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Abstract

We consider the bidimensional Stokes problem for incompressible fluids in stream function-vorticity.
For this problem, the classical finite elements method of degree one converges only in O(\/E) for the
L?—norm of the vorticity. We propose to use harmonic functions to approach the vorticity along
the boundary. Discrete harmonics are functions that are used in practice to derive a new numerical

method. We prove that we obtain with this numerical scheme an error of order O(h) for the L?—norm
of the vorticity.
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1 Introduction

1.1 Motivations

Let © be a bounded convex polygonal open set in IR?. We denote I' = 9 the boundary of Q.
Modelization of the equilibrium of an incompressible and viscous fluid leads to the Navier-Stokes
problem (Landau-Lifschitz [LL71]). But, when viscosity is sufficiently important or velocity of the
fluid sufficiently small, we can neglect the convection terms and we obtain the stationary Stokes

problem which is, in primitive variables (velocity u and pressure p):

—vAu+Vp = f in €
div u = 0 in Q

u = 0 on T

where v is the kinematic viscosity and f a field of given external forces.

As velocity is divergence free, this two dimensional problem is often rewritten with stream function
and vorticity. Velocity is the curl of some stream function and vorticity is the curl of the velocity. Let
us remark that, classically, in stream function-vorticity formulation, the velocity is assumed to be
zero on the whole boundary : for more general boundary conditions, we refer to [BCMP87|, [Gir88|
and [BL94|. Then, a usual way of discretizing the Stokes problem, according to this formulation,
is to choose a finite element method with polynomials of degree one. The stream function and the
vorticity are searched in H'(Q), but it is well-known that the problem is not mathematically well-
posed (see for example Girault-Raviart [GR86]). Nevertheless, it can be shown that the scheme is
convergent (Scholz [Sch78], [GR86]), the convergence for the L?—norm of the vorticity is in v/,
where I is the maximum diameter of triangles in the triangulation and 2'~¢ for the H'—norm of the
stream function. There exists a variational formulation of the Stokes problem which is well-posed but
difficult to use numerically (Bernardi-Girault-Maday [BGM92|). We propose in this paper to study
this well-posed formulation in order to obtain a numerical scheme convergent in at least O(h) for the
L?—norm of the vorticity. In the last part of the paper, we also give results of numerical experiments.

1.2 Notation

We shall consider the following spaces (see for example [Ada75]). We denote D(£2) the space of
all indefinitely differentiable functions from 2 to IR with compact support and L?*(§2) the space of
all classes of functions which are square integrable. For any integer m > 0 and any real number p
satisfying 1 < p < oo, WP () consists of those functions v € LP(2) for which all partial derivatives
0%v (in the distribution sense) with |o| < m belong to the space LF(Q):

wWh(Q) = HY(Q) = {cp € L*(Q), Viec{1,2}, gf € L2(Q)}
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W22(Q) = H*(Q) = {go € H'(Q), Vie{1,2} , gf € Hl(Q)}

Symbols || « ||, (respectively |s| ,) denote norms (respectively semi-norms) in Sobolev spaces H7(),
j = 1,2. The Sobolev space H}(Q2) (respectively H3((2)) is the closure of D(2) in the sense of the norm
| o |l (respectively || o ||, ). In the sequel, (o, ) denotes the standard inner product in L*(€2) and
(s,0)_,,, the duality product between H;(£2) and its topological dual space H~'((2). Finally, ~ shall
denote the trace operator from H'(Q) onto H'/?(T'), or from H?(Q2) onto H*/?(T") (see Lions-Magenes
[LM68]).

2 The Stokes problem

Let f be a field of given forces and suppose that f belongs to (L*(Q2))? and rot f = % - %
i) 11

belongs to L?*(f2). The stationary Stokes problem consists in finding a stream function ) and a

vorticity field w solutions of:

(1) w+AyY = 0 in
(2) —Aw = rotf in )
(3) v = 0 on I’
(4) g—ﬁ ~ 0 onl

Indeed, it consists in finding a velocity field u that is divergence free and can be written by means

of a stream function 1 :

u=rot ¢ in

Equation (1) means that the vorticity is the curl of the velocity. Equation (2) is the equilibrium
equation for a viscous fluid, with kinematic viscosity equal to 1, and where convection terms are
neglected. The boundary conditions (3) and (4) are consequences of ;

u=0 onl

For more details about this problem, we refer to [GR86].

It is natural to discretize the problem (1)-(4) with a linear and continuous finite element method.
As Q) is supposed to be polygonal, we exactly cover it with a mesh 7 composed of triangular elements.
The mesh 7T is supposed to be regular (in the sense defined in Ciarlet [Cia87]). The set H! denotes
the space of continuous functions defined on , polynomial of degree 1 in each triangle of 7 and
Holj =H. NH;(Q):

H ={peC’(Q),VKeE, , o, cP(K)} |,
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where £, is the set of triangles in 7 and IP' the space of all polynomials of total degree < 1. The

discretization of the problem (1)-(4) consists in finding w_ and 9, :

(5) ¥, € H,_(boundary condition (3) is then satisfied)
(6) w, € H!

in the following way. We first multiply (1) by a scalar function ¢ € H] and integrate by parts
(A1), ). Taking the boundary condition (4) into account, we obtain :

(7) (w’T? 90) - (V¢T>V¢) =0 ’ VQO € H71'

Then, we multiply (2) by a test function & in HO1 - and integrate by parts both sides. As { vanishes

on the boundary, we obtain:
(8) (Vw,,VE) = (f,rot €) , Ve H,

This formulation (5)-(8) has been studied for a long time (see for example Ciarlet-Raviart [CR74|,
Glowinski-Pironneau [GP79], [GR86] among others). But results are not optimal. On the one hand,
the continuous formulation associated is not well-posed for any f in (L*(Q2))2. Indeed, the Stokes

problem could be seen as a biharmonic problem for the stream function :
Y € Hy(Q)

A% =rot f

In a variational form, this problem can be rewritten as follows:
(A, Ap) = (f,rot p) , Yp € HF(Q)

This problem is well-posed in HZ(Q2) (see Ciarlet [Cia87]) but vorticity cannot be more regular than
square integrable. On the other hand, it is impossible to obtain polynomial functions of degree 1
which really satisfy both boundary conditions (3) and (4) without being identically zero on elements
K in contact with " (i.e 0K NT nor empty, nor reduced to one point). Numerically, the Neumann
condition (4) is never satisfied because weakly written. Moreover, error estimates derived for this
scheme are not optimal. The bound is in th/ 2 for the L?-norm of vorticity, where h_ is the maximum
diameter of the elements of the triangulation [Sch78|, |GR86]| (see Figure 11 at the end of the article).
Nevertheless, it is possible to stabilize the numerical scheme by adding jumps at interfaces and prove
convergence, see [AB99.

