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ABSTRACT. In the last few years the authors proved Poincaré and Sobolev type inequal-
ities in Heisenberg groups H" for differential forms in the Rumin’s complex. The need
to substitute the usual de Rham complex of differential forms for Euclidean spaces with
the Rumin’s complex is due to the different stratification of the Lie algebra of Heisenberg
groups. The crucial feature of Rumin’s complex is that d.. is a differential operator of order
1 or 2 according to the degree of the form.

Roughly speaking, Poincaré and Sobolev type inequalities are quantitative formula-
tions of the well known topological problem whether a closed form is exact. More pre-
cisely, for suitable p and ¢, we mean that every exact differential form w in LP admits a
primitive ¢ in L4 such that ||¢||pe < C [|lw||Lp. The cases of the norm L?, p > 1 and

g < oo have been already studied in a series of papers by the authors. In the present paper
we deal with the limiting case where ¢ = oo: it is remarkable that, unlike in the scalar

case, when the degree of the forms w is at least 2, we can take ¢ = oo in the left-hand side
of the inequality. The corresponding inequality in the Euclidean setting R (p = N and
q = o0) was proven by Bourgain & Brezis.
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1. INTRODUCTION

1.1. Euclidean spaces and de Rham complex. To begin with, let us consider preliminar-
ily the Euclidean space RY, N > 1 and the differential forms of the de Rham complex
(Q2°,d) on RY. Tt is well known that closed forms w € Q® are exact, i.e. dw = 0 im-
plies that there exists ¢ € Q°*~! such that d¢ = w. This can expressed by saying that the
cohomology groups

(1) Hl: = (Q" Nkerd)/dQ" ! are trivial for 1 < h < N.

Global Poincaré and Sobolev inequalities in (§2°,d) are meant to give a quantitative
meaning to (1). More precisely, if 1 < p, ¢ < oo, we say that a global Poincaré inequality
holds on RY, if there exists a positive constant C = C(p, q) such that for every exact
h-form w on R, belonging to L, there exists a (h — 1)-form ¢ such that d¢ = w and

[6llze < Cllwllzr-

Shortly, we shall write that Poincaré,, ,(h) inequality holds, or that the L9P-cohomology
vanishes. For further comments and applications, we refer to [28]. Notice that a homo-
geneity argument shows that, if 1 < p < N, then we can take p < g < pN/(N — p).

In addition, we say that a global Sobolev inequality holds on RY, if for every exact
compactly supported h-form w on R™, belonging to L, there exists a compactly supported
(h — 1)-form ¢ such that d¢ = w and

[6llze < Cllwllze

Again, we shall write that Sobolev,, ;(h) holds.

We point out that if w is a scalar function on RY (i.e. u € Q°), then Poincaré,, ,(1) and
Sobolev ,, 4(1) for du are nothing but the usual Poincaré and Sobolev inequalities.

Besides global inequalities, it is natural to consider local inequalities, where the Eu-
clidean space RY is replaced (for instance) with a Euclidean ball. If 1 < p < N, a local
Poincaré inequality in de Rham complex has been proved by Iwaniec & Lutoborsky [24],
and a Sobolev inequality for bounded convex sets has been proved by Mitrea, Mitrea &
Monniaux [26].

The notions of Poincaré and Sobolev inequalities can be weakened through the notions
of interior inequalities. More precisely, we say that an interior Poincaré, ,(h) inequality
holds on RY if there exists a fixed A > 1 large enough such that for every » > 0 small
enough there exists a constant C' = C' (M, p, ¢, r, \) such that for every x € R" and every
exact h-form w on B(z, Ar), belonging to LP, there exists a (h — 1)-form ¢ on B(x,r)
such that dp = w on B(z,r) and

2) 9llLe(Be,r)) < CllwllLr(Bam)-

Analogously, by interior Sobolev inequalities, we mean that, if w is supported in B(z, 1),
then there exists ¢ supported in B(z, Ar) such that d¢ = w and

(3) Al e (B < CllwllLe(Br))-

Here we use the word interior to stress the fact that inequality (2) provides no information
on the behaviour of differential forms near the boundary of their domain of definition.

It turns out that in several situations, the loss on domain is harmless. This is for instance
the case of L9"P-cohomological applications, see [28].

Relying on these weaker notions, we have been able to cover also the case p = 1 (see
[5]). The other endpoint result p = N, ¢ = o0, is more delicate. Indeed, it is well known
that the interior Poincaréy . (1) fails to hold in RY (see e.g. [38], p. 484), and has to be
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replaced by the so-called Trudinger exponential estimate (see [36]) or by the more precise
Adams-Trudinger inequality ([38], Theorem 15.30).

However, rather surprisingly, in [14] Bourgain & Brezis proved that a global Poincaré y o ()
holdsfor1 <h < N —1.

1.2. Heisenberg groups and Rumin’s complex. In the last few years, the authors of
the present paper have attacked the study of Poincaré and Sobolev inequalities in sub-
Riemannian manifolds endowed with a “suitable” complex of differential forms (we re-
mind that the data of a smooth manifold M and of a sub-bundle H C T'M equipped with
a scalar product g is called a sub-Riemannian manifold). See, e.g., [23], [27].

More precisely, we have considered differential forms of the so-called Rumin complex
of Heisenberg groups: see [3], [4], [8], [6], [7]. The Heisenberg group H", n > 1, is the
connected, simply connected Lie group whose Lie algebra is the central extensions

“4) h=b1 @by, withhy =R =Z(h),

with bracket h; ® h; — ho = R being a non-degenerate skew-symmetric 2-form. Due to
its stratification (4), the Heisenberg Lie algebra admits a one parameter group of automor-
phisms J,

6 =tonbhy, & =t>onbhy,

which are counterparts of the usual Euclidean dilations in RY. Through exponential co-
ordinates, H" can be identified with the Euclidean space R27+1 endowed with the non-
commutative product induced by the Campbell-Hausdorff formula. In this system of coor-
dinates, the identity element e € H" is the zero of the vector space R?"*! and p~! = —p.
In addition, in this system of coordinates, the Haar measure of the group is the (2n 4 1)-
dimensional Lebesgue measure £2" 11,

Heisenberg groups are the simplest nontrivial (i.e. non-commutative) instance of the so
called Carnot groups, connected, simply connected and stratified Lie groups. Heisenberg
groups can be viewed as sub-Riemannian spaces, where the sub-Riemannian structure is
obtained by left-translating h; (we remind that the Lie algebra of H™ can be identified
with the tangent space to H" at e). In addition, Heisenberg groups are the local models of
contact manifolds, since, according to a theorem by Darboux, every 2n + 1-dimensional
contact manifold is locally contactomorphic to H".

For a general review on Heisenberg groups and their properties, we refer for instance
to [34], [23], [13], [37]. The main properties of H" that we shall need in this paper will
be presented below in Section 2. Here we limit ourselves to reminding that Heisenberg
groups carry natural left-invariant metrics, either Carnot-Carathéodory distances as sub-
Riemannian manifolds or, equivalently, Cygan-Koranyi norms p (see (9) below). Through-
out this paper we use systematically the Cygan-Koranyi distance d(p,q) := p(p~ ' - q).
The distance d is homogeneous of degree one with respect to group dilations &;, so that,
if we denote by B(p, r) the Cygan-Kordnyi ball of radius > 0 centered at p € H", then
L2 (B(p,r)) = er?2. In particular, this implies that the Hausdorff dimension of H"
with respect to d equals @ := 2n + 2.

As a consequence of the stratification (4), the differential forms on b split into 2 eigen-
spaces under J;, therefore de Rham complex lacks scale invariance under these anisotropic
dilations. A substitute for de Rham’s complex, that recovers scale invariance under ¢; has
been defined by M. Rumin, [30].

Leth =0,...,2n+ 1. Rumin’s substitute for smooth differential forms of degree h are
the smooth sections of a left-invariant vector bundle EZ. If h < n, E} is a subbundle of
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APH*.If h > n, E! is a subbundle of A" H® (T M/H). Rumin’s substitute for de Rham’s
exterior differential is a linear differential operator d. from sections of E} to sections of
EJIT such that d2 = 0. Further details about Rumin’s complex are contained in Section
2.2 below. We refer to also to [30], [9] [10] and [11] for details of the construction.

We stress that the operator d. is a left-invariant differential operator of order 2 when
acting on forms of degree n and of order 1 otherwise.

This phenomenon will be a major issue in our results and will affect the proofs (think for
instance of Leibniz formula) as well as the choice of the exponents p, ¢ in our inequalities.

1.3. Poincaré and Sobolev inequalities: precise definitions. We can state now the no-
tions of (global and interior) Poincaré and Sobolev inequalities in the setting of Rumin’s
complex.

Definition 1.1. If 1 < h < 2n+1land 1 < p < q < oo, we say that the global
H-Poincaré, , inequality holds in EY if there exists a constant C' such that, for every d..-
exact differential h-form w in LP(H"; E}) there exists a differential (h — 1)-form ¢ in
LI(H"™, B! such that d.¢ = w and

®) H¢||LQ(HH,ES,_1) < Cllwlen,zry  global H-Poincaré, 4 (h).

Definition 1.2. Let B := B(e, 1) and By := B(e,\). Given 1 < h <2n+land1 <
p < q < oo, we say that the interior H-Poincaré, , inequality holds in EUl if there exist
constants X > 1 and C such that, for every d.-exact differential h-form w in LP(By; E})
there exists a differential (h — 1)-form ¢ in L1(B, Egil) such that d.¢ = w and

(6) ||¢||LQ(B)E371) <C ||wHLp(BA,E(;]L) interior H-Poincaré,, 4(h).

Definition 1.3. If1 < h < 2n+ 1, 1 < p < q < oo, we say that the global H-
Sobolev,, 4(h) inequality holds if there exists a constant C' such that for every compactly
supported d.-exact differential h-form w in LP (H™; E(’}) there exists a compactly supported
differential (h — 1)-form ¢ in L(H", EX ™) such that d.¢ = w and

(7 ||</>HLq(Hn’E(;;71) < Clwllr@n,ry  globalH-Sobolevy, q(h).

Definition 1.4. Let B := B(e,1) and By := B(e,\). Given1 < h < 2n,1 < p <
g < oo, we say that the interior H-Sobolev,, ,(h) inequality holds if there exist constants
A > 1 and C such that for every compactly supported d.-exact differential h-form w in
LP(B; E}) there exists a compactly supported differential (h—1)-form ¢ in L(By, Eg )
such that d.¢ = w in By and

(8) ||¢||LQ(BA7E371) < Cllwllpr(p,gry  interior H-Sobolevy, q(h).
Here we have extended w by 0 to all of B.

