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Abstract
For about twenty five years it was a kind of

folk theorem that complex vector-fields defined
on Ω × Rt (with Ω open set in Rn) by

Lj =
∂

∂tj
+i
∂ϕ

∂tj
(t)

∂

∂x
, j = 1, . . . , n , t ∈ Ω, x ∈ R ,

were subelliptic as soon as they were
hypoelliptic, when ϕ was analytic.

This was the case when n = 1 but in
the case n > 1, an inaccurate reading of
the proof given by Maire (see also Trèves)
of the hypoellipticity of such systems, under
the condition that ϕ does not admit any
local maximum or minimum (through a non
standard subelliptic estimate), was supporting
the belief for this folk theorem. Quite
recently, J.L. Journé and J.M.Trépreau show
by examples that there are very simple systems
(with polynomial ϕ’s) which were hypoelliptic
but not subelliptic in the standard L2-sense.
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So it is natural to analyze this problem
of subellipticity which is in some sense
intermediate (at least when ϕ is C∞)
between the maximal hypoellipticity (which was
analyzed by Helffer-Nourrigat and Nourrigat)
and the simple local hypoellipticity (or local
microhypoellipticity) and to start first with the
easiest non trivial examples.

The results presented in this talk correspond
to an attempt in this direction and have been
done with M. Derridj.

Another motivation arises when reanalyzing
with F. Nier the Witten-Laplacian in the semi-
classical regime.
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Introduction : microlocal analysis or

semi-classical analysis

Let Ω an open set in Rn with 0 ∈ Ω. We consider
the regularity properties of the following system on
Ω × R

Lj =
∂

∂tj
+i
∂ϕ

∂tj
(t)

∂

∂x
, j = 1, . . . , n , t ∈ Ω, x ∈ R ,

(1)
where ϕ ∈ C1(Ω,R), with ϕ(0) = 0.

We concentrate our analysis near a point (0, 0) .
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Many authors have considered this type of
systems. They were in particular interested in the
existence, for some pair (s,N) such that s+N > 0,
of the following family of inequalities.
For any pair of open sets ω, I such that ω ⊂⊂ Ω
and I ⊂⊂ R, ∃Cs,N(ω, I) such that

||u||2s ≤ CN(ω, I)
(∑

||Lju||
2
0 + ||u||2−N

)
,

∀u ∈ C∞
0 (ω × I) ,

(2)

where || · ||r denotes the Sobolev norm inHr(Ω×R).

If s > 0, we say that we have a subelliptic
estimate. In [JoTre], there are also results where s
can be arbitrarily negative. We will then speak about
weak-subellipticity.

Note that in this case (s ≤ 0) the existence of this
inequality is not sufficient for proving hypoellipticity.
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The system (1) being elliptic in the t variable,
it is enough to analyze the subellipticity microlocally
near τ = 0, i.e. near (0, (0, ξ)) in T ∗(ω × I) \ {0}
with {ξ > 0} or {ξ < 0}.
This leads to the analysis of the existence of two
constants C+

s and C−
s such that the two following

inequalities hold, for all u ∈ C∞
0 (ω × R) :

∫

ω×R+
ξ2s|û(t, ξ)|2 dtdξ ≤ C+

s

∫

ω×R+
|L̂u(t, ξ)|2 dtdξ ,

(3)
where û(t, ξ) is the partial Fourier transform of u
with respect to the x variable, and

∫

ω×R−
|ξ|2s|û(t, ξ)|2 dtdξ ≤ C−

s

∫

ω×R−
|L̂u(t, ξ)|2 dtdξ , .

(4)

When (3) is satisfied, we will speak of microlocal
subellipticity in {ξ > 0} and similarly when (4) is
satisfied, we will speak of microlocal subellipticity in
{ξ < 0}. Of course, when s > 0, it is standard that
these two inequalities imply (2).
We now observe that (3) for ϕ is equivalent to (4)
for −ϕ, so it is enough to consider the first case.
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Maximal hypoellipticity, subellipticity

and semi-classical analysis

Global estimates for operators with x-
independent coefficients lead after partial Fourier
transform with respect to the x-variable to
semiclassical results.

