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SUMMARY

We investigate a system of partial differential equations modelling ionized magnetized reactive gas
mixtures. In this model, dissipative fluxes are anisotropic linear combinations of fluid variable gradients
and also include zeroth-order contributions modelling the direct effect of electromagnetic forces. There
are also gradient dependent source terms like the conduction current in the Maxwell-Ampere equation.
We introduce the notion of partial symmetrizability and that of entropy for such systems of partial
differential equations and establish their equivalence. By using entropic variables, we recast the system
into a partially normal form, that is, in the form of a quasilinear partially symmetric hyperbolic—parabolic
system. Using a result of Vol’Pert and Hudjaev, we prove local existence and uniqueness of a bounded
smooth solution. Copyright © 2005 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Ionized magnetized reactive gas mixtures have many practical applications such as to labora-
tory plasmas, high-speed gas flows or atmospheric phenomena. In this paper, we investigate
the structure and properties of the corresponding systems of partial differential equations.

The kinetic theory of ionized gas mixtures can be used to obtain the equations govern-
ing high density low temperature plasmas. The resulting systems are different according to
the various characteristic lengths and times of the phenomena under investigation. Assum-
ing that there is a single temperature in the mixture—this is the case for various practical
applications—the corresponding governing equations are derived in Ferziger and Kaper [1]
and Giovangigli and Graille [2] for general reactive polyatomic gas mixtures.

*Correspondence to: Vincent Giovangigli, Centre de Mathématiques Appliquées, CNRS, Ecole Polytechnique, 91128
Palaiseau Cedex, France.

TE-mail: giovangi@cmapx.polytechnique.fr

YE-mail: graille@cmapx.polytechnique.fr

Copyright © 2005 John Wiley & Sons, Ltd. Received 10 May 2004



1648 V. GIOVANGIGLI AND B. GRAILLE

The corresponding equations—governing ionized magnetized reactive gas mixtures—can be
split into conservation equations, transport fluxes, thermochemistry, and Maxwell’s equations.
A remarkable aspect is that the magnetic field yields anisotropic diffusion mass fluxes, heat
flux and viscous tensor. Furthermore, diffusion fluxes involve anisotropic linear combinations
of fluid variable gradients as well as zeroth-order terms arising from the direct action of elec-
tromagnetic forces. There are also gradient-dependent source terms as the conduction current
in the Maxwell-Ampere equation. The corresponding structural mathematical assumptions con-
cerning thermoelectrochemistry and transport coefficients are derived from the kinetic theory
of gases [2] and they generalize the situation of non-ionized species [3].

The governing equations for reactive ionized magnetized dissipative gas mixtures constitute
a second-order quasilinear system of conservation laws with zeroth order terms in dissipative
fluxes and gradient-dependent source terms. We introduce the notion of partial symmetrizabil-
ity as well as that of entropy for such systems of partial differential equations and establish
their equivalence. There is in particular an entropic compatibility condition between zeroth
order terms of dissipative fluxes and gradient-dependent source terms. We use the termi-
nology ‘partial symmetrization’ since the resulting quasilinear system contains symmetric as
well as antisymmetric contributions in contrast with the non-ionized case [4—7]. The partially
symmetric form is the form that reveals most of the structural symmetry properties of the
corresponding partial differential operators.

By using entropic variables, we recast the system into a partially normal form, that is,
in the form of a quasilinear partially symmetric hyperbolic—parabolic system. We again use
the terminology ‘partially normal’ since the resulting effective first-order differential operators
involve non-symmetric matrices in contrast with the non-ionized case [3-5,7]. In particular,
global existence results and asymptotic stability of equilibrium states cannot be obtained from
the theorems established in [3-5,7]. Nevertheless, we prove local existence of a unique solu-
tion to the Cauchy problem with smooth initial conditions. Our method of proof relies on the
results of Kawashima [4] or Vol’Pert and Hudjaev [8] concerning the Cauchy problem for
symmetric quasilinear hyperbolic—parabolic composite systems of partial differential equations.

The governing equations for ionized magnetized reactive gas mixtures are presented in
Section 2. In Section 3, we investigate partial symmetrizability, normal form and existence
of solutions for an abstract system. Finally, in Section 4, we apply these results to the sys-
tem of partial differential equations modelling multicomponent ionized magnetized reactive
gas mixtures.

2. EQUATIONS FOR IONIZED MAGNETIZED REACTIVE GAS MIXTURES

The equations governing dissipative plasmas can be split between conservation equations,
transport fluxes, thermochemistry, and Maxwell’s equations. These equations can be derived
from the kinetic theory of gases by using a first-order Enskog expansion [1,2].

2.1. Conservation equations

We denote by & the species indexing set & ={1,...,n'}, n* the number of species, n;, pi
and g; the number of moles, the mass and the charge per unit volume of the kth species and
my the molar mass of the kth species.
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The species mass conservation equations read
Oipi + Ox-(piV) + Ox- T =myoy, ke® (1)

where v is the macroscopic velocity of the mixture, % the diffusion flux and w; the chemical
source term of the kth species.
The momentum conservation equation can be written as

0:(pv) + 0x-(pvev + pl) + 0x- Il =pg + q(E + vAB) + jAB 2)

where p denotes the total mass per unit volume, p the pressure, | the unit tensor, Il the
viscous tensor, g the total charge per unit volume, E the electric field, B the magnetic field,
g a species independent external force, and j the conduction current density.

Denoting by e' =e+v-v/2+¢oE-E/2+B-B/2y, the total energy per unit mass, e the internal
energy per unit mass, €¢ the dielectric constant, uy the magnetic permeability, P =(EAB)/u
the Poynting vector, and Q the heat flux, the energy conservation equation reads

0/(pe') + dx-((pe' + p)v + P) + 8x(Q + Iv) = pgv (3)

2.2. Transport fluxes

A remarkable aspect of dissipative plasmas is that transport fluxes in strong magnetic fields
are anisotropic [1,2]. In order to take into account this anisotropy we define the unitary vector
28 =B/B, where B is the norm of the magnetic field B, and for any vector X, we introduce
the three vectors

Xl=@#X)8, X'=X-X| and X®=2:X
which are mutually orthogonal. The diffusion flux #%, k € ®, is then given by
Fi=p Vi, ke® (4)
where the diffusion velocity V;, k € &, reads

Vi=-% (D)) + Dfd}- + DHAP)
c

—(0)(0xlog T)!l + 0 (0 log T + 02 (8, 1og T)®) (5)
In these expressions, the species diffusion driving force d;, k£ € &, is given by

1
d;. = ;(axpk — k8 — @ (E +vAB)) (6)

and D,U,, Dj; and Dy, k,1€@®, are the multicomponent diffusion coefficients, 62, 0} and
0}?, k € ®, the thermal diffusion coefficients, T the absolute temperature, and py, k € ®, the
species partial pressures. For non-ionized gases, the charges ¢, k € &, vanish so that we have
D,UI:D,j D=0, k,l€®, and H,U =0, 07 =0, ke®, [1,2] and we recover the classical
expression [3] of the diffusion velocities Vi = — >, Dud; — 0;0xlog T, k € &. For ionized
gases, however, the diffusion coefficients are different according to the three spatial directions
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1650 V. GIOVANGIGLI AND B. GRAILLE

denoted by ||, L and ®, as a consequence of anisotropy. We also observe that the species
diffusion driving forces d;, k € &, contain additional terms due to the macroscopic electro-
magnetic forces g, (E+vAB), k € &. Although the formalism uses the unitary vector 2 = B/B,
the fluxes behave smoothly as B goes to zero thanks to the properties of transport coefficients
[9,10]. The corresponding conduction current density j reads