Remark 1.5. As in [8], Corollary 5.21, an elementary scaling argument shows that, if
h#n1<p<Qandq=pQ/(Q—p),orh=mn1<p<Q/2and q=pQ/(Q — 2p)
then the interior H-Sobolev,, ,(h) implies the global H-Sobolev,, ,(h) inequality.

Suppose 1 < h < 2n. Ifh #n, p = Q take ¢ = 0o, and, h =n, p = Q/2 take ¢ = .
We shall see later that (unlike in the case h = 1 or h = 2n), interior H-Sobolevg o (h)
hold. Then, again the corresponding global inequalities hold, thanks to the same scaling
argument.

In the sequel, we shall refer to the exponents ¢ = pQ/(Q — p) or ¢ = pQ/(Q — 2p)
according to the degree of the forms as to the sharp Sobolev exponent.
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1.4. State of the art. In [8] and [6] the following Poincaré and Sobolev inequalities have
been proven. More precisely, [8] deals with the case p > 1, whereas [6] covers the case

p=1

Theorem 1.6 (Poincaré inequality). If 1 < h < 2n+ 1, we have:
i) ifh #n+1,2n+1and 1 < p < Q, then the interior H-Poincaré, ,o /(q—p)(h)
holds;
ii) ifh =n+1and1 < p < Q/2, then the interior H-Poincaré, ,q/(q@—2p)(n + 1)
holds;
iii) if h = 2n 4+ 1and 1 < p < Q, then the interior H-Poincaré,, ,/(o—p)(h) holds.

Analogous statements hold for global Poincaré inequalities on H™.

Theorem 1.7 (Sobolev inequality). If 1 < h < 2n+ 1, we have:

i) ifh #n+1,2n+1and 1 < p < Q, then the interior H-Sobolev,, ,o /(q—p)(h)
holds;

ii) ifh =n+1and1 < p < Q/2, then the interior H-Sobolev,, ,/o—2p)(n + 1)
holds;

iii) if h = 2n 4+ 1and 1 < p < Q, then the interior H-Sobolev,, ¢ /q—p)(h) holds.

Analogous statements hold for global Sobolev inequalities on H".

1.5. Main results and sketch of the proofs. The aim of the present paper is to complete
the results gathered in Section 1.4, by covering (when possible) the endpoints p = @ or
p = Q/2 according to the degree of the forms.

Thus, the core of the present paper consists of the following theorems:

Theorem 1.8. If 2 < h < 2n+ 1, we have:

i) if h # n+ 1, then the interior H-Poincarég . (h) holds;
ii) if h = n+ 1, then the interior H-Poincarég /5 o (1) holds.

Analogous statements hold for global Poincaré inequalities on H".

Theorem 1.9. If 2 < h < 2n + 1, we have:

i) if h # n+ 1, then the interior H-Sobolevg o (h) holds;
ii) if h = n + 1, then the interior H-Sobolev /3 o (1) holds.

Analogous statements hold for global Sobolev inequalities on H™.

Remark 1.10. In Euclidean space RN it is well known that the interior Poincaré N,oo(1)
fails to hold (see e.g. [38], p. 484), and has to be replaced with Trudinger’s exponential
estimate (see [36]) or the more precise Adams-Trudinger inequality ([38], Theorem 15.30).
Analogous estimates in Heisenberg groups can be found e.g. in [12], [15] (see also [7]).
On the contrary, the statement of Theorem 1.8 states the H-Poincaré,, . (h) holds for
h > 2 with sharp exponent p = Q or p = Q/2, according to the degree of the forms.
We refer to [14], Theorem 5, for related statements in Euclidean spaces.

Remark 1.11. By the way, the proofs presented here can be carried out (with obvious sim-
plifications) also in the Euclidean setting. In particular, we can obtain interior estimates
that are, at least partially, the interior counterparts of the results of [14].
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Let us give a sketch of the paper. Section 2 gathers the basic notions about Heisenberg
groups. In particular, in Section 2.1 we state several properties of the convolution kernels
in H". These results are more or less known, but they have to be handled carefully because
of the presence of L°°-spaces, precluding density arguments. Subsequently, Section 2.2
contains a minimal presentation of Rumin’s complex, with the aim of making the paper
as self-contained as possible. In particular, Lemma 2.11 deals with Leibniz formula when
the exterior differential d,. of the complex is a differential operator of order 2. A more
extensive presentation of the complex is contained in the Appendix (Section 8). Finally,
Section 2.3 contains some basic properties of Rumin’s Laplacian in (Eg,d.) and of its
fundamental solution.

The core of the present paper is contained in Sections 3 — 7 where the proofs of Theo-
rems 1.8 and 1.9 are carried out.

More precisely, Section 3 produces our proof of Poincaré inequalities (Theorem 1.8)
which relies both on the formulation by duality of the Poincaré inequalites H-Poincaré, o (h).
Therein we prove a relationship between H-Sobolevy , (2n+2—h) and H-Poincaré,  (h)
when 1 < p,p’ < oo are dual exponents, and eventually we combine this relationship with
the previous duality argument for Poincaré inequalites.

Contrary to what happens when 1 < p < @ (or 1 < p < @/2), where the proofs of
Poincaré and Sobolev inequalities proceeded on parallel tracks, here the proof of Sobolev
inequalities require more delicate arguments: first we prove a L°°-homotopy formula (see
Section 4) and then we derive interior H-Poincaré, o, and H-Sobolev . inequalities.
Then the subsequent step (Section 6) consists in proving that the L°>*° cohomology of
Rumin’s forms vanishes on a suitable family of (Cygan-Korédnyi) annuli. Finally, Section
7 contains L>-estimates associated with Leibniz formula and hence ends with the proof
of Sobolev inequalities stated in Theorem 1.9.

2. HEISENBERG GROUPS: DEFINITIONS AND PRELIMINARY RESULTS

We denote by H" the n-dimensional Heisenberg group, identified with R2"*! through
exponential coordinates. A point p € H" is denoted by p = (z,y,t), with both 2,y € R™
and t € R. If pand p’ € H", the group operation is defined by

n
Z%yj y;r}))-

The unit element of H" is the origin, that will be denote by e. For any ¢ € H", the (left)
translation 7, : H™ — H" is defined as

M\H

pp =@+ y+y,t+t+

p*—>qu =q-Dp.

The Lebesgue measure in R2"*! is a Haar measure in H".

For a general review on Heisenberg groups and their properties, we refer to [34], [23]
and to [37]. We limit ourselves to fix some notations, following [19].

The Heisenberg group H" can be endowed with the homogeneous norm (Cygan-Koranyi
norm)

1/4
) o(p) = (Ip'[* + 16 p3,1) ",

and we define the gauge distance (a true distance, see [34], p. 638), that is left invariant i.e.
d(tqp, 7qp') = d(p,p’) forall p,p’ € H™) as

(10) d(p,q) = o(p~" - q).
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Finally, the balls for the metric d are le so-called Koranyi balls

(11) B(p,r) :=={qg € H"; d(p,q) <r}.

Notice that Koranyi balls are star-shaped with respect to the origin and convex smooth
sets.

A straightforward computation shows that there exists ¢y > 1 such that

(12) ca*lpl < p(p) < Ip|"/2,

provided p is close to e. In particular, for » > 0 small, if we denote by Bgy.(e, ) the
Euclidean ball centred at e of radius r,

(13) Bgue(e,7?) C Bl(e,r) C Bguc(e, cir).

We denote by h the Lie algebra of the left invariant vector fields of H". The standard
basis of § is given, fori = 1,...,n, by

1 1
Xi =04, — iyiat; Y, = ay7 + ixlﬁt, T := 0.

The only non-trivial commutation relations are [X;,Y;] = T, for i = 1,...,n. The

horizontal subspace b, is the subspace of h spanned by Xi,...,X, and Yi,...,Y}:
1:=span {X1,...,. X, \1,..., Y, }.

Coherently, from now on, we refer to Xy,...,X,,Y1,...,Y, (identified with first order

differential operators) as the horizontal derivatives. Denoting by b5 the linear span of 7T,

the 2-step stratification of h is expressed by

h=b1 D bho.

The stratification of the Lie algebra b induces a family of non-isotropic dilations Jy :
H™ — H", A > 0 as follows: if p = (z,y,t) € H", then
(14) Salz,y,t) = (A, Ay, \2t).
Notice that the gauge norm (9) is positively x-homogenous, so that the Lebesgue measure
of the ball B(z,) is 72"*2 up to a geometric constant (the Lebesgue measure of B(e, 1)).
Thus, the homogeneous dimension of H" with respect to dx, A > 0, equals
Q:=2n+2.
It is well known that the topological dimension of H" is 2n+ 1, since as a smooth manifold
it coincides with R?"+!, whereas the Hausdorff dimension of (H", d) is Q.
The vector space b can be endowed with an inner product, indicated by (-, -), making
X1,...,X,,Yq,...,Y, and T orthonormal.
Throughout this paper, we write also
(15) Wz = XZ', Wi+n = Y; and W2n+1 = T, fori = ].7 ey N

As in [17], we also adopt the following multi-index notation for higher-order deriva-

tives. If I = (41,...,42,41) is a multi-index, we set
(16) W =wp ... Wiz T,

By the Poincaré-Birkhoff-Witt theorem, the differential operators W/ form a basis for the
algebra of left invariant differential operators in H". Furthermore, we set

| =1+ +i2n + d2n41
the order of the differential operator W1, and

d(I) :== iy + - +ion + 2i2n41
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its degree of homogeneity with respect to group dilations.
The dual space of ) is denoted by /\1 b. The basis of /\1 b, dual to the basis { X1, ...,Y,, T},
is the family of covectors {dz1,...,dx,,dyy, ..., dy,,0} where

n

1
0:=dt -5 > (wjdy; — ysda;)

j=1

is the contact form in H”. We denote by (-,-) the inner product in A' b that makes
(dzq, ..., dy,,0) an orthonormal basis.

2.1. Sobolev spaces, distributions and kernels in H"”. Let U C H" be an open set. We
shall use the following classical notations: £(U) is the space of all smooth function on U,
and D(U) is the space of all compactly supported smooth functions on U, endowed with
the standard topologies (see e.g. [35]). The spaces £'(U) and D'(U) are their dual spaces
of distributions.

Let1 < p < ocandm € N, W' (U) denotes the usual Sobolev space.

We remind also the notion of (integer order) Folland-Stein Sobolev space (for a general
presentation, see e.g. [16] and [17]).

