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Abstract

We investigate the kinetic theory of partially ionized reactive gas mixtures
in strong magnetic fields following Giovangigli et al (2003 Physica A 327
313-48). A new tensor basis is introduced for expanding the perturbed
distribution functions associated with the viscous tensor. New symmetry
properties of transport coefficients are established as well as simplified bracket
expressions. A variational framework is introduced for a direct evaluation
of the thermal conductivity and the thermal diffusion ratios. The transport
linear systems corresponding to the usual Sonine/Wang—Chang Uhlenbeck
polynomial expansions are evaluated. The behavior of transport coefficients
and transport fluxes for vanishing magnetic fields is investigated using series
expansions. Practical implementation of iterative algorithms for solving the
resulting complex symmetric constrained singular linear systems is discussed
as well as various approximations of the transport coefficients.

PACS numbers: 51.10.+y, 52.25.Fi, 47.70.Fw

List of symbols

A heat—mass transport matrices

B magnetic field

C;  peculiar velocity of the ith species

d; diffusion driving force of the ith species
D;;  binary diffusion coefficients

D;;  multicomponent diffusion coefficients
e; charge of the ith species

E electric field

& internal energy per unit volume

fi distribution function of the ith species
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molecular mass of the ith species
number density of the ith species
pressure

heat flux

rotation matrices

absolute temperature

velocity of the mixture

diffusion velocity of the ith species
mole fractions of the ith species

mass fractions of the ith species

charge per unit mass of the ith species
real part

imaginary part

generic solution of the TLS

generic right hand side of the TLS
Kronecker symbol

perturbed distribution of the ith species
generic expansion polynomials
auxiliary perturbed distribution functions
right hand sides of integral equations
volume viscosity

viscosities

thermal conductivities

partial thermal conductivities

generic transport coefficients

viscous tensor

electrical conductivity of the ith species
mass density of the ith species

thermal diffusion coefficient of the ith species
collision integrals

thermal diffusion ratio of the ith species
parallel superscript

perpendicular superscript

transverse superscript

imaginary part of TLS superscript

1. Introduction

Ionized magnetized reactive gas mixtures have many practical applications such as laboratory
plasmas, high-speed gas flows, lean flame stabilization or atmospheric phenomena [1-7].
Application of the Chapman—Enskog theory to partially ionized mixtures of monatomic gases
in the presence of electric and magnetic fields has been discussed in particular by Chapman
and Cowling [3] and Ferziger and Kaper [6] in a regime where there is only one temperature
in the mixture, assuming that the electric field is not intense [6, 7]. The proper collision
operator to be used is then the Boltzmann collision operator with shielded potentials [6].
Mixtures of monatomic gases that are not at thermodynamic equilibrium with multitemperature
transport arising from small electron/ion mass ratio asymptotics have also been investigated
by Chmieleski and Ferziger [8], and in the fully ionized case by Braginsky using the Landau
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equation [1, 9]. Multitemperature models also naturally arise with strong electric fields—
which are out of the scope of the present paper—in particular in swarm physics [10]. Higher
order evaluations of transport coefficients have been performed by Kaneko and coworkers for
binary neutral mixtures in uniform magnetic fields in a simplified steady kinetic framework
[11, 12]. Convergence properties of the Chapman—Enskog expansion for transport coefficients
of magnetized argon plasmas have been investigated by Bruno and coworkers [2, 13, 14]. The
degree of anisotropy of various transport coefficients introduced by the magnetic field has
been studied in terms of the electron Hall parameter. Bruno and coworkers have established
in particular the important influence of the Ramsauer minimum in the electron—argon cross
sections on the transport coefficients of magnetized argon plasmas [2, 14].

In a recent paper [15], the authors have investigated the kinetic theory of partially ionized
magnetized polyatomic reactive gas mixtures. The macroscopic equations in the zeroth-order
and first-order regimes, together with expressions for the transport fluxes and the transport
coefficients, have been obtained. New bracket expressions have been established for the
perpendicular and transverse diffusion, thermal diffusion and partial thermal conductivity
coefficients as well as for the shear viscosity coefficients. A new definition of the thermal
conductivity and of the thermal diffusion ratios—consistent with the zero magnetic fields
limit—has also been introduced. Positivity properties of multicomponent diffusion matrices
have been investigated and the mathematical structure of the transport linear systems has also
been addressed.

We further investigate in this paper the kinetic theory of partially ionized reactive gas
mixtures in the strong magnetic field regime. A new tensor basis is first introduced for
expanding the anisotropic perturbed species distribution functions associated with the viscous
tensor which has better properties than the linearly dependent generating family previously
used [6, 15]. This new basis is constituted of five independent traceless symmetric tensors
constructed with the particle velocity vector and the magnetic field pseudovector. These
five tensors are orthogonal to collisional invariants and the derivation of the corresponding
linearized integral equations and transport linear systems is clarified.

New simplified bracket expressions for diffusion, thermal diffusion and partial thermal
conductivity coefficients are also obtained from which we deduce new symmetry properties
of these transport coefficients. These symmetry properties result from clever manipulations
of the real and imaginary parts of Boltzmann linearized complex integral equations. As
a consequence, we also simplify the positivity properties of the resulting multicomponent
diffusion matrices and heat—mass transport matrices parallel, perpendicular and transverse to
the magnetic field.

Generalizing previous work on non-ionized species [16] we further introduce a variational
framework for a direct evaluation of the thermal conductivities and the thermal diffusion ratios
without the intermediate evaluation of the partial thermal conductivities and the thermal
diffusion coefficients. The resulting transport linear systems are of reduced size which is
interesting from a computational point of view.

All transport linear systems corresponding to the first usual Sonine/Wang—Chang
Uhlenbeck polynomial expansions are evaluated, making use of previous work on neutral
species mixtures [17]. The mathematical structure of the transport linear systems is discussed
as well as the evaluation of the corresponding transport coefficients parallel, perpendicular
and transverse to the magnetic field. The convergence of the successive approximations in
the Chapman—Enskog expansion of the transport coefficients is still known to converge more
slowly in plasmas than in neutral mixtures [1, 2, 10].

Since the size of the transport linear systems can be relatively large and since the transport
coefficients have to be evaluated at each computational cell in space and time, transport
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properties evaluation may become computationally expensive, especially for multidimensional
numerical simulations. In this regard, the use of iterative techniques has been shown to be an
interesting and appealing alternative [17—19]. We discuss practical implementation of iterative
techniques for solving the resulting complex symmetric constrained singular transport linear
systems. The accuracy of various approximated transport coefficients is investigated and
numerical tests are performed for weakly ionized air at 10 000 K.

The behavior of all transport coefficients and of anisotropic transport fluxes for vanishing
magnetic fields is finally investigated using series expansions in terms of the intensity of the
magnetic field. These series expansions show that, for vanishing magnetic field, the mass
and heat fluxes as well as the viscous tensor behave smoothly. Onsager reciprocal relations
are also more closely investigated for anisotropic transport fluxes in particular for the viscous
tensor.

In section 2, we summarize the kinetic framework and in section 3 we present the new
tensor expansion associated with the viscous tensor. In section 4 we investigate new symmetry
properties of the bracket expressions and in section 5 we discuss the variational framework
for a direct evaluation of the thermal conductivity and the thermal diffusion ratios. The
dependence on the magnetic field is studied in section 6 and the Onsager reciprocal relations
are finally investigated in section 7.

2. Theoretical framework

2.1. Generalized Boltzmann equation

We consider a dilute reactive gas mixture composed of n® chemical species having internal
degrees of freedom. The Boltzmann equations for polyatomic gas mixtures are written in
a semi-classical framework with degeneracy averaged collision cross sections [20] and the
chemical source terms is taken from [21-24].

The state of the mixture is described by the species distribution functions denoted by
fi(t, z, c;, 1), where i is the index of the species, ¢ is the time, x is the three-dimensional
spatial coordinate, ¢; is the velocity and 1 is the index for the internal energy state of the ith
species. We denote by S the species indexing set S = {1, ...,n*}, by m;, ¢;, and z; = e;/m;
the molecular mass, charge, and charge per unit mass of the ith species, and finally by &;; the
internal energy of the ith species in the 1th state. For a family of functions &;,i € S, we will
use the compact notation § = (§;),cs.

The family of species distribution functions f = (f;);cs is the solution of the generalized
Boltzmann equations

B+ 5D = SN €, e, 1)
where fbi is th~e streaming operator 5,( fi)=0fi+ci-Ozfi + gi - 9, f; associated with the
reduced force b, = g+ z;(E +v A B), wherg\ g is a species independent external force, E is
the electric field, B is the magnetic field and D; (f;) = z;((¢; — v) A B) - 8., fi. The reactive
source term C;(f) and the nonreactive source term 8;( f) are described in [20-25] and are
both compatible with the H-theorem [23]. In these equations, € is the usual formal parameter
associated with the Enskog expansion, and a and b are nonnegative integers which depend
on the regime under consideration. In this paper, we only consider the strong magnetic field
regime b = 1 and the Maxwellian reaction regime a = 1 and we refer to [15, 23, 25] for more
details on other regimes.

The scalar collisional invariants of the nonreactive collision operator 8 form a vector
space spanned by ¥/, 1 € {1,...,n* +4}, with ¢! = (8);cs, forl € S, ¢! = (mici))cs
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forl =n*+v,v=1,23,and ¢/ = (%mici ¢ + 5,-1)[68, for | = n® + 4, where ¢;, is the
component of ¢; in the vth spatial coordinate. For two families & = (§;);cs and & = (&i)ies»
we define the scalar product by

(€, ¢) =Z/s,-oadc,-,
il

where £ © ¢; denotes the maximum contracted product between the tensor & and the complex
conjugate tensor ¢;. The scalar product is defined for families of complex tensors as such
quantities naturally arise in the solution of Boltzmann linearized equations in the presence of
magnetic fields.