The strongest inequality is to look for C > 0,
such that, for any ξ ∈ R, :

∑
j ||πξ(Xj)v||

2 +
∑

j ||πξ(Yj)v||
2

≤ C
(∑

j ||πξ(Lj)v||
2 + ||v||2

)
,

(5)

in a ngbd V(0) of 0 in Rn with

πξ(Lj) = πξ(Xj)− iπξ(Yj) = ∂tj
−ξ(∂tj

φ)(t) . (6)

This is the maximal hypoellipticity that I study with
Nourrigat in the years 76-85 (with continuation by
Nourrigat).
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Two remarks :

(i) The estimate (5) is trivial for ξ in a bounded set.

(ii) Depending on which connected component of the
characteristic set is concerned, we have to consider
the inequality for ±ξ ≥ 0 (ξ large).

¿From now on, we choose the + component and
assume

ξ > 0 (7)

for simplicity. In any case, changing φ into −φ
exchanges the roles of ξ > 0 and ξ < 0, so there is
no loss of generality in this choice.
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If we introduce the semi-classical parameter by :

h =
1

ξ
, (8)

the inequality (5) becomes, after division by ξ2 :

∑
j ||(h∂tj

)v||2 +
∑

j ||(∂tj
φ) v||2

≤ C
(
〈∆

(0)
φ,hv | v〉 + h2||v||2

)
,

(9)

for all v ∈ C∞
0 (V(0)), where

∆
(0)
φ,h = −h2∆ + |∇φ|2 + h∆φ , (10)

is the semi-classical Witten Laplacian on functions.

Hörmander’s condition gives as a consequence of
the microlocal subelliptic estimate (cf also [BoCaNo])
the existence of V(0), h0 > 0 and C > 0 such that :

h2−2
r ||v||2 ≤ C




∑

j

||(h∂tj
)v||2 +

∑

j

||(∂tj
φ) v||2




(11)
for h ∈]0, h0] and v ∈ C∞

0 (V(0)).

– Typeset by FoilTEX – 8



So we finally obtain the existence of V(0), h0 > 0
and C > 0 such that :

h2−2
r ||v||2 ≤ C 〈∆

(0)
φ,hv | v〉 , ∀v ∈ C∞

0 (V(0)) ,
(12)

for h ∈]0, h0].
So the maximal microhypoellipticity (actually the
subellipticity would have been enough) in the “+”
component implies some semi-classical localized
lower bound for the semi-classical Witten Laplacian
of order 0.

A weaker subellipticity will correspond semi-
classically to the weaker estimate

h2−2δ||v||2 ≤ C 〈∆
(0)
φ,hv | v〉 , ∀v ∈ C∞

0 (V(0)) ,
(13)
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Of course, many semi-classical results can be
obtained by other techniques, particularly in the case
when φ is a Morse function.

The quadratic case is easy to describe.

An easy case where maximal “hypoellipticity”
can be verified is the case when, in addition to
the criterion of hypoellipticity, we assume that φ is
homogeneous and that ∇φ 6= 0 when |t| = 1.

The maximal hypoellipticity is characterized
(Helffer-Nourrigat) but the criterion is not easy to
verify.

Note also that

uh = exp
φ

h

is a solution of πξ(Lj)uh = 0 with h = 1
ξ
.
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The main result of Derridj- Helffer

In [De], Derrridj gave a sufficient condition on ϕ
for getting (2) with s > 0. Here, we consider the
case of quasihomogeneous functions ϕ on R2 (i.e.
n = 2).

The conditions will be expressed for ϕ in C1 but
note that they become more simple in the analytic
case.

More precisely, let ℓ and m in R , such that

m ≥ 2ℓ ≥ 2 . (14)

In the analytic case, we will assume ℓ ∈ Q.
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We consider in R2 (t, s) as the variables (instead
of t) and

the functions ϕ ∈ C1(R2) will be
quasihomogeneous in the following sense

ϕ(λt, λℓs) = λmϕ(t, s) , ∀(t, s, λ) ∈ R2 × R+ .
(15)

ϕ is determined by its restriction ϕ̃ to the
distorted circle S

ϕ̃ := ϕ|S .

where S is defined by

S = {(t, s) ; t2ℓ + s2 = 1} ,
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Our main result is stated under the following
assumption

Assumption. (H2)

(i) ϕ̃ is not strictly negative.

(ii) ϕ̃ can not have a local maximum equal to 0.

