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1. Introduction

Partial differential equations like Navier-Stokes equations are invariant by rotation and all space directions are equiva-
lent. Due to the use of a given mesh, lattice Boltzmann schemes cannot be completely invariant by rotation. This difficulty
was present in the early ages of lattice gas automata. The initial model of Hardy, de Pazzis and Pomeau [ 1] proposed very im-
pressive qualitative results but the associated fluid tensor was not invariant by rotation. With a triangular mesh, the second
model of Frisch, Hasslacher and Pomeau [2] gives the correct physics. The lattice Boltzmann scheme with multiple relaxation
times is the fruit of the work of Higuera and Jiménez [3], Higuera, Succi and Benzi [4], Qian, d’Humiéres and Lallemand [5]
and d’Humiéres [6]. It uses in general square meshes and leads to isotropic physics for a second order equivalent model
as analyzed in [7]. The question of rotational invariance is still present in the lattice Boltzmann community and a detailed
analysis of moment isotropy has been proposed by Chen and Orszag [8].

o The invariance by rotation has to be kept as much as possible in order to respect the correct propagation of waves. In [9],
using the Taylor expansion method proposed in [ 10] for general applications, we have developed a methodology to enforce a
lattice Boltzmann scheme to simulate correctly the physical acoustic waves up to fourth order of accuracy. But unfortunately,
stability is in general guaranteed only if the viscosities of the waves are much higher than authorized by common physics.
In this contribution, we relax this constraint and suppose that the equivalent partial differential equation of the scheme
is invariant under rotations. The objective of this contribution is to propose a methodology to fix the parameters of lattice
Boltzmann schemes in order to ensure the invariance by rotation at a given order.

o The outline is the following. In Section 2, we consider the question of the algebraic form of linear high order “acoustic-
type” partial differential equations that are invariant by two dimensional and three-dimensional rotations. In Section 3, we
recall the essential properties concerning multiple relaxation times lattice Boltzmann schemes. The equivalent equation of a
lattice Boltzmann scheme introduces naturally the notion of rotational invariance at a given order. In the following sections,
we develop a methodology to force acoustic-type lattice Boltzmann models to be invariant under rotations. We consider

* Corresponding author at: Department of Mathematics, University Paris Sud, Orsay, France. Tel.: +33 140272439; fax: +33 140 27 24 39.
E-mail address: francois.dubois@math.u-psud.fr (F. Dubois).

0898-1221/$ - see front matter © 2013 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.camwa.2013.06.009


http://dx.doi.org/10.1016/j.camwa.2013.06.009
http://www.elsevier.com/locate/camwa
http://www.elsevier.com/locate/camwa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.camwa.2013.06.009&domain=pdf
mailto:francois.dubois@math.u-psud.fr
http://dx.doi.org/10.1016/j.camwa.2013.06.009

240 A. Augier et al. / Computers and Mathematics with Applications 67 (2014) 239-255

the four lattice Boltzmann schemes D2Q9, D2Q13, D3Q19 and D3Q27 in Sections 4-7. A conclusion ends our contribution.
Appendix A presents with details the implementation of the “Berliner version” of our algorithm to derive explicitly the
equivalent partial differential equations. Some long formulae associated to specific results for D2Q13 and D3Q27 lattice
Boltzmann schemes are presented in Appendix B.

2. Invariance by rotation of acoustic-type equations

With the help of group theory, and we refer the reader e.g. to Hermann Weyl [11] or Goodman and Wallach [12], it is
possible to write a priori the general form of systems of linear partial differential equations invariant by rotation. More
precisely, if the unknown is composed by one scalar field p (the invariant function under a rotation of the space) and one
vector fieldJ (a vector valued function that is transformed in a similar way to how than cartesian coordinates are transformed
when a rotation is applied), a linear partial differential equation invariant by rotation is constrained in a strong manner.
Using some fundamental aspects of group theory and in particular the Schur lemma (see e.g. Goodman and Wallach [12]),
it is possible to prove that general linear partial differential equations of acoustic type that are invariant by rotation admit
the form described below.

o In the bidimensional case, we introduce the notation

9 0d\% a a
VLE(—7—> :(—,——), 1= s L= ,—Jx). 1
ox’ 3y oy ox Jm =0 ly)™ = Uy, =) (1)
Then acoustic type partial differential equations are of the form

b+ Y (e A5 p + B A div] + Ak div () ) =0,

k>0
> (2)
3 + Z(akv AK o+ e A¥] + 6 Vdiv X + 6,V A% p 4 v AR 4 5, Vdiv A"jl) —o,

k>0

where the real coefficients ay, By, V&, Ok Mk Ck» Ek» Vi and ny are in finite number. The tridimensional case is essentially
analogous. The “acoustic type” linear partial differential equations invariant by rotation take necessarily the form

dep + Z(ak Ak p + Bidiv A"]) =0

k=0 k k o k 5
o + Z(‘S"VA P+ uk A + i Vdiv A% ] + greurl A ]) =0,

k>0

with an analogous convention that the sums in the relations (3) contain only a finite number of such terms.