A different weak formulation was proposed by Bernardi, Girault and Maday [BGM92|, who in-
troduced the space:

M(Q)={pec L*(Q), Apec H(Q)}

It consists in finding (w, ) in M(Q) x Hg () with the following method. We test the first equation
(1) with a function p € M(Q) and the second one (2) with a function £ € Hj (). It is then necessary
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to integrate twice by parts the term (A, )_, , in order to include boundary conditions (3) and (4).
Then, we get :

(9) { (w,gp) + <A907%/f>_1,1 = 0 VSOE M(Q)

<_Aw7€>—1,1 = (fv rot 5) vf € H&(Q)
This formulation (9) leads to a well-posed problem [BGM92].

Remark 1 The space M (X)) is a Hilbert space for the norm :

e ll= \/H e, +1Ae 2,

Proposition 1 The Sobolev space H'(Q)) is contained in M(Q) with continuous imbedding. Moreo-

ver, we have :
Voe H(Q) , [ely < ¢l

Finally, if ¢ belongs to M(2) N H} () = HI (L), the M-norm is equivalent to the H'-norm.
Proof

First, we remark that the laplacian of a function in H'(Q) belongs to H!(Q). Then, to prove the
continuity of the imbedding, we write the definition of the H~'-norm. For all ¢ € H'(Q), we have:

(Ap, x) - —(Vp, Vx
(10) || AQO ||—1,Q = sup = = sup ( ) )
XEH () ‘X|1,Q XEH (D) || VX ||0,Q

because ¢ is in H'(Q) and yjr = 0. Using the Cauchy-Schwarz inequality, we obtain :

TA¢ e < [IVelloa

and then:

el < el
Finally, if ¢ belongs to Hy((2), it suffices to take x = ¢ in (10) and we obtain: || ¢ ||, = [¢ |, -
So the M-norm is equivalent to the Hj-norm. [

The analysis of (9), conducted in [BGM92], is straightforward with arguments of Brezzi [Bre74].
We introduce the kernel H(€2) of the bilinear form (A.,.)

—1,1 "

H(Q) = {p e M(Q), (Ap,§)_,, =0 V€ Hy(Q)}

Proposition 2 Characterization of the space H(S2).
Let Q be a bounded Lipschitz open subset of IR>. Then, we have :

H(Q) ={pel’(Q), Ap=0in L*(Q)}

and there exists a trace operator, still denoted by v, from H(Q) on H~Y/(I).
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Proof
e It is obvious that the space H(€2) is a subset of the space:

D(AL*(Q) = {9 L*(Q), Ape L*(Q)}

This space was extensively studied by Grisvard [Gri85] when € is a bounded polygonal open subset
of IR?, who recalled that the space H?(Q) is dense in D(A, L?(Q)). For completeness of our study,
the proof of this result is given below.

e It is based on the following property : a subspace S of a Hilbert space M is dense in M if and only if
every element of M’ that vanishes on S also vanishes on M. Let u belong to (D(A, L*(Q)))’. As it is
a Hilbert space, the Riesz theorem proves that there exists a function, denoted by u, in D(A, L?(2))

such that:
~ 2
<u7 (10> (D(A,LQ(Q)))’,D(A,LQ(Q)) - (u7 (‘O)D(A,LQ(SZ)) ’ v SO e D(AJ L (Q>>

Using the expression of the D(A, L?(Q)) scalar product, we have for all ¢ in D(A, L?(Q2)):

(u7 ()O)D(A,LQ(Q)) = (u7 90) + (Au7 ASO)

We suppose now that u vanishes on H?((). Then, we obtain :
(u, ) + (Au,Ap) = 0, Yo € H*()

Let us now introduce % and 1 the extensions to IR? by zero outside 2, of functions u and Au.
Moreover, let us notice that, for all function ¢ € D(]RQ), its restriction on (2, say ¢, belongs to

H?(Q). Then, the above formula leads to the following relations:

0 = (u¢) + (Au,Ap)
= (u,9) + (¥,Ap)
- ( ’@)LQ(IR2)+(¢’A$)L2(IR2) V¢ED(IR2>

S

This equality implies that in the distributions sense :
u+ A =0 in D'(IR?)

Thus, A ¢ belongs to L?(IR?) since u belongs to L?*(IR®). Moreover, ¢» belongs to L*(IR?) as, by
definition, Au belongs to L?(€2). Then, we deduce that ¢ belongs to H?(IR?) (use the characterization
of the space H?(IR?) with the Fourier transform). As v is identically zero outside €2, we deduce that
1 belongs to HZ(Q) (see |GR86]). Using the density of D(Q) in HZ()), we introduce a sequence
(Yr)r>1 of D(2) that tends to ¢ in HZ(Q). Then, we have the following relations:

v " i IX(Q)
Ay =AY = —uin L3(Q)
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Using the above convergences, we obtain for all ¢ € D(A, L*(Q)):

(U>QO)D(A7L2(Q)) = (U,QO) + (AU,AQO)
= (u,9) + (¥, 89)
i [ - (Adg) + (AP

- kli—r>noo[ — {0 AU gy oy T AP iy oy | = 0

Then we obtain: (u, gp)D(A 2) 0 for any ¢ in D(A, L*(Q2)) which implies that u is zero and
finishes to prove the density of H?(Q2) in D(A, L?(2)). e Now, let us recall the Green’s formula, which
is valid in any bounded Lipschitz domain (see Necas [Nec67]) :

/(uAv — v Au)dxr = /(vu@ - 'yv@)df :
Q r on on

0
for all v and v in H?(Q); 8_u is the normal derivative of v along I'. Then, due to the density of H?(Q)
n

in D(A, L%(12)), the Green’s formula permits to define a trace operator from H(f2) on H~/(T). &

So, when we restrict the first equation of (9) to functions in H(£2), this new problem is well-posed
according to Lax-Milgram’s lemma [LMb4], as:

Proposition 3 The L?>—scalar product :

H() x H(Q) > (w,go)»—>/w pdr e IR
Q
is elliptic on H(S2).
Proof
For w in H(f), it is obvious that: | w ||?, = [w Hgg . |

Proposition 4 Decomposition of space M(S2).
We have :
M(2) = Hy(2) @ H(S)

Proof
We split ¢ € M(Q) into two parts: ¢ = ¢° + ¢®. One the one hand, since Ay € H~1(f), the
component ¢° is uniquely defined in Hj($2) by the Dirichlet problem :

A’ = Ap in Q
9" = 0 onT

On the other hand, we define the function p» by p» = ¢ — ¢". Then it satisfies:
Ap? =0 inQ
So ¢~ belongs to H(2) and moreover :
Vet =9 onl
with ¢ well defined in H~1/2(T") (see Proposition 2). |
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3 Harmonic discretization of Stokes problem

3.1 Harmonic lifting

We recall that €2 being polygonal allows to cover it entirely with a mesh 7. We denote £, the set
of triangles in 7, S, the set of vertices of 7 and h, =sup (diam K ; K € &,).