Definition 2.1. If U C H"” is an open set, 1 < p < oo and m € N, then the space
W™P(U) is the space of all uw € LP(U) such that, with the notation of (16),

Wlu € LP(U)  for all multi-indices T with d(I) < m,
endowed with the natural norm
Il ullwre @y = Z W | Lo )
d(I)<m

Folland-Stein Sobolev spaces enjoy the following properties akin to those of the usual
Euclidean Sobolev spaces (see [16], and, e.g. [18]).

Theorem 2.2. [fU C H", 1 < p < oo, and k € N, then
i) WP (U) is a Banach space.
In addition, if p < oo,
i) WkP(U) N C>(U) is dense in WP (U);
iii) if U = H", then D(H") is dense in W*?(U);
iv) if 1 < p < oo, then W*P(U) is reflexive.
Theorem 2.3. [see [16], Theorem 5.15] If p > Q, then
WhP(H™) C L™®(H")
algebraically and topologically.

Definition 2.4. I[f U C H" is open and if 1 < p < oo, we denote by I/f/k’p(U) the
completion of D(U) in W*»(U).

Remark 2.5. I[fU C H" is bounded, by (iterated) Poincaré inequality (see e.g. [25]), it
follows that the norms

lullwen@y and > W ]|y
d(D)=k

are equivalent on I/f/k’p(U) when 1 < p < oo.
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Again as in [17] it is possible to associate with the group structure a convolution (still
denoted by *): if, for instance, f € D(H") and g € L}, (H"), we set

(17 frg(p) = / H@o(q~'p)dg forg € H

We remind that, if (say) g is a smooth function and L is a left invariant differential
operator, then L(f*g) = f* Lg. We remind also that the convolution is again well defined
when f,g € D'(H"), provided at least one of them has compact support (as customary,
we denote by &’ (H™) the class of compactly supported distributions in H" identified with
R27*1), In this case the following identities hold

(18) (fxglo) = (gl"f @) and (fxgld) = (flp*"g)
for any test function ¢ (if f is a real function defined in H", we denote by " f the function
defined by ¥ f(p) := f(p~?') and, if T" € D'(H"), then “T is the distribution defined by
(YT'|¢) := (T'|" ¢) for any test function ¢).

Suppose now f € £&'(H™) and g € D'(H™). Then, if ¢ € D(H"), we have

(WIF) % gly) = (Wl x¥g) = (=)l x (W ¥g))

(19)
= (=D =WV gly).

Proposition 2.6. We have:
(1) if¢p € DH") and T € D'(H"), then ¢ « T € E(H™) (see [35], Theorem 7.23);
(2) the convolution maps E(H™) x E'(H™) into E(H™) (see [35], p. 288);
(3) the map (S,T) — S x T defined by
(SxT|o)pr,p =t (S|op*"T)er e

is a separately continuous bilinear map from &' (H™) x D'(H") to D’ (H");
4) if T € &' (H"™), and P is a differential operator, then PT € &' (H™) and supp PT C

supp T (see [35], 24.3);
(5) let U, U’ C H™ be open sets, U C U'. If T € D'(U’), we define its restriction

T, €D'(U)
v

in the sense of [35], Example 1l pag. 245, i.e. for all $ € D(U) C D(U’) we set
<T|U|¢>> = (T|9).

(6) let U,U’ C H"™ be open sets, U € U'. Let 3,3 € E'(H™) be such that B

B . Ifk € L*(H") and supp k C B(e, R) with R > 0 small enough, then

U’

U’

U U

Proof. Let us prove (6). Take ¢ € D(U) and assume R < dist (U, 9U"). Then
(B*klg) = (Blo = "k)
= (/3’\¢ * k) (since supp ¢ * Vk is contained in a R-neighborhood of U)
= (B k|g).

Theorem 2.7. We have:
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i) Hausdorff-Young’s inequality holds, i.e., if f € LP(H"), g € LI(H"), 1 <
p,q, 7 < oo and % + é —-1= %, then f x g € L"(H") (see [17], Proposition
1.18).

it) If K is a kernel of type 0, 1 < p < o0, s > 0, then the mapping T : u — ux K
defined for u € D(H") extends to a bounded operator on W*P(H"™) (see [16],
Theorem 4.9).

iii) Suppose 0 < p < Q, 1 <p<Q/u and% = % — % Let K be a kernel of type
w. If u € LP(H") the convolutions u* K and K x u exists a.e. and are in L1(H")
and there is a constant Cy, > 0 such that

[ux Kllg < Cpllull, and  [|K *ully < Cpllull,

(see [16], Proposition 1.11).
iv) Suppose s > 1,1 < p < @Q, and let U be a bounded open set. If K is a kernel of
type 1 and u € W*=1P(H") with supp u C U, then

||’LL * KHWs,p(Hn) S CU”U”stl,p (Hn).

Proof. The proof of iv) can be carried out relying on Theorems 4.10, 4.9 and Proposition
1.11 of [16], keeping into account that LP@/(@—P)({J) C LP and ii) above. Indeed

lu* K |lwerny < C{llus Ko@) + > lux WeK |lws-10 }
(=1

< C{HU * K| Lo ny + ||UHWS*1»P(H")}
< C{llull prar@-rny + lullwe-ro@ny } < Cullullws—1.0 (H").
|

We state now a few properties related to the convolution in L°° that will be used in the
sequel and - as far as we know - are not explicitly stated in the literature.

We stress that we have to proceed carefully and we cannot use the corresponding results
in [8], [6] because of the presence of the L°°-space. The proofs follow verbatim those of
analogous statements in the Euclidean setting, keeping in mind that the group convolution
is not commutative.

We remind first that, if @ € L (H") C L}, , then the map ¢ — [ a(z)¢(z) dx defines
a distribution in D’ (U) for all open sets U C H"™.

Lemma 2.8. Let a € E'(H") (i.e. a € D'(H™) and a has compact support, see [35]
Theorem 24.2). If ¢ € D(H") and K is a kernel in L., we notice first that ¢ x 'K €
E(H") so that the map

¢ (alg*"K)ere =t (a*x K|p)p D

belongs to D'.
Moreover, if W is a horizontal derivative, then the convolution a x W K is well defined
since a is compactly supported. In addition,

(20) W(a*K)=axWK.

Proof. The first statement follows from [35], Definition 27.3 and Theorem 27.6.
As for the last statement, consider a test function ¢ € D(H"). We claim that

(W(ax K)|¢) = (ax K|W¢) = (ax WK][).
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Indeed (a * K|W¢) = (a|W¢ x VK). Since

Wo K / Wo(y)K (zy) dy = / ) WE) (@ y) dy = 6 %" (WEK)(z),

we can conclude since (a|W¢ x VK) = {(a|p * V(WK)) = (a *x WK]|p).
O

Proposition 2.9. Let U be a bounded open subset of H", and suppose a € L>*(U) is
compactly supported. If K is a kernel in L. , then the convolution a * K defined in
Lemma 2.8 belongs to L>°(U), and

loc’

la = KHLOC(U) < C(K,U,supp a)l|al| Lo @)
Proof. Take ¢ € D(U). We note first that ¢ * ¥ K belongs to L' (supp a) and

(21) ||¢*VKHL1(supp a) < C(K)H¢||L1(U)
Indeed, if = € supp a,

(¢ V) (2)] S/d( )<R|¢(I2)IIK(2)|d27

since
d(z,e) < d(z71,x) +d(z,e) < diam (U) + d(supp a,e) =: R.
Thus

16 % VK| L1 (supp o) < €] * (IK|XB(e,r) 21 @) < C(K, R) ||l L2 v)-
Thus, by definition,

|{a * K|¢)p p| < C(K,U,supp a)||d| 1w llall L),

and the assertion follows by duality since L> = (L!)*. O

2.2. Multilinear algebra in H" and Rumin’s complex. Unfortunately, when dealing
with differential forms in H", the de Rham complex lacks scale invariance under anisotropic
dilations (see (14)). Thus, a substitute for de Rham’s complex, that recovers scale invari-
ance under J; has been defined by M. Rumin, [30]. In turn, this notion makes sense for
arbitrary contact manifolds. We refer to [30] and [9], [8] for details of the construction. In
the present paper, we shall merely need the following list of formal properties (for the sake
of completeness, in an Appendix we describe in more detail the construction of Rumin’s
complex).

Throughout this paper, /\h b denotes the h-th exterior power of the Lie algebra . Keep-
ing in mind that the Lie algebra h can be identified with the tangent space to H" at z = e
(see, e.g. [21], Proposition 1.72), starting from /\h h we can define by left translation a
fiber bundle over H" that we can still denote by /\h h ~ /\h’ T*H"™. Moreover, a scalar
product in  induces a scalar product and a norm on /\h h.

We can think of h-forms as sections of /\h h and we denote by Q" the vector space of
all smooth h-forms.

e Forh = 0,...,2n + 1, the space of Rumin h-forms, EJ, is the space of smooth
sections of a left-invariant subbundle of /\h b (that we still denote by E{}). Hence
it inherits the inner product and the norm of A" .
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A differential operator d,. : E} — Eé”'l is defined. It is left-invariant, homoge-
neous with respect to group dilations. It is a first order homogeneous operator in
the horizontal derivatives in degree # n, whereas it is a second order homoge-
neous horizontal operator in degree n.

e Altogether, operators d. form a complex: d. o d. = 0.

e This complex is homotopic to de Rham’s complex (2°, d). More precisely there
exist a sub-complex (FE,d) of the de Rham complex and a suitable “projection”
g : Q* — E*° such that Iy is a differential operator of order < 1 in the hori-
zontal derivatives.

e Il is a chain map, i.e.

dllg = Ilgd.
e Let IIg, be the orthogonal projection on Ej. Then
HEOHEHEO :HEO and HEHEOHE :HE

(we stress that II g, is an algebraic operator).
e The exterior differential d. can be written as

de = Mg, dlglg,.

Let us list a bunch of notations for vector-valued function spaces (for the scalar case,
we refer to Section 2.1).

Definition 2.10. [fU C H" isanopenset, 0 < h <2n+1,1<p < ococandm > 0,
we denote by LP(U, N" ), (U, N" b), D(U, \" b), W2 (U, A" b) (by w™»(U, \" b))

the space of all sections of /\h b such that their components with respect to a given left-
invariant frame belong to the corresponding scalar spaces.

The spaces LP (U, E}), £(U, E}), D(U,ER), W™P (U, E}) and I/?/m’p(U, E}) are de-
fined in the same way.

