DISCRETE VECTOR POTENTIALS FOR NON-SIMPLY
CONNECTED THREE-DIMENSIONAL DOMAINS
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Abstract. In this paper we focus on the representation of a divergence-free vector field, defined
on a connected, non-simply connected domain @ C IR3® with a connected boundary T', by its curl
and its normal component on the boundary. The considered problem is discretized with H(curl)-
and H(div)-conforming finite elements. In order to ensure the uniqueness of the vector potential,
we propose a spanning tree methodology to identify the independent edges. The topological features
of the domain under consideration are here analyzed by means of the homology groups of first and
second order.
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1. Introduction. In numerical magnetostatics, an important task is the dis-
cretization of the magnetic induction field u, verifying the following equations:

(1) curlu=w inQ,
(2) divu=0 inQ,
3) u-np=g onT,

where  is an open subset of IR3, T its boundary, nr the outward going normal to
I', w a given current density and g a scalar function defined on I'. A conforming or
non-conforming discretization that respects (2) is difficult to obtain with the finite
element method [19]. On the other hand, a way to exactly satisfy (2) is to represent
u in terms of a vector potential, i.e., a field p such that

4) u=curlp.

The vector p is not unique but defined up to the gradient of a scalar function. A
classical way to assure the uniqueness of p is to prescribe a gauge condition such as
the Coulomb gauge

(5) divp =0,

and suitable boundary conditions. Moreover, different choices of boundary conditions
for the vector field p are possible and we refer to [3, 4] for existence and uniqueness
results. The vector potential is just a tool for representing the field u and must be
easily computable under some constraints on u. In this paper, we choose to fix the
current density w and the magnetic induction flux g across the entire boundary. We
remark that, if (2) and (3) are satisfied, then the mean value of the function g across
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the boundary of Q is necessarily equal to zero, i.e., fr gdl’ = 0. The chosen problem
can be also read in the framework of fluid-dynamics: for a given vorticity w in  and
mass inflow g across the boundary I" of 2, we look for a velocity field u that satisfies
(1) and (3) in the incompressible case, i.e., under the contraint (2).

We restrict ourselves to the previous problem in a non-simply connected three-
dimensional domain with a connected boundary. For the analysis of the mixed for-
mulation of a similar problem in simply connected domains with a non-connected
boundary, see [10].

Concerning the outline of the paper, in Section 2, after recalling classical results
on vector fields, we split the linear problem in Q into a homogeneous problem in
(i.e., g = 0) and a problem on the boundary of Q (i.e., g # 0). Then, a concrete
construction method of a vector potential p from only the data w and g is presented.
In the discretized problem, the compatibility between these two sub-problems requires
that the discrete field p,, associated with a mesh m in {2 has a tangential component
on each point of the boundary. The major difficulty is the definition of a “good”
discrete space which guarantees the existence of the discrete potential. We start by
a short introduction on the homology groups in Sections 3 and 4. Then in Sections 5
and 6, we adapt the discrete gauge initially proposed by a team of the Ecole polytech-
nique [10, 28] to the case of simply connected domains Q C IR®. Developping more in
detail [11], we generalize in Section 7 to the case of proposed non-simply connected
domains. We finally end in Section 8 by a short overview on the adopted algorithms
and their application in the case where (2 is a torus.

Let us introduce some notations. We consider (2 as a connected bounded domain
of IR?, with a connected regular boundary I'. The scalar product between two vectors
a, b defined in 2 is denoted by a-b whereas their vector product is denoted by a x b.
The tangential component of a vector v on I' is 7u = (nr X u) X npr and we have a
Green formula for regular vector fields u and v that reads:

(6) /v-curlu:/curlv-u-l—/(nva)-u.
Q Q r

The following operators are defined on I as in [9], i.e.,

e the surface gradient, gradru, and surface curl, curlru, of a scalar function u defined
on I curlru = gradpu X nr;

e the surface curl, curlpv, and surface divergence, divpv, of a tangential vector func-
tion v defined on I': divpv = curlp(nr x v).

By duality, these operators are also defined for a scalar ¢ or vector w distributions on
T, as follows:

< gradpt,v>r = -—<t,divpv>r, Vv,
<curlrt,v>r = <t,curlpv>pr, Vv,
<curlpw,u >r = < w,curlru>r, Vu,
<divrw,u >r = < w,gradru>r, Yu.

Here, the duality product < -,- >r of two vectors is the scalar product on ' [9]:

<w,v>p=/ W - V.
r
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The Sobolev spaces L2(Q), H'(f) are Hilbert spaces with their natural norms
[|-]lo,o and ||.||1,o respectively [1]. Following [15], we define

H(div,Q) = {u € L*(Q)?|divu € L?(Q)},
H(curl, Q) = {u € L?(Q)? | curlu € L?(N)3},

and associated norms ||.||giv,0 and ||.||cur1,0. We need also to introduce

H(divo, Q) = {u € H(div, ) |divu = 0},

Hy(div, Q) = {u € H(div,Q) |u-nr =0},

Hy(curl, Q) = {u € H(curl,Q) |u x np =0},

L3(9) = {u € (@) [y u =0},

CL1(Q) = {u € C1(Q) | grad u is a vector of Lipschitz functions } .

In a few words, a domain ) is of class C1'! if it admits a representation through a
CH1(Q) map [15]. Note that the boundary of such a domain has a normal vector
almost everywhere. In the following, given a space S, the notation dim [S] denotes
the dimension of S. If S is a set, its cardinality, i.e., the number of its elements, is
denoted by #5S.

2. The continuous problem. We are interested in the following problem: given
g € L(T) and w € H(divo,Q), find u € HL(Q)? satisfying

curlu=w inQ,
(7 divu=0 in Q,
u-nr=g onI.

If T is smooth, the continuous problem can be easily analysed but the finite
elements to discretize it are quite complicated [19, 10]. If T is polyhedric, then there
are specific difficulties to study the continuous problem [2, 7] but the finite elements
are classical. We recall the main results of regularity for the solution of (7); these
results depend on the regularity of the domain §2. The first result is proven in [2, 15].

PROPOSITION 2.1. Assume that the bounded domain ) is of class C'*' or a convex
polyhedron. Then we have the following continuous embedding

{v e L*(Q)®|curlv € L*(Q)%, divv € L*(Q), v-nr € H/*(T) } = H'(Q)®;

as a consequence, problem (7) has a unique solution, in the sense of distributions,
that belongs to H(Q)3.