Definition 1 Family U, of regular meshes.
We suppose that T belongs to the set U, of triangulations satisfying :

h
Jo>0,VKeE, , K<o |
PK

where hx = diam K and pg is the diameter of the circle inscribed in K.

We define the space ['r of all traces of functions in H;. Dimension of I'z is exactly the number
NS(T,T) of vertices of the mesh 7 on the boundary T

r {A:@Q:F—>]R,)\00ntinuousonF}
T:

A linear on each edge of the mesh
Definition 2 Harmonic lifting.
Hy. = {tp € HI(Q) , ANET T, vp=A, Ap=0in H_l(Q)}
The discrete space H., _ is finite-dimensional and it is clear that ., _ and I'r have the same dimen-
sion. We define the following harmonic lifting operator 7 :
Zoo Ly 2 A— Z(N) € H,
by the Dirichlet problem :

) {AZOO()\) = 0 inQ
VZso(A) = A onT

Remark 2 1t is useful to remark that H., _ is included in H(2) C M(Q).

Definition 3 Harmonic discretization of H'(Q).

We set :
l,00 1
(12) HT - HO,T ® HT,OO

The dimension of H ;’Oo is the same as H ; but, on the boundary, we replace piecewise linear continuous
functions by harmonic functions, whose support is spread over the entire domain but whose values

decrease rapidly.
Lemma 1 Property of H., .
(13) VoeM, ., VEE€H, , (Vo,VE =0

Remark 3 The splitting o = ©° + ©® described in Proposition 4 remains valid for functions in
H;’Oo. Indeed, for all function ¢ of H;’OO, v belongs to T... Then o™ = Zo.(yyp) is in H; .., and, by

construction, ©° = ¢ — @ belongs to space H! .
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3.2 Formulation

We propose the following harmonic variational formulation of the Stokes problem:

Find ¢, € H _and w, € H* such that:

(14) (Wrr) = (VY,, V) = 0 Ve H;,oo
(e, 9 _ (frot6) Ve HI,

As H;’OO is included in H'(Q), Vw,_ is well defined. The method, proposed here, is a natural discre-

tization of problem (9) since, as it was said in Remark 2, H > is a subset of M ().

Proposition 5 Ezistence and uniqueness of a solution to problem (14).
If £ € (L*(Q))?, the problem (14) has a unique solution (Y, ,w,) in the space H! x H>° which
depends continuously on the datum f. There exists a strictly positive constant C independent of the

mesh such that :
(15) lwr [l + VY o< C N E g -

Proof

o We split all functions in H* into two parts as explicited in (12) and we rewrite the problem (14)
using such a splitting for w, = w? + w2 and for the test function ¢ = ¢° + p*. Discrete functions
w? and ¢° belong to the space H! while w® and ¢* lie in the space H, _:

1 0 1 A
v, € H w, € H w>€H,

W2, 6 + @2 ) — (V6,9 = 0 Vel € H1
(W2, 0%) + (W2, 0%) = (VY,, Ve?) = 0 Vot € Hy
(Vw?,VE) + (Vws, VE) = (f,rot &) VEe H .
Due to Lemma 1, we obtain:
(16) (W2, %) + (w2, @) = (Vib,, V) = 0 Vo' e HY
(17) (Wl %) + (W29 = 0 Vot e My
(18) (Vwy,VE) = (frot &) VEeH,), .

The way of studying problem (16)-(18) follows ideas of [GP79], Achdou, Glowinski, Pironneau
|[AGP92] and Ruas [Rua95].

e Problem (18) is well-posed according to Lax-Milgram’s lemma, and Poincaré’s inequality. As (2 is
bounded, if C,, denotes the Poincaré constant :

X E€Hy(Q) Xl < Cplxha
there exists a unique w? € H_ _ satisfying (take £ = w? in (18)):

Vs [Ih, = Ilrot wy |7, I lloe llrot w) g
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The M-norm of w? is equivalent to its H'-norm, as w? € H;(f2) (see Proposition 1), and we obtain :

(19) Twf e < \/1+CEIE g

e We study now equation (17) where the function wg is given. Using the ellipticity of the L2-scalar

product on H.,. _ (see Proposition 3), the problem :
A Ay 0 A A
(w7—790 ) - _(wT7S0 ) ) VQO EHT,OO )
has a unique solution w,f, which verifies (take ¢® = wﬁ) :

(20) Twp = loflloa < 1) lla < J1+CEIE ]y,

e Finally, equation (16) is formally identical to (18), so there exists (Lax-Milgram’s lemma and
Poincaré’s inequality) 1, € H!_such that:

(Vi Vo) = (W0,¢°) + (W2, ¢") , Vo' e H,),
Then, using (19) and (20), we deduce that:
(21) IVYr lloa < Collof lloa + Collwr e < C'IIE Nl
Combining (19),(20) and (21), we obtain (15). |

Proposition 6 Regularity of harmonic liftings.

Let € be a strictly positive real number. We have :

(22) H, . CH™(Q) , Ve>0
As
1
|
|
|
|
|
0 1
S, S S s

F1G. 1: A basis function.

Proof
For a given vertex S of 7 on the boundary I' (S € S, NT'), a basis function Ag of ', is represented
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on Figure 1 where s is the curvilinear abscissa along I'. Thus, the gradient of such a function is
a combination of Heaviside functions, so belongs to H'/2~¢(T) for any £ > 0 but not to H?(I)
[Ada75], [LM68]|. A basis function of space H, _ is defined by finding g : @ — IR such that
vs € HY(Q), Aps = 0,705 = As i.e o5 = Zoo(\g). Then, the imbedding (22) is thus a consequence
of regularity of the laplacian operator on a convex domain [Gri85]. [

To obtain error estimates and thus convergence, we need a stability result (Proposition 10) and

an interpolation error (Proposition 9).