3. Lattice Boltzmann schemes with multiple relaxation times

Each iteration of a lattice Boltzmann scheme is composed of two steps: relaxation and propagation. The relaxation is
local in space: the particle distribution f(x) € R? for x a node of the lattice £, is transformed into a “relaxed” distribution
f*(x) that is nonlinear in general. In this contribution, we restrict to linear functions R? 5 f — f* € RY. As usual with the
d’Humiéres scheme [6], we introduce an invertible matrix M with g lines and q columns. The moments m are obtained from
the particle distribution thanks to the associated transformation

q—1
me= )Y Mfi, 0<k<gq-—1 (4)
j=0
Then we consider the conserved moments W € RV:
Wi=m;, 0<i<N-1. (5)

For the usual acoustic equations for d space dimensions, we have N = d + 1. The first moment is the density and the
next ones are composed of the d components of the physical momentum. Then we define a conserved value miq for the
non-equilibrium moments my, for k > N. With the help of “Gaussian” functions Gy (e), we obtain:

my =G«(W), N<k<gqg-—1 (6)

In the present contribution, we suppose that this equilibrium value is a linear function of the conserved variables. In other
terms, the Gaussian functions are linear:

n—1
Gnye(W) = ZEliWi» £>0 (7)
=1

for some equilibrium coefficients Ey; for ¢ > 0and0 <i <N — 1.
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e The relaxed moments mj are linear functions of my and m;*:

my = my + s (mt —my), k> N. (8)
For a stable scheme, we have
0<sp<?2. 9)

We remark that if s, = 0, the corresponding moment is conserved. In some particular cases, the value s, = 2 can also be
used (see e.g. [13,14]). The conserved moments are not affected by the relaxation:

m'=m=W, 0<i<N-1
From the moments mj for 0 < £ < q — 1 we deduce the particle distribution fj* by resolution of the linear system

Mf* = m*.
o The propagation step couples the node x € £ with his neighbours x — v;At for 0 < j < q — 1. The time iteration of the
scheme can be written as

ik t+ At =ff(x —vAt,t), 0<j<q—1, x€L. (10)
e From the knowledge of the previous algorithm, it is possible to derive a set of equivalent partial differential equations for

the conserved variables. If the Gaussian functions Gy, are linear, this set of equations takes the form

ow i1

W—%W—AtazW—u'—At ajW — ... — =0, (11)
where o is for j > 1, a space derivation operator of order j. We refer the reader to [15] for the presentation of our approach
in the general case. In this contribution, we have developed an explicit algebraic linear version of the algorithm detailed in
Appendix A. Moreover, we consider that the lattice Boltzmann scheme is invariant by rotation at order ¢ if the equivalent
partial differential equation

w K
= =Y At lgw =0 (12)
j=1
obtained from (11) by truncation at the order £ is invariant by rotation. For acoustic-type models, the partial differential
equation (12) has to be identical to (2) or (3) for dimension 2 or 3. In the following, we determine the equivalent partial

differential equations for classical lattice Boltzmann schemes in the general linear case. Then we fit the equilibrium and
relaxation parameters of the scheme in order to enforce rotational invariances at all orders between 1 and 4.

4. D2Q9

The isotropy of the lattice Boltzmann scheme D2Q9 for the acoustic equations has been studied in detail in [16,17]. We
give here only a summary of our results.
e The matrix M for the D2Q9 lattice Boltzmann model is of the form
My =pr(v)), 0<j, k<qg-—1 (13)

with polynomials pj detailed in the contribution [18]. With this choice, the moments are named according to the following
notations:

0 1 20
1,2 X, v A
3 e 22
4,5 XX,XY A\ (14)
6.7 Gugy A
8 & AL
We have recalled in (14) the degrees of homogeneity of each moment m, relative to the reference numerical velocity A = %.
o At first order, the invariance by rotation (2) takes the form
orp + div] = O(At)
2 (15)
o] +c5Vp = 0(AL)

if the next moments of degree 2 follow the simple equilibrium:

g% = aa?p, XX = XY® = 0. (16)
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Then the sound velocity ¢q in Eq. (15) satisfies

)\‘2
Cg = E(4+01)~ a7n

e At second order, the invariance by rotation (2) is realized under specific conditions for the third order moments q =
(Gx, qy). This equilibrium condition is defined with the help of Hénon’s [19] parameters oy defined from the coefficients si
according to

1 1
or=— — — whenk > 3. (18)
Sk 2
The stability condition (9) can be written as
or >0, fork>N. (19)
We have
—4
eq _ u)ﬂj_ (20)
04 + 205

We obtain with these conditions the following equivalent partial differential equations

3:p + div] = 0(At?)

3 +cgVp — uAJ — ¢ Vdiv] = 0(AL?). (21)
The physical viscosities  and ¢ can be determined according to
204 — 205 — -2
=95 s ax =gy 20T 20 T a0 2005), (22)
o4+ 2(75 6(0’4 + 2(75)

We observe that the classical isotropy condition o4 = o5 for the second order moments XX and XY is not necessary for the
relaxation at this second order step.
o At third order, the system (2) takes the particular form

dep +div] + £Adiv] = 0(At3) (23)
3 +caVp — ulJ —¢Vdiv] + xVAp = 0(AL3).
This is possible if the complementary relations
}‘.4
04 = 05, &y = _7,0<3a + 4) (24)
hold. Then the heat flux at equilibrium has an expression (20) that can be simply written as
qeq — _kZJ. (25)
The coefficients in Eq. (23) are given by the expressions
1 1 1 )
U = =04\ AX, { = ——030 L AX, £ = —(ax—2)Ax",
3 6 72 (26)
1 2 2Y12 4,2
x = ﬁ(a +4)(2 + 6ao; — a — 1207) 2> AX°.
We remark that the dissipation of the acoustic waves y = MTH (see e.g. Landau and Lifshitz [20]) is given according to
AAX
y = 712 (204 —060'3). (27)

e The invariance by rotation at fourth order of the D2Q9 lattice Boltzmann scheme does not give completely satisfactory
results, as observed previously in [17]. In order to get equivalent equations at order 4 of the type

dp +div] + EAdiv] + n A2 p = 0(AtY) (28)
3 +c2Vp — pAJ — ¢Vdiv] + x VAP + pa A% ] + ¢4 Vdiv A = O(AtY),
it is necessary to fix some relaxation parameters:
1
03 =04 =03, 0p=07=—— (29)