Finally, the spaces W;T:?(U, N"§), WP (U, A" b), WP (U, B and WP (U, ED)
are defined replacing Folland-Stein Sobolev spaces by usual Sobolev spaces.

Clearly, all these definitions are independent of the choice of frame.

When d, is second order (when acting on forms of degree n), (Eg,d.) stops behaving
like a differential module. This is the source of many complications. In particular, the
classical Leibniz formula for the de Rham complex d(a A 8) = da A 8+« AdfS in general
fails to hold (see [10]-Proposition A.7). This causes several technical difficulties when we
want to localize our estimates by means of cut-off functions.

Lemma 2.11 (see also [6], Lemma 4.1). If { is a smooth real function, then the following
formulae hold in the sense of distributions:

i) if h # n, then on El we have
[de, €] = Py (WO),

where P}(W¢) : Eb — Eg“ is a linear homogeneous differential operator of
order zero with coefficients depending only on the horizontal derivatives of C. If
h # n + 1, an analogous statement holds if we replace d. in degree h with d; in
degree h + 1;



COHOMOLOGY OF ANNULI, DUALITY AND L°°-DIFFERENTIAL FORMS ON HEISENBERG GROUPS 13

ii) if h = n, then on Ef we have
[de, ¢ = PP (WC) + Py (W20),

where P*(W() : Ef} — E{f“ is a linear homogeneous differential operator of
order 1 (and therefore horizontal) with coefficients depending only on the horizon-
tal derivatives of ¢, and where PL(W?(¢) : Ef — Ey* is a linear homogeneous
differential operator in the horizontal derivatives of order 0 with coefficients de-
pending only on second order horizontal derivatives of C. If h = n + 1, an analo-
gous statement holds if we replace d. in degree n with d in degree n + 1.

Remark 2.12. On forms of degree h > n, Lemma 2.11 i) takes the following simpler form.
Ifa € L (H™, EL) with h > n and ¢ € E(H"), then

loc
de(Ya) =d@a) = dp A a+ vda = dop A a+ Pdea,
This follows from Theorem 8.6, viii), since « is a multiple of 6.
Leibniz formula has the following quantitative form.

Remark 2.13. Denote by B = Bl(e, 1) the unit ball in H". If X\ > 1, let { be a smooth
function on H" that is supported outside of a neighborhood of B, such that W;( is com-
pactly supported in By = B(e,\) fori =1,...,2n.

i) Ifh #n, leto € L™ (B, E}) Nd~"L> (Bx, EL) , then

(22) ||dC(CU)||L°°(BA,Eg) < CC(HUHLOO(B;,EQ) + HdCU”Lm(B)\,E(’}Jrl))'
ii) Ifh =nletoc € WH*° (By, E}) Nd~1L> (B, EY}) and, then
@) 4l gty < Cc(lollwn (s ) + 1de0 o o ) )

where S¢ is a neighborhood in By of supp ¢ N By (contained in B), \ B).

The following generalizes Remark 2.16 of [9]. The proof uses a notation from the
Appendix, Theorem 8.6.

Lemma 2.14. Let U C H"” be an open set.
i) Let v be an h-formin L\ (U, E}) and o € D(U, E3"™"). Then

loc

[ oy na =0 [ onda.

where the left-hand side is understood in distribution sense.

Assume further that U is contractible. Let w and ¢ be d.-closed Rumin forms on U of
complementary degrees h and 2n + 1 — h, with 1 < h < 2n. Then

/ wAY =0
U
in the following cases:

i) we LL (U, Bl and € D(U, 311,

loc

i) 1 <p<oo i+t =1well (UE})ady € LV (UE"" ") is

loc

compactly supported in U.
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Proof. Assume first that ¢ is smooth. Since ¢ A « has degree 2n > n+ 1, d(¢p A o) =
de(¢ A ). If h # n, the formula

de(¢p A a) = (det) A+ (=1)"¢ A deax
is established in [29], Prop. 4.2. Let us assume that both ¢ and « have degree n. Then, by
definition, d.¢ = dllg¢ where [Ig¢ — ¢ has weight n + 1 (see Theorem 8.6 ix)). Since
dea has weight n + 2, Ig¢ — ¢) A deao = 0. Symmetrically, (IIpa — o) Ade¢p = 0. Tt
follows that
dgd ANMiga) = (dep) AN+ (—1)"¢ A d.a.

In all cases, we have come up with a compactly supported primitive of (d.¢) Aa+(—1)"¢A
d.c, hence

/U((dc¢) Aa+ (=)o Ad.a) = 0.

Formula i) extends to Rumin forms ¢ with distributional coefficients, and in particular to
forms in L, (U, E}).

loc
Assume first that w and ¥ are smooth. Since Rumin’s complex is homotopic to de
Rham’s, w admits a smooth primitive ¢ on U, d.¢ = w. Then i) implies that

Jenv=[@ono=x[ ondv=o

ii) By right convolution (which commutes with the left-invariant operator d..), closed
forms are dense in L{ . d.-closed forms, so the identity extends to the case where
we LL (U EY.

iii) Again by right convolution, smooth d.-closed forms are dense in LV (U, El)
d.-closed forms and smooth compactly supported d.-closed forms are dense in
compactly supported L?' (U, EZ"*1~") d -closed forms.

|
2.3. Rumin’s Laplacian.

Definition 2.15. In H", following [30], we define the operators Ay j, on E} by setting

ded? + d2d. if h#nnt L
Agp =13 (ded?)?+did, if h=n;
ded’ + (d2d,)?>  if h=n+1.

Notice that —Ap o = Zle (W7?) is the usual sub-Laplacian of H".
For sake of simplicity, once a basis of E! is fixed, the operator Ay 5, can be identified
with a matrix-valued map, still denoted by Ag 5,

(24) Agp = (AF )ij=1...n, : D'(H", RV") — D'(H", RM"),

where D’ (H", RV") is the space of vector-valued distributions on H", and N}, is the di-
mension of E(})L (see [2]).

This identification makes possible to avoid the notion of currents: we refer to [9] for a
more elegant presentation.

Combining [30], Section 3, and [11], Theorems 3.1 and 4.1, we obtain the following
result.

Theorem 2.16 (see [11], Theorem 3.1). If0 < h < 2n + 1, then the differential operator
Ap p, is homogeneous of degree y with respect to group dilations, where (i = 2 if h #
n,n~+ 1land p=4if h =n,n + 1. It follows that
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1) forj =1,..., N}, there exists
(25) K;=(Kyj,....Kn,;), j=1,...Ny
with K;; € D'(H") N E(H™ \ {0}), 4,5 = 1,..., Ny,
ii) if u < Q, then the K;;’s are kernels of type p fori,j =1,..., Ny
If p = Q, then the K;;’s satisfy the logarithmic estimate |K;;(p)] < C(1 +
|In p(p)|) and hence belong to Li .(H™). Moreover, their horizontal derivatives

loc
WK, £ =1,...,2n, are kernels of type Q — 1;
iii) when a € D(H", RN®), if we set

(26) Aﬁ}ha ::(Zaj*Klj,...,Zaj*KNhj),
J J
then AhAﬁ}ha = «. Moreover, if n < Q, also Aﬁ}hAha =
iv) if p = Q, then for any o € D(H",RN®) there exists 3o = (B1, ..., Bn,) € RV,
such that
Aﬁ}hAha —a = Lq.
iv) Ayl : DH",RM") — E(H",RV") and Ay’ : €' (H",RN) — D'(H", RN,

Remark 2.17. If i1 < @, Amn(Ag), — VARY) = 0and hence A, = VALY, by the
Liouville-type theorem of [11], Proposition 3.2.

Remark 2.18. From now on, if there are no possible misunderstandings, we identify Ay 1h
with its kernel.

Lemma 2.19 (see [8], Lemma 4.11). If ¢ € D(H", E}') and n > 1, then
i) dAgho = Agh 1ded, h=0,1,....2n,  h#n-—1n+1
i) deAp', ¢ =dediAg  ded  (h=n—1)
iii) dedydeAg 10 = Dt oded, (h=n+1).
iv) diAg ¢ =Agh_ydio  h=1,...2n+1,  h#nn+2
V) AL 0 =did AR L did (h=n+2)
vi) dided; Ay ¢ = Ayl did,  (h=mn).

3. DUAL FORMULATIONS AND PROOF OF THEOREM 1.8

The interior Poincaré inequality of Theorem 1.8 relies on three tools:
i) the formulation by duality of the interior Poincaré inequality H-Poincaré, (k)
(see Proposition 3.1) below;
ii) the integration by parts formula of Lemma 2.14;
iii) the relationship between H-Sobolevy , (2n+2—h) and H-Poincaré, o (h), when
1 < p < ocand p’ is the dual exponent of p.

Proposition 3.1. Assume that 1 < h < 2n + 1. Let B, B) be concentric balls as in
Definition 1.2. Take 1 < p < co. Then the H-Poincaré, - (h) inequality in E} holds if
and only if there exists a constant C such that for every d.-closed differential h-form w on
LP(By, EL) and every smooth differential (2n + 1 — h)-form o with compact support in
B,

@7) | /B w A al < Cllwll oot

An analogous statement holds for the global Poincaré inequality on H™.

dCa”Ll(B,Eg”*z*")'
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Proof. Suppose w is a h-form satisfying Definition 1.2. If w| g = d.¢ with ¢ € L>°(H", Eg_l)
as in Definition 1.2, and « € D(B, Eg"“‘h), then, according to Lemma 2.14 1),

|/wAa\=\/ 6 A dual
B B

< ”‘f’HLOO(B,Eh*l)HdcaHLl(B,ES"“*h)'

Since || 1 (5 -1y can be estimated by [wll > (B, £y inequality (27) follows.

Conversely, assume that for all forms o € D(B; E3" "),

[ wnal < Clola,mpldeal g e

Define a linear functional 7 on differentials of smooth (2n + 1 — k)-forms with compact

support in B as follows. If 5 = d.a, a € D(B; Eg”“fh), set

)= oo

1

1, and is continuous in L'(B; E2" "2~ ")-norm, by

Then 7 is well defined since w € L
(27), i.e.

(B < Cllwllnomasmp 1Bl L gy m2nr2-ny-

By the Hahn-Banach theorem, 7 extends to a linear functional on all of L' (B; E§"+2_h),
with the same norm. Such a functional is represented by a differential form ¢ € L>°(B; E(')"_ h
as follows,

n(ﬂ):/BcM@-

The L*-norm of ¢ is at most C'[|w|| 1+ (5, ;- Since, for all forms o € D(B; E2ni=hy

/BasAdca:n(dca):/BwAa,

one concludes that d.¢ = w on B in the distributional sense.
The proof of the statement for the global Poincaré inequality can be carried out repeating
verbatim the same arguments. (]

Proposition 3.2. I[f2 < h <2n+ 1,1 < p < oo and p’ is the dual exponent of p, then
the interior H-Sobolevy , (2n + 2 — h) inequality implies the interior H-Poincaré, o (h)
inequality.