An approximate solution to the Boltzmann equations (1) is obtained by using the Enskog
expansion

fi = 20 + e + O(?)), ies, (2)
where f° yields the same local macroscopic properties as f
O = (v, le{l,....n" +4}. 3)

The family of zeroth-order species distribution functions f© = (f),_¢ is shown to be
given by generalized Maxwellian distributions [6, 15]
i i &i .
exp( m G-G——I>, ies, 4)

f;() — n _
Bin Qi 2kgT ksT
where n; is the number density of the ith species, kg is the Boltzmann constant, C; = ¢; — v
is the relative velocity of the ith species, T is the temperature, Q; is the full partition

function per unit volume of the ith species Q; = QMQ' with Q" = Y~ a;rexp (_ki_lr)

and Q}T = (%)3/2, a1 is the degeneracy of the ith species in the 1th state, hp is the Planck
constant and B = h3 /o;m?.

The macroscopic conservation equations at zeroth order are obtained by taking the scalar
product of Boltzmann equations by collisional invariants and by only keeping the zeroth-order
terms (D (f0), ¥' W)+ (D (fO¢), ') = 0,1 € {1,...,n* +4}, where D(f°) = (I),»(fio))[.es
and D(f'¢) = (fﬁ (f29:)),.s- These zeroth-order equations, together with Maxwell’s
equations, yield the magnetogasdynamic equations [3, 6, 15].

2.2. Linearized Boltzmann equations

The linearized Boltzmann operator, FS = (.’7'“?g can be written as

l)ieS’

Fpr=>Y / Il (i + ¢, — ¢ — ¢Hui de; de] de, i€s, (5)
jes 1y
where ¢ = (¢;);cs and wglll/ is the transition probability between colliding molecules

[21, 22, 25]. An important property is that the linearized Boltzmann operator is isotropic,
i.e., it converts a tensor constructed from (c¢;);.s into another tensor of the same type as in
the monatomic case [6]. The bracket operator is defined by [[£, ] = (fC&, 3-'8(5))), where
& =(&)ics ¢ = (&i)jes. and &; and ¢; depend on ¢; and 1. This bracket operator is Hermitian
[, ¢1 = [, &1, positive semi-definite [, £]] > 0, and its kernel is spanned by the collisional
invariants, that is, [£, £]] = O implies that £ is a (tensorial) collisional invariant, so that all its
tensorial components are scalar collisional invariants [3, 6, 15, 26].

The first-order integro-differential equations governing ¢ = (¢;);cs are easily obtained
from (1) and written as F°(¢) = —z:(C; A B) - ¢, ¢ — D;(log f0),i € S, with the scalar
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constraints { ¢, v') = 0,1 € {1,...,n° +4}. By linearity and isotropy of the linearized
Boltzmann operator F5, the solution ¢ = (¢i);es 1s expanded in the form
1, D; ~ o 1
¢i =_¢?:amv _§¢,‘ 8w'v_z¢’,' ‘(aij _p/b])_(f)l)\aw(k_) (6)
jes B r

After some algebra, the tensorial functionals ¢*, for u € {n, «, (D f)i /):}, are shown to

satisfy the integro-dif-fe-ren-tial equations

eS’

T +3(C A B) -0 + 30 LG [ £ nBo e =i ies @)
jJd
and the scalar constraints
(fOH, vy =0, lef{l,...,n° +4)}, (8)
where ¥ = 20 (C; ® Ci = §Ci - Gil), Wf = 7 (3miCi - Ci = 3kT) + i (& =€),
'Ill.D’ = L(8; — 2)C;, ¥} = (3kgT — im;C; - C; + & — £1)C;, for i € S, where ¢ is the
Pi - 14

translational heat capacity per molecule at constant volume, ¢ is the internal heat capacity
int ;

per molecule of the mixture, ¢, = ¢} +c™ is the heat capacity at constant volume per molecule

of the mixture, & = Y ;1€ exp (_ki_lr) / O™ is the averaged internal energy per molecule
of the ith species and p; is the partial pressure of the ith species.

2.3. First-order conservation equations

The macroscopic conservation equations at first order are obtained by taking the scalar product
of Boltzmann equations with collisional invariants and by keeping the zeroth- and first-order

terms (D (O + £00), ') + (D (f00), v') = (C(f*), ¥'),1 € {I,....n° +4}, where we

s

have defined C(f°) = (€;(f°));s. Note that the terms (D (f%¢®), y')) associated with
second-order currents have been neglected [4, 15].

After some algebra, the species mass conservation equations, obtained for/ =1, ..., n’,
are in the form

dpi + Bz - (pi0) + By - (0 Vi) = mi@!, i€s, 9)

where V; = anI [ C: f2¢; de; is the diffusion velocities and @) = Y, [ €;(f°) de; the
chemical source term of the ith species discussed in [25]. The momentum conservation
equation, obtained from [ = n* + 1, n® + 2, and n® + 3, reads

0;(pv)+ 8- (pvRU+pl)+9, -1l =pg+ QE+v AB)+3 A B, (10)

where Q = Zi <s Ntie; 1s the total charge per unit volume, j = Zi cs nie; V; is the conduction
current and IT = ZM f m;C; ® C; fioqb[ dc; is the viscous tensor. The energy conservation
equation, obtained for / = n® + 4, finally reads

(3pv v+E)+0, (Rpv - v+E+p)v)+8, - (g+I1-v)
=(pg+QE+vAB))-v+3- - FE, (11
where g =Y, | [ (3m;C; - C; + Ex)c; f2; de; is the heat flux vector.

3. The shear viscosities

3.1. A new expansion for ¢"

The solution ¢" = (d)?)l.e s of (7) and (8) with i = n is such that ¢>:’ is composed from all
symmetric traceless second-order tensors created from the vector C; = /m; /2kgT C; and the
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pseudovector B which form a space of dimension five [27]. In this paper, we introduce the
new tensor expansion

Dre(1 2)2(2 310G 4) (4 5) (5
where qb?('), | =1,...,5, are scalar functions of C; - C;, (C; - B)> and B - B, fori € S, in
terms of the five independent tensors Ti(l), R Ti(s) , defined by

TV =¢c®c —iC-ClI
TP =1[C;® (€ AB)+(C; A B)®Cl,
TV = ArB®(C AB -1, -¢;B-BI+(;-B’*B®B/B-B,

TV =1c;-Bl[c; B+ B®C;]—(C;- B)’'B® B/B - B,
TV =1¢;-B[B® (C; A B) +(C; A B)® Bl.

The former generating family of six tensors T,.[”, cee Ti[ﬁ] is related to the new basis by
(1] _ () 2] _ 7@ 5] _ 56 l6] _ (C;-B)’B-B “4) (3) (1) 31 _
Ti _Ti ’Ti _Ti 7Ti —Ti ’Ti _Cl-clB-B—S(C;-B)Z(ZTi _Ti _B'BTi )’Tz -

T,~(3) - ﬁ'ﬁm, T,-|4] = 1'1.(4) + ﬁ'l’im. These six tensors are linearly dependent and the linear
relation C; - ;T + (C; - B*[T”' + B - BT — 211l = 0 holds [6]. After some algebra, it
is established that the former expansion ¢, = ZF: X [”Ti['] and the new one are equally valid

and that ¢"" = ¢ i € S, 1€ {1,...,5).

3.2. Properties of the new tensor basis

Substituting expansion (12) into equation (7) for u = n, using the isotropy of the Boltzmann
linearized operator F* $ and equating the corresponding terms, yield five equations, each one
involving one tensor Ti(l) forl=1,...,5. Animportant property of the new tensors, however,
is that they are simple linear transformations of the tensor Ti(]) =C®C; — %Ci - C; I with
coefficients independent of the particle velocities C;,i € S

1
10 = S(1"RB) - RBTY), 13
™ = _R(B)TVR(B) + B®BT"B®B (14)
i = i B.B i ’
1 1
1
TV = J(B@BT"R(B) - RB)T"B®B), (16)

where B ® B denotes the tensor product of the magnetic field B with itself and R(B) the
rotation matrix associated with B. For any vector Z, the rotation matrix R(Z) is defined by

0 —Zy Z»
RZ)=|2zs 0o -z
-Z, Zi 0

Using these relations and the linear equations associated with each tensor Tl.(l) we naturally

obtain five coupled equations between the family of tensors ¢’ = (d)?(l))ie 5 defined for
I=1,...,5, by

o1V = 10 (cec —ic-¢l), ied.
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The resulting equations are in the form

FS(¢"V) — ;B¢ = W, ies, (17)
F(@"?) +2z: (¢! — B*¢]V) = 0, ies, (18)
FS (") +2;0]? =0, ies, (19)
FE(@"D) +z: (! — B*¢]) = 0, i€, (20)
FE @) +2:(26!7 + 9] ) = 0, i€, 21)

and the derivation of (17)—(21) is clear and direct at variance with the case of the former
generating family where the derivation of similar equations was somewhat obscure mainly
because of the dependence on particle velocities of the proportionality coefficients between
Tim, Tl.w, 'I'l.[6J and T.“J. Upon introducing the usual auxiliary complex quantities

n(l) ¢n(1) + Bz¢n(3)

(P?(Z) ¢n(1) + ]B¢n(2) Bz¢(3)

n(*) ¢n(1) §1B¢?(2) + %B ¢;7(4) + %iBSd)?(S),
where i> = —1, we recover the integral equations
FO"V) =", (F+2BF")(@"P) =W, (FE+iBF") (") = @, (22)
and the scalar constraints are automatically satisfied. Note that this was not the case for the

former tensor expansion since Ti[3], Ti[4], and Ti[G] are not orthogonal to collisional invariant and
the constraint B - B¢)' (61 — @ BI_ ®! 4 was needed among the former expansion coefficients.
The operator F*" = (F;™), _ is defined for u = (U;);cs by F;" (u) = z;u;, i € S, where
u; is the product of C; ® C; — —C- - C;I by a complex scalar function of C; - C}, (C; - B)?
and B - B. These systems are shown to be well posed [15] and imply that the scalar function
¢! such that " = ¢’ (Ci ® C; — 1C; - €. 1) only depends on C; - C; and B - B, for
I e{l,2,3}[6].