The solution u of problem (7) is computed as a sum of two functions that are
solutions of two simpler problems, i.e., u = ug + @ where 1 is a divergence-free lifting
in Q of a function tir defined on T such that

(8) ar-nr =g, divrar =0,
and ug satisfies
curlug =w —curld in Q,

9) divug =0 in Q,
ug-nr =0 onT.
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Note that, thanks to the introduction of a vector potential, (2) is exactly verified,
whereas (1) is satisfied in the sense of distributions. Thanks to a trace result proved
in [5], problem (7) is well-posed even in non-convex polyhedra of R® (such as a
discretized torus).

PROPOSITION 2.2. Let T';, i = 1,...,L, be the faces of the boundary T of a
bounded polyhedron Q. There exists a real number s > 1/2 such that for any function
g € HY/2(0T;), i = 1,...,L, problem (8) has a unique solution i € H*(Q)>. In
addition, for any w € H(divg, Q), problem (9) has a unique solution ug € H®(Q)3.

We end this section by recalling and applying general results on vector fields
defined on a regular bounded domain § of IR®. We refer to [2, 3] and to their included
references for the results. Let us introduce the following spaces.

”

7(Q) = {v e L?(N)?|divv € L*(), curlv € L2(Q)®, v -nr € H/*(T}
N(Q) = {v e L*(Q)?®|divv € L*(Q), curlv € L?(Q)?, v x nr € H'/2(T")%}
( (

b

5 5

Q) ={velL?(Q)®|divv=0,curlv=0,v xnr =0on I}
Pr : X (Q) —» Hr(Q) orthogonal projection operator

Py : Xn(R2) = Hn(Q) orthogonal projection operator

Wi(Q) ={we H'(Q)|divw =0, wxnr =0, [,w-npd[ =0}.

THEOREM 2.3. (Hodge decomposition) For a given u € L*(Q)?, we have two
possible decompositions:

(1) u=grad¢ + curlw + 6
with 0 € Hr(Q) and a unigque (¢, w) verifying ¢ € H(Q) N LE(Q), w € WH(Q);
(44) u=grady + curlp + 9
with n € Hy () and a unique (¢, p) verifying ¢ € HL(Q) and
pe H'(Q)?,divp=0,p-nr =0, Prp=0.

The decomposition (i) (resp. (ii)) of a field u is into three orthogonal components
of the type grad ¢ (resp. grad ), plus curlw (resp. curlp) plus a vector lying in
Hr(9) (resp. Hy(®)).

THEOREM 2.4. (Foias, Temam [12]) Let u € L?(Q2)? and p € H(curl, ) such
that u = curlp, then Pyu=0

If a vector u admits a representation in terms of a vector potential p, i.e., u =
curlp, it clearly satisfies the condition divu = 0. Moreover, for any vector u of the
form (ii), Theorem 2.4 yields Pyu = 0, a condition which precludes flow problems
with sources and sinks, as remarked in [10]. Finally, since the scalar ¢ € Hg (), we
have ¥ = 0. The vector potential p is then the right tool to represent the field u
solution of the considered problem.

In the next section we recall the main properties of the finite elements we are
going to use to discretize p. These finite elements are H (curl, Q)-conforming and by
consequence, the field u will be approximated by H (div, )-conforming finite elements.
In all the paper, we treat the three-dimensional case.
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3. Meshing the domain with cellular complexes. Given a domain Q C IR?
with boundary T, a simplicial mesh m in (2 is a tessellation of Q by tetrahedra, under
the condition that any two of them may intersect along a common face, edge or
node, but in no other way. We denote by Ny, Em, Fm, T (nodes, edges, faces, and
tetrahedra, respectively) the sets of simplices of dimension 0 to 3 thus obtained, and
by N, Epm, Fn, T, their cardinalities. The importance of simplicial meshes lies in
the fact that any triangulated domain is homeomorphic to one in which the triangles
are flat and the edges straight. Properties on the mesh will hold for the domain, as
we are going to present in the following.

, P
0-simplex
(node) 1-simplex
(edge) 2-simplex
(face) 3-simplex
(volume)

FiG. 1. Ezample of oriented p-simplex, p =0,...,3.

First we need to underline some combinatorial properties of the simplicial mesh.
Let M(r,s) denote the set of matrices A whose elements are A(i,j) with 1 <4 <r
and 1 < j < s. Besides the list of nodes and their positions, the mesh data structure
also contains incidence matrices, saying which node belongs to which edge, which edge
bounds which face, etc. [6, 14]. There is a notion of orientation for the simplicies
that has to be taken into account to define the incidence matrices. In short, an edge
is not only a two-node subset of A, but an ordered such set where the order implies
an orientation. Let e = {¢,n} be an edge of the mesh oriented from the node £ to n.
We can define the incidence numbers G, =1, G, = —1 and G = 0 for all nodes
k other than £ and n. These numbers form a rectangular matrix G € M(E;,, Ny),
which describes how edges connect to nodes. A face f = {{,n, k} has three vertices
which are the nodes £, n, k. Note that {n,k,l} and {k,l,n} denote the same face f
whereas {n, [, k} denotes an oppositly oriented face, which is not supposed to belong
to Fp, if f does. An orientation of f induces an orientation of its boundary. So,
with respect to the orientation of the face f, the one of the edge {l,n} is positive and
negative the one of {k,n}. Then, we can define the incidence number R;. = 1 (resp.
—1) if the orientation of e matches (resp. does not match) the one on the boundary of
fand Ry, = 0if eis not an edge of f. These numbers form a matrix R € M(Fy,, En,).
Finally, let us consider the tetrahedron t = {k,l, m,n}, positively oriented if the three
vectors {k,1}, {k,m} and {k,n} define a positive frame (¢' = {l,m, n, k} has a negative
orientation and does not belong to Ty, if ¢ does). A third matrix D € M(Ty,, Fi)
can be defined by setting Dy ; = £1 if face f bounds the tetrahedron ¢, with the sign
depending on whether the orientation of f and of the boundary of ¢ match or not,
and D; s = 0 in case f does not bound ¢. For consistency, we attribute an orientation
to nodes as well. Implicitely, we have been orienting all nodes the same way (+1) up
to now. Note that a sign (—1) to node n changes the sign of all entries of column n
in the above G. It can be easily proven that RG = 0 and DR =0 [6].