An analogous statement holds for global inequalities on H".

Proof. To prove the assertion, we argue by duality relying on Proposition 3.1. Let B
and B be concentric balls, such that H-Sobolevy ,/(2n + 2 — h) inequality holds in
B, By. Take a d.-closed h-form w in LP(By, E}) and an arbitrary smooth differential
(2n + 1 — h)-form « with compact support in B. By Sobolev inequality, there exists a
compactly supported differential (2n 4+ 1 — h)-form 8 € L¥'(By, E2"*1~") such that
d. = d.ain B and

(28) HB”LP'(BA,ES"H”‘) <C ||dca||L1(B7Egn+2—h).
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If h = 2n + 1, a and § are compactly supported functions and d.(8 — «) = 0, hence
B = a. Otherwise, since ) = 8 — « € LPI(BA, ES”H*h) is d.-closed, Lemma 2.14 iii)

implies that
/ wA(B—a)=0.
B

Therefore in both cases, by Holder inequality and by (28),

[ onal=1 [ wnal=| [ wA8l<Clollmpmpldealysp s
B B B

By Proposition 3.1, this implies H-Poincaré, - (h).
The global Sobolev inequality implies the global Poincaré inequality in the same man-
ner.
O

Proof of Theorem 1.8. Theorem 1.8 follows straightforwardly, combining the L' Sobolev

inequality proven in [6], Corollary 6.5, and previous Proposition 3.2.
O

4. HOMOTOPY FORMULZE IN L°°

The following global homotopy formula has been proven in D(H", E§) in [8], Propo-
sition 6.9. However we have to stress that here we deal with L°° forms, hence we have to
adapt the proof since we cannot rely on a density argument in L>°.

Proposition 4.1. If o € L>(H", E}) is compactly supported, then the following homo-
topy formulas hold: there exist operators Ky, Ko such that

i) if h # n,n+ 1, then a = d. Ky + Kid.« in the sense of distributions, where
K is associated with a kernel ky of type 1;
il) if h = n, then o = d. K1 + Kaod.a in the sense of distributions, where K1 and
K> are associated with kernels k1, ko of type 1 and 2, respectively;
iii) ifh =n+ 1, then o = d. Ko + Kyd .« in the sense of distributions, where Ko
and K are associated with kernels ko, k1 of type 2 and 1, respectively.

Proof. The proof can be carried out by duality. Consider for instance the case i), and let
¢ € D(H", E}) be a test form. By Theorem 2.16,

(g)pr D = (o] (ded; + dide) Ay  9)pr D = (a|(ded) + dide) Ay d)er e
(a| A dedid)er e + (a|ldiAg ded)er e (by Lemma 2.19)
(Ag'ald.did)p p + (di AL deald)p p (since dea € E)
= (ded; Ag'ald)p p + (di Ax' deald)pr D

{d Ko+ Kidea|d)pr p,

and the assertion follows since K; := d Aﬁl is a kernel of type 1 by Theorem 2.16.
The proofs of ii) and iii) can be carried out through similar duality arguments keeping
in mind [8], Proposition 6.9.
O

Remark 4.2. To avoid cumbersome notations, from now on we denote by K one of the
convolution operators K1, Ko, so that the homotopy formulas of Proposition 4.1 can be
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written concisely as follows: if o € L*°(H", E}) is compactly supported then Koo and
Kod.a are well defined distributions by Lemma 2.8 and

29) a=d.Koa+ Kod.a,

where K is associated with a kernel of type I or 2, depending on the degree of a. Notice
that in any case, K belongs to L1, ..

Proposition 4.3. Ler U € U’ be bounded open sets in H". For h = 1,...,2n, for every
s € N, there exist a bounded operator

(30) T:L>UE}) — L=(UE;™)
and a smoothing operator

(31 S:L>UEy) — EWU,ES
such that, in addition,

(32) SeL(L>U EY),W>=(U,E;™"))

so that for any h-forms o in L>(U', E8) such that d.oc € L=(U', EJ™) the following
approximate homotopy formula holds in the sense of distributions

(33) a=d.Toa+Td.o+ Sa onU.
In addition, on forms of degree n + 1, T is bounded
(34) T: LU Eyt) — Whe(U, E}).

Finally, if o € L=®(U', E3) Nd; ' (L>®(U', Eg™™)) we notice that, by difference,
d.Ta € LU, E}).

Proof. If a € L>(U’, El), we set ag to be o continued by zero outside U’, the so-called
trivial extension of c. Obviously, ag belongs to L>°(H"™, E!) and is compactly supported,
hence belongs to &'(H", El). The trivial extension defines a continuous linear map from
DU to D(U).

Denote by kg the kernel associated with K as defined in Remark 4.2. We consider a
cut-off function ¢ r supported in a R-neighborhood of the origin, such that v = 1 near
the origin. Then we have kg = kor + (1 — ¥r)ko Let us denote by K g the convolu-
tion operator associated with ko p := ¥ rko and by K(’), r = Ko — Ko, r the convolution
operator associated with the kernel kg,  := ko — ko, r-

The kernel ¢ rko € L'(H™), so that, by Theorem 2.7, i), Ko g maps L> to L°.

Let us apply Proposition 4.1 using the decomposition Ky = Ky g + K[’)’ gt for ¢ €
D(H", EY),

(ao|@)prp = (deKo,roo + Ko, rdea + de Ky gao + K pdeao|é)pr p,
ie.
Qg = dCKoyROéQ + K()J{dcao + dCK67RCM0 + K(I]’Rdcao
in the sense of distributions. Taking the restriction to U, we get

(35) o= (chO’RaO)’ + (KO’RdCOZO)| + (ché’Rao + K(/)’Rdcao)‘ ,
U U U
where the restriction has to be meant as restriction of a distribution as in Proposition 2.6,
(5). First we notice that, by Proposition 2.6, ii) and iv), we have

Sa = (dKj povo + K{)’Rdcao)| e &),

U
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yielding (31). Since derivatives commute with restriction, if R > 0 is small enough, we
have

(deKo,ravo)| = de(Korao)| ,
| |

U U

and (35) reads
(36) a‘ = d.(Ko,rv) |

If now g € L>(U’, EJ), we set

+ (K(),Rdcao)‘ + Sa.

U U U

T8 := K07R60| .
U

Thus, in (36), we have
dc (KO,ROCO) ‘ = dCTOz.

U

Consider now in (36) the term (K rd.aq)| . We observe preliminarily that
’ o

= ((dc()é)o)
UI
where, as above, (d.a)g is the trivial extension of d.«. Indeed, if ¢ € D(U’, Eg“) then

(dectold)r > = (0ld>8)r.p = / (0, d*6) d = / (dear, §) da

(37 (deco)

)
u’

’ ’

= / ((deav)o, ¢) dz = ((dcat)o| ) p-
This proves (37). Thus, we can apply Proposition 2.6, (6) and we get, for R small enough,
(Ko,Rdcao)| = ((deap) * ko,R)|
U U

:((dca)o*ko,R)’ :(KO,R(dca)0)| = T(d.a).

U

Eventually, identity (36) becomes
a=dTa+Td.a+ Sa in U.

This proves the homotopy formula (33).
Since the kernel ko, belongs to L (H"), by Hausdorff-Young inequality (see Theorem
2.7,1),
T:L®UE}) — L=(UE),
and this proves (30).
Let us prove the continuity estimates (32) for the operator S. Consider first the term

(dc(K(')’Rao))| = (dc(ao * k(’)R))’ )

U
If1<h<2nlet(£,...,&80 ) beabasis of E}. Then a = > ajﬁj? with a; €
0
L>U'), j = 1,...,dim Ef. Obviously, ag = >_.(a;)o&}, and de(ag * k() ) can be
written as sum of terms of the form
WI((ozj)o * li) = (a;)o * Wik,

where k is a smooth kernel and d(I) = 1 or d(I) = 2, according to the degree h. Thus, in
order to prove (32) we have to estimate the L°°-norms in U of a sum of terms of the form

(ij)o * WJKJ,
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with d(J) = s + 1 or d(J) = s + 2, according to the degree h. Then the assertion
follows by Proposition 2.9, since the smooth kernel W7 belongs to L _(H™) (notice that
llevjllzoe 0y = [1(@s)oll Lo am))-

Analogously, if we aim to estimate the term K{)’ rdcog = (deayg) * k(,), R» we have to
estimate in L°°(U) a sum of terms of the form (keep in mind (19))

(WI(aj)O) % WJFL — (aj)()) *VWIVWJH7

where £ is a smooth kernel, d(J) = s and d(I) = 1 or d(I) = 2 according to the degree
h. Since YWIYW Yk is still a smooth kernel, the estimate can be carried out as for the first
term.

Thus we are left with the proof of (34). To this end, we notice first that on forms of
degree h = n + 1, the kernel of Ky r is obtained by truncation near the origin of a kernel
of type 2. Therefore, on forms of degree h = n + 1 all the horizontal derivatives W Ky r
belongs to L' and, if o« € L= (U, By, then

IWTa| pew,ep) = [IW(a ko, r) || L (v,m5)
= [la* Wko,r|| Lo v, 5p),
and the proof can be carried out again by Proposition 2.9.
(]

Remark 4.4. Since, in U', WP C WP for 1 < p < oo, then (32) can be equivalently
stated as

(38) S € L(L=(U', ES), Wem (U, Eg 1))
5. INTERMEDIATE TOOLS: INTERIOR H-Poincaré., o, AND H-Sobolev o

INEQUALITIES

In [24], starting from Cartan’s homotopy formula, the authors proved that, if D C RY
is a convex set, 1 < p < 0o, 1 < h < N, then there exists a bounded linear map:

Kguen : LP(D, /\h) - Wé;f’c(D,/\h—l)

that is a homotopy operator, i.e.

(39) w = dKEchlw + KEuC,h+1dw forallw € C*° (D, /\h)
(see Proposition 4.1 and Lemma 4.2 in [24]). More precisely, Kgyc,p, has the form
(40) Kpwesrol@) = [ wlo)Ky(a)dy,

D

where ¢ € D(D), [, ¢(y)dy =1, and
(Kyw(@)[er A A Enor)) =
/0th—1<w<y+t<x—y>>|<x—y)AflA~--A5h_1>>.

