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Abstract. Given a smooth geometrically connected curve C over a field k and a smooth

commutative group scheme G of finite type over the function field K of C we study

the Tate–Shafarevich groups X
1

C(G) given by elements of H
1(K,G) locally trivial at

completions of K associated with closed points of C. When G comes from a k-group

scheme and k is a number field (or k is a finitely generated field and C has a k-point)

we prove finiteness of X
1

C(G) generalizing a result of Säıdi and Tamagawa for abelian

varieties. We also give examples of nontrivial X1

C(G) in the case when G is a torus and

prove other related statements.
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1. Introduction

Consider a smooth, proper, geometrically connected curve X over a field k and
denote by K its function field. Given a nonempty open subscheme C ⊂ X , denote
by C(1) the set of closed points of C and by Kc the completion of K with respect
to the discrete valuation associated with a point c ∈ C(1).

Now assume G is a commutative group scheme over K. We define the Tate–
Shafarevich groups of G relative to C by

X
i
C(G) := Ker(Hi(K,G) →

∏

c∈C(1)

Hi(Kc, G))

for each i ≥ 0.
The case where i = 1 and G = A is an abelian variety has been thoroughly

studied in the beautiful paper [10] by Säıdi and Tamagawa. One of their main
unconditional results is the finiteness of X1

C(A) for an isotrivial abelian variety A
and a base field k finitely generated over Q.

Our main result extends (a slightly weaker form of) their theorem to arbitrary
commutative group schemes of finite type.

Theorem 1.1. Let Gk be a commutative group scheme of finite type over k, and
set G := Gk ×k K. The group X

1
C(G) is finite in each of the following cases:

(a) k is a number field;
(b) k is finitely generated over Q and C has a rational point.

The proof will be given in the next section. Of course, our main new contribution
is the case of groups of multiplicative type. In this respect we ask:

Question 1.2. For k a finitely generated extension of Q and G a group of multi-
plicative type over K is the group X

1
C(G) always finite?
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Note that in ([10], Proposition A) Säıdi and Tamagawa prove that for G = A
an abelian variety over K the N -torsion subgroup of X

1
C(A) is finite for every

N > 0. The analogous statement for groups of multiplicative type would of course
be equivalent to a positive answer to the question above. For the moment we
know that the answer is positive for G constant (by the theorem above), finite
(Proposition 4.4 below) or a stably K-rational torus (Corollary 4.3, pointed out by
J-L. Colliot-Thélène).

An even more basic question is whether this group is always 0. In Section 3 we
show:

Proposition 1.3. There exist examples of smooth proper curves X defined over
number fields and tori T defined over their function fields with X

1
X(T ) 6= 0.

We construct both constant and non-constant examples of such tori in Example
3.7 below.

The last section contains some complements to the results above. For instance,
we show that X

1
C(G) is always 0 for a group scheme associated with a finitely

generated Galois module over K and that X
2
C(F ) is finite for a finite étale K-

group scheme defined over k. We also explore a possible strengthening of Question
1.2. As the reader will see, we deduce Theorem 1.1 in case (b) from the following
stronger statement: if k and G are as in the theorem and C ⊂ X is an open subcurve
having a rational point c ∈ C(k), then already for the single point c the kernel of
the restriction map H1(C,G ×k C) → H1(Kc, G) has finite image in H1(K,G).
However, in Example 4.6 below we shall give an example of a non-constant torus
over K where such a kernel is infinite. This shows the limitations of the methods
of the present paper and hints at the potential difficulty of Question 1.2 in the
non-constant case.

We would like to mention that in the recent preprint [9] A. and I. Rapinchuk
prove finiteness of another kind of Tate–Shafarevich group associated with a torus
defined over a finitely generated field. In their context local triviality is imposed
with respect to all discrete valuations coming from codimension 1 points of a normal
model of the function field that is of finite type over Z. Ultimately their result relies
on fundamental finiteness theorems in étale cohomology. Though in the present
paper we only consider function fields of dimension 1, we impose a weaker local
triviality condition and such a reduction does not seem to work.

We are grateful to Jean-Louis Colliot-Thélène and Olivier Wittenberg for their
pertinent remarks. We dedicate this note to the memory of our dear friends Joss
Beaumont and Jo Cavalier with whom we had the privilege of discussing similar
matters in the past.

2. Constant commutative group schemes

In this section we prove Theorem 1.1 of which we keep the notation and assump-
tions: k is a finitely generated field over Q, C a smooth geometrically connected
k-curve with function field K, and Gk a commutative group scheme of finite type
over k, with base change G := Gk ×k K to K.

We start with a couple of lemmas, of which the first two will only serve in case
(a) of the theorem.

