION

0.1. Motivation. This paper grew out of an attempt to compare two ap-
proaches to flat unitary bundles over compact oriented surfaces with nonempty
boundary. Here, Hermitian forms will be mostly indefinite.

The first approach appears in the theses of G. Lusztig [38] and W. Meyer
[39, 40]. On the 1-cohomology of a flat Hermitian bundle (€, §2) over a surface X,
there is a natural Hermitian form, the intersection form. Its signature sign(&, )
can be expressed as the index of a first order differential operator, whence,
thanks to the index theorem, an expression for sign(&,{2) as a characteristic
number of (£, §2), twice the first Chern number of a specific complex line bundle
L,

sign(&, Q) :/201(L).

3

M. Atiyah [2| extends the discussion to compact surfaces with nonempty
boundary. ¢1(L?) must be thought of as a relative Chern class for a line bundle
together with a trivialization ¢ along the boundary depending on the boundary
holonomy. He expresses o as a discontinuous section of a central extension of
the unitary group U(p,q), arising from a 2-cocycle on U(p,q), the signature
cocycle. M. Atiyah computes the map o on semi-simple elements of U(p, q), he
highlights but leaves open the calculation on general holonomies.
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The second approach, which goes back to W. Goldman’s thesis [24], interprets
integrals like [5 ¢1(L) as follows. There is a universal homogeneous complex line
bundle L on the symmetric space of the indefinite unitary group U(p, q), the
bounded complex domain Dzla,q' A flat Hermitian bundle over X gives rise to
a homomorphism ¢ : m(X) — U(p, q). There exist equivariant maps from the
universal cover ¥ to D;;,q and since any two are homotopic, the first Chern
class of the pulled-back bundle is thus uniquely defined. The resulting Chern
number is known as a Toledo invariant. When ¥ is closed, it takes only finitely
many values, controlled by the Milnor- Wood inequality [43, 54]. Thus the Toledo
invariant is the pull-back of a certain cohomology class k of U(p, q) viewed as a
discrete group.

The extension to surfaces with nonempty boundary is due to M. Burger,
A. Tozzi and A. Wienhard [13]. They observe that the cohomology class & is
bounded, and that the bounded cohomology of a surface with boundary ignores
the boundary, since the fundamental groups of its components are amenable.
Thus they define the Toledo invariant T'(X, ¢) of a homomorphism ¢ : m(X) —
U(p, q¢) by means of bounded cohomology classes. They express it in terms of
rotation numbers, i.e. real valued continuous functions on the universal cover
of U(p,q). Unlike his sibling for closed surfaces, this relative Toledo invariant
takes all values in an interval, defined again by an avatar of the Milnor-Wood
inequality, see inequality (0.1) below.

On a compact oriented surface with nonempty boundary, one expects that the
sum sign(&, Q)+2T (X, ¢) depends on boundary holonomy. From Atiyah-Patodi-
Singer’s theory [3|, one expects some eta invariant to show up. However, there
should be a second correction term, due to the fact that the bounded cohomology
Toledo class, by construction, lives in the relative cohomology H2(X, 0%).

0.2. Main result. In the present paper, inspired by V. Koziarz and J. Maubon
[35, 36],! we introduce the rho invariant of the boundary, a real number p, at-
tached to a representation ¢ : w1 (9%) — U(p, q), which completes the expression
of signature. The notation rho is borrowed from [4]|, where the same invariant
is introduced in the positive definite case. Then we show that the rho invariant
of the boundary is a sum of contributions of its connected components.

Theorem 0.1. Let X be a compact oriented surface with nonempty boundary.
Let E be a complex vector space equipped with a (possibly indefinite) Hermitian
form Q. Let ¢ : m(X) — U(E,Q), the unitary group of the Hermitian space
(E, ), be a homomorphism, and £ be the corresponding flat vectorbundle over

1Circa 2008, both groups of authors Koziarz-Maubon and Burger-Iozzi-Wienhard convinced
themselves that their respective avatars of Toledo invariant coincide in rank one (p = 1), but
neither group cared to publish details.
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Y. Then
sign(€,2) = —2T(X, 6) + py(9%).

Furthermore,
ps(0%) = > p(6(c)),
boundary components ¢
where p : U(E,Q) — R is a discontinuous real-valued class function.

The rho invariant, as a function on U(p, q), is the sum of two terms which

P

depend on an equivariant map J : R = (R/Z) — D;’,q’

p(L) = L(L7‘]) + 77(L7J)’

where ¢ is the integral along J of an L-invariant primitive of the Kéahler form
of D},’q, and 7 is the eta invariant of an elliptic operator whose index gives the
signature. ¢ depends continuously on L € U(p, ¢) but n does not, it jumps when

1 arises as an eigenvalue of L.

The rho invariant p : U(E,Q) — R can be computed as follows.

Theorem 0.2. Let E be a complex vector space equipped with a (possibly indef-
inite) Hermitian form Q. Let L € U(E, Q).

(1) (E,Q, L) canonically splits into three summands,
(E7 Q, L) = (Ehua Qnu, Lhu) D (Eem Qeu, Leu) D (Eu, Qu, Lu),

where the hyperbolic-unipotent summand Ly, has nonunit eigenvalues,
the elliptic-unipotent summand Le,, has unit eigenvalues different from 1,
and the unipotent summand has only 1 as an eigenvalue. Furthermore,

p(L) = p(Lhu) + p(Leu) + p(Lu)'

(2) If L is hyperbolic-unipotent, p(L) = 0.

(3) If L is elliptic-unipotent, p(L) depends only on the semi-simple part S
of L. S can be uniquely written S = exp(2miB) where spectrum(B) C
(0,1). Then

p(L) = sign(2) — 2 Traceq(B).
(Here Traceq(B) = }; Q(Bej, ej) for an Q-orthonormal basis {e;} of

eigenvectors of B).
(4) If L is unipotent, E admits an orthogonal decomposition into L-invariant
subspaces E;j which are single Jordan blocks,

(EaQaL) :@(Ej’gjvl/j)a p(L):Zp(LJ)'

J

For a Jordan block L of dimension n, p(L) = 0 if n is odd. If n is
even, write L = exp(2mwB) where B is nilpotent. Then p(L) is minus
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the signature of the Hermitian form on the 1-dimensional space E/BE
induced by

(u,v) — Q((iB)" u,v).

As a corollary, we are able to complete Atiyah’s determination of the signature
cocycle and the section o alluded to above. It is built from the rho invariant and
Burger-lozzi-Wienhard’s rotation numbers. The rotation number associated to
twice the Ké&hler form of an element L € U(p,q) is an element of R/Z that
depends only on the semi-simple elliptic component of L. When L = (L,,L_)
belongs to the subgroup U(p) x U(g),

2
(2miRot(L) _ det(L+ )
det(L_)) ~
The map Rot : U(p, q) — R/Z is continuous. Let ps : U(p, q)2 — U(p, q) be the
central extension of U(p, ¢) defined by the signature cocycle. Then Rot lifts to a
continuous map Rots : U(p, ¢)2 — R that restricts to the identity on the kernel
of p2-

Theorem 0.3. The image of Atiyah’s section o : U(p,q) — U(p, q)2 is the zero
level set of the function Rota + p o pa. The coboundary of this function (viewed
as a 0-cochain) is the pull-back by pa of Meyer and Atiyah’s signature cocycle.

A concrete expression for ¢ is given in Theorem 5.9.

Theorem 0.3 thus provides a link between three indirectly defined objects on
unitary groups:

e Meyer and Atiyah’s integer valued signature cocycle,
e Burger-lozzi-Wienhard’s R/Z-valued rotation numbers,
e our real valued rho invariant.

0.3. Milnor-Wood-type inequalities. The method applies simultaneously to
the groups G = SO*(2n), Sp(2n,R) and SOg(n, 2), since they embed in unitary
groups. We refer to sections 7, 8 and 9 for the definitions of the corresponding
intersection forms and bounded cohomology Toledo invariants. We define the
rho invariant by composition G — U(p, q) — R.

Along the way, we obtain Milnor-Wood-type inequalities. According to [13],
for a simple Lie group G with Hermitian symmetric space X, the Milnor-Wood
inequality reads

(0.1) | T(%, ¢)| < rank(X)[x(%)].

Here, we replace the Toledo invariant with signature. The inequality follows
when we estimate the absolute value of the signature |sign(&, €2)| by the dimen-
sion of the vector space on which the intersection form is defined, i.e. the image

of HY(X,0%; &) in HY(X; €),
Im(H(Z,0%; &) — H(2;€)),
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which is generically equal to dim(E)|x(2)| (a deformation argument allows to
reduce to this generic case).

Theorem 0.4. For any representation ¢ : m(X) — G, one can define the
signature sign(&, Q) of the associated flat vector bundles. Then,

(i) For G =1U(p,q),
sign(€,Q) = —2T(X, ¢) + pp(9%),  [sign(&, Q)| < (p+ ¢)[x(2)].
(ii) For G = SO*(2n),
sign(€,Q) = —4T(X, ¢) + pg(0%),  [sign(€, Q)| < 2n|x(X)].
(iii) For G = Sp(2n,R),
sign(&,Q) = 2T(X,¢) + py(9%),  |sign(€, Q)] < 2n[x(X)].

(iv) For G =8S0g¢(n,2),
sign(&€,Q) = 0.

Note that (i) is not sharp if p # ¢. In other cases, when T and p have opposite
signs, our inequalities may sharpen Burger-lozzi-Wienhard’s inequality (0.1).
For instance, one can always modify a homomorphism ¢ : m(X) — Sp(2,R),
replacing its elliptic boundary rho invariants with their fractional parts, except
for possibly one of them, without changing the Toledo invariant. This yields

Proposition 0.5. For every homomorphism ¢ : m1(X) — Sp(2,R),
p(¢(c))
< — —_— ).
(o) <D +1- Y !

c;¢(c) elliptic

where {o} := o — |®| denotes the fractional part of e.

Examples showing that Theorem 0.4 and Proposition 0.5 are sharp will be
given in Section 8.2.

0.4. Final remarks. For compact target groups such as U(n), our Milnor-
Wood-type inequality is nontrivial, but follows from the solution of the multi-
plicative Horn problem, see the Appendix, Subsection 10.2.

In the case of SOy(n,2), the statement (iv) of Theorem 0.4 is disappointing.
We expect the Toledo invariant to be related to a topological invariant, that
would play the role played by the signature for the other families of simple
groups of Hermitian type.

The method of parabolic Higgs bundles provides an alternative approach
to flat bundles over surfaces with boundary, which possibly encompasses our
results, see [8, 20, 49].
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0.5. Organization of the paper. In Section 1, we introduce the first order
differential operator on a flat Hermitian vector bundle over the circle which
is related to the signature operator on a surface. In Section 2, we define the
signature for flat Hermitian vector bundles, and we relate it to the index of a
differential operator and express it using Atiyah-Patodi-Singer’s index theorem.
In Section 3, the first Chern class relevant to signature is related to the bounded
cohomology Toledo invariant, culminating with the proof of the first part of
Theorem 0.1. The rho invariant is defined and computed in Section 4, where the
proofs of Theorems 0.1 and 0.2 are completed. It is exploited in Section 5, where
the connection with rotation numbers is made and the proof of Theorem 0.3 is
given. In Section 6, a Milnor-Wood type inequality for signature is proven for
unitary groups. Variants for the other families of simple Lie groups of Hermitian
type are discussed in Sections 7-9, leading to the proof of Theorem 0.4. In
Section 8.2, we prove Proposition 0.5.

In the Appendix, we provide a direct calculation of the eta invariant and the
rho invariant for the group U(1,1). This allows to double-check the calculations
of Section 4. We check that our Milnor-Wood type inequality for the simple Lie
group U(n) follows from results on the multiplicative Horn problem. For the
reader’s convenience, we include the details of a classical theorem: the classi-
fication of unipotents in unitary groups. Finally, we give a geometric proof of
the true Milnor-Wood inequality (for the Toledo invariant) for general Hermit-
ian symmetric spaces: it follows from Domic-Toledo’s evaluation of the Gromov
norm of the Kéhler form.

1. FLAT HERMITIAN VECTOR BUNDLES AND ETA INVARIANTS OVER A
CIRCLE

In this section, we shall consider the flat Hermitian vector bundle Ey as-
sociated with a representation ¢ of the fundamental group of a circle S* into
the group U(p,q). We shall define a first order elliptic self-adjoint differential
operator Ay, and recall the definition of eta invariant n(Ay) for the operator.

Let £ = CP'? be a complex vector space of dimension p + ¢q. Let

(1.1) Q= |d2'1‘2 + -+ |dzp|2 — |dz:p'~'1‘2 = |dzp+q‘2

be a non-degenerate Hermitian form with the signature (p,q). Denote by
U(E, Q) the space of all linear transformations on E preserving the Hermit-
ian form €, it is called the U(p, ¢)-group. For any representation

o 7T1(Sl) — U(E, Q)

from the fundamental group of circle S into the U(p, q)-group U(FE, ). Denote
L := ¢(0), where 7o denotes the generator of 71 (S1), which is given by yo(z) =
e 0 < x < 2m. The representation ¢ gives rise to a flat vector bundle

E¢::RX¢E:(RXE)/N
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over S, where (z1,e1) ~ (12,e2) if x9 = x1 + 27k, k € Z and ey = L™ %(ey).
Each global section of Fy is equivalent to a smooth map s : R — E satisfying
the ¢-equivariant condition s(z + 27) = L™ s(x).

Let J(E,Q)(C U(E,Q)) be the space of all linear transformations in U(E, )
such that J? = —Id and i€(-, J-) is positive definite. Denote by J(Ep, Q) =
C®(SHR x4 J(E,Q)) the space of all ¢-equivariant sections with values in
J(E,Q). For any L € U(E,Q) which can be written as L = +e' exp(27B),
where 0 < 0 < 27 and B € u(E,Q), i.e. B*Q+QB = 0, we can find a canonical
element J € J(Ey, ) for any given J € J(E,). In fact, for any J € J(F,Q),
we define

J(z) = exp(—zB)Jexp(zB) € J(F,Q),

which satisfies J(z + 27) = L™1J(z)L and thus J € J(E, ). But in general,
L cannot be written as L = 4¢% exp(2wB) except for the group U(1, 1), hence
one needs to choose another J on Ej.

There exists a canonical flat connection d on Ey4, which is induced from the
trivial vector bundle R x £ — R. The holonomy representation of the flat
connection d is just the representation ¢. Denote by A°(S?!, E4) the space of all
smooth sections of E,, which can be identified with the space A°(R, E)% of all
¢-equivariant smooth maps s : R — E. There is a standard L?-metric on the
space A%(S1, E;) = AR, E)* with respect to the inner product iQ(-,J-) and
the metric dz ® dz on S, ie. [o1iQ(-,J-)dx.

Consider the following C-linear first order differential operator
d
1.2 Ay :=J—
(1.2) 3=J-

which acts on the space A%(R, E)L = A%(S1, Ey).

Proposition 1.1. Ay is a C-linear formally self-adjoint elliptic first order dif-
ferential operator in the space A°(S1, Ey).

Proof. 1t is obvious that Ay is C-linear, first order and elliptic, so we just need
to prove Ay is formally self-adjoint. For any s1,s2 € A°(St, E,), one has

(Aysi,s2) — (s1,A382)

d d
— [ (o(Z O s1,-—s59) ) d

= d(Q(Sl,Sz)) = 0,
Sl

which completes the proof. O

Remark 1.2. The operator Ay has a natural extension in the Hilbert space
L2(S', E,), we also denote it by Ay, see e.g. [34, Definition 7.1 in Appendix|.
From Proposition 1.1, Ay is formally self-adjoint and elliptic, so Ay is self-adjoint
in the Hilbert space L?(S!, E,), see e.g. [34, Theorem 7.2 in Appendix].
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For every elliptic self-adjoint differential operator A, which acts on a Hermit-
ian vector bundle over a closed manifold, the operator A has a discrete spectrum
with real eigenvalues. Let A; run over the eigenvalues of A, then the eta function

of A is defined as )
sgn \;
na(s) = ’

s
2 Al
where s € C. The eta function admits a meromorphic continuation to the whole

complex plane and is holomorphic at s = 0. The special value 74(0) is then
called the eta invariant of the operator A, and we denote the eta invariant by

(1.3) n(A) = n4(0).
One can refer to [3, 47] for the definition of eta invariant.

The complex vector bundle Fy = ¥ X I is a Hermitian vector bundle over S 1
with the Hermitian metric i€2(-,J-), and the operator Ay is an elliptic operator
which is formally self-adjoint with respect to the inner product [ iQ(:,J-)dz,
then Aj has discrete spectrum consisting of real eigenvalues A\ of finite multi-
plicity, and the eta invariant n(Ay) of Ay is defined by (1.3).

Example 1.3. Given a representation ¢ : 71 (S') — U(1,1), consider the oper-
ator d

AJ = J%,
where J := exp(—xB)Jexp(xB), and L = +e? exp(2nB) € U(1,1) denotes
the representation of the generator of m1(S'), then the eta invariant n(Ajz) is
calculated in Appendix 10.1, see (10.7).

2. THE SIGNATURE OF A FLAT HERMITIAN VECTOR BUNDLE

In this section, we will define the signature of a flat U(p, ¢)-Hermitian vector
bundle, and express it as the difference of the L2-indices of two operators dt and
d~ on a completion S of ¥ with cylindrical ends, see Subsection 2.2. Atiyah-
Patodi-Singer’s formula for the L?-index involves two boundary terms, the eta
invariant and half the dimension of the kernel of the operator induced on the
boundary, see paragraph 2.3.1. We shall show that the dimensions of the relevant
kernels for d* and d~ are equal (paragraph 2.3.3), therefore such terms do not
appear in the formula for signature in Theorem 2.13.

Let 32 be a connected oriented surface with smooth boundary 93, each com-
ponent of 9% is homeomorphic to S', ¢ : 0¥ — ¥ denotes the natural inclusion.
Let (E,9Q) be a Hermitian vector space, where E = CP™? is a complex vector
space of dimension p + ¢, and € is a non-degenerate Hermitian form (possibly
indefinite) with signature (p,q), p > 0,q > 0. Let ¢ : m(X) — U(E,Q) be a
representation from the fundamental group (%) of ¥ into the U(p, ¢)-group
U(E, Q). The representation ¢ gives rise to a flat vector bundle

52§X¢E
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over ¥. Any element of A*(3,€) can be viewed as a ¢-equivariant element
in A*(3,R) ® E, where ¢-equivariant means (v 1)*w ® ¢p(y)v = w @ v for
w € A*(i, R) and v € E. There exists a canonical flat connection d on the flat
bundle &, which is defined by d(w®wv) := dw®wv. One can also refer to |7, Section
1.1] for the representations, flat bundles and the canonical flat connection.

2.1. Definition of signature. Let H*(3,&) (resp. H*(X,0%,&)) denote the
(resp. relative) twisted singular cohomology, one can refer to [19, Chapter 5| for
its definitions. Set

HY(Z: €) = Im(H'(Z, 0% &) — HY(: €)).
There exists a natural quadratic form

Q:H' (Z:6) x H'(Z;6) = C

Qlal, 1) = [ la)u )

b
By the same argument as in [3, Page 65|, the form @ is non-degenerate due
to Poincaré duality. Moreover, @ is a skew-Hermitian form, i.e. Q([a],[b]) =
—Q([b], [a]), then iQ is a Hermitian form. If H(Z,&) = H+ @ H~ such that
i@ is positive definite on H ' and negative definite on J~, the signature of the
flat Hermitian vector bundle (£, ) is defined as the signature of the Hermitian
form Q). Then

sign(€, Q) = sign(iQ) = dim H* — dim 3.
2.2. Relation to indices of operators. Suppose that on the collar neighbor-

hood I x 9%¥ C ¥ of 9%, I = [0, 1], the Riemannian metric of ¥ is equal to the
product metric gs, = du® + gox;. Let

S =X U ((—o0,0] x O%)

be the complete manifold obtained from > by gluing the negative half-cylinder
(—00,0] x X to the boundary of ¥.

N

Q

— 00

™

For any a,b € A*T*%, the Hodge * operator is defined as
(2.1) a A xb = gx(a,b) Vol,

where the volume element Vol, := y/det(g;j)dz! A dz?. One can check that
x2a = (—1)l*la. Denote by J(&,Q) the space of all smooth sections J of End(€)
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preserving ), such that iQ(-,J-) is a positive definite Hermitian form and J? =
—Id. For any J € J(&,(), there exists a natural inner products in A*(%, &) by

(a®er, fRes), :=gnla, ) iQer,Jea), «a,B€ NT*E|,,e1,e2 €E,
and
() = [ ) Ve,
Denote by d* the formally adjoint operator of d with respect to (-,-). Then
(2.2) d"=Jxd=J.

Moreover, one has *J = Jx and (*J)? = Id on the space A'T*Y ® &, that is, *J
is an involution on the space A'T*Y ® &. Let

1+ %J
7Ti = T N /\1T*2®g—>/\i
denote the natural projections onto the +1-eigenspaces AT of *J, and set
d* =ntod.

From Corollary 2.4, the operators d*,d~ have the form
0 _ _, 0 _
d+:a+(%+A}'), d =0 (%—G—AJ),

where both ¢ : £ = AT and 0~ : £ = A~ are bundle isomorphisms, and AT,

Ay are the first order elliptic formally self-adjoint operators on the boundary
0.
For any a € AT and b € A™, one has

Qa A *Jb) = =Q(aNb) = —=Q(IT xa Ab) = Q(xa ANIb) = —Q(a A xJb),
from which it follows that Q(a A *Jb) = 0. Thus the Hermitian inner product
of a and b satisfies

(a,b)Voly = igx(2(a,Jb))Vol, = iQ(a A xJb) =0,
that is, the two subspaces AT and A~ are orthogonal to each other. Hence

(d*)* = d* on A*. Note that [3, Proposition 4.9] works as well for the cohomol-
ogy with local coefficients, that is

(2.3) H*(Z,8) 2 H(S,E) :={¢p € L2(Z,&) : (d+ d*)¢ = 0}.

By identification with the above two groups, i) is also a Hermitian quadratic
form on H!(3, ). We can extend the bundle £ and the connection d to 3, we
still denote it by £ and d.

Proposition 2.1. The splitting
HY(E, E) = Ker(dH)* NLA(E, A1) @ Ker(d™)* NLA(Z, A7)

is such that iQ is positive definite on Ker(d™)* OLQ(EJ7 AT) and negative definite
on Ker(d™)* NL2(X, A7), the decomposition is orthogonal with respect to iQ.
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Proof. Firstly, we show that Ker(d*)*NL2(S, AY) ¢ HY(E, €). Ifa € Ker(dt)*n
L2(X, A%), then d*a = 0 and a € L2(E, AT). From [3, Proposition 3.11], the L?
sections in Ker(d®)* N L?(X, AT) are exponentially decaying as t — —oc0, so

d*a = «Jd+x Ja = + x Jda.

Thus, d*a = 0 implies that da = 0, which means that a is harmonic. Hence
Ker(d®)* N L2(S,AT) ¢ HY(Z,€). On the other hand, for any nonzero a €
Ker(dt)* NL3(X,AT) and b € Ker(d™)* NL2(X, A7), one has

Q(a,b):/AQ(a/\b) :—/AQ(a/\*Jb) ~0
b b
since AT and A~ are orthogonal to each other, and

iQ(a,a):i/AQ(a/\a):i/AQ(a/\*Ja) >0,

% %

iQ(b,b) = z/A QbAD) = i/AQ(b/\ xJb) < 0.
% %
The proof is complete. O

The L2-index of d* is well-defined and is given by
L? Index(d¥) := dim Ker(d*) N L3(Z, &) — dim Ker(d™)* N L3(, AT).
Note that
(2.4) Ker(d*) NL2(S, &) = HO(S, &).

In fact, if d"a = 0, then da = d"a, and so da = *Jda, which follows that
(d*)*d*a = d*da = 0. From [3, Proposition 3.15], the L%-solutions of d* and
(dT)*d* are coincide, so da = d*a = 0. Therefore,

L% Index(d™) = dim H°(S, £) — dim Ker(d*)* N L3S, AT).
By (2.5), one can define the operators d]% by the restriction of d*. From [3,
Proposition 3.11|, Ker deE, is isomorphic to the space of L2-solutions of d¥y =

0 on & and Ker(dlig)* is isomorphic to the space of extended L2-solutions of
(d¥)*¢ = 0 on %, where extended solution means that on (—oo, 0] x 9%, ¢ can
be written as ¢ = ¢ + 1) with ¢ € Ker JiAjE(ai)*l and ¢ € L2. The section ¢
is called the limiting value of the extended solution .

We denote by hoo (AT) the dimension of the subspace of Ker(Af) consisting of
limiting values of extended L2-sections a of AT satisfying (d*)*a = 0. Therefore,

Proposition 2.2. The signature of (€,8) is given by
sign(&,Q) = L? Index(d™) — L? Index(d™)
= Index(dp) — Index(d}) + hoo (A7) — hoo(AT).
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Proof. By the definition of signature, Proposition 2.1 and [3, Corollary 3.14],
one has

sign(€, Q) = dim Ker(d")* NL2(Z, A1) — dim Ker(d~)* N L3 (Z, A7)
= L?Index(d™) — L% Index(d™)
= Index(dp) — Index(d}) + hoo (A7) — hoo(AT).
The proof is complete. O

2.3. A formula for signature. In this subsection, by using Atiyah-Patodi-

Singer’s index theorem, we will give a formula for the signature of flat Hermitian
bundles.

2.3.1. The Atiyah-Patodi-Singer index theorem. Let 3 be a connected oriented
surface with smooth boundary 9%. Let gs; be a Riemannian metric on ¥ such
that gs = du® + gox on the collar neighborhood 9% x I C ¥ of 9%, I = [0,1].
The bundles € and A* are Hermitian vector bundles, and

d* : AY(%,E) — A2, A%)

are two first order elliptic differential operators. On 0% x I, the volume element
is given by

dz A du
Vol, = ————.
T da
From the definition of * (2.1), one has
1
*(dr®@e) = |dz|du®e, #*(du®e)= —mdrx ®e

for any e € £. Thus

Let £ = £T @ £~ be the decomposition of £ into Fi-eigenspaces of J. Then

/\+—(C{d$—ialu}@g@(C{dx—i—ialu}@g+

|dzx| |dzx|
and
d d
A=C{ Y ialeoetaoc! X Liulee.
|d| |d|
Note that

dim&T =p, dim& =gq.