We now define the mixed finite elements we use [6, 23, 24, 26]: they are scalar
functions or vector fields associated to all the simplices of the mesh m. We start by
denoting ,, the only continuous, piecewise affine function, which is equal to 1 at n
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and to 0 at other nodes. We set W2 = span {¢,|n € Np}. The degree (zero in
this case) of the elements of W2 refers to the dimension of the simplices they are
associated with (i.e., nodes) and not to the degree of ¢, as a polynomial. To the edge
e, let us associate the vector field w, of the form a x x+ b in each tetrahedron ¢t € 7Tp,:
the two vectors a and b are determined by imposing that the circulation of w, along
e € t is 1 and 0 along the other edges of t. We denote by W, = span {w, |e € &}
Similarly, W2 = span {v¢ | f € F,,} with v; the vector of the form ax + b in each
tetrahedron ¢ € 7,,: the scalar a and the vector b are determined by imposing that
the flux of v across the face f € ¢ is 1 and 0 across the other faces of ¢. Finally, we
introduce W3 = span {u; |t € T,n} where y; is the only scalar whose integral over ¢
is 1 and 0 over the other tetrahedral

Note that, given two adjacent tetrahedra ¢ and ¢' sharing a face f, the function
¢n and both the tangential component of w, and the normal component of vy are
continuous across f whereas the function p; is not. Thanks to these continuity prop-
erties, WO C HY(Q), W}, C H(curl,Q), W2 C H(div,Q), W32 C L%*(Q). The spaces
WP, p=0,1,2,3, have finite dimension given by N, E,, Fpn, T\, respectively and
they play the role of Galerkin approximation spaces for the latter functional spaces.

The properties introduced so far concern the spaces W2, taken one by one. There
are properties of the structure made of the spaces WP when taken together. We know
that the following inclusions hold:

grad W2 c W}, curl W} c W2, divW2 Cc W3 .
It is natural to ask when the sequence

{0} — WO B2 gyl curf g2 A g8 gy

m

is exact at levels 1 and 2, i.e., when it happens that
ker(curl; W) = grad W2, ker(div; W2) = curl W} |
where
ker(curl; W}) := W} Nker(curl), ker(div; W2) := W2 Nker(div) .

At levels 0 and 3, we lose the property of exactitude for the previous sequence be-
cause, at level 0, the gradient operator is not injective, and, at level 3, the divergence
operator is not surjective. The Poincaré lemma states that, when the domain {2 is
contractible [14], the image fills the kernel in both cases. This is not the case with
Q non-simply connected, for example: we have in fact that grad (W?) is a proper
subset of ker(curl; W}.). This tells us something on the topology of 2, namely the

1Given the nodes n,l,m,k, the edge e = {I,m}, the face f = {l,m,k} and the tetrahedron
t = {4,j,k,1}, the generators of the spaces W}, p = 0,1,2,3 respectively, can be also defined as
follows (A, is the barycentric coordinate associated to n)

©n = An, we = A\ grad A\, — Appgrad ),
vy =2 (N grad Am x grad Ay + Am grad A\g x grad A; + A, grad A; x grad Am),
ue = 6(X\; grad\; x grad A\, - grad \; + Aj grad A\, x grad ); - grad \;
+A, grad \; x grad ); - grad \j + \; grad \; x grad \; - grad \) = [vol(¢)] L.
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presence of b; “loops”, where b; = dim [ker(curl; W})/grad (W2)] is the Betti num-
ber of dimension 1 of the domain. Solenoidal fields which are not curls indicate the
presence of by “holes” where by = dim [ker(div; W2)/curl (W})] is the Betti number
of dimension 2 of the domain. These are global topological properties of the meshed
domain: they do not depend on the mesh that is used to compute them but they are
intrinsic to the considered domain 2. The sequences are thus an algebraic tool by
which the topology of 2 can be explored (and this was Whitney’s concern [31]).

The connection between the vector field picture and the cohomological picture in
the electromagnetic context has also been considered more recently in [22, 30].

4. Chains, boundary homomorphism and homology groups. Let m be
the simplicial mesh on Q@ C IR3. A p-chain c is an assignement to each simplex of
dimension p in m of a number a and we denote by Cp(m) the set of all p-chains. The
set Cp(m) has a structure of abelian group with respect to the addition of p-chains;
two p-chains are added by adding the corresponding coefficients.

To give an example, let us consider a path of edges of the mesh m to go from a
point m1 to a point ne: it is an oriented line. Assigning an integer a. equal to +1
or —1 when the edge e belongs to the path and its orientation is in agreement or in
disagreement with that of the path and 0 for all edges e that do not belong to the
path, we define a 1-chain. A circuit is a line plus a way to run along it; so, when the
line is made of oriented edges, we need to tell the positive direction along each edge,
which is precisely what the chain coefficient o, does. We remark that “chain” is a
more general concept than “path”, “circuit”, etc.. In our case, we assume that all
coefficients a; are relative integers.

Next concept is the boundary operator 9, : Cp(m) — Cp_1(m), p > 0. By
definition, we have:

()= Y Genn, &(f)= Y Rpee, )= Y Disf.

n€ENm, e€Em FEFm

Note that 8, is represented by a matrix that is G, R* and D! depending on the
dimension p > 0. We remark in particular that 8p41 0 0, =0, i.e. the boundary of a
boundary is the zero chain.

We will say that a p-chain c is closed if ,c = 0. Non-trivial closed p-chains are
called p-cycles and constitute the subspace Z,(m) = ker(d,; Cp(m)). A p-chain c is
a boundary if there is a (p + 1)-chain + such that ¢ = 9,417. The p-boundaries
constitute the subspace Bp(m) = Opt1 Cpy1(m). Both Z,(m) and By(m) are abelian
groups with respect to the addition of p-chains. Boundaries are cycles but not all
cycles are boundaries: we have in fact that By(m) C Z,(m).

The quotient space H,(m) = [Z,(m)/By(m)] is the homology group of order p
of the mesh m and the Betti number b, is equal to dim[H,(m)]. In particular, we
have that by = dim [ker(grad; WY )] is the number of connected components of Q and
b3 = dim [div(W2,)] is the number of connected components of I' minus one.