Lemma 2.1. Assume k is a number field. There exists a finite set S of places of
k containing all archimedean places such that the kernel of the map

(1) H1(k,Gk) →
∏

c∈C(1)

H1(k(c), Gk)



TATE–SHAFAREVICH GROUPS 3

is contained in the kernel XS(Gk) of the map

(2) H1(k,Gk) →
∏

v 6∈S

H1(kv, Gk).

Proof. We find a finite set S of places of k containing all archimedean places such
that the curve C has khv -points for every v 6∈ S, where khv is the henselisation of k
at v. Such an S exists by the Lang-Weil estimates and Hensel’s Lemma. Since khv
is algebraic over k, for every v 6∈ S the curve C has a point over a finite extension
k′ of k such that k′ ⊂ khv ⊂ kv. In particular C has a closed point c such that the
residue field k(c) embeds into k′, which implies that the restriction of each element
of the kernel of (1) to H1(k′, Gk) is zero.

Concerning the group X
S(Gk) we have the following finiteness statement.

Lemma 2.2. Still assuming k is a number field, suppose Gk is an extension of an
abelian variety Ak by a group of multiplicative type Nk. If S is a finite set of places
of k containing all archimedean places, the group

X
S(Gk) = Ker[H1(k,Gk) →

∏

v 6∈S

H1(kv, Gk)]

has finite m-torsion for all m > 0.

Proof. First consider a place v ∈ S. In the exact sequence

H1(kv, Nk) → H1(kv, Gk) → H1(kv, Ak)

the group H1(kv, Nk) is finite (see [6], I.2.4 and I.2.13) and H1(kv, Ak) has finite
m-torsion (see [6], I.3.4 and I.3.7). Therefore H1(kv, Gk) has finite m-torsion.
Denoting by Ω the set of all places of k and setting

(3) X(Gk) = Ker[H1(k,Gk) →
∏

v∈Ω

H1(kv, Gk)],

the exact sequence of m-torsion subgroups

0 → mX(Gk) → mX
S(Gk) →

∏

v∈S

mH1(kv, Gk)

shows that it is enough to prove finiteness of mX(Gk).
Fix an open subscheme U ⊂ SpecOk such that m is invertible on U and moreover

Gk extends to a smooth commutative group scheme GU over U which is again an
extension of an abelian scheme by a group of multiplicative type over U . Consider
the group

D1(U,Gk) := Im(H1
c (U,GU ) → H1(U,GU )) = Ker(H1(U,GU ) →

⊕

v/∈U

H1(kv, Gk))

where H1
c (U,GU ) denotes the compact support cohomology group defined, for in-

stance, in ([6], §II.2). We first contend that the natural map mD1(U,GU ) →

mH1(k,Gk) is injective. To see this it will be enough to verify injectivity of the
analogous maps D1(U,GU ){ℓ} → H1(k,Gk){ℓ} on ℓ-primary torsion subgroups for
all prime divisors ℓ of m. Observe that the connected component G◦

U of the identity
in GU is a semiabelian scheme and the component group FU = GU/G

◦
U is a finite

étale group scheme. Now consider the commutative diagram with exact rows

(4)

H0(U, FU ) −−−−→ H1(U,G◦
U ) −−−−→ H1(U,GU ) −−−−→ H1(U, FU )





y

∼=





y





y





y

H0(k, Fk) −−−−→ H1(k,G◦
k) −−−−→ H1(k,Gk) −−−−→ H1(k, Fk).
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Here the first vertical map is an isomorphism by properness of FU and the last one
is injective by properness of FU because a generically trivial FU -torsor is trivial
by the valuative criterion of properness. The group H1(U,G◦

U ) is torsion by ([4],
Lemma 3.2 (1)), and its ℓ-primary torsion injects in H1(k,G◦

k) by ([4], Proposition
4.1 (2)). Injectivity of the third vertical map on ℓ-primary torsion follows by a
diagram chase.

This being said, we observe that the subgroup mX(Gk) ⊂ H1(k,Gk) is con-
tained in mD1(U,GU ). Recall the argument from [4]: each m-torsion element in
X(Gk) comes from mD1(V,GV ) for a suitable open subscheme V ⊂ U , hence from

mD1(U,GU ) by covariant functoriality of the groups D1(U,GU ) for open immer-
sions (see the proof of Lemma 4.7 in [4]). It thus remains to establish the finiteness
of mD1(U,GU ). In the exact upper row of diagram (4) the groups Hi(U, FU ) are
finite for i = 0, 1 (for the case i = 1 see [6], remark after Theorem 3.1 b)) and the
groups mH1(U,G◦

U ) are known to be finite for all m > 0 by ([4], Lemma 3.2 (2)).
The required finiteness follows since D1(U,GU ) is a subgroup of H1(U,GU ). �

Finally we include for the sake of reference a well-known lemma that is in fact
valid over an arbitrary field k (or even for an arbitrary integral Dedekind scheme
in place of C).