Thus AT 2 € and the isomorphisms are given by
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The maps & : AIT*Y ® € — AT can be expressed as

dx 1/ de dx
T ® +zdu> et += ( zdu) =ot(i(eT—e7)),
(i) =2 (i da ter=e)
_ [ dx ) (dm > 4+ 1 (d > o4
T | —®e| == —idu|®@e"+= | — +idu T =0 (—i(e"—e7)),
<\d$! |dz| |dz|

[ d d
rHdu®e) = —= (i +idu> ®et + 3 (m —idu) ®e” =at(e),

2 \|dz| ||
_ i dx L1 (dr -
T (du@e)—2<‘dx’—zdu>®e —<|d|—|—zdu> T =0 (e).

Proposition 2.3. For any C € A°(0Y x I,End(£)), one has

3} 0
+ _ -+
m(d+ Cdzr) =0 <8u:|:|d1:]J<ax+C’>>.

Proof. For any local smooth section e of £, one has

(L iia (2 vc)).
o (G ((30) - () ) o —ccon)

=gt Oe —du + dz ®%+dm®0e
ou oz

=75 (d + Cdx)e,
which completes the proof. ]

As a corollary, we get

Corollary 2.4. d* = ai(% + A5), where AT = i]dm|J%.

When restricted on 9%, the metric is goy = g(z)dr ® dz, and |dz| = —A—.

V(@)
By taking an another parameter 2/ = [ \/g({)d(, then da’ = \/g(z)dz, and so
the metric ggy, = dz’ ® dx’, the operator Ajg is

d
Ay =1J |dx|d— J%

which is exactly the operator defined by (1.2).
Let Py denote the orthogonal projections of L?(9%,&) onto the subspace
spanned by all eigenfunctions of A}—L with eigenvalues A > 0. Then P, are
pseudo-differential operators. Let A°(X,&; Py) be the subspaces of A°(X, &)

consisting of all sections ¢ which satisfying the boundary conditions

P (plos) = 0.
Denote by

(2.5) dg : AY(Z,E; Py) — AY(Z, A%)
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the restriction of d*. By Atiyah-Patodi-Singer’s index theorem [3, Theorem
3.10], d}, dp are Fredholm operators and

n(A3) + dim Ker AT
2 Y

(2.6) Index(d5) = /Eai(z)d,ug -

where djiy denotes the volume form of the Riemannian metric g on ¥, and o (2)
is the constant term in the asymptotic expansion (as ¢t — 0) of

—tuly | 4t —tu!]
g e ¢Mi g e

where p/,, . denote the elgenvalues and eigenfunctions of (d*)*d* on the

double X Uag E of 3, and p/f Z . are the corresponding objects for d*(d*)*.

Since n(Af) =n(+£4;) = :I:n(AJ) and

Y

(2.7)  Ker A7 = Ker mu(,?x = Ker yda:|(% = Kerd| 0956y = H’(0%,€),
so we obtain
Index(dp) — Index(d}) = / a_(z)dpg — / at(z)dpg +n(Az).
P P
By Proposition 2.2, the signature of the flat Hermitian vector bundle (&, ) is

Sign(S,Q):/ z)dpg — /Eour )dpg
+hoo(A7) = hoo(NT) + n(Ajg).

(2.8)

2.3.2. The Atiyah-Singer integmnds In this subsection, we will deal with the
Atiyah-Singer integrands fz (2)dpg and fz aq(z)dpg.

Let
gv = g(x,y)(dz” + dy*) = @(dz ®dzZ + dZ ® dz)

be a Riemannian metric on the surface 3, and is a product metric on the collar
neighborhood 0¥ x I of 93, where z = x+iy denotes the holomorphic coordinate
of 3, and one has *dz = —idz and *dz = idz.

Following [3], we will consider the double ¥ Upy ¥ of ¥, which is a closed
surface.




16 INKANG KIM, PIERRE PANSU AND XUEYUAN WAN

The vector bundle £ and the operators d™,d~ can be extended canonically on
the double ¥ Ugs . Let F = F™ @& F~ be a Zs-graded vector bundle over the
double X Ugy: 3, where

Ft:=¢& F =An".
Let D :T'(X Ugy X, F) = I'(X Ugy X, F) be an operator defined as follows:
(29) D= ( Dt i - D :O(d ) > : F(E Usxn Z,J—"i) — F(Z Ugs E,f¥).

Proposition 2.5. D is a self-adjoint Dirac operator.

Proof. Since D™ = (DT)*, so D is self-adjoint. On the other hand, one has

2= (5 i)

so D? is a generalized Laplacian. In fact, for any local section s = fe of &,
where e is a local parallel section, i.e. de = 0. Then

1—%J =
(@7)d"s = () =5~ (0f + df)e
1 = _
= §(d_)* ((0f +0f)e — (—i0f +i0f)JTe),
since (d™)* = —Qg(z)_l(azig —|—82i6@)+zeroth terms, so the second order terms

of (d7)*d™s is —2g(z)_1%e. Similar for the local sections of A~. Thus D is
a Dirac operator. ]

By the definition of a4 (2), one has

/Ea_(z)d,ug = lim (tr (e*t(d_)*d_ (z, z)) —tr (e*td_ @) (2, z)))

t—0 »

= lim S‘51r<z|\fftD2 |2)

dp
g
t—0 »

where dpg = %g(z)dz A dz and Str denotes the supertrace, see e.g. [6, Section
1.5] for its definition.

For any J € J(&,Q), denote by £ = ET®E ™ the decomposition corresponding
to the ti-eigenspaces of J.

Definition 2.6. A connection V on & is called a peripheral connection if it
satisfies the following conditions on a collar neighborhood of 9:
(i) V =d+ C(x)dx for some C = C(z) € A%(0%,End(&));

(i) [V,J] =0;

(iii) V preserves the Hermitian form 2.
Remark 2.7. Like in the proof of Proposition 1.1, the condition (iii) is equiv-
alent to C(z) € u(p,q), ie., @TQ + QC(x) = 0, which implies that the
operator |dx|J (E% + C(z)) is a C-linear formally self-adjoint elliptic first order
differential operator in the space A°(9%,&).
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Remark 2.8. Note that £" is a Hermitian vector bundle with a Hermitian
metric 2iQ(-,J-) = 2Q(-,-). Let V' be a Hermitian connection on £ which
depends only on x on a collar neighborhood of 9%. This can be done since we
can take J = J(x) near 9%. Similarly, there exists such a Hermitian connection
V™ on the Hermitian vector bundle (67, —). Hence V = VT @& V™~ defines
a connection on & = £T @ £~. One can check easily that V is a peripheral
connection on &.

Let V be any peripheral connection on &£, when restricted to a small collar
neighborhood of 9%, we assume it has the form V = d + C(z)dx. Without
loss of generality, we assume that it satisfies the above conditions (i) — (¢i7) on
8% x [0,1). Denote V" :=V|ey, V& :=V|e, and set

v .=vE g vE.

Then V¢ is a connection on £, and V& = V on 9% x [0, 1).
Now we consider the operator

D7 =7 V¢ & (W_Vg)*
on the superbundle F = £ @ A~. One can check that D7 is also a self-adjoint
Dirac operator. Moreover, by Proposition 2.3, one has

d 3}
TV =n1"V=0" <8 — J|dx| < +C(x )>>
on 0% x [0,1), and the operator —J]d:L‘|(a% + C(x)) is a formally self-adjoint
elliptic first order differential operator.
Lemma 2.9. It holds
lim Str(z]e*tDQ\z)d,ug = lim/ Str(z\e*t(DF)2]2>d,u
t—0 »

t—0 b
Proof. Denote Vg = (1 — s)d 4+ sV¢, s € [0,1]. Then
T Ve=1—s)m d+st VE=0" <(§u - J|dx]% - sJ|d93|C(93)> .

The first order operator —J \daz\a% — sJ|dz|C(z) is formally self-adjoint and
elliptic. The adjoint operator of 7~V is given by (7~ V)* = (1 — s)(7n~d)* +
s(m~VE)*, so

D, = (1-s)D+sD”.
From [6, Corollary 2.50], one has

D?
_ — —tD?
%gr(l) s / Str(z >d,ug = hm t/ Str <z| |z> dpg = 0.

Hence

. —tD? 1 —t(D7)?
%E)I(l) EStr(z|e |2)dpg %%/ESthe |z)dp
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Now we will calculate the term lim; o [s StI‘<Z|€_t(DF)2|Z>dﬂg. Firstly, we
need find the Clifford connection V7 on F such that D7 = co V7. The adjoint
operator (V¢)* is given by
W

9
oz

(VE)" = =29(2)1i o V5 —29(2) 7"

9
oz

The Dirac operator D7 induces a Clifford action of T*% on F by

(D7, f] = e(df)
for any smooth function f. Note that A~ = AMT*S @ £~ @ AYIT*S @ £F, so
0 of
_ —-1YJ . -1%J
c(df) = —2¢(z) 552 2¢(z) 55 L

when acting on A7, and
c(df)=0f@p +of®p"
when acting on £ = ET @ €. Since
F=EaN =N T*E@E o A" T*' S ET,

there exists a natural connection on F induced from the connections on £ and
T*¥, we denote this connection by V7.

Lemma 2.10. V7 is a Clifford connection and

D7 = ¢(d2)V7% + c(dz)V; .
0z

oz

Proof. V7 is a Clifford connection if [V%,a] = Vxa for any local section a of
Clifford bundle C(X Uy X). Let 0 = c(e)-1: C(XUgn X) — A*T*3 denote the
symbol map, which identifies C(X Ugy, 3) with A*T*X. By a direct checking,
one has

[V“:%,c(dz)] = —0,logg(z)c(dz) = V%c(dz), [Vié,c(dz)] =0= V., c(dz),

8
Oz
and so

[V;é, c(dz)e(dz)] = [V%,c(dz)]c(di) = V%c(dz)c(dé) =V o (c(dz)e(dz)).

Oz

For any smooth function f, one has
V4. e(f)] = Vxelf)-
Thus V7 is a Clifford connection. If s € I'(X Upy %, &), then

c(dz)V7%, 5 + c(dz)V

Oz

8{\@""!

s=dz®V%h s +dz@ Vst
oz oz

=7V s=D7s.
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If dz® s~ € A, then
c(dz)V7 (dz @ s7) + c(dE)Vg (dz®s™)

oz
= —29(z

=—29(z

N\

)~ Zan adz® s
)t = (V)" dz®s" ) =D (dz®s7).

Similarly, for dz ® s™ € A™, one has

(c(dz)V7y (dz)V )(dz ®st) = D7 (dz® sT).

oz

The proof is complete. U]

The Clifford module F has the following decomposition
F=FteF =¢Ta& N T*s @ & @ AVOT*Y,
where FT =T @&~ and F~ = ET @ AUIT*Y @ £~ @ ALYT*S. Denote
S=5te S =Co TS = A T*%.
Then the complex module F is isomorphic to
FEWeS

where W = €T @ £~ @ (AYT*E)* =2 £ @ €~ @ AYOT*S. Let T be the chi-
rality operator, which is an element in C(¥X) ® C = End(S), and is 4+ Id when
acting on St = C, is —Id when acting on S~ = A®'T*X. Thus it induces an
endomorphism of F =2 W ® S by the action Idyy ®I', we also denote it by T'.
Thus

P = Idg+ EB - Idg— @ - Id5+®/\0,1T*2 @Id(gf@/\l,OT*E .
The Clifford connection V7 is given by
VvE =VE o Ve @ (VE ®@Idoapey +1dgr @V TR)
® (VS @1dpiopes 4+ Idg- @VAYTE),
and the curvature is
(v]-')2 _ R€+ o RE‘ ® (R£+ ® Id/\o,lT*E +RT1’OE . Id€+®/\1a0T*E)
S (R57 ® Idpr0x —RTVE. Idg-gatorsx),

where RT"°% is a two-form on >, and ’ RT % denotes the first Chern form of

T10%. Denote by R” the action of the Riemannian curvature R of ¥ on the
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bundle F, which is given by

RF =1 <R§Z, ;) c(dz)e(dz) J& (Raaz, ;) c(dz)c(dz)

T4 2
= g(;)RTl’OE(c(dz)c(dz) — c(dz)e(dz))
1 7,
= *RTI 02(— Idg+ @Idg— @Id5+®/\o,1T*E P — Id£—®/\1»0T*E)~

4
From [6, Proposition 3.43], the curvature F~7. /5 is given by
FFIS — (V)2 - RT
= (RE" + %RTLOZ Ide+) & (RS — %RTLOZ Idg-)
& (RE" @ Idpoapes, ‘fé Idg+gporres RTLOZ)
& (RE ®1dyoes —2 Tdg- pnopes BT,
Thus TF7/5 is

1 - 1o
PEZ/S = (BT 4 JR" ™ 1der) @ (~R® + (R7 ¥ 1dg-)

3 ,
& (—RE" ®@Idjopey — gt gpoares RT"'%)

_ 3 )
S (Rg @ Idptopex 1 Idg-gprop+xn RrRT OE).
Hence the supertrace Str]:/S(F]:/S) is
1 1
Strr(DF7/5) = 5 Trp (TE7/9) — 5 Toz- (TF7/9)

1 1 1
<TY(R5+) + 4pRT1’°Z> +35 <— Te(RE) + 4qRT1’°E>
1
2

1 _
— (_ ’I‘I.(R5+) _ ipRTl’OE> _ 5 <T‘I'(Rg ) _ zqRTl’OZ>

= To(RE) - Te(RE) + LR,

By the local index theorem, see e.g. [42, Theorem 8.34]|, one has

%iﬁrr(l) Str(z]e_t(DF)2 |2)dpg

R/2 (L)

— [(2772‘)1 det (smh(R/2)> Stz g (exp(—F7/9))

1
=5 Strrs(F7/%),
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since A(X) = det (%) € A¥*(X,R). Thus,

(2.10)

1 - P+q 710
/Oz(z)d,ug = 2/(Tr(R5+) — Tr(R® )+7RT =)
by TJ%

N / <Cl(5+> V) —e(E7,VF ) + pTJrqq(Tl»Oz, VT1’02)> .
>

Similarly, one has
(2.11)

/ oy (2)dpg = / <—01(5+»V5+) +a(E7,VE )+ p;qcl(Tl’OE,VTl’oz)> .
b b

Therefore,
(2.12) /Ea_(z)dug — /Z:a+(z)dug = 2/2 <c1(5+,v5+) - cl(gf,vg_)) .

Note that on 9% x [0,1], VE" = V|4 is a flat connection, which follows that
c1(E1,VET) =0 on 8 x [0,1). Denote by

(2.13) [e1 (67, V)] € H3R comp(Zos R)

the de Rham cohomology class of ¢i (€7, V‘9+) with compact support, see e.g.
[10, Chapter 1] for the definition of de Rham cohomology with compact support,
where ¥, := ¥\0%. On the other hand, since

/ e (THy, VTLOE) =x(X)=2-2g—n,
pY
where n denotes the number of components in 9%, so

Proposition 2.11. For any peripheral connection V on &, one has

/ s (2)dg = F / (1(EF V]er) —er (6. V]en)) + D2E 3
> >

2
Substituting (2.12) into (2.8), one gets
(2.14)

sign(€,Q) = 2/

by

<01 &, VEY — (e, vg*)) F oo (A7) = hoo(AT) + (A7),

2.3.3. Limiting values of extended L2-sections. In this subsection, we will cal-
culate the terms hoo(AT), hoo(A™), and show that hoo (A7) = hoo(AT).
By Atiyah-Patodi-Singer’s index theorem [3, Theorem 3.10]|, one has

(2.15) Index(dy) = / a_(z)dz — dim HO(E)Z,QE) — n(AJ).

)
On the other hand, we have

(2.16) Index(dp) + hoo(A™) = L? Index(d ™).
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Following [3, (3.20)—(3.25)|, we consider the operator (d~)*, then
. 1 (0 _ -
(d ) :—(0’ ) 1<8u+0 AJ(O’ ) 1).
Since n(o~ Ag(e™) 1) = n(As), so
hoo

Index(d ™) + heo(€) = L? Index(d™)* = —L? Index(d "),

Index(d™)p = —/ a_(z)dz — dim HY(0%, €) + n(AJ).

2
b

Combining with the above equalities, we have

(2.17) hoo(E) + hoo (A7) = dim HO (9, ).

Denote by K~ the set of all extended L2-solutions of (d~)*¢ = 0 in A~, that
is, for any ¢ € X7, one has d*¢ = 0 and ¢ is with valued in A7, and in the
cylinder 9% X (—oo, up] for some large negative up, we can write

p=v+0

where ¢ = 1 + ¢¥1du € Ker(o~Az(o~)1) and 6 € Ker(d™)* N L2(Z, A7) is
a L2-section in A~ (hence decaying exponentially). From Proposition 2.1, one
has df = 0. For any J € J(&,9) and extend it to the vector bundle & over &
such that J = J(x) on 0% X (—o0, ug]. By the definition of ¢, then [d,0~] = 0.
Since 1 € Ker(o6~Az(c7)71) and by (2.7) so (¢7) ¢ € Ker(Ay) = Kerd.
Hence dyp = do~(07) "1 = o=d((0c~) %) = 0, which follows all elements of
K~ are harmonic. Denote by 6~ : K~ — H(X, £) the natural map, then

«J (o + Prdu) = — (Yo + Y1du), =J(6) = —0.
If moreover, 1y = 0, then *J(¢1du) = —11du. However, since xdu =
we conclude that ¢ =0, and so ¢ =6 € Ker(d™)* N L2(§J, A7), then
Ker(1*67) = Ker(d™)*NL3(S, A7),
where * : HY(X, ) — H'(0%, €) is the induced map on cohomology by restric-
tion. By the definition of limiting values of extended L2-sections [3], hoo (A7)

is the dimension of subspace of all ¥, so hoo(A7) = dim(K~/Ker(d™)* N
L2(X,A7)), and we have

hoo (A7) = dim(K™/Ker(:*07)) = dimIm ("6 ) < dim Im(c*).

dz

_7|dx\ , SO

Lemma 2.12. We have
dim Im(:*) = dim H*(9%, £) — dim H(%, £).
Proof. From the following exact sequence
S HY(D,E) L HY0E,8) B HA(R, 05, 8) L (D, €) — 0,
one has

H' (0%, &)/ Im * ~ dim H' (9%, £)/ Ker o ~ Im a* ~ Ker 3%,
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and
H%(X,0%,&)/Ker * ~ Im * ~ H(X, £).
Hence
dimIm(:*) = dim H} (0%, £) — (dim H*(%, 0%, £) — dim H(%, £))
= dim H(0%, £) — (dimH°(%, &) — dim H*(%, £))
= dim H°(0%, £) — dim H(%, &),

where the second equality uses Poincaré duality, and the last equality follows
from the fact that dim H?(%, £) = 0. O

Hence
(2.18) hoo(A7) < dimIm(:*) = dim HO(0%, £) — dim HO(X, £).

On the other hand, we can also consider the term h(£). Denote by X the
set of all extended L? solutions of d~¢ = 0 in &, so that for any ¢ € Ky, one
has d¢ = 0. In the cylinder 0¥ x (—o0,ug], we can write ¢ = 1) + 6 where
1) € Ker(Ay) is a harmonic section on % and 6 is a L? harmonic section. From
(2.4) and (2.7), one has dyp = df = 0. Hence d¢ = 0 for any ¢ € K. Denote
by &, : Ky — HO(X, ) the natural map, then

Ker(150; ) = Ker(d) NL2(S, €),
where ¢ is defined by
s 0 B HOS, ) LS HO(9R, E) = - -

Since hs is the dimension of the space of all ¥, s0 hoo(E) = dim(K / Ker(d) N
L2(%,€)), and we have

hoo (€) = dim(XKy / Ker(e50, ) = dim Im(edy )
(2.19) < dimIm(s)) = dimH(, ).
From (2.17), (2.18) and (2.19), we obtain
hoo(A7) = dim HY(9X, £) — dim H(, £)
Similarly, one has
(2.20) hoo(AT) = dim H(0%, £) — dim HY(Z, ) = hoo(A7).
Substituting (2.20) into (2.14), we obtain a formula for signature:

Theorem 2.13. The signature is given by

(2.21) sign(€,Q) = 2[2 (c1(EF,V]g+) —c1(E7,V]e-)) +n(Ag).
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Remark 2.14. The above theorem was proven by Atiyah [2, (3.1)] under the
assumption that the representation on each component of the boundary is el-
liptic. He then proceeded to prove the existence and uniqueness of a section
of a covering space of the unitary group that specifies a trivialization of a suit-
able line bundle whose relative first Chern number is equal to the signature, |2,
Theorem 2.13|. However, this existential statement does not easily provide a
formula for the value of this discontinuous section on arbitrary elements. This
will be done in Section 5.

3. TOLEDO INVARIANTS

In this section, we recall the definition of the Toledo invariant for surfaces
with boundary, which is given by Burger, lozzi and Wienhard [13, Section 1.1].
We show that the Toledo invariant can be expressed as the integration of first
Chern forms with compact support over the surface.

3.1. Definition of Toledo invariant. Let > be a connected oriented surface
with boundary 9%, and ¢ : m1(X) — G be a surface group representation into a
Lie group G which is of Hermitian type. Burger, Iozzi and Wienhard [13, Section
1.1] introduced the definition of Toledo invariant T(X, ¢), which generalizes the
Toledo invariant for closed surfaces.

A Lie group G is of Hermitian type if it is connected, semisimple with finite
center and no compact factors, and if the associated symmetric space is Her-
mitian. Let G be a group of Hermitian type so that in particular the associated
symmetric space X is Hermitian of noncompact type, then X carries a unique
Hermitian (normalized) metric of minimal holomorphic sectional curvature —1.
The associated Kihler form wy is in Q2(X)% the space of G-invariant 2-forms on
X. A Lie group G is of type (RH) if it is connected reductive with compact center
and the quotient G/G. by the largest connected compact normal subgroup G is
of Hermitian type. By the van Est isomorphism [53], Q%(X)¢ = H2(G,R), where
H?2(G,R) denotes the continuous cohomology of the group G with R-trivial co-
efficients, there exists a unique class kg € H2(G, R) corresponding to the Kihler
form wy, and thus gives rise to a bounded Kéahler class ng € Hab(G, R) by the
isomorphism [14], H2(G,R) = Hib(G, R), where H? , (G, R) denotes the bounded
continuous cohomology. In fact, n% € Hib(G ,R) is defined by a bounded cocycle

1
(31) 6(90791792) = 2/ wox,
T J A(gow,g12,92)

where A(gox, 12, gox) is a geodesic triangle with ordered vertices gox, 912, gox
for some base point z € X.
By Gromov isomorphism [25], one has

¢ (rgy) € Hy(m (), R) = Hy (S, R).
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The canonical map jsy : H? (2,05, R) — HZ(X,R) from singular bounded co-
homology relative to 9% to singular bounded cohomology is an isomorphism.
Then the Toledo invariant is defined as

T(Z,(b) = <]B_§¢Z(’€IJG)7 [E,GZD,

where jgzlgbZ(kalé) is considered as an ordinary relative cohomology class and
[X,0%] € Ho(X,0%,Z) = Z denotes the relative fundamental class.

3.2. Invariant Kahler potentials. In this subsection, we introduce a family
of differential 1-forms ayy on the symmetric space D1Ia,q7 parametrized by points
W on the closure %. The form ayy is a primitive of the Kéhler form and is
invariant under the stabilizer of W in U(p, ¢). The key feature is that ayy defines
a bounded 1-cochain. Therefore it can be used to modify the pull-back of the
Kahler form by an equivariant map in order to make it compactly supported,
without changing its bounded cohomology class.

In order to find formula (3.5) for ay, we start from the classical formula for
the Kéhler potential invariant under the stabilizer of a point J of the symmetric
space. Then we let J tend to infinity and observe that, up to an additive
constant, it converges as J converges to a boundary point W.

Every L € U(p, q) acts on the bounded symmetric domain of type I
D;,q = {W 6 M(pqu(c)qu - W*W > O}

holomorphically, and the action extends continuously to Di,q' By Brouwer’s

fixed point theorem, there exists a fixed point in sz;q. Let
(3.2) wpr = —2i00log det(I — W*W).
p,q

denote the invariant Kéhler metric (Bergman metric) on DIIW with minimal

holomorphic sectional curvature —1, see e.g. [37, 44].

I
p,q’

Ky, :=={L € U(p,q) : L(Wy) = Wo}

For any point Wy € D, _, denote by

the isotropy group of Wy. For any L € U(p, q), we write

L:= (Z 2) € U(p, q),

ie L* L 0 L= I 0 , from which it follows that
0 —I 0 —I

1, 0 1 0 a* —c*

: L= (7 L = .
6 (6 5= 5) - )
It acts on W € D;q by

L(W) = (aW +b)(cW +d) .