=2 Vi (7)
ke®

and the expression of the heat flux is
Q=@ = 7@, Ty —7°(8:T)°

—p X (0)d] + 0Fdf +0242) + T puliVi (8)
ke® ke®

where /; is the enthalpy per unit mass of the kth species, Z“, 7% and 7© the partial thermal
conductivities. For non-ionized gases, the charges g, k € &, vanish so that we have A=)t
/© =0, and 9,! = 9,&, 9]? =0, ke &, [1,2], and we also recover the classical expression [3] of

the heat flux vector Q= — IBXT — DD jee Okl + >, co PuhiVi. The heat flux is smooth as
B goes to zero thanks to the properties of transport coefficients [9,10].
Finally, the viscous stress tensor can be written in the form

IT=—x(0x-v)l — 11S — 12(AS — SA) — )3(—ASA + BB S BoR)

—N4(S BB + BABS —2BRBS BRB) — Ns(BABSA—AS BAR) 9)

where 4 =B/B, K is the volume viscosity, and #, 12, 3, 44, ns are the shear viscosities. In
this expression, we have denoted by S the symmetric traceless strain rate tensor

S=0,v + v — (0xv)l
where T denotes transposition, and by A the antisymmetric rotation matrix associated with £
0 -% %
A=| % 0 -%
-% B 0

The viscous tensor is a linear combination of the identity matrix and of all the symmetric
traceless tensors built from S and A, which are linear in S. The viscous tensor behaves
smoothly as B goes to zero thanks to the properties of transport coefficients [9,10]. For
non-ionized gases, the viscous tensor reduces to Il =—x(0x-v)l — 1S since we then have

m=n=n3=ns=0.
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2.3. Chemical source term expression

We consider n” elementary reversible reactions among the n* species which can be formally
written as

£ b
SV 2 D> v Iy, reR
ke® ke®

where 91 is the chemical symbol of the kth species, vi and v} are the forward and the
backward stoichiometric coefficients of the kth species in the rth reaction, respectively, and
R={l,...,n"} is the set of reaction indexes.

The Maxwellian production rates given by the kinetic theory can be written as

o= 08 v, ked (10)

reR

where 7, is the rate of progress of the rth reaction. The rates of progress are given by the
symmetric expression [3]

T, = A, (exp(vi, Mu) — exp(v, Mp)) (1)

where vi=(vf .. vE)T, W =00, )T w= (1, )T, with g, k€6, the species
reduced chemical potential, M the diagonal matrix defined by M = diag(m;,...,m,s) and #° the
symmetric reaction constant. This symmetric formulation of the rates of progress is obtained
by using the fundamental reciprocal relation between forward and backward reaction constants
that can be deduced from the kinetic theory [3].

2.4. Thermodynamics

Thermodynamics obtained in the framework of the kinetic theory of gases is valid out of
equilibrium and has, therefore, a wider range of validity than classical thermodynamics intro-
duced for stationary homogeneous equilibrium states. The formalism obtained from the kinetic
theory still coincides with the Gibbs formalism applied to intensive variables.

The total mass per unit volume p, the total charge per unit volume ¢, and the total pressure
p can be written in the form

P=2 P 4= G P= . Dk
ked ke® ke

where the species partial pressure py, k€ ®, is given by pr=rip;T with ry =R/my, R the
perfect gas constant.
The internal energy e and the entropy per unit mass s can be decomposed into

pe=>_ prex, PS= D PkSk
ke® kes
where e; and s; are the internal energy and the entropy per unit mass of the kth species and
T the temperature. The internal energy is given by
T

a(N)=¢ + [ axod

Tst
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1652 V. GIOVANGIGLI AND B. GRAILLE

where e}' = e, (T*) is the formation energy of the kth species at the positive standard tempera-
ture 7* and ¢, is the constant-volume specific heat of the kth species. The species entropies
Sk, k € &, are given by

T
sk(T,pk):s,i‘+/ Cur() dfrklog< Pr >

Tst T mkVSt

where 7' = p%/(RT*) is the standard concentration, that is, the concentration at the standard
state T, p*. The enthalpy per unit mass &; and the Gibbs function g; of the kth species
are given by hy =e¢; + 1T and g = hy — Ts,. We finally define the species reduced chemical
potential ;. by i =gi/(RT).

2.5. Maxwell’s equations

The electric and magnetic fields satisfy the two macroscopic Maxwell’s equations

€00, E +qv +j— 0xnB/ug = 0 (12)

0B+ E =0 (13)

where ¢y is the dielectric constant and uo the magnetic permeability. It is well known that
the equations 0y-E =g/ey and 05-B =0 are consequences of (12) and (13) provided that they
hold at initial time ¢#=0.

2.6. Mathematical assumptions

We describe in this subsection the mathematical assumptions concerning thermoelectro-
chemistry and transport coefficients for self completeness. These assumptions are obtained
from the kinetic theory [2] and are not sufficiently intuitive to be guessed empirically. We
assume that these assumptions are satisfied whenever we consider the equations governing
reactive ionized magnetized dissipative gas mixtures, that is, in Sections 2 and 4.

The species of the mixture are assumed to be constituted by neutral atoms and electrons.
We denote by A={1,...,n*} the atoms indexing set, by n® the number of atoms in the
mixture, by m;, [ €%, the atom masses and by a; the number of /th atoms in the kth
species. We define a;o as the number of electrons in the kth species, and for notational
convenience, we define A= {0} UA={0,...,n*}. We introduce the atomic vectors a;, /€%,
defined by a;=(ays,...,a,;)", /€2, and the electron vector ag, by ag=(aig,...,as0)" . We
also define the reaction vectors by v, =(vi,,..., Vs )f, ¥ €R, where v, = vzr — v,ﬁ,, ke®, so
that v, =v> —vf, and we denote by # the linear space spanned by v,, » € R. We finally define
the mass vector per unit volume ¢ =(p1,..., p»s )" and the unit vector u=(1,...,1)".

2.6.1. Assumption on thermoelectrochemistry

(Thq) The species molar masses my, k € &, and the gas constant R are positive constants.
The formation energies e, k € &, and the formation entropies s, k € &, are con-
stants. The specific heats ¢, 4, k € &, are € functions of 7' >0. Furthermore, there
exist positive constants ¢, and ¢, with 0<¢, <c, +(T)<¢,, for T>0 and k € &.

Copyright © 2005 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:1647-1672
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The stoichiometric coefficients vi and v}, k € &, r € R, and the atomic coefficients
ay, k€®, [ €2, are non-negative integers. The numbers of electrons a;, k € ®,
are integers. The atomic vectors a;, /€%, and the reaction vectors v,, r € R, sat-
isfy the conservation relations (v,,a;) =0, r € R, [ €2l. This relation expresses atom
conservation for /€2 and charge conservation for /=0.

The atom masses m;, [ €2, and the electron mass my, are positive constants. More-
over, the species molar masses my, k € &, are given by my = ), o My + Modo,
k € &. We also have the proportionality relation between the species charge per unit
volume ¢, k€ ®, and the number of electrons in the kth species, gy = — xagony,
k € ®, where x is a positive constant which represents the absolute value of charge
per unit mole for electrons.