3.3. Expressions of the viscous stress tensor T1

From the relation ITI = kgT (", fO¢)) + kgT (¥*, f'¢)I and the expansion of ¢ it is
obtained that
—II =«k(8, - )T +1n1S+n(R(B)S —SR(B)) + n3(B'SBB ® B — R(B)SR(B))
+174(SBR B+B R BS —2B'SBBR® B) +15(B R BSR(B) — R(B)SB ® B),
(23)

where § = 9,v + 80" — %(aw o)k = ékBT[[czﬁ", ¢*1 and the five shear viscosities
N1, ..., Ns are given by

m = ke T "V, @" VT + 19", "), 24)
n = — ks T (", ") (25)
n3 = ke T (", " V1 = ["?, "), (26)
ns = 5ke T (Ie"?. @" V1 = 51" "] — 119", "), 27)
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ns = ks T ("7, ") — ("7, "), (28)
where we have defined the scalar product

o =Y us [ a0t de. 29)
k,K

The new tensor basis finally yields identical integral equations and bracket expressions for the
five shear viscosities but in a clear and straightforward way. After some algebra, denoting by
Re(z) and Im(z) the real and imaginary part of a complex quantity z = Re(z) +iIm(z), it is
further obtained that

M = soksT (", ®") +Re((f70">, ")), (30)
m = sskeT In((f"@, ¥")), 31)
m = 35ks T ((fO@" ", W) — Re(( 00", ), (32)
s = s5ks T QRe((f"D, M) — (0" D, ®1) — Re((fO¢"®, ®"))), (33)
ns = sokpT QIm(( 7", ¥M)) —Im((fO"?, "))). (34)

These new linear relations between the viscosity coefficients and the solutions of the linearized
Boltzmann equations will be used to evaluate the shear viscosities from Galerkin approximate
solutions. Finally note that the volume viscosity is not influenced by the magnetic field and
its evaluation is already discussed in [15, 17].

3.4. Expansion polynomials

The integral equations (22) are typically solved by a (Hermitian) Galerkin procedure where
the perturbed distribution functions are expanded into polynomials. We will use the traditional
basis polynomials ¢?%?¥ defined by

¢ (e k) = (S, (wi - w) WY (€x) @ Wi 81i), -

where w; = /my/2kgT (c; — v) is the reduced relative velocity of the molecules of the
kth species and €, = & /kgT is the reduced internal energy of the kth species in the kth
state. In addition, a, c, and d are integers, S, P is the Laguerre and Sonine polynomial of

order ¢ with parameter a + 1/2, W,f is the Wang—Chang and Uhlenbeck polynomial of order
d for the kth species, and ®“w; is a tensor of rank a with respect to the three-dimensional

space, given by @%w; = 1, ®'w; = wy and @ w; = wy @ wy — %'wk cwi I 17,20, 28].
In the notation ¢?*¢?* the first index a thus refers to the tensorial rank with respect to R?,
the second index b = 0 refers to the absence of polarization effects [17], the third index ¢
refers to the Laguerre and Sonine polynomial, the fourth index d refers to the Wang—Chang
and Uhlenbeck polynomial and the last index k refers to the species. These functions have
important orthogonality properties [20, 28] and various properties of the Laguerre and Sonine
polynomials, Wang—Chang and Uhlenbeck polynomials, and functions ¢“°““* are summarized
in [6, 17, 28]. We will also frequently use the notation introduced in [17] to write the transport
linear systems obtained from Galerkin procedures.
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3.5. Transport linear systems associated with the shear viscosities

The traceless matrix integral equations associated with the shear viscosities are in the form
(FS + (289 + 83)iBF")("") = W', with | € {1,2,3}, where ¥ = 23", o ¢**%, and
$P0% = ((wy ® wy — Twy - wiT)8;;), . [17]. By isotropy, the variational approximation
space A" to be considered in the first place is the space spanned by ¢*°%  k € S [3, 6, 17, 20].
The simulations by Bruno and coworkers have shown that the corresponding coefficients are
sufficiently accurate so that higher order expansions of go”('),l € {1, 2, 3} are not required
[2, 14]. A (Hermitian) Galerkin approach is used by requiring the difference between the
approximated (3"8 + (285 + 83)iBF*>™) (") and W to be orthogonal to the approximation

space.
For convenience " is taken in the form
"0 =@/p) Y V™™, 1ef1,2,3).
keS

The matrix associated with the variational procedure is denoted by H and is rescaled such that
Hy = (2/5np)[¢> %%, 2090 k.1 € S, where n denotes the mixture number density. We
also rescale the right-hand side vector B = (1/5n)((f 092000k g1y k e S. We then have
H e R™", g7 € R", and the linear system for o’ e R" and o"@, ¢"® e C" are in the form
Ha'V = p", (H +2iH")a"® = g7, (H +iH")a" = 7. (35)

The coefficients of the matrix H are given by [17]

16 XeXimi [10mg 2.2 8 2q02
Ho — LD L o + X Q77, keS, 36
Kk g SkBT—(mk+m,)2 3 my ki SkpT k- kk (36)
12k
16 XpuXmpmp[ 10 1) @2
T i i S o YA N o LA k,leS, k#1, 37
T —— 3 o xl # (37)

where Q,(fl’j ) are the classical collision integrals [3, 6, 28] and H B is the diagonal matrix
H,g = S BXyzk/p, k,1 € S. The right-hand side member 87 is given by ﬁ,:’ = X where X,
is the mole fraction of the kth species.

The matrix H is symmetric positive definite [17] and from (30)—(34) the shear viscosities
are finally given by the scalar products

m = 1", ") + LRe((@"®, 1)), (38)
n =L Im(@"®, p")), (39
ny = L™, p1) — LRe((a"?, §7)), (40)
ns =Re(("?, B7)) — 1"V, ") — 1 Re((@"?, B")), (41
ns = Im((@"®, 7)) — L Im((@"®, ")), “2)

where we have denoted by (x, y) = Y, s Xxy; the Hermitian scalar product.

In the situation of non-ionized and nonmagnetized mixtures, it has been shown that one
step of the conjugate gradient algorithm—preconditioned by the diagonal—already yields
excellent accuracy for the shear viscosity [17, 18], much better than the Wilke formula. In
the situation of ionized magnetized mixtures, however, it is not possible anymore to use
strictly speaking a conjugate gradient technique since in general there does not exist short

10
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recurrence iterative algorithms which simultaneously corresponds to a global minimization of
some error norm over the corresponding Krylov subspaces spanned by the successive residual
error vectors [29]. Nevertheless, it is possible to introduce orthogonal error techniques which
guarantee that the successive residual error vectors are orthogonal [30-32]. These techniques
are especially suited to the linear systems arising from the Galerkin procedure since it has
been shown that—with a proper formulation—such systems are symmetric complex with a
positive semi-definite real part and for such systems orthogonal error algorithms are proved to
be convergent [15, 32]. The transport linear systems can also be solved in their complex form
which is convenient and benefits from interesting numerical properties [31].

Numerical test have been conducted with weakly ionized air at temperature 10 000 K and
pressure p = 1 atm with collision integrals taken from [33] and thermodynamic properties
taken from [34]. The species associated with ionized air are the n* = 11 species Nj, O,, NO,
N, O, N3, 07, NO*, N*, O* and E~. The choice of a particular temperature or pressure for
weakly ionized air is not significant since convergence properties would essentially be similar
at other temperatures or pressures. The numerical tests have first shown that the transport linear
systems for ionized mixtures are usually more difficult to solve than that for neutral species
because of the greater disparity between collision integrals. Nevertheless, the simulations
have indicated that orthogonal error methods preconditioned by the diagonal yield efficient
algorithms that converge in a few iterates whatever be the intensity of the magnetic field.
Relative errors of the order of 1073 are typically obtained within three iterations. As already
shown by Bruno and coworkers for ionized argon, the extra viscosities n;, j = 2, 3,4, 5 are
generally much smaller than 7, even for large values of the electron Hall parameter [2].

4. Mass and heat transport coefficients

4.1. Equations associated with ¢X
The solution ¢* = (¢})._ of (7) and (8) with i = 7 is in the form
o =#/"Ci+9/VCi A B+¢]7Ci- BB,

where ¢?(1), ¢?(2) and ¢?(3) are scalar functions of C; - C;, (C; - B)? and B - B. Substituting
this expansion into the integro-differential equations associated with ¢X and using isotropy
first yield three scalar coupled integral equations. Further simplification is then obtained if, for
each species i, instead of three real quantities ¢;\(1), ¢[M2) and ¢lf\ ® one real and one complex
unknowns are introduced

(1) a1 2,33 22 A1) | s A2 .
o}V = ¢tV 4 B2 0!® = ¢!V +iBg!?, i€S.

L

Upon defining o> = ((p?(l)C,-)ieS, @D = (QD?(Z)Ci)
FoU = (F), s defined for u = (u;),cs by

;s> and introducing the operator

€j
3pkBT

F'w) = -mC; Y /f.?“.f $CidC raw, €S,
J,J

where u; is the product of C; by a complex scalar function of C; - C;, (C; - B)?> and B - B, it
is easily shown that

FoP ) =0, (F+iBF) (P Y) = T 43)
Furthermore, the constraint equations (8) are easily rewritten in the form
(oD =0, (f%" ) =0,  lefl,....n’ +4}. (44)

11
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The structure of the first integral equation in (43) is classical and the structure of the
second equation is similar in a complex framework [15]. From the isotropy of the operator
F the functions (p’\(” and (pm) cannot be functions of (C'- B)? [6].

We define the unitary vector B by B = B/B and, for any vector X, we introduce the
associated vectors

XI=(X.B)B, X+t =Xx-Xx, X® =BAX.

The vectors X!, X+ and X© are mutually orthogonal and obtained from X by applying the
linear operators M| = B® B, M+ = I — B ® B and M® = R(B). It is then straightforward
to obtain that

¢ = (6 "B B+Re(¢/?)(I — B®B) — Im(¢?)R(B))Ci,  (45)

or equivalently that ¢ = Re ((pl (I)C Iy (p}‘(z) (C’l + 1C@)), where Re(z) and Im(z) denote the
real and imaginary part of a complex quantity z = Re(z) +1Im(z).