Our concern is to determine the cycles that are not boundaries for p = 1 and 2, i.e.,
to computate the generators of Hy(m) and Ha(m). Triangulating a domain reduces
the calculation of Hy(m) to a finite procedure (in Section 8, we present an algebraic
algorithm to define a basis of H,(m), p = 1 and 2): the remarkable thing is that
homology groups, in spite of being defined via triangulation, do measure something
intrinsic and geometrical (they are topological invariants, i.e., they depend on the
domain up to a homeomorphism) that does not depend on the mesh. The homology
groups of a surface have a direct link with the possibility of representing curl-free
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(resp. divergence-free) vectors as gradients (resp. curls). This link is determinant in
the construction of numerical algorithms for solving given problems in terms of scalar
or vector potentials, as we are going to see. A key tool in this construction is the
Euler-Poincaré characteristic of  and its boundary T [14].

REMARK 4.1. Given a connected domain ), the Euler-Poincaré characteristic of
Q is the integer

(10) X(Q) =Ny —Ep + Fp =T,

where Np,, En, Fn, T denote respectively the number of nodes, edges, faces and
tetrahedra of the mesh m discretizing Q.

REMARK 4.2. Given a connected orientable surface T', the Euler-Poincaré char-
acteristic of T' is the integer

(11) X(T) = Ny, — Ep, + Fp,,

where NL | EL | FL denote respectively the number of nodes, edges and triangles of
the mesh mY discretizing T.

The Euler-Poincaré characteristic is linked to the homology groups’ dimension as
follows

x(T) = by — by + b, x(Q) =bg — by + by — bs,

where b}, i = 0,1,2, (resp. b;, i = 0,1,2,3) are the Betti numbers of I' (resp. ). The
major point is that these numbers, and consequently the Euler-Poincaré characteristic,

are topological invariants. For more details on the subject, see [29].

5. Some discrete spaces and tools. Let us consider a triangulation m of Q,
its restriction m! to the boundary T of 2. Let us define the following two functional
spaces on {2 and their analogous on the boundary T':

W2o={veW2|v-nr=0onT}, W2 ={av|veW2},
Who={veWy|vxnr=0onT}, Wi.={rv|veW.}.

Note that W . is the restriction to T of the space W), in the sense that its vectors are
associated to the mesh edges belonging to m'. Similarly, the space Wzlr, also known
as the Raviart-Thomas element space, is the restriction to T' of W2. Its vectors v,
are tangential to I' and, in each triangle f € m!, are determined by imposing that
the flux of v, across the edge e € f is 1 and 0 across the other edges of f. Vectors of
the space Wﬁlr are adapted to represent flux densities that are tangential to T

We look for a discrete approximation u,, of u on the mesh m of the form

(12) u,, = curlp,,

with u,, (resp. pm) lying in W2 (resp. in W},). The uniqueness of the potential p,
is automatically satisfied if we choose p,, € W}., and we add a gauge condition. In
the following, a linear space for the discrete potential p,, is proposed: we treat the
gauge condition in an entirely algebraic way and obtain the so called azial gauge [16].

To define the discrete space of the vector potential, we need some details on the
graph defined in the set of vertices of m by the mesh edges. For a general reference
on graph theory, we suggest [14].
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F1G. 2. In the given mesh m, the thick dark edges compose the spanning tree T and the dashed
ones compose the corresponding co-tree Em \ T. The co-edge e closes a circuit together with the tree
edges B and 7.

A set T of edges of the mesh m such that C;1(7) does not contains any cycle is
called a tree. A tree is a spanning tree if there is no strictly larger tree containing
it. The set of all left-over edges, i.e., &y \ T, is called the associated co-tree and its
elements are the co-edges with respect to 7. Co-edges thus furnish a basis for 1-cycles,
in the sense that, given a co-edge e, there is a unique way to assign an integer a. to
each edge € of the tree in order to get a closed 1-chain: d(e + ) . .race) = 0. In
short, one says that each co-edge e € £, \ T “closes a circuit” C, in conjunction with
edges of the tree (an example is given in Figure 2, where C. = {e} U {8} U {7}).

REMARK 5.1. For a given mesh m of the domain 2, the number of edges contained
in a spanning tree T can be expressed in terms of the Betti numbers of the domain by
means of the following formula (with easy recursive proof)

(13) #T =b1 4+ (N — o) .

For contractible domains, we have #T = N,, — 1. For non-contractible ones, the
spanning tree is enriched of additional edges to take into account that there are 1-
cycles that do not bound a surface (by # 0) (the enriched spanning tree has been called
“belted spanning tree” in [6]).

Now, we explain how to use trees and co-trees to define the proper approximation
space to solve the considered problem. In the following sections, 7 (resp. 7T) always
represents a spanning tree on Q (resp. I').

6. Approximation of the problem in the simply connected case. We are
here interested in solving problem (7); the domain Q and its boundary T" are assumed
to be connected and simply connected. We thus assume that Q is a sphere (up to a
homeomorphism). The non-simply connected case is addressed in the next section.

6.1. Lifting the boundary condition for a sphere. As in [10], given 71 and
g € L§(T), we construct a vector i), in W21 such that divp @i, = 0, @}, -np = g face
by face on I, we show that i, is unique and we define @ € W2 as the divergence-free
lifting of L, in . Problem (8) is thus well-posed.

PROPOSITION 6.1. Let us consider a triangulation m of Q, its restriction m' to
the boundary T of Q, and a spanning tree T* inm'. Let T be a sphere and g € L3(T).
There is a unique divergence-free vector i, € anr of the form

(14) ﬁfn = Z e curl w, w, € W;Lr,
e€EL\TT
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that satisfies

(15) /ﬁ{n-npz/g, VfeF,.
f !

Proof. Let us introduce the two spaces ker(divr; anr) and
V(TY) = span{w, |w, € Wir,e€ EL\T'}.

The curl operator is well defined V(T") — ker(divp; W2,).
The curl mapping V(T") — ker(divp; W2 ) is injective. Let us consider the
vector pL, € V(T') of the form

~T ~
pm = Z ue WC -
e€ET\TT

Let o € EL, \ T* be a given co-edge and let C C {a}UT?T be the associated cycle:

then we have
~T S oA
/pm'TC—ua/Wa'TC—ua;
C a

where 7¢ is the tangential vector to C.

Tc
Ve

F1G. 3. Due to the simple connectedness of I', any circuit C in m' bounds a surface & C T'.