Lemma 2.3. For C′ ⊂ C an open subscheme and G a smooth commutative group
scheme of finite type over C with generic fibre G the sequence of restriction maps

H1(C,G) → H1(C′,G) →
⊕

v∈C\C′

H1(Kv, G)

is exact.

Proof. Part of the localization sequence in étale cohomology reads

H1(C,G) → H1(C′,G) →
⊕

v∈C\C′

H2
v (C,G).

We have excision isomorphisms H2
v (C,G)

∼= H2
v (O

h
v ,G), where Oh

v is the henseliza-

tion of the local ring of C at v. A second localization sequence for Oh
v reads

H1(Oh
v ,G) → H1(Kh

v , G) → H2
v (O

h
v ,G)

whereKh
v is the fraction field ofOh

v . But the natural map H1(Kh
v , G) → H1(Kv, G)

is an isomorphism (by the same argument as e.g. in the proof of [4], Lemma 2.7)

and the composition of restriction maps H1(C′,G) → H1(K,G) → H1(Kh
v , G)

makes the diagram
H1(C′,G) −−−−→ H2

v (C,G)




y





y

∼=

H1(Kh
v , G) −−−−→ H2

v (O
h
v ,G)

commute by functoriality of the localization sequence. The lemma follows.

Proof of Theorem 1.1. By Chevalley’s theorem our Gk is an extension of an abelian
variety Ak by an affine group scheme Nk. The unipotent part Uk of Nk is a
normal subgroup scheme of Gk isomorphic to a product of copies of Ga, whence
H1(K,UK) = 0. This shows that the natural map H1(K,GK) → H1(K,GK/UK)
is injective, so in proving the theorem we may replace Gk by Gk/Uk, i.e. assume Nk

is of multiplicative type. We set G := Gk ×k C, A := Ak ×k C and N := Nk ×k C.
We first show that the group X

1
C(G) is contained in the image of the group

K1(C,G) := Ker(H1(C,G) →
∏

c∈C(1)

H1(k(c),Gc))
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in H1(K,G), where Gc denotes the fibre of G over the closed point c ∈ C. Each ele-
ment of X1

C(G) lifts to a locally trivial element in H1(C′,G) for some open C′ ⊂ C,
hence to a locally trivial element in H1(C,G) by Lemma 2.3. The restriction maps
H1(C′,G) → H1(Kc,G) factor through the maps H1(Oc,G) → H1(Kc,G), where
moreover H1(Oc,G) ∼= H1(k(c),Gc) by smoothness of G. To conclude the proof of
the claim we show injectivity of the maps H1(Oc,G) → H1(Kc,G). Consider the
commutative diagram with exact rows

H0(Oc,A) −−−−→ H1(Oc,N ) −−−−→ H1(Oc,G) −−−−→ H1(Oc,A)

∼=





y





y





y





y

H0(Kc,A) −−−−→ H1(Kc,N ) −−−−→ H1(Kc,G) −−−−→ H1(Kc,A).

Properness of A implies that the first vertical map is an isomorphism and the last
one is injective. The second vertical map is injective, for instance, because of the
general result of Nisnevich [7], whence injectivity of the third map follows by a
diagram chase.

Now since the group H1(K,G) is torsion, it is sufficient to prove that the group
K1(C,G) is finitely generated. We first prove this after passing to a suitable finite
étale cover of C. Choose a finite Galois field extension k1 of k such that the base
change Nk1 splits as a finite direct product of copies of Gm and of finite constant
group schemes isomorphic to Z/mZ for some m ∈ Z. Set D := C ×k k1, and
consider the commutative diagram with exact row

H1(D,N )
ρ

−−−−→ H1(D,G) −−−−→ H1(D,A)




y





y

∏

d∈D(1)

H1(k1(d), Gk) −−−−→
∏

d∈D(1)

H1(k1(d), Ak).

We show that the kernel K1(D,G) of the first vertical map is finitely generated. The
kernel of the second vertical map is finite because X

1
D(Ak1(D)) is finite by ([10],

Theorem 4.1) and the map H1(D,A) → H1(k1(D), Ak1(D)) is injective because a
generically trivial A-torsor is trivial by the valuative criterion of properness. Thus
it suffices to show that ρ(H1(D,N )) ∩ K1(D,G) is finitely generated. The group
H1(D,N ) splits as a finite product of copies of H1(D,Gm) and of groups of the
form H1(D,Z/mZ). The unique smooth k1-compactification Y of D has finitely
generated Picard group by the Mordell–Weil theorem, whence H1(D,Gm) ∼= PicD
is finitely generated as a quotient of PicY . As for H1(D,Z/mZ), it sits in an exact
sequence

0 → H1(k1,Z/mZ) → H1(D,Z/mZ) → H1(D,Z/mZ)

where D is the base change of D to an algebraic closure. Since the cohomology
groupH1(D,Z/mZ) is finite (by basic theorems of étale cohomology or by finiteness

of the mod m quotient of the abelianized fundamental group πab
1 (D)) we reduce to

proving finiteness of the intersection ρ(H1(k1,Z/mZ)) ∩ K1(D,G). But this is an
m-torsion group contained in the kernel of the map

(5) H1(k1, Gk1) →
∏

d∈D(1)

H1(k1(d), Gk1).