26 INKANG KIM, PIERRE PANSU AND XUEYUAN WAN

One can refer to [44, Page 65-68, Section (2.2)] for the bounded symmetric
domain DJIo,q' If moreover, L(Wy) = Wy, then L= (W) = Wy, and so

a*Wy — ¢ = Wo(=b"Wy + d*).
The complex conjugate transpose gives
(3.4) Wia—c=—(Wgb—d)W.
Now we define a smooth function ¢y, = 1w, (W) on Déq by
(3.5) Yw, = —log (| det(WEW — I,)| " det(I, — W*W)),
which is a smooth real function on D{)’q. Moreover, it satisfies

AR 1
Zaalbwo = §CUD;IO7q,

i.e. Yy, is a Kdhler potential of the Kahler form of %WDI . On the other hand,
X P,q
since

| det(Wg L(W) — I,)| > det (I, — L(W)*L(W))
= (|det (W (aW + b) — (cW +d))| 2| det(cW + d)|?)
- (det(cW +d)| "2 det(I, — W*W))
= |det(Wia — )W + Wb — d)| 2 det(I, — W*W)
= | det(—(Wib — d)WW + Wb — d)| =2 det(I, — W*W)
= | det(d — Wib)| 2| det(WEW — I,)| "2 det(I, — W*W),
where the third equality follows from (3.4), the first equality follows from the
fact det(I, — L(W)*L(W)) = |det(cW + d)| 2 det(I; — W*W). In fact,
det(I, — L(W)*L(W))
= det(I, — (W*c* +d*) " *(W*a* + b*)(aW +b)(cW +d)™ )
= det((W*c* + d*) 1) det((cW + d) 1) det(W*e* + d*)(cW + d) — (W*a* +b*)(aW + b))
= |det(cW + d)| 2 det(W*(c*c — a*a)W + W*(c*d — a*b) + (d*c — b*a)W + d*d — b*D)
= | det(cW + d)| "2 det(I, — W*W),
where the last equality follows from (3.3). Hence
(L%, ) (W) = Ywy (L(W))
= —log (| det(Wg L(W) — Ly)| 7 det(I, — L(W)*L(W)))
= —log|det(d — Wib)| "2 — log | det(WGW — I,)| 2 det(I, — W*W)
= log | det(d — Wib)|* + vw, (W),

which means that ¢y, is a L-invariant (up to a constant) function. In one word,
we have

Proposition 3.1. For any Wy € D;),q’ there ezists a Kyw,-invariant (up to a

constant) Kdhler potential Yy, for %CUDI .
p,q



SIGNATURE AND TOLEDO INVARIANTS FOR FLAT UNITARY BUNDLES 27

Remark 3.2. In fact, for any classical Hermitian symmetric space X, and for
any W € X, there exists a (Staby, = Ky )-invariant (up to a constant) Kihler
potential ¢y (Prop. 3.1 and corresponding paragraphs in the other cases) with
the following property: for a = d“yYw, fwa = 0 for any geodesic v passing
through W.

Proposition 3.3. For a = d°yw, where d° := —i(0 — 9), then fwa =0 for
any geodesic v passing through W and ||a||s < rank(X)mw.

Proof. For any W € X, let 1y be any Kyy-invariant (up to a constant) Kihler
potential. Let y(¢) be a geodesic with v(0) = Q € X and ~y(oc0) = W. Then ~
is contained in a maximal flat F' which is a totally real subspace. The following
argument is basically due to Domic-Toledo [21]. The difficult case is when W is
an ideal point. If W is regular, Ky is M AN where N is a minimal parabolic
group. If J denotes a complex structure, then J~/(t) is tangent to the orbit
N~(t) since Jv/(t) is orthogonal to the geodesic and N~(t) contains all the
directions orthogonal to F. If W is singular, Ky is M'A’N’ where N’ contains
N [23]. Hence J~/(t) is tangent to the orbit N'+(t). Then

dPw (7' (1)) = dyw (7' (t)) = 0

since Yy is Ky-invariant. This shows that a = d°y is zero along .
Hence, for any @, R € X with geodesic v(Q, R) connecting them,

/ o :/ dPyy :/ ddy :/ w.
7(Q,R) ¥(Q,R) A(W,Q,R) A(W,Q,R)

By [21, Theorem 1], one has

e T A
Y(Q,R) A(W,Q,R)

This shows that ||a||oe < rank(X)w, where the ¢>°-norm || e || is defined by
(3.8). O

< sup ‘/ w' < rank(X).
A JAN

3.3. Relation to the pullback forms with compact support. Firstly, we
will recall some definitions on the cohomology group of a topological space with
a group action, we refer to [31] and the references therein. Let X be a topological
space and G be a group acting continuously on X. For any k > 0, one can define
the space

FE(X,R) = {f : X*! = R|f is alternating}.

Let Fflt (X,R)% denote the subspace of G-invariant functions, where the action

of G on F¥ (X,R) is given by

(9 )zoy...,xx) = f(gflxo, . 7971%)7
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for any f € Fflt(X R) and ¢ € G. The natural coboundary operator dj :

FF(X,R) — FEFL(X,R) is given by

k+1

(Grf) (@0, - wre1) = D (1) f(@o, -+, Bis- oy ),

1=0

which also gives a coboundary operator on the complex F}j, (X, R)“. The co-
homology H*(X; G,R) is defined as the cohomology of this complex. Define
Fi (X, R) as the subspace of Fjjj; (X, R) consisting of bounded alternating func-
tions. The coboundary operator restricts to the complex FJj, (X, ]R) and so
it defines a cohomology, denoted by Hj (X; G,R), see [22] and also [31, Section
3]. In particular, for a manifold X, H} (X;m(X),R) Hj (m1(X),R).

Similarly, if G is a semisimple Lie group and X is the associated symmetric
space, one can also define the complex for the continuous (resp. bounded) and al-
ternating functions, we denote this complex by C7 (X, R)ait (resp. C7 (X, R)ar).
Then the continuous cohomology HZ (G, R) (resp. H7 (G, R)) can be isomorphi-
cally computed by the cohomology of G-invariant complex C*(X, R)alt (resp.

* (X, R)S), see [26, Chapitre I1I] and [45, Corollary 7.4.10].

If X is a countable CW-complex, then one can define the cohomology groups
Hy(X,R) and Hj (X, A,R) associated with the complex C;(X,R) of bounded
real-valued cochains on X and the subcomplex Cj(X,A,R) of the bounded
cochains that vanish on simplices with image contained in A, repsectively. Let

Cf()? , R)a1t denote the complex of bounded, alternating real-valued Borel func-
T (X)

tions on X**1 then the cohomology of the 71 (X)-invariant complex Cy (X,R) alt

is isomorphic to Hj (X, R), see [29] and also [31, Section 2.

Let ¥ be a connected oriented surface with boundary 9%, ¥, := X\0X.
Consider a representation ¢ : m1(X) — G where G = U(p, q). Denote by X :=
G/K the associated symmetric space, which can identified with the bounded
symmetric domain D of type I, we denote w = wDI for simplicity. The Kéhler
form w gives the cohomology classes kg € H2(G, }R) and ke, € H? (G, R) which
both correspond to the cochain ¢, defined by (3.1).

The natural inclusion C7,(X,R)a C Fj; (X, R) induces a homomorphism
i+ Hy (G, R) — Hy(X; G,iR). Then we have the following commutative dia-
gram:

H2( G, R) —2s H2(Smi (%), R) & H2(3, R)

T Ti

H2,(G,R) —%

see [31, Page 58|, where f is induced from any ¢-equivariant map f : I
X, iy is the Gromov isomorphism. Then the cochain representing the class
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is@)(kY) = fria(kl) is given by
1

(3.6) —
27 Jstr(f)(0)

W,
where o € Cy(3, R) is any two dimensional singular simplex on ¥, Str(f)(o) :=
A(fv1, fue, fvs) denotes the geodesic 2-simplex, and vy, vg, v are the vertices
of o. Denote
[f*w]p := 2mind; (kY) = 2n fiiq(kY).

We assume that 0¥ = U} ,¢;, where each ¢; is a connected component of
the boundary 0%. For any representation ¢ : m1(X) — U(p,q), we denote by
L; := ¢(c;) € U(p, q) the representation of boundary component ¢;, and

(37) Q; = dcﬂ)i,

where d¢ := —i(0 — 9), dd® = 2i90, and 1); is given by (3.5). By Proposition
3.1, each «; is L;-invariant. Let x; = xi(u) : ¥ — [0,1] be any smooth cut-
off function on 3, which is equal to 1 near ¢; and vanishes outsides a small
neighborhood of ¢;. For example, one can take x;(u) satisfying

= ot
Xi - 0, ue Z\(Ci X [0,3/4})'

1

> the differential form

For any ¢-equivariant map f : Y =D

n
Frw=> d(xife)
i=1
descends to a well-defined form on X, and has compact support in ,. Hence it
defines a class

€ HgR,comp (207 R)

C

[f*w —> d(af )

i=1

in the de Rham cohomology group with compact support.

On the other hand, for any ¢-equivariant map f : I D;q,
let f; : % — DJIo,q U{W;} be a ¢(c;)-equivariant smooth map such that f; = f
in a small neighborhood flv/g of ¢; and is constant W; outside 1/374, where I, :=
¢; % [0,a) and W; is a fixed point of L;, where ® = 7~ !(e) denotes the lifting of
o, m: Y — ¥ is the covering map. In fact, if W; is a fixed point of #(c;), then W;
gives a constant section of the associated bundle I X g(cr) (Dzla,q U{W;}) — I.

and for each 17,

The ¢-equivariant map f also gives a section f|r, : [1 = I1 Xy, Dzlxq C I1 X gy
(D{,’q U{W;}) by restriction. Hence we can construct a smooth section f; : I} —
I X é(c;) (Divq U{W;}) such that f; = f near ¢;, and f; = W; outside a small
collar neighborhood of ¢;, which also can be viewed as a ¢(¢;)-equivariant map
fi: I — Dzlmq U{W;}. Moreover, the equivariant map f; can be chosen such that
the norm of the differential (f;). is exponentially decaying near the boundary
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O(f; 1 (Wy)) of £ 1(W;). Hence (ffay)(p),p € Ifl\ffl(Wl) converges to zero as
p goes to Jf;” ( W;), which can be extended to a ¢-equivariant one-form on %
by zero extension, we denote this one-form also by f*o; for convenience.

Remark 3.4. Here is how f; is constructed. Let Wy be a fixed point of L; =
(). If Wy € X, then L; is elliptic, and one can construct f; as a constant
map. Hence suppose that Wy is an ideal point.
Consider a Busemann function B = By, based at Wy with the corresponding
geodesic flow ®; pointing toward Wy, i.e.,
A _gp
dt
and |VB| = 1.
We give coordinates on I; as (s,t) where s is the parametrization of ¢ and ¢
is a parameter for I;.

Oy ofst) telhd)
fils:) =1 (s,0) telo.y
Wo t e [%,1].

Then at t = 1/2, f; = f and as t — 3 hmt_>3 fi(s,t) = P of(s,%) = Wp.
Geometrically, f; maps a segment s X [O } to an infinite arc from f(s,0) to Wy.

Since we can take any ¢-eqivariant map, by perturbing f a little bit near
¢;, we may assume that I; is mapped into the orbit Nw, f(&) where Ny, is
the horospherical subgroup fixing Wy. Then (fo;)(v) = ai((Py)«(f«(v))) on
t e [%, %), and since the flow lines of ®, are geodesics converging to Wy, by
(10.21), (@y)«(f+(v)) tends to zero exponentially fast as t — 2. This shows that
fa; is supported on a small neighborhood of ¢; and zero elsewhere.

Note that the form f*w — > d(ffay) is a ¢-equivariant differential form on
3 and vanishes near 62 so it descends to a differential form on 3 with compact
support. Moreover, Y 1" | (fFa; — xif*;) also descends to a one-form on ¥ with
compact support, hence

frw=Y" d(f;‘a»] = [f*w = d(xif )
=1 i=1

The differential form f*w — >, d(fFa;) defines a cochain as follows:
ffw— d(f o ) 9) 1= / w — / doy;
( Z Str(f)(o2) Z: Str(fi)(o2)

_/Str( (o2 w_z/tr(fz )(o2)

€ H(21R,comp (EO’ ]R) .

[

c
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for any singular 2-simplex o9 € CQ(i, R). The ¢*°-norm for a cochain is defined
by

[@llc:= sup [e(0)].
(3.8) scC(BR)

Then the ¢*°-norm of the cochain defined by f*w — > | d(ffa;) is given by

frw=>"d(ff) (f*w -> d<f:ai>> (02)
=1

= sup
o 02€C2(ER) i=1
n
< sup / w —1—2 sup / wH
02€Co(,R) ||/ Str(f)(o2) i—1 02€C2(S,R) ||/ Str(fi)(o2)

< (n+ 1wl < (n+1) min{p, g},

where the last inequality follows from [21, Theorem 1|. So the cochain is
bounded and defines a bounded class

[f*w = d(ffa)

i=1

€ H} (2, R).
b
Note that Y ;" | fFa; also defines a cochain by

<Zf al) 7 Z/Strm (o)

for any singular 1-simplex o1 € C1(E,R). This cochain is also bounded, i.e.
| S50 frailleo < +o0. In fact,

iz;~/8tr(fi)(gl)al Z /Str o )az’

where the last inequality follows from Proposition 3.3. Thus

[ffwls = [f*w —d <Z fi*ai>] = [f*w = > d(ffa)
b =1

i=1

n
< il < m-min{p, g}
i=1

€ H} (2, R).

There exist the following several natural maps

1
H2(S,R) 225 H2(3, 05, R) 5 H2(X, 05, R) 25 H2, (5, R) -2 H3R comp (Sos R)

comp

where jgs is the natural isomorphism induced from the inclusion Cg(E, 0¥, R) —
CZ(Z,R), see [13, §2.2, (2.¢)], c is the canonical map induced from the inclu-
sion CZ(%,0%,R) C C%*(,0%,R), j, is the natural map from the singular
cohomology with compact support to the relative singular cohomology, which
is an isomorphism. Recall that the singular cohomology with compact support
is the complex C¢,,,,(3,R) of all cochains have compact support, a cochain
u € C*(¥,,R) has compact support if and only if there exists a compact set
K C %, such that u € C*(%,, %, — K,R), see [41, Chapter IX,§3]. The map

D is the de Rham map between the singular cohomology with compact support
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and de Rham cohomology with compact support, which is also an isomorphism,
see e.g. [41, Appendix, Page 261|. Under these canonical maps we have

Dj, tejps ([f*wly) = Dijs *cips ([f*w -> d(f;an] )
b

=1

= [f*w - Zd(f;ai)]
1=1

- (&

€ chlR,comp (207 R) :

C

= [f*w = d(f )

i=1

Hence the Toledo invariant can be given by
T(3, ) = (pginds(re), 3, 0%])
= (cionindy (k). [, 0%)

1 n
= — w—Y dxiffo) | -
5 E(fw ;1 (xif a))
By the same proof as in |35, Proposition-definition 4.1], the de Rham cohomol-

ogy class [f*w — > 1", d(xif*®i)]. with compact support depends only on the
conjugate class of the representation ¢ (independent of f), and following [35],

(3.9)

we set

€ H?iR,comp (207 R) :

C

(3.10) [p*w], = [ frw=> dxif )
=1

Hence

(3.11) T(X,¢) = 217T/2 (f*w - zn:d(Xif*ai)> = 2177/2 [¢*WD§,,JC-
i=1

Remark 3.5. When 90X # () and G = PU(1,m), Koziarz and Maubon [35,
Proposition-Definition 4.1] introduced the invariant 5- [i. [¢*w], by using the
de Rham cohomology with compact support. In fact, the invariant can be
shown to be equal to the Toledo invariant defined by Burger-lozzi-Wienhard,
see [13, Remark 6.

3.4. Relation to the first Chern class. Consider the bounded symmetric
domain of type I

D;,q = {W € M(p7Q7(C)an —W*W > 0}

One can check that W* € D;p. Denote by £ = CP™? and let Q be a Hermitian
form on F with matrix given by
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i.e. for any two column vectors X,Y € E, Q(X,Y) = X'1,,Y. We consider
the trivial Hermitian vector bundle

. Y | I
(F,Q) :=DL, x(E,Q) - DL,.

Recall that J (F, Q) is the space of all smooth sections J of End(F’) which satisfy
the following conditions:

(i) J? = —1d;
(iii) i€Q2(-,J-) is positive definite.
For the trivial Hermitian vector bundle (F, ), there exists the following canon-
ical linear transformation

(I, — WWH) YL, + W) —9(I, - WW*)~IW
Ti(W) =i < 2(I, — W*W) 1w —(I, — W*W) (I, + W*W)>

Proposition 3.6. J; € J(F,Q).
Proof. By using W (I, — W*W)~1 = (I, - WW?*)~1W, one can check that

—(I, - WW*)~Y(I, + WW*) 21, — WW*)~1w > (L, 0
—2(I, — WHW)~tw (I, —wwW) Y, +ww)) ~\o 1,)°

Hence J % = —1Id. By a direct checking, one has
Jilpg+1pqJi =0,
which is equivalent to J ;Ip,qTI = I, 4. On the other hand, one has
. (I, = WW*) =Y, + WW*) —2(I, - WW*)~lw
_ZIp qJI = * —1yx/* * -1 *
’ =21, —W*W)"'W Iy —W*W)" (I + W*W)

_ I 0 )
A\ 2w, + W)L

((Ip - WW*)" I, + WW*) 0 ) _
0 (Ig = W*W) (I + W*W)~!

I, —2(I, + WW*)~'w

(5 ).

which follows that —il, ,J; > 0. By conjugation, one has il,,J; > 0. Hence
iQ(-, J1-) is positive definite. So J; € J(F, Q). O

Remark 3.7. The almost complex structure Ji is a smooth map Jy : D}J,q —
J(E,Q), which is also an isomorphism between D;,q and J(FE,Q). For any
Z € U(p,q) and J € J(E,Q), then ZJZ~! € J(E,Q). By the bijection Jy, it
induces an action on D%Lq by

ZW) =37 N ZI(W)Z™Y) = (ZiW + Z2)(ZsW + Zy) 7,
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VAR
Z; Zi) € U(p,q). The isomorphism U(p, q)/(U(p) x U(q)) =

J(E,Q) is given by Z - (U(p) x U(q)) = ZJoZ ™!, where Jy = il,, and U(p) x
U(q) 2{Z € U(p,q): ZJoZ~ ' = Jo}.

(L W
Vi (i _Iq>.

Then Jy can be decomposed as the following form

— il, 0 -1
JI—V<0 _Uq)V .

where Z = (

Denote

Remark 3.8. Let a, b be two Hermitian matrices satisfying
a? = (I, -Ww*™' v = (I, - wWw) L.

Then the following matrix

=~ a 0 a Wb
Vv ()= (e )
is in U(p, ¢) with V(0) = W. Moreover J; = V (il )V ! = V (i, )V .
Now we can define a connection on F' by
v _ v d+ (I, - WW*)=19(I, — WW*) 0 vl
0 d+ (I, - WW*)~1a(I, — WW*)
Then [V, J1] = 0. By a direct calculation, one has V' = d + C where C is
given by
B 0 (I, - WwW*)~taw\ _ _,
C=V <(Iq — W*W)~taw* 0 Vo

Then C*Q 4 QC = 0, which follows that V¥ preserves the Hermitian form €.
Let FF = F™ @ F~ be the decomposition of F' corresponding to the =i-
eigenspaces of Ji. Denote by {e1,--- ,eptq} the standard basis of E, and set

(fro fora) == (€1, epig) V-
Then {f1, -+, fp} forms a basis of FT, while {fp+1, -, fp+q} Is a basis of

F~. Denote V" := V¥|p and VI := VF|p—. Since [VF,J7] = 0, so
VE = VF" ¢ VF" . The first Chern forms of F+ and F~ can be given by
+ Fty _ L 3 o *\ _ _1 . i
a(FT,Vv' ) = 27T8810gdet(lp WW*) = 5 5-¥Dl,
and
i

_ ; 1 1
o (F~, Vi) = %aa log det(I, — WW*) = SRR
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For any representation ¢ : m(X) — U(E,(2), and any J € J(€,Q), it gives a
¢-equivariant map from ¥ into J(F,€2), which is also denoted by J. Using the
following identification

JI : Di),q i j(E’ Q)a
see Remark 3.7, J € J(&,Q) defines a ¢-equivariant map by

J:Z=DL,, 20 W=J(2)=J37"J()

which is also equivalent to a smooth section of the associated bundle ¥ x ¢DII,7q —

3, we denote it also by J. Consider the following vector bundle
Fy:=% x4 F=%x4 (DL, xE)

over ¥ X ¢ D;q. By pullback, j*F¢ is a vector bundle over 3. The almost
complex structure Jy gives rise to a canonical almost complex structure on Fy
by

Jr, ([2, W,e]) i= [z, W, J1(W)e]

for any [z,W,¢] € & Xy (Dy, x E). Then (J*Fy,€) is a Hermitian vector
bundle over ¥, which equipped with a pullback almost complex structure J*J Fy-

Moreover, one has the following isomorphism
(3.12) T T Fy =& 7:(20[2,We]) ~ 26,

where J(z0) = [z, W] € & X4 Dy, .. The isomorphism commutes with the almost
complex structures, i.e. 7o (j*JF¢) =Jor.

With respect to the almost complex structure J,, the complex vector bundle
Fy4 has the following decomposition

Fy=Ff®F, =(Sx4 F) @ (S x4 F7),

which corresponds to the +i, —i-eigensapces of Jp, respectively, where the
action ¢ on F7T is defined by ¢(y)(W, f) := (é(y)W,d(v)f), which is well-
defined since J;(¢p(7)W) = ¢(7)I(W)p(y)~! for any v € m1(X). The connec-
tion V¥ induces a natural connection V% on Fy4, in terms of the local frame
{[z,W, f;],i =1,--- ,p+ g}, the connection V¥% is given by

vFe — d+ (I, - WW*)~1o(I, - WW*) 0
0 d+ (I, - WW*)72o(I, — WW*)
Similarly, [VF¢,JF¢} = 0 and V% preserves the Hermitian form Q. The first
Chern form of (FJ, VF¢|F$) is
1 1
T3 97Dl

Since the two-form wpr is invariant under the U(p, ¢)-group, so it defines a

cl(FJ,VFﬂFJ) = iaélogdet(lp - WW*) =

well-defined two-form on % X Dzlxq? we denote it also by wp! - Hence j*wD{) .
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is a two-form on 3. On the other hand, j*WD{, . is a ¢-equivariant two-form on

i and also descends to a two-form on Y. Moreover
T i T 1 T
(3.13) J cl(Fg,vF«>yF¢+) = o Trp((J vie)?) = — 3Ty

When restricted to a small collar neighborhood of 9%, £ = p*(€|sx) near the
boundary, where p : 93 x [0, 1] — 9% denotes the natural projection. For any
J € J(Elos, ), then p*J € T (Elanxo,1, 1) Denote

Jo(E,Q) ={J € J(E,9Q)|J = p*J on a small collar neighborhood

3.14
(3.14) of 0%, where J € J(€|axn,N)}.

For any J € J,(&,Q), one has J = J(x) depends only on = near 9%.

Proposition 3.9. For any J € J,(€,9Q), the pullback connection J*V¥e is a
peripheral connection on J*Fy.

Proof. The pullback almost complex structure J depends only on z, so J*vks
has the form d+ C(z)dx. Since V% is a complex linear connection on (Fy, Jr,),
S0

[JVEe 3 Ip,] = TV Jp] = 0.

By the definition of V¥ it preserves the Hermitian form €2, so the induced
connection V% also preserves the Hermitian form € on F, hence the pullback
connection J*V¥e preserves ). Thus the connection J*VEe is a peripheral
connection on j*F¢. ]

Proposition 3.10. For any J € J,(E,Q), then rI*VEr1 s g peripheral
connection on £ and

~ 1 .
61(5+,TJ*VF¢T_1|5+) = — - J*(.UDI .
> 41 > P,q

Proof. Since J*VFs is a peripheral connection and by (3.12), so IV is
a peripheral connection on £. On the other hand, one has

~ ~ ~ 1 ~
et 7y vler—1 :/ JFHviel~ )=—— [ J*
Lcl( y T T |5+) ch( ¢ |J F(;r) Ar . WD%MN

which completes the proof. [l

Similarly, we have
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By (3.11), for any J € 7,(&,), the Toledo invariant can be given by
(3.15)

1 ~ " ~
T(E,¢) = 277/2 (J*WD;W - Zd(XiJ*Oéi)>
i=1

~ ~ 1 ~
= i (E7, 7T Vor o) — e (EF, 7T VEer ! - /dXiJ*ai.
/. (a &) —ex( 1) = 5 22 0T

From (2.21), one has

sign(€,0) = ~2T(2.6) -3 [ Al a) + 94
(3.16) =
= —2T(, ) — jrz/ T oy +n(Ay).
i=1¢

Inspired by the above formula, we define

Definition 3.11 (Rho invariant of the boundary). For any representation ¢ :
m(X) = U(E,Q), the rho invariant of the boundary is defined by

(3.17) ps(0%) = —% Z/ T +n(Ay)
i=1 "G

for any J € J,(€,Q). The rho invariant py(9%) is independent of J € J,(&€,Q)
by (3.16).

Remark 3.12. From the formula (3.16) for signature, the rho invariant p,(9%)
is independent of the choice of equivariant map J € 7,(&,€), and just depends
on the representation of the boundary 0%.

The rho invariant was originally introduced by Atiyah, Patodi and Singer
[4, Theorem 2.4] for positive definite Hermitian forms. In particular, if the
representation of boundary can be extended to a unitary representation of the
whole manifold, then the signature of the representation can be expressed in
terms of the signature of the trivial representation and the rho invariant. For
the case of surfaces, the rho invariant defined in (3.17) is a natural generalization
to the group U(p,q). One can also refer to |9, 33, 50] etc. for the development
of rho invariant.

Therefore the proof of the first part of Theorem 0.1 is completed.

4. THE RHO INVARIANT

In the previous section, we have encountered a global invariant of a surface,
christened “rho invariant of the boundary” in Definition 3.11. In this section,
we express it as a sum of contributions of individual boundary components. We
define the rho invariant of a triple (L,J, W) of an element of L € U(E,2), an
equivariant splitting J of the corresponding flat bundle over the circle and a
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fixed point W of L on the closure of the symmetric space of U(E, ). It is the
sum of an integral term «(L,J, W) and an eta invariant term n(L,J, W). Then
we check that

e p(L,J, W) depends only on L (whereas both ¢ and 7 depend nontrivially
onJ),

e pis continuous away from unitary matrices admitting 1 as an eigenvalue,

e p is a class function (i.e. it depends only on the conjugacy class of its
argument ),

Then we proceed to the proof of Theorem 0.2.

We first prove a structure theorem for unitary endomorphisms: they split
as the orthogonal direct sum of three types, hyperbolic-unipotents, elliptic-
unipotents, and unipotents.

e The rho invariant of a hyperbolic-unipotent endomorphism vanishes for
symmetry reasons.

e The rho invariant of a semi-simple elliptic endomorphism can be directly
computed from definitions. Indeed, by a suitable choice of J, the bound-
ary operator Ay becomes a constant coefficient linear ODE, its spectrum
can be explicitly computed from the spectrum of L.

e The case of elliptic-unipotent endomorphisms follows by a continuity
argument.