60'4 ’
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The two viscosities p and ¢ are now dependent and the dissipation of the acoustic waves introduced previously in (27)
admits now the expressions
L aa L MaAX o ) (30)
= —oyLAX, = ——04aAAX, = —a).
H= 30 ¢ 5% 14 2
Observe that the dissipation y is positive under usual conditions. If the conditions (29) are satisfied, we can specify the
coefficients of the fourth order terms in Eq. (28):

A+ Ay —2) M e~ 1)

= o o —2), = of—1),

= 43 4= Tog 31
AAx3 (31)

Ly = 16 04(12—a—2a2+12(742(0(2—01—4)).

e In [17], we have conducted a set of numerical experiments that make more explicit the isotropy qualities of four different
variants of the D2Q9 lattice Boltzmann scheme for the numerical simulation of acoustic waves. The orders of isotropy
precision numerically computed are in coherence with the level of accuracy presented in this section.

5. D2Q13

Four more velocities are added to the D2Q9 scheme to construct D2Q13. The details can be found e.g. in [18]. Nine
moments are analogous to those proposed in (14) for D2Q9 and four moments (ry, 1y, €3, XX, ) are new:

0 1 20
1,2 X,y A
3 & A2
4,5 XX, XY A?
6.7 dugqy (32)
8,9 rnr, A
10 & a4
11 &3 A5
12 XX, At

o At first order, the invariance by rotation (2) takes again the form (15). The conditions (16) are essentially unchanged, except
that the sound velocity is now evaluated according to the relation

XZ
cg = %(28 + )= Cszkz. (33)

e At second order, the equivalent partial differential equations take the isotropic form (21) when we have:

1 /2005 — 8504 — 49 — 14
qeq — (/J)»z_], red — 7( [of 04 POy ¢Us))\4]' (34)
12 04 + 05
Then the isotropy coefficients in (15) have the following expressions:
LAX 0405 LAX
n=— B+ ), {=——03(11+13¢p —a), o} > 0whenk > 3. (35)
2 o4+ 05 26

e The invariance by rotation at third order of the mass equation is realized if we impose a unique value for the relaxation
coefficients of the second order moments XX and XY introduced in (32):

04 = Os. (36)
Moreover, the attenuation of sound waves y does not depend at first order on the advective velocity if (36) is satisfied.

For the invariance by rotation of the momentum equation, we must impose also the following equilibrium values for the
moments Mg = &, My; = €3 and my; = XX,:

o st oo 4 1078 )
&' = |50+ —pa+ ——

2 26('0 13 @ P
(37)

o 137 135
48 12 208 52

945
R e T w)/\“p, XX$9 = 0.

Then the equivalent equations at order 3 of the D2Q13 lattice Boltzmann scheme are still given by Eq. (23). The equilibrium
condition (34) is now written as

1
réd = —ﬂ((ss +63p)AY (38)
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and the coefficients in Eq. (23) can be clarified:

1 1
n= 105(3 +o)rAx, ¢ = %04(11 + 139 — o)A Ax,

1
= — (2o — 399 — 61)AxX%, 39
§ & 4( o @ ) (39)
1 2 2 2 2 2)32 A,2
X =515 @8+ a)(61 +39¢ + 12002 — 20 — 78¢02 — 156¢02 — 23407 — 13203)x AR
e The invariance by rotation at fourth order is satisfied if we add to the previous conditions (36)-(38) the new ones:
7 1
€q = —7)\,2 = =
q 5 ], og=o07 204"
5155 —a 1 1 7a—1391 1
03 =09 = — —_—t
24a—30804 24 a—308 o3 (40)
3973 43a — 16610  5¢2 — 4 154 7a—1391 725c¢% — 418
010 = 2 03 + 2 a0y,
45 89a — 20680 1189c? — 828 1395 89a — 20680 1189c2 — 828
a
011 = ﬁm.

If the parameters c¢; and « relative to the non-dimensionalized sound velocity are linked together thanks to (33) and if the
new parameter a is chosen such that
, 418 9432 1391
Ce < ——, 28 <o <— >~-—13, 155 <a < — ~ 198, (41)
25 725 7

the coefficients og, 019 and o are strictly positive if it is the case for o3 and o4. In this case, the stability conditions (19) are
satisfied for the coefficients o3, 04, 03, 019 and o11. With the choice (40) the nontrivial algebraic expressions of the previous
conditions (36), (37) and (38) can be written as

29 1189 7546 547 145
red=_2Y, 9= —(— + 7)}»4 . &= (— + —ot))»“ . 42
307 2 130°7" 65 ) F 3 39 1567 P (42)

With the above conditions (40) and (42) the equivalent equations of the D2Q13 lattice Boltzmann scheme at fourth order
are made explicit in (28), with the associated coefficients, except ¢4, given according to:

5¢4 —16 o+ 28 3
= W X, n= M(360’3 + 5(73(){ — 520‘4))\AX
u= iaTAAx, ¢ = —%@(36 + 5a)AAX )
X = 5o5es (284 @)(16 — 5a + 21607 — 31207 + 30007 )32 A2
O‘4)\AX3 2 2
B = S00mate = 308) (448304 — 50990, — 23004 + 25003 — 147840307 + 48a0304).