In case (a) of the theorem this kernel is contained in the group X
S(Gk1 ) for a

suitable S by Lemma 2.1. But the latter group has finite m-torsion part by Lemma
2.2, and we are done. In case (b) the map (5) is injective because the k-point
of C induces a k1-point of D and the map is the identity on the corresponding
component of the product.
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We can now prove that K1(C,G) is finitely generated. With the notation Γ :=
Gal (k1|k) we have a commutative diagram with exact row

H1(Γ,G(D)) −−−−→ H1(C,G) −−−−→ H1(D,G)




y





y

∏

c∈C(1)

H1(k(c), Gk) −−−−→
∏

d∈D(1)

H1(k(d), Gk).

where the second vertical map has finitely generated kernel by the previous para-
graph.

It therefore suffices to verify finiteness of the intersection of Im(H1(Γ,G(D)) →
H1(C,G)) with K1(C,G). Consider the exact sequence

(6) H1(Γ,N (D)) → H1(Γ,G(D)) → H1(Γ,A(D)).

Since A(D) equals A(k1(D)) by properness of A over D and the latter group is
finitely generated by the Mordell–Weil/Lang–Néron theorem, we conclude that
H1(Γ,A(D)) is finite (see e.g. [3], Corollary 1.50). In order to treat H1(Γ,N (D)),
set L := N (D)/Nk(k1). It is a finitely generated abelian group because so is
Gm(D)/Gm(k1) = k1[D]∗/k∗1 in view of the exact sequence

0 → k∗1 → k1[D]∗ → Div Y \D Y

where the last group denotes divisors on Y supported in the (finite) complement of
D. Thus in the exact sequence

(7) H1(Γ, Nk(k1)) → H1(Γ,N (D)) → H1(Γ, L)

the group H1(Γ, L) is finite for the same reason as above. Hence by exact sequences
(6) and (7) we reduce to showing finiteness of the intersection

Im(H1(Γ, Nk(k1)) → H1(C,G)) ∩K1(C,G).

This group in turn is contained in the image of the group

KG := Ker(H1(k,Gk) →
∏

c∈C(1)

H1(k(c), Gk))

in H1(C,G). But the group KG is trivial in case (b) and is finite in case (a)
because it is of finite exponent (by a restriction-corestriction argument applied to
some residue field k(c)) and has finite m-torsion by Lemmas 2.1 and 2.2. �

3. Non-triviality of Tate–Shafarevich groups

In this section we construct examples of tori T with non-trivial X1
X(T ) as stated

in Proposition 1.3. In the whole section k is a number field, otherwise we keep the
notation from the introduction.

We start with some statements about the cohomology of Gm that we consider
interesting in their own right. Denote by Ωk the set of places of k and by kv the
completion of k at v ∈ Ωk. Define the locally trivial part of the Brauer group of
the curve X by

Br lt(X) := Ker(BrX →
∏

v∈Ωk

Br (X ×k kv)).

Proposition 3.1. For every nonempty open subcurve C ⊂ X we have an isomor-
phism

X
2
C(Gm) ∼= Br lt(X).

In particular the group X
2
C(Gm) is independent of C.
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Proof. Suppose that α ∈ BrX ⊂ BrK has trivial restriction to Br (X ×k kv) for
every place v of k. If c is a closed point of X with residue field k(c) and w is a
place of k(c) extending v, the commutative diagram of restriction maps

BrX −−−−→ Br (X ×k kv)




y





y

Br k(c) −−−−→ Br k(c)w

shows that the evaluation α(c) ∈ Br (k(c)) has trivial restriction to Br (k(c)w).
Therefore α(c) = 0 by the Hasse principle for Brauer groups, which in turn shows
that the image of α in H2(Kc,Gm) is zero thanks to the injection H2(Oc,Gm) →֒
H2(Kc,Gm) and the isomorphism H2(Oc,Gm) ∼= H2(k(c),Gm), where Oc is the
valuation ring of Kc. This proves that α ∈ X

2
X(Gm) ⊂ X

2
C(Gm).

Conversely, pick α0 ∈ X
2
C(Gm). We first show that α0 comes from α ∈ BrX .