The rate constants %%, r € R, are €°° positive functions of 7 >0.

2.6.2. Assumptions on transport coefficients

(Tr1)

(Trz)

(Trs)

The flux diffusion coefficients D)}, D and BD{, k, I € &, the thermal diffusion coeffi-
cients 9,!, 0L, BQ,?, k € &, the volume viscosity k, the shear viscosities 7y, B2, 13, 44,
Bns and the thermal conductivities E“, 7% and B/® are > functions of (T,0,B)
for 7>0, ¢>0 and B R3, where B is the norm of the magnetic field B. More-
over, the coefficients D,U,, k,l € &, do not depend on the magnetic field B and we
can write D}y — D), = B2 ¢}5(B*) and DY = B$Z(B2), where ¢ and ¢&, k, 1€ ®, are
%>°([0,00), R) functions. The coeflicients 0,!, k € ®, do not depend on the magnetic
field B and we can write 0;- — 0l = B2y (B2), 62 = By®(B?), where y* and y° are
€>°([0,00),R) functions. The coefficient 71 does not depend on the magnetic field
B and we can write 4 — Al =B?>cH(B?) and e = Bc®(B?), where ¢ and c® are
%>([0,00), R) functions. Lastly, we have 1, = ¢(B?), 12 = Bp,(B?), 13 = B>p3(B?),
Na = B>@4(B?), ns =B*s(B*) and 2n4 — 3 = B*@s(B?), where ¢,, a€{l,...,6}, are
%>°([0,00), R) functions.

Thermal conductivities 4! and A* are positive functions. The volume viscosity x is
a non-negative function and the shear viscosities 7y, %2, 43, W4, 115 verify n; +n4 >0,
m—+n3>0, n —n3>0.

The matrices All, 4+ and 4® defined by
Z;{o 9°T
A°=| P , oe{|,L,o}
g° D°

are symmetric, A and 41 are positive semidefinite and their nullspace is spanned
by the vector (0, ¢")'. Moreover, the vector (0,0")" is in the nullspace of A°.

2.7. Quasilinear form

We rewrite the system of equations governing reactive ionized magnetized dissipative gas
mixtures as a quasilinear system of second-order partial differential equations. We define

Copyright © 2005 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:1647-1672
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the conservative variable U by
U=(o", pv",E, BT, pe')’ (14)
and the natural variable Z by
Z=(o" vV E". B T) (15)
The conservation equations can then be written in the compact form

U+ S oF + S oFis=0Q (16)

ieC ieC

where C denotes the set {1,2,3}, F, i € C, the convective flux in the ith direction, F, j € C,
the dissipative flux in the ith direction and €2 the source term. The source term ) is given
by Q= + Qy, where

U =(0,...,0,(i~B)", —i"/0,0,,3,0) (17)
Qo= (M1, ..., My, (pg + g(E + VAB))T, —qv7 /g0, 01 3, pg-v ) (18)

The convective flux F; is given by
Fi=(0"vi, pv'vi + pei”, —(e;nB)"/eopto, (einE ), (pe' + p)v; + PY (19)

and the dissipative flux F™ can be split into F™ =FIT + FY where F', the viscous flux,
and Fid‘ﬁ, the diffusion flux, are given by

Y = (01,0, 11, 013, 01,3, TL-v ) 20

FOT = (F1se o Fi,013,013,01 5,00 (21)

For notational convenience, we have denoted by II; the ith rows extracted from the stress
tensor IT and by e, e, es, the canonical basis vectors of R>.

In order to express the natural variable Z in terms of the conservative variable U, we investi-
gate the map Z+— U and its range. We introduce the open set 0z = (0, 00)" x[R3xR3xR® x(0, 00)
and the open set @y defined by

Oy={(u;)e R 10wy, ity >0, U0 > f(u;)}
where f is the map from (0,00)" xR® to R defined by

2
1D icicaUpri € 1
_ 1<i<3 n'+i 0 2 2 0
Sfui)= S u + 5 Uy i T+ i Upyi T D e
Di<icns Ui 4<i<6 Ho 7<i<9 1<i<n®

and where ¢? is the internal energy of the ith species at 7'=0. The following proposition is

easily established as in the non-ionized case [3,7].

Copyright © 2005 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:1647-1672
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Proposition 2.1
The map Z+— U is a ¥>° diffeomorphism from the open set ¢z onto the convex open set (.

Thanks to Proposition 2.1, the dissipative fluxes and the source terms, which are naturally
expressed in terms of Z, are rewritten in terms of U.

Proposition 2.2
The convective fluxes F(U), i €C, are ¥ functions of the variable U e @y, the dissipative
fluxes Fid“S(U,b,(U), i € C, can be written in the form

FI™(U,85U) = = 3B, (U)(9,U + G;(V)), i€C
jet

where the dissipation matrices B;;, i,j € C, and the zeroth-order contributions G;, i € C, are >
functions of U € ¢y. Moreover, the source term §2(U,0xU) can be written in the form

Q(U, 0,U) = > M(U)TFIS (U, 8,U) + Qo(V)

ieC

where the matrices M;(U), i € C, and the zeroth-order source term {2y(U), are ¥>° function of
U € Oy. Finally, defining the matrices A;(U)=dyF;, i € C, which are ¥>° functions of U e (),
the system of partial differential equations (16) can be rewritten in the form

dU+ > A(U)U= 3> 0:(B;(U);U+G;(U)))

ieC i,jeC
— 32 Mi(U)'B;(U)(9;U + G;(U)) + Qo(U) (22)
i,jeC
Proof
The proof is lengthy and tedious but presents no serious difficulties, and we refer to [9,10]
for more details. U

We observe fundamental differences between (22) and the classical case of non-ionized
mixtures. For non-ionized mixtures, the dissipative terms F¥5, j € C, are linear combinations
of the solution gradients [3—7] whereas for ionized mixtures, they also contain the zeroth-order
contributions G;, i € C, arising from the direct action of macroscopic electromagnetic forces.
A second difference is that for ionized mixtures the source term {2 not only depends on U but
also on its gradient 0,U through the conduction current j appearing in Maxwell’s equations.
We will see in the next section that these terms are related through entropy. Finally, for
i,j €C, we denote by B?j and Bf; the even and odd parts of the dissipation matrix B;; with
respect to the magnetic field B. The odd parts Bf, i,/ € C, are due to anisotropy of the species
diffusive fluxes, the heat flux and the viscous tensor.

3. LOCAL EXISTENCE FOR AN ABSTRACT SYSTEM

In this section, we investigate partial symmetrization and entropy for an abstract second-order
quasilinear system with zeroth-order terms in dissipative fluxes and gradient dependent source

Copyright © 2005 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:1647-1672
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terms. Partially normal forms are next obtained by using the nullspace invariance condition
introduced by Kawashima and Shizuta [5]. Local existence of solutions are finally obtained
by using theorems of Kawashima [4] or Vol’Pert and Hudjaev [8].