3.3 Interpolation error

Let II, : H*(Q)) — H be the Lagrange interpolation operator associated with the mesh 7,
and Hg : HY(T') — T, the analogous interpolation operator on the boundary T'. Let h, be the

maximum diameter of triangles in 7.

Proposition 7 Property of the interpolation operator H:Fr on the boundary.

. - . I_‘ . 3 2
If T belongs to a family U, of reqular meshes, the interpolation operator 1. is defined from H 2(T)
on H'*(T)NT, and we have:

(23) lp =T yer < C0) by | tllyny » Vi€ HYZ(T)
To prove this result, we need the following theorem [LM68|:

Theorem 1 Interpolation between Sobolev spaces.

Let s; and t; be two couples of positive real numbers for i = 0 or i = 1 and p € IR such that
1 <p < oco. Let IT be an operator of L(W0:P(Q); WP(Q))NL(WSP(Q); WP(Q)) (L is the space of
all linear and continuous functions). Then, for all 6 € IRN[0; 1], operator I1 belongs to the interpolate
space

Ly = LW A=0sot0s1.0(Q), P (1=0t0+0t1.2(Q))) and we have :

I, < NIps?

Proof of Proposition 7

As H*?(T) is contained in CO(T'), II' is well defined and, moreover, I ;i € T, if p € H**(T).
The difference I — II is continuous from H*(I") to L*(I') and its norm is bounded by Ci(c) h2
[CR72]. Tt is also continuous from H'(T') to H'(T), its norm being bounded by a constant Cy (o).
The interpolation theorem 1 concludes (with 6§ = 1/2) that I — II¥ is continuous from H*?(T) to
H'?(T') with its norm bounded by /C(0)h2+/Cs(c) = C'(0)h,,. |

Proposition 8 Regularity of components of functions in M(S).
Let us recall that the domain ) is supposed to be conver. Let ¢ be in M(Q)NH?(Q) = H?(Y), splitted
into: o = 0 + > (see Proposition 4). Then ¢° and o> belong to H*(1).
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Proof
We recall that ¢ € H}(Q) is the solution of :

A’ = Ap in Q
v' = 0 onT

If  belongs to H?(12), its laplacian belongs to L?({2) and, by the regularity of the laplacian operator
on a convex domain, ¢° belongs to H?(Q)). By difference, ¢® = ¢ — ¢° belongs also to H%(2). ®

Definition 4 Interpolation operators.
The interpolation operator ¢>° : H(Q) — H, _ is defined by ¢>°0™ = ¢, where ( € H'(Q) is the
solution of the Dirichlet problem :

A = 0 in
7 = T(yp) onT

We define the interpolation operator P, from M(Q) N H2(Q) = H*(Q) to Hy™ = H'_&H, _ by
the relations :

P, H Q)3 p=¢"+¢* — Pro=1¢"+ ¢ p* € H->

Proposition 9 Error estimates.

For T € U,, we have the following estimates :

(24) || 900 - HTQOO ||M < C(0> h"T || 900 Hz,&z
(25) I = 070% [l < C0) by ¢
Proof

o As H?(Q) C C°(Q), we can use a classical interpolation operator and we have the following inter-
polation error results [CR72|:

H 900 - HTSOO H1,Q S C h’T ‘900|2,Q

But || ¢° —IL,¢° ||,, is equivalent to || ¢ —II,¢° ||, , because ¢ —II 4" belongs to Hj(€2) (see
Proposition 1). So:

1 =1L, ||, < Chy |, .

and relation (24) is established.
e We now interpolate the harmonic part ¢ of ¢ € M (). As ¢ is supposed to be in H?(2), its trace
v¢ belongs to H3(T'). Let A =1II' (y¢), A € I'r and we have (Proposition 7):

(26) v —TL(v0) llor = lv0=Allor < Chy 179 100

13



14 Francois Dubois, Michel Salaiin, Stéphanie Salmon

Let ¢ € H'(Q) be such that:

A¢ = 0in
v = AonTl

Thus, C' being various constants independent of h_ but varying with o, we obtain:

l¢*=Clly = [l¢* =, because ¢ and ¢ are harmonic
(K= e S

C || v — ¢ |, ,r because trace controls harmonics

IA A

IA

Clye =AMl as 7™ =yponT and 7 = A
Chy [ v¢ |55y by relation (26)
Chy || ¢ ||, by continuity of the trace [LM68]

IA A

which gives the announced result. |

3.4 Error estimates

We define an auxiliary problem :

Find (6,,n,) € Holj x H* such that:

{ Or.0) — (Vi Vo) = (g.0) + (Ap,m)_,, Vo€ H>

(27) (v, Ve) Lo ., ve e HI,

Proposition 10 Stability of discrete formulation (14).
Let g € L*(Q), m € Hy(Q), 1 € H () and (0,,n,) € H]  x H*> be the unique solution of problem
(27). We have stability in the following sense. There exists a constant C' only dependent on o such

that the following stability inequality holds :
10 1L + 1V e < C{lglle + VMg + N0}

Proof
e As in Proposition 5, three steps are required. We split each function of H;’OO into two parts:
0, =0°+062 € H'_&H, . And we obtain:

(28) (0°,9°) + (62, %) — (Vn,, V°) = (g, ¢°) — (A, m)_, Ve € H!
(29) (02, 0%) + (02,0%)=(9,9%) Vo €H,
(30) (V62 VE)=(1,€) ,, Ve € H!