The unipotent case is handled indirectly, by examining the dependence on 8 € R
of p(e?L). Indeed, for € # 1, ¢ L is an elliptic-unipotent whose semi-simple
part e?Id is easy to treat. Thus p(L) appears as the discontinuity at 0 of the
signature of a finite dimensional Hermitian form H(#) depending on 6.

This discontinuity can be evaluated when 1 is a simple eigenvalue of L. In-
deed, in this case, the Implicit Function Theorem applies, and the unique small
eigenvalue of H (6) is a smooth function of # whose asymptotic behavior at § = 0
can be analyzed: it crosses 0 only if dimension is odd. So p can be computed
for certain normal forms.

Fortunately, every unipotent unitary endomorphism splits orthogonally as a
direct sum of unipotents with 1 as a simple eigenvalue, in the normal form
previously alluded to. This completes the proof of Theorem 0.2.

4.1. Basic properties of the rho invariant.

4.1.1. Definition.

Definition 4.1. For L € U(E, (), defining a bundle £ over S, and J € J(&,Q),
pick a fixed point W of L in the closure D}D’q of the symmetric domain DJIM and
the associated L-invariant primitive aypy. Set

1 ~
(1) pLIW) = LI W)+ (LI W)=~ [ Faw +n(4s).
Sl
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With this notation, the previously defined “rho invariant of the boundary” is
given by
py(0%) = > p(d(c)).
boundary component ¢
Therefore Theorem 0.1 states that, given a compact oriented surface with nonempty
boundary ¥ and a homomorphism ¢ : m(X) — U(F, ), with corresponding
flat vector bundle £ over X,

sign(€,Q) = —2T(%, ¢) + > p((c)).

boundary component ¢

4.1.2. The rho invariant depends only on holonomy.

Lemma 4.2. On K = S' x [0,1], for any L € U(E,Q), sign(K,&,Q) +
9T(K, ¢) = 0.

Proof. We use a J € J(K,&,Q) which is constant in the [0, 1] direction. Theo-
rem 0.1 gives sign(K, &, Q) +2T(K, ¢) = p(Jjs1 <1}, L) =PI 51540y, L) = 0. O

Lemma 4.3. On S!, for any L € U(E,Q) and W, p(J, L,W) does not depend
ondJd orW.

Proof. Given Jo,J1 € J(S,&,9), and L-invariant Wy, Wy € D},,q, extend Jg, Jq
into J € J(K,&,Q). Theorem 0.1 gives

p(J1, L,W1) — p(Jo, L, Wo) = sign(K, €,Q) + 2T(K, ¢) = 0,
according to the previous Lemma. O
Corollary 4.4. p is a conjugacy-invariant function on U(E, Q).

4.1.3. Continuity of the rho-invariant. The eta invariant is continuous unless
Aj has a kernel, i.e. 1 € sp(L). View p = p(L, W) as a function on F x @,
where F' = {L € U(E,Q); 1 ¢ sp(L)}. Since ayy depends continuously on W,
it is continuous. So is its restriction to the subset of pairs (L, W) such that
L(W) = W. Since there it depends only on L, p(L) depends continuously on L

provided 1 ¢ sp(L).
4.2. Splitting into types.

Definition 4.5. Let (E,2) be a complex vector space with non-degenerate
Hermitian form €. Say that L € U(FE, ) is hyperbolic-unipotent if all its eigen-
values A satisfy |A| # 1. Say that L is elliptic-unipotent if all its eigenvalues \
satisfy |A\| =1 and A # 1. If L has a single eigenvalue 1, L is unipotent.

Proposition 4.6. Let (E,Q) be a complex vector space with non-degenerate
Hermitian form Q and let L € U(E,Q). There exists a unique Q-orthogonal
decomposition

(E, Q? L) - (Ehm QhU7 Lhu) @ (EeU7 Qem Leu) @ (EU7 Qua Lu)
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such that Ly, ts hyperbolic-unipotent, Le, s elliptic-unipotent and L, is unipo-
tent.
Futhermore

p(L) = p(Lhu) + p(Leu) + p<Lu)
Proof. The complex vector space E splits into characteristic subspaces of L,
E =@, E\, Ex =ker(L — A\I,)N for N > dim(E) = m.
If A\, p are eigenvalues and Afi # 1, then E and E,, are 2-orthogonal. Indeed,
given v € E), the normalized powers A\™*L*(v) =: P,(k) depend polynomially
on k. Therefore, if w € E,,

(AR)F QLM (v), L (w)) = Q(Py(k), Pu(k)) = Q(k)
is a scalar polynomial in k. Since  is L-invariant, the function k +— (A@)*Q(k)

is constant. If A # 1, this can happen only if @ vanishes identically. In
particular, Q(0) = Q(v,w) = 0.

Therefore the subspaces Ey = E\ + E, /x are mutually orthogonal when
distinct.
Let
Epy = @ E~'>\, Eeu = @ EAa E, = E;.
AsAI#L A5 IAI=1, 471

These spaces are L-invariant and pairwise {2-orthogonal. In particular, the
restriction of ) to each summand is non-degenerate. Therefore the rho invariants
of summands are well defined. Additivity follows from the definition, since J
and W can be chosen to split accordingly.

O

4.2.1. The hyperbolic-unipotent case.

Lemma 4.7. Let L be a hyperbolic-unipotent element of U(E,Q). Then L
commutes with an involution I such that I*Q = —Q and I fixes a point in the
symmetric space of U(E,Q). Furthermore, p(L) = 0.

Proof. Let A C spectrum(L) be a subset that contains exactly one element of
each pair of eigenvalues {)\, 1/} of L. Set

F.=EE\, F =E.
AEA AEA

Then Fy and F_ are totally isotropic, and F = F @ F_. Define I € End(FE)
by I = 41 on Fy. Then I? =1 and I*Q = —Q.
Since

Qv, =IJIv) = I"Q(Iv, —JIv) = =QIv, —JIv) = Q(Iv, JIv),
the formula J — —IJI defines an action on the space J(FE,2). This action is

isometric. Indeed, I defines an automorphism of the group G = U(E, ), hence
an isometry of G equipped with the pseudo-Riemannian structure defined by the
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Killing form. Also, I maps maximal compact subgroups to maximal compact
subgroups, thus it preserves the fibration G — J(F,Q). Since the metric on
the base is induced by the fibration, I preserves it.

Since J(E, §)) is a symmetric space of noncompact type, and I = 1, the fixed
point set Fix([) of I is a nonempty subsymmetric space, which is L-invariant.
One can choose the equivariant map J to lie in Fix(I) and the fixed point W to
lie in the closure of Fix([).

Since I commutes with L, it defines an automorphism, and still denoted by
I, of the flat bundle & — S'. Since IJI = —J, this automorphism induces
an orthogonal transformation on the space of sections of £. One can transport
the differential operator Ay with I, and get an orthogonally equivalent operator
I*Ay. Since 1J = —JI, I*Ay = —Aj. Therefore the set of eigenvalues (with
multiplicities) Ay is symmetric, its eta function 7(s) vanishes identically, and

n(As) = 0.

The isometry I of J(F,€) is anti-holomorphic. Therefore, it changes the
sign of the Kéhler form, I*w = —w. Since [ fixes W, it changes the sign of ayy,
I*aw = —aw. Hence

WL, 3, W) = o(ILI, I3, IWI) = «(L, -3, W) = —(L,J, W),

showing that «(L,J, W) =0. So p(L) = «(L,J, W) +n(As5) =0. O

4.2.2. The 1-dimensional elliptic case. Let E = C and €2 be a non-degenerate
Hermitian form on E, i.e. Q(z,w) = Q Re(zw) where (2 is a nonzero real number.
Fix 6 € (0,27) and let L € U(1) denote multiplication with €. Let £ denote
the corresponding flat complex line bundle over S!. Its sections correspond to
functions s : R — C such that s(x + 27) = e~s(z). The space J(E,Q) has a
single element, J(z) =iz if Q > 0 or J(z) = —iz if Q < 0. Since J commutes
with L, one can take a constant equivariant map J(z) = J. The operator Ay
is J %. A real number X is an eigenvalue of Ay if the differential equation
ijl—; = As(x) has a nonzero solution s such that s(27) = e~*s(0). The solutions
are the elements of —Ji(L + Z).

The following classical Lemma

Lemma 4.8 (|3, Lemma 2.10]).
0\ 1 1 0
lim [ — + E — =1- 2,
o0 [<27T> k=1 <|k+207r|5 |k_2€r|s>] @

(42) MAs) = —Ji(1 — 2) = san(@)(1 - 2)

yields

4.2.3. The elliptic case.
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Lemma 4.9. If L € U(E,Q) is elliptic-unipotent, its semi-simple part S fizes a
point in the symmetric space of U(E,Q). Furthermore, there is a unique Adg-
invariant element B € u(E,Q) such that exp(2miB) = S and B has all its
eigenvalues in (0,27). Let {e;} be an Q-orthonormal basis of eigenvectors of B.
Then

p(S) =sign(Q2) — 2 Z Q(Bej, ej).
J

Proof. Let L = SU be the Jordan decomposition of L. Since the eigenvalues of
L are unit complex numbers and S is semi-simple, the subgroup generated by
S is relatively compact. Therefore, it fixes a point J in the symmetric space
J(E,Q).

One can use the constant map J = J and W = J. For this choice, ¢(L,J, W) =
0. Since the stabilizer of J is a conjugate of U(p) x U(g), one can assume that
S =5y ®S5_ € U(p) x U(g) and use the expression (4.2), found in Subsection
10.1,

(S, I, W) =n(S+, I, W) +n(S_,J, W),
where, if the eigenvalues of Si are written e+ with 0+ € (0,2m),
O+ 0. -
n(Se W) =3 (1 - jﬁ) (s 3wy ==Y ( - W,j) .
J j
Let {e+;} be an orthonormal basis of eigenvectors, i.e. Qey j, et ;) = %1

and Ses ;j = exp(if+ j)e+ j. Define B € End(E) by Bey j = %ei,j. Then
exp(2miB) = S and

01 ;
n(S,J, W) :pquQZ:I: 27: :pquZZQ(Bei,j,ei,j).
J +,5

O

4.2.4. The elliptic-unipotent case. By definition, an elliptic-unipotent element
L of U(p, q) does not have 1 as an eigenvalue. Write L = SU where S is semi-
simple elliptic and U is unipotent and commutes with S. Then S belong to
the closure of the conjugacy class of L (one can apply [30, Proposition 8.3| to
the homomorphism from Z generated by L), on which p is continuous, hence
constant. It follows that p(L) = p(S).

4.3. The unipotent case. Let L € U(p,q) be unipotent. The idea is to study
p along the curve 6 — €L, for 6 close to 0. When 6 # 0, L is elliptic-
unipotent. Formula 4.9 gives

o Jo-0(1-2%) ife>o0,
- Pt = {(p —q) (1 - #27)  otherwise.
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Note that all e’ L define the same automorphism of the domain, hence the same
1-form ayy serves for all of them, so the term —% fsl j*aw does not depend
on 6. There remains to study the eta invariant term. We show that it can be
expressed in terms of a finite dimensional Hermitian form.

4.3.1. Reduction to a finite dimensional spectral problem. Given € > 0, for a
self-adjoint first order differential operator A on S', denote by

me= Y
Aesp(A), [A|>e
Then for every Ag, provided *e are away from the spectrum of Ay, one can pick
a neighborhood of Ay on which 7€ is a continuous function of s and A. On this
neighborhood,

n(A) =12(0) + > sign(A),
Aesp(A),0<|A|<e
where A — 71 is a continuous function of A and the sum has finitely many
terms. Therefore the discontinuity of the eta invariant at Ay has to do with the
signs of the finitely many eigenvalues below level e.

4.3.2. Algebraic expression of the spectrum. Since the unipotent radical of SU(p, q)
is a simply connected nilpotent Lie group, there is a unique nilpotent element
B € su(p, q) such that exp(27rB) = L. Pick a Jy € J(E, ), and set

J(z) = exp(—xB)Jyexp(xzB).

Then the spectrum of Ay iof, = J% near zero is the set of real numbers o near
zero such that —oJy + B + z% Id has a nontrivial kernel, with a multiplicity
equal to the dimension of this kernel.

Alternatively, it is the spectrum near zero of the self-adjoint operator —(B +
160 Id)Jy. We conclude that for e > 0 avoiding the spectrum of B.Jy, the function

0 —n(Aggor) — > sign(o)
oesp(—(B+10 Id)Jp), 0<|o|<e
=n(Ag o) + Z sign (o)

oesp((B+i0 Id)Jo), 0<|o|<e
is continuous in a sufficiently small neighborhood of 0. Since the finite sum
Z sign(o)
oesp((B+i0 Id)Jp), |o|>€

is constant in a sufficiently small neighborhood of 0, and p = n+constant for
our elliptic-unipotent family, we can rephrase the conclusion as follows.

Proposition 4.10. The function

01— p(eL) + Z sign(o)
oesp((B+1i6 Id)Jp), |o|>0
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1s continuous at 0.

4.3.3. Ezpression in terms of a Hermitian form. By assumption on Jy, the Her-
mitian form (u,v) — H(u,v) = iQ(u, Jov) is positive definite. Therefore, the
difference of the number of positive and negative eigenvalues of (B +i6 Id)Jy is
equal to the signature of the Hermitian form (u,v) — Q(i(B + i6 Id) Jou, Jyv).
This suggests to define the following Hermitian form, which has the same sig-
nature (up to sign).

Definition 4.11. Given a nilpotent element B € su(FE, ), define the (possibly
indefinite) Hermitian form Hp 9 by

Hpyip(u,v) = Qi(B +i0 Id)u,v).

Proposition 4.12. Let L = exp(2wB) be a unipotent element of U(E,€2). Con-
sider the function
0 — o(0) :=sign(Hp1ip).

Here, the signature is the number of plus signs minus the number of minus signs
among eigenvalues, irrelevant of the dimension of the kernel. Then

p(L) = —c(0) + o(0") +sign(Q) = —c(0) + o(07) — sign(Q).
Note that the function ¢ is a conjugacy invariant of B.
4.3.4. Proof of Proposition 4.12. Proposition 4.10 gives that
01— p(eL) + o(0)
is continuous at 0. Therefore, using Formulae 4.3,
p(L) +0(0) = p(¢*" L) + o(0")
=p—q+o(0F).

Similarly,

4.3.5. Ezamples.

(1) If L is the identity, then B = 0, Hyy = i€Q(i6-,-) = —6S, hence o(f) =
—sgn(#) sign(2). Here, the sign function sgn takes values —1, 0 and 1.
Therefore o(0) = 0, o0(0") = —sign(Q), o(0~) = sign(9), hence

p(Id) = sign(Q2) — sign(2) = 0.

1
(2) Let L be unipotent in U(1,1). On E = C2, choose ) = (0 _01

B:UlcloU:

) . Then

N[

0 0 < e ) € su(E,Q), where U is defined

—il =il
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2\ p-90
polynomial is X2 + uX — %02 = 0, which has roots

in (10.1). The matrix of Hp g is -1 (,u +6 H ) . Its characteristic

X:f%i% 12+ 62,
hence
— if § # 0, two eigenvalues of opposite signs, o(f) =0 ;
— if 8 = 0, eigenvalues 0 and —pu, o(0) = —sgn(u).
Proposition 4.12 gives p(exp(27B)) = sgn(u), which is consistent with
Table (10.7).

Remark 4.13. We shall see in Lemma 5.5 that modulo Z, the rho invariant
coincides with minus twice Burger-lozzi-Wienhard’s rotation number.

4.3.6. The rho invariant of nilpotents whose kernel is 1-dimensional. The ma-
trix of Hp.y4 is i(B +i0 1d) Q. Tts determinant is equal to det(Q)(—6)", n =
dim(E). When 6 = 0, its kernel coincides with B’s kernel. If dim Ker(B) = 1,
when 6 = 0, the derivative at 0 of the characteristic polynomial

P(z,0) := det(z — i(B +i6 Id) Q)

does not vanish. Therefore, according to the Implicit Function Theorem, the
unique eigenvalue A(6) which is close to 0 varies smoothly with # in a neighbor-
hood of 8 = 0. Writing

P(x,0) = > ap(0)z",
k=0

we know that ag(6) = det(2)6™ and a1(0) # 0. Assuming that A\(0) = cf¥+o0(6%)
for some 0 < k < n and ¢ # 0, we see that

0= P(A(6),0) = a1(0)ct* + o(6%),

contradiction. Hence the Taylor expansion of A(6) starts with A(6) = c0™+o0(0"),
and

0= P(A(0),0) = det(Q)0" + a1(0)cd" + o(6").
Therefore ¢ = —d:f((éz)) and A(6) = cf(0)™ for some smooth function f such that

f(0) =0 and f'(0) =1.

4.3.7. Discussion. If n is even and ¢ > 0, A(f) does not change sign near 0,
it merely disappears from the count when 6 = 0, therefore o(0%) = ¢(07) =
0(0) 4+ 1. Therefore Proposition 4.12 implies that sign(€2) = 0 and

plexp(27B)) = 1.
If n is even and ¢ < 0, 0(0%) = 0(0~) = ¢(0) — 1. In this case, sign(2) = 0 and
p(exp(2rB)) = —1.
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If n is odd and ¢ > 0, A(#) changes sign near 0, 0(07) —c(0) = 0(0)—c(07) =
1. Therefore sign(2) = —1 and

p(exp(2nB)) = 0.

If nis odd and ¢ < 0, 0(0") = (0) = 0(0) —o(0~) = —1. Therefore sign(Q) = 1
and
p(exp(27B)) = 0.

There remains to compute the sign of ¢ = ¢(E, 2, B).

4.3.8. Ezxamples of nilpotent elements of su(p, q). Let B € su(FE, ) be nilpotent.
Let (ej)1<j<n be a Jordan basis for B, i.e. for all j, Bej = ej_1 or 0. Let

Z={je{l,...,n}; Bej = 0}.
In this basis, the matrix of 2 has entries (wg ), and
Vk¢ Z, U ¢ Z, wpe—1=—wk_1y4,
Vke Z, VU ¢ Z, wie—1 =0,
Vk¢ Z,Vle Z, wy_10=0.

For instance, if B has only one Jordan block, i.e. Z = {1}, then the matrix
is anti-lower-triangular, and along each nonzero antidiagonal, the same number
arises with alternating signs. The simplest examples are the anti-diagonal ma-
trix with entries alternatively equal to i and —i (if n is even) or with entries
alternatively equal to 1 and —1 with 1 (resp. —1) on the diagonal (if n is odd).
Its signature is O (if n is even) or 1 (resp. —1) (if n is odd). We shall see in the
next paragraph that every indecomposable nilpotent element of some su(p, q) is
conjugate under SU(p, q) to one of these types.
Let us compute the relevant derivative a1(0) for those examples.

Lemma 4.14. Let D be an n X n matriz whose entries a;j vanish except those
along the second antidiagonal, i.e. when j+k =n+2. Let P(x) = det(xI — D)
denote the characteristic polynomial of D. Then

n
n—1
%(0) = (-1 jﬂzdj,mzj-
Proof. In general,
oP
dx
where the entries of the adjugate adj(M) of a matrix M are signed cofactors.
Here, we need to compute only diagonal cofactors adj(M);; = det(M;), which
all come with a plus sign. Each (n — 1) x (n — 1)-matrix M; is anti-triangular.
All but the first one M; have at least one zero entry on their diagonal, so

(0) = Trace(adj(—D)),

only det(M;) can be nonzero. Its diagonal entries are all entries of the nonzero
antidiagonal, whence the announced formula, up to a sign. When all m;,42_; =
1, Mj is the matrix of the permutation that exchanges j and n — 1 — j. It has
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L"T_lj 2-cycles, plus a 1-cycle if n is even, therefore its signature is (—1) L(n=1)/2]
When we substitute M with —D, an extra factor (—1)"~! shows up. O

When 2 has only one nonzero antidiagonal,
Win+1—j = (_1)j+163
where € € {1,4,—1, —i}, the Hermitian matrix D = iB ' has only one nonzero

antidiagonal, the second one, with nonzero entries d; ,+2—; = (—1)7ie. Therefore

_op

= 55 (0) = (DR gt = (i

a1(0)
Also,
det(Q) = €",
and € = wy, = Q(B" ey, ey), so
det(©) (o

c=— =— = —(i"te) = —(i"! "l en
(4.4) 0P () = et U =B )

= —Q((iB)" ten, en).

4.3.9. Nilpotent conjugacy classes in su(p,q). The following result is borrowed
from N. Burgoyne and R. Cushman’s work [15].

Proposition 4.15. Consider complex vector spaces E equipped with non-degenerate
Hermitian forms € and nilpotent skew-hermitian endomorphisms N.

(1) Any such triple (E,Q, N) is a direct sum of indecomposables.
(2) A triple is indecomposable if and only if (E,N) is a single Jordan block.
Then E = E/NE is 1-dimensional. If n = dim(FE), the Hermitian form

(u,v) = Th—1(u,v) = Q((iN)”_lu, v)

induces a non-degenerate Hermitian form 7 on E.
(3) Two indecomposable triples are isomorphic if and only if they have the
same dimension n and the quotients (E,7) have equal signatures.

For the reader’s convenience, a detailed proof of Proposition 4.15 is provided
in the Appendix, Subsection 10.3.

4.3.10. Rho invariants of nilpotent elements of su(p,q).

Definition 4.16. Let B € su(E, Q) be a single Jordan block of even dimension
n. Its sign sgn(E,Q, B) € {—1,1} is the signature of the non-degenerate Her-
mitian form induced by 7,1 : (u,v) — Q((iB)" 'u,v) on the 1-dimensional
space E/BE.

Piecing together the above results and computations, we get
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Theorem 4.17. Let B € su(E,Q) be nilpotent. Then E admits an orthogonal
decomposition into B-invariant subspaces E; which are single Jordan blocks,

(E,Q,B) = @(Ej,szj,Bj).

Furthermore,

plexp2rB)) = Y —sgn(E;,Q;,N;).

dim(E;) even
In particular, if the signature of Q is (p,q), |p(exp(27B))| < min{p, ¢}.

Proof. Split (E,Q, B) into indecomposable blocks (E;,€;, B;), according to
Proposition 4.15. Then p(exp(27B)) = Z]- p(E;,Q;,exp(2nBy)). Each (E;,Q;, B;)
is isomorphic to one of the examples of paragraph 4.3.8. Its rho invariant is equal

to —1, 0 or 1 according to the discussion of paragraph 4.3.7.

o If n; = dim(E}) is odd, p(Ej,Q;,exp(2nB;)) = 0.

e If n; is even, then p(Ej, Q;, B;) is the sign of the parameter c¢(Ej, 25, B;)
introduced in paragraph 4.3.6. This parameter is given in Equation 4.4:
C=—Tp;—1 (e, e) for some nonzero vector e, hence the sign of ¢ is opposite
to the sign defined in 4.16.

Finally, the bound on the rho invariant follows from that fact that the pieces
which contribute to p have vanishing signature. O

Remark 4.18. We note that for L € U(p, q), p(L) is an integer if and only if
the semi-simple part of the elliptic-unipotent summand admits a conjugate in a
subgroup SU(p’) x SU(¢’) € U(p, q).

5. ATIYAH’S SIGNATURE COCYCLE AND SECTION o

In this section, we relate Meyer and Atiyah’s cocycle with rotation numbers
and rho invariants, and we compute Atiyah’s section o for the group U(p, q).

5.0.1. The signature cocycle. Let X3 be the three-hole sphere. Let us fix an
orientation of X3, a base-point * € Y3 and loops c1,co,c3 based at * which
represent the oriented boundary components in such a way that cycacs is null
homotopic. Given A and B € U(E,Q), let ¢ : m(X3,%) — U(E,Q) be a
representation with ¢(c;) = A™Y ¢(c2) = B~ and ¢(c3) = (A71B7H)~! =
BA.? Atiyah’s signature cocycle is the symmetric function sign : U(E,Q) x
U(E,Q) — Z defined as follows: the integer sign(A, B) is the signature of the
flat unitary bundle (€, Q) on X3 associated with ¢.

2Atiyah’s convention for turning a representation into a flat bundle differs from ours. This
is why we specify A=, B! instead of A and B in the representation.
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5.0.2. Cocycles and central extensions. Atiyah’s section o arises from the follow-
ing general fact relating sections of central extensions, 2-cocycles and 1-cochains.

Lemma 5.1. Let Z be an abelian group, let 0 — Z 5 H 2 G =1 be a central
extension of groups.

(1) If o : G — H is an arbitrary section of p, the function ¢ : G X G — Z
defined by

c(g,9") =i (o(9)o(g)a(gg)™")

s a 2-cocycle, and any other choice of section leads to a cohomologous
2-cocycle. Hence the cohomology class [c] € H*(G, Z) that classifies the
extension is well defined. Conversely, every 2-cocycle in the classifying
class is obtained from some section o : G — H.

(2) If ¢ : G x G — Z is a 2-cocycle classifying the extension, then the 2-
cocycle p*c is exact. If in addition Hom(H,Z) = 0, there is a unique
1-cochain b : H — Z such that db = —p*c. Furthermore, c is obtained
from the section o uniquely determined by the condition bo o = 0.

(3) If Z =Z, if no nonzero multiple of c is a coboundary and Hom(G,Z) =
0, then Hom(H,Z) = 0.

Proof. 1. The given section defines a bijection of H with Z x G. In these
coordinates, the multiplication reads

(z,9)(2,¢) = (242 +¢clg,9), 99)

The associativity of this law is equivalent to the cocycle equation. An other
section o’ can be written ¢/ = (j o f)o where f : G — Z is arbitrary. Its
2-cocycle is

(g,9) =3 (G o Ng)o(g)Go f)g)od)o f)lgg)olgg) ™)
G NG )G o Nlgg) i olg)o(g)algg) ™)
= f(g) + f(g') = flgg) +clg,g') = df(9,9") + clg, 9).