3.1. Quasilinear abstract system

We consider an abstract second-order quasilinear system in the form

U+ > OF + > 07 =" (23)
iec* ieC
where U* € Oy, Oy~ is an open convex set of R"", C* = {1,...,d} the set of direction indexes

of RY, F*, i C*, the convective fluxes, Z#}, i € C*, the dissipative fluxes, and Q* the source
term. The superscript * is used to distinguish between the abstract second-order system (23)
of size n* in R? and the particular multicomponent reactive magnetized flows system (16) of

size *+10 in R3. The convective fluxes are functions of U*
F'=F*(U*), ieC” (24)
and the dissipative fluxes are assumed to be in the form

FHUL0U) = — > Bi(U)(J;U" +Gj(U")), ieC” (25)

e .
where B,
tions. We assume that the dissipation matrices B

i,j € C*, are the dissipation matrices and G}, i € C* are the zeroth-order contribu-
5i» 1,j €C”, can be split into

B =B +B%, ijeC’ (26)

where the partial dissipation matrices B and B, i,j€C", will have different symmetry
properties. We also assume that the source term can be split into

QF(U%0,U") = > MF(U*)TZ 7 (U* 0,U%) + Q5 (U*) (27)
ieC*

where M;(U*), i € C*, are matrices and {2;(U") is a vector. Defining the convective Jacobian
matrices by A; =0,.F", i€ C", we finally obtain

U™+ > A(UDGUT = > 0i(B(UM)(;U" + Gj(UY)))
iec* i,jec
- ZC M;(U)'B;(U)(;U" + G;(U)) + Q5(U7) (28)
i,jecr
and we assume that the following properties hold for system (28).

(Edpq) The convective fluxes F*, i € C*, the dissipation matrices B, Bf}*, Bf’j*, i,j€C*, the
zeroth-order terms G}, i € C*, the matrices M, i € C*, and the source term () are

smooth functions of the variable U* € O)y~, where )y~ is a convex open set of R

Copyright © 2005 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:1647-1672
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3.2. Partial symmetrization and entropy

Symmetric forms are a fundamental step towards existence results for systems of partial differ-
ential equations of hyperbolic—parabolic type [3—8]. In the framework of isotropic hyperbolic—
parabolic systems, existence of a conservative symmetric formulation has been shown to be
equivalent to the existence of a mathematical entropy [5]. We generalize in this section the
notion of symmetrization as well as that of entropy to the situation of hyperbolic—parabolic
systems with zeroth-order contributions in dissipative fluxes and gradient dependent source
terms. We then use the terminology ‘partial symmetrization’ since the resulting quasilinear
systems contain symmetric as well as antisymmetric contributions. However, it is the form
that reveals most of the structural symmetry properties of the partial differential operators
under investigation. Finally, it is the structure that corresponds to the situation of ionized
magnetized dissipative gaz mixtures.

Definition 3.1
Assume that U* +— V* is a diffeomorphism from Oy~ onto Oy~, and consider the system in the
V* variable

R(VIONV" + 3 BV = 3 0BV + GI(V)))

ieC” i,jeC”

— 3 MFVTBHVIOVT + GHV)) + (V) (29)

i,jeC”

where Ay =0y-U*, A =Ady-U*, Bj=Bjdy-U*, By =B dy-U*, BY =B¥dy-U", G =
(Ov-U*)"'G}, M =M, and QF =Q. System (29) is said to be of the partially symmet-
ric form if the vector and matrix coefficients satisfy the following properties:

(S1) The matrix A;(V*) is symmetric positive definite for V* € Oy-.

(S2) The convective matrices A;(V*), i € C*, are symmetric for V* € Oy-.

(S3) The dissipation matrices satisfy the reciprocity relations Bf(V*)' = Bs*(V*) and
B (V*)T = — B3*(V*), for i,j €C*, V* € Oy-.

(S4) The matrix B*(VI€)=>_, c* B F(V*)E:E; is symmetric positive semidefinite for
V* e Uy- and §e X! where X4 ~] is the unit sphere in d dimensions, and for any x
in N(B*) we have Bj'x=0 and Bf"x=0.

(Ss) We have the compatibility conditions GF(V*)=M*(V*)V*, ieC".

Properties  (S1)—(Sz) are the same as those of non-ionized mixtures whereas (S3) takes
into account the symmetric and antisymmetric parts of the dissipation matrices BU, i,j €C*.

In practical applications, the antisymmetric contributions Bf}*, i,j€C" are a consequence of
the Onsager reciprocal relations §UT(B) Ejl( B), i,j €C, where we have emphasized the
dependence on the magnetic field B. The condition (S4) express as usual that the system is
degenerate strongly parabolic. The necessary conditions that BS* and Ba* vanish over N(B*)
have been included in (S;) rather than in the nullspace 1nvar1ance condmon [3]. Finally,

the condition (Ss) is a fundamental entropic compatibility condition between the zeroth-order
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contributions of dissipatives fluxes and gradient dependent source terms. We now introduce
the concept of entropy for the system of partial differential equations (28).

Definition 3.2
A smooth function ¢*(U*) defined on a convex set (y- is said to be an entropy function for
system (28) if the following properties hold:

(E1) The function ¢* is a strictly convex function on @y~ in the sense that the Hessian
matrix is positive definite on Oy-.
(E2) There exists smooth functions g;(U*), i € C*, such that on Oy-

(0y-0" A =dy-qf, i€CT, U €Oy

(E3) The matrices B and B, i,/ € C*, satisfy the reciprocity relations

(- 0"(U)) B (UM = B3 (U)(3y-0"(U")

* * —1 * * * * * * -1

(04-0*(U") B (U = —B§ (U")(0y-0™(U")

(E4) The matrix B*(U",§)= 3}, c- BZ*(U*)(@Z*J*(U*))_lé,»fj is symmetric positive
semidefinite for U* € Oy~ and &€ X¢~!. Furthermore, for any x € N(B*) we have
B3 (33)-0%) 'x=0 and B (}.0%) x=0.

(Es) We have the entropic compatibility conditions

GI(V*)=(3%.0*(U")) 'MI(U*)dy.0*(U"), iecC*

We now establish the equivalence between partial symmetrizability and the existence of an
entropy function for system (28).

Theorem 3.3

System (28) can be partially symmetrized on the open convex set (y- if and only if the
system admits an entropy function ¢* on (y-. In this situation, the symmetrizing variable V*
and the entropy ¢* satisfy the relation V* = (0.0*)".

Proof

Assume first that there exists an entropy ¢*, and let V*=(d.0*)" be the symmetrizing
variable. The map U*+— V* is then a diffeomorphism since (y- is convex and d,.V* = d}.0*
is positive definite. We can thus define the smooth functions

" (V) =U"TV* —¢*(U") and @/ (V)=FTV"—q;(U", ieC’

Differentiating these equalities then yields the relations (0y-6*)" =U* and (dy-q; )" =F", mak-
ing use of property (Ez). We then obtain that Af=dy-U* :(0U*V*)_1 :(6%_,*0*)71 and
A =0y-FF = 0%.qF, i €C*, so that the matrix A is symmetric definite positive and the matri-
ces A%, ieC*, are symmetric. Moreover, we directly get from properties (Ez)—(Es) that the
matrices Bj; = BJ;(0} .6*)"', i,jeC*, and the vectors G =(8%.0%)G}, i,j €C*, are such that
property (S3)—(Ss) holds.
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Conversely, assume that the system can be partially symmetrized in the sense of Defini-
tion 3.1. Since Oy-U* and Oy+F*, i € C*, are symmetric and Oy~ is simply connected, there
exists * and q7, i € C*, defined over Oy-~, such that (dy-c*)" =U* and (dy-q} )" =F", i €C*.
We can thus define the functions

c* (U =U"TVv* —5*(V*) and qf(U*)=FTV* —q/(V", ieC*

Differentiating these identities, and using properties (S1)—(S3), it is then straightforward to
establish that ¢* is an entropy with fluxes ¢, i€C*, such that V*=(d,.c*)". Properties
(S3)—(Ss) are then easily shown to be equivalent to (E3)—(Es). O