On the other hand, since T' is simply connected, C' is the boundary of a surface
¥ contained in I'. On T, the normal v¢ and tangential 7o vectors to C' are linked to
nr through the relation vo X 7o = nr (see Figure 3). By definition, we have that

(curlpl) - nr = curlr (7pL)) = divr(ph, x nr).
The Stokes theorem and the previous tools yield

Gig = fo pr-7c = fc(f),rn xnr)-vo =[x divp(pL, x nr) = fz(curlf)fn) -nr.

If curl pL, = 0, then G, = 0 for all a € EL \ 7T, yielding p-, = 0.

Let W be the space composed of vectors in ker(divp; W2r) verifying (15) with
g € L(T). The linear spaces V(T') and W have the same dimension. On one hand
we have dim [V(T1)] = EL — (NL — 1) thanks to Remark 5.1, and on the other
hand, dim [W] = F}, — 1. Due to the fact that the Euler-Poincaré characteristic for a
spherical surface is 2, Remark 4.2 yields

EN —NL+1=FL —1.

Given a spanning tree 7! and a scalar function g € L3(T), there is a unique
divergence-free vector of the form (14) and verifying (15). O
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6.2. Interior problem for a sphere. At this point we can write

u, =, + E u.curl w,

e€?

where 11, is the solution of problem (8) in the sense given in Proposition 6.1 and the
symbol “?” in the previous sum is on purpose, to indicate that we do not know yet
to which set of internal co-edges we have to extend the sum. We remark that

Em=EL UEMUEL LUEE

where £, is the set of mesh edges having only one extremity on T, £ is the set of
mesh edges having both extremities in Q and £ the set of mesh edges interior to
but with both extremities on I'.

F1c. 4. In this two-dimensional ezample, the thick dark edges constitute the set 8,2, the dashed
edges define 5;%, the light dark ones compose E1%. Note that here Sg is empty but it is not always
the case with more general three-dimensional meshes m.

We denote 7™ a spanning tree contained in £, T* a subset of £, composed of
one edge, since T is connected, linking 7™ to 71 and

Up, = (ERTUELUEMN\ (T UTY).

In the next proposition, we prove that problem (9) is well-posed at the discrete
level. In particular, given 7" U 7* and a function w € ker(div; W2), we construct a
divergence-free vector u?, € W2 such that curlu®, = w—curli,, in Q and u%,-nr = 0
face by face on I' and we show that u%, is unique.

PROPOSITION 6.2. Let us consider a triangulation m of Q and a spanning tree
Tt T inm\ mb. Let us suppose that §) is a sphere and w € ker(div; W2). There
exists a unique divergence-free vector u € Wﬁm of the form

(16) w) = Z ul curl w,, we € W,
ecuy,

that satisfies
(17) curlu®, = w — curl i, in Q,

where {1, is the divergence-free lifting in Q of L, defined in Proposition 6.1.
Proof. Let us introduce the two spaces ker(div; W%,o) and

V(T TY) = span{w, |w, € W}, e € U}
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The curl operator is well defined V(T¢, T*) — ker(div; W2 ).
The curl mapping V(7™ T*) — ker(div; W2 o) is injective. The proof given for
Proposition 6.1 is the same with p% € V(7' T*) of the form

0 _ j: N
pm_ uewe-

ecUy,
The linear spaces V(7, T*) and ker(div; W2, ;) have the same dimension. Being
#T0 = (N, — NE — 1), #7¢ = 1, on one hand we have
dim V(T T9] = B, — EY — (N, — NE —1+1).
On the other hand, being dim [W2] = F,, and dim [W?, o] = F,,, — F,,, we get
dim [ker(div; Wy, 0)] = Fpn — Fy, — (Tin — 1).

Note that we have T;, — 1 independent relations since divv = 0 and Q is simply
connected, as it is proved in Lemma 4.2 of [10]. By using the Euler-Poincaré charac-
teristics and Remarks 4.1 and 4.2, we get

Em—Ey, — (Nj = NL) = (Fo = F), = (T — 1))
= —(Ny, — Epy + Fyy — Tpy) + (N5, — EL + FL) -1
=-14+2—-1=0.

The present proof can be carried out also at an algebraic level. Proposition 6.2
states that, given 7™ UT*, w € ker(div; W2) and i, the divergence-free lifting in
of 1y, defined in Proposition 6.1, there is a unique divergence-free vector u9, € W72 ,
of the form (16). Moreover, its coefficients u?, e € U9,, on the chosen basis, are the
components of the solution of the linear system

(18) Z ug/gcurlwe-curlwn, =/Qw-w7 —/Qﬁm-w7 Vyeup,.

ecUuy,

The matrix

A= (/ curlw, - curl w.,)
Q e,yEUY,

has full rank: it is in fact the mass matrix for the chosen basis {curlw,|e € U}
(defined on the co-edges) of the space ker(div; W2, ;). Note that A is a symmetric and
positive definite sparse matrix, so that the linear system (18) can be solved iteratively
by using a conjugate gradient method, as first done by Roux [28]. O

REMARK 6.3. Note that £ and &Y can be empty. In this case, there is no
interior spanning tree (T™UT*) and US, = EB. As N,, = NI, Remarks 4.1 and 4.2
yield again

(#Up, =) Em — By, = Fp—Fp — (T — 1) (= dim [ker(div; W}, o)]).

A similar remark can be done in the non-simply connected case.
The function

(19) u, = i, + Z ug curlw,
ecU?,
is then the approximated solution of problem (7). It is natural to ask whether the

computed solution depends or not on the chosen spanning tree. The answer is no, as
we state in the next subsection.
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6.3. Independence on the spanning tree. We remark that the solution does
not depend on the adopted spanning tree if w € ker(div; W2). Let us consider two
boundary and interior spanning trees as well as two sets of mesh edges

TE,  Ti=TEUTE, U, = (EMUELUEE)\ T,
T3s  T=T"UT, Uy,=ERUELUEN\T.