4.2. Equations associated with ¢’

The above development can be followed through for the solution ¢/ of (7) and (8) with
w = D; as well. More specifically, the perturbed distribution function ¢ = (qle /

expanded in the form

)ieS is

D,

=¢;,"  +iB¢;
j € S,weobtainforall j € S

D, D;3 D D, D;@ . . .
anddeﬁn1ng<p,’() o, ()+Bz¢ <) l() M ()z,JGS,andch/“)=

@ C)e 0”@ = (9P C)

zeS’ ieS?
FS (V) = @D, (FS +iBFV) (") = Wi, (46)
(o> yhy =0, (%P yly =0, Le{l,....n° +4}. 47

We can also write that
D/

or = (V"B @B +Re(p)?)I - B B) —Im(p”P)R(B))C;, (48)

1

or equivalently that ¢, Di = Re(gp; P (I)C” o (2)(C’iL +iCP)).

4.3. New symmetry properties of the mass transport coefficients

Substituting the expansion (6) into the identity V; = kgT (¥", f%¢)), only the terms in
cZ)D 7,j €S8, and ¢)’\, yield non-null contributions. Expandigg ¢>D i,j €8, and d))\, with (45)
and (48), using isotropy and denoting by d; = (9, p; — p;b;)/p the unconstrained diffusion
driving force for the jth species, we obtain

I 4l 1L g1
Vi =-Y (D!d} + Djd; + D2d?)
jes
— (6] (85 log T) + 6 (8, log T)* + 62 (8, log T)®), (49)
where D}, = (pksT/3)(f00P/ D, ®P), DS +iDY = (pksT/3)( f0"®, ¥P) and 6] =
—(1/) oD WP, 0L +i0° = —(1/3)(fOp*@, ). These coefficients are easily
rewritten in the symmetrized form

D), = LpksTp™®, P V], (50)

12
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D} +iDg = L pks T (Ip” @, o” @] — i@, ")), (51)
6] = —3le” M. 1, (52)
0 +i6° = —1([e”?, " PT —i(”?, *P)). (53)

Note the negative sign in front of the bracket ((-, -)) contributions of ij + iDg and Gf- + i6i®
overlooked in expressions (5.11) and (5.13) of [15].

The new symmetry properties of the perpendicular and transverse transport coefficients,
which are established in appendix A, can then be written as

D;(2) D;(2)

D = 1pksTIp™?, """ = L pksT Rellp”?, ™1, (54)
. D;(2 D;(2

DY = —LpksT (0", ") = ~L pks T Re(”?, "), (55)

6 = —3l”?. "1 = —{Relle”?, "1, (56)

62 = 1" ?, ") = 1 Re(p”?, ")), (57)

where Re and Im denote the real and the imaginary parts.
These new symmetry relations (54)—(57) imply in particular that D;; = Dj;, D} = DS,

jir jio
o+ = —_%[[ Mz), bi@7 and 0° = _%(( ’\(2), i)y Moreover, proceeding essentially as in
[17], one can establish that the nullspace of the real matrices D!l and D+ is spanned by Y in
R"’v, where Y = (Y1, ..., Y,s)" and Y is the mass fraction of the kth species, and that their

range is the (Euclidean) orthogonal complement of ¥ in R", and similarly that the nullspace
of the complex matrix D+ +iD® is spanned by ¥ in C" and that its range is the (Hermitian)
orthogonal complement of ¥ in C". In addition, the thermal diffusion coefficients satisfy the
constraints (8!, Y) = (9, Y) = (6©, Y) = 0. Finally, the usual constrained diffusion driving
forcesd; =d; — Y; ) jes d; can equivalently be used to formulate the mass fluxes thanks to
the properties of transport coefficients.

4.4. New symmetry properties of the heat transport coefficients

From the relation ¢ = —((\le, o) + Dies (%kBT + E)n[V,- and the expansion of ¢ we
obtain
g =—01 @, 1) +3- @, 1) +3°(9,7)°)
5 _
—p Z (9i||dl'| + Qil-diL + ezOdt@) + Z <§kBT + 5[))’1,“/;, (58)
ieS ieS

where &l = (1/3kg T2 (00" D, B*) and A+ +1AC = (1/3kpT2) (0@, B*)). These
coefficients are easily rewritten in the symmetri-zed form

~ 1 >~ =
)\H — [[SO)»(l)7 (P}»(l)]]’ (59)

["?, O] i, FOY). 60)

= 3kpT?

The thermal diffusion coefficients involved in the expansion of ((lIIA fO¢) are first written
in the form 6] = —(1/3)(( %P, @) and B +i0° = —(1/3)(( 0@, &™), but upon
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writing these coefficients in a symmetric form ’6‘;” = —%I[cpx(l), P M7, and ’9} + i@? =
—1([P*?, PN =i, pP @), we obtain from (52) and (53) that 6 = 6, 6+ = 6},
and 9i® = Gl-@, i € §. The new symmetry properties of perpendicular and transverse transport
coefficients, established in appendix A, then read

~ 5 1 D
1 _ ?»(2) 1(2) A2y A(2)
= R , , 61
=% Tz[[cp | T2 elle™, ™1 (61)
~ 1 Q) @ 22 a2
70 _ @ @y _ _ R @ Oy 62
e ) =5z Re@ ') (62)
As a consequence, the heat—mass transport matrices
3 gl 5L gl T30 ot
Al=1|r At =|(r AP =[P
gl D]’ 0+ YN 10} D°
are real symmetric, Al and A' are positive semi-definite, and their nullspace is spanned by
(0, Yy, ..., Y,)" where Y, is the mass fraction of the kth species.

4.5. Entropy production due to heat and mass transfer

By using the new symmetry properties of transport coefficient, it is now much easier to

establish that the entropy production term associated with the heat flux and the diffusion
o 3,T

velocities T, = —(q — Y ;e pihi Vi) - &5 — 3,5 Vi - d; is nonnegative [15]. By using

the expressions of V; and g, and the new symmetry properties we can indeed write

_ 3 I I p Il 5l I P gl Sl
T_—A(a D! (@:1) +2 Zed (0,7 + ZDUdJ d!
ieS l]ES
+—)&(a Y. . (8, T)l+2—29¢dl @,T) + L2 ZDtdj dt,
ieS l]ES
so that Y, = (p/T)((A” I xly + (Atxt, x1)) with x) = (8, log T)!, x! = (d), x¢ =

(8 log T)*, and xi+ = (d; )L Note in partlcular that the terms Y, g Gl®d® (8, T)* +
Dies OiQ(BwZ)O - di and doijes DSdll d? appearmg in the expression of Y, in [15] all
vanish since § = 0, D® is symmetric, and x© - y* +x* - y© = 0 for any vectors x and y. The

term ), oo Dl?d,L dS was erroneously typed Y, ;.o Df?dll dl in [15].

4.6. First-order transport linear systems associated with D

The vector integral equations associated with multicomponent diffusion coefficients are in the
form (F® + 8,iBFV) (P V) = WP withl € {1,2}, j € S, and

D=3 "2 miksT (8 — Ye) /niep' ™™,
keS

¢ 1000k

where = (wibi)ies [17]. By isotropy, the variational approximation space -’4[%0] to

be considered in the first place is the space spanned by ¢'%% k ¢ S, and we will denote by

‘P[obg) the corresponding approximation using the notation from [17].

. D) . .
For convenience, cp[of)g) is taken in the form

D;() OOD U} 1000k i
= Jm I e({l,2}, €s.
Proo) = ’_kBT ; oo P {1,2} J
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The matrix associated with the variational procedure is denoted by A, and is rescaled such

that Aoy = (2/men;/3p)[p1%%, ¢1%0] k1 € S. We also rescale the right-hand side
00D; , . s D

IB[OOJk = (\/kakBT/?))((fO(PIOOOk WPy k € S. We then have A[OOJ’ Aﬁ)OJ e R* "™, ﬂ[O(/)]’

a[lgoﬁl) e R", [13652) € C", and the linear systems for a[?)oil) = (a?(?ol])k(l))kes and

D 2 00D;(2) .
= ( [OO]k )k s arein the form

IOOJ
D;(1) D;() D
Ao %00 = ﬂlool (A|001 + 1A[001)°‘|00| = Boop:
> (63)
M ¥ _o D)y
( [00] ’ >_ ’ ( [00] ’ >_ :
The coefficients of the matrix Ay, are given by
XX XX
Aok = . kes, Agoor = — ; k.leS, k#lI,
‘= Du D
Ik

where Dy, is the binary diffusion coefficient of the species pair (k, /), and the right-hand side

D, 00D, .
vectors Bl = (Bjoopt )4es 2T€ given by

00D; .
IB[OO]k = (Sjk Yk, k,] e S.

The constraint vector is ¥ = (Yq,...,Y,)" where Y, is the mass fraction of the kth
species and we have denoted by (x,y) = ), ¢ xy, the Hermitian scalar product. The
binary diffusion coefficient Dy; can also be written as Dy, = 3kgT/ 16nmle2,S‘1) where
my; = mymy/(my + my) is the reduced mass of the species pair (k,/). Moreover, we have
A[%O] =I-YQU)DEI—-U ®Y) where D is the diagonal matrix ‘.Dk, = SynrexB/p
andU = (1,...,1) e R".

The real matrix A[OO] is symmetric positive semi-definite, N (A[Oo]) = RU, R (A[OO]) =
U' in R™ [17], whereas the complex matrix Ago) + A, s such that N (A[OO] + iAff)O]) =
CU,R (A[OO] +iA[%O]) = U1 inC", where the nullspace and range of a matrix A are denoted by
N(A) and R(A), respectively. The resulting approximated diffusion coefficients are denoted
by D[HOO], D[%)O], D[OOO], and are given by

I D;(1) o %0Pi (M 00D; (1)

Dygoyi; = (0‘[00] v5[0(>]> aon = Qp); - (64)
i .o D;(2) Q0P _ 00D, (2)

Digojij + 1Dy = (“[00] JB[OO]) o0y 001 - (65)

In addition, for all @ > 0, we have D[HOO] = (A +aY ®Y)™' — (1/a)U ® U and also
Diboy +iDG0; = (Byg +iAEg +aY ® Y) ™ — (1/a)U @ U.