The algebraic expression of the coefficient ¢4 is quite long. With Hénon'’s coefficients o; defined according to (18), the
related moments numbered by the relations (32), the equilibrium of the energy (16) parametrized by «, and the parameter
a introduced at (40), the coefficient ¢, for the fourth order term in (28) can be evaluated according to:

oarAX3
" 5658120003 (89a — 20680)
+ 1800152640005 04 + 18001526400 030, + 65975a* @304
+ 170558856a0; — 334055628a0; — 858312d%07 — 1592432173800304
+ 7514377866005 + 18001526400c0;70; — 77472720aa ;04
— 7747272000070} — 7747272000030, + 504042739200030;
+ 1296109900800 04 + 1296109900800;707 + 858312a’ 0304
+22940190ac0304 + 1784110992500 — 65975a° a0
+13110175a0; — 34618320000° 05 — 8585343360000
—2483100a0’0 — 78263065a00} — 4386833510400
+ 369485280ac0; + 14898600ac’o; + 1887950592a07;
—557803584a030; — 2169236160a030,; — 557803584a05 04 — 8032585925aa3a4).

Za (525433428(10304 + 5769720000* 02
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6. D3Q19

For the scheme D3Q19, we have 4 conservation laws and a total of 19 moments. We refer the readers e.g. to [10] for an
algebraic expression of the polynomials pj in (13):

0 1 20

1,2,3 X,Y,Z Al

4 e A2

5,6 XX, WW A2
7,8,9 XY,YZ,ZX A2 (44)

10, 11, 12 Qx> Gy Gz 23

13 & Al

14, 15 XX,, WW, A4

16, 17, 18  antisymmetric of order 3  A>.

The results summarized in this section have been essentially considered (quickly) in the previous contribution [9]. They have
been also used by Leriche, Lallemand and Labrosse [21] for the numerical determination of the eigenmodes of the Stokes
problem in a cubic cavity.

o We write the four equivalent partial differential equations at first order with the method explained in Appendix A. Then we
impose that the associated modes are isotropic, i.e. contain only partial differential operators that are invariant by rotation.
In Fourier space, the coefficients of the associated determinant must contain only powers of the wave vector. The associated
equations are highly nonlinear relative to the coefficients of the equilibrium matrix introduced in (7). We have obtained a
family of parameters by enforcing the linearity of the solution of the isotropic equations. With this constraint, we have to
impose a relation for the “energy” moment m, = ¢ at equilibrium:

e% = ar?p. (45)
Moreover, the equilibrium values for the moments ms to mg of degree two introduced in (44) are equal to zero:
XX = WW® = XY® = YZ%9 = 7X® = 0. (46)

When the conditions (45) and (46) are realized, the isotropic equivalent system is given by the system of first order acoustic
equations (15). Moreover, the sound velocity ¢ satisfies

o+ 30
G=tER o (47)

e Invariance by rotation at second order is realized if we impose on one hand

305 — 4
:zu)}] (48)

o5+ 207

eq

and on the other hand
05 = Og, 07 = O0g = 0O9. (49)

Then the equivalent partial differential equations of the D3Q19 lattice Boltzmann scheme take the form (21). The associated
coefficients are given according to
0507

= ——AAX
o5 + 207

AAx (50)
= ———— (270405 4+ 190507 — 220407 — A0405 — 2000704 ).
¢ 57(05+207)( 405 507 407 405 74)

e At third order, if we impose the previous relations (45), (46), (48) and (49), id est an equilibrium for the “energy square”
&, given below, a null value for m{3 and m}3 and a supplementary condition for the relaxation coefficients, id est

eq 42+ 9
g, = ———
9
the equivalent equations of the D3Q19 lattice Boltzmann scheme are exactly given by (23). We observe that the relation
(48) takes now the form

Mp, XX =WWS=0, o5=o07, (51)

2
1= _§)L21 (52)
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and the coefficients associated to Eq. (23) can be deduced through an elementary process:

Losrax ¢ A (504 + 1905 — 3a0y) 3 ax (a —27)
= 50 s = 0. o5 — 3004), = — (o — ,
H=3% 171 04T O T e 684 (53)
_A2AX

X = Toa0a (« + 30)(27 + 6ao; — 1005 — 15202 — ).
The bulk viscosity ¢, = 3¢ — u (see e.g. Landau and Lifshitz [20]) is essentially a function of the relaxation parameter
associated to the energy ¢:
_ Aog AX
57

o We have found also a variant of the previous relations to enforce third order isotropy. We can replace the relations (51)
by the following ones, with an undefined parameter §:

Zb (5 —3a). (54)

el=pr%p, XX =WWS=0, o5=o0y,
1 1 1 1 (55)

, o7 = —, o138 = .
1205 ' 405 87 1205

The relations (52), (53) and (54) are not changed, except that the coefficient x in the second line of (23) is now given by

010 =011 =012 = 016 =

b
805

A
"~ 40937405
— osa® — 234a0s + 361804 + 171a0y + 79804 — 3192a02 — 9576002 — 361;805).