Conversely, every 2-cocycle in the classifying class is of the form ¢ + df, hence
arises from the section (j o f)o.

2. By assumption, H is the set Z x G equipped with the multiplication
(2,9)(2",¢)=(z+ 2 +¢(9,9),99"). Define b: H— Z by b(z,g) = z. Then

db((z,9), (,9')) = bz, 9) + b(z', ¢') = b((2, 9) (', ¢))
=z2+2 —2—-2 —clg,d) = —clg,9).
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The section o defined by boo = 0 is o(g) = (0, g) in our notation. The map j
is j(z) = (z,e). The corresponding 2-cocycle is
i o(g)o(g)o(9g)™") = 571((0,9)(0,9)(0,99") ")
=5 ((c(9.9):99)(~clgg' .9 97 1), 9" g™h)
=j " ((clg, 9") — clag', g g7h) +elgg' g g7 €))
= c(g,9).

If b is an other 1-cochain on H such that db/ = —¢, then d(b' —b) = 0,
b —b: H — Z is a homomorphism. If Hom(H,Z) = 0, ¥ = b, whence the
uniqueness of b.

3. Up to adding a coboundary, one can assume that c(e,e) = 0, and hence
that c(e,g) = 0 for all g € G. Let v : H — Z be a homomorphism. Then
Yo j:Z — 7 is a homomorphism, so there exists n € Z such that ¥ oj =n Id.
For all z € Z and g € G,

U(z,9) = ¥(z +cle,9),9) = ¥((2,€)(0,9)) = ¥(j(2)(0,9) =P 0 j(2) + (0, 9).
For g, € G,
¥(clg,9'),99') = ((0,9)(0,9") = ¥(0, 9) +¥(0,4).
Let f(g) = ¢(0,g). Then
df (9,9') = (0, 9) +¥(0,9") — ¥(0,99")
=1(c(9:9'),99') — ¥(0,99)
=1 o0j(c(g,9) =nclg,9).

By assumption, nc(g,¢’) is not a coboundary unless n = 0. Thus n = 0, ¢
descends to a homomorphism G — Z, which vanishes by assumption, so 1) = 0.
We conclude that Hom(H,Z) = 0.

O

The item (3) of Lemma 5.1 applies to our situation, since H?(U(p, q),Z) is a
free abelian group, and the signature cocycle represents a nonzero cohomology
class, see paragraph 5.0.8 below. Furthermore, Hom(U(p, ¢),Z) = 0.

Definition 5.2 (Atiyah). The signature cocycle sign defined in paragraph 5.0.1
determines a central extension

072 U(p, q)2 2 U(p,q) — 1.
There is a unique section o : U(p, q¢) — U(p, q)2 such that for all L, L' € U(p, q),
sign(L, L) = jy *(o(L)o (L))o (LL)™Y).
We shall call it Atiyah’s section o.

According to Lemma 5.1,
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(1) The pulled-back cocycle pisign on U(p, q)2 is a coboundary. There is a
unique 1-cochain by on U(p, q)2 such that

pysign = —dbs.

(2) Atiyah’s section o is uniquely determined by the requirement by oo = 0.
(3) On fibers of pg, be restricts to isomorphisms to Z,

Vn € Z? VQ € U(p7 Q)27 bQ(]Q(n)g) =n-+ b2(g)

The goal of the next paragraphs is to determine by. This will be achieved in
paragraph 5.0.8.

5.0.3. Rotation numbers. The general notion, for locally compact groups G,
is due to [13]. Given a bounded Borel cohomology class & € H2(G,Z), the
corresponding rotation number is a continuous map Rot, : G — R/Z defined
as follows. For g € G, let B denote the closed subgroup generated by g. Since
H? (B,R) = 0, the long exact sequence arising from the exponential short exact
sequence 0 - Z — R — R/Z — 0 gives sz(B,Z) ~ Hom.(B,R/Z), whence a
homomorphism fg, : B — R/Z, and a number

Rot.(9) = fB.x(9)-

5.0.4. Integrality. Let (E,$2) be a complex vector space equipped with a nonde-
generate indefinite Hermitian form 2. We are interested in the rotation number
associated with a suitable multiple of the bounded Borel cohomology class k of
the Kahler form w of the Hermitian symmetric space of U(E, Q). From general
principles, it follows that some multiple of & is integral (see [13, bottom of page
526 and Proposition 7.7]). Theorem 0.1 suggests that 2« is integral. Indeed, it
indicates that the 2-cocycle sign + dp is a representative of —2x. So does sign,
which is integer-valued. This indeed the case.

Lemma 5.3. Let the symmetric space X of G = U(E,Q) be equipped with the
mwvariant metric whose minimal holomorphic sectional curvature is equal to —1.
Then twice the Kihler bounded cohomology class is integral, i.e.

2k € H% (U(E, Q), 7).

Proof. Let (F1,9Q1) and (E9, ) be nondegenerate Hermitian spaces, and let
(E,Q) = (E1,) @ (F2,Q2). The corresponding embedding X; x Xo — X
between symmetric spaces is isometric, totally geodesic and holomorphic, as is
visible on Equation 3.2. Hence the normalized Kéhler form of X restricts to the
normalized K&hler forms on the factors.

Fix an origin o € X. For L,L' € U(E,Q), let Ay,(L,L") denote the geo-
desic simplex with vertices o, Lo, LL'0o. Recall (Equation 3.1) that the Kéhler
bounded cohomology class is represented by the following bounded real valued
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cocycle,

1
ro(L, L) = o /A (L,L") -

If 0 is chosen in Xy and Ly, L} € U(E1,Q1), Ay(L1, L)) serves as a geodesic
simplex for both X1 and X, so the restriction of the K&hler bounded cohomology
class k of U(E,Q) to U(E1,8;) is the Kéhler bounded cohomology class of
U(E1, ).

This reduces the integrality question to the case when sign(2) = 0, so X is
of tube type. In this case, Clerc (|16]) shows that twice the Kéhler bounded
cohomology class is integral. Indeed, the 2-cocycle 2k, converges, as o tends
I'-radially to a point of the Shilov boundary, to the integer-valued generalized
Maslov 2-cocycle. Since, as o varies in X, all these cocycles are cohomologous,

so is the limiting cocycle.
O

Definition 5.4. For L € U(E,Q), we denote the rotation number associ-
ated to twice the bounded cohomology class of the normalized Kéhler form
by Rot(E, 2, L), or simply by Rot(L) when the context is clear.

5.0.5. Properties. We shall use the following properties of rotation numbers:

(1) If B < U(p, q) is a closed amenable subgroup, the restriction of Rot to
B is a group homomorphism.

(2) If (E,Q,L) = (E1,,L1) ® (Ea,Q9, L) and Q1,9 are indefinite Her-
mitian forms,

Rot(E,Q, L) = Rot(E1,Q1, L1) + Rot(Ea, Qa, La).

(3) For every L € U(E,Q), Rot(E, —Q, L) = —Rot(E,Q, L).

(4) Rot is a conjugacy invariant: Rot(CLC~!) = Rot(L).

(5) If L = L.LyL, is the generalized Jordan decomposition of L, then (|13,
Theorem 11])

(5.1) Rot(L) = Rot(Le).

Proof. Only item (2) needs some explanation. Let L,L' € U(FE, ) preserve
the splitting £ = FEy @ E»>. As was observed in the proof of Lemma 5.3, the
product of symmetric spaces X1 X Xy embeds in X and the ambient K&hler form
w restricts to priwy + priws. The geodesic simplex A(L, L") C X; x Xy projects
onto both factors to the geodesic simplices A(Ly, L)) € Xy and A(Lg, L) C Xs.

If follows that
K(L,L') = / priws + / priws
A(L,L') A(L, L")

2/ w1+/ w2
A(L1,LY) A(Lz,Ly)

= k1(L1, L)) + ko(La, LY).
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Let B denote the closed subgroup generated by L = L & Lo, and B; the
corresponding subgroup for L;. Then B C B; x Bs. The long exact sequence
yields a homomorphism

fleBg,nl—Hw = fBl,Hl opry + fBQ,KQ opra Bl X B2 — R/Z,

whose restriction to B is equal to fg .. Therefore

Rot(L) = fBx(L) = [By s (L1) + By ko (L2) = Rot(L1) + Rot(La).
O

5.0.6. Rotation numbers and Toledo invariants. Let ¥ be a compact oriented
surface with boundary, let * € 3 be a basepoint. Let a1, b1,...,a4,bg,c1,...,¢n
be loops based at * such that ¢; represent the oriented boundary components,
in such a way that the fundamental group of X be presented by

(a1,b1,.. . ag,bg,c1, e | (JJla D) (J ] ) = 1.

Since m1(3, %) is free, every representation ¢ : m(X,*) — U(E, ) admits a
lift ¢ : m1(2, %) — U(E,Q) to the universal covering group of U(E, ). The
continuous function Rot : U(E,Q) — R/Z admits a unique continuous lift

Rot : U(E,Q) — R mapping the neutral element to 0.
According to [13, Theorem 12|, the Toledo invariant of ¢ is given by

(5.2) 2T(8,¢) = — > Rot(e(c;)).
j=1

(remember that Rot is associated to twice the Kéahler bounded cohomology
class). Let (£,9) denote the flat unitary bundle over ¥ associated to ¢. In
combination with Theorem 0.1, Equation 5.2 gives

(5.3) sign(€,92) = b(6(cy)),

P

where b : U(E, Q) — R is the function defined by

b:= Rot + pop,
and p : U/(E:?l) — U(E, Q) is the covering map.
Equation (5.3) yields

(5.4) sign(A, B) = —b(A) — b(B) + b(AB).

—_—

In other words, if b is viewed as an 1-cochain on U(E,Q),

(5.5) p*sign = —db.
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5.0.7. Computing rotation numbers.

Lemma 5.5. The functionb: U(E,Q) — R/Z defined by b := Rot+ p vanishes.
It follows that b: U(E, Q) — R is integer-valued.

Proof. The first step is to show that if sign(2) = 0, then Rot vanishes on the
center of U(E, Q). Let C € Endc(E) be a C-linear map such that C*Q = —Q.
Let L € U(E,Q). Then CLC~! € U(E, —) and

Rot(E, L,Q) = Rot(E,CLC™!, -Q) = —Rot(E,CLC™',Q).

If L = uIdg for some unit complex number u, CLC~! = L, hence Rot(E, L, Q) =
—Rot(E, L,Q2) mod Z. Thus Rot(E,L,Q) =0 or % mod Z. Since Rot is con-
tinuous and Rot(Idg) = 0, Rot(uIdg) = 0 mod Z for all unit complex numbers
u

' Given L € U(E,Q), write
L=ualy
for some Uy € SU(E, Q) and u € C, |u| = 1. Since SU(E, ) is the commutator
subgroup of U(E, ), there exist A and B € U(FE, Q) such that
U, = [B,A] = BAB~ 'A%,
Hence
[A, BL(u1dg) = Idp.

Let ¥ be the two-hole torus. Let a and b be a meridian and a parallel loop
on the torus, let ¢; and ¢y be loops representing the oriented boundary com-
ponents, in such a way that the fundamental group of ¥; be presented by
{(a,b,c1,ca]a,bleica = 1). Consider the representation ¢ : m1(21) — U(E, Q)
with
pla) =A, ¢0b)=DB, ¢(c1)=L, ¢(c2)=uldp.

Let (£,Q) denote the associated flat unitary vector bundle over ¥;. Let é be a
lift of ¢ to U?E?Z), let L = ¢(L) and uldp = $(uldg). Equation 5.3 gives

sign(€, Q) = b(L) + b(uTdp),
hence
b(L)+b(uldg) =0 mod Z.

If L € SU(E,Q), we can take u = 1, and b(L) = 0 mod Z. For a general
L € UE,Q), welet B/ = E®C? Q = Q@ Q" where Q" is indefinite, of
signature (1,1), and L' = L& u Idge, where the unit complex number « is chosen
so that L' € SU(E’,€). Since both p and Rot are additive under orthogonal
direct sums, and both vanish mod Z on (C?,uId¢2,Q"),

p(L") = p(L), Rot(L')=Rot(L)+ Rot(uldc2) = Rot(L) mod Z.
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Hence
b(L) = Rot(L) + p(L) = Rot(L') + p(L') =0 mod Z,

which completes the proof.

Lemma 5.6. If L=L, ® L_ € U(p) x U(q) < U(p,q),

2rikot() _ [ det(L+) ?
det(L_)

With Equation 5.1, in principle this determines Rot on all of U(p, q).

Proof. By conjugacy-invariance, it suffices to compute Rot on the maximal torus
T=U(1)x---xU(). If L =(e?™®1 . . 2™@+a) Lemma 4.9 gives
P

q
p(L)=> (1-2{x;}) = > (1 -2{zpy;}) modZ,
j=1 j=1
thus

p q

j=1 j=1
B (det(L_)>2
det(Ly)) -~
Lemma 5.5 shows that
p2miRot(L) _ ,—2mip(L) _ <det(L+)>2'
det(L_)

5.0.8. The 1-cochain on the central extension U(p,q)sa.

Proposition 5.7. The primitive by : U(p,q)2 — Z of the pulled-back signature
cocycle,
pasign = —dbo,
s given by
(5.6) by = Roty + p o pa,
where Rota : U(p, q)2 — R is a continuous function, and Rotg is the continuous

lift of the rotation number Rot that satisfies Rote o ja(z) = z for z € Z.

Proof. Atiyah has determined the cohomology class of sign in
H?(U(p, q),Z) ~ Hom(m (U(p, q)),Z) ~ Hom(m (U(p) x U(q)),Z) ~ Z & Z.

This class has coordinates (2, —2). Therefore, if \ : Z? — Z denotes the homo-
morphism given by

A(m,n) =2m — 2n,
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the group U(p, ¢)2 can be obtained as an associated bundle

U(p, @)2 := U(p,q) X2 Z = U(p, q) x Z/m1(U(p, q)),
where 1 (U(p, q)) acts diagonally, on U(p, ¢) by deck transformations, and on Z
by translations via .

The standard generator of 1 (U(p)) is represented by the arc t — exp(2mit/p)I,
followed by an arc joining exp(2wi/p)l, to I, in SU(p). The determinant
det : U(p) — U(1) maps this homotopy class to the identity homotopy class
of U(1). Therefore the expression found in Lemma 5.6 for the rotation number
Rot indicates that

(Rot) : m(U(p, q)) = m(R/Z) = Z
is given by A. It follows that there exists a continuous function Rots : U(p, q)2 —

R such that Rotg o jo(z) = z for z € Z and
Rot o po = Roty mod Z.

P —_—

The restriction to U(p,q) x {0} of the pull-back of Rote to U(p,q) x Z is
Rot. This pull-back satisfies Rot o j(z) = z for z € Z. Then the identity

prsign = —d(f{gt + pop)on U(p,q) (Equation 5.5) implies that
pysign = —d(Rotg + p o p2)
on U(p, q)2. Thus, by uniqueness,
bs = Roto + p o po.
]

5.0.9. Concrete realization of the universal covering of U(p,q). According to
[48, Theorem 3.4], every L € U(p, q) has the following unique decomposition

Uy 0
L pu—
(5 4)som,
where U; € U(p), U € U(q) and

Q-wwH V2 a—ww V2w )

S(W) = ( W (1= WW*)~" V2 (1= wrw) 2

for W € Déyq. Hence U(p, q) is homeomorphic to U(p) x U(qg) x D]ID,q. The
universal covering U(p, q) of U(p, ¢) can be given by

—_—~—

U(p,q) = R x R x SU(p) x SU(q) x D}, ,

with the projection

—_——

P :U(p,q) = R x R x SU(p) x SU(q) x D}, , — U(p, q)

2TrizU 0
7)(3772% Ul, U27W) = <e 0 ! e?ﬂ'iyU2> S(W)a
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where Uy € SU(p) and Uz € SU(q).

Remark 5.8. Every element L € U(p, q) can be written

627ri:vU1 0
L = )
< 0 e?wsz2> S(W)7

with U; € SU(p) and Uz € SU(q). Then any lift of L has the form

k ko _o k1 ) ——
(a:—f—;l,y—i—f,e 2mi PlUl,e 2mi q2U2,W) € U(p, q)

for some k1, ko € Z.

5.0.10. Concrete realization of the central extension U(p,q)2. Let X : Z? — Z
be the homomorphism given by A(m,n) = 2m — 2n. Recall that

e

Up,q)2 = U(p,q) xaZ = U(p,q) X Z/ ~ .

We can give a concrete expression for the equivalence relation,

(x+ 2y + e UL e T Uy, Wok) ~ (2,1, Ur, Uz, W, 2m — 20 + k).
p q
The group U(p, q)2 is a central extension of U(p, q) by Z, with exact sequence

Z 25 U(p,q)2 22 Ulp,q),
given by
e27ria:U1 0
pg([aj,y7U17U2,‘/V,k]):P($7y,U1,U2,W): 27 S(W)
0 e“™U,
The isomorphism js : Z — Ker(pz) is given by
Jj2(k) =0,0,1,,1,,0,k].
5.0.11. Atiyah’s section o. Remember that Atiyah’s section ¢ is the unique
section o : U(p, q) — U(p, q)2 such that for all A, B € U(p, q),
(5.7) jo(sign(A, B)) = o(A)o(B)o(AB) L.
Theorem 5.9. In the notation of Proposition 5.7, Atiyah’s section o : U(p,q) —

Ul(p, q)2 is uniquely determined by the equation by o 0 = 0. In the notation of
paragraph 5.0.9, Atiyah’s section is given by the following formula.

(5.8) o(A) = [, ~Rot(A) - p(A)],

where A is an arbitrary lift of A in U(p,q).

The first claim is a restatement of Lemma 5.1.
Equation (5.8) is unambiguous. Indeed, as in paragraph 5.0.9, we can assume

that
e2m’xU1 0
A= < 0 627riyU2) S(W)7
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and a lift A of A is given by

. k k —W'k— _ﬂ_.L —_~—
Az(x+?l,y+§2’e Uy, e Uy, W) € Ulp,g)

for some ki, ko € Z. Then

k k — Trik— — Wikf Dow/ A
e At v Ut e >™ 4 Uy, W, ~Rot(4) — p(A)]

k k —omikL —omik2
=[w+$1’y+;2’e Uy, e Uy, W, —2(pa + by — qy — ko) — p(A)]

= [z, y, U1, Uz, W, =2(pz — qy) — p(A)],

which is independent of k1, ko.
On the other hand, given A, B € U(p, q), one can pick lifts Aand B in U(p, q).
The product AB = AB can be used as a lift of AB. Then

o(A)o(B)o(AB)~! = [AB(AB)™!, sign(A, B)]
= [e,sign(4, B)] = ja(sign(4, B)),

which means that the section defined by (5.8) is exactly Atiyah’s section o.

6. MILNOR-WOOD TYPE INEQUALITY

In this section, we will prove a Milnor-Wood type inequality, in the form of an
estimate on the signature of a flat unitary bundle. We first express the dimen-
sion of the vector space Im(H! (%, 0%, ) — HY(X,€)) on which the Hermitian
form ¢@) is defined in terms of the Euler characteristic and the dimension of the
space of flat sections. Then we prove that this space vanishes for a dense set
of representations. This provides the link between signature and Euler char-
acteristic. In view of the Milnor-Wood inequality for closed surfaces, the right
hand side (p + ¢)|x(X)| does not seem to be sharp. However, by considering
positive definite Hermitian forms (¢ = 0), we shall see that our Milnor-Wood
type estimate on signature cannot be improved to min{p, ¢}|x(X)| in general.

6.1. Milnor-Wood type inequality. Let ¢ : m1(X) — U(E,Q2) be a represen-
tation into the U(p, q)-group U(E,Q), where E = CPT%, we have

sign(€,Q) = —27T(, ¢) — iz/ T ai + n(Ag) = —27T(S, 6) + ps(95).
i=1"7¢

Lemma 6.1. The indices of dp and dJ]S can be given by

dim E dim H (9%, €)

y X

1
Index(d}) = i§ sign(€,Q) +
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Proof. For the index of dj;, by (2.6), one has

n(Ay) + dim Ker A}

Index(dp) = /2a(z)d,ug -

2
0
:/a(z)dug+ n(Ay) dimH%(9%,¢)
) 9 5
e Ay)  dimH°(9%, &
- 11;1 X(E)+/(01(£+,V|g+)—cl(5,vyg))Jrﬁ(QJ)_ im 2( £)
)
. o
= dlr;lEx(E) - %Sign((‘:, Q) - d”“HQW7

where the second equality by n(A}) = —n(Ay) and (2.7), the third equality by
Proposition 2.11, and the last equality by Theorem 2.13. Similarly, we can also
obtain

dim E 1 dim H°(9%, &)

Index(d},) = 5 X(2) — 3 sign(&€,Q) — —

O

From the above lemma and using L? Index(d*) = Index(d5) + hoo(AY), one
has

dim E dim H°(0%, €)

1
j:§ sign(€,Q) = — 5 x(X) + 2 + Index(d})
. : 0
_ _dH;lEX( ) + (11111}12(32,8) — hoo (AT) + L2 Index(d™).

Here the L2?-index is given by
L% Index(d¥) = dim Ker(d¥) N L*(E, €) — dim Ker(d*)* N L*(E, AY)
= dim H°(S, &) — dim Ker(d)* N L3(S, AT)
= dim Im(H*(, 0%, £) — HO(X, £)) — dim Ker(d¥)* N L3(S, AT),

where the second equality follows from (2.4) and the last equality follows from
[3, Proposition 4.9]. Since H(X, 0%, ) = {0}, so

L% Index(d¥) = — dim Ker(d®)* N L2(Z, A%).
On the other hand, by (2.20), one has
dim H (9%, £) — hoo (AF) = dim HY(X, £).

Hence

x(¥)
+ dim HO(, €) — dim Ker(dF)* N L2(Z, A%).

. -
6.1) =+ %Sign(é’, Q)= _dmE 5y dlm}léaz"f)
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Remark 6.2. From the above equality (6.1), one gets immediately
(6.2) dimIm(HY(%,0%,&) — HY(%,€))
= —dim E - x(¥) — dimH°(9%, £) 4+ 2dim H(%, €).
In fact, by Proposition 2.2, one has
sign(€,Q) = dim Ker(d")* NL2(Z, A1) — dim Ker(d™)* N L3(S, A7).
On the other hand, by Proposition 2.1 and |3, Proposition 4.9], one has
dim Im(HY(Z, 9%, €) — HY(Z, £))
= dimKer(d™)* NL*(Z, A7) 4+ dimKer(d*)* N L2(Z, AH).
Hence we obtain (6.2) by combining with (6.1).

Remark 6.3. If 0 = {), then —3sign(&,Q) = T(X, ¢) and we have

dim F
£T(S,¢) = ——

im E
_ _dlr; (D) + dim HY(S, ) — dim Ker(d*)".

The second equality follows from the observation: if d~a = 0, then da = d*a,
and so da = *Jda, which follows that (d*)*d*ta = d*da = 0. A similar argument
holds for d*.

- x(2) + Index(d*)

Lemma 6.4. If 3 is a surface with genus g > 1, then the set of all representa-
tions ¢ such that {v € E : ¢(a;)v = v = ¢(bj)v,1 < i < g} = {0} is dense in
Hom(m(X), U(E,Q)), where a;,b; € m(X),1 < i < g denote the generators in
the interior of .

Proof. Suppose that the boundary of ¥ is the union 9% = |_|?:1 c; of oriented
circles, the fundamental group of ¥ is
g q
m(X) = <a1,bl,...,ag,bg,cl,...,cq : H[ai,bi] ch = e> .
i=1 j=1
Then Hom(m (X), U(E,Q)) is the space of all homomorphisms with the relation
g
(6.3)

1

If 1 is an eigenvalue of ¢(a1) € U(E, ) and ¢(b1) € U(E,Q), then by a small
perturbation, we can find two families of elements A, B € U(E, ) such that
1 is not the an eigenvalue for € > 0 and

lg% Ac= ¢(a1)7 11_% B = ¢(b1)7 [A67 BE] - [(ﬁ(aﬁv ¢(b1)]7

for € > 0 small enough. In fact, the linear transformations o € U(F,) and
7 € U(E,Q) with 1 as an eigenvalue is equivalent to det(c — Id) = 0 and

[p(ai), ¢(bi)] H #(cj) = p(e) =1d.
=1

1
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det(7 —Id) = 0, which defines a variety H; in U(E, Q) x U(E,Q), and [0, 7] =
[p(a1), ¢(b1)] defines a variety Ho in U(E, Q) x U(E, ), in fact it is given by the
set of solutions of these polynomial equations o7 — [¢(a1), ¢(b1)]To = 0. From
the definitions of H1 and Hs, one sees easily that Hs is not contained in Hy, i.e.
H, g Hi, so Hi N Hy ;Cé Hj, which means the subvariety H; N Hs is a proper
subvariety of Hy. Thus we can find such A, B in Hs\(H; N Ha).

Now we can take ¢ by

dc(ar) = A, @e(b1) = Be, ¢ = ¢, on other generators.

Then ¢ € Hom(m(X), U(E, Q)) and has no global fixed point, and lim¢_,o ¢ =
¢. Especially, {¢.} is equal to ¢ on the boundary, i.e. ¢c(c;) = ¢(¢;) for any
€ > 0. O

For any s € HO(X, £), it can be viewed as a ¢-equivariant map s = s*(z)e; €
E, and 0 = ds = ds'(x)e;, so s'(x) = s’ is constant, and s = s’e; is a constant
vector. The ¢-equivariant condition is s'(yx)e; = ¢(7)~!s'(z)e;, which follows
that s = ¢(y)~'s. Thus we obtain

HO(S, )= {se€ E:s=¢(y)s,Vy € (%)}

Theorem 6.5. The signature satisfies the following Milnor-Wood type inequal-
1ty
|sign(€, Q)| < dim E - [x(E)| = (p+ ¢)[x(¥)]-

Proof. For n > 2, since
(6.4) dim H(9%, £) > ndim HY(X, £) > 2dimHY(%, €),

so by (6.1), £sign(&,Q) < dim E|x(3)].