Projected standard iterative techniques as well as projected generalized conjugate gradient
methods can be used to solve the constrained singular systems associated with the first-
order diffusion coefficients (63). Iterative techniques for the real transport linear system
associated with the real matrix D[HOOJ are similar to that of non-ionized mixtures which have
been investigated comprehensively [17, 35]. We only discuss in the following the evaluation
by iterative techniques of the complex matrix D[%)O] + iDEgO].

When only the diffusion velocities are required—and not the diffusion coefficients—a
complex form of the Stefan—Maxwell equations can be solved by using orthogonal error
algorithms [30, 32]. In the absence of the Soret effect, these generalized complex Stefan—
Maxwell equations are in the form

~(Apooy +ib o) (VE = iVE) = d* —id® Y ) (dff —idp), (66)
leS
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where V° = (V?,..., V), d® = (di,....d%.) o e {I, L,O}and ¥ = (Yi,..., Y,)".
The proper modification of the complex Stefan—Maxwell equations in the presence of the
Soret effect are discussed in section 5. The vectors df, o € {|l, L, ®}, are the unconstrained
diffusion driving forces and Zilo =d’-Y; ) jes dj are the corresponding constrained diffusion
driving forces which sum up to zero. Only the diffusion velocities are required when an explicit
time marching technique is used to compute a multicomponent flow for instance.

On the other hand, when the diffusion coefficients are to be evaluated, as is typically
the case if an implicit time marching method is used, it is first possible to use a direct
inversion method by forming D[%O] + iD[OOO] = (Ajpop + iA[BOO] +aY ®@Y)' —(1/a)U @ U
where @ > 0. The (n*)? coefficients are then evaluated within O((n*)?) operations. It
is nevertheless possible to evaluate approximate coefficients within O((n*)?) operations
by using standard iterative techniques. More specifically, in order to solve iteratively
(Ao + 1A8%0) (Digo; +1D(Go;) = I — Y ® U with the constraint (Djgy + iDgo)Y = 0,
we introduce the splitting Ao, +iAf}, = M — Z where M = D +iAf}, and D is a diagonal
matrix such that Dy = Ao /(1 — Yi). Denoting by T the iteration matrix 7 = M 17, we
then have the convergent asymptotic expansion

Digg, +iDfy = > (PTYPM™'P',
=0

where P = P — U ® Y denotes the projector matrix onto Y+ parallel to U. This expansion
can be shown to be convergent with a spectral radius of the product PT = PM~'Z strictly
lower than unity, and this spectral radius is always lower in the magnetized case than in the

unmagnetized case where the matrix Aﬁ)o] vanishes [32]. Various approximations can then be

obtained by truncating this convergent series [32]. The first approximation (D[J()O] + 1D|®00|)[ !

generalizes the Hirschfelder—Curtiss approximation with a mass corrector [25, 35, 36] to the
magnetized case

MDU @ MDU
(DU — DMDU, U)’

. [
(Djgo +1Dg) =M+ (67)
where M = (D +iD?) ! — D +iD®) 'Yy @ D +iD®) "'y /(D +iD?®) 'y, Y). The
second-order approximation can be written as

[2] [1]

(Difo; +iDfp) ™ = (Difoy + D)™ + (Dfsoy +1D50)) " (D = Ajg0)) (Difey +iDfo)

(68)

and yields a more accurate approximation still within O((n*)?) operations. The interest of
these algorithms is that they perform well whatever be the intensity of the magnetic field since
the complete matrix iA[%O] has been taken into account in the splitting matrix M = D + iA[%O].
They do not perform well, however, independently of the ionization degree and convergence
rates deteriorate as ionization levels increase as investigated by Garcia Muifioz [37] in the
unmagnetized case.

The numerical tests conducted with weakly ionized air at temperature 10000 K have
shown that the second iterate is generally within one percent of the exact corresponding
first-order matrix D[%)O] + iD[QUO] for usual matrix norms provided the ionization level is below
10~2. When the ionization level increases, it becomes more and more difficult to evaluate the
diffusion coefficients matrices by using standard iterative techniques and in this situation, we
recommend either generalized conjugate gradient methods or direct methods.
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Remark. Taking into account the electron/heavy particles coefficients in the splitting matrix
M =D + iA[%O] with D), = Dy, if k # n® and | # n*, and D}, = Ao otherwise,
assuming that the electron is the last species k = n®, only slightly improves the convergence
rates.

4.7. Higher order linear systems associated with D and electrical conductivities

Higher order approximations of the diffusion matrices, also accounting for the energy of the
molecules, require to consider linear systems of size 2n® + n” where n” denotes the number
of polyatomic species of the mixture, that is, the number of species with at least two different
internal energy states.

The corresponding variational approximation space .A” is the spanned by ¢!%%% & ¢
S, ¢'1% k € S,and ' k € P, where ¢'"1% = ((3 —wy - wk)wkék,-)ies, keS8, ¢!k =
((€r — €xx)Wibii)ies, k € P, P denotes the set of polyatomic species, and n” the number of
polyatomic species [17]. We will denote by ?i the corresponding approximation and for
convenience, ch i® is taken in the form

00D; (1) 1000k 10D 10 1010k 01D; () 1001k
(v o)+ 3 il g )
pVksT (keS keP

I=1,2.

Dj(h _

The matrix associated with the variational procedure is denoted by L and is rescaled such
that Ly = (2/mxm;/3p)[¢'"%, ¢'%1], (r, k), (s,1) € {00} x SU {10} x S U {01} x P.
We also rescale the right-hand side vector ,B,ZD” = 2mi [ks T /3p(fOp'O% WPy (r k) €
{00} x SU {10} x SU {01} x P. We then have L € R>"+1":20+n" gD; ¢ R21" and the
linear systems for @/ € R*"*"" and a?/® e C*"*"" are in the form

{Lan“) = BP, {(L +iLB)aPi® = gbi,

69
(@l ) =0, (@@, ) =0. )

. . § 14 § 14 . . .
The coefficients of the matrix L € R*'*"2"+#" are given in [17] and are summarized

in section 5.3 and appendix C. The constraint vector } € R> ™" is given by

= ((Y)res, O)kes, 0kep)’, and the vectors p2 e R* ™ are given by g2 =
(Biotys Oes. (O)ep)', j € S. On the other hand, the matrix L” is in the form L? =
(I-YRU)LP(I-U®Y) where L” is the diagonal matrix (L?)}} = 8u8,snrex B/ p,if (r, k) €
{00} x S, (LB)s = 8k18r52nkekB/p, if (r,k) € {10} x S, (LB)Y = 88,5 nyer B/kpp,
if(r, k) € {01} x P, and U = ((ges, (0)kes, (O)rep)’. The matrix L is symmetric positive
semi-definite [17] and the higher order coefficients are given by

Dl = @”®, gP) = "V = PP, (70)
D +iDZ = (@P® Py = )" = 0P @, (71)
Defining VI = — 3", ¢ aD-f(l)dljl. and V- — V0 = — Y aP/@(d} — id®) the associated
complex generalized Stefan—Maxwell equatlons are in the form
— (L+ILH V' —iv®) =) BP (d] —id?), (72)
jes

where V° = (V000 p10e POloyt and Y00 = V° o e {||, L, ®}. The modifications required
in order to take into account thermal diffusion are discussed in section 5.
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Figure 1. Electrical conductivity ratios o /ol —— and ¢© /o for weakly ionized air at

10000 K as functions of the electron Hall parameter.

The same general strategy can be used to evaluate higher order diffusion mass fluxes as
for first-order fluxes investigated in the preceding section. When only the diffusion velocities
are required, an orthogonal error method can be used to solve the generalized Stefan—-Maxwell
equations. When the diffusion matrices are also required, either standard iterative algorithms
or direct methods can be used to solve the corresponding transport linear systems. The
same standard iterative algorithms can be used for instance by using splittings in the form
L +iL% = M — Z with M = D +iL® where D is a diagonal matrix or a block diagonal
matrix as described in [17]. Denoting by J the iteration matrix J = M2, we then have the
convergent asymptotic expansion

Dt +iD® =11 | > (PHiPM P | I,
=0

where P =1 — i/ ® ) denotes the projector matrix onto Y parallel to I/ where I is defined
by U = (U, (0)kes, (0)kep)’ and IT € R™2"*"" is the rectangular matrix IT = [I, 0, 0]. This
expansion can be shown to be convergent with a spectral radius of the product PT = PM~'Z
strictly lower than unity. The second-order iterate (D* +iD®)?! is a good trade off between
precision and computational costs.

The higher order effects usually have a minor impact on the diffusion matrix of neutral
species mixtures [17]. They have a more important impact, however, on ionized mixtures.
Our numerical test for high temperature air have shown that the relative error in matrix
norms HDH — D[HOO] H/||D||||, D+ — D[lOO] ||/||DJ-||, and || D°® — D[OOO] ||/||DH I, can be large
for ionization rates above 1072 and remain below 10=2 only when the ionization rate is
below 1073, The same is true for | D® — D[OOO] | /IID® ]|, unless B is small but then both D®
and D|®00| are small. Above the ionization level 1073, it is recommended to use the higher
order approximations diffusion matrices D and to use generalized conjugate gradient or direct
methods.