X (1621205 + 126a%0; 05 + 357000, 05 — 63000, 05

(56)

o The invariance by rotation at fourth order has also been considered. But due to the low number of remaining parameters,
the family of Boltzmann schemes that we have obtained impose constraints between physical parameters. We must have
in particular

04 = 05 (57)

and this relation induces some a priori relationship between the shear viscosity u of relation (50) and the bulk viscosity ¢,
presented in (54). Moreover, the relations (51) and (52) must be satisfied and Hénon'’s parameters of the multiple relaxation
times have to follow, with an ordering proposed in (44), the complementary conditions

1 1

171o=<711=012=76(r s 013 = 014 = 015 = O35, 0‘16=0'17=O'18=760 . (58)
5 5

Then the fourth order isotropic equivalent equations (28) are satisfied and the associated coefficients can be clarified:

o —27 1202 — 1

30) (o — 27
£ = A, g2 @F30@=2D) e =125 T A
634 | 38988 108 (59)
O X
t4 = 358988 (2062 + 450 — 40 — 530402 — 612002 + 24a2o§>.
7. D3Q27

For the schemes D3Q27, we refer the reader e.g. to [9] for an algebraic expression of the polynomials pj of the relation
(13). The moments follow now the nomenclature

0 1 20

1,2,3 X,Y,Z A

4 P 22

5,6 XX, WwW 22

7,8,9 XY, YZ,7ZX A2

10, 11, 12 Qx> Gy Gz A3
13,14, 15 Tes Ty T 2’ (60)

16 o A4

17 €3 A8

18,19 XX,, WW, A4

20, 21,22 XY,, YZ,, ZX, 24

23,24,25 antisymmetric of order 3 23

26 XYz 23
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o At first order, we follow the same methodology as the one presented for the previous schemes. We keep the relation (45)
for the momentum my, = ¢ at equilibrium. As for the D3Q19 scheme, the equilibrium values for the moments ms to mg of
degree two introduced in (60) are equal to zero and the relation (46) still holds. Then the first order isotropic equivalent
system is given by (15). Observe that the sound velocity ¢y now satisfies

3 22 =l (61)

e At second order the equilibrium values have to be constrained: the “heat flux” at equilibrium is given by the relation

eq _ 05 — 40'7

23 (62)

05+207

and a null value for the equilibrium of the third order moments is imposed:
md =md = md = m = 0. (63)

Moreover, the relations (49) between Hénon’s parameters of second order moments still have to be imposed. Then the
second order equivalent equations are isotropic and the coefficients of (21) follow the non-traditional relations

BT yax, & =3¢ Aos AX (05 —2 2005) (64)
=—>" )Ax, =3 —pu=——(05—207 — aos — 2003).
o5 + 207 b H o5 + 207 > 7 > >

o At third order, we have two options as for the D3Q19 scheme. If we suppose that the heat flux at equilibrium and only one
time relaxation are fixed, id est

(65)

=22, &= —(2+ 30,
XXV =WW =Xy =YZ9=2X9=0, o05=o07,

the third order equivalent equations of the D3Q27 lattice Boltzmann scheme are given by the expressions (23). The
coefficients in these equations are simple to evaluate with a software of formal calculus:

1 1 1
= —o5LAX, = ——04(1 + 3a)AAx, = —(a — 1)AX?,
H=30s Ch 304( + 3a) 3 36(05 )

(66)
1

— (@ +2)(14+ o+ 6ac? — 202 + 802)1% Ax%.
54 4 4 5

X

e The second solution for third order isotropy does not specify completely the “square of the energy” e, but fixes an
important number of relaxation times:

¢t =-22%, &'=prp, o5=o07,
1 1
0190 =011 =012 = —, 03 = —, Oy = —, Oy)y5 = —, 67
10 1 12 120 23 1205 24 40, 25 (67)
XX = WWEI = XYS9 = YZ89 = ZX$9 = 0.

The parameters u, ¢, ¢, and & are still given by the relations (66). But the value of the parameter yx is modified:

X (405 + 204 + 304 — 605 — 30{205 + 180{20305 + 420{0305

~ 16205

(68)
—HZOZOS — 240(053 — 48053 + Boy — ﬁos)szxz.

e The search of an isotropic form of the fourth order equivalent partial differential equations like (28) leads to a nonlinear
system of 33 equations. We have obtained a first solution with the following particular parameters:

e 4
réd =22 B 010 =011 =012, 018 = 019, 023 = 024 = 0)5. (69)

It is possible to fix the other parameters of the scheme with the ratio i of Hénon’s parameters associated with the moments
XX, and XX. With the notations proposed in (60), we set

o1 (70)
05

v
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Fig. 1. Fourth order isotropy parameters for the D3Q27 lattice Boltzmann scheme.

When we impose the following relations between the coefficients of relaxations (all defined through their associated
Hénon'’s parameter introduced in the relation (20)),

3y — 42 — 13y + 32
753y3 2292 1 23y + 14°
1 By -7 -4
T 1205 392 — 119 + 14°
6y — 2494 4+ 100y — 2672 + 506y — 364

4y —7)(3Y3 — 22vy2 + 23y + 14)
o183 = 019 = Y05,

Oy =

010 = 011 =012

016 = 05 , (71)

1 3Y? -7y +16
T 1205 3y2 — 11y + 14’
1 2192 — 73y + 100
T 1805 3Y2— 11y +14

the equivalent partial differential equations of the D3Q27 lattice Boltzmann scheme are isotropic at fourth order of accuracy.
We can make more explicit graphically the previous result. We observe in Fig. 1 that the fundamental stability property
o016 > 0 can be maintained only if 0 < v < 1.5. With this restriction, we see in Fig. 1 again that Hénon’s parameters
010, 016 and o1g remain positive only if