As m € H}(2)), notice that:

_<A9007m>—1,1 = (VSO()?Vm) ) v9006[—[011
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In the following, C' will denote various constants.
e First step. In the last equation (30), we take £ = 62 and, as 62 belongs to Hj(2), we obtain:

VO e < C HlLNa

because of the Poincaré’s inequality. Then, the equivalence of Hj—norm and M —norm for functions
in H}(Q2) leads to:
165 1., < C il

1,0

e Second step. In the equation (29), we take > = 9?. As Aé’f =0 and 92 is fixed by the previous

step, we obtain:

1021 = 162 e < lNolla + 165 1loe < CUglloe + N0
e Third step. Finally, in the first equation (28), 62 and 62 being known, we take ¢” = 7, and
obtain :
IV e < C (167 oo + 16210 + l9lloa) + VMg,
By combining the three steps, Proposition 10 is proved. ]

Proposition 11 Interpolation error majorates the error.
Let (w, 1)) be the solution of the continuous problem (9) and (w,,1),) the solution of (14). We have :

||w_w7 HM + ||¢_w7 ||1Q < C(HM—PTW ||M + ||¢—H:r¢ ||IQ>

Proof
e The continuous problem (9) can be written with a test function ¢ in H>* since H> C M(Q)
and with § € H; C H;(Q):

(31)

(w,0) + (Ap,¥h)_,, = 0 Vi € Hp™
(—Aw, ), (f,rot §) VEe H!,

We subtract (31) and (14):

(32) {(w—%w + (Ap.¥) ,, + (YO, V) = 0 VpeHb™

<_Aw7€>71,1 - (vw77V§> =0 véE]—‘Iol,T

We introduce 11+ that interpolates ¢ on the mesh 7 and P,w that interpolates w € M(Q2) on 7
(these interpolants, both in H'((2), are defined in Proposition 9).
e Let us begin with the first equation of problem (32). We add and subtract P,w and II, ¢ and

obtain, for all ¢ in H.>:
(w - PTW, 90) + (PTw — Wr, 90) + <A907 Q/} - H7w>71,1

+ (Ap, ) + (Vi —1,4), Vo) + (VII, V) = 0

15
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or else:

(PTW — W @) - (V(HHP - ¢T)7 V(,O) - = (w - PT(‘U7 @)
_<A307 ¢ - HT¢>—1,1 _<A907 HT¢>—1,1 - (VHT¢a VQO)

7

e
Finally, the first equation becomes:

(PT(“) - Wr 90) - (V(HHP - ¢T)7 V(p)
(33) = _(w - PT(“J’ 90) - <A907 Y — HT¢>—1,1

e Using the same techniques for the second equation, we obtain, for all £ in Hi L
<_A(w - PTW)> €>—1,1 + <_APTW> €>—1,1
_(V(WT - P’Tw)? vé) - (VPTW> VS) =0 )
and then:

(V(PTW - WT)a vé) = (VPT(“J? Vf) - <_APT(“J7 §>—1,1
(34) > }
- <_A(w - PTW), 5) 1,1

e Equations (33) and (34) lead to the following problem :

(PT(“J - Wr, 90) - (V(HT¢ - ¢7)7 VSO)
= _(w - PT("}? @) - <A907 ¢ - H7¢>71,1 ’ VC,O € qu—’oo
(V(PTW_MT>>V£) - <A<W_PTW)7£>,M , V€ € Holj

It is the auxiliary problem (27) with: g = P,w—w € L*(Q),m = —y € Hy(Q),l = A(w—P,w) €
H~1(2). The triangular inequality and Proposition 10 lead to:

|| W= wr HM + ” w - wq’ ||1,sz S ” w = PTW ||M + ” w - HT¢ HISL

-

interpolation error

+ H PTW — Wy ||M + H HTw - ¢’T HIQ
< ” w _PTW HM + || ¢ - H’T¢ ||1Q
+ C (H PT(“J —w ||O,S2 + ” A(w - PTW) ||_1,sz + || V(l/} - HT¢) ||o,sz)
and finally :
H Ww—ws ||M + ” w - w’f H1,Q S C (H W = PTW ||M + H ¢ - HT¢ ||1,Q)

which achieves the proof. [
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The previous Proposition and the interpolation error lead to the following result.

Theorem 2 Convergence result.

If rot £ belongs to L*(QY) and T belongs to a regular family of triangulation U,, the discrete problem
(14) has a unique solution (V,,w,) in Holj x HL>, associated with a stable discretization of the
Stokes problem (1)-(4). If (v,w) € H*(Q) N HY(Q) x H?(Q), there ezists a strictly positive constant
C(o) such that, for all T in U,, we have :

H W= Wy ||M + || w - w:r HIQ < C(U) hT (” w ||2Q + || ¢ H2Q)

Proof

Let us recall that, due to Proposition 4, w° is such that:

Aw® = Aw = rot fin
yw® = 0 onTl

As Q is a convex polygon, and as rot f belongs to L*(€2), w° belongs to H*(2) [Gri85] and we have:
(35) o lhe < C AW < C [l

So, by the help of Proposition (11), C' denoting various constants, we obtain :

H W= wr ||M + ” w _w’f ||1,sz S C (H w _PTW ||M + ” w - HT¢ ”1,9)

< Ol +wt =0’ = ¢ |y +hp 19 [],0)
< O(lw” =0 |l + [0 = 67w [l +hy |9 ,0)
< Chy (| @° o + [l @ [l + | ¥ |l.) by Proposition 9
< Chy (@ oo + 1@ g + 19 [loa) by (35)
< Chy (| wllog + 119 1lg)
which gives the announced result. |

Remark 4

e The theorem 2 is important because it shows that using a space of harmonic functions along the
boundary gives an error of order O(h.) when w € H?(Q2). It is now necessary to approach this space
numerically without losing optimality, i.e error between discrete harmonic functions and real
harmonic functions must be bounded by h.. We propose in this paper a way of approaching H.. . by
use of mesh refinements but other possibilities are in progress ([ASS01], [Rua95]).

o It seems possible to reduce hypothesis on the reqularity of the vorticity and to obtain convergence
of order O(h..) for w only in H'(Q).
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4 Discrete harmonic functions

4.1 Formulation

Let 7 € U, be a given mesh. Then, the family of meshes 7;, (k € IN) is defined recursively as

follows:
(i) To=T;

(ii) 741 C 7y is obtained from 7; by dividing each triangle in four homothetic ones (see Figure 2).

F1G. 2: Division of a triangle of T},.

It is clear that (7j) keIN belong to U, defined above. We denote H;k the space of all continuous
functions on €, polynomial of degree 1 in each triangle of 7;, and H! o= H;k N H(Q).

Definition 5 Discrete harmonics.

We define the space H, , of discrete harmonic functions by :
Mo, ={peH. 3 ET, p=AonT, (Vo VE) =0 Ve, }
We define the following lifting operator Z;, of order k:

ZkZFTB)\*—>Zk()\)€H

7,k ?

by the relations:

(VZ(N),VE) = 0 ‘v’éeHol}Tk
vZe(A) = XA onTl

The space H.,, is finite-dimensional and dim H.,, = dim I',. The nodal values on 7, N T" are ob-
tained by linear interpolation from values at the vertices of the initial mesh 7, = 7. Internal values
of function Z,(\) are obtained by solving a discrete Laplace equation in space HO1 - with boundary

values from the previous step.
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F1G. 3: Mesh for discrete harmonics at level k = 3.