Shrinking C if necessary, we may assume that α0 comes from α ∈ BrC, hence the
evaluation α(c) ∈ Br (k(c)) is trivial for every closed point c ∈ C. For a place v of
k consider the henselization khv of k at v. As khv is an algebraic extension of k, the

image of every k-morphism Spec khv → C is a closed point c ∈ C, which implies by
functoriality that α(P h

v ) = 0 for every khv -point P
h
v ∈ C(khv ) (since by assumption

α(c) = 0). By Greenberg’s approximation theorem, this also proves that α(Pv) = 0
for every kv-point Pv ∈ C(kv). Finally, from ([2] Th. 2.1.1) we conclude that
α ∈ BrX .

We now prove that the restriction αv ∈ Br (X ×k kv) of α is zero for all places
v of k. Let k′v be a finite field extension of kv and take P ′

v ∈ X(k′v). By the
same argument as above, we have α(P ′

v) = 0 if P ′
v lies above a closed point of C,

hence for every P ′
v ∈ X(k′v) since the evaluation map for α is locally constant ([1],

Proposition 10.5.2). Therefore α(zv) = 0 for all zero-cycles zv on X ×k kv. By
Lichtenbaum duality [5] for the curve X ×k kv it follows that αv = 0. This is what
we wanted to prove.

Remark 3.2. Olivier Wittenberg contributes the following alternative argument
for the second part of the above proof which does not use the difficult result from
[2]. As above, we lift α0 ∈ X

2
C(Gm) to α ∈ BrC and prove that α(zv) = 0 for

all zero-cycles zv on C ×k kv. By a version of Lichtenbaum duality for open curves
([12], Theorem 3.5 and Remark 2.10.2) it follows that α maps to 0 in Br (C ×k kv)
and therefore α0 maps to 0 in H2(K ×k kv,Gm) for all v. Hence for a closed point
P ∈ X the residue of α0 in H1(k(P ),Q/Z) has trivial image in H1(k(P )w,Q/Z) for
every place w of k(P ) and is therefore trivial by the Chebotarev density theorem.
This shows that α0 lifts to an element in Br lt(X).

Question 3.3. Can one generalize the isomorphism of the proposition to k-group
schemes other than Gm? In particular, is there an analogous formula for X2

C(Fk)
with Fk a finite k-group scheme?

Theorem 3.4. Let J be the Jacobian variety of the curve X. If X has a zero-cycle
of degree 1, we have isomorphisms

X
2
C(Gm) ∼= X(J)

for every nonempty open subcurve C ⊂ X.

Here X(J) denotes the classical Tate-Shafarevich group of J , as in (3).
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Proof. We have to construct an isomorphism Br lt(X) ∼= X(J) thanks to Propo-
sition 3.1. Since X is a curve, the base change X = X ×k k̄ satisfies BrX = 0
by Tsen’s theorem. Thus from the Hochschild-Serre spectral sequence and the
vanishing of H3(k,Gm) one deduces an exact sequence

0 → Br k → BrX → H1(k,PicX) → 0

where the first map is injective by the assumption that X has a zero-cycle of degree
1. More precisely, this assumption gives a splitting of the map Br k → BrX , so the
sequence is in fact split exact.

Repeating the argument with k replaced by its completions kv we obtain a com-
mutative diagram with split exact rows

0 −−−−→ Br k −−−−→ BrX −−−−→ H1(k,PicX) −−−−→ 0




y





y





y

0 −−−−→
∏

v∈Ωk

Br kv −−−−→
∏

v∈Ωk

Br (X ×k kv) −−−−→
∏

v∈Ωk

H1(kv,PicX) −−−−→ 0.

Since the left vertical map is injective by the Hasse principle for Brauer groups, we
obtain an isomorphism

Br lt(X) ∼= Ker(H1(k,PicX) →
∏

v∈Ωk

H1(kv,PicX)).

On the other hand, the exact sequence of Galois modules

0 → J(k̄) → PicX → Z → 0

induces an isomorphism H1(k, J)
∼
→ H1(k,PicX) in view of the vanishing of

H1(k,Z) and the assumption that X has a zero-cycle of degree 1. Similarly, we

have H1(kv, J)
∼
→ H1(kv,PicX) for v ∈ Ω and the statement follows.

Remark 3.5. By refining the arguments in the above proof one can show that even
in the case where X has no zero-cycle of degree 1 the finiteness of X(J) implies
the finiteness of X2

C(Gm). See the proof of Proposition 4.1 below for some of the
ideas involved.

We now construct the promised examples of tori.

Proposition 3.6. Let L|K be a finite cyclic Galois extension with Galois group Γ,
and let Y be the normalization of X in L. Denote by JX (resp. JY ) the Jacobian
variety of X (resp. Y ) and suppose that both X and Y have a zero-cycle of degree
1.