Let u}, be the solution associated with &5, \ T;" on the boundary and with ¢, ; at

the interior (i = 1,2). Let us denote v,, = u}, — u?,. We will prove that v, = 0.
On the boundary we consider v, = Y cor v, curlwe ; since u,-np = uZ,-np = g
on I', we have

/vm-nr =0 erf;,
f

thus v,, - nr = 0 on T, since the family {curlw, |w. € W} ,e € EL\ T}, i=1or
2, is a basis for the space span {curlw, |w. € W} ,ec &L},
In the interior, being w € ker(div; W2), we can write that

w= E we curl w, , W, EW%.
Eegm

We have that, Vw., € Wy, with vy € UJ, | or v € U, »,

/w-wn,: E we/we-curlw,y.
Q Q

e€EEm

The family {curlw, |w, € W,y €U ;},i=1or2, is a basis for ker(div; W2,), so
we have that Vy € E2 U &L UEE and not only Vy € UD, ;,

/w-w.,z E we/we-curlw.y.
Q Q

eEEm
Remarking that Vy € nt U &4 U EB

Joul, -eurlw, = [(w-w,,

Joud, curlw, = [(w-w,,

m

we have that, Vv € £t U &L UEE,

/ Vv -curlw, =0,
Q

that together with v,,, € ker(div; W2) implies v,, = 0.

As we have seen, the final solution does not depend on the particular spanning
tree to gauge the potential. In practice, however, the efficiency of the method does,
via the dependence on the particular tree of the condition number of the “stiffness”
matrix A in (18). This dependence is anyway not too dramatic, as underlined by the
numerical tests presented in the Appendix of [10].
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7. Approximation of the problem in the non-simply connected case. In
the following we turn our attention to the case where 2 and its boundary are non-
simply connected. As an example of such a situation, we assume that 2 is a torus,
up to a homeomorphism. For the torus we have x(I') = 0 and x(Q) = 0. Note that
I" is an “empty” torus while € is a “full” torus. Let us give a look to which are the
differences with the connected and simply connected case.

7.1. Lifting the boundary condition for a torus. Let ST denote the belted
spanning tree on the torus boundary, i.e., S* = 7T U{I;, I}, where 7T is the usual
spanning tree without loops and II;, [Ty are two suitable edges of £L . In particular,
denoted C; and Cs two disjoint loops of T, as presented in Figure 5, we have that

TT U {I;} contains a loop homologous to Ci ,
TT U {II;} contains a loop homologous to Cs .

Note that, with respect to the simply connected case, the spanning tree on the surface
has been enriched according to dim [H;(m')] (two in the case of the torus surface),
as explained in Remark 5.1. Thanks to these added edges, the circuits associated to
all remaining co-edges do bound a surface contained in I" and this is a property that
will be exploited during the proof of the following proposition.

Fi1c. 5. Two disjoint loops C1 and Ca, an exzample of generators of the first homology group
H1(mT) of the torus surface T

PROPOSITION 7.1. Let us consider a triangulation m of Q, its restriction m' to
the boundary T of Q, and a spanning tree S* in m''. Let T be a torus and g € L3(T).
There is a unique divergence-free vector i, € ngr of the form

(20) ﬁfn = Z i, curl w, w, € W,lnr,
c€ET\ST

that satisfies

(21) [k = [ viers.
f f

Proof. The proof is similar to the one for Proposition 6.1. We introduce the two
spaces ker(divp; W2r) and

V(ST) = span {w, | w. € Wkr, e€ &L\ ST}

The curl operator is well defined V(S") — ker(divr; W2r).
The curl mapping V(S") — ker(divr; W2;) is injective. Let us consider the
vector pL, € V(ST) of the form

~T j: A~
pm_ Ue We -

e€EL\ST
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Let a € L \ ST be a given co-edge and let C C {a} UST be the associated cycle.
It can happen either that C is the boundary of a surface ¥ (in this case we repeat
exactly the proof for the simply connected case) or that C is homologous to one of
the two fondamental loops, say Ci1, and so it does not bound a surface. To overcome
the problem, we have to consider the loop C UC1: now, this loop does bound a surface
and we denote by ¥ the corresponding surface (see Figure 6).

Fic. 6. When the circuit C is homologous to one of the two independent loops, say C1, it does
not bound any surface. In this case, we have to consider the loop C UCy that bounds a (lateral, in
this case) surface X.

We have then

~T PN oA
/ P - Tcuc, = ua/ Wq " Tecuc; = Ua,
CUCq @

where Tcue, is the tangential vector to C UCy. We then conclude that 4, = 0 by
following the same steps of the proof for Proposition 6.1.

Let W be again the space composed of vectors in ker(divy; W2 ) verifying (21)
with g € LZ(T). The linear spaces V(S') and W have the same dimension. On one
hand we have dim [V(ST)] = EL — (N5 — 1 + 2) thanks to Remark 5.1, and on the
other hand, dim [W] = FL — 1. Due to the fact that the Euler-Poincaré characteristic
for an empty torus is 0, the equality

EY - N —1=FL -1,

follows from Remark 4.2. O

7.2. Interior problem for a torus. Let C; be the loop that does not bound
any surface of Q and Cy the one that bounds a surface Yo when considered in Q (see
Figure 5). The flux condition

/ u-ng:/ pP-7c, #0
)N %,

yields 7p not identically null. In this case, to solve problem (9) we need to “reactive”
one of the two edges II;, Il excluded in problem (8) and precisely the one associated
with the loop that bounds when we pass from T to Q. In any other case, the degree
of freedom associated to Ils is zero. In the following, we take into account the more
general case where mp # 0 and we assume that II§ = supp (7p). The degree of
freedom associated to this particular edge is equal to the flux of the field u across
the transversal section of the torus. For this feature, from now on, we call II3 the
"flux edge”. Denoting by 7™ the usual spanning tree without loops, we have St =
Tt Y {TI;} and the set U2, is now defined as follows:

5, = (€t UL UEE U{TIE \ (S™ U TY).
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PROPOSITION 7.2. Let us consider a triangulation m of Q, together with a span-
ning tree S U T* in m. Let us suppose that Q is a torus and w € ker(div; W2).
There ezists a unique divergence-free vector ud, € an,o of the form
(22) w, = Z u? curlw, we € W2,

eclty,
that satisfies
(23) curlu?, = w — curl i, in Q,
where 1, is the divergence-free lifting in Q of G, defined in Proposition 7.1.
Proof. Let us introduce the two spaces ker(div; W2, ;) and
V(S T = span {w, |w. € W} ,e € U°}.