Higher order effects due to the energy of the molecules are always important, however, in
order to evaluate the electrical conductivities, even for weakly ionized mixtures [1, 2, 6, 14].
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Figure 2. Thermal conductivity ratios A+/Al——— and A©/Al—— for weakly ionized air at

10000 K as functions of the electron Hall parameter.

The electrical conductivities o/, o1, and o© are defined by
- I 1 _ 1 o _ ©]
po' = E Dijnieinjej, po— = Dijnie,-n_,-ej, poY = Dijn,-einjej,
i,jeS i,jeS i,jeS

and since the species charge e¢;,i € S, can be of different sign, cancellation of significant
digits may arise so that using only the first-order diffusion coefficients may lead to large
errors in the conductivities, as shown in particular by Bruno and coworkers in the monatomic
approximation [1, 2, 14]. In the numerical simulations by Bruno and coworkers, the errors
are even amplified because of the Ramsauer minimum in the electron—argon collision cross
sections [2, 14]. We have evaluated the second-order electrical conductivities for air in the
weakly ionized state XN, = Xo, = Xno = Xnv = Xo = 0.198, XN; = on = Xno+ =
XN+ = Xo+ = 0.001, Xg- = 0.005, at temperature 10000 K and pressure p = 1 atm. The
corresponding parallel electrical conductivity is o = 1108 AV~! m~! and the ratios o+ /o
and 0© /o are plotted in figure 1 as functions of the electron Hall parameter f,. The electron
Hall parameter is defined by B8, = .7, where w, denotes the electron Larmor frequency
w, = eB/m, and 7, the Coulomb mean collision time 7, = 3me/16,oes22;3l [14].

Remark. In order to improve the accuracy of the electrical conductivities, a natural possibility
is to compute the higher order diffusion coefficients D and then the corresponding electrical
conductivities. A second possibility, however, is to use the first-order diffusion coefficients
Dygp; in the species equations—when they are sufficiently accurate—and to only evaluate the
solutions ¢V and ¢® of the linear systems

Lé‘(l) = Zjes njEj,BDf, (L +iLB)é‘(2) = Zjes njeleDj’
W Yy =0, €@,y =0.

Once the vectors ¢V and ¢® are evaluated, the electrical conductivities are then obtained from
pol =3 s njejg“;l) and p(ot +i09) =3, s njejg“;z). The systems (73) can be solved
by using an orthogonal error algorithm which converge within a few iterations independent of
the magnetic field.

(73)
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4.8. Transport linear systems associated with X and 6

The vector integral equations associated with the partial thermal conductivity are in the form
(FS + 8,iBF* ”)(QOMD) — &%, with | = 1,2, and
=Y V2(ksT)}/mg' "% + " V2(ksT)? /mygp' ™.
keS keP

The variational approximation space A* to be considered in the first place is the space
spanned by ¢'%% k € S, ¢!0% k € S, and ¢! k € P, and we will denote by *?
the corresponding approximation. For convenience, go’\(') is taken in the form

Soi(l) = /2kgT <Z\/— OA(I)¢1000k ]:(ﬁ(l)qslomk)+Zmagli(l)¢1001k> =12

keS keP
The matrix associated with the variational procedure is denoted by L and is rescaled such
that Ly = 2/mmi/3p)[¢'"*, ¢'"%'T, (r, k), (s, I) € {00} x SU {10} x S U {01} x P.
We also rescale the right-hand side vectors ;* = /2my/ksT /3p(f°9'", Y, (k) €
{00} x SU{10} x SU{01} x P. We then have L € R¥"*"2"+" gh ¢ R+ and the linear
system for oM € R¥*" and o*@ e C2*"*" are in the form

LoV = g, (L +iLB)a*® = g%,

{«ﬁ(”, Y) =0, (@, y) = 0.
The vector £ is such that " = 0, (r, k) € {00} x S, Bf* = I Xy, (r, k) € {10} x S, and
k = c}{“‘Xk /ks, (r, k) € {01} x P, where c“‘t is the internal heat capacity of the kth species

per molecule. The partlal thermal conductlvmes are given by the scalar products

( (1) ﬂ ) = (( 102.(1) /310A> + 01 (1) ﬂoﬁ)) (74)
. p p n n X X
)\‘J_ +l)\,® — ?<al(2)’ ﬂ)\) — ?(<a10)»(2)7 ﬁ10k> + <a01)\(2)’ 1301)L>)’ (75)
and, the thermal diffusion coefficients are given by
91” < }\(l) 13 > _ OO)\(I) eil +i0iO — —<CY/}:(2), IBD,'> — _a?OA(Z)‘ (76)

Note, however, that it is computationally more interesting to directly evaluate the
thermal conductivities Al, A+, A© and the thermal diffusion ratios x!, x*, x© rather than
the partial thermal conductivities Al , 5:1-, 2© and the thermal diffusion coefficients ! , 0+, 09,
as described in the following section.

5. Thermal conductivity and thermal diffusion ratios

We first present the usual definition of the thermal conductivities Al AL, A© and the thermal
diffusion ratios x!, x*, x©. We then introduce a variational framework allowing a direct
evaluation of these coefficients without the intermediate evaluation of the partial thermal
conductivities A1, A1, A© and the thermal diffusion coefficients 6, 9+, °.

5.1. First definition of the thermal conductivities and the thermal diffusion ratios

The thermal diffusion ratios x| = (Xi“)ieS’ xt = (X"),esr and x© = (), are defined

from the linear systems [15]
Dlyl =gl, (D +iD®)(xt +ix®) = 0+ +i6°, an
(xI,u)y=o0, (x++ix®,U) =0,
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where U is the vector of length n* with unit components U = (1, ..., 1)". Thanks to the
symmetry of D!, D and D@, transposing these systems yield that the thermal diffusion ratios
coincide with the modified thermal diffusion ratios X! = x!, ¥+ = x* and ¥© = x© also
introduced in [15]. We next define the thermal conductivities from [15]

[
W= —(p/T) Y Dlix)xl

i,jeS
WEHDE =400 — (p/T) Y (Dh+iDS) (i +ix?) (ki +1x2)-

ijes
The diffusion velocities and the heat flux can then be written as

Vi= 3 ) + 1)@ g )

jes

— Z D,# + X (@ log T)* + X®(8 log 7)°)
jes

=Y DH(dS + x; (B 1og T)® — x P (8 log T)™), (78)
jes

qg=—(A10. 1) + 150, T)" +1°(8,T)°)
5 —
+p§ HV“"‘X +Xl VO) §<§kBT+8,>anl (79)

5.2. A variational framework for A and x

A variational framework for a direct evaluation of the thermal conductivity and the thermal
diffusion ratios in a non-ionized gas has been introduced in [16, 17]. This framework can
readily be used for the transport properties parallel to the magnetic field A and x!. In this
paper, we generalize this framework to the complex magnetized case for the perpendicular
and transverse components A+ +iA® and x* +ix©. To this aim, we define

oD = D 4 phpT Z X_,USOD"(D, P = (pm) + pkgT Z xS ©)pPi @,
Jjes jes
(30)
) =0+ pkgT Y x] ¥, W, ="+ phgT Y (xf +ixP)®?, (81)
= jes

and it is easily shown that
FS (") = ¥, (FS +iBF") (9"?) = ¥, (82)
(foe™V gy =0, (fPe™@ gy =0, lefl,....n" +4}. (83)

From the definition of thermal diffusion ratios, it is then straightforward to check that
(fOp*D WPiY = 0and (fOp*?, ®Pi) = 0 for j € S. However, the basis function ¢!/
is a linear combination of W5 and of the vector collisional invariant (m; Cj)res = ((mk (e, —
v)),.g in such a way that (f0p*®, ¢!%%7) = 0 and (f0p*®,¢'") = 0 for j € S.
One may thus use a Galerkin variational approximation space orthogonal to ¢!/ j e S,
in order to solve (82) and (83). It is important to observe then that for any basis function
¢'* orthogonal to ¢'%%/, j € S, we have the relations ((fO®], ¢'*)) = (fO®*, ¢'7%)
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and (( 7o l@, qblo’k)) (f O\IIA ¢'%%)) so that the transport linear systems associated with
a Galerkin approximation of (82) and (83) can readily be evaluated even though the thermal
diffusion ratios are unknown. These orthogonality properties also imply that

1 ~
Al = 0, A1) \IIA 0 /\(1)"1,1 ’
e ) = g (e )
1 -
L rin® = 04 gk ) = 0,10 gy,
ih® = S0 o)) = (0 )
[ L, 0_ M 0
e = 3 k T((f ‘Il”’ ))’ Xk +1Xk - 3pkBT(<f ‘IJLO’ ek))’
where C; = (Cidix)ics, so that
Al = o T2 — "V, oD, A +in® = T Tz([[‘Pm)’SOM)]] (PP, o)),
(84)
[ M) @ 1,0 k 12 @ 35
Xk 3pkBT[[SO , Cill, Xi H1Xg 3pkBTIISO , Gl (85)

5.3. Transport linear systems associated with ,, x

The vector integral equations associated with the thermal conductivity and the thermal diffusion
ratios coefficients are in the form (F° + 8,iBF ") (") = ¥*0 with | = 1,2. Since we
already know that *®’| | = 1, 2, are orthogonal to ¢'°°%  k e S, the variational approximation
space A* to be considered in the first place is the space spanned by ¢'°'% k ¢ S, and
¢'%1% ke P. For convenience, ¢ is taken in the form

<PMD — \/m (Z MaiOA(I)¢1010k + Z\/nTkaI?M(l)¢IOOIk> ’ l=1,2.

keS keP

The matrix associated with the variational procedure is denoted by A and is rescaled
such that A}] = (2m/3p)[[¢10”‘ ¢, (r, k), (s,1) € {10} x SU {01} x P. Tt is
then important to observe that 8;* = /2m;/ksT /3p( f‘)d)m’k Ty, so thatB* = BI*
for(r, k) € {10} x SU {01} x P. We then have A € R "’ gh e RPN and the linear
systems for @* € R"*" and «*® e C"*"" are in the form

AoV = g, (A +iAB)a*@® = g*,

where AZ is diagonal and given by (AB)S = 8udys3nkexB/p, for (r, k) € {10} x S and
(AB)kl = 31(18”0,( 'nier B /kg p, for (r, k) € {01} x P.