For n <1, by Lemma 6.4, if the genus g > 1, for any representation ¢, there
exists a family of representations ¢, with ¢¢(m1(0%)) = ¢(71(0%)), such that
each ¢, has no global fixed point, and lim_,o ¢ = ¢. Then dim H°(X, &) = 0 for
any € > 0. Since the representations ¢, are fixed on the boundary, the eta invari-
ant and fcl_ J*a; are fixed, hence the rho invariant is fixed, pg (9X) = pg(0X).
By [13, Corollary 8.11|, the Toledo invariant is also fixed, i.e. T(X,¢e) =
T(X, ¢). Hence the signature associated with ¢, is independent of €, and equals
sign(€, Q). Thus

(6.5)
)
j;% sign(&,Q) = FT (X, ¢) [%6(26)
. S S
=~ ) - TG i Ker(a®)® 11A(S, A7)
dim F
< ———x(®),

from which it follows that |sign(&€,Q)| < dimE - [x(X)]. If g =0 and n < 1,
then 71(X) is trivial, and so sign(&,Q2) = 0.
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Hence, we obtain
(6.6) |sign(&, Q)| < dim E - max{—x(X),0} < dim E - [x(2)|.
The proof is complete. O

Without loss of generality, we assume p < ¢. For any representation ¢ :
m1(2) — U(p,p) x U(g — p), then

E=EDE = (T x4 E1)® (T x4, En),

where £ = By @ By = C?? @ CTP, and ¢ : m1(X) — U(p,p) is defined as the
projection of the image of ¢ on U(p,p), while ¢g : m(X) — U(q — p) is the
projection of the image of ¢ on U(q — p). Hence

H'(2, &) = H'(Z, &) @ HY(S, &),

the flat vector bundles £ and & are orthogonal to each other with respect to
Q. From the definition of signature, see Section 2.1, one has

sign(&, Q) = sign(&r, Qle, ) + sign(€a, g, ).

Now we consider the case that ¥ is closed. In this case, sign(&s,Qlg,) =0
since the Toledo invariant T3, ¢2) vanishes for any unitary representation. By
Theorem 6.5, one has

1, . 1 .
|T(X, ¢)| = 5|sign(&, Q)| = ;[sign(é1, Qle, )|

< %(p +p)[x(2)] = pIx(X)| = min{p, g}[x(2)].

On the other hand, by [11, Theorem 6.7], the images of all maximal represen-
tations of Toledo invariant are in U(p,p) x U(q — p) C U(p, q). Hence, by using

Atiyah-Patodi-Singer index theorem, we obtain the following Milnor-Wood in-
eqaulity

| T(3, ¢)| < min{p, ¢}[x ()],
which was originally proved by A. Domic and D. Toledo [21].

Remark 6.6. For the case X # () and G is a group of Hermitian type, it was
proved by Burger, Iozzi and Wienhard [13, Theorem 1 (1)] that

| T(X, ¢)| < rank(G/K)|x(%)]-

The above inequality was also generalized to the higher dimensional case by
using the isometric isomorphism of jsy, see [12, Theorem 1, Corollary 2| or [32,
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Theorem 1.2|. More precisely,
| T(E, 0)| = [Uanindh (K&), [S,0%])|
< |lipsizds (k&) - I[Z, 0Z]Ih
= [l¢5 (k) - I[Z, %]y
< [l - 1%, 0|1
= rank(G/K) - [x(¥)],

where the third equality holds since jgx is an isometric isomorphism and the

Gromov isomorphism iy, is also isometric, the fourth inequality by the fact that
rank(G/K)

the pullback is norm decreasing, and the last equality since ||k%|| = 5

and |[[%, 0%][1 = 2[x(2)].

6.2. Surface group representations in U(p) x U(q). We consider a repre-
sentation ¢ : m1(X) — U(p) x U(g) C U(p, ¢). In this case, ¢(v) € U(p) x U(q)

has the form
a O
0 d)’

where a € U(p) and d € U(q), v € m1(2). The flat bundle (£,2) is a Hermitian
(indefinite) vector bundle, where €2 is a Hermitian form and 2 is given by the
matrix I, with respect to the standard basis of . Denote J := il,,, then
i€(-,J-) is positive definite. Since [J,¢(7)] = 0 for any v € m1(X) and J is
constant, so J € J,(£,Q). Note that [d,J] = 0, so d is a peripheral connection
on £. Therefore

sign(€.9) =2 [ (€ dles) — ex(Edle) + n(An) = (o),
>
since d|g+ is flat. The Toledo invariant and rho invariant are given by

For the boundary component ¢;, we assume that

U 0\ [diag(e®i1,...  eir) 0 vt o
P(c;) = : i pr1 ... pi0; -1 />
0oV 0 diag(e'irtl ... eWipta) 0 Vv

where U € U(p) and V € U(q), 0;; € [0,27), 1 <1 <p+gq,1<i<n. From
Section 10.1, the set of all eigenvalues (with multiplicities) of Ay = J % is given
by

0‘71 0‘7 9'7 +1 9'7 + -
{QZT + ki1, ,2277: + kip, — ZQPW +kipy1, e ,—%ﬂ_q +kiprq, 1 <1< n,k‘u ELy,.
From the definition of eta invariant, then
(6.7)

sen.0) =)= [ ¥ (%) > (%)

i=1 \je{0; ;#0} 1e{0;,1#0}
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From the above formula, one can obtain a bound for signature

]sign(é’,Q)]SZ Z —|—Z Z

i=1 je{0; ;#0} i=11e{0;,,#0}

<np+ng=n(p+q).

1—

1 b
s

0;.1 ‘

For the case of g > 1, then
|sign(&, Q)] <n(p+q) <29 —2+nl(p+q) = (p+ X))
For the case of g = 0, in this case, one has

ysign(g,ﬂ)ygzn: > (1—9;”’>+zn: > <1—9;1).

i=1 je{6; ;#0} i=11€{0;,#0}

where the first term in the right hand side of the above inequality is exactly the
absolute value of the signature of a flat U(p)-Hermitian vector bundle. Hence,
by Theorem 6.5, we can conclude the following inequality

69 X X (1-%)] <o+ ORI =pizg -2 40l =0 -2

=1 je{0;,;#0}

Similarly, one has

zn: > (1—?) <q(n—-2).

i=1 1e{6; 1#0}

For a surface with genus zero, then it is a 2-sphere with n discs deleted, we
denote it by 3,,. We can cut it off into (n — 2) union of X3, and the signature of
the surface is exactly the sum of the signature of these ¥3. Hence, the inequality
(6.8) follows from the case n = 3, i.e.

3
0 .
(6.9) >y (1 - J) <p,
=1 je{HiyﬁéO} T
which can be proved directly by using the results from the multiplicative Horn

problem, see Subsection 10.2.
In particular, if we take ¢ = 0, then

n . .
sign(&€,Q) = <1 - ”) ,
z'; je{%ﬂ} "
which does not vanish in general. Since the Toledo invariant is bounded by
min{p, ¢}|x(2)|, one might think that |sign(&, )| is also bounded from above
by 2 min{p, ¢}|x(X)|. From the above discussion, we find that the signature can
not be bounded by the constant 2min{p, ¢}|x(X)| in general.
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7. SURFACE GROUP REPRESENTATIONS IN SO*(2n)

In this section, we will consider the surface group representations in SO*(2n),
one can refer to [44, Page 71-74, Section (2.4)] for the bounded symmetric
domain of type II. Recall that

SO*(2n) = {M € SL(2n,C) : MM = I, M*J, M = Jn} ,
0 I

-1, O
element in the group SO*(2n) leaves invariant the skew Hermitian form

where I, is the identity matrix and J,, := < > , see |28, Page 445|. Each

_lzntl + Szl 25042 + Snt252 L nz2n + S2nzn.

This group SO*(2n) is isomorphic to the the following group
Gy = {M € SL(2n,C) : M*IynM = Ly, M7 SoM = sn} — O(n,C) NSU(n,n),

where O(n, C) is the complex orthogonal group with respect to .S, = (IO %),
n

I, O

and I, , = <0 N,
n

) . The isomorphism G, = SO*(2n) is given by M

I, I,
il, I,

G, = {M: (_“; i) Me SU(n,n)}.

The isotropy group K € G, at the origin o (i.e. the n x n zero matrix) is given
by

-1 _ 1
UMU ,WhereU—\/i<

). The group G, has the following form

K=qM= v-o : M € SU(n,n) p = U(n).
0 U
The bounded symmetric domain of type II is defined as
D :={WeD,,:W'=-W}

The group G, acts transitively on D,ﬂI with the isotropy group K at the origin
0, hence

pl'~G,/K,

see e.g. |44, Page 74].

Let ¥ be a surface with boundary, and consider surface group representations
into the group SO*(2n). By the isomorphism G, = SO*(2n), we will identify
the groups G, and SO*(2n). Hence, we just need to consider the surface group
representations in the group G,.

Since G, C SU(n,n) C U(n,n), so we can define the signature as in Section
2.1. For any representation ¢ : m1(X) — Gy, denote & = & X4 E, where
E = C?" and let  be the Hermitian form given by (1.1), in terms of matrices,
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(2 is represented by the matrix I,, ,,. Denote by sign(&, ) the signature of the
flat Hermitian vector bundle (£,2). From Theorem 2.13, the signature can be
given by

sign(€, Q) = 2 /

(1€ V) —ea(€7, V) +m(A),

X

for any J € J(&,€2). Let
Ju(E,Q):={J e J(E,Q):J"S,J =5,}=T(E,Q) NG,

The group G, acts on Jii(E,) by ZJZ~!, the action is transitive and the
isotropy group at il , is exactly K. Hence

Ju(E,Q) = G,/K = D).
In fact, this isomorphism can be given by Ji = Ji|pn : DE — Ju(E,Q), ie.
Iu(W) = i (I, + WW)~ I, - WW) —2(I, + WW)~ 1w
= 2L, + WW)'W (L, + WW) (I, - WW)
for any W € DY. Denote Ji1(&,Q) := C®(%, % x4 Ju(E,Q)), and set
Jio(€,Q) ={J € T (€,9)|J = p*J on a small collar neighborhood
of 0¥, where J € Ji1(€lox, )},

where p : 0¥ x [0,1] — 0¥ denotes the natural projection. Let wpn be the

invariant Kihler metric on DY with the minimal holomorphic sectional curvature
is —1, then

1 = —
wp = §wD%n’DE = —i00logdet(I,, + WW),

see e.g. [37, Lemma 5.5]. Similar to Section 3 and (3.15), we obtain

q

2T(%,¢) = ;ﬂ/z (3*(wngmlng) - Zﬂxﬁ*%))

i=1
~ ~ 1 < ~
= i (E7, 7T Vo o) — e (EF, 7TV Eer! - /dXiJ*ai.
/. (a &) —ex( 1) = 5 22 L 0T

for any J € Ji1,0(E, ), where g denotes the number of connect components of
0%, J : X — Ju(E,Q) = DY is the ¢-equivariant map given by J, a; = du;
and

¥; = —log (| det(W; W + L)% det (I, + ww)),

where W; € FE is a fixed point of ¢(¢;), which is an invariant (up to a constant)
Kahler potential under the isotropy group Ky, of W;. Hence,

sign(€,2) = —4T(S,0) + pg(9%),
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where the rho invariant is given by

1 < =
po0%) = =23 [ douda) + nan),

By Theorem 6.5, one has
[sign(&, )| < 2n|x(%)| = dim E|x(%)].
In particular, if the surface X is closed, then
IT(8,0)] = §lsign(€, )| < 2x(D)].
In particular, if n is even, then | T(X, )| < 2|x(X)| = [2] [x(¥)|, which is
exactly the Milnor-Wood inequality proved by A. Domic and D. Toledo [21].

8. SURFACE GROUP REPRESENTATIONS IN Sp(2n,R)

In this section, we can deal with the case of Sp(2n,R) by using the results
from U(p, q)-case and discuss some Milnor-Wood inequalities for Sp(2, R).

8.1. Signature and Toledo invariant. Recall that
Sp(2n,R) = {M € GL(2n,R) : M " J,M = J,} = Sp(2n,C) N GL(2n, R),

0 I,

where J,, = <_In 0

>, which is isomorphic to the following group

Gy = Sp(2n,C) A SU(n, n) = {M - (;‘ i) . M € SU(n, n)} .

This isomorphism is given by
®:G, — Sp(2n,R), N —UNU,
—il, i,
L, In

on the isomorphism between G, and Sp(2n,R), and some basic facts on the
bounded symmetric domain of type III. The isotropy subgroup of G, at the

where U = < ) One can also refer to [44, Page 68-71, Section 2.3]

origin o (i.e. the n X n zero matrix) is

K= {X: <[é 2) :UeU(n)} ~ U(n).

The group G, acts on the bounded symmetric domain DLH of type III transi-
tively, where

D ={WeD,, W' =W}
Hence

D' = G,/K = Sp(2n,R)/ U(n)
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Denote by € the real symplectic form on R?" with the matrix form is .J,,.
For any ¢¢ : m1(X) — Sp(2n,R) C Sp(2n,C), it induces a representation ¢ :
m1(2) = G, Le.

¢(-) = U o (-)U.
Denote & = X X 4 R¥", € = B x4 E, E = C?" and (&)c = &®C = 3 x4, C>".
The relation between ¢y and ¢ gives an isomorphism between the bundles £ and

(&o)c, ie.
(&) =€, a— U la

For any [a], [b] € HY(, (& )c), one has
Qo(lal, o) = (U QU)([Ua], [U~18])
= (UQU)([U"d], [U~10)).

Since the matrix form of UQyU is UJ,U = —ily, », which represents the Her-
mitian form —i€) exactly. Hence

(8.1) Qo(la), b)) = —iQ([U"a], [U~"0)).

The signature sign(&o, o) of the flat symplectic vector bundle (&, o) is defined
as the symmetric quadratic form Qgr(:,-) = [ Qo(- U ") on the space H!(, &).
Moreover, it also can be given by

sign(&o, Q20) = sign((&o)c, o)

since HY(S, (&)c) = HY(,&) ® C. Here the signature sign((&)c, Qo) is de-
fined as the signature of Hermitian form Qc(-,-) = [ Qo(- U~) on the space
ﬁl(E, (&0)c). From (8.1), one has

Qellal, b)) = =i | @(U~tal, U7,

%

Recall that the signature sign(€,2) of flat Hermitian vector bundle (&£,€) is
defined as the signature of the Hermitian form i [ Q(-,-), which follows that

(8.2) sign(&p, Qo) = —sign(&, Q).

For any representation ¢qg : m1(X) — Sp(2n,R), and denote ¢ = U~'¢oU. By
Theorem 2.13, one has

sign(&, Q) = 2 /

(1T V) a7, V) +(Ag),
Y

for any J € J(&,Q). Let
Jn(E, Q) :={J e J(E,Q): J"J,J =J,} = T(E, Q) NG,.

The group G, acts on Jii(E,§) by ZJZ~1, the action is transitive and the
isotropy group at i/, is exactly K. Hence

Jm(E,Q) = G,/K = DI



SIGNATURE AND TOLEDO INVARIANTS FOR FLAT UNITARY BUNDLES 69

In fact, this isomorphism can be given by Jy1 := JI|DL“ : DLH — Jm(E,Q),
that is
(8.3)
(I, — WW)~ I, + WW) —2(I, - WW)~'w
Ju(W) = . U A
2(I, — WW)~'w —(L, —WW)= (I, + WW)
for any W € DL
Remark 8.1. The isomorphism Jyr7 induces an isomorphism
Jio := —UImU ™" : DI — 7(R*™ Qy),

one can check that it is a bijection, where J(R?",€)) denotes the subset of

Sp(2n,R) such that J? = —Iy, and Q(-,J-) > 0. For any Z € Sp(2n,R), then
ZImoZ "' € J(R?",Q), and the induced action on D! is given by

(8.4) Z(W) = (ZiW + Z9)(ZoW + Z;)~' € DI
AR,
Zy 74
Sp(2n,R)/ U(n) = J(R*,Q) is given by Z - U(n) ~ ZJZ !, where J =

(IS)@ _OI> nd U(n) = {Z € Sp(2n,R) : ZJZ~1 = J}.

where 77 and Zs is defined by Z = U ( )U - The isomorphism

Denote Jirr(€,9Q) := C®(, 2 X ¢ Jui(E,Q)), and set
Jio(E,Q) ={J € Jm(E,9)|J = p*J on a small collar neighborhood
of 9%, where J € Jmi(€lox, N)},

where p : 0¥ x [0,1] — 0% denotes the natural projection. Let wpm be the in-

variant Kahler metric on DI with the minimal holomorphic sectional curvature
is —1, then

Wpin = Wpt |D£II = —2i00 log det(I,, — WW),
see e.g. [37, Lemma 5.4]. Similar to Section 3 and (3.15), we obtain
1 ~ 1 ~
T(X, ¢) = 27T/2 (J*(WD}W|D21) - ;d(XiJ*Oéi)>

- / (Cl(gf,Tj*VF‘i’Tflfsf) - 01(5+’73*VF¢771|5+)>
>

1 & ~.
- %;/Ed(xﬂ ;).

for any J € Jim1,0(€,2), where ¢ denotes the number of connected components
of 0%, J: ¥ — Jm(E, Q) = D}lH is a ¢-equivariant map given by J, a; = dv;
and

¥; = —log (| det(W;W — I,)| 2 det(I,, — WW)) ,
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where W; € DI is a fixed point of ¢(c;), which is an invariant (up to a constant)
Kahler potential under the isotropy group Ky, of W;.

Remark 8.2. Denote by
H, ={ZecCV"|Z=2",ImZ > 0}
the Siegel upper half plane, and
DI S H, Z=0oW)=ill,—W)I,+ W)}

the identification between DX and H,,. The induced action of L € Sp(2n,R)
on H, is the generalized M&bius transformation. Moreover,

detTm Z = | det(I,, + W)|" 2 det(I,, — WW).

B b\, 1 (L1 Lo
p=o(2 o= (B 5 cponn,

where Ly = (a—a)+4(b—b). Then Wy = —I,, is a fixed point of L is equivalent
tob—b=a—a, and so Ly = 0. Hence L(—1I,) = —I, if and only if L has the
following matrix form

Suppose

S Q
Ql

(L Ly
L= <O L4) € Sp(2n,R).

Thus the Kéhler potential can be given by

(8.5) 1 = —logdetIm Z.
Hence,
(86) Sign(g()v QO) = - Sign(ga Q) = 2T(Zu ¢) - p(i)(az)?

where the rho invariant is given by

/d XzJ Qg +77(AJ)
b

a1
HMQ

Note that T(X,¢) = T(X,¢p) due to the isomorphism G, = Sp(2n,R) and
¢ = U 1poU. Denote

(8.7) p¢0 (0%) Z/ d( XlJO Q; +77(AJ0)

for any Jg € J,(&o,Qo), where J,(Ep, Qo) is defined as
Jo(&0,20) = {J € T (&0, )|J = p*J on a small collar neighborhood

8.8
(8.8) of 9%, where J € J(&vlas, Qo)},
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and J (&, Q) := C®(, % X g J (R?",Qp)). From the definition of Jyrp, see
Remark 8.1, one has

Juo(W) = U (W)U,
where J(WW) is given by (8.3). For any J € Ji11,0(€, §2), denote
Jo=U(=0)U"",
one can check that Jg € 7,(&, Qo

(J*a)(X) =

For any tangent vector X € TS, one has
J.X X) = ol 16J).X)
(I 1o (=U1Il)).X)
(JIHo 0 J0)«X)
o((J0)+X) = (Fge)(X),

(8.9)

)-
a
a
(
(

which follows that J*a = J oc. For the eta invariants, one has

(8.10) n(Az) = —n(As,).
Thus,
(8.11) Ps(0X) = —py, (0%),

which implies that
sign(&o, Qo) = 2T(X, ¢o) + py, (0X).
By Theorem 6.5, one has
| sign(&o, Qo)| = [sign(&, Q)| < 2n[x(X)| = dim E|x()].

In particular, if the surface 3 is closed, then

1
| T(2, o)l = 5 Isign(€o, Q)| < nix(2)],

which is exactly the Milnor-Wood inequality for the real symplectic group proved
by Turaev [52].

Remark 8.3. Following [4], if we consider the unitary representation, i.e.

6:m(%) = Un) = {A+iB € Un)} = {z _ (_AB i) € Sp(2n,R)}.

0

Then [Z,J] = 0 where J = <I

Hence J € J,(&o, ), and so

T(X,¢) = /JWDHI—Z/J*%O

—1
0") is the standard complex structure.

and

1< ~
I3 [ Feenan = )
i=1 "¢
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Hence
sign(&,€2) = py(9%) = n(As),
which is is agrement with [4, Theorem 2.2, Theorem 2.4].

8.2. Improved Milnor-Wood inequalities for Sp(2,R). We show that for
the target group Sp(2,R), an upper bound on Toledo invariant can be given that
sometimes improves upon previously known bounds. We consider representa-
tions ¢ : m1(2) — Sp(2,R). Burger-lozzi-Wienhard’s Milnor-Wood inequality
reads
T, 9)| < [x(X)]

We shall introduce a boundary contribution which makes the right hand side
smaller. Here, {z} = x — || denotes the fractional part of a real number x.

Proposition 8.4. For representations ¢ : m1(X) — Sp(2,R),

(8.12) e sh@i+- ¥ {29

c; ¢(c) elliptic

Proof. We need to understand rho invariants of elements of Sp(2,R). By defi-
nition, one embeds Sp(2,R) into U(1,1) and computes the rho invariant there.
cosf) —sinf

An elliptic element R(f) = ( ) is mapped to a C-linear map L of

sinf cos@

i _ i(2m—0)

C? with eigenvalues € and e~ and eigenvectors ey and e_ such

that Q(ey,ey) =1 and Q(e—,e_) = —1, hence its rho invariant is
0 27 — 6 0
L)y=(1--)—(1- =2(1——).
)= (-0 o0 Y

. 1 : . .
A unipotent element exp(N) = < 0 lf) is mapped to a unipotent C-linear map

L' of C? with the same matrix. The Sp(2, R)-invariant symplectic structure on
R? is the determinant. The corresponding Hermitian form on C? is Q(u,v) =
det(iu,v). The Hermitian form 7 is

T(u,v) = Q(EN)u,v) = —pugvs,
the sign of the Hermitian form 7 induced on C2/Im(N) is the sign of —u, hence
its rho invariant is

p(L") = —sgn(p).

(for a double-check of these calculations, see the Appendix, Subsection 10.1).

We start with the signature formula and Milnor-Wood type inequality (The-
orem 0.4)

T(%,¢) = 5sign(€) — 5 ) p(o(c)
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A boundary contribution p(¢(c)) is negative when
o cither ¢(c) is elliptic with angle 6(c) > =
e or ¢(c) is unipotent with negative sign.
Changing ¢(c) with —¢(c) replaces
B 1 g 2

e in the elliptic case,

{ P(¢2(C)) 1,

e in the unipotent case, M = —% with 0, since —¢(c) is an elliptic-

unipotent with angle § = 7 and W = 0.
The idea is to modify ¢ by replacing an even number of boundary holonomies
¢(c) with —¢(c). This is compatible with the standard presentation (6.3) of
71(2). This does not change the Toledo invariant, since both representations
define the same action on the symmetric space. This allows to get rid of all
negative boundary contributions but possibly one. Whence the extra term of 1
in the right hand side. ]

Remark 8.5. By replacing ¢ by ¢!, and note that T(X,¢) = —T(XZ, ¢~ 1),
Proposition (8.4) gives
Ok O
WO+ Y Eermoskelii- Y (1-%)
¢(cx) is elliptic ¢(cx) is elliptic

where 6 € (0,7) such that [R(6))] is conjugate to [p(ck)] € PSL(2,R) =
SL(2,R)/{+£I}, and [e] denotes the class in PSL(2,R).

Remark 8.6. Note that the equalities in (8.12) can be attained. For example,
we consider a cylinder ¥ = S! x [0, 1], and the elliptic representation ¢ is given
by ¢(S* x {0}) = R() and ¢(S*' x {1}) = R(27 — ) for some # € (0,7). In
this case, T(X, ¢) = (E) =0,0;=0and 6 =7 — 6 € (0,7), and so
: 0
4x|4+2 o=l +1-3 (1-%).
k=1

Remark 8.7. Each element L = R(f) € Sp(2,R),0 € (0,7) gives an au-

i(2m—20)

tomorphism Lp = e acting on the unit disc D. In fact, note that

DI =D = {w € C||w| < 1} is the unit disc in the complex plane, and

671’9 0 .,
bo(7 o

where U and U~ are given by (10.1), and by Remark 8.1, so
L(w) = e Pwe 0 = ¢=20y = (iCm=20),
If we denote ¢y, = 21 — 20), € (0,27), then ¢(cx)p = €'?*. By Proposition 8.4,

one has

(813)  — |—1+Z<1—><T(E¢)<|X( |+1—Z¢’“.

k=1
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If the representation ¢ is the holonomy of a cone hyperbolic surface S with
cone angles ¢ € (0,27), one can refer to [46, 51| for the definition of the
surfaces with conical singularities, then S can be identified with D/¢(m1(X)).
To get the cone point of cone angle 0 < ¢ < 27, we need to identify the sector
of angle ¢ by the rotation of anlge —(27m — ¢), hence we need R(f) such that
—(2m — ¢) = —20. The induced representation on the boundary is conjugate
to the rotation R(6x) € SL(2,R) with 6 € (0,7), where 1 < k < g. Then the
Toledo invariant is exactly the area of S and can be given by

T(,6) = 5-Area(s) = - (x@) Foo > (0h- 27r>> =) -y 2
k=1

k=1

¥ N[5

where X is a closed surface obtained by capping off the boundary of ¥. Similarly,
by conjugating ¢ with an orientation-reversing isometry 7 of D, then we obtain
a representation ¢, with cone angles 2w — ¢y, and T(X, ¢,) < 0. Hence,

T(E,%):X(E)—Qlﬂ;m: 2(1—).

Recall that L is called parabolic if all eigenvalues of L are £+1. The reason is
as follows.

Proposition 8.8. If L is parabolic, then it fizes a point at the Shilov boundary
ITT

of D,,".