The curl operator is well defined V(S™, T*) — ker(div; W2 o).
The curl mapping V(S™, T¢) — ker(div; an,o) is injective. The proof given for
Proposition 7.1 is the same with p9, € V(S™, T*) of the form
p(,)m = Z e W .
ey,
The linear spaces V(S™,T*) and ker(div; W2 ;) have the same dimension. In
fact, we have
dim[V(S™, TH]|=E, —EL, +1— (N — N5 —1+1+1),
dim [ker(div; W2, o)] = F — FL — (T, —1)-1.
Note that now, for the presence of “one hole” in 2, the equation divu = 0 gives
only T, independent conditions. The two are coincident since the Euler-poincaré
characteristic for the “full” torus and its surface is 0.
Once again, the present proof can be carried out also at an algebraic level. Propo-
sition 7.2 states that, given S™ U T*, w € ker(div; W2) and ii,, the divergence-free
lifting in Q of @l defined in Proposition 7.1, there is a unique divergence-free vector

u®, € W2, of the form (22). Moreover, its coefficients u, e € U3, on the chosen
basis, are the components of the solution of the linear system

24 u? curlw, - curlw, = W-Wy — i, W Ve U .
[3 o Y Q Y Q Y m
ety

The matrix

A= (/ curlw, - curl w,y>
Q e,yE€US,

has again full rank but it is no more sparse due to the presence of the basis function
associated to {II3}. O
The function

(25) u, = i, + Z ug curlw,
e€lf,

is then the approximated solution of problem (7) in the non-simply connected case.
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7.3. Case of the sum of k tori. The theory that we have presented can be
generalized to a domain {2 that is the sum of x tori, with the integer k > 1. We have
that

XO)=1-26+1=2(1-%), x(Q)=1-x.
For problem (8), we have to consider
ST = (TF U U{Hz,.l,nzi}> ,
i=1

where 77 is the usual spanning tree without loops and {IIz;_1, Iy;}, for 1 < i < k, is
one pair of suitable edges of £L.. In particular, denoting by Ca;_1 and C; two disjoint
loops as presented in Figure 7, we have that

TP U {21} contains a loop homologous to Ca;—_1 ,

TY U {2} contains a loop homologous to Ca; .

The spanning tree on the surface has been enriched according to dim [H;(m!)] that
is now 2k, as explained in the Remark 5.1. The proof of Proposition 7.1 for problem
(8) does not change globally; concerning the dimension of the approximation and
approximated spaces, we have now

dim[V(SY)] = E}, — (NL, —1+4+2k),  dim[W]=F}. —1.
The two coincide thanks to the Euler-Poincaré characteristic of I'.

C

2i-1

F1G. 7. Two disjoint loops Co;—1 and Co2;, 1 < i < Kk, example of generators of the first homology
group of the ith “empty” torus belonging to the surface of the sum of Kk tori.

Similarly, for 1 < i < k, let C2;_1 be the loop that does not bound any surface of
2 and Cy; the one that bounds a surface ¥; when considered in Q (see Figure 7). For
problem (9) we need to “reactive” one of the two edges IIs; 1, IIs; excluded in problem
(8) and precisely the one associated with the loop that bounds a surface when we pass
from I" to Q. So, being II5, = supp (7p) the flux edges, 1 < i < &, with the vector
p as in Section 7.2, and denoting by 7' the usual spanning tree without loops, we
have

SM = ('ﬁ“t U O{Hzi—1}> ;

i=1



18 Francesca Rapetti, Francois Dubois, Alain Bossavit

and the set U9, is now defined as follows

U = (5;;“ UgL ugBu U{n;,}) \ (S U TH).

i=1

The proof of Proposition 7.2 for problem (9) is unchanged; the dimension of the
approximation and approximated spaces is now

dim[V(S™, T =E, —EL, + k— (N — NL, =1+ £ +1),
dim [Ho(divo,m)] = F — FL, — (T — 1) — K,

and the two coincide thanks to the Euler-Poincaré characteristic of 2 and T'.

REMARK 7.3. Another existing strategy to deal with potential problems in non-
simply connected domains relies on the introduction of “cuts” in the domain. The
big difficulty with this method is the construction of cuts and understand where they
should be introduced. Kotiuga [21] and co-workers have provided o correct definition
of a cut, a constructive algorithm and an implementation of it (see [18] for example).

The “belted tree” approach proposed in this paper allows to achieve a knowledge
about the topological features of the considered domain, if this is not given a priori.
This knowledge is a preliminar step to the introduction of cuts.

8. Algorithmics and a simple example. From a practical point of view, the
determination of the set U2, for simply connected domains is standard and we refer
to [28] for a procedure to construct a particular spanning tree.

This is not the case for the non-simply connected case. The problem is now to
find out the independent loops in order to select explicitely the flux edges previously
introduced. We have, in particular, to select the loops that bound a surface when we
pass from the boundary to the interior. This question can be summarized by saying
that we look for generators of Hj(m) starting from those of H;(m?).

In Section 8.1, we present the algebraic tools and we explain how to use them in
Section 8.2. The very first results for a torus are presented in Section 8.3. We remark
that only the computation of a basis for H;(m) is useful to our purpose of solving
problem (24). In any case, a basis for Ho(m) can be computed with the same tools
and in end of Section 8.2 we give few indications how to proceed with it.

8.1. An integer QR factorization. In this section we present a matrix de-
composition to compute a set of generators of the homology groups of order p = 1
and 2 of Q C IR®. The same algorithm has been used in [25] to detect mesh defects.
The basic idea is to make an integer QR factorization of the matrices G?, Rt and D?.
Given a matrix A € M(r, s), we compute a non-singular unimodular matrix Q (i.e.,
det(Q) = £1) and a permutation matrix P such that R = Q AP is upper triangular.
As shown later, the two matrices @ and P are obtained as products of a certain num-
ber of local matrices Q; ; and P; ; and exhibit the row and column rank deficiency of
A [8]. The key-point of the algorithm is the following property [17]: given a matrix
A € M(r, s) with integer elements, we have

(26) Z" = ker (A?) @ range (A), 7Z* = ker (A) @ range (A?).