023 = 024 = 025

026

Oy
1< — <225 (72)
05
Due to the expressions (66) of the shear and the bulk viscosities, the inequality (72) imposes significant restrictions for the
physical parameters w and ¢,. The coefficients 1 and 4 associated with the fourth order equations (28) can be evaluated
easily:

osAAX? N,

7= 7108 14+ 23y — 2292 + 3y°

N, = (@ +2)(32a — 8 — 130y — 35y — dayr® + 28¢2 + 3oy’ — 3¢°) (73)
osAAX3 13202 — ¥ + 369202 + 1680 + 3y — 8

M4 =08 3Y2 — 11y + 14 '

The expression of ¢, is quite long and is reported in the relation (114) of Appendix B.
Conclusion

In this contribution, we have presented the “Berliner version” of the Taylor expansion method in the linear case. This is
done with explicit algebra and allows a huge reduction of computer time for formal analysis. We have also considered in all
generality acoustic type partial differential equations that are rotationally invariant at an arbitrary order.

o The generalization of a methodology of group theory for discrete invariance groups of a lattice Boltzmann scheme remains
still under question, in the spirit of the previous study of Rubinstein and Luo [22].

o Concerning the fundamental examples considered in this contribution, the D2Q9 scheme can be invariant by rotation at
third order. At fourth order, physical parameters have to be strongly correlated. The D2Q13 scheme is invariant by rotation
at fourth order for an ad hoc fitting of the parameters. We have not explored all the possible solutions of the strongly
nonlinear set of equations that is necessary to solve in order to fit the fourth order isotropy. Numerical experiments have



A. Augier et al. / Computers and Mathematics with Applications 67 (2014) 239-255 249

to confirm our theoretical considerations. The D3Q19 lattice Boltzmann scheme admits two sets of coefficients in order to
impose rotational invariance at third order. Particular physics has to be imposed to satisfy fourth order isotropy. The D3Q27
scheme is rotationally invariant at fourth order for a parametrized set of parameters. Our analysis imposes restrictions for
the physical parameters to guarantee the stability. A complementary numerical experiment will be welcome!
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Appendix A. Formal expansion in the linear case

We present in this appendix the “Berliner version” [23] of the algorithm proposed in all generality in our
contribution [10]. We suppose having defined a lattice Boltzmann scheme “DdQq” with d space dimensions and q discrete
velocities at each vertex. The invertible matrix M between the particles and the moments is given:

q—1
mk:ZM,qf}E(M.f)k, 05’{5(1—1 (74)
=0

The lattice Boltzmann scheme generates N conservation laws: the first moments
me=W,, 0<k<N-1

are conserved during the collision step:

m* =M = Wk. (75)
The g — N “slave” moments Y with
Ye=myyy, 0<€<q—-N-1 (76)

relax towards an equilibrium value Y;%. This equilibrium value is supposed to be a linear function of the state W. We
introduce a constant rectangular matrix E with N — g lines and N columns to represent this linear function:

N-—1
Vi'=) EaWi. 0<C=<q-N-1. (77)
k=0

The relaxation step is obtained through the usual algorithm [6] that decouples the moments:
Y =Y +se(Y, "= Yp),s,>0, 0<€<qg—N-1. (78)

Observe that the numbering of the “s” coefficients used in (78) differs just a little from the one used for Eq. (8) and the four
examples considered previously. With a matricial notation, the relaxation can be written as:

m*=Jpem (79)
with a matrix Jo of order g decomposed by blocks according to
Iy 0
Jo= (s oF Ijn-— 5) (80)
and a diagonal matrix S of order ¢ — N defined by S = diag(so, S1y e, sq,N,1). The discrete advection step follows the
method of characteristics:
fj(x,t+At):j§*(x—vjAt,t), 0<j<q-1. (81)

o With d’'Humiéres’s lattice Boltzmann scheme [6] previously defined, we can proceed to a formal Taylor expansion:

Mt AD) = 7 Myfy (x = yAD = 3 Mg, mj (x — ;A1)
J e
o] A" d n
—1

= S 3 S (- ) mi
e n=0 : a=1
O AT d n

- Z nl ZMijVIj;](—Zv]‘?aa) UJo)epmp.
n=0 .

jtp a=1
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We introduce a derivation matrix of order n > 0, defined by blocks of space differential operators of order n:
(A" B“> = lZM,-(M—]). <—Xd:v‘?‘a )nu) n>0 (82)
G DnJy,  n! it ’ AT e T e
We observe that in the relation (82), the blocks A, and D, are square matrices of orders N and ¢ — N respectively. The

matrices B, and C, are rectangular of order N x (g — N) and (¢ — N) x N respectively. We remark also that at order zero,
the matrices Ag, By, Cp and Dy are known:

Ay B I 0
(Cg D?)> == (s oE lo-n — s) : (83)

The previous Taylor expansion can now be written under a matricial form:

(";’) (x,t 4+ At) = Z; At" (c: £B>Z> . (‘;‘f) *, 0). (84)

e At order zero relative to At we have:

w w w
(Y) (X, +0(At) = Jo » <Y> +0(A0) = (S,E, Wd—s) ,Y> +0(40)
and the non-conserved moments are close to the equilibrium:
Y(x,t) = E e W(x, t) + O(At). (85)

o We make now the hypothesis of a general form for the expansion of the nonconserved moments:

Y(x, t) = (E +y At"ﬂn> e W(x,t) (86)
n>1
and the hypothesis of a formal linear partial differential system of arbitrary order for the conserved variables W:
ow
— = Atta W(x, t), 87
o (; Hl)- (x,0) (87)

where «, and B, are space differential operators of order £ and n respectively. We develop the first equation of (84) up to
first order:

ow 5 5
W+ AtW + O(At?) = W + At(A;W + B1Y) + O(At?)