The definition (41) can be written as

1
K w(x) = / ol dt,
0

where y; = y + t(xz — y). Here, ¢ denotes the interior product of a differential form with a
vector field, i.e. « : A" — A" and is defined by

(tyw|vg A=+ Awp) == (WY Avg A=+ Awp).

(41)
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Let us remind the following identity that follows straightforwardly from the relationship
between the Lie derivative £ x along a vector field X of a differential form and the interior
product of a vector field Y and a differential form:

(42) [Lx,ty] = tx,y)

The following theorem provides a continuity result in WP of Iwaniec & Lutoborski’s
kernel Kgc,e, though with a loss on domain.

Theorem 5.1. Let B = B(0,1) and B’ = B(0,2) be concentric Euclidean balls in R" .
Then for k € N and p € [1,0], Iwaniec-Lutoborski’s homotopy Kgyc p is a bounded
operator

Kguen s WEL(B', \*) = Wk (B, \°™1)

Proof. For the sake of simplicity, from now on we omit the degree h of the form and we
write simply Kgu.. We show that for every k-th order partial derivative D* there exist
matrix valued kernels M7 and M5 on the ball of radius 2 such that for every differential
form w on the unit ball,

DFKgyew = My x (D*w) + My x (RDF1w),

where RD*~1 is a constant coefficient (k — 1)-order differential operator and for all h €
Rn’ s Z = ]-7 2’

IMi(R)| < C ||*~Y.
We set y, = y + t(z — y). Iterating (42), we obtain
D*(tg—yw(yr)) = t* 10y D w(y,) + t* 7' RD* o (y,),

where RD*~1 denotes the following (k — 1)-order differential operator from ¢-forms to
¢ — 1 forms. If, for sake of simplicity, we take DP of the form D* = Dy --- Dy,

k
RD* 1w ZLD, o-Di_1Diy1 -+ Dyw).

i=1

Therefore
1
D* Kpnewo() = / g1 / () DF (1o yo(ye)) dy dt

// - Lo(y) R, D (yt)—|—tk71RDk71w(yt))dydt.
0

Let us perform a change of variables z = y; and denote by h = * — 2. Theny =

- hr=z—5hao—y=(1-1t)" h,dy=(1—t)""dz, whence

D*Kgyew(x // t 1o sh)(t*(1 —t) "t DFw(z)
+t*IRDF1w(2 ))(1—t)*thdz.
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We treat both terms separately The first one is

//tf Lo(z )tk(l—t) LnDFw(z) (1 —t) "N dtdz

t
:/B/O tk+e—1(1—t)—N—1¢(z_ ﬁh)Lthw(z)dtdz

= /B</O (m)k'“—l(l + )N (2 — sh)uy ds, D*w(z)) dz,

where we have made the change of variables s = 1 . One recognizes the convolution of
the A‘-valued function D¥w with the matrix valued ernel

My(2,h) = /OOCHiS)‘“*“(l + )Nl p(z — sh)u ds.

The second term is

//tf Loz — — L RDE (e (1 - 1) N ded

:/B/O thH=2(1 — 1)~ Nqs(z—l—_th)RDk Yu(z)dtdz
+s

Again, this is the convolution of the A~ 1_valued function SW*—1w with the scalar kernel

Ms(z,h) = /Ooo(lis)k+€—2(1 + )N 72¢(2 — sh) ds.

Since ¢ has compact support in B, in both cases, the integral stops no later that 2|h| ™1,
thus

= /B</0 (1—)’”4*2(1 + 5)N (2 — sh) ds, RD* " w(2)) dz.

2|h|*
|M(z,h)| < C |h|/ (1+s)N"tds <O,
0

2|h| 7t
|Ma(z,h)| < C / (1+s)N"2ds <OV,
0

With Young’s inequality, this implies that for all p € [1, o],
||DkKEuC(,U||Lp(By/\o—1) S C (HkaHLp(B/’/\-) + ||Vk_1w‘|Lp(B/’/\-)) .
Since this holds for every k-th order partial derivative,
||KEch||W§‘=‘1;(B7/\-—1) <C ||W||W]§‘>};(Bf,/\-)-
d

Starting from [24], in [26], Theorem 4.1, the authors define a compact homotopy op-
erator Jgye 5 in Lipschitz star-shaped domains in Euclidean space RY, providing an ex-
plicit representation formula for Jg,,c 1, together with continuity properties among Sobolev
spaces. More precisely:

Theorem 5.2. [(see [26], formula (167))] if D C R¥ is a star-shaped Lipschitz domain
and 1 < h < N, then there exists

JEth : LP(D7 /\h) - W()1,7I§])uc(D’ /\h_l)
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such that
w = dJguc,hw + JEuc,h+1dw forallw € D(D, \")
and for1l < p < coand k € NU {0}

.k h k+1,p h—1
JEUth . WO,EUC(D’ /\ ) - WO,Euc (D? /\ )
Furthermore, Jgyc,p maps smooth compactly supported forms to smooth compactly

supported forms.

We need now construct a homotopy operator, fitting the intrinsic group structure, that
can invert Rumin’s differential d.. To this aim take D = B(e,1) =: Band N = 2n + 1.
If w € C®(B, E}), then we set
(43) K:HEUOHEOKEucOHE

(for the sake of simplicity, from now on we drop the index h - the degree of the form -
writing, e.g., Kg, instead of Ky p).

Analogously, we can define
(44) J:HEOOHEOJEucOHE-

Then K and J invert Rumin’s differential d. on closed forms of the same degree. More
precisely, we have:

Lemma 5.3. [fw is a smooth d.-exact differential form, then
45 w=dKw ifl<h<2n+1 and w=dJw fl1<h<2n+1
In addition, if w is compactly supported in B, then Jw is still compactly supported in B.

For the proof of the lemma above we refer to Lemma 5.7 in [8].
Imitating [8], we are now able to prove interior Poincaré inequality and Sobolev in-
equality for Rumin forms in the sense of Definitions 1.2 and 1.4.

Theorem 5.4. Take A > 1 and set B = B(e,1) and By = B(e,\). If1 <h <2n+1
then

i) an interior H-Poincaréo, oo (h) inequality holds with respect to the balls B and
B)\,'

ii) in addition, an interior H-Soboleves o (h) inequality holds for 1 < h < 2n + 1.
Proof. Consider the balls B := B(e,1) € B(e,A\/2) € B(e,\) =: Bj, so that Propo-
sition 4.3 and Theorem 5.1 can be applied to the couple B(e, 1), B(e, A/2) and can be
applied also to the couple B(e, \/2), B(e, A). Put By := B(e, A\/2).

i) Interior H-Poincaré., o (h) inequality: let w € L°°(By, El) be d.-closed. By (33), if
we take therein U := B and U’ := B), we can write
(46) w=d.Tw+ Sw in B.
By (31) Sw € C*(B, E}) and d.Sw = 0 since d.w = d*Tw + d.Sw in B and d.w = 0
(by assumption).

Thus we can apply (45) to Sw and we get Sw = d.K Sw, where K is defined in (43).
In B, put now

¢ :=(KS+Tw.

Trivially,
47) dep =d.KSw+d.Tw=Sw+d.Tw = w,
by (46).
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On the other hand,
(48) H¢||Loo(B,Eg*1) < HKSWHLoo(B,Eg*U + HTwHLoc(B,E(’;*l)'
First of all, by (30),
(49) HTWHLOC(B,E(})Lfl) S OHW”LC’O(B,Eg*l)'
Take now ¢ > 2n + 1. By [1], Theorem 4.12, keeping in mind that IIz is an operator of
order O or 1, depending on the degree of the form, we have:
||KSWHL°°(B,E(’;’1) < CHKSWHWI;Q(B,EQ*)
= C||(Ig, o g © Kguc 0 ) Swllyia g g1y
< C”(HE o KEuc o HE)Sw”Wé;i(B,/\h*U
(50) < C[|(Kguc © HE)SWHWQJQC(B,/\’L*U
< C||HESW||W§'“‘?C(31,/\’L71) (by Theorem 5.1)
= C”SOJHWESZC(BhEQﬂ) = C”SUJHWEL?(BLE{)“U
< C”W”Loo(BhE(’;*l) (by (32)).
Combining (49) and (50) it follows from (48) that
b ||¢||L°°(B,EZ}’1) = CHWHLOO(BA,ES’ly
i.e. (keeping in mind (47)), interior H-Poincaré., o (h) inequality holds.
i) Interior H-Sobolev s, o (h) inequality: let w € L>(By, E) be d.-closed and com-
pactly supported. By (33), if we take therein U := By and U’ := B,, we can write
w=dTw+ Sw in Bj.
By (31) Sw € C*°(By, E%) and d.Sw = 0 since dow = d*Tw + d.Sw in By and d.w = 0
(by assumption).
We notice now that T'w is supported in By provided R > 0 is small enough, so that, by

(31), also Sw is supported in B;. Thus, arguing as above, we can apply (45) to Sw and we
get Sw = d.JSw, where J is defined in (44). In By, put now

¢:=(JS+T)w.
We stress that, again by Lemma 5.3, JSw is compactly supported in B;. Again as above,
(52) dep =deJSw+ d.Tw = Sw+ d.Tw = w.

We can repeat now the arguments yielding the estimates (50) and (51), replacing Theorem
5.1 by Theorem 5.2. Thus interior H-Soboleva o (k) inequality follows. O

6. COHOMOLOGY FOR ANNULI

The proof of H-Poincarég o (h) (Theorem 1.8) given in Section 3 relies basically on a
duality argument and the dual inequality of [6] (see Theorem 1.7).

On the contrary, the proof of H-Sobolevg o (k) (Theorem 1.9) requires a more sophis-
ticated argument based on localization on Kordnyi annuli. The present section is precisely
devoted to prove that the L°>>° cohomology of Rumin’s closed forms vanishes on Koranyi
annuli. To this end, we prove first that de Rham L°°*>° cohomology of closed forms van-
ishes on Euclidean annuli. It follows that the same statement holds for suitable Kordnyi
annuli (see Corollary 6.6) end eventually the assertion is proven.

Let us start with the following definition.
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Definition 6.1. Let D C R+ be an open set. Let s € Nand 1 < p,q < oo. If
1 < h < 2n+ 1, we define cohomology spaces
$,q,p,h s, h s, h—1
Hdeqlgham(D) = (WEupc(D’ /\ b) N kerd)/dWElfc(D7 /\ b)’
and we denote by
EH (D) = ker(H3 0, (D) — H"(D))

the cohomology of exact differential forms. Similar definitions hold with d replaced with
d., yielding the corresponding spaces

5,4,p;h 3,4,p,h
HE0 and EHE0

for Rumin’s differential forms.
If s = 0 we shall write H%f’hforH%f’p’h.