Corollary 3.4
Assume that system (28) can be partially symmetrized into (29) and introduce the dissipative
entropy fluxes p¥, i € C*, defined by

pr=(V",F), iecC”

The entropy balance equation can then be obtained upon multiplying the symmetrized system
by the entropic variable V* and reads

00"+ 33 007+ 3D 0f == X (OVTH MV OV + MIV)) (0, V7)
ieC” ieC” i,jeC*
(30)
Proof
This results from straightforward calculations. O

The physical meaning of the entropy conservation equation (30) is that when (x, §fj*(V* )x)

> 0 and (Q(V*),V*) <0, for any V* € Oy~ and any x € R?*"", then the integral fR,, o*dx is
decreasing in time, which corresponds to the second principle of thermodynamics. This reveals
the close links between the second principle of thermodynamics and the parabolic nature of
systems of conservation laws. Note also that we have (x,B$x) = (x,B}x) for any x € R?*""

> Pij s Py ]
so that the matrices BY", i,j € C*, do not contribute to entropy production. Finally, it is funda-
mental to note that the zeroth-order contributions are included in the entropy production term
associated with dissipative processes, and this is notably the case for magnetized dissipative

mixtures [2,9,10].

3.3. Partially normal form

The purpose of this section is to introduce partially normal forms. We first assume that the
system admits an entropy according to Definition 3.2.

(Edpy) The system of partial differential equations (28) admits an entropy function ¢* on
the open convex set (y-.

From Theorem 3.3 the system can be partially symmetrized in the form (29). We now want
to rewrite this system by regrouping with the convective terms all first-order derivatives arising
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from the zeroth-order contributions of dissipative fluxes G, ieC*, and from the gradient-
gependent source terms ZjeC* MJ?‘TB}}. To this purpose, we define the matrices A, i< C”",
y

AH(VY= 3 (M;TB); — BjM; — dy-(BjM/ V") (31)
jecr
where, with a small abuse of notation, the quantity av*('é;;.m 7)V* has the following meaning:

{O-BEMIWV b= S Oyw(B“M“ V™

1<up<n*
and we also define

CV)= ¥ MTBIM,  Q'(V)=—L(V)V" +Q5(v")
i,jec* '
Then, after a little algebra, the partially symmetrized system (29) is easily rewritten in the
effective form
Ay(VION* + 3 (R(V) + ARV = 3 0B (VI + QF(V*) (32)
ieC* i,jeC*

In order to rewrite this system as a composite hyperbolic—parabolic system, we introduce the
following definition of partially normal forms.

Definition 3.5
Consider a system in partially symmetric form (29) rewritten as (32), a diffeomorphism
V*—»W* from Oy~ onto Ow- and the system in the new variable W*

AW+ S (ATHAOW = S (B O W)+ T +QF (33)
ieC i,jec*
where we define
Ay =(dw-V)' Ay (Ow-V"), B} =(0w-V*) B (w-V")
By = (Ow- V)" By (dw-V"), By = (0w-V)" BY (dw-V")
A= (0w VYA (dwe V), Q8 = (w- V)
M} = (0w-V) " M (dw-V), G =(aw-V) ' G;
A= (0w VY B 0wV, T == 3 00wV B (Ow- V") O;W*
i,jeC*
Then we have
A= g&(mﬁ Bj, — B;M; — (dw-V")" oy (BjM/ V") (34)
J
and the matrix and vector coefficients satisfy (S1)—(Ss):
(S1) The matrix Aj(W*) is symmetric positive definite for W* € Oy-.
(S2) The matrices A, (W*), i € C*, are symmetric for W* € Oy-.
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S ax

(S3) The dissipation matrices satisfy the reciprocity relations B T — B;; and B T— =-B;,
for W* € Ow-, i,j€C".

(S4) The matrix E*(Wf&,)zzmech (W"&E; is symmetric positive semidefinite for
W* € Ow- and €€ X9, and for any x in N(B") we have B,-jx—O and Bij x=0.
(Ss) We have the compatibility conditions G, =M (dy-W*)V*, i e C*.

This system is said to be of the partially normal form if there exists a partition of {1,...,n*}
into 1={1,...,n{} and u={n{+1,...,n*}, such that the following properties hold:

(Norq) The matrices K; , Kfa, ieC*, and B}, i,j € C*, have the bloc structure

lj’

Ay 0 o o A™ . 0 0
AO = kI 1T > Ai = —kall, [ —xall, 1l ’ Blj = —=kIL 1T
0 Ay AOATT 0 By

1 1

—*IL 11

(Nor,) The matrix B
Eexdl
(Nors) We have 7 (W0, W*) = (7 (W 0 W), 7. (W* 8 WH)T)

(W)=Y, ,ccBy  (WHEE; is positive definite for W* € O+ and

In these properties, we have used the vector and the matrix block structure induced by the
partitioning of {1,...,n*}, so that we have W* = (W*T,WT)T, for instance.

The main interest of partially normal forms is that, for any i € C*, the symmetric hyperbolic
bloc of the convective matrix A; is not perturbed by the matrix A;*. Using partially normal
forms it is then possible to apply local existence theorem. Note, however that the matrices
A", ieC*, which contain antisymmetric factors, prevent application of global existence theo-
rems as in References [3,4]. We now introduce the nullspace invariance property [3,5] which
is a sufficient condition for system (29) to be recast into a partially normal form.

(Edps) The nullspace of the symmetric matrix B*(V:E)= > jecr §fj*(v*)§iéj does not de-
pend on V*€ Oy~ and £€X?"!. We denote by N this nullspace and by n} its
dimension.

An important consequence of partial symmetrization and nullspace invariance is that for any
x and y in N(B*), we have (x,A?y) =0, i € C*. This is a direct consequence of the definition
(31) of the matrices A:*, j € C* This property will imply that there are normal forms such that
the hyperbolic blocs of the symmetric convective Jacobians A;, i € C*, are not perturbed by
the matrices Aj?, i€ C*. Note that the necessary conditions ij*x:0, and Bf}*x:O, i,jeCr,
for any x € N [3], have been included in the definition of partially symmetric form for the
sake of clarity.