Proposition 12 Continuous decomposition of space H., .

For all A € ', we have the following decomposition :
Zk(\) = Z(N) + Zoo(\)

where Z.(\), which is independent of k, is defined in Section 3.1 and Z,(\)° belongs to Hi(S).
Moreover, we have :

(36) H AZk(A) ||_1,sz = ” VZk(A)O ||o,sz

Proof

o Let Z(A\) € H, __ besuch that 7Z(A) = A on I (see problem (11)). So, 7(Zx(\) — Zso(N)) = 0
on I'. Then, the field Z;()\)° = Zx(\) — Zoo()\) belongs to H} ().

e By definition, we have:

<AZ}€ (A)v 5) ~11
sup

| AZy(A) ||
’ cemanioy N V€ g

-1,Q

As Zp()) belongs to H'(Q), we may rewrite the duality product :

o= s VANV (VZ,(N)°, VE)

| AZy(N)
cerm@nfor N V€ Ioq cemonioy Il V€ lloq
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Finally, as Z;(\)° belongs to H}(Q2), we can choose £ = Z;(\)? in the above relation and the equality
(36) is established. [ ]

To illustrate the non-harmonic part Z;(\)° of functions in H,, ,, we made some numerical expe-

T,k?

riments. Let 7" be the mesh named A described in Figure 5, S be a vertex of S, NT" and hy, € H,

be a discrete harmonic function of level 0, used e.g. in Glowinski-Pironneau [GP79], and defined by :

(Vhs,VE) = 0 VEeH,
hy(T) = ¢ on I’

ST

It means vh, = Ag where \g is the corresponding basis function (see Figure 1). The previous

proposition gives the following decomposition :
hs = Zo(As)® + Zoo(As)

Let g, € H 01% be an approximation of the non harmonic part Zy(\s)° of h,, defined on the mesh
7T by:

(vns,kavX) - (Vhs>VX) VXGHOI,Tk
nskg = 0 on I

As Zy(\s)? verifies :
(VZu(As)°,VX) = (Vhs,Vx) , Yx € Hy(Q)

we have: ng h—ge Zo(\s)°.

The complete shape of 7ng ) is well described, as we will prove further, after the third refinement
(k = 3). The next figure (Figure 4) is a vizualisation of the function 7g3 on the initial mesh 7" = 7.
We observe that all the "structure" of the function (minimum value = —0.12, maximum value = 0.19)

is confined inside the three triangles containing the vertex S.

F1G. 4: Vizualisation of 7g3 (smiling function).

Cette Figure malheureusement indisponible sur cette version en ligne. Allez consulter ’article a la
bibliotheéque !

Proposition 13 Interpolation error in the family of recursive meshes.
If T belongs to a regular family of triangulation U,, let 11, be the Lagrange interpolate on T, which
is well defined on H*"(Q) for n > 0. Then, we have :

Ve € 0,1, ¥y € 0,1—¢[, Vo € H*5(Q), 30 € [¢1],
(37) 3C(om.e) > Osuchthat || —Tple < Ch™’ @l

1,0
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Remark 5 This proposition looks technical because the needed "classical” interpolation result: ||
o—IL¢ |, o< Chy || ¢ ||, is not correct as functions in H.. _ are not in H*(Q) but only in H*~¢(Q)
(see Proposition 6). Nevertheless, it would be possible to use the Scott and Zhang regularization for
which functions only need to be in H*(Q) (see [SZ90]).

Proof

Because H?7¢(Q) C C°(Q), it is possible to define the classical interpolate of ¢ on the mesh 7.
But ¢ belongs only to H?>¢(2). For the real number 2 — ¢, we can find a parameter § such that:
2—e=60(1+n)+2(1 —0). Indeed 6 is such that 0 < § < 1,if 1 + 1 < 2 — ¢, and is defined by :

(38) 6=

Then, we have the following imbeddings: H'(Q2) C H*(Q) C H?>=(Q2) C C°(Q). The difference
I —TI, is continuous from H?(Q) to H'(2) with its norm bounded by C}(c)h.,. It is also continuous
from H'*(Q) to H*(Q)) with its norm bounded by a constant Cs(c, 7). So, for 6 chosen as in (38),
I —TI, is continuous from H?~¢(Q) to H() and its norm is bounded by (C1(c)h, )~ (Cy(o, 7))’ =
(= C(o,m,2)h} ", which leads to (37). |

Theorem 3 Stability of discrete harmonics.
Let 6 be in |0; +oo[. For any mesh T of the family U,, there exists an integer K(0,7), such that:

(39) vk > K(57 T) ) VQO € HT,k : H 2 ”o,sz > 0 ” ASO ”_1,52

Remark 6 Theorem 3 means that if k is large enough (k > 3 as observed previously with the structure
of functions ns3), the L?-norm is sufficient to control the M-norm of the vorticity. In other words,
the laplacian of discrete harmonic functions, which are not rigourously harmonic, goes to zero as k

becomes large enough.

Proof | Ap |
We study the ratio #ﬁ_m for ¢ arbitrary in H . First, we can write ¢ = Z; () for an arbitrary
P oo ’
: : _ MAZ(M) 1]
discrete boundary function A € I'. and we set p(\) =
I Zk(A) o

e We first bound the numerator of p(\):

TAZL ) (e = 1 VZk(N)" [l by relation (36)
1
< \/ﬁ | Ze(N)° |l (Cy is the Poincaré’s constant)
p
1

< — || Zoo(A) — Zp(A
We have used : Z(\) = Zx(\)° + Zoo(N\) (see Proposition 12), where Z;,(\) € H.,, is solution of :

T,k

(VZp(N),VE) =0 V¢ € Holjk
vZe(A) =X onl |
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and Zy(A\) € H, _ verifies:

AZ(A) =0 inQ
VZo(A) =X onl

e Second, Z,(\) is an approximation of the continuous harmonic function Z,,(\) on the mesh 7.