The matrix A is symmetric positive definite [17] and the thermal conductivities are given
by the following scalar products:

< A(l) ﬂ ) (( 10A(1) ﬂIOA) ( Olk(l)’ﬂOlk))’ (86)
)\‘J_ +i)\.® — %(al(z)’ﬂk> — %((alok(2)7ﬂ10k> + <a01)»(2)’ﬁ01)\>)’ (87)

and the thermal diffusion ratios by

X” — Looxa,\(l)’ XJ_ +iXO — Loma?ox(z)’ (88)

22



J. Phys. A: Math. Theor. 42 (2009) 025503 V Giovangigli and B Graille

where L% is the upper right block of L of size n* x (n* +n”) in such a way that the matrix L
has the bloc decomposition

0000 00 00
L= (L 200 LM) = (AIOO] t ) . (89)
L L L)\OO A
The matrix L%* can be written as L% = (L9010 10001y and the coefficients of A, L%1° and
L% are given in appendix C.

From the expression of the matricides L, A, or L%, we note that, in addition to the
classical Q,(fl’j ) integrals, many collision integrals associated with internal energy exchanges
are required for the evaluation of transport properties of polyatomic species mixtures. These
collision integrals are discussed in particular in [13, 17, 28] as well as some typical
approximations like those of Mason and Monchick in terms of relaxation times. In order
to solve the transport linear systems associated with the thermal conductivity we recommend a
few step of an orthogonal error method preconditioned by the diagonal matrix diag(A) +iA®
[17, 18]. The thermal diffusion ratios are then readily evaluated from (88).

In the numerical simulations for air at 10 000 K, the relaxation times for internal energy
of the polyatomic neutral molecules have been estimated as described in [17] whereas the
rotational relaxation times for internal energy of the polyatomic ionized molecules have
been approximated as the relaxation time of the corresponding neutral molecules [39]. The
numerical simulations with weakly ionized air have shown that three iterations are generally
required in order to evaluate the thermal diffusion ratios with a good accuracy, whereas two
iterates are generally sufficient for the thermal conductivities. The thermal conductivities
have been evaluated for air in the weakly ionized state Xn, = Xo, = Xno = Xn = Xo =
0.198, Xn; = Xo3 = Xno+ = Xn+ = Xo+- = 0.001, Xg- = 0.005, at temperature 10000 K
and pressure p = 1 atm. The parallel thermal conductivity is then Al = 0.658 Wm~! K~! and

the corresponding ratios A+ /Al and A© /Al are plotted in figure 2 as functions of the electron
Hall parameter 8,

5.4. Stefan—Maxwell equations with the Soret effect

Stefan-Maxwell equations associated with the real vector V! whose n* first components are
the diffusion velocities parallel to the magnetic field VI = VI = 1V! are similar to that of
non-ionized mixtures already investigated in [17, 35]. We thus only discuss in the following
the generalized Stefan-Maxwell equations associated with the complex vector V*+ — iV®
defined by

VE—iVO == "aPP((df —id?) + (x; +ixP)(Da log T)' — (84 log T)®)).

jes
whose n* first components are the diffusion velocities perpendicular and transverse to the
magnetic field V1 —iV©® = p0OL _jp00o — rpt —j1o),

The Stefan—-Maxwell equations in the presence of the Soret effect are more conveniently
written in terms of thermal diffusion ratios [3, 6, 20, 25]. Multiplying the transport linear
system (69) for ”® by the vector dl+ - de + ()(jL + i)(jQ)(((‘);c log T)* —i(8, log T)®) and
summing over j € S we obtain the proper generalization to the complex framework of the
Stefan—Maxwell equations with the Soret effect

—(L+iLB(V*t —iV°) = § B ((di —id?) + (x; +ixP)((Bz log T)" — (94 log T)®)).
jes
(90)
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Upon introducing the Schur complement
A+iA% = Agy +iAfy — LY (A +iA®) 7' LM,
the Stefan—Maxwell equations can also be rewritten in the form
—(A+IABDWVE —iVO) =d" —id® + (3 +ixO) (B log T)* — (@, logT)®),  (91)

where d — id” = ¥, s B2 (dF —idD) = d* —id® — Y Y, s (dF — idD) are the
constrained diffusion driving forces. These equations may be approximated by using the
matrix Ago) +iA[y, instead of A +iA*, depending on the accuracy of the first-order diffusion
matrices. Projected standard iterative techniques as well as projected generalized conjugate
gradient methods can be used to solve the Stefan-Maxwell equations with or without the Soret
effect and magnetic field effects [17, 19, 32].

6. Dependence of transport coefficients on the magnetic field

From a theoretical and computational point of view, it is important to investigate the behavior
of transport coefficients and transport fluxes for vanishing magnetic fields. In this section we
establish the proper structural properties of the transport coefficients which guarantee that all
transport fluxes behave smoothly as B goes to zero.

6.1. Heat and mass transport coefficients

The operators F° and F°¥ do not depend on the magnetic field B so that the functions

<p?‘(l),i € S, and golp"(l), i,j € 8§, are independent of B. On the other hand, in order

to investigate the dependence on the magnetic field B of the perpendicular and transverse

transport coefficients we expand the functions cp’\(z) , and ch/ (2), j € &, in series of the
intensity of the magnetic field B = || B||. More specifically, we write
x . 5 D;(2) . D; .
@ P =) (iB)"¢},. @7 = "(iB) ¢, i,jeS, (92
neN neN

where the functions ga?n = (c,oix,n)i€ 5 ol = (gof,’l)ies, j € S,n €N, do not depend on the
magnetic field and satisfy the integro-differential equations F®(¢*)) = ¥*, FS(p*,,|) =

- n+l

_?Z*”(cp?n), forn > 0, and F° (ALpDO’) = g%, F8 ("P?};H) = _{TZ’”(QOZ’), forn >0,j €8,
and the scalar constraints ((f%¢",, ¥')) = 0, ((fogo{),{, Yl)) =0,n 20,1 €{0,...,n"+4}.
These equations yield existence and uniqueness for cpﬁn, cpf,;', i, j €S,n e N. From the well
posedness of the integral operator, the radius of convergence of these series is nonzero and we

B 0 D D;(1
also remark that ¢} = @V and i = a

,i, j € S. From these series expansions, we
o
ij

I _ 40 1 _ 21 521 o _ 20+1 521+1
D;; = a;;, D;; = Zz>oB CHE D = Zl>oB a; - 93)

can then expand the transport coefficients DIHJ Dﬁ and D/, i, j € S, in the form

The coefficients af. i

1 | o
al; = (~1)3 phsT ( DN VR | B (—1)’"((<Pf),i,<pf)r2))>»

n+m=I n+m=I[—1

i,j €S8, >0,donot depend on B and are given by

where (&, ¢)) is the rescaled bracket defined by B((&,¢)) = (&, ¢)). We then deduce the
existence of regular functions denoted by %Jj,,» 1#8,,» i, j €&, sothat

D - Dl =B} (B, DY =By (BY. (94)
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The above expansion can be followed through for all the transport coefficients but we omit
the details for the sake of simplicity. We thus deduce that for any vector transport coefficient
. the parallel component !l is independent of B, whereas u* — u! = By, (B?) and
u® = Bl//f?(Bz), where the functions wﬂl and v are smooth.

On the other hand, upon introducing the tensorial transport coefficients D, i i,j €

S,0.,ieS, and \ defined by
D,; = DM + DM+ + DOM®,
0, = 0/M! + 6 M- +6°MC,
A =2IM+ M+ ROMe,

where Ml = B ® B, M+ = I — B ® B, and M® = R(B), we obtain a compact formulation
for diffusion velocities and heat flux

jes
q=-X0,T—p)Y 0d, +Z( kBT+€) iVi. (96)
ieS ieS

However, for any set of coefficients w!, ut, and u®, such that u! is independent of

B, ut—ul = Bzwd— (B?) and u® = BWI?(BZ), where the functions wlf and 2 are smooth,
we directly obtain that the tensorial coefficient /M + "M+ + L®M® can be written as

Ml + Mt 4+ MO = p T+, (B*) (B’ — B ® B) + ¥ 0 (B) R(B),

since B = BB so that /M + M+ + £®M® is smooth for any B and converges toward
wlITas B— 0. Asa consequence, the heat and mass diffusion fluxes are smooth functions
of the magnetic field and we obtain in the limit case B — 0 the same contributions as with a
zero magnetic field.

6.2. Momentum transport coefficients

We first note that the volume viscosity « does not depend on the magnetic field. Similarly,
since the operators FS and F°™ do not depend on B, the function ga:’m does not depend on

the magnetic field. On the other hand, in order to study the dependence on the magnetic field
nl2] n[3]

of the shear viscosities, we expand the functions ¢~ and ¢"" in the form
el =3 "@iByyl,. o =>"iB)],. 97)
n>0 n=>0
where the expansion coefficients ", = (‘Pz n),es’ > 0, do not depend on the magnetic
field B and satisfy the integro-differential equations F°(p"() = ®", F5(¢", +1) =
—Fom (cp"n) n > 0, ((f()(pf?,n, W)) = 0,1 e {0,...,n°+4}). Defining a/ =

Q_I()kBT Zn+m:2l(_1)m+l[]:(p?"’ (p’lm]], and bl = Q_I()kBT Zn+m:2l(_1)m+l((<pinv So.n,nl))/’ it is
easily established that

N = 771(0) + 2:221321317 m=— ZzleZHIbZ, m=— 222132131, (98)
>0 1>0 10
=) QY -2BY,  ps=-) ™ -2)BMN. (99)
>0 1>0
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As a consequence, there exist smooth functions &1, &2, ¢3, ¢4, &5, &6, Of B? such that

m = &1 (B?), n = B&(BY), ns = B*¢3(BY), ns = B*¢4(B?), (100)
ns = B¢s(BY), 204 — 13 = B*¢6(BY). (101)

Note in particular the relation 214 — 13 = B*ps(B?) which is not straightforward to devise
intuitively. It is then possible to rewrite the viscous tensor as a smooth function of the magnetic
field in the form

—II = (8, - v)I + {1 (B*)S + (B (R(B)S — SR(B)) — {3(B*)R(B)SR(B)
—t(B>)B'SBB ® B + 4(B*)(SB ® B + B ® BS)
+¢5(B*) (B ® BSR(B) — R(B)SB ® B),

using B = BB so that IT is a smooth function of B. Hence we obtain in the limit
case the same contribution as with a zero magnetic field for the viscous stress tensor since

£1(0) = m(0) = ks T L"), " V]

7. Onsager reciprocal relations

Onsager relations are symmetry properties which must hold between the transport coefficients.
These constraints express the invariance of phenomena by time reversal transformation. In the
framework of the kinetic theory of gases, these symmetry properties can directly be deduced
from the symmetry properties of the linearized collision operator [1, 6, 25, 40].