(iii) If S+
j is a component of ϕ̃(−1)(]0,+∞[), then one

can write S+
j as a finite union of arcs satisfying

Property 2 below.

(iv) If S−
j is a component of ϕ̃(−1)(] −∞, 0[), then ϕ̃

has a unique minimum in S−
j .

(v) ∃p ≥ 1, s. t., if θ0 is a zero of ϕ̃, then ∃ an open
arc Vθ0 containing θ0 and C0 > 0, such that

|ϕ̃(θ)− ϕ̃(θ′)| ≥
1

C0
|θ−θ′|p , ∀θ, θ′ ∈ Vθ0 , (16)

with θ and θ′ in the same side.
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Here in the third item, we say that a closed arc
[θ, θ′] has Property (P) if :

Property. [(P)]

There exists on this arc θ̂ s. t.

(i) ϕ̃ is non decreasing on the arc
[
θ, θ̂

]
and non

increasing
[
θ̂, θ′

]
.

(ii)

〈θ̂ | θ〉ℓ ≥ 0 and 〈θ̂ | θ′〉ℓ ≥ 0 ,

where for θ = (α, β) and θ̂ = (α̂, β̂) in S ⊂ R2,

〈θ̂ | θ〉ℓ := α̂α|α̂|ℓ−1|α|ℓ−1 + β̂β .
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We can now state our main theorem :

Theorem 1.
Let ϕ ∈ C1(R2,R) satisfying (15), with ℓ and m
satisfying (14). Then Assumption (H2) implies that
the system is microlocally α-subelliptic in the {ξ > 0}
direction with α = 1

max(m,p).

Remarks.

(i) [De] was considering the homogeneous case ℓ = 1
and m ≥ 2.

(ii) If ϕ is analytic and ℓ is rational. The statement of
the main theorem becomes simpler. (iii) and (v)
are indeed automatically satisfied as soon that ϕ̃
is not identically 0. Moreover, if we write ℓ = ℓ2

ℓ1
(with ℓ1 and ℓ2 mutually prime integers), all the
criteria on ϕ̃ can be reinterpreted as criteria for
the restriction ϕ̂ of ϕ on

Sℓ1,ℓ2 = {(t, s) ; t2ℓ2 + s2ℓ1 = 1} .
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Derridj’s subellipticity criterion.

Assumption. (H+(α))
∃ω̃ ⊂ ω, with full Lebesgue measure in ω and

ω̃ × [0, 1] ∋ (t, τ) 7→ γ(t, τ) ∈ Ω ,

such that

(i) γ(t, 0) = t ; γ(t, 1) 6∈ ω , ∀t ∈ ω̃ .

(ii) γ is C1 outside a negligeable set E and ∃C1 > 0,
C2 > 0 and C3 > 0 s.t.

(a)

|∂τγ(t, τ)| ≤ C2 , ∀(t, τ) ∈ ω̃ × [0, 1] \E .

(b)

|det(Dtγ)(t, τ)| ≥
1

C1
,

where detDtγ denotes the Jacobian of γ
considered as a map from ω̃ into R2.
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(c)

ϕ(γ(t, τ))−ϕ(t) ≥
1

C3
τα , ∀(t, τ) ∈ ω̃×[0, 1] .

Let us recall the result of [De].

Theorem 2.
If ϕ satisfies (H+(α)), then the associated system
(1)ϕ is microlocally 1

α
-subelliptic in {ξ > 0}.

The proof is easy after taking the partial Fourier
transform (with respect to x) and reexpressing u
from Lu.
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Quasihomogeneous structure

Distorted geometry
In the description of escaping curves, it appears
useful to extend the usual terminology used in the
Euclidean space R2. This is realized by introducing
the dressing map :

(t, s) 7→ dℓ(t, s) =
(
t |t|ℓ−1, s

)
. (17)

The first example was the unit distorted circle S
whose image by dℓ becomes the standard unit circle
in R2 centered at (0, 0).
Similarly, we will speak of disto-sectors, disto-arcs,
disto-rays.