For the normic torus T := R1
L/KGm we have an isomorphism

X
1
X(T ) ∼= Ker[X(JX) → X(JY )].

Proof. By definition of T we have an exact sequence of tori

1 → T → RL/KGm

NL/K
→ Gm → 1.

In view of Hilbert’s Theorem 90, Shapiro’s lemma and the 2-periodicity of the
cohomology of finite cyclic groups, the sequence yields isomorphisms

H1(K,T ) ∼= K∗/NL/KL∗ = Ĥ0(Γ, L∗) ∼= H2(Γ, L∗) = Br (L/K),

and likewise with K replaced by a completion Kc, c ∈ X(1). Therefore

X
1
X(T ) ∼= X

2
X(Gm) ∩ Br (L/K) ∼= Ker

(

X
2
X(Gm) → X

2
Y (Gm)

)

.

The result now follows from Theorem 3.4.

To complete the proof of Proposition 1.3 we give a simple concrete example.
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Example 3.7. The Selmer curve S is defined in P2
Q by the equation

3x3 + 4y3 + 5z3 = 0.

It is a genus one curve with points everywhere locally and no rational point. Its
Jacobian E is an elliptic curve over k = Q. The curve S acquires a rational point
over a cyclic extension k′|k of degree 6, so the non-zero class [S] ∈ X(E) has trivial
restriction to X(E ×k k′). Let K be the function field of E and L := Kk′. Then
the normalisation of E in L is just E×k k

′, and by the previous proposition for the
torus T = R1

L/KGm the curve S represents a nontrivial class in the group

X
1
X(T ) ∼= Ker(X1(E) → X

1(E ×k k
′)).

Observe that in this example the torus T is constant over the function field K of
the elliptic curve E. To get a non-constant example over P1, one can simply take
the Weil restriction RK/Q(t)T .

4. Remarks and Complements

In this section we collect a number of observations related to the results of the
previous sections. We begin with the following consequence of Theorem 1.1.

Proposition 4.1. Let k be a number field. If Fk is a finite k-group scheme and
F = Fk ×k K, then the group X

2
C(F ) is finite.

This statement is of some interest as one can show using Ono’s lemma ([11],
Lemma 1.7) that a positive answer to Question 1.2 would follow from the finiteness
of X2

C(F ) for all finite K-group schemes.

Proof. There is an exact sequence of k-group schemes

(8) 0 → Fk → Qk → Tk → 0

where Qk, Tk are k-tori and moreover Qk is quasi-trivial (write the character group
of Fk as a quotient of a permutation module, then dualize). Setting T = Tk ×k K
and Q = Qk ×k K as usual, we have H1(K,Q) = H1(Kc, Q) = 0 by quasi-triviality
of Qk. This shows that (8) induces an exact sequence

0 → X
1
C(T ) → X

2
C(F ) → X

2
C(Q)

where the first group is finite by Theorem 1.1. Since X
2
C(F ) is of finite exponent

by finiteness of F , it suffices to show that X
2
C(Q) has finite m-torsion for all

m > 0. To prove this, by quasi-triviality of Q we reduce to the case Q = Gm

using Shapiro’s lemma. Next, Proposition 3.1 applies and yields an isomorphism
X

2
C(Gm) ∼= Xlt(BrX). Now consider the commutative diagram with exact rows

H
0(k,PicX) −−−−−→ Br k −−−−−→ BrX −−−−−→ H

1(k,PicX)




y





y





y

∏

v∈Ωk

Br kv −−−−−→

∏

v∈Ωk

Br (X ×k kv) −−−−−→

∏

v∈Ωk

H
1(kv,PicX)

coming from the Hochschild–Serre spectral sequence as in the proof of Theorem
3.4. The kernel of the third vertical map has finite m-torsion by finiteness of the
m-Selmer group of the Jacobian of X . The maps Br kv → Br (X ×k kv) have a
splitting for all but finitely many v because X(kv) 6= ∅ for all but finitely many v
by the Weil estimates and Hensel’s lemma. On the other hand, the image of the
first map in the upper row is finite as Br k is torsion and H0(k,PicX) is finitely
generated. (Recall that to see this latter fact it is enough to show finiteness of
H0(k,Pic0X) which can be checked after replacing k by a finite extension where X
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has a point; then H0(k,Pic0X) identifies with Pic0 X which is finitely generated
by the Mordell–Weil theorem.) Therefore an m-torsion element α ∈ Xlt(BrX)
with trivial image in H1(k,PicX) comes from an element β ∈ Br k that is locally
trivial up to finitely many v; furthermore, nβ = 0 for some n ≥ m independent of
α. The subgroup of such β is finite by the Hasse principle for Brauer groups and
the finiteness of n-torsion in the Brauer group of a local field. A diagram chase
concludes the proof. �

We record the following easy consequence which was in fact proven in the course
of the above proof:

Corollary 4.2. The group X
2
C(Gm) has finite m-torsion for all m > 0.