Notation 6.2. If0 < s; < sy we denote by A®"C  the (Euclidean) annulus

81,82

AEuC = BEuc(ea 32) \ BEuc(e7 51)-

51,52

Analogously, if 0 < r1 < ro, we denote by A,, ,, the (Kordnyi) annulus
A, o = Ble,r2) \ Ble,r1).

Given 0 < 71 < ro, let A,, ,, be the (Kordnyi) annulus in H". Put 0% A4, ,, =
OB(e,r2) and 0~ A,, ., := OB(e, r1). The meaning, in the Euclidean case, of 0* AF¢,
is analogous. Set

V.= ALQ

and o1 := § ming-y |z| > 0and o3 := 2maxy+y |z|. It turns out that V' € AE;{‘;‘H = V.

Put now V' := A?fh%z, obviously V &€ V’. Finally set 7 := 1 min,_ ¢, p(x) > 0 and
we fix (once for all) 7 > max,,y, p(x). Then the Kordny annulus V' := A,

3T1,272
satisfies
(53) VevVeV eV.
. 1 . 1 .
Notice that oy = 5 minp(e 1) [2, 71 = 3 ming, _( 15,)c p(¥) and 03 = 2maxp(c ) |z,
T2 = QmaXBEuC(e720-2) p($)
Definition 6.3. With the notation introduced above, let U = A, 5, and U’ = A, ., be

concentric Kordnyi annuli in H", U C U’. We say that the couple (U,U’) is annulus-
admissible if, with the notations of (53), there exists t > 0 such that

V/ C 5tU/ and 5tU cV.

Remark 6.4. A straightforward computation shows that the previous definition make sense.
Indeed, if 0 <11 <719 < :—?rl there exist 0 < s1 < So such that the couple

U:i=As, s, and U :=A, .,
is annulus admissible. More precisely the assertion holds provided
T2

1
— <5< — or — < Sy < —.
T2 T1 T2 T1

Proposition 6.5. Let 1 < p < oco. Let AsEffZQ S A}?l‘f% be concentric Euclidean an-

nuli in R*™ 1. Then the map EHJ " (AP ) — EHIPR™ (AP ) induced by the

B B 1,72 51,52
1 7 uc uc o
inclusion AG"S, C A", vanishes.
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Proof. We use a diffeomorphism of U’ to (—2,2) x ¥ mapping U to (—1,1) x X, where
3. denotes the 2n-sphere. Then we use Poincaré’s homotopy formula in order to relate the
cohomology of (—2,2) x ¥ to the cohomology of . Forms on the product can be written

w:at—l—dt/\bh

where a; and b; are forms on Y. Then
0
dw = dag + dt A (% — dby),
where the right-hand side d is the exterior differential on X. Assuming that dw = 0, i.e.
da; = 0 and 2% = db, forall t € (—2,2), set, foro € L and z € (—1,1),

t
'yw(t,a):/ by, du.
x

We observe that forall p > 1,

1 1
I3 [ e dalwg, < ol

By construction,
t

d’y:,;:dt/\bt—i—/ db, du = w — az.

x

Now assume that w is exact, w = d(e; + dt A f;). Then de; = a; for all t € (—2,2). Set

1t
7:5/ (eg + vz)dx, sothat dy=w.
-1

If w € WP, so is each ;. On X, use the coexact primitive e, = A" ta, (see, e.g. [22],

Section 2.5). Here A is the usual Hodge Laplacian on de Rham’s differential d). Then, if
p < oo,

1/t 1/t
I5 [ codallgir <Cl5 [ asdallgy <€ ol
—1 ue —1

If p = o0, one picks p > 2n + 1, so that the Sobolev embedding theorem applies,

1 1 1 1
I3 [ cctetugr <013 [ cotalzno

-1

Obviously, [|lw||w:.»

in all cases. This shows that the cohomology class of w in EH}"" (U) vanishes. O

< C [|wllyyg:>. Hence the primitive 7 is bounded by w in W;F. norm

As a consequence of the previous result and keeping in mind Definition 6.3, we can
prove the following corollary.

Corollary 6.6. Let U, U’ be concentric Kordnyi annuli in H"™, U C U’ such that the couple
(U,U") is annulus-admissible. Then the map EH P2 (U') — EH R (U) induced
by the inclusion U C U’ vanishes for 1 < p < oo.

Proof. Suppose U’ C 6,V and 6,V C U, where V,V' and t > 0 are as in Defini-
tion 6.3. By (53) and Proposition 6.5 we can conclude straightforwardly that the map

EHR (V') — EHPPR (V) induced by the inclusion V' C V'’ vanishes, so that

the map EHP (6,U) — EHP" (6,U’) vanishes. The assertion follows by a

pull-back argument.
]
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Proposition 6.7. Let U = A, 5, and U" = A,, ,, be concentric Kordny annuli in H".
Assume (U,U") are annulus-admissible (see Definition 6.3). Then the map

EHE?OQ. (ATl T2 ) - EH](_;,‘T]7OO7. (Asl ,S2 )
induced by inclusion U C U" vanishes.

Proof. Let the annulus U’ be such that U C U’ C U” and such that the couple (U, U’) is
still annulus-admissible as in Definition 6.3 (this is possible by Remark 6.4).

Let w be a d.-exact Rumin form on U”, which belongs to L>°(U", Ey}).

Apply formula (32) of Proposition 4.3 with s = 5. Then, if we set Sw =: W' €
Wo(U', E3), we have

(54) w=w +da onl’, where a=Twe L>™U, E ).

Consider w” := IIgw’. Obviously, w”’ = IIgw”. Moreover, by Theorem 8.6-iv),
g pllg, =g, and I g,w’ since w’ is a Rumin form. Therefore

HEOOJ// = HEOHEOJ/ = HEOHEHEOW/ = w/.

Notice that dw” = 0in U’. Indeed, since w is d.-exact, then 0 = d.w and hence d.w’ = 0
in U’. Therefore 0 = d.w' = Hg,Igdw’, so that 0 = Mgllg pdw’ = Mpdw’ =
dIl.w’ = dw” in U’ (keep in mind dI1g = I1gd by Theorem 8.6).

In addition, w” € W4 (U, Q) C W22 (U, Q°).

According to Corollary 6.6, there exists a differential form v € Wg>°(U) such that
w"” = dvy on U. Hence

W =gw” = lgdy = dllgy.
If we set ) = Il g, I1 g, then in particular n € L (U, E;~") and it follows that
den = Up, dUpllg gy = 1lg,dllgy
= HEOHEd'Y = HEOHE(UH = HEOLUH = w’.
Hence, by (54),
w=d.(n+ ) inU.

This shows that the cohomology class of the restriction of w to U vanishes in £ H E’)"’o" ().
O

Remark 6.8. Repeating verbatim the proof of the previous theorem and keeping into ac-
count (34) in Proposition 4.3, when dealing with (n + 1)-forms the previous result guar-
antees the existence of a W1*°-primitive, i.e. the map

EHE‘TJ7OO7H+1(AT17T2) — EHE(TO7OO7R+1(A31732)

induced by the inclusion U C U" vanishes.

7. PROOF OF THEOREM 1.9

We are now able to prove the Sobolev inequality as stated in Theorem 1.9.

The proof will be carried out starting from the corresponding Poincaré inequality by
means of localizations of our estimates on a family of annuli via a suitable cut-off. Then
a problem arises since the differential d. may have order 1 or 2 according to the degree of
the forms on which it acts. Keeping in mind Remark 2.13, for technical reasons, during
the proof we are led to distinguish the case h # n + 2 from the case h = n + 2.
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Proof of Theorem 1.9. We set
Q if h # n;
Q/2 if h=n.

Take B := B(e, 1) and By := B(e,A) with 1 + € < A < Z2(1 + ¢), where € > 0 and
T1, To are the geometric constants introduced in Definition 6.3.

q=q(h):=

By Remark 6.4 there exist 0 < s; < s such that for two concentric annuli A1, » and
As, s, the couple (Aqiex, As,.s,) is annulus-admissible in the sense of Definition 6.3
and

Asl’s2 C A1+€’)\ C By \ B.

If weset U’ := Ajy. ) and U := A, ,,, the inclusion above reads as
UcU' cBy)\B.

Let o € LB, E}) be a compactly supported d.-exact h-form on the unit ball B. If
h = 2n 4 1, this implies that [, o = 0. Otherwise, this simply means that d.ov = 0 in B.
We continue « by zero on H" \ B.

We apply H-Poincaré, . (h) in 2By (see Theorem 1.8), and we find y € L>°(B,, Bl )
such that
(55

dey=a in By and HV”Lw(BA,Eg—l) <C HO‘”L‘Z(ZB)\,E(’}) = ||@||Lq(B,Eg;)-
We emphasize here that the exponent ¢ in (55) equals Q if h # n and Q/2 if h = n.

As announced above, we have to distinguish two cases: h # n+2and h = n + 2.
Since in U’ C B, \ B we have d.y = 0 in U’. Furthermore, if h = 2n + 1,

/ ’y:/azo,
OB B

which implies that ~y is exact on By \ B. Hence by Proposition 6.7, if h — 2 # n, there
exists a (h — 2)-form 4’ on U such that

(56) dy' =~ inU and ”'V/HLOO(U,E[;*?) < Cll o, g1y

On the other hand, if » — 2 = n then, by Remark 6.8, there exists a v/ € W1 (U, EY)
such that d.y’ =~ in U and

(57) Y llwoe @, mg) < C 1| oo 07,51

Let ¢ be a smooth function in B) vanishing in ¢; B with s; < ¢; < sg, suchthat{ =1
outside of co B, where ¢; < ¢ < so. We stress that ' is defined on U, and (' is supported
outside of a neighborhood of ¢; B and therefore can be continued by 0 on all the ball ¢; B
and then is defined on all of s5B.

We set

(58) B =7 —de(¢y)
(that is still defined on all of s, B). Now on 53 B \ 2B = U \ ¢ B we have
B=y-dn' =0,

so that 8 is compactly supported in so B and can be continued by 0 to a compactly sup-
ported form in B).
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In addition, by (55),
df=doy=a in B).