Céa’s lemma [Cia87| insures that :

I Zoo(A) = Zi(N) < O [T, Zao(A) = Zso(N)

[ [

We fix € > 0, independent of 7 € U,. We have extended classical result of [CR72| to problems with
less regularity in Proposition 13, as Z,,(\) only belongs to H*7(2) (see imbedding (22)). Then, we
choose 0 <1 <1 —¢ and 0 > ¢ is given by relation (38). So, we obtain :

IAZN) e £ C 1126V = ZkN) e < Ol 1 ZocN) e
h, . . . . . .
where h; = th = or Finally, as ‘H, _ is finite-dimensional, all the norms are equivalent. In par-

ticular, the H*> *—norm is equivalent to the L?—norm, the constant involved depending on space

dimension thus on A, :

AZ M) e < C 1 Zo) = Ze(N) g < Chy? 1l ZooN) |l
e Third, we bound below || Z()) ||, :
H Zk’()‘) ”o,sz > ” ZOO()‘) Ho,sz ” ZOO()‘) - Zk’()‘) ”o,sz
> | Zoo(N) loa | Zoo(A) = Zk(N) I, 0,
> [ ZooN) lloe = C 1% | Zao(N) llow

e Thus, if hy is sufficiently small or k sufficiently large in order to have: 1 — Ch,ﬁ,_(’ positive, we have:

() = I AZ(M) 120 Chi" | Zoo(N) llo
|| Zk()‘) ”0,&2 N (1 - Ohllc_g) ” ZOO()‘) ”o,sz
_ Cth—€(2—k)l—€ - 1
T (I-Chlo@2 k)=o) = §
which is independent of A when k& — +-00. |

By now, ¢ is taken equal to 1.

Definition 6 Discrete harmonic formulation of the Stokes problem.
For all mesh T € U, and all integer k > 0, we set :

1.k 1
HT - Ho,T @’HT;C
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The discrete harmonic formulation of the Stokes problem consists in finding :

(40) Yy, € Holj , wy, € HY* such that :
(41) (Wr i) = (Ver,, Vo) = 0 Vo € H*
(42) (Vor,. V€ = (frot§) VEeH,

Remark 7 Notice that 1 and w° are discretized on the initial mesh T and not on T,. Notice also

that HO1 . C HO1 .. because meshes are embedded.
) itk

This formulation coincides with (14) when k£ = +o0, and with (5)-(8) when k£ = 0. The next
proposition shows that if & is chosen sufficiently large, system (40)-(42) has a solution which depends

continuously on the datum.

Proposition 14 Ezistence and uniqueness of a solution to (40)-(42).

Iff € (L*(0)?, if T €U, and if k > K(1,T), with K defined in Theorem 3, the problem (40)-(42)
has a unique solution (v, ,w
f:

r.x) 0 the space Holj X H;’k which depends continuously on the datum

3C >0, (ol + [Verlhe < C lflhg
Proof

The proof is not different from the one of Proposition 5. We first split functions of H; . in a function
¢"* of H! plus a function % in H_, :

0,k

o = @ 4 P

Using that each function ¢ in H, verifies:

(Ve,VE) = 0, YEeH, cHol}Tk ,

we rewrite the system (41)-(42) and obtain:

(43) (WO, ) + (W2, ) = (Vb ,, V) = 0 Viel* € HY
(44) (W, ™) + (wk, %) = 0 Vot e H,,
(45) (Vwi*, VE) = (f,rot &) VE € H, .

Notice that functions in H_, are not harmonic, so the M-norm is no more the L?*—norm. We need

Theorem 3 to conclude that, if & > K(1,7), we have:
VoeH,, » llel, = V2 80, .

which implies that the L?—product (wﬁ, ©®) is elliptic on H,, for the M-norm. Then, the same
arguments as in the proof of Proposition 5 can be used here, and we obtain the expected inequality.
|

Remark 8 Do not confuse:

HLF 5 _ o 4 A _ 0k 4 Ak
r 2¢ 4 ¥ 4 &
€H} () EH, () EH} €H,
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4.2 Interpolation error

Proposition 15 Interpolation error.

Under the same assumptions as in Proposition 9, there exists an interpolation operator ¢’; from
H(Q) N H?*(Q) to H,., such that:

T,k

le—d5ely < O l@lha

where 0 is an arbitrary real number such that 0 < 60 < 1 and C' a constant independent of k but

dependent on 0.

Definition 7
Let define Pr: M(Q) N H*(Q) = H*(Q) — HF =H) &M,

PrH Q)3 0=¢"+¢% — Pro=T1,¢"+ ¢ o> € HF
Proof

We have supposed that ¢ belongs to H?(f2). From Proposition 9, ¢ = qﬁ?ocpA is an approximation of
> and verifies by definition :

AC = 0 in (2
v = TL(ye) onT

As A € H3275(T), for all ¢ > 0, and as  is a convex polygon, ¢ belongs to H>~¢(Q) [ADN59],
[Gri85]. We can interpolate ¢ on the k times refined mesh 7, because H>~¢(Q2) C C°(Q). We choose
e < 6 in order to satisfy (38) and we obtain:

I¢=T ¢ e < Ol ¢ s

So, we have successively :

| ¢, ¢, < I ¢—T,Cl,, by Proposition 1.
< CR ¢
< Ch7? A l5/,_.r by continuity of the lifting,
< Ol 90 lyjeer
< Ch7? |y |, by continuity of the trace operator
from H*?7¢(T') to H¥?(T),
< Chy? || ¢l by continuity of the trace.
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Thus, we define ¢%¢ = II, ¢ = II, (¢7¢) and we obtain:

le—dbolly = llo—-T,CllL
< le=oFelly + o7e—11 (67¢) |l
~ Y=
:g :HTkC
< Chy ¢l + I¢—1, ¢, by Proposition 9
< C h’T H ' ”z,sz + C hllc_e H ¥ ”z,sz
< Clhy + B o L,
As hy, < h,, Proposition 15 is proved. |

Remark 9 Notice that the interpolation error is independent of k when k is large enough, because
hi, < h. If we need k sufficiently large, it is for existence (Proposition 14) and stability (Proposition
16).