The following application has been pointed out to us by J-L. Colliot-Thélène. It
gives the only non-constant tori for which we know the answer to Question 1.2 at
present.

Corollary 4.3. If T is a stably rational K-torus, then X
1
C(T ) is finite.

Proof. Since the torus T is stably K-rational, by a result of Voskresenskĭı [13] (see
also [8], Proposition 6) there is an exact sequence of K-tori

1 → Q1 → Q2 → T → 1

with Q1 and Q2 quasi-trivial. By Shapiro’s lemma and Hilbert’s Theorem 90 the ex-
act sequence induces an injection X

1
C(T ) →֒ X

2
C(Q1). Again by Shapiro’s lemma

we have an isomorphism X
2
C(Q1) ∼= ⊕iX

2
Di

(Gm) for a finite family of (possibly

ramified) covers Di → C. But X
1
C(T ) is a group of finite exponent m (say) and

the groups X2
Di

(Gm) have finite m-torsion by the corollary above. �

Next we show that, in contrast to the case of tori, the Tate–Shafarevich group
associated with a finitely generated Galois module is always trivial. The proof,
which works over an arbitrary Hilbertian field, is an easy variant of an argument
in [10].

Proposition 4.4. Assume k is finitely generated over Q and let M be a finitely gen-
erated Gal (K|K)-module considered as an étale locally constant K-group scheme.
Then X

1
C(M) = 0.

Proof. Consider α ∈ X
1
C(M). Shrinking C if necessary we may assume that M

extends to a smooth group scheme M over C and α comes from an element in
H1(C,M). For a closed point c ∈ C with residue field k(c) the specialization map
H1(Oc,M) → H1(k(c),Mc) to the fibre Mc is an isomorphism. Moreover, the
restriction map H1(Oc,M) → H1(Kc,M) is injective. Indeed, denoting by Osh

c

the strict henselization of Oc and by Ksh
c its fraction field, we have a commutative

diagram

0 −−−−→ H1(k(c), H0(Osh
c ,M)) −−−−→ H1(Oc,M) −−−−→ H1(Osh

c ,M)




y





y

0 −−−−→ H1(k(c), H0(Ksh
c ,M)) −−−−→ H1(Kc,M)

whose exact rows come from the Hochschild–Serre spectral sequence. Here the
first vertical map is an isomorphism because M becomes constant on Osh

c , and
the group H1(Osh

c ,M) vanishes because moreover Osh
c is simply connected. This

justifies the claimed injectivity, so our α comes from an element in the kernel of the
specialisation maps sc : H

1(C,M) → H1(k(c),Mc) for c ∈ C.
Next, we find a finite Galois extension with group Γ such that α comes from

H1(Γ,MGal (K|L)). Let D be the normalization of C in L. Shrinking again C if
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necessary, we can assume that the covering D → C is étale and that α comes from
the subgroup H1(Γ,M(D)) ⊂ H1(C,M). For c ∈ C let Γc ⊂ Γ be the decomposi-
tion subgroup of the covering D/C at c. The restriction of sc to H1(Γ,M(D)) is
given by the restriction map H1(Γ,M(D)) → H1(Γc,M(D)), where the target can
be identified with a subgroup of H1(k(c),Mc) because D → C is an étale covering.
Now by the Hilbert irreducibility theorem there are infinitely many closed points
c ∈ C such that the fibre of D → C at c consists of a single closed point and Γc = Γ.
Thus the restriction map H1(Γ,M) → H1(Γc,M) is an isomorphism and α = 0.

We now make the following observation. In the proof of Theorem 1.1 (b) we have
in fact proven the following stronger statement: if k andG and are as in the theorem,
C ⊂ X is such that G extends to a smooth group scheme G over C and c ∈ C is a
rational point, then the kernel of the restriction map H1(C,G) → H1(Kc, G) has
finite image in H1(K,G). We now show by way of an example that this stronger
statement may fail already if G is a non-constant torus over a number field. We
shall need the easy lemma:

Lemma 4.5. Let V be a smooth and geometrically integral variety over a number
field k, with function field K. For a k-torus T the kernel of the restriction map
H1(k, T ) → H1(K,T ) is finite.

Proof. By the Lang–Weil estimates and Hensel’s lemma we find a finite set of places
S of k such that V (kv) 6= ∅ for all v 6∈ S. With notation as in Lemma 2.1, we show
that the kernel of H1(k, T ) → H1(K,T ) is contained in the group X

S(T ), which is
known to be finite (see Lemma 2.2). Take α ∈ Ker(H1(k, T ) → H1(K,T ). We find
a nonempty open subscheme U ⊂ V such that the restriction of α to H1(U, T ) is
zero. For v 6∈ S we have U(kv) 6= ∅ by the implicit function theorem, which implies
that the restriction of α to H1(kv, T ) of α is also zero, as claimed.