The “disto” scalar product of two vectors in R2

(t, s) et (t′, s′) is then given by

〈(t, s) | (t′, s′)〉ℓ = tt′|tt′|ℓ−1 + ss′ . (18)

(for ℓ = 1, we recover the standard scalar product).
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For (t, s) ∈ R2, we introduce also the
quasihomogeneous positive function ̺ defined on
R2 by :

̺(t, s)2ℓ = t2ℓ + s2 . (19)

With these notations, we observe that

(t̃ , s̃) :=

(
t

̺(t, s)
,

s

̺(t, s)

)
∈ S , (20)

and
(t, s) ∈ R(et,es) .

The open disto-disk D(R) is then defined by

D(R) = {(x, y) | ̺(x, y) < R} .

Once an orientation is defined on S, two points θ1
and θ2 (or (a1, b1) and (a2, b2)) on S will determine
a unique “sector” V ⊂ D(1).
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Distorted dynamics
The parametrized curves γ permitting to satisfy
Assumption will actually be “lines” (possibly broken)
finally escaping from a neighborhood of the origin.
In parametric coordinates, with

t(τ) = t+ ̺τ , ̺ = ±c , (21)

the curve γ starting from (t, s) and “parallel”
to (c, d) is defined by writing that the vectors
(t(τ)|t(τ)|ℓ−1− t|t|ℓ−1, s(τ)− s) and (c|c|ℓ−1, d) are
collinear :

(
t(τ)|t(τ)|ℓ−1 − t|t|ℓ−1

)
d = c|c|ℓ−1(s(τ) − s) ,

and we find

s(τ) = s+
d

c|c|ℓ−1

(
t(τ)|t(τ)|ℓ−1 − t|t|ℓ−1

)
, (22)
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We consider the map σ 7→ fℓ(σ) which is defined
by

fℓ(σ) = σ|σ|ℓ−1 .

Note that
f ′ℓ(σ) = ℓ|σ|ℓ−1 ≥ 0 .

With this new function, (22) can be written as

dfℓ(t(τ)) − s(τ)fℓ(c) = dfℓ(t) − sfℓ(c) . (23)

This leads us to use the notion of distorted
determinant of two vectors in R2.

∆ℓ(v;w) = fℓ(v1)w2 − v2fℓ(w1) .

We will also write :

∆ℓ(v;w) = ∆ℓ(v1, v2, w1, w2) .

With these notations, (23) can be written

∆ℓ(c, d, t(τ), s(τ)) = ∆ℓ(c, d, t, s) ,
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We now look at the variation of ψ which is defined
(for a given initial point (t, s)) by

τ 7→ ψ(τ) = ρ(τ)2ℓ = t(τ)2ℓ + s(τ)2 . (24)

Easy computations give also :

ψ′(τ) =
2̺

fℓ(c)
f ′ℓ(t+ ̺τ)〈(c, d) | (t(τ), s(τ))〉ℓ .

We now analyze the variation of the “scalar
product” 〈(c, d) | (t(τ), s(τ))〉ℓ as a function of τ .
We have the formula

〈(c, d) | (t(τ), s(τ))〉ℓ
= 〈(c, d) | (t, s)〉ℓ + 1

fℓ(c)
(fℓ(t(τ)) − fℓ(t)) .

If we now assume that

c̺ > 0 , 〈(c, d) | (a, b)〉ℓ ≥ 0 , (25)

Then for (s, t) in the unit sector Vabcd associated to
the arc ((a, b) , (c, d)), we obtain :

ψ′(τ) ≥
1

fℓ(c)2
×( 2̺f ′ℓ(t+ ̺τ) (fℓ(t(τ)) − fℓ(t)) ) .
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We rewrite this inequality in the form

ψ′(σ) ≥
1

fℓ(c)2
×

(
(fℓ(t(σ)) − fℓ(t))

2
)′
, ∀σ ≥ 0 .

Integrating over [0, τ ], we get for τ ≥ 0 :

ψ(τ) ≥
1

fℓ(c)2
× (fℓ(t(τ)) − fℓ(t))

2 .

We now need the following

Lemma 1.
For any ℓ ≥ 1, τ ≥ 0, and γ ∈ R, we have

fℓ(τ + γ) − fℓ(γ) ≥ fℓ(
τ

2
) . (26)

But using Lemma 1, this leads to

Lemma 2.
Under Condition (25), we have, for any τ ≥ 0, for
any (t, s) ∈ Vabcd,

ρ(τ)2ℓ − ρ(0)2ℓ ≥ (
̺τ

2c
)2ℓ . (27)
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If instead ̺c < 0, we obtain :

ρ(τ)2ℓ − ρ(0)2ℓ ≤ −(
̺τ

2c
)2ℓ . (28)

We continue by analyzing the variation of s(τ)
and t(τ) and more precisely the variation on the
disto-circle of :

t̃(τ) =
t(τ)

ρ(τ)
, s̃(τ) =

s(τ)

ρ(τ)ℓ
.