In order to characterize more easily, partially normal forms for partially symmetrized sys-
tems satisfying the nullspace invariance property, we introduce the auxiliary variables U*' and
V*, depending linearly on U* and V*, respectively. The dissipation matrices corresponding to
these auxiliary variables have non-zero coeflicients only in the lower right bloc of size n*—ng,
and moreover, the Jacobian matrices A%, i e C, have zero coefficients in the upper left bloc
of size nj. Partial normal forms are then equivalently—and more easily—obtained from the
V* symmetric equation.
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Lemma 3.6

Consider a system (29) that is partially symmetric in the sense of Definition 3.1 and assume
that the nullspace invariance property holds. Denote by ¢* the associated entropy function
and by V* =(0.0*)" the partial symmetrizing variable, and assume that the nullspace invari-
ance property is satisfied over Oy~. Further consider any constant non-singular matrix P of
dimension n*, such that its first n§ columns span the nullspace N. Then the auxiliary variable
U™ = PTU" satisfies the equation

atu*/ + Z (A*/ A*a/)a U*/ Z 6 (B*/aju*l) + Q*/ (35)

ieC* i,jeC*
where Ay =PTAI(PT)~!, A =P'A(P")~!, B/ =P'B;(P")"!, and Q" =P"Q*. The corres-
ponding entropy is the functional ¢*'(U*’ )y=0" ((PT) U*’ ), and the associated entropic vari-
able V*' = (0y+~¢*') is given by V¥ =P~'V* and satisfies the equation

a V*/ + Z (A*/_'_A*a/)a V*/ E a (B*/a V*/) + ﬁ*/ (36)

ieC* i,jeC*

where Ay =PTALP, AY =PTA:P, A = PTARP, B*’ PTB*P and Q* =P'Q*. In particular, the

matrices A, i€ C*, and BY/

i, 1,j€C’, are in the form

0 ;&*_all,ll 0 0
A = ' BY = (37)
! Akal, Akal, ’ E R/,
Al_a/n 1 Aia/ll 11 O BU 1L, 1T
and the matrix §*""“(V*’,§):Zi,jec* ’éfj*”"”(v*’)i,-aj,, is positive definite for V*' € Oy~ and
£ c X!, Finally, the partially normal form (33) is equivalently obtained by multiplying the
V* equation (29) by (dw-V*)' or the V*' equation (36) by (dw-V*')".

Proo

Equaj‘:ion (35) is easily established by multiplying (28) on the left by PT. This also yields
the matrix relations Ay =PTA;(PT)~!, A =PTA*(PT)~!, BYY =P"B(P")~", B}/ =P"B} (PT) !,
B =P"BI"(P")~!, and Q¥ =P"Q* It is also easily checked that the functlonal a*’(U*’)—
a*((PT)~ 1U*’ ) is the corresponding entropy. From the definition V* = (dy~ ¢*')" and the chain
rule, we then get that V¥ =P~!'V* and (36) is obtained as in (28)—(29). Since B*' =P'B*P
and the first % columns of P span N, we next deduce that B* is in the form

_ <O 0 )
B —
0 E*III,[[

and similarly, all matrices B;;’ , I,j€C*, and Z’;a’, i €C*, are also in the form (37). Moreover,
the matrix B*™"(V* &), is symmetric positive definite, for V*' € Oy~ and &e X!, since the

n*—ng last columns of P span a subspace complementary to V. O

Partially normal forms for partially symmetrizable systems satisfying the nullspace consis-
tency property are now completely characterized in the following theorem, in terms of the
auxiliary variables U*" and V*.
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Theorem 3.7
Keeping the assumptions and notations of Lemma 3.6, any partially normal form of system
(29) is given by a change of variables in the form

W = ((U]), pu(Vi))' (38)

where Y, and ¢, are two diffeomorphisms of R" and R" "0, respectively. Furthermore, we
have

T (W5, ,W*) = (0, 7, (Wi W)

Proof
The proof is exactly the same as in Reference [3] for non-ionized gases. The only difference
concerns the matrices A;" which can be treated as B;- O

3.4. An existence theorem in V/(R?)

The system in partially normal form (33) can be split into a hyperbolic subsystem and a
parabolic subsystem

A oW = — A owWr + T
ieC*
*II I KIL, T ——kall, I * kII, 1T * (39)
oWy = — 3 (A7 HA; AW + > 0i(B; O W) + T
ieC* i,jeC*
where
F — Q _ Z (A*al 11 + A*l Il)a II , Q* — Z (A*au 11 f*ll I )alVVI?<
ieC* ieC*
We consider the Cauchy problem for this system (39) with initial conditions
W (0,x) =W O(x),  W(0,x)=W,"(x) (40)

These equations are considered in the strip Qg where © is positive and Q, = (0,¢)xR?, for
t>0. The unknown vectors W* and W are assumed to be in the convex open sets O: C R"
and Ow: C R =7

Local existence theorems for the system (39) can be obtained from the results of Kawashima
[4] or of Vol’Pert and Hudjaev [8]. The results of Kawashima are valid for initial conditions
near equilibrium states and directly applies to the system in partially normal form [4]. The
results of Vol’Pert and Hudjaev [8], which are summarized in this section, require a slightly
stronger parabolicity condition easily established in the situation of magnetized mixtures.

We will use the classical functional spaces L,(R?) with norm

1/p
olo,= ([ 1900 ax) it 1<p<oo and gl = sup [90x)
Rd
the Sobolev spaces W) (R?), 1< p<oo, with norm

= 5 aﬂ
11, ke%ﬂl]]\cblk,p Pl = HZ} (e T
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and the Vol Pert spaces V;(R?) with norm [8]
||¢”l:|¢‘0,oo+ > |¢|k,2
kelLn

These definitions are extended to vector functions by using the Euclidean norm of R?. Accord-
ing to the Sobolev inequalities, there is an embedding of W}(RY) into Wk (R?) for [ >k +d/2
and an embedding of WJ(R?) into V;(R?) for [>d/2.

In the following, % denotes an arbitrary fixed positive continuous convex function, on
the open convex set Ow- = Ow; xOw:, which grows without bound as any finite point of the
boundary of O~ is approached. The following theorem of Vol’Pert and Hudjaev [8] shows
that, in a certain strip, there exists a solution which preserves the smoothness of the initial
condition.

Theorem 3.8
Suppose that system (39)—(40) satisfies the following assumptions where />d/2 + 3 denotes
an integer:

(Exq) The initial conditions W;°, Wi satisfy sup, .ps L(W:0(x),W;’(x))<+oco and W;*
and W:° are in the space V;(R?).

(Ex2) The matrix coefficients K:;I’I (wi, wy), K;”’” (w,, wy) and E;}II’H(W[,WH), i,j € C*, have con-
tinuous derivative of order / with respect to w, € Ow- and w, € Oyy-.

. . —I,1 p—*n,] I I—*an,l ! ! . *

(Exz) The matrix coefﬁmitits A, (wl,wu,él, A (wwy, &), AT (w,wy, &), 1€C*, and the
vector coefficients I', (w;, wy, &) and I (w, wy, &) have continuous derivative of order
[ with respect to w, € @!VL’I wy € Ow; ani *E “e RIX (" =n5)

(Ex4) The matrix coefficients A" (w;,wy) and A, (w;, wy) are symmetric and positive def-
inite for w, € Ow- and wy, € Owy:-.

1 11

(Exs) The matrix coefficients Kfl’l(wl,w,,,é), i€C”, are symmetric for w;, € Ow:, wy € Ow;
and & e RIX("—m),

(Exg) The matrices Ay" (W, wy), Ay~ (Wi, wy) and the vectors FI*(W[,WH,O) and T (w;, wy, 0)
have continuous derivatives to order / + 3 in w, € Ow: and w; € Ow:.

(Ex7) For any compact subset K of Ow- = Ow: xOws, there exists o>0 such that for any

smooth function w = (w,,w,) from R’ to R" with value in K we have
> (ai¢11)TEZH’“(W(X))(ajd)H)dX}O‘ > (0ipn) (0icpu) dx (41)
R4 i, jeC* Re jeC*
where ¢, is any function in W, (R?) with n*—n; components.