= W + At(AiW + BiEW) + 0(At?)
due to (85). Then
aw

= (A1 + B{E) « W + O(Al) (88)
and the relation (87) is satisfied at order one, with
a1 :A1 +B]E (89)

The “Euler equations” are emerging! We have an analogous calculus for the second equation of (84):
aY
Y+ Ao+ 0(At?) = SEW + (I— S)Y + At(CiW + DiEW) + O(At?).

We clarify the time derivative d,Y at order zero by differentiating (formally!) the relation (85) relative to time:
aY ow

— = E— + 0(At) = Ea1W + O(Ab).
ot 8t+( ) a1W + 0(At)

We introduce this expression inside the previous calculus. Then:
SY + AtEa; W + O(At?) = SEW + At(CiW + DiEW) + O(At?).

Consequently we have established the expansion of the nonconserved moments at order one:

Y = EW + AtS™'(C1 + D1E — Eay)W + O(Ar?) (90)
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with

B1=S""(Cy + D1E — Eary). (91)
Now, we have formally

P*w 9 ow ,

=7 = a(o:lw + 0(At)) = o= +0(A0) = e (1W) + O(At) = afW + O(At)
and we recognize the “wave equation”

P*w -,

e We can derive a formal expansion at order two. We go one step further in the Taylor expansion of Eq. (84):
w15, 3 2 3
W+ At—— + S APaW + 0(AF) = W + At(A1W + B1Y) 4+ At?(A;W + ByY) 4 0(AL°)

=W + At(AW + Bi(EW + AtBiW)) + At* (AW + B.EW) 4 0(ALY)
and dividing by At, we obtain a “Navier-Stokes type” second order equivalent equation:
aw 1, 5
ETS = oW + At( B181 + A, + B2E — Ea] W + 0(At7).

With the notations introduced in (87), we have made explicit the partial differential equations for the conserved variables
at the order two:

aw 5
W :(x1W+Ata2W+O(At )
with
1
oy = Ay + BoE + B8y — Eaf. (93)

We remark that this Taylor expansion method can be viewed as a “numerical Chapman-Enskog expansion” relative to a
specific numerical parameter At instead of a small physical relaxation time step. For the moments Y out of equilibrium, we
expand the first order derivative of Y relative to time with a formal derivation of the relation (90):

o _ 9 (Ew + At w) +0(A8)
at ot !
= E(yW + Ata;W) + AtBronW + 0(At?)
= (Ear + At(Faz + 1) )W + 0(Ae2),
Then
aY )
== (Ea1 + At(Eaz + ,Blal))W + 0(ALY). (94)
Analogously for the second order time derivative:
9%y 5
We re-write the second line of the expansion of Eq. (84) at second order accuracy:
Y  Ar? %Y 3 ) 3
Y + Atg + T +0(At”) =SEW + (1 -9S5)Y + At(C1W + DY) + At (CZW + D,Y) + 0(At?)
and we get

At?
SY = SEW — At(Eaq + At(Eay + Bray))W — 7Eoefw
+ At(qw +D;(E + At,Bl)W) + A (GW + DEW) + 0(AL%)
1
Y = EW + AtS™'(Cy + DiE — Ea )W + Atzs*(cz 4 DyE + Dy By — Eay — Bray — 5Eo@)w oA,

It is exactly the expansion (87) at second order:
Y = EW + AtBiW + AW 4 0(At?)
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-1 1 2
,32 =S Cz + DzE + D]ﬂ] - EO(z - ,B]Ol] - iE(xl . (96)

o For the general case, we proceed by induction. We suppose that the developments (86) and (87) are correct up to the order
k, that is:

oW k—1 k
— = (ot1+Ata2+-~~At a,{>W+O(At )
at (97)
Y = (E + AtBr + At By + - - - At"ﬂk)W +0(At.
We expand the relation (84) at order k + 2, we eliminate the zeroth order term and divide by At. We obtain
W k+1 Atj71 . . k+1 )
+1y _ -1 k+1
) D (9Iw) + oAttt = Z; AUTH AW + BY) 4 0(Att). (98)
Jj= j=

The term 3W = (>, At‘f‘lag)j on the left hand side of (98) can be evaluated by taking the formal power of Eq. (87) at
the order j. We define the coefficients I, according to:

(Z Ate_lag> =y at'rl,. j=o. (99)
=1 =0

They can be evaluated without difficulty from the coefficients «y, taking care of the non-commutativity of the product of
two matrices. We report the corresponding terms and we identify the coefficients in the factor of At¥ between the two sides
of Eq. (98), with the help of the induction hypothesis (97). We deduce:

ket 1 g
Qpr1 = Arg1 + ZBjﬂkHﬁ' - Zﬁﬂfﬂ- (100)
= =

We do the same operation with the second relation of (84):

k+1 j k+1
At ,
{Y - § 1 j—!(agy) +0(At*?) = SEW + (1 - S)Y + El AU(GW + DY) + 0(Atk*?), (101)
= =

As in the previous case, we suppose that we have evaluated formally the temporal derivative
Jy = a{[(E ARy + ARy + -+ AF B+ - ~)w]
= (E+ Atpr + ARy + -+ + At B+ - ) (3IW)

