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AXI-SYMMETRIC MODEL PROBLEM

Motivation : solve the Laplace equation in a axisymmetric domain

Find a solution of the form wu(r, z) exp(i0)
Change the notation : r =2, y=r

Consider the meridian plane {2 of the axisymmetric domain
0N =T UIpUIN,.ToNIp=0,ToNIn=0,TpNIy=0,
[ is the intersection of Q with the “axis” y =0

Then the function w is solution of

Pu 1 0 ou L 0
_ = - — — — = in
022 y oy \” oy y?
Boundary conditions: w =0 onI'p,

ou

— = g OHFN

on
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AXI-SOBOLEV SPACES

Test function v null on the portion I'p of the boundary
Integrate by parts relatively to the measure ydx dy.

Bilinear form a(u, v) = /qu.V'U drdy + / — dx dy
Q

Linear form <b,v>:/fvydxdy—|—/ gv ydy.
Q I'n

T'wo notations:
1
u\/(may):ﬁu(xvy)a u\/(xay):\/gu(ajay)a (Z,y)EQ

Sobolev spaces:
L2(Q) = I%v Q0 — R, vV € L*(Q)}
H,(Q) = {veli(Q), v, e L*(Q), (Vo)V e (L*(Q))°}
2 [vEHLQ), v c L3(Q), (Vv) , € (L?(Q))?,
i) = | (@ e @yt 2
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AXI-SOBOLEV SPACES

Norms and semi-norms:

[o]2, = / y[of? dedy

1
o2, = / (5 o[ + ym\?) drdy,  |ol2 . = [ol2. + I
1 1
B = [ (510 + S IV0R 4yl ) dody,
Q\Y Yy , , ,
o2, = )2 . + o2

The condition u = 0 on I'y
is incorporated inside the choice of the axi-space H! ().

Sobolev space that takes into account the Dirichlet boundary condition
V ={veH:(Q), yv=0onTp}.
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AXI-SOBOLEV SPACES

oo : uevV
Variational formulation: { a(u, v) =<b,v>, VoeV.

We observe that a(v,v) = |v|{,, VveHi(Q),

The existence and uniqueness of the solution of problem is (relatively !)
easy according to the so-called Lax-Milgram-Vishik’s lemma.

See the article of B. Mercier and G. Raugel !
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DISCRETE FORMULATION

Very simple, but fundamental remark

Consider v(z,y) = Vylax + by +¢), (z,y)eKeT?,

1
Then we have VY Vu(z,y) = (ay, 5 (az + 3by + ¢)).

P; : the space of polynomials of total degree less or equal to 1

We have v, EPL = (Vu)V € (P)?.

A two-dimensional conforming mesh 7
TV set of vertices
71 set of edges

7?2 set of triangular elements.
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DISCRETE FORMULATION 8

Linear space Pf/ = {v,v, € P1}.
Degrees of freedom < dg, v > for v regular, S € 7 : < dg, v >= v/ (5)

Proposition 1. Unisolvance property.
K € T? be a triangle of the mesh 7,

Y the set of linear forms < dg, e >, S € T NIK
Pl‘/ defined above.

Then the triple (K, X, Pf/ ) is unisolvant.

Proposition 2. Conformity of the axi-finite element
The finite element (K, 3, Pf/ ) is conforming in space C°(92).

Proposition 3.  Conformity in the axi-space H!(Q).

The discrete space HY is included in the axi-space H () :
HY c HL(Q).
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NUMERICAL RESULTS FOR AN ANALYTIC TEST CASE

Q0 =]0,1?, TI'p=0
Parameters o« > 0, 8 > 0,

6
Right hand side: f (y,z) = y* | (a® — 1) = + B(8 — 1)’
J

Neumann datum:
g(z,y) =aify=1, —py*z’Lifx =0, By* if x = 1.

Solution: u(z, y) = y“a”.

Comparison between
the present method (DD)
the use of classical P; finite elements (MR)
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NUMERICAL RESULTS FOR AN ANALYTIC TEST CASE

10
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NUMERICAL RESULTS FOR AN ANALYTIC TEST CASE
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NUMERICAL RESULTS FOR AN ANALYTIC TEST CASE 12

Numerical study of the convergence properties

Test cases :
a=1/4, a=1/3, a =2/3
B=0,8=1,0=2

Three norms: |v]l0, a V1. 4 |v]] goo

Order of convergence easy (7) to see.