4.3 Error estimates

Proposition 16 Stability of problem (40)-(42).
Let 6 = 1, T be a mesh of the regular family U,, and K (1,7T) chosen as in Theorem 3. Let (n,,,0,,) €
H! _x HY be the solution of the auziliary problem :

(46) Or0) = (V0. V) = (9,0)+ (Ap,m)_,, Yoe HF
(VO,,,VE) = (&) ., VEEH,,
where g = PFw —w € L*(Q), m =14 — ¢ € Hj(Q) and | = Alw — Prw) € H Q). PF is the

interpolation operator from M () to H;’k, defined in Definition 7 and 11, the classical interpolation
operator on T. Then, if k > K(1,7T), there exists a constant C' independent of o and k such that :

10 e + 1Vnrlla < C (gl +11Vmllog +1111-,0)

Proof

The auxiliary problem is obtained by the same techniques used in Proposition 11 and arguments are
identical to those in Proposition 10. But, for §2:* € H, , the L?*-norm is no more the M-norm. We
need Theorem 3 to conclude that if £ > K(1,7), we have:

[ PR (Nl IS

The previous stability (Proposition 16) and interpolation errors (relation (24) for the Hj—part of
the vorticity and for the stream function; Proposition 15 for the harmonic part) gives the following
result :

Theorem 4 Convergence result.
Problem (41-42) has a unique solution (¢, ,,w,,) € H X HYIf (1, w), belonging to (H*(2) N

25
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HN(Q)) x H*(Q), are solution of the continuous problem (9), we have :
¥o e101[,3C =C0) >0,¥T € U,, IKQLT), ifk > K(1,T)

H w _wT,k HM + ” w - wT,k HIQ < C th—é (H w ”29 + ” w ”29)

5 Numerical results

Numerical experiments have been performed on a unit square with an analytical solution (test of
Bercovier-Engelman [BET79)]).

filz,y) = 256 (2%(z — 1)*(12y — 6) + y(y — 1)(2y — 1)(122* — 12z + 2))

+ (y—0.5)
f2(x>y) = _fl(ywr)
(z,y) = —128(y°(y — 1)%a*(z — 1)°)

w(r,y) = 256(y*(y — 1)*(62° — 62 + 1) + 2°(z — 1)*(6y* — 6y + 1)).

As it is said in Theorem 3, K depends on the mesh, so we have worked with three different un-
structured meshes obtained with EMC2, mesh generator of Modulef (Bernadou and al. [BGH*88]).
Notice that structured meshes give good results without any stabilization (see [DSS98|, [GR86]). The
uncoupled algorithm is the following:

Find w?* € H! _such that (Vw2 V¢) = (f,rot &) VEeH,),
Find w>* € H, such that Wk x) = =W x) Vx € H,.
Find ¢, , € H) _such that (Vi,,,VE) = (WPF+wdF¢) YeeH)! .

An advantage of this algorithm is to avoid the well-known difficulties related to the resolution of
mixed linear systems (see e.g. [BDM85|, [ES96]).

Remark 10 [t is clear that wg’k does not depend on k.

The longer and expensive step is the second one. By the way, we have to calculate all the discrete
harmonic functions (as many as edges of the initial triangulation on the boundary) on the refined
meshes. We present the three different initial meshes used in those examples Figures 5, 6 and the
number of vertices of each refined meshes (Table 1).

The analytical vorticity attains its extremum on the middle of each edge of the square and its
value is then +16.00 (see Figure 7). In fact, without any stabilization, extrema of the vorticity
exploded on the boundary. Table 2 gives extrema of the vorticity obtained after 0 (corresponds to
the non-stabilized scheme), 1,2, 3 and 4 refinements of the mesh. The Figure 7 gives the values of the
vorticity along the boundary. Let us recall that the number of discrete harmonic functions is equal

to the number of vertices on the boundary.
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FiG. 5: Meshes A and B

FiG. 6: Mesh C

27
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Mesh |k=0|k=1|k=2| k=3 | k=4
A 270 | 1021 | 3969 | 15649 | 62145
B 832 | 3225 | 12697 | 50385 | 200737
C 1667 | 6521 | 25793 | 102593 | 409217
TAB. 1: Number of vertices of the k times refined meshes.
Mesh Number of | k=0 1 2 3 4
discrete
harmonics
A : 482 elements 56 26.52 | 20.37 | 17.34 | 16.37 | 16.10
B : 1562 elements 100 27.08 | 20.78 | 17.41 | 16.34 | 16.05
C : 3188 elements 144 31.77 1 22.94 | 18.20 | 16.60 | 16.15
TAB. 2: Extremum of the vorticity after k refinements.
Vorticity on the boundary
Without refinement Q
250 | After 1st refinement i
<> After 2nd refinement
A\ After 3rd refinement
O ® After 4th refinement
20.0 - Interpolated exact solution [] |
O O
150 7 '4‘5 =\ N "\ -
[ ] q“‘v% N
) % 0 Y
10.0 qg‘. 1\ @ ‘éi' ',g @ .
IO S )
5.0 | D |
& )
0'0 — | — | ~5 | L | h
0.0 10.0 20.0 30.0 400 = 50.0

Fi1G. 7: Value of the

vorticity on the boundary (mesh A).
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We observe that 4 refinements seem sufficient to obtain satisfying results. This number of ne-
cessary refinements is confirmed by Figures 8, 9, 10, which give the relative error on the two fields
(stream function and vorticity) versus the number of refinements. Error is no more reduced between
fourth and fifth refinement, so we can estimate that £ = 4 shall be enough and that stability of the
scheme is reached.

0.08

| @—@ Vorticity
-|ll—l Stream function

0.06

0.04

0.02

Relative error (L2—norm)

0.00

0.0 1.0 2.0 3.0 4.0
Number of refinements

F1G. 8: Relative error in L?—norm versus mesh size on mesh A.

‘\ """""" I —evorticty |

|| l— Stream function

Relative error (L2—norm)

0.0 1.0 2.0 3.0 4.0
Number of refinements

F1G. 9: Relative error in L?*—norm versus mesh size on mesh B.

0.08

’g gHVOrticity """""""""""""""""""""""""
€ 0.06 - — Stream function
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F1G. 12: Convergence order after 4 refinements.

We recall that problem (5)-(8) is not stable and error bounds are in h!/? for the L*—norm of
the vorticity and hl~¢ for the H'—norm of the stream function (see Figure 11 or [GR86]). With
techniques described in this paper, we obtain a convergence of order 1 (see Theorem 4). Notice that
numerical results, given on Figure 12, are better than expected: almost O(hi) for the L?>—norm of

the vorticity and of the stream function!

6 Conclusion

We have studied the well-posed Stokes problem in stream function and vorticity formulation. We
have shown that using a space of real harmonic functions is sufficient to obtain convergence with
better estimations than the previous ones. Then, we have proposed a way of approaching numerically
the space of real harmonic functions by refining the initial mesh. We have shown theoretically that,

by this way, we keep convergence with order 1. Numerically, it seems that convergence is obtained
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with order 2 on the L?—norm of the vorticity.

We are actually studying how to prove the convergence with order 2 and how to use the same tech-

nique for the vorticity-velocity-pressure formulation of the Stokes problem, introduced in [Dub92],

which is an alternative in three-dimensional domain to recent work of Amara and al. [ABD99|.
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