= (E+ AtB1 + APBy + -+ + A + -+ ) ey +Ata2+---+At‘3a@+---)jW

relatively to the space derivatives. Then with the help of the induction hypothesis

(E +y Atmﬁm> (Z Atp-la,,> =Y at'Kkl,. j=o0, (102)
m=1 p=1 {=0

we identify the two expressions of the coefficient of At**1 issued from Eq. (101):

k+1 k+1

1 .
SPer1 = Cier1 + D DiPrei— Y K (103)

=1 =)

o The explicitation of the coefficients FJJH and Ki 1 of the matricial formal series is now easy, due to the relations (99) and

(102). We specify the coefficients ijrz obtained in the matricial formal series (99). For j = 0, the power in relation (99) is
the identity. Then

ry =1, =0 ¢>1. (104)
When j = 1, the initial series is not changed. Then

! =a, €>1. (105)
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Forj = 2, we have to compute the square of the initial series, paying attention that the matrix operators o, do not commute.
Observe that with the formal Chapman-Enskog method used e.g. in [6], non-commutation relations have also to be taken
into consideration for higher order terms in the case of several conserved moments. We have

o0 o0 . o0
(Z At[aeﬂ) (Z Atjaj+1) = Z AtP Z Qp10ig
=1 j=1 p=0

L+j=p
and we have in particular
2 =q? r?= r= 2 106
5 =aj, 5 = a0 + ooy, 4 = o3 + o) + aza;. (106)

In the general case, we have

(Z Af[OéHl) = Z AtP Z Qgyq1 e Oyt
=0

=0 O+-+8=p
and in consequence
J
I= E Opy41 - - Qg1 (107)

£q-+lj=p
We have in particular forj = 3 and j = 4:
F33 = otf, 1"43 = otfozz + a0 + ozzotf, 1"44 = a?. (108)

For the explicitation of the coefficients K,{ +1» We canreplace the power of the formal series of the relation (99) in the relation
(102). We obtain, with the notation Sy = E,

o0 o0 X o0 .
> arm ) (Y atrl) =3 ac,
m=0 =0 p=0

then we have by induction

G = 3 e (105
m-+{=p

Forj = 0, we deduce

Ky=E, K}=0 p>1 (110)
and for j = 1, we have a simple product of two formal series:

K) = Eap + rop—1 + -+ + fp_101, p = 1. (111)

We specify some particular values of the coefficients K]Lp whenj = 2,j = 3 and forj = 4:

{K; =Ely, K =EI} + BiT7, Ki =EI{ + BilE + Baly, (112)

K3 =EIy, K;=EI}+pl5, Ki=EI}.
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o It is now possible to make explicit up to fourth order to fix the ideas the matricial coefficients of the expansion (86) of the
nonconserved moments and of the associated partial differential equation (87). We have, following the natural order of the
algorithm:

Bo=E
o1 = Ay + B1E
B1=S""(Ci + DiE — K{)

1
oy = Ay + BoE + B1 1 — 5FZZ

_ 1
Bo =57 [Co+ DE+ D1 — K} — 5KG | (113)
1 1
0% =A3 +Bl,32 +Bzﬂ1 +B3E - 5F32 - €F33
1 1
By =5 [C3 + D1y + Doy + DE — K] — G — €K33]
1 1

04 = A+ Bifs + Bafy + Bofy + BiE — DI — LI — I

Observe that with the explicit relations (113), the computer time for deriving formally the equivalent partial equation
like (97) at fourth order of accuracy has been reduced by three orders of magnitude (!) in comparison with the algorithm
presented in the contribution [10].

Appendix B. A specific algebraic coefficient

With Hénon’s coefficients o; defined according to (18), a numbering of the D3Q27 moments proposed in (60), the
equilibrium of the energy (16) parametrized by «, and the parameter 1 introduced in (70), the coefficient ¢, for the fourth
order term in (28) can be evaluated according to:

1 O5AAX3
4= J08 Ay —7)BY2 — 11y + 14)(14 + 23y — 2292 + 31p3)3N4
Ny = —526848 — 1310534402 + 56334931 %« — 3413088y/°
+ 29925576 + 4431000002y + 2458624a> — 777602y 2
+ 116153808021 + 1621368002 — 5687155202 %% — 269697602 '°
+ 803992y — 16250948 %ar + 15057742y + 23652002 !
— 4755400802y °a? + 41464802y °a? + 592485602y o?
— 352010402 %3a® + 777602y 2a® — 7322402y o — 1805156y %o
— 1316084y o + 138029561%a® — 29063324y > + 257081321 %ar?
—1230152¢3a? + 37428160y + 27756y 'a? — 3429y
— 187851264020 % + 198524928020y + 19504802y o
— 12827088y* + 10001644802 — 107623920.2y° (114)
—28718402vr> — 11736523202v° + 10292179202 * — 131926368022
— 6082272y + 22678777y o — 58798343y« + 31628352002V
— 421440000022 + 148286280023 + 2458624 — 1296y 2o
— 324y 20 — 12657680y 2a* + 169965 0o — 1834629y %«
+9787591y 80 — 30298973y 7o — 235980 100 + 9892921% o/
+ 5540080802y *a? — 388802y o + 22323602y
— 2725812029 %o + 1561942802 Y% — 48491916029«
+ 7533843602y o + 877144802 — 7898956807«
— 64009209° — 565689247 + 242750888 + 3240y 12 — 88452 1!
— 468843841° + 76942908/° + 15148110002 *ar — 129894360521 °cx
— 14133166802y + 1015308y '° — 7707033602a.
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