Example : § =0 and o = 2/3:
our axi-finite element has a rate of convergence ~ 3 for the ||e||g , norm.

Synthesis of these experiments:
same order of convergence than with the classical approach

errors much more smaller!
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NUMERICAL RESULTS FOR AN ANALYTIC TEST CASE

13

S MR, ¢ = lfi
@ DD, a= = 1/4.]
<] MR., a0 = lf’%
0 ] DI, = .
> MR, o = ‘?/% . 7
O DD, o =2/3 | : 1‘3)%9 (N )
4 = 3 4 2 :
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NUMERICAL RESULTS FOR AN ANALYTIC TEST CASE

14

logy (H“ — up| Lg(Q)) logy (| |u — up | H{}(Q)) logs (| |u—uy,

ﬁ%(m)
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ANALYSIS 7 15

Discrete space for the approximation of the variational problem:
Vr =HY NV.

Discrete variational formulation:

ur € Vr
a(ur,v) =<b,v>, VveVr.

Estimate the error ||u —uz||1,4

Study the interpolation error |u —Il7u |1 4
What is the interpolate II7u 77
Proposition 4. Lack of regularity.

Hypothesis: u € H2(Q).
Then v , belongs to the space HY(Q) and lu ll,o < Cllul

2,a
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ANALYSIS 7 16

1 1
Introduce v = u ,. Small calculus: Vv = uVy+ — Vu.
v 2y\/Y NG,
1
Then /|v|2 drdy < / = |ul?
Q QY
2 1 o , 1 2
Vo2 dzdy < 2 <—3 ul> + = |Vul ) N
Q o \4y Y
Derive (formally !) two times:
3
d?v = wVy e vy——vu.v +—d2

4y*\/y Y\ VY

Even if u is regular, v has no reason to be continuous.
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ABOUT CLEMENT’S INTERPOLATION

17

Vicinity Zg of the vertex S € 79,

1
Degree of freedom <0, v>= = v(x)drdy,
=9 =g
Clément’s interpolation: 1€y = Z <85, v> s,
SeT0

SeT?
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ABOUT CLEMENT’S INTERPOLATION

18

v — II¢

U’O,K

Vicinity Zx for a given triangle K € 72.
C
< Chrlol, , «  lo=TC%| . < Cll, ,
v — TI¢ < Ch

U|1,K = T|U|2,ZK :
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NUMERICAL ANALYSIS

19

Interpolate IIu by conjugation: [Tu = (ch \/)‘/
id est Mu(z, y) = y (0)(z, y), (z,y) € K € T?

Theorem 1. An interpolation result.

Relatively strong hypotheses concerning the mesh 7

Let u € H2(Q) and IIu defined above.
Then we have (v —ull1,, < Chyrllull2 q-

1 1
/—\u—Hu\Q dx dy :/—\u—\/@HCU\Q dx dy
QY QY

/ v —TI|? dedy = |lv — % |(2)Q
Q

IA

Ch%””ﬁ,ﬂ

C h7 |lull3, 4

IA
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NUMERICAL ANALYSIS

20

V(\/§ (U—HCU)) = \1/_ (v—M)Vy + y V(v —TI) .
<

/y\V(u—Hu)\2 dz dy
Q
< / v —%|* dzdy + 2/y2|V(U—HCU) [ dz dy
Q Q

O, = {K cT?,dist(Zg,Tg) >0} Q_ = Q\ Q.
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NUMERICAL ANALYSIS
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Triangle element K that belongs to the sub-domain (2.
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NUMERICAL ANALYSIS

22

Theorem 2. First order approximation
relatively strong hypotheses concerning the mesh 7
u solution of the continuous problem: u € H2(Q),
Then we have |l —ur|1,a < Chy|ulz,q-

Proof: classical with Cea’s lemmal
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CONCLUSION

23

“Axi-finite element”

Interpolation properties founded of the underlying axi-Sobolev space
First numerical tests: good convergence properties

Numerical analysis based on Mercier-Raugel contribution (1982)

See also Gmati (1992), Bernardi et al. (1999)

May be all the material presented here is well known 7!
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