Then there exists 7, 0 <#)<©, such that the Cauchy problem (39), (40), admits a unique
solution (W*T,W:T)T defined on Q, =[0,%]xR?, which is continuous with its derivatives of
first-order in ¢ and second-order in x, and for which the following quantities are finite:

sup [(W (), Wi (), sup L(W*, W) (42)
0<r<ty Q—’O
to
sup O (O],_ s, /(||5zWIT(T)H?_1+\|WIT(T)||?+1)dT (43)
0<t<n 0
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Moreover, either =0, or there exists #; such that the theorem is true for any #y<t# and
such that for #, — £, at least one of the quantities
IWE ()] o0 + Wi (H0) 500 SUP LW, W) (44)
d,

grows without bound, that is to say, the solution can be extended as long as quantities (44)
remain finite.

4. EXISTENCE THEOREM FOR MULTICOMPONENT MAGNETIZED
DISSIPATIVE MIXTURES

We now apply the general results of Section 3 to the system of equations governing multi-
component ionized magnetized reactive flows (22).

4.1. Partial symmetrization

We establish in this section that the equations governing ionized magnetized dissipative mix-
tures admit an entropy function. We define the mathematical entropy function ¢ as the opposite
of the physical entropy per unit volume

1
o=-> PkSkZ—TZPk(hk—gk) (45)
ked ke®

and the corresponding entropic variable V is easily obtained
1 T
V= T(gl - %V'V, ceesfns — %V'V, vTa €0ET: BT/:u“Oa - 1) (46)

Proposition 4.1

The function ¢ defined on Oy to R is a ¥ strictly convex function, in the sense that
its Hessian matrix 0o is symmetric positive definite. Moreover, the map U—V is a ¢
diffeomorphism from the open set )y onto the open set Oy = R" +%x(—00,0).

Proof
It is easily established that the Hessian matrix 0o is positive definite and the inverse function
theorem can then be applied [9,10]. O

We now obtain a partially symmetric form for the system of partial differential equations
governing multicomponent magnetized reactive flows, making use of entropic variables.

Theorem 4.2
The function ¢ is an entropy function for system (22). Furthermore, the change of variables
U+ V transforms system (22) into

As(V) OV + ST AV = 3 0i(Bi(V)(OV + Gi(V)))

icC i,jeC

= 2 MV BV + G,(V)) + (V) (47)
INES
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with Ag=0yU, A; =A,0vU, By =B;dvU, By =BSdvU, BE =B3ovU, G;=(dyU) 'G;, M;=M,,
and Q =, where the matrices Ao(V), A(V), Mi(V), i€C, By(V), BS(V), BE(V), i,j€C,
and the vectors G;(V), i €C, (V) are ¥>° functions. Note that the matrices Bl-sj and B are
the even and odd parts of B;; with respect to the magnetic field B. Finally, system (47) is
of the partially symmetric form, that is, the vector and matrix coefficients verify properties

(S1)—(Ss).

Proof
The proof is lengthy and tedious and we refer the reader to References [9,10]. O

We investigate the nullspace of the matrix B(V,&) in order to obtain a partially symmetric
form for system (47).

Lemma 4.3 N N
The nullspace of the matrix B(V,&)= Zi’ jec ij(V)éifj, denoted by N, is of dimension 7
and does not depend on V € Oy and § € X2. This nullspace is spanned by the column vectors

.....

Proof
This results from an explicit evaluation of the partially symmetrized system and we refer to
References [9,10] for more details. 0

The following proposition is a direct consequence of (31).

Proposition 4.4
System (47) can be rewritten in the form

Ao(V) OV + EZC (AV) + AX(V))OV = i,jzeca,-(’é,,-(V) V) + V) (48)
where
AL (V) =3 (MBj; — B;M; — 0y(B;M,)V) (49)
and

QV)=—LV)V+ Q(V), LV)= Y MTB;M,
i,jeC

Moreover, the matrices ;&?, i€eC, are such that for any x and y in N (E), we have
(x,Aly)=0, ieC.
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4.2. Partially normal form

In this section, we investigate a partially normal form for the system (48). Making use of the

explicit basis of N, we define the matrix P by

M1 01,3 01,3 01,1 01,3 0 7
U Op_i3 Opoiz De—iw—1 Ow—1s Ops_yy
03,1 033 03,3 03,51 [ 03,1
p— (50)
03,1 [ 03,3 03,1 03,3 03,1
03,1 033 [ 03,51 03,3 03,1
10,1 O3 01,3 01, -1 01,3 I

with U the vector of size n*—1 defined by t=(1,...,1)’. We may then introduce the auxiliary
variable U’ =P"U and the corresponding entropic variable V' =P~'V given by

U/ :(p,ET,BT,éT,pVT,pet)T
with é:(pZa---apn“)T, and
1 T
V= (g1 = 3V V.o 1B g — gi. g — g1V 1)

From Theorem 3.7, normal variables are in the form W= (y,(U)), $,(V))), where U/ is the
first seven components of U’ and V; the last n* + 3 components of V'. For convenience, we
choose the variable W given by

153 Ty T

W= (p,ET,BT,log p—f],...,log p’fl VY, T) (51)
P P

Proposition 4.5

The map V—W is a @ diffeomorphism from the open set ¢’y onto the open set Oy =

(0,00)xROxR" ~1x R3x(0, 00).

Proof

We only have to prove that the map Z—W is a > diffeomorphism, thanks to Proposi-
tions 2.1 and 4.1. It is readily ¥°° and, in order to describe its range, let w € Oy and define
Zps 410 = Wps 4105 Zns+64+p = Wity Zns 4340 = Widps Zpsdpu = Wis+64p, U= 1,2,3, zy by the fOHOWing
equation:

2+ S 0 exp(wWesr/ri) =wi
2<k<n®

which admits a unique positive solution and z; =(z}' expwe4)""*, 2<k <n’. Evaluating of

0zW and applying the inverse function theorem, we then deduce that the map Z— W is a ¥

diffeomorphism onto Oy. ]

In order to separate hyperbolic and parabolic variables, we introduce the partitioning of
{1,...,n*+10} into 1={1,...,7} and n={8,...,n°* 4+ 10}, since ny =7, and we use the vector
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and matrix block structure induced by this partitioning. We have W= (W,T,W,")T, where W,
corresponds to the hyperbolic variables and W, to the parabolic variables

Tns T
W, = (p,ET,BT)T, W, = <1og ...,log p’f] vV ,T) (52)

Theorem 4.6
The change of variables V+— W transforms the system (47) into

AW + S (AAHA)NIW = 3 0;(B;;0;W) + T + Q (53)
ieC i,jeC
where
Ao = (OwV)T Ag (OwV), By =(dwV)" gij (OwV)
BS = (0wV)' B (dwV), B%=(dwV)" B3 (dwV)
A=WV A (BwV), Q=(0wV)'Q
M, =(0wV) "M, (dwV), G;=(dwV) ' G
A =WV A (BwV), T =— 3 0,(0wV)" B (dwV) ;W
i,jeC
and
A; =Y (M;"B;; — ByM; — (dwV) ow(B;yM,)V) (54)

jec

where the matrices Ag(W), A(W), Ar (W), i €C, B;(W), B} (W), Bj(W), i,/ €C, and vectors