Proof. From |27, Theorem 1|, there exists a symplectic basis such that L is

symplectic direct sum of matrices of the form

J(\ )™ C(ry,s5,A)
Lger; = . 7 2rj, R
‘RQJ ( 0 J()\,T‘j)T Gsp( T35, )

where C (r,s5,\) 1= J()\,rj)_l diag (0,...,0,s;) with s; € {0,1, -1}, J(\,7)
is the elementary r x r Jordan matrix associated to A. By Remark 8.2, —1I;.. is
a fixed point of L|gar;. Hence —1I,, is a fixed point of L. With respect to the
other basis, the matrix of L is PLP~! for some matrix P € Sp(2n,R). Hence
P(—1I,) is a fixed point of L, which is also at the Shilov boundary of DI since
the Shilov boundary is an orbit of the action of Sp(2n,R) on DML O

Proposition 8.9. If there exists a boundary component c such that the repre-
sentation ¢(c) has an eigenvalue 1, then |sign(€,Q)| < dim E - |x(X)].

Proof. From (6.5), one has
+sign(€,Q) < —dim Ex(X) — dim HY(9%, £).

If there exists a boundary component ¢ such that the representation ¢(c) has an
eigenvalue 1, then ¢(c) fixes a nonzero vector in F, and so dim H(9%, &) > 1.
Hence

(8.14) +sign(€,0Q) < —dim Ex(¥) — 1 <dim E - |x(2)],
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which completes the proof. (|

Example 8.10. While for a surface with one boundary component ¢ satisfies
¢(c) has an eigenvalue —1, then the signature sign(&, 2) may attain the maximal
dim E-|x(X)|. For example, we consider a surface X3 with boundary components
1, P2, p3, which is homeomorphic to a surface a 2-sphere with 3 discs deleted,
and consider a representation ¢ : w1(23) — SO(2) C Sp(2,R) such that

¢(p1) = =12, d(p2) = R(0), ¢(p3) = R(m —0)
for some 6 € (0, 7). From Remark 8.3 and (10.7), one has
m—0

™

T(%,6) =0, pol@%5) =21~ ) +2(1 - ") =2,

which follows that
sign(€,Q) = 2T (X3, 0) + pp(0X3) =2 =dim E - |x(X3)|

since dim E =2 and x(X3) = —(2-0—2+3) = —1.

9. SURFACE GROUP REPRESENTATIONS IN SOq(n,2)

In this section, we will consider the surface group representations in SOg(n, 2),
one can refer to [44, Page 75-78, Section 2.5 for the group SOq(n,2) and the
bounded symmetric domain D}ZV of type IV.

Let (x!,--- ,2™*?) be the Euclidean coordinates on R"*2 with respect to the
standard basis {e;}1<i<nt2. Let  be an indefinite quadratic form of signature
(n,2) defined by

Qz,z) = (@)% + -+ (@™)? = (212 — (2"T2)2

By complexification, denote £ = R"*? @ C = C"*? and the quadratic form Q
can be C-linearly extended to E. Consider on C"*? the space of complex lines L
such that Q|7 = 0, this space can be identified with the hyperquadric Q™ c P"*!
defined by the homogeneous equation (w!)?+- - -+(w")?— (w12 —(w"*+2)2 = 0,
where w/ = 27 +iy/,1 < j < n + 2 denote the complex coordinates of C"*2,
Denote H(-,-) = Q(-,), then H is a Hermitian form on C"*2. Define

Dy 2:{L€Qn2H|L<0}.
The condition L € Dy means

{ S cicn(W))? — (W) — (wF2)? = 0,

(9.1) |
Zléign |w2‘2 < \w”“\? + |wn+2|2'
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By the transformation of coordinates w = Uz, i.e.

w! 2zt
w? 22
) ' I, 0 0
(9.2) :n =U :n , whereU=]0 % % ,
w z 0 —-t i
w1l ol V2 V2
wn+2 zn+2

then the condition (9.1) is reduced to

{ Zlgign(zi)Q _ gl nt2 _

(9.3) ‘
Zlgign |Zl|2 < |Z”+1\2 + |Zn+2|2.

On the subset Q" defined by 2"*! # 0, we can identify (z!,---,2") € C"
with the point [2!,--- 2" 1, % Zlgign(zi)z]- The condition (9.3) implies that
|2"2| # 1, see [44, Page 76]. Then the bounded symmetric domain DL of type

IV is defined as the connected component containing the point [0,---,0,1,0] €
Q". Hence
1 ¢ ’
DV =S 2=l 2T eC™: |z|? <2and ||2]> <1+ 5 (2%)?
i=1

Let SO(n,2) be the real group acting on R"™2 and preserving the quadratic
form 2, which induces an action on Q™. Denote by G, = SOq(n, 2) the identity
component of SO(n,2). Then the group G, acts transitively on DLV with the
isotropy group K is isomorphic to SO(n) x SO(2). Hence

DIV 2 SOy(n,2)/(SO(n) x SO(2)).
For any L € SOq(n,2), and for any z € D}zv, then

z
2z =U"'LU 1
% i (2Y)?
is a column vector in C"*? with ZZH # 0. Then the action of the group
Gy = SOp(n,2) on DV is given by

4 2 2y ! v
(9 ) L(Z): T"Fl’ " gl GDn .
539 2L

Let ¥ be a surface with boundary, and for any representation ¢ : m(X) —
SO¢(n,2), denote £ =¥ x4 E =3 x, C?. Then the following form

Qe =i [(HEU) =i [ acu)
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is a non-degenerate Hermitian form on the space ﬁl(Z, E). We define the sig-
nature sign(&, Q) of flat vector bundle (&£, ) associated with the representation
¢ m(X) = SOp(n,2) as the signature of the form Qc(-, ).

Note that the form [ Q(- U~) is real (ie. [ Q(la]UB]) = [, Q([a] U b)),
non-degenerate and skew-symmetric (ie. [y, Q([a] U[b]) = — [ Q([b] U [a])), so
its eigenvalues have the form

:l:)\lv j:>\27 e 7:l:)\N7

where N = %dim ﬁl(E, €) and each )\; is purely imaginary and nonzero, which
follows that the numbers of positive and negative eigenvalues of the Hermitian
form Q¢ are equal. Hence

(9.5) sign(&,Q) = 0.

On the other hand, by using Atiyah-Patodi-Singer index theorem, we can
also give a precise formula for the signature sign(&,€)). Denote by J(FEg, )
the subspace of SOg(n,2) such that J? = Id and Q(-, J7) > 0. Set J(Er, Q) =
C®(2,% x4 T (B, Q)), &k := ¥ X, Eg where Eg = R"*2. There is a canonical
action of SOg(n,2) on J(Eg,Q) by Z(J) = ZJZ~! for any Z € SOq(n,2),
the action is transitive, and the isotropy group at the point I, 2 € J(Eg, ) is
exactly SO(n) x SO(2). Hence

DLV 22 S0 (n,2)/(SO(n) x SO(2)) = J(Eg, Q).

For any J € J (g, Q), let £ = ET @ £~ be the decomposition of £ correspond-
ing to the +i-eigenspace of iJ. With respect to iJ, we call V is a peripheral
connection on &€ if V is a real connection (i.e. V = V) and satisfies the following
conditions on a collar neighborhood of 0%:
(i) V =d + C(x)dx for some C = C(z) € A%(9%, End(£));
(i) [V,J]=0;
(iii) V preserves the quadratic form €.

Similar to Section 2 and Theorem 2.13, we obtain

(9.6) sign(€,Q) = 2/

(e V) —ea(E, V) +n(Au),
Y

where V€ = Vie+, AVAE V|e- and V is a peripheral connection on &.
For any z € DLV, since the group SOg(n, 2) acts transitively on DLV so there

exists L € SOq(n,2) such that L(0) = z, where L(0) is defined by (9.4) and 0
denotes the origin in C™. We define

Jiv(z) := LI, oL ' € J(Eg, Q).

In fact, the definition for Jyy(2) is well-defined, for another L' € SOg(n,2)
with L'(0) = z, then L™1L" € SO(n) x SO(2), which follows that L', L'~ =
L(L7L 1, o ''L)L™! = LI, 5L, so Jy(2) is independent of the choice of
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L € SOg(n,2) with L(0) = z. One can check that Jrv = Jry(z) : DIV —
J(ER, Q) is an isomorphism. For any z € DIV, we can take

A z z
1 -1 =T 1T
L=U--V.-U"", whereV=|2z 1 521z
a
2T %ZTZ 1

where U is given by (9.2), A = al, + b2z +bzz" +czz" +¢zz' and

1 a+1 2Tz
a= \/1+\ZT2]2—||Z||2, b= , c=— :
2 2(1+a— 52]?) 41 +a - 5ll=]%)

One can check that L is real and LTImgL = I2, so L € SOg(n,2). Moreover,
L(0) = z. Hence

Jiv(z) =UV LV U™
Now we define a connection on the trivial bundle F' = DIV x C"*2 by
V=UV({(d+0)- L)V iU™?
=d+UV(dV YU + 01,
=d+ (UVUNAUVU ) 4 01,49,
where 6 = 1dloga®. Then V is real and [V,Jrv] = 0. Denote V = d+ C where
C=UV(dVHu "t +0I,...
Then
CT Iy + InsC =T Ing+ InaC
=UdV VU L9 + Lo(UV( AV YU ™) + 201,
= UV HdV I, 2V + VI, 2dV)V U + 201, 5
= UV (VI V)V U 4201, 5.
By a direct calculation, one has VI, oV = a21n72. Hence
CT Lo+ 1,20 = UV~ 'da?L, 2V U + 2015
= —dlog a®Ul,2U " + 201, 5
= —dloga®l, 2 + 201, 2 = 0.

Thus, V preserves the quadratic form 2. Similar to Section 3.4, one can define
the vector bundles I, Fy, F*, F(;t Denote VF* := V|p+. Then the curvature

of VF* vanishes, and cl(F;, VFMFJ) = 0. Let

To(Er, Q) ={J € T(&r,N)|J = p*J on a small collar neighborhood
of 0%, where J € J(Erlox, )},
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For any J € J,(Er, ), then rI*VEer—lisa peripheral connection and

I +>
JFq&

zjnq(ﬁg,vﬂﬂ3;>::jwluﬂyvlw).

c1 (5+,73*VF¢7'71\5+> = <3*FJ, Jevto

(9.7)

Here 7 : j*Fd) — & is an isomorphism, which is given by (3.12). Set
(flv to 7f’n+2) = (61, to 7€n+2)U‘/a

where {e1, - ,en12} denotes the standard basis of C"*2. With respect to the
basis {f1, -, fat2}, the matrix of J is I,, 2, so that {f1, -+, f,} forms a basis
of F* while {f,+1, fat2} is a basis of F'~. From the definition of V, then

V(Bl, e )en-i-?) = (615 et 76n+2)(UV(dV_1)U_1 + 9171—{-2)'

Hence
V(fi,- 5 fag2) = V((er, - ,ent2)UV)

= (e1, ,enyo)(UV(@V YU +0L,2)UV + (e1,- -+, enio)UdV
= <617"' 7€n+2)UV 0= (flu" ' 7fn+2)07

which means V = d + 6 - Idr with respect to the basis {fi,- -, fnt2}. Thus,
with respect to the frame {f1, -, fn}, the connection V|p+ is given by

Vip+ =d+0-1dp+,
whose curvature is
(d0+ 0 N O)Idp+ =0,
which follows that ¢; (F7, V|z+) = 0, and one has by (9.7)
(X, 73 Ver ) = 0.
Similarly, ¢; (€=, 7J*VFor=1|z_) = 0. By (9.5) and (9.6), one has
(9.8) n(A;3) = sign(&,Q2) =0
for any J € J,(Er, Q).

Example 9.1. For the two groups SL(2,R) and SOq(1,2) = {(a;;) € SO(1,2) :
a1 > 0}, we have the following canonical map

¥ : SL(2,R) — SOy(1,2)

(a? + 0> + 2 + d?)

b 3 (@ = +c?—d?) —ab—cd
WG Q: M2+ -2 —d?) L@2-w-+d) cd—ab |,
—ac —bd bd — ac ad + be

b
where (Z d) € SL(2,R), ad — bc = 1. The mapping ¥ is a double covering

with kernel +15. It is well-known that there is a classification for the group
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SL(2,R), i.e. hyperbolic, elliptic and parabolic elements, see e.g. Section 10.1.
By using the mapping ¥, one can give a classification of SOg(1,2) as follows:

(1) L is hyperbolic, i.e. Tr(L) > 3. In this case, A & S'and A € R, L has
the normal form:

\ 0 cosh® sinh6@ 0
\11<0 1): sinh® coshf 0], 6=IlogAZ
0 0 1

X
(2) L is elliptic, i.e. Tr(L) € (—1,3). In this case, L has the normal form

#1 —sinf 1 0 0
‘I’< o enp ) =10 cos(261) sin(26y) | .
1 ' 0 —sin(2601) cos(26,)

where 0; € (0,7) U (m, 27).
(3) L is parabolic, i.e. Tr(L) = 3. L has the normal form:

where p € R, A = £1.

For any representation ¢ : m(S') — SOg(1,2), we assume L = ¢(S!) €
SO¢(1,2). If L = exp(27B), then we can take

J = exp(—xB)l12exp(zB).

Similar to Section 10.1, the eigenvalues (with multiplicities) of A;3 are given by
the following equation:

exp(2n(—oil1 2 + B))e = e.

(1) L is hyperbolic, one can take B as

0
0 £ 0
B=|£L 0 0
0 0 0

Then the set of all eigenvalues (with multiplicities) of A;3 is

/ 0
{]{:7i k2+()27kez}7
27

which is symmetric. Hence n(A4;5) = 0.
(2) L is elliptic, one can take B as

Sy

Il
o o o
ocalPo
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Then the set of eigenvalues (with multiplicities) of A;y is
0
{k,kil,kez},
T

which is symmetric. Hence n(A4;5) = 0.
(3) L is parabolic, one can take B as

0
B = 0
Ap
2

Then the set of eigenvalues (with multiplicities) of A;j is given by solving the
equation
det(—UiILQ + B+ kils) =0, kezZ,

see Remark 10.1, which is also equivalent to solve

(9.9) o3 + ko? — (k2 + 2(2ﬂ)2)a k=0, ke
T
If 0 is a solution of the above equation (9.9) with respect to k = ko € Z, i.e.
ot + koo — (kS +2(3-)%)o0 — k§ = 0,

which is also equivalent to
(—00)° + (—ko)(—00)* — ((—ko)* + 2(%)2)(—00) — (=ko)’ =0,

which means that —og is a solution of (9.9) with respect to k = —ko € Z.
Hence the set Eigen (A;3) of eigenvalues with multiplicities of the operator A;3
is symmetric, which follows tha n(A;3) = 0.

Denote by wpiv the Kahler metric with the minimal holomorphic sectional
curvature is —1, then

n 2

1 i
52(2 )2

i=1

n

_Z‘Zi‘Q :

=1

wpiv = —2i00 log | 1+

see e.g. |44, Page 87|. Similar to Section 3 and (3.11), the Toledo invariant
T(X, ¢) can be given by

T(Z, ¢) = 217T/z <j*wD;y - Zd(Xij*ai)>

=1

for any J € J,(Er,2), where ¢ denotes the number of connect components of
0%, J: ¥ — DIV(= J(Eg,Q)) is the ¢-equivariant map given by J, a; = d;,
i is a ¢(c;)-invariant (up to a constant) Kéhler potnetial with doy = wpiv.

In fact, for any zg € DLV, the isotropy group of zg is K., :={L € SOy(n,2) :
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L(zp) = zo}, then the K, -invariant (up to a constant) K&hler potential v,
with ddi)., = wpv can be given by

2

. 1— 1
Vs (2) = —log (‘—zoz +14+ ZZJZO 2z (1+ |§sz\2 — ||z||2)> .

10. APPENDIX

In this section, we will calculate the eta invariant and rho invariant for the
group U(1,1), and explain the classification of nilpotent conjugacy classes in
U(p,q). In the last subsection, we will give a geometric proof of the Milnor-
Wood inequality for the bounded cohomology Toledo invariant.

10.1. The eta invariant and the rho invariant for the group U(1,1).
Every L € U(1,1) has the form

L=¢e"L
where 6 € [0, 27), and

a b
Ly = <I_) ZL) S SU(l,l),

i.e. |a|> —|b|*> = 1. Tt is known that the group SU(1,1) is isomorphic to the
special linear group SL(2,R). More precisely, the isomorphism is given by

o :SU(1,1) — SL(2,R),
o Vv (¢ PYurtope( ot —la-iby
ia — 1b a-+b
where

(10.1) U= \% <_1Z i) , Ul= \2 <_ZZ D :

Hence, one can give the definitions of hyperbolic, parabolic and elliptic ele-
ments in SU(1,1) through the isomorphism ® and the classification of SL(2, R).
More precisely, for any L1 = <Z 2) € SU(1,1), it is called

(i) hyperbolic if | Re(a)| > 1,
(ii) elliptic if | Re(a)| < 1;
(iii) parabolic if Re(a) = +1.

In this section, we always assume

>R
Ql
>
<]

Note that
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For any L = €L; € U(1,1), where L; = (Z 2) € SU(1,1), then

L = +e" exp(2nU ' BU) = +eU~L exp(27B)U,
for some B € s[(2,R). The canonical almost complex structure is given by
J: = exp(—2xU'BU)J exp(zU'BU) = U L exp(—2B)(UJU ) exp(zB)U
= U texp(—zB)Jyexp(xB)U = U 1J,U,
where Jo := exp(—zB)Jyexp(zB). Suppose s € AR, E)L' = A%(SY, E,) is an

eigenvector of Ay belongs to the eigenvalue o € R, then

d
i —0Js =U 'oJgUs = U 'oexp(—axB)Jyexp(xB)Us.
x

By solving the above ordinary differential equation, we obtain
s(x) = U  exp(—aB) exp(x(cJo + B))Us(0).
The L-equivariant condition s(x + 27) = L~'s(x) is equivalent to
—1i6 : 0 -1
Us(0), ifL= 2xU~BU);
exp(2m(ody + B)Us(0) = 4 ¢ 050, L =cTexp(2m )
—e70Us(0), if L= —e"exp(2nU 1 BU).

If s1(z) = s2(x) is an eigenvector of Ay, then

(051(): 51(0)) = (04,(), 52(0)) € R x (C*\{0})
is a solution of the following equation
(10.2)
exp(—if)Ue, if L = exp(if) exp(2rU 1 BU);
—exp(—if)Ue, if L = —exp(if) exp(27U'BU).
For a subset & in the set of all solutions R x (C%\{0}) of (10.2), we call & is
maximally C-independent if for any eigenvalue o, &, = U, ¢)cg{e} is maximally

exp(2m(cJo + B))Ue = {

C-linearly independent in the set of all vectors associated with o. If & is a
maximally C-linearly independent subset in the set of all solutions of (10.2),
then the set of eigenvalues (with multiplicities) of Ay are given by the following
disjoint union
Eigen(4y) = | | {o}.
(o,e)€S
Remark 10.1. If o is a solution of exp(27(cJy + B))Ue = exp(—if)Ue, which

means that 27ki is an eigenvalue of 27 (o Jo+B)+i01s, k € 7, which is equivalent
to

(10.3) det(2m(0Jy + B) +i012 — 27mikIs) = 0.
Hence, if L = exp(if) exp(2rU 1 BU), the set of eigenvalues (with multiplici-

ties) of Ay is given by solving the equation (10.3). Similar for the case L =
—exp(if)) exp(2nrU L BU), we just need to solve det(27m(aJo + B) +i(0 +7) Iy —
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2mikly) = 0. Note that B € sl(2,R), so Tr(B) = 0. If moreover, 2r(cJy + B) is
diagonalizable, then

0 0
Hence A\; = Tr(2n(0Jo + B) + (0 + 2km)I2) = 2i(6 + 2k7), and so

2n(0Jy + B) +i(0 + 2kn)I, = P~ <)\1 O) P.

201
exp(2m(0Jo + B) + i6Iy) = P! (60 8) P.

Thus, the ¢ has the multiplicity 2 if § = 0,7, and ¢ has the multiplicity 1 if
0 #0,m.

The following lemma is useful in the calculation of eta invariant.

Lemma 10.2. If there exists a constant co > 0 such that (ak® + bk + ¢)'/? >
I+ cok for any k> 1, wherel > 0,a > 0, s € (0,1/2) and b,c € R, then

> 1 1 21
1. P = Rp—_—
Sl_% Pt (((ak2 4 bk 4+ c)1/2 _ l)s ((ak2 + bk + C)I/Z + l)s) \/6

Proof. Denote
1 1

&) = e ohr 02—~ (@21 bkt 9210

=ls /1 d9 .
_1 ((ak? + bk + ¢)1/2 — 9l)s+1
Then
(10.4)

o0

le/ do
_1 ((ak? + bk + ¢)1/2 — 01)s+1

R ket 11 o 2s 1o
B Z ks+1 ((ak? + bk + c)1/2 — O1)s+1 (f " Z (e

Define a continuous function f(z) = ((a + bz + cz?)'/? — Qla:)*(sﬂ), z € [0,1].
By assumption, one has 0 < f(z) < ¢, St hus

F(2)] = (s+ 1)f(m)%?|%(a b+ ca?) V2 (b + 2ex) — 61 < Cls + 1),
which follows that |f(3) — f(0)| < C(s+ 1)%, and so

ke (<ot
((ak? + bk + c)V/2 — 01)st1  “\/a - k’
which implies that the first term in RHS of (10.4) vanishes since lims_o s(s +
1)¢{(s +2) = 0, where ((s) = °°: k¢ is the zeta function. Hence

[e.9] o0

2ls
lim » F(k)=lim (—
1
s—0 — s—0 P ks \/5

2
\/a?

L)SH —

Ja

)S‘Irl =2l hm sC(s+ 1)(




SIGNATURE AND TOLEDO INVARIANTS FOR FLAT UNITARY BUNDLES 85

where the last equality follows from the fact lims0s((s+ 1) = 1. O

For the group SU(1,1), L € SU(1, 1) has the following normal form:
(1) Ly is hyperbolic. In this case, A ¢ S'and A € R, L; has the form:

U‘1<3 >U;

(2) Ly is elliptic. In this case, the eigenvalue A € S'\{#1}, L, is given by

1 .1 ( costh —sint
UTRONU =U <sin91 cos 01 )U’

>= O

where 61 € (0,7) U (7, 27).
(3) Ly is parabolic. L; has the following form:

_ Ao
1
U (0 A)U,

Now we will calculate the eta invariant 7(Ay) and rho invariant py(S*). For

where p € R, A = £1.

the bounded symmetric domain of type I, we have the following isomorphism
Jio : DM =Dj; = T(R?, —Jp), Jue(W) = -UI(W)U .

From (8.9), one has

~ s
*
J'a=Jg a,

which follows that

(10.5) polsh) ==+ [ Fatnan =~ [ Tt

s

(1) A € S1. For the case A\ > 0, we take

1 1 0
B—%log|)\|(0 _1>,

such that L = exp(27B), and L = exp(if)U ' L1U. Then the set of all eigen-
values (with multiplicities) of Ay is

{i\/(;;+k)2+(217r10gw)2,kez} 040,
Eigen(A3) = ¢ | 2, {i\/k:2 + (L log |A))2, k € Z>0} U{tLlog[Al} 6=0
|_|12:1{i\/(%—kk)?—i—(%log]/w)?,keZZO} .

Since the set Eigen(Aj) is symmetric, so n(Ay) = 0.
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If A < 0, then exp(2rB) = —Lq, and the set of all eigenvalues (with multi-
plicities) of Ay is

{i\/9 0on + k)2 1log])\|)2,k€Z} 0#0,7
Eigen(A3) = ¢ | 2, {i\/ (=1 + k)2 + (L log [A)2, k € Z>0} 0=0
L2, {:i:\/k2 Lilog|\|)2 k € Z>0} U{tLtlog|A} 6=

Since the set Eigen(Ajy) is also symmetric, so n(Ay) = 0.
From Remark 8.2, then

(10.6) a=—dlogdetIm Z = —dlogIm Z = 7Z(dZ +dZ).

2Im
The almost complex structure Jo(z) is given by

Jo(x) = exp(—azB)Jexp(zB) = (,)\(’)i _pz)‘ w) .
Then
WoJo(z) = (24 A7 + A 7%) T (A7 = A7)
Thus
ZoJo(x) =i(1—WoJg(z))(L+WoJg(z)) "

is purely imaginary, which follows that

(d(Z 0 I(x)) +d(Z 0 I (x))) = 0.

Hence

1 —~x
p¢(51) = —— Jo a+ U(AJ) = U(AJ) =0.
™ . Js1

Remark 10.3. For any L € Sp(2n,R) with the following matrix form

B exp(2mB) 0
L== < 0 exp(—27BT))’

where B € sp(2n,R). One can check that Z o Jo(z) is also purely imaginary,
and so g jéa = 0, where Jo(z) = exp(—zB)J exp(zB) and J is the standard
complex structure. Moreover, the set of all eigenvalues (with multiplicities) of
Ay, is symmetric, so n(Ag,) = 0. Hence py(St) = 0.