Using the tensorial relations (95) and (96), Onsager reciprocal relations require that

D;(-B)=D;(B).  6(-B)=6,B).  A-B)=ADB),

and these equalities are easily established since the matrices M! and M+ are symmetric, the
matrix M® is antisymmetric, the matrices M! and M+ are even functions of B the matrix
M® is an odd function of B, the transport coefficients Dl”j, Dl#, DS, i,jes, 9[”, 0+, 0°i €
S, A1, %L, %9 are even functions of B because they only depend on the norm B of the magnetic
field, and the transport coefficients satisfy Dz”, = Dl!i, D;; = D, DS = D?i, i,jeS, asa
result of (50), (54) and (55).

In order to express Onsager relations for viscosity coefficients, we rewrite the three

columns of the viscous stress tensor in the form

3
I = — ) (kM + M+ oM + M+ MY+ sMS) 9, v, ie{l,2, 3],
j=1

where II; is the ith column of I, i € {1, 2, 3} and the matrices M;;, M;’j‘?‘, i,je{l,2,3},ae
{1,2,3, 4,5}, are defined by

ij =e; ® ey,

M =5;1+e;®e —3e De;.

M = 25;; R(B) + R(e:) R(B)R(e;) +2¢; R(B)e; I,

M;’; =2B,B;B®B - %ei ®ej+2R(Ble; ® e;R(B) — R(B)e; ® e; R(B),

M;’; = —4‘31‘313 ®:B+B,‘Bj1+8ij3 ®B+:Biej ®:B+3j3®6,‘,

M)} = —2B,B,R(B) — R(e;))R(B)R(e;) — 2¢;' R(B)e, B ® B,
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Table 1. Main transport linear systems.

Systems Size Constraints Coefficients
Ha"D = gn n’ _ N +in = %(an(l) +a® gy
(H +2iH5)a"® = gn m+ns = (@, )
(H +iH®)a"® = g N4 +ins + 1 +iny = (@73, p7)
LaPi) — gP; wan? @Pi0, Yy =0 Dl = (@20, pP)
(L +iLB)aPi® = gPi @Pi®,¥) =0  Dj+iDJ = (P, pPr)
Lot = gt wmS+n? (@D, Yy =0 A= (p/T)aD, pr)
(L+iLBya*@ = g* @D,y =0 FL+00 = (p/T) e, g
9}_“ _ _<ai(1)"31),->
0 +i6° = — (", pPi)
AoV = g nf+nP - M= (p/T){e*D, g
(A +iAB)a*@ = p* M HIA® = (p/T) (P, p*)
x I = L00% g2 (D
XJ_“X@ — [00hgA(2)

where (e, e;, e3) denotes the canonical basis. Onsager relations require that
(KM;-(j + mM:?jl + nzM?jZ + 773M?; + 774M;7; + nsM?;)(—B)
t . .
= (kNS + M+ M+ M7+ naMT} +sM73) (B), i,je{1,2,3},
but these equalities are easily established since the matrix R(X)) is antisymmetric for any

vector X, the matrix R(B) is an odd function of B, the viscosities «, n,, o € {1,2, 3,4, 5},
are even functions of B because they only depend on the norm of the magnetic field.

8. Conclusion

We have investigated the properties of the species perturbed distribution functions and the
corresponding integral equations associated with the transport coefficients. The main transport
linear systems obtained for the transport coefficients are summarized in table 1. The numerical
simulations for high temperature air have shown that iterative techniques constitute a good
trade off between precision and computational costs. It is likely that this conclusion is valid
for higher order approximations of the transport coefficients.
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Appendix A. Proof of the symmetry properties

In order to establish (54) and (55) for instance, we note that

Im[[goD’(Z), (ij(Z)]] = [Im ‘PDi(z)’ Re LijQ)]] — [[Re <pDi(2), Im ‘PD/(Z)

1. (A.1)
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Table B1. Reduced transport linear systems.

Systems Size  Constraints Coefficients

Al = By o aphy Y =0 Dl = (aon) - o)

(A +1AB)“‘[O(/)(Z) /300] (o [L(;é]a)v Y)=0 D[OO]U +1D [00}ij = D/ ? /3[00
Aoy = By no - ey = (/T By
(At + i) = By Al +ir2) = (p/ Tl . Bley)

By using the imaginary part of the second equations in (46), however, we also obtain that

F5(Im LpDi(z)) = —BF“"(Re 9001(2))’ thanks to Im¥? = 0. Since F° is self-adjoint we
next have

[Im (pr (2)’ Re (pD (2) f03,~s Im SOD i (2) ' Re SOD (2)) foBgfz Y Re (PD i (2) Re (PDf(z) N,
[Re ", Im " (” = (f'Re ", F¥Ime" ) = —(f'Re ”'?, BF'Re ")),

D;(2) D;(2) D;(2)

so that [[Im goDi @ ,Reep 1 =1[Re chf (2), Ime I1=—(Re goD i@ ,Re )) since the
integral operator F*" is self-adjoint over the functionals orthogonal to colhslonal invariants.
It is similarly established that Im((ch’ @ D i@ ) = 0 so that both quantities |[ch’ @ D, 1

and ((ch’(2), ch/ <2))) are real and (51) completes the proof of (54) and (55). The relations (56)
and (57), and (61) and (62), are established in a similar way.

Appendix B. Reduced transport linear systems

Reduced transport linear systems are obtained by using variational approximation spaces of
smaller dimensions. These coefficients are sometimes very good approximations of the higher
order coefficients. We refer to [17] for a detailed discussion in the situation of neutral gases.
We have already presented in section 4.6 the transport linear systems associated with the
first-order transport coefficients.

For the thermal conductivity, it is also possible to use a reduced linear system associated
with the total energy vector functionals ¢'%* k e S, defined by ¢'0* = 1010k 4 1001k jf
k € P, and ¢'% = ¢!1°1% for monatomic species k € S\P. The corresponding reduced linear
systems of size n® are associated with the matrices A, and A +iA [Iz], where A, is explicited
in [16, 17] and where A[eI is the diagonal matrix defined by A[b;]kk =cpniexB/p, k € S. The
right-hand side vector /S[E] e R"™ is given by ,8[)\6],< = cpi Xy /kg. It is also possible to define
the corresponding diffusion coefficients Dy., thermal diffusion coefficients 6}, and thermal
diffusion ratios x| parallel, perpendicular and transverse to the magnetic field generalizing
the situation of non-ionized mixtures [17] but the details are omitted. These reduced linear
systems generally yield accurate results at lower computational costs. For weakly ionized
air at high temperature we have found that the reduced thermal conductivities are usually
within one percent of the more accurate conductivity whereas the thermal diffusion ratios
are only accurate within ten percents. The transport linear systems associated with the first-
order diffusion coefficients and the approximated thermal conductivity are summarized in
table B1.
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Appendix C. Coefficients of the matrices A, L°"1° and L

The coefficients of the matrix A are intricated expressions that can be written in the form [17]

X X 15 25
A]1(210= Z k l—mkml —ﬂ+—ﬂ—3ﬂ§k1+4§k1
o5 D (mk+m[)2 2 my 4 my mp
Ik
25 | (A€ 2 X2 25 I (Ae 2
+_IL( (];l)1>ﬂkl:| L [4Akk+——lL( flk)l)jkk], keSS,
12 Qi 2Dk 12 o
XX 55 25 L(Aew)?
a0 = XX e 35 g, o 2 MBG e s s,
Dy (my+m)* | 4 12 0D
A[l{gOI — Z XX my [§ LA A€ 1 éﬂ ”_6,?,(()/2 - yy’cosx)JJkl
s Du metmi 4 op? 2 my Q"
Ik
_m et (v = vy~ eosi) | B §X_1% L(A€w)* ke
my Q]({}‘l) 8 Dik Q]((}('l) ’ ’
Al001 _ X Xp  my [ 5 LA& Al §”_610L(V2 —yy'cosx) ],
K Dy my +my 4 Q/E},l) 2 Q]({},l)
0 (.4 3
e (y* — cosy)
_ et y(lyl) XJJ”}, keS, 1eP, k#l,
Qy

Cint 3Im Ae 2
A=Y kal[¢+__kW}
les kgDiint 4 mi Qi Dy

Ik
+ Xz[ o 3 IL(AGkk)lekk]
P s ,

keP,
kpDiintk 8 Q,(C}{'I)Dkk

L (hy? —elyy cosx) ], 3 [LAequJJkl} kleP. k£l

A0I01 _ _Xle|: 3
ki Q;(C}’I)Dkz 4 Q,S’I)Dkz

where [ - [, is an averaging operator associated with collisions between the species pair (k, /).
The details of the corresponding collision integrals are omitted for brevity and we refer to [17]
for more details. Finally, the blocks L% and L' are given by

XX my _
L°°1°=—§ 6Cu —5), kes,
ek Ies ZDkl my +mg ( K )

Ik
ooto _ Xk X1 my
kI Ey.

= 6C —3), k,leS, k#I,
2Dy, mk+ml( Cri — 3) € #

0 2 /
€ (" — vy cosy)
Lo = - Yy L ool g
Ies Q" D
Ik
e (? — vy cosx) ||,

1
Q/(d Dy

LY = X, X, keS, leP, k#l.
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