CASE %3 m+2

B =Bt)

B =B (e &)

— b= Br,q

$,R = Ble, Sp)

B = BG2)
v
l v
B a ™

ge Lme sa Co g K
" lclﬁa E {
——5 |
;51% f(

By Remark 2.13, keeping into account that (v’ € EQ_Q, if h — 2 # n, we have

||BHL°°(BA,E6“1) = ||6HL°°(SZB,E(’)"1)) < ||7||L°°(B>\,E‘g’1)) + ||dc(C7/)HLoo(S2B,Eg*1)
= ||'Y||L<><>(BA,E{}*1) + Hdc(C’Y/)HLeo(U,Eg*l)
< ”’YHLOO(BA,EQ’I) + HdC’Y/HLm(U,E[’f’l) + CH’Y/HLoo(U,Eg*?)
<l sy zr-1) + Ve~ @mn-1) + ClVll oo i1y (bY (56))
< Cllpe(sy pr-ry < Cllallpaseyy By (55)

Thus, H-Sobolev, (k) holds for h # n + 2.

On the other hand, when i — 2 = n , keeping into account Remark 2.13-ii), we have

||BHL°°(BA,E3_1) = ||6HL°°(SZB,E5”_1)) < ”’YHLOO(B)\,EQ_l)) + ||dc(47/)”Loo(52B,Eg—1)
= Wl e By, 1) + 1de(CY) | e (v, 511
< ”’YHLOO(BA,ESL_I) + Hch/HLoo(U,Eg—l) + CH“Y’HWLOO(U,EQ—?)
< ||’Y||L°°(BA,E{;*1) + H’YHLOO(U,E{;’I) + CH’Y”Loo(U/,Eg*l) (by (57))
< Clllpe sy, 521y < Clledipas,sry by (55)).

Thus, by Definition 1.4, H-Sobolev, o (n + 2) holds. O
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8. APPENDIX: RUMIN’S COMPLEX
Coherently with the notations introduced through the paper, we set (see (15))
w; ==dx;, Witn :=dy; and wapy1 =0, fori=1,...,n

we denote by (-, -) the inner product in /\1 b that makes (dz1, ..., dyn,0) an orthonormal
basis.
We put A\, b := /\Of) =Rand, forl1 < h<2n-+1,

h
/\ bZZSPaH{wil/\"'/\Wih,11§i1<"'<ih§2n+1}'

In the sequel we shall denote by ©" the basis of /\h b defined by
O i={wi, Ao Awyy, 1<y <--- <ip <2n+ 1}
To avoid cumbersome notations, if I := (i1, ...,1}), we write
wr = Wiy A Nwgy, -

The inner product (-, -) on A" b yields naturally a inner product (-,-) on A" h making ©"
an orthonormal basis.
The volume (2n + 1)-form 61 A - - - A 62,11 will be also written as dV.

Throughout this paper, the elements of /\h b are identified with left invariant differential
forms of degree h on H".

Definition 8.1. A h-form o on H" is said left invariant if
T;’Ea =« for any ¢ € H".
Here Tfa denotes the pull-back of o through the left translation 7.

The same construction can be performed starting from the vector subspace h; C b,
obtaining the horizontal h-covectors

h
/\ by :=span{w;, A Aw;y, 01 <ip <--- <ip < 2n}.
It is easy to see that
h
oy =0"n/ h

provides an orthonormal basis of /\h 1.

Keeping in mind that the Lie algebra h can be identified with the tangent space to H'™ at
x = e (see, e.g. [21], Proposition 1.72), starting from /\h h we can define by left translation
a fiber bundle over H" that we can still denote by /\h b. We can think of h-forms as sections
of /\h h. We denote by Q" the vector space of all smooth h-forms.

We already pointed out in Section 2 that the stratification of the Lie algebra b yields
a lack of homogeneity of de Rham’s exterior differential with respect to group dilations
0. Thus, to keep into account the different degrees of homogeneity of the covectors when
they vanish on different layers of the stratification, we introduce the notion of weight of a
covector as follows.

Definition 8.2. Ifn # 0, n € /\1 b1, we say that ) has weight 1, and we write w(n) = 1.
Ifn = 0, we say w(n) = 2. More generally, if n € /\h b, n # 0, we say that  has pure
weight p if ) is a linear combination of covectors w;, A -+ A w;, with w(w;,) + -+ +
w(w;,) = p.
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Notice that, if 7,¢ € A" and w(n) # w(C), then (n,¢) = 0 (see [9], Remark 2.4).
We notice also that w(df) = w(8).

We stress that generic covectors may fail to have a pure weight: it is enough to consider
H' and the covector dz1 +6 € /\1 h. However, the following result holds (see [9], formula
(16)):

(59) Ao=AN"se A" o= Ane (A n)ne

where /\h’p b denotes the linear span of the h-covectors of weight p. By our previous
remark, the decomposition (59) is orthogonal. In addition, since the elements of the basis
©" have pure weights, a basis of /\h’p h is given by ©"7 := " N /\h’p b (such a basis is
usually called an adapted basis).

As above, starting from /\h’p h, we can define by left translation a fiber bundle over
H™ that we can still denote by /\h’p h. Thus, if we denote by QP the vector space of all
smooth h—forms in H" of weight p, i.e. the space of all smooth sections of /\h’p b, we have

(60) Qh _ Qh,h o Qh,,h-&-l.

Definition of Rumin’s complex

Let us give a short introduction to Rumin’s complex. For a more detailed presentation
we refer to Rumin’s papers [33] following verbatim the presentation of [8]. Here we follow
the presentation of [9].

The exterior differential d does not preserve weights. It splits into

d=dy+d; +ds

where d preserves weight, d; increases weight by 1 unit and dy increases weight by 2
units.
More explicitly, let o € Q" be a (say) smooth form of pure weight ». We can write

o= Z ajwr, with ay € C°(H").
wreoh
Then

2n
do = Z Z(Wjoq)wj Awr + Z (Tar) 0 Awr = dia + daa,
wIEG)g j=1 wIEG)[})‘

and doa = 0. On the other hand, if o € Q"1 has pure weight h + 1, then
o= Z ajlANwy,

w,;G@Sil
and
2n
da = Z aydd Nwy+ Z Z(Wj@])(ﬂj ANONwr =doa+ dia,
UJJE@S (4.1]6@8 j=1
and doa = 0.

It is crucial to notice that d is an algebraic operator, in the sense that for any real-valued
f € C(H") we have
do(fa) = fdoe,
so that its action can be identified at any point with the action of a linear operator from
/\h b to /\h+1 b (that we denote again by dp).
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Following M. Rumin ([33], [31]) we give the following definition:

Definition 8.3. If0 < h < 2n+ 1, keeping in mind that /\h b is endowed with a canonical
inner product, we set
Bl :=Xkerdy N (Im do)™*.

Straightforwardly, E} inherits from /\h b the inner product.

As above, Ej defines by left translation a fibre bundle over H", that we still denote by
E§. To avoid cumbersome notations, we denote also by E§ the space of sections of this
fibre bundle.

Let L: A" b — A" b the Lefschetz operator defined by

(61) LE=dONE.
Then the spaces E§ can be defined explicitly as follows:

Theorem 8.4 (see [30], [32]). We have:
D Ej =N\

ii) if2 < h <n, then E" = N" b1 0 (/\h*2 b1 A dé’)L (i.e. Bl is the space of the
so-called primitive covectors of /\h h1);

i) ifn <h <2n+1 then E" = {a =B A0, B N'""'by, yAdO =0} =
0 ANker L;

iv) if 1 < h <mn, then Ny := dim E} = (") — (,2%,);

V) if * denotes the Hodge duality associated with the inner product in \* b and the
volume form dV/, then xEl} = E2" 17",

Notice that all forms in E* have weight hif 1 < h < n and weight h+1ifn < h < 2n+1.

A further geometric interpretation (in terms of decomposition of h and of graphs within
H"™) can be found in [20].
Notice that there exists a left invariant orthonormal basis

(62) Eg = {5{17 te ’ggim Eg

of E} that is adapted to the filtration (59). Such a basis is explicitly constructed by induc-
tion in [2].

The core of Rumin’s theory consists in the construction of a suitable “exterior differ-
ential” d. : El — Ej™ making & := (EJ,d,.) a complex homotopic to the de Rham
complex.

Let us sketch Rumin’s construction: first the next result (see [9], Lemma 2.11 for a
proof) allows us to define a (pseudo) inverse of dj, :

Lemma 8.5. If1 < h < n, then kerdy = /\h b1. Moreover, if 3 € /\h+1 b, then there
exists a unique y € /\h b N (kerdoy)* such that
doy — B € R(do)*
With the notations of the previous lemma, we set
vi=d, 3.

We notice that dy, ! preserves the weights.
The following theorem summarizes the construction of the intrinsic differential d. (for
details, see [33] and [9], Section 2) .
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Theorem 8.6. The de Rham complex (2®, d) splits into the direct sum of two sub-complexes
(E*,d) and (F'*,d), with

E:=kerdy ' Nker(dy'd) and F :=7R(dy")+R(ddy?).

Let 11 g be the projection on E along F (that is not an orthogonal projection). We have
i) Ifye Eé‘, then
o llgy=vy—dy'diyifl <h<n;
o llpgy=~vifh>n
ii) Ilg is a chain map, i.e.

dllg = Ilgd.
iii) Let Ilg, be the orthogonal projection from /\* b on E§, then
(63) Ng, = Id —dy'tdy — dody ', Ty = dy do + dody "
iV) HEOHEHEO = HEO and HEHEOHE = HE.
Set now
de =g, dllg: BN - EMY h=0,...,2n.
We have:
v) d? = 0;

vi) the complex Ey := (E§,d.) is homotopic to the de Rham complex;

vii) d. : B} — Eg"'l is a homogeneous differential operator in the horizontal deriva-
tives of order 1 if h # n, whereas d. : Ef — ESLH is an homogeneous differential
operator in the horizontal derivatives of order 2;

viii) on forms of degree h > n we have d. = d. Indeed, if v € El with h > n, then,
by i) and iv)

dc’y = HEOHEd’Y = HEHEOHECZ’}/ = HEd’)/ = dHE’y = d’y,

(see also [10]).
ix) on forms of degree h = n, Ilg — Idgy = —daldl raises weight by one unit, i.e.
it maps EZ < N to N\

The next remarkable property of Rumin’s complex is its invariance under contact trans-
formations. In particular,

Proposition 8.7. If we write a form o = j ajfj? in coordinates with respect to a left-
invariant basis of E{} (see (62)) we have:

(64) Tfa = Z(aj o rq)gjf?
J

for all ¢ € H". In addition, fort > 0,

(65) Fa=t"> (ajod)e  f1<h<n
J

and

(66) fra=t""Y(a06)  ifn+1<h<2m+1.
J
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