We now come to the promised example.

Example 4.6. Let k be a number field and D → C a finite étale Galois covering
of smooth and geometrically integral k-curves, inducing a field extension L ⊃ K
on generic fibres. Assume that C contains a rational point c ∈ C(k) such that the
fibre of D → C at c consists of a single closed point d ∈ D with residue field l ⊃ k.
Fix a k-torus Tk such that the restriction map H1(k, Tk) → H1(l, Tk) has infinite
kernel. For instance, one may take Tk to be the norm torus R1

l/kGm as H1(k, Tk) ∼=

k∗/Nl/k(l
∗) is known to be infinite by ([3], ex. 15.1) and H1(l, Tk) = 0. Finally,

consider the L-torus TL := Tk ×k L, denote by T the K-torus T := RL/K(TL)
obtained by Weil restriction and extend it to a C-torus T .

We now show that the kernel of the map H1(C, T ) → H1(Kc, T ) has infinite
image in H1(K,T ) for every c ∈ C(k) satisfying the above condition. Denoting by
Σ the complement of C in X , we may identify the image of H1(C, T ) in H1(K,T )
with the subgroup H1

Σ(K,T ) ⊂ H1(K,T ) consisting of elements unramified outside
Σ. Let ΣD be the set of closed points of D lying over a point of Σ. By basic
properties of the Weil restriction we have isomorphisms H1

Σ(K,T ) ≃ H1
ΣD

(L, TL)

and H1(Kc, T ) ∼= H1(Ld, TL). Hence as before it will suffice to check that the
kernel of the specialization map H1

ΣD
(L, TL) → H1(l, Tk) at d is infinite. Now

H1
ΣD

(L, TL) contains the image of the natural map H1(k, Tk) → H1(L, TL) which
has finite kernel by the above lemma applied to the geometrically integral k-curve
D. On the other hand, the composite map H1(k, Tk) → H1

ΣD
(L, TL) → H1(l, Tk)

is the natural restriction and therefore has infinite kernel by our assumption. The
claim follows.
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Finally, we show that if instead of a torus we consider a finite étale group scheme,
there is no such counterexample, even over an arbitrary field of characteristic 0.

Proposition 4.7. Assume k is a field of characteristic 0, and F is a finite étale
group scheme over C with generic fibre F over K. For every closed point c ∈ C the
kernel of the restriction map

H1(C,F) → H1(Kc, F )

is finite.

Proof. As before, it is equivalent to study the kernel of the specialization map
H1(C,F) → H1(k(c),Fc), where Fc is the fibre of F at c.

We start with the case F = µn. The n-torsion subgroup of PicX is finite, being
contained in the finite n-torsion subgroup of the abelian variety Pic 0(X ×k k̄).
Therefore the n-torsion subgroup nPicC ⊂ PicC is also finite because PicC is the
quotient of PicX by a finitely generated group (a quotient of the group of divisors
supported in X \ C).

Using the commutative diagram with exact row

0 −−−−→ k[C]∗/k[C]∗
n

−−−−→ H1(C, µn) −−−−→ nPicC −−−−→ 0




y





y

k(c)∗/k(c)∗
n ∼=

−−−−→ H1(k(c), µn)

it is therefore sufficient to show finiteness of the kernel of the left vertical map. In
the exact sequence

0 → k∗ → k[C]∗
DivX\C
−→ PX\C → 0

the group PX\C of principal divisors supported in X \ C is finitely generated,
and therefore k∗/k∗n is of finite index in k[C]∗/k[C]∗n. Thus we may replace the
latter with the former. Furthermore, after replacing k(c) by its Galois closure k1
it is enough to show finiteness of the kernel of the map k∗/k∗n → k∗1/k

∗n
1 , which

by Kummer theory and the restriction-inflation sequence identifies with the finite
kernel H1(Gal (k1/k), µn) of the restriction map H1(k, µn) → H1(k1, µn).

In the general case choose a geometrically integral, finite, Galois étale covering
D of C such that FD := F ×C D is isomorphic to a direct sum of copies of µni for
various positive integers ni. Set G = Gal (D/C), and let d ∈ D be a closed point
of D lying over c. The Hochschild-Serre spectral sequence gives the exact row in
the commutative diagram

0 −−−−→ H1(G,F(D)) −−−−→ H1(C,F) −−−−→ H1(D,FD)




y





y

H1(k(c),Fc) −−−−→ H1(D,Fd)

Here H1(G,F(D)) is finite because both G and F(D) are finite. The kernel of the
right vertical map is finite by the case F = µn, and we are done.
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