Gi(W), i€C, QUW), 7(W,dW) are ¢ functions of W e Oy and d,W € R*"'+19. Further-
more, system (53) is of the partially normal form, that is the matrices Ay, A;, i€C, B;
i,j€C, and vector  satisfy property (Norq)—(Nors).

a
) ijs>

Proof
This theorem is a direct application of Theorem 3.7. O

The partially normal form (53) will be used for local existence theorems. This form, how-
ever, is insufficient in order to establish global existence results around constant equilibrium
states [3,4,7]. More specifically, consider an equilibrium state W® such that E¢ =B® =v®=0.
One can then establish that the antisymmetric contributions of dissipative matrices vanish

—O i,j €C, and that we also have (0,(B;M;)V)®=0, i€ C. Furthermore, the linearized
source term L = — (0w)® is symmetric positive semidefinite thanks to the structural as-
sumptions on thermochemistry. However, it can be shown that the antisymmetric contri-

butions >>, c(M;'B; — B;M;)®, i€C, never vanish, so that we cannot apply the existence
theorems of [3,4,7].
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Proposition 4.7
The system in normal form (53) can be split into a hyperbolic subsystem and a parabolic
subsystem

Ay oW, =—-SA" oW, +T,
ieC
(55)
1111 6W11:_Z( [[1 a[[])aw + Z O(Bulla Wu)“‘fll

ieC i,jeC

where

—-al, Il — L 11 -all, Il —IL, 11

L=0->A"+A)DIW, L=+ — Y (A +A oW,
ieC ieC

— 1L 1T fl 1 7” I ——all, I =1L 11

Moreover, the matrices A0 (W), Ay (W), AT (W), A (W), A, (W), i€C, B;; (W), i,j €C, are

%> functions of We Oy, and the Vectors F[(W,a W,), T,(W,d,W,) are f6°° functions of
W e Ow and 0,W, € R3"3),

Proof
It is a direct application of Theorem 4.6. O

4.3. Existence theorem

We now apply Theorem 3.8 to system modelling multicomponent reactive magnetized
dissipative flows. Note that the local existence result of Kawashima [4] also applies to the
system (55).

Theorem 4.8
Consider the Cauchy problem for system (55) in R*® with initial conditions

W(0,x)=W’(x), xeR’ (56)

where W° € V)(R3), 1>9/2, infgs p°® >0 and infgs 70> 0.

Then there exits # >0, such that (55), (56) admit a unique solution W =(W,",W,")"
with W(z,x) € Ow defined on the strip Q, =[O0, t]xR3, continuous in Q,, with its deriva-
tives of first-order in ¢ and second-order in X, and for which the following inequalities
hold:

< 4+ o0

+ 2 (v, +IED],+1BAOI,) + T (D],

! ieC

log (t)

0<t<y

sup llp(t)lz + Z

inf p(¢,x)>0, inf7(s,x)>0

] ]

sup l||atp(t)|l—l + ZC("atEi(t)”[—l +|0:BA(0)];—1)| <+ o0
ic

0<1<y
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t
/ 0 [z aflog <r> 1+_€zcua,vi<r>n?,1+||atm>||?,1
kzz log <r> +zc||v,-<r>||?+1+|\T(r)||?+1 dt< + 00
= 1 1+1 ic

Moreover, either ¢, is as large as one wants, or there exists #; such that the theorem is true
for any £y <t; and such that for #) — ¢, either the following quantity:

lp(0)l, o + Z 10g (to)

17000 + Zé(llvi(to)\lz,oo T E0)] o + 1Bit0)]) o)
i€

,OO

(57)

or sup; 1/T is unbounded.

We only have to verify that the assumptions of Theorem 3.8 are satisfied.

Proof
We define the function £ by Z(W,,W,)=1/p + 1/T. As we assume that W’ € V';(R?), infp
p°>0, 1>9/2, and infy T°>0, we obtain that property (Ex;) holds. Proposition 4.7 implies
readily properties (Exz) (Exs) and (Exg) on the regularity of matrices and vectors. Properties
(Exs4)—(Exs) concerning symmetry of matrices A;, A, and A;', i €C, are obtained by using
properties (S;)—(Sz) obtained in Theorem 4.6.
In order to establish that (Ex7) holds, we consider ¢, in W,'(R*) written in the form
i = (¢, "7, PTY, with ¢¢=(¢S,..., %), ¢" € R and ¢T € R. For the diffusive part B,
i,j € &, we obtain
Z (a ¢I[)T~diﬂ,ll,ll
i,jeC
where Yl =3, B0, Y=, c(ei—B-eB)e, 0:¢°, ¢ is defined by ¢'=
(%d)T,O,%p2(¢§+’%¢T),...,%pns(ﬁs—l—’%(bT))T, and (e;, e, e3) is the canonical basis of R>.
We now use (Tr3) concerning A/l et A+. Since the second component of ¢¢ vanish, ¢¢ is
proportional to (0, ") only if ¢¢=0, in such a way that

Z (a ¢11)T (ajd)ll) = akz:c[‘ek'(axd)T)H|2+|ek'(ax¢T)L‘2]
€

i,jeC

@)= Zylmalyl + L5yttt
keC

7dlff 1,11

+ a}: S [ew(0x ! +lew-(3xp$) ]

=1keC

and, for W in a compact set of O, we have uniformly

S (i)' (Oipu) > <I5X¢T|2+ > |6x¢§|2> (58)

ijeC 2<i<ns
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Concerning the viscous part B}, i,j € C, we have

1]7

5 (3i)"B " (05 hu)

ijeC

2 2
_k DY M+ 13 v Icp vyl
Tchel o |+ Pt | e ()3 (aqs))]

ieC ijeC

i [Ze%-(a,-w%

ieC

2
Zef'(ambv)@] —23 (e €7 (3i" ) (9 ¢v)®)]

I S (600" )+ B0, e#] : [zm-e,(ajdfwﬂajw eﬁ]

T e jec

In order to establish that this quantity is bounded from below, we use the invariance property
with respect to orthogonal co-ordinate transforms and we chose a new co-ordinate system
(e1,ep,e3) such that 2 =e;. We then have

> (@) B0 = (gt I (st )2 (81, ]
ije

3m+ns

RS PR (8 -8 (8%

+

where 8¢ is defined by S = 0y¢* + (0x¢")" — g(ax.wu. Thanks to (Try) about strict dissi-
pativity and concerning #; + 44, #1 + 13, 1 — 13, and assuming that «, is strictly positive, we
have

S (0B " 0z Y (6] + ;4] ) (59)

ijeC i,jeC
uniformly in W in a compact set of (. Combining these estimates (58) and (59) with
1 1 ’
5 @)+ 001 dx=3 [ ¥ @arax s [ (Zaiqb:) dx
i,jeC ijeC ieC

valid for ¢! € W} (R*), i €C, we obtain (Exg). The case where x vanishes can be reduced to
the case where « is strictly positive proceeding as in Reference [6].
Finally, we note that from the conservation of p, we have

t
p(1.x)> inf p°(x)exp (— / ||6x-V(s)|Io,oodS>
0

and thus infps p(2,x) >0 as long as (57) remains finite, so that only 7" may reach the boundary
of Ow. |
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