After some computations, we get, with

̺ = ±c ,

t̃′(τ) = ±|c|1−ℓ s(τ)

ρ(τ)2ℓ+1
∆ℓ(c, d, t, s) ,

which can also be written in the form

t̃′(τ) = ±|c|1−ℓ s̃(τ)

ρ(τ)
∆ℓ(c, d, t̃(τ), s̃(τ)) .
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Similarly, we get for s̃′

s̃′(τ) = ∓ℓ|c|1−ℓt(τ)
2ℓ−1

ρ(τ)3ℓ
∆ℓ(c, d, t, s) ,

and

s̃′(τ) = ∓ℓ|c|1−ℓ t̃
2ℓ−1(τ)

ρ(τ)
∆ℓ(c, d, t̃(τ), s̃(τ)) .
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The analytic case and ℓ ∈ Q

We keep the previous assumptions but now
assume that

ℓ = ℓ2/ℓ1 ,

with ℓ1 and ℓ2 mutually prime integers and that ϕ is
analytic. In this case assumption (15) on ϕ implies
that ϕ is actually a polynomial and we can write ϕ
in the form

ϕ(t, s) =
∑

ℓ1j+ℓ2k=ℓ1m

aj,kt
jsk , (29)

where (j, k) are integers and the aj,k are real.
We can of course apply the main theorem but it
is nicer to have a criterion involving more directly
the assumptions on ϕ instead those on ϕ̃. It is
indeed more natural to express the conditions on the
restriction ϕ̂ of ϕ to the quasi-circle

Sℓ1,ℓ2 := {t2ℓ2 + s2ℓ1 = 1} .

instead of the disto-circle S. There are absolutely
no problems if the critical points or zeroes of ϕ̃ avoid
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{t = 0} ∪ {s = 0} but one should be more careful in
order to analyze Condition (16), if it is not satisfied.

Theorem 3.
Let ϕ be a real analytic non identically 0
quasihomogeneous function satisfying (15) and (14),
with ℓ = ℓ2/ℓ1. Suppose that ϕ is not a negative
function. Suppose in addition that :
If S−

k = (θk, θk+1) is a maximal arc where ϕ̂ is
negative, then ϕ̂′ has a unique zero on ]θk, θk+1[.
Then ϕ satisfies (H+) with α > 0. Hence the system
(1) is microlocally subelliptic in {ξ > 0}.

Example 4.
We recover some examples treated by H. Maire
[Mai4]

ϕ(t, s) = t(s2 − t2ℓ) , ℓ ≥ 1 .

Here m = 2ℓ+ 1.
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Around Journé-Trépreau
For

ϕ(t, s) = −t2m − t2s2p + sq ,

with

m ≥ 1 , p ≥ 2 , q ≥
2mp

m− 1
,

J.L. Journé and J.M. Trépreau show that one cannot
obtain a better ρ-subellipticity than

ρ ≤ −(1 −
2p

q
−

1

m
)
n− 1

4
+

1

2q
+
m− 1

4mp
.

The right hand side can become strictly negative,
but Not in the quasihomogeneous case !!
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Inside this class (m = 2, p = 2), a particularly
interesting example where these authors can obtain
the optimal subellipticity is

ϕ(t, s) = −t4 − t2s4 + sq ,

with q ≥ 8.
The optimal subellipticity is ρq = 3

2q
− 1

16. Here
let us observe that the only quasihomogeneous case
corresponds to q = 8 and that in this case their result
is coherent with our result. This example show also
that we loose the “positive” subellipticity for q ≥ 24.
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EDP in Ecole Polytechnique, April 2006.

[Mai1] H.M. Maire. Hypoelliptic overdetermined
systems of partial differential equations. Comm.
Partial Differential Equations 5 (4), p. 331-380
(1980).

– Typeset by FoilTEX – 31



[Mai2] H.M. Maire. Résolubilité et hypoellipticité
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