(2) A € S\{£1}. In this case, L1 = R(61) and B = &L Jy, exp(2r (0 Jo+B)) =
R(2mo + 01). Hence the solutions of exp(2w(cJo + B))Ue = exp(—if)Ue are
given by

U:—ﬂ‘l-k:i: 0 = keZ.
27
the set of all eigenvalues (with mult1p11c1tles) of Ay is
(- +f+h-f-Lthker) 040r

Eigen(Ajy) =
ulzl{—g—;+g+k,kez} 0=0,n.
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Using Lemma 4.8, the eta invariant can be given by

27

, 0—0]7° & 1 1
n(Ar) = h—r>r(l) sen(6 —61) o +Z 00, |° 0—6 |°
° T k=1 ‘k+ 57‘('1 ‘k_ ;71'1
21— 0 — 017" & 1 1
li o — 0 — -/ 7 7 _
+sl—r>r(1) sgn(2r — 0 = 61) 2 + s ‘k— 2r—0—6, |°

2r—0—01
k=1 ‘k + 27

(9+01
™

0—6,

=sgn(f —01) — —sgn(f + 601 —2m) — 2+

2
=sgn(f —01) —sgn(0 + 6, —2m) — 2+ ﬁ
7r

where sgn(f) denotes the signum function (sgn(0) = 0, sgn(x) = x/|z| other-
wise). Since [J, B] =0, so

Jo(z) = exp(—aB)J exp(zB) = J,

and jz*a = 0. Hence py(St) = —% Js1 jz*a +n(Az) =n(Ay).
(3) A = +£1. In this case, L; is given by

(0 1),

where p € R, and L1 = Aexp(27B), B is given by

Thus

— 23
27T(UJ0+B)—( 0 27ra+)\>_

2o 0

For A\ = 1, the solution of exp(2m(cJy + B))Ue = exp(—if)Ue is given by

m §2 0 ?
=Ky Z k) kez
M 167r2+(27r+ ) ©

For p # 0, the set of all eigenvalues (with multiplicities) of Ay is

{ﬁTi\/lgjrz+(2€T+k)2,k€Z} 040,
Eigen(43) = { ||, ﬁ:l:\/lgig +k2,k‘€Z>g}U{O,2‘;} =0

U?:l ﬁri\/lg;2+(;+k)2,k6220} 0=m.
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Thus, if A=1, u > 0 and 6 # 0,7, then
7L SN VTP I VN U VTR
47T+27T 4+9 4w 2wV 4
2 N\ 7F]
po 1 (p Iz u 2\°
2o (B4 2 i (B4
<47T+27T<4+(k7r+0 ) =t 2 4 (lmr—i—@)))

% 2 2 2 -7
+Z <4‘; +i </1 (2km — 0) > < ﬁ — + (2kw — 0) > )
_ L

77AJ( )

00
>
k=1

k=1

By Lemma 10.2, the eta invariant is n(AJ) For 6 = 0, one has n(Ajz) =
1 — £ For § =, one has n(Ay) = —£. In one word, if A =1 and p > 0, then

n(Ay) =1 —sgn(0) - —.
Similarly, If A =1 and pu < 0, then

n(Ay) = —1+sgn(f) — =
Hence, for A = 1, then

oleds) = sea() (1~ snie) - 1),

For A = —1 and u # 0, then the set of eigenvalues (with multiplicities) of Ay is
{ Bt + (G 4 k) keZ} 00,7
Ei AL) — 2 —u p? 1 2 —

igen( J)— |_|l=1 Ei 167r2+(_§+k) k€ Z>o 6=0

LBy ) 7 4 /e + 42, }u{o,—;;} 6.

Then the eta invariant is given by

o) = sen(-p) (1= st~ ) - 1)

™

For u = 0, the set of all eigenvalues (with multiplicities) of Ay is symmetric, so
n(As) = 0.
In this case, the almost complex structure is

—p2 —
Jo(z) = exp(—zB)J exp(zB) = <11) bib 1) ,

where b = —%% Then
2ib — b?

b3 + 4b

ZolJ =i(24+bi) "2+ b2 —ib) =
oJo(x) z(—l—z)(—l— ib) Z+b—|—4

t+b.
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By (10.6), one has

e 1 p
J =db=——=—dzx.
0« 21 A x
Hence
1 [ —
— 0= ——7=,
™ S1

and the rho invariant is

pols") = ——

. 1y
J Aj) = —= Ag).
= 0o a+n(Ay) 7T)\7L77( 7)

Therefore, with the convention 6 € [0,27),6; € (0,7) U (7, 27),

A n(Ay) ps(S')
A¢g St 0 0
1 sgn(6—0;)—2+ 221 sgn(—01)—2+ 21
Aes \{il} —sgn(f+6: —27) — sgn(0+61—2m)
(10.7) p=0 0 0
A=1,u>0 1 —sgn(f) — £ 1 —sgn(h)
A=1u<0 —1+sgn(d) — £ —1 + sgn(h)
A=—1,u>0| -1+ |sgn(@—m)|+£ | -1+ |sgn(d — )
A=—-1,4<0| 1—|sgn(@—m)|+£ | 1—|sgn(d—mn)]

Comparing with (6.7), if k1 and ko are unique integers such that

a1 =0 —01+2ki7m € [O,QW), g =0+ 01 + 2kom € [0,27r)

—1601 0

0 1-91), then one can check that
e

for an elliptic element e? <e

20 « «
n(Ay) = sgn(9—91)—sgn(9—|—01—27r)—2+71 = sgn(a1)(1—?1)—sgn(a2)(1—?2),
which is consistent with (6.7).

m(S') = Sp(2.R) =

SL(2,R), then the associated eta invariant and rho invariant correspond to the
case of = 0 in (10.7). By (8.10) and (8.11), one has

Remark 10.4. If we consider the representation ¢q :
1(Az)) = =1(As),  Pso(S') = —py(Sh).

Hence the eta invariant and rho invariant for the representation ¢q : m1(S') —
Sp(2,R) are given by
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A 1(A3s) | Py (S)
g St 0 0
e SN\{£1} 21— %) [2(1 - %)
(10.8) p=0 0 0
A=1Lpu>0| 142 —1
A=1Lpu<0| 1+£ 1
A=-1 —u 0

10.2. Connection with the multiplicative Horn problem. When the Her-
mitian form is positive definite, i.e. ¢ = 0, the signature makes sense, the Toledo
invariant vanishes. Our Milnor-Wood type inequality (Theorem 0.4) reads

(10.9) 1Py (0X)| < pIx(E)].

By additivity of the signature, it suffices to establish it in case X is a triply
punctured sphere. In this case, the representation ¢ is determined by two uni-
tary matrices A and B. The third boundary holonomy, C| satisfies ABC' = I),.
We check that inequality (10.9), which in this case reads

(10.10) p(A) + p(B) + p(C)| < p,
follows from the solution of the multiplicative Horn problem, [1].

Let A € U(p). Let (e )j=1,..p denote the eigenvalues of A, normalized so
that 6; € [0, 27). Then

0
p(A) = Z 1— P
7;0;#0
=S o1 - )
: ! T
7=0
10.2.1. Matrices in SU(p). Let us translate the problem into more traditional
notation.
The eigenvalues of a matrix A € SU(p) can be uniquely written €21, ... %™,
where
® )\1 - )‘p < 1,
e N> >,
® Z§:1 Aj =0
Note that A\;j(A™1) = —\,_;(A).
In our notation €1, ... e,

e all 6; € [0,27),
« 01> >0,

e m(A) =4+ ?:1 6; is an integer between 0 and p — 1.
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The correspondance is as follows:

Om+1 0
)\1: ;;7"'7Ap—m:§7
01 0.
)\p_m+1:%—1,...7)\p:£—1.

We note that m(A) is the number of negative reals among the \;’s and m(A™!)
is the number of positive reals among the A;’s. In particular,

m(A™) = p —m(A) —v(A),

where v(A) is the number of \;’s which are equal to 0. Note that the numbers
of {\; =0} and {6; = 0} are equal.
Denote

Note that
m(A™) =p—m(A) —v(A) =p—(p—m(A™") — (A7) —v(4)

from which it follows that

V(A) = (A7),
Hence
(10.11) A(A) + (AL = m(A) + m(A~Y) + v(A) = p.
In our notation,
0;(A)

> sen(d;(A)(1 - ) =p—v(A) - 2m(A) = p - 2m(A).
j=1

™

Inequality (10.10) states that if A, B,C € SU(p) satisfy ABC = I, then
lp = 2m(A) +p = 2m(B) +p — 2m(C)| < p,
or equivalently,
p < m(A) +m(B) +m(C) < 2p.
Since C' = (AB)~! and (10.11), so it is equivalent to
(10.12) 0 <m(A)+m(B)—m(AB) <p

Since
)‘p—m(A)—i—l (A) + )‘p—m(B)—i-l (B) <0,
If m(A)+m(B) > p+1, the left hand side of Agnihotri-Woodward’s [1, inequality
(8)], implies that
Ap—m(A)+14p—m(B)+1-1(AB) < 0.
This implies that

p>p—m(A)+1+p—m(B)+1—-1>p—m(AB)+1,
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(10.13) m(A) +m(B) —m(AB) < p.

If instead m(A) + m(B) < p, (10.13) also holds.
Hence

(m(A) +m(B) — m(AB)) + (v(A) + v(B) — v(AB))
(10.14) =p—m(A ) +p-—m(B~") - (p-m((AB)™"))
=p— (m(A) +mB™H) —m(BATH) >0

since m(A~Y) +m(B~!) — m(B1A~!) < p by (10.13).
On the other hand, if m(A™1) +m(B~!) < p—1, we can take i = p—m(A) —
(v(A) — 1), j = p— m(B) — (v(B) — 1), then

(10.15) Aitj—1(AB) < Mi(A) + \(B) < 0.
This implies that
p=zp—m(A) = ((A) = 1) +p-m(B) - (v(B) = 1) =1 > p—m(AB) - v(AB) + 1,
which is equivalent to
m(A™) +m(B™Y) —m((AB)™!) > 0.
If m(A=1) + m(B~1) > p, then the above inequality holds obviously. Hence
(10.16) m(A) +m(B) —m(AB) > 0.

Adding (10.14) and (10.16), one gets

)
2 (m(A) + m(B) — m(AB)
(AB)

(10.17) )+(V(A) +v(B) —v(4B))]

which implies that
(10.18) m(A) +m(B) — m(AB) < p.

We have established both sides, (10.18) and (10.17), of inequality (10.12).
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10.2.2. The general case: matrices in U(p). We have just proven that
(10.19) Ip(A) + p(B) +p(C) <p
for any A, B,C € SU(p) with ABC = I,,. Now we are aiming to prove (10.19)
for any A, B,C € U(p). It suffices to prove that
(10.20) p(4) + p(B) + p(C) < p.
Indeed, note that p(A~1) = —p(A), so
p(A™ ) +p(B™Y) +p(C™) = —(p(A) + p(B) + p(C)) = —p,
which implies that
p(4) + p(B) + p(C) > —p.
Denote by 0(A) € [0,27) the number satisfying
det A = 794,
Similarly, we can define 6(B),0(C) € [0, 27) for B,C. Since ABC = I,
0(A)+0(B)+0(C) € {0,2m,47}.
o If (A) +60(B)+6(C) =0, then A, B,C € SU(p), and (10.20) follows

from (10.19).
o If 0(A) 4+ 0(B) +0(C) =27 and 0(A)H(B)§(C) # 0, we denote

Then A, B,C € SU(p+1) and ABC = Iptq, so

p(A)+p(B)+p(C) <p+1.
By the definitions of /T, E, C~’, one has

p(A) + p(B) + p(C) = p(A) + p(B) + p(C) + sgn(6(4))
+sgn(0(B)) +sgn(0(C)) — b(4) + 9(7TB) +6(C)
=p(4) + p(B) + p(C) + 1,
which implies (10.20).
o If (A) + 6(B) + 6(C) = 27 and 6(A)H(B)§(C) = 0, without loss of
generality, we assume that §(A) = 0, then 6(B) > 0,6(C) > 0. In this
case, we denote

A0 0 B0 0 Ci 0 0

A=|0"em 0 |.B=| 01" o |.C=| 0T 0
010 ¢ 01 0 & 01 0
Then A, B,C € SU(p + 2) and ABC = Ipio, s0o

p(A) +p(B)+p(C) <p+2.
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The rho invariants satisfy

p(A) + p(B) + p(C) = p(A) + p(B) + p(C) + 2(sgn(m) + sgn(6(B)/2)
m+0(B)/2+0(0))2

+sgn(0(C)/2) —
=p(A) + p(B) + p(C) +2,

which implies (10.20).
o If0(A)+0(B)+6(C) = 4r, then §(A)0(B)68(C) # 0, we denote

A‘,,O,,,,Q,, 773\7707777977
A= 01" B=| 01 o |,
‘ ;004) ‘ e
01 0 e 2 OI 0 el 73
cCi 0 0
~ ’7‘17.70(@) 777777
C = 0r1e 2
I 10
O] 0 e' 2
Then

p(A) + p(B) + p(C) +2 = p(A) + p(B) + p(C) < p+2
which implies (10.20).
Therefore, we have completed the proof of (10.20).

10.3. Nilpotent conjugacy classes in su(p, q). We provide details of the clas-
sification of nilpotent conjugacy classes in su(p, q). This is a special case of the
clssification of conjugacy classes in classical groups, due to N. Burgoyne and R.
Cushman [15].

Definition 10.5. Say a nilpotent element of su(E, Q) has height m, if N1 =0
and N™ # 0. Say N is uniform if all its Jordan blocks have the same height.

Lemma 10.6 (see [15, Proof of Prop. 4]). Let N € su(E,Q) be nilpotent of
height m. Then E admits a decomposition E =Y & Z in N -invariant orthogonal
subspaces such that Ny is uniform of height m and Z C Ker(N™).

Proof. Let (e;)1<j<n be a Jordan basis for N, i.e. for each j, Ne; = ej_1 or 0.
Let F' =span({e;j; N™e; # 0}). Then F is a complement to Ker(N™). Set

Y = é NIF.
j=0

Then Y is N-invariant and uniform of height m. Let us show that €2 is non-
degenerate on Y. Assume by contradiction that there exists a nonzero z € Y N
Y+ Then Q(x, (iN)/y) =0 for ally € Y and j > 0. Write x = Z;”'Zo(iN)jfj =
(iN)J f + 21 where jo = min{j; f; # 0}, f = fj, € F and x; € N1y Then
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Nm=Joxy = 0, so, for all y € Y, Q(z1, (iN)"70y) = £Q((iN)™0z1,7y) = 0.
In particular,
VyeF, Q(iIN)™f,y) = £Q(EN)f, (iN)"oy)
= Q(z — 1, (N)™9oy) = 0.
Since F' is a complement to Ker(N™), Q(f, (iN)™e) = Q((iN)™f,e) = 0 for all
e€ E,so N™f =0, contradiction. We conclude that Z = Y is a N-invariant

complement to Y in E. Note that Im(N™) = N™(F +Ker(N™)) C N"F CY.
It follows that Z = Y+ C Im(N™)+ C Ker(N™). O

Lemma 10.7 (see [15, Prop. 2|). Let N € su(E,Q) be uniform of height m.
For j € N, let 7; denote the Hermitian form on E defined by

7j(u,v) = Q(IN) u, v).
Then there exists a complement F of NE in E, such that

m
E=NF,
§=0
and all Hermitian forms P vanish except 7., which is non-degenerate.

Proof. Since N has height m, 7; = 0 if j > m. Furthermore, for all u,v € E,

7 ((iN)u,v) = 7(u, (iN)v) = 711 (1, 0).

Let us start with the complement F' to Ker(N™) introduced in Lemma 10.6.
Since N is uniform, £ =Y = @;":0 NJF. Since € is non-degenerate, the kernel
of 7, equals Ker(N™), so 7, is non-degenerate on F. We shall inductively
improve F' until all 7; but 7, vanish on F'.

Let k£ be the smallest j < m such that 7; # 0 on F. Let us compute, for
u,v € F|

Te(u 4 (iN)™Fu, v + GN)*0) = 7 (u, v) + 275 ((EN)™Fu, v)

IN)™ R, (iN)™R)
)

U, ) + 27—k (u, v) + Th+2(m— k)(“ v)

~.

since k + 2(m — k) = m 4+ m — k > m. This does not suffice to kill 7. A
correction, provided by a 7,,-symmetric linear map ¢ : F' — F', exists. Indeed,
we want to solve

Ti(u A+ (IN)"*d(u), v+ (IN)"F¢(v)) = 1w, v) + T (B(w), v) + Tn (4, (v))
= 7% (u,v) + 27 (P(u), v) = 0.

Since 7, is non-degenerate on F', this equation uniquely determines a 7,,-
symmetric linear map ¢ : F — F. Then 75 vanishes on (Id 4 (iN)™ % 0 ¢)(F).
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If k <j<m,forall u,velF,
7j(u+ @EN)"F(u), v + (iN)™F(v))
= 7j(u,v) + Tjrm—k(d(w), v) + Tjpm—k (U, ¢(V)) + Tjpo(m—k) (@(u), d(v))
=Ty (U, U)a
since j +m —k > m and j + 2(m — k) > m. So the vanishing of 75, j > k, is
preserved. Therefore one more of the Hermitian forms 7; vanishes on the image

F' = (Id+(iN)™ *0¢)(F). The Hermitian form 7,, is non-degenerate on every
complement to its kernel, so on F. Let us show that the sum > 7" (iN Y F' is

direct. If f{,..., f}, € F'" and ZT:o(iN)jfj/' =0, write f} = f; + (iN)™ ko (f;)
for some f; € F'. Then

m—k—1 m
ST OGNYfi+ > GNY(fi + ¢(fj—man) = 0.
j=0 j=m—k

This implies that fo vanishes, and recursively that all f; vanish as well. Thus
E=@QL, NJF'. Therefore we can replace F' with F', winning the vanishing
of Tk

After finitely many steps, we get F' such that 7; = 0on F forall 0 < j < m-—1
and 7, is non-degenerate on F. (]

Corollary 10.8. Let N € su(E,Q) be a single Jordan block. There exists a
Jordan basis for N in which the matriz of ) is antidiagonal.

Proof. In this case, dim(E/NE) = 1 and N is n — l-uniform. Lemma 10.7
provides us with a 1-dimensional complement F' of NE. Pick a nonzero vector
en € F. Set ej = (iN)"Je,, j = 1,...,n. This is a Jordan basis for N, in
which the entries of ) are given by

Wi = QEN)"en, (iN)"en) = QEN)" 7 Fen, en) = Ton—j—r(en, €n),
which vanish unless 2n —j —k=n—1,ie. j+k=n+1. U
Lemma 10.9 ([15, Proof of Prop. 3|). Let N € su(FE, Q) be uniform of height m.

Then E admits a decomposition E = @j Y; in N-invariant pairwise orthogonal
subspaces such that each (Y, N‘Yj) is a single Jordan block of height m.

Proof. According to Lemma 10.7, there exists a complement F' of NE in E such
that E = F @ ---® N™F and all 7; but 7, vanish on F.

Let u,v € F be linearly independent vectors such that 7,,(u,v) = 0. Then
for all j € N, Q((iN)/u,v) = 7j(u,v) = 0. So the cyclic subspaces C(u) =
span(u, Nu, -, N"™u) and C(v) generated by u and v are Q-orthogonal.

Let (u1,...,u,) be a 7y,-orthogonal basis of F. Since N is uniform of height
m, Ker(N) = N™E, N is a bijection N/F — NJ*'F for all j < m. Therefore
NJuq,...,Nu, is a basis of N7F, and the whole collection

{Niup;j=0,....m, k=1,...,7}
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is a basis of E. This shows that £ = C(u1) ® --- & C(u,), this is the needed
N-invariant and Q-orthogonal decomposition in Jordan blocks. O

The above lemmata complete the proof of Proposition 4.15.

10.4. The Milnor-Wood inequality for the Toledo invariant. In this sub-
section, we will give a geometric proof for the Milnor-Wood inequality of Toledo
invariant for general Hermitian symmetric spaces.

First we mention the classification of isometries for a symmetric space X of
noncompact type with G' = Iso?(X). Let £(¢) = inf,ex dx(z,¢(x)) for ¢ € G.
We say ¢ is ([23, 1.9.1] )

(1) axial if £(¢) > 0 and realized in X.
(2) elliptic if ¢(¢) = 0 and realized in X, i.e., it has a fixed point in X.
(3) parabolic if ¢(¢) is not realized in X.

If L is parabolic, it has a fixed point at X (co) (|23, Prop. 4.1.1] ). Hence
it stabilizes a horosphere H based at a fixed point of L. If L € G is parabolic,
then it is an element of a horospherical subgroup N, for some point € X (00),
see |23, Prop. 2.19.18 (5)] . But N, has a property that for g € N,

lim e ¥ ge!X = id,

t—o0
where X € p is a unit vector whose infinite end point is x in the Cartan decom-
position g =t@ p at p € X. This implies that for g € N,

(10.21) Jlim d(e"p, ge"*p) = 0,

which means that any two geodesic rays starting from p and gp pointing forwards
x, get closer exponentially fast.

Let ¥ be a surface with g-boundary components and of genus g of negative
Euler number. Considering a boundary component as a puncture, one can find
an ideal triangulation A of ¥, which is just a maximal collection of disjoint
essential arcs that are pairwise non-homotopic, whose vertices are at punctures.
If there are F' ideal triangles in /\, there there are % edges since each edge is
shared by the adjacent triangles. Here by taking a triangulation carefully, we
can assume that two adjacent triangles are distinct. Hence by the definition of

the Euler number

F
F—%:2—2g—q

where ¢ is the number of punctures. Hence there are —4+4g+ 2q ideal triangles
in AA. Now considering the punctures as boundaries, these ideal triangles wrap
around each boundary component infinitely many times, and still denote this
triangulation by A.
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FIGURE 1. Ideal triangulation of a pair of pants consisting of
two ideal triangles

Given a representation ¢ : m1(X) — G, the Toledo invariant for the associated

Hermitian symmetric space X with a Kahler form w is given by the equation
(3.11), i.e.,

1 d 1 1 &
(%0 = 5 [ (f*w - ;dm*ai)) SRR ) Rt
for any ¢-equivariant map f.

Since we have an identification between the symmetric space X and the com-
patible almost complex structures J(F,€), for an elliptic boundary we can
choose a ¢-equivariant map J: S oxxyg (E, ) induced by an equivariant
complex structure whose restriction to the elliptic boundary is a constant com-
plex structure J fixed by ¢(¢;) along the boundary, such that J* = 0 around
the boundary. Hence fCi J*a; = 0 for an elliptic boundary ¢;.

Now we want to prove that the same holds for axial boundary. Any axial
isometry has an invariant real axis [ in X, and ¢; invariant under this ax-
ial isometry has a property that fl a; = 0 by Remark 3.2. This shows that
fcif*ai :ﬁai =0

Find a ¢-equivariant map J: Y — X induced by an equivariant complex
structure. Now we can straighten J such that each ideal triangle o in A is
mapped to an ideal geodesic triangle in D. Now a new surface ¥/ = ¥ U UC;
is obtained from ¥ by attaching a cone C; to each parabolic boundary ¢;. One
can extend Str(j) in an obvious way on each cone to the corresponding horoball
neighborhood. In more details,

J: 8" x[0,00) — H,
where H is a horoball and J maps each geodesic z X [0,00) to an arc-length

parametrized geodesic from j(:v,O) to the base point of the horoball. Note
here that the almost complex structure along the boundary ¢; is an orbit of
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J under the one-parameter family generated by parabolic element ¢(c¢;), hence
the image under J is also the orbit of the one-parameter family generated by
parabolic element ¢(¢;). This forces that J(z x [0,00)) and J(y x [0,00)) get
closer exponentially fast as ¢ — oo for any two points x and y on ¢;.

In more details, [ (2](s0)| = e ~1T(Zwo))ls and [T(Z] )l = 121 = 1,
which makes

~, 0 0
J w(%’(:ﬂ,t)aa)

for some universal constant C'. Hence

- 27 00
(10.22) / | T*w| g/ / Ce™" < o0,
C} 0 0

which makes J*(dey;) a L form on C;.
If we decompose C; into two parts C} = St x [0,{] U C? = St x [t,00),
then J*(doy) being a L' form on Cj implies that [, J*(dey) — 0 as t — oo.

~ 0

0 _
w(J*(%’(CE,O))? a) <elC

—t

-

Furthermore by noting that |j*(% @)l = e_t|5*(%|($’0))|, fslx{t} Jra; =

f51>< {0} e_tj*ozi, the ordinary Stokes’ lemma holds to get for each parabolic
boundary ¢;

/ i Str(3) a;) = / Str(3) as = — / d(iStr(T) ).
by ¢ C;
This implies that

1 ~ %
T(X,¢) = 27T/E' Str(J) w.
Also note that we can deform A so that the triangles wrapping around the
parabolic boundary ¢; can be straightened to the cone point of C; to include Cj in
Ugeao. We still denote the deformed triangulation by A. Since ¥/ = Zoie AT,

using | [, Str(f)'w| = |fStr(f)(Ui) w| < 277(%), which follows from the fact

that the Gromov norm of k% € Hib(G,R) is % [17], we get the Milnor-

Wood inequality

(S, 6)] = |

% . Str(f) w’

< i(—4 +4g + 2q)2 (’W(DQ)

27 2
= rank(X) [ (2)].

Remark 10.10. First note that by [18, Corollary 9.4] , for any a € Sp(2n,R),
a? = exp X for some X € g.

Let m(X) = (c1,¢2, -+, ¢g—1, a4, b)) where ¢; are boundary components, and
cq = HeMag, b;). Take an index 2 subgroup I' < m1(X) containing ¢?, i =
1,--- ,g—1. Let ¥ = E/F and p : X1 — ¥ be a covering map of degree 2. Then
for each boundary ¢; i = 1,--- , ¢ — 1, there exists a corresponding boundary B;

of ¥y such that p(B;) = ¢?. Now it is possible that p~!(c,) might be disjoint
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union of two circles By, By+1 which map to ¢, homeomorphically. In this case,
take a double cover Yo of X1, which corresponds to an index two subgroup of
m1(X1) containing Bg, Bg_ﬂ. Then there exist two boundary components of Yo,
Cyq, Cg+1 which project to Bg,BgH. Then the covering map f from Yo to X
has the property that each boundary component of X9 projects to c?k for some
i=1,---,q.

Now for this 4-fold covering map f : 3o — X, consider the induced represen-
tation ¢9 = ¢ o fi : m(X2) — Sp(2n,R). Then for any boundary component
b of ¥a, ¢a(b) = ¢(c?*) for some c;, hence ¢a(b) = exp(2wB) for some B in
the Lie algebra of Sp(2n,R). This allows us to define an almost complex struc-
ture J(x) = exp(—zB)J exp(xzB) along any boundary of 3. Now if prove the
Milnor-Wood inequality for ¢o, then we prove the Milnor-Wood inequality for
¢ since both Toledo invariant and the Euler number for Yo is 4 times those
of ¥.. Hence we may assume that ¢(c;) = exp(27B;) for some B;. The same
construction works for other Hermitian Lie groups.
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