To define Q and P, we need two elementary operations. Firstly, the transforma-
tion 71 of a vector v = (€;,¢€;)" into the vector © = (1,0)%. To this purpose, let us



DISCRETE VECTOR POTENTIALS FOR NON-SIMPLY CONNECTED THREE-DIMENSIONAL DOMAINS 19

introduce the elementary matrices

e _ [ €& O eiv—1_ [ €& O
(5 0). @p-(5 0.

and the matrix

de,q C#i,5 q#i,]
Q;?;j(l, 1) (= i g=i
Qi) =4 9i;(1,2) £=i q=]j
o¢(2,1) =3 qg=1
Q?,j(2a2) t=j q=17

In our case, €2 = 1, and the vector 9 = m (v) = Q?}jv. Secondly, we need the permu-
tation 7o of a vector’s components, i.e., the transformation of a vector v = (ez-,e]-)t
into the vector @ = (€j,€;). To this purpose, we have ¥ = ma(v) = Pf}jv, where Pflj
is a permutation matrix; moreover, we introduce a matrix P; ; defined similarly to
Q;,; (using Pf} instead of QF;). We remark that (Pg})~! = Pf., owing to the fact
that Pf. is a permutation matrix and that (Q; ;)™ is defined as Q; ; (using (Q¢,)~"
instead of Qf,lj) In the following, I, denotes the identity matrix of dimension r > 0.

Now we describe the adopted procedure to build up Q and P for a given matrix
A e M(r,s).

Procedure : We set Q = Q% € M(r,r), P =P° € M(s,s). We loop on the column
index 7,1 <j<s:

1. we define V; = {i|min{j,r} < ¢ < min{s,r}, A®3,j) # 0} and we put k
equal to the cardinality of V;, 41 equal to the smallest integer in V; and i
equal to the smallest integer in V; \ {i1}.

2. In case k =0 : let P; . be the matrix of the transformation 72 that permutes
the jth column of A with the zth one. The zth column is chosen to be the
first column, starting from the last one in A, for which it exists a row index s
such that A(s, z) # 0. If the index 2z exists, P «— PP, ., A +— AP;, and
we go back to step 1, otherwise we stop the Procedure.

3. In case k # 0 but A(j,j) = 0, we apply a partial pivot strategy. Let Q;;, be
the matrix of the transformation m» that permutes the jth row with the 4;th
one; then, Q +— Q;;, Q, A+— Q;; A, i +— j and we go to step 4.

4. In case k > 2 and A(j,j) # 0, let Q'fi,h be the matrix of the transformation
71 applied to the vector (A(i1,j), A(i2, )" and Q;, ;, the associated matrix,
then Q +— Q;, 4, @, A +— Q;, i, A and we go back to step 1.

5. In case k =1 and A(j,5) # 0, then j «— j + 1 and we go back to step 1.

Starting with Q° = I, and P° = I,, at the end of the Procedure, the matrix A has
been replaced by R, an upper triangular one. If this new matrix R does not contain
zero rows, then dim [range(R)] = r. Otherwise dim [ker(R?)] = r — dim [range(R)].
We remark that the procedure converges and its computational cost is similar to the
one of a QR decomposition by using Givens transformations.

8.2. Computation of homology group generators. Now, the question is
how can we use the previous procedure to compute the generators of H,(m) for p =1
and 2. To compute a set of generators for Hy(m), we proceed as follows.
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-40" 40

Fic. 8. An example of surface discretization for the torus.

(i) We apply the Procedure with A = R, Q° = I, P° = I, and we get
two invertible matrices Qr and Pg such that Rr = Qg R!Pr is upper
triangular. The 1-cycles which bound a surface belong to the image of the
matrix R? that is also the image of Rg.

(i) We define G* = Gt Qg': in this way we make a change of basis for the
1-chains. Looking at G* we see immediately from the presence of n. zero
columns that the corresponding columns of Ql_{l represent vectors that belong
to the kernel of G*. If dim [range (R!)] = dim [ker (G?)] then any 1-cycle
bounds. In the other case, we apply the Procedure with A = Gt, Q° = Iy,
PO = Ig,, —n.. We then obtain two invertible matrices Qz and Pg such that
R = Qg Gt Py is upper triangular.

(iii) The rows in Pg, corresponding to zero rows in R, represent the vectors that
complete the kernel of Gt. In fact, we are looking for ¢ such that Gt¢ = 0.
This is equivalent to G*v = 0 where v has zero in the first n. components
and, in the last E,, — n., any row in Pg corresponding to a new zero row
in R5. Then, the components of ¢ = Ql_{l v are the coefficients of a 1-chain,
generator of Hy(m).

To determine the generators of Hs(m), it is sufficient to perform parts (i), (ii),
(iii) with D¢ at the place of R! and R! at the place of G*.

8.3. Numerical results on the torus. As an application, we consider the case
of a torus. We discretize it by means of a mesh m of 596 tetrahedra and 179 nodes.
The discretization of Q induces a discretization of the surface, denoted m', composed
of 288 triangles and 144 nodes (see Figure 8).

We apply the Procedure presented in Section 8.2 to the matrices Rt and G? of the
surface I'. At this point we have a basis for the 1-cycles of the mesh m! that are not
boundaries, i.e., a basis for Hy(m!) (see Figures 9 and 10). Note that the loops C1
and C» run around the two ”holes” of the torus surface.

We want now to put in evidence the loop that bounds a surface when considered
as l-cycles of the mesh m in Q. In other terms, in the set of the two computed
generators for Hy(m'), we look for the one that generates Hy(m).

Let ¢ be an element of H; (mr) and v. the vector whose components are the
coefficients of ¢, for the edges e € €L, and zero, for e € &, \ £L,. We apply the
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F1G. 9. Wireframe representation of the loop Ca, one of the two generators of the first homology
group of the torus surface.

-

F1g. 10. Wireframe representation of the loop C1, one of the two generators of the first homology
group of the torus surface.

Procedure to the matrix R! associated to the mesh m in  and we transform it into
an upper triangular matrix of the form Rr = Qg R! Pg. Finally, we consider the
vector w, = Q}}l ve. If w, = 0, then the 1-chain ¢ is homologous to zero in ) (see
Figure 9); if w. # 0, then the 1-chain c¢ is also a generator of Hy(m) (see Figure 10).
In our case, the loop C; is detected to be the element of a basis for Hy (m). Note that
the adopted Procedure can be optimized in several ways, as, for example, by looking
for those generators with the minimum number of edges or faces, by applying the
Procedure to suitable portions of the whole meshes, as well as by using a suitable data
format [13].

The two loops C; and Cy are used as follows. For the lifting of the boundary
condition, the set ST of “null degrees of freedom” is a belted spanning tree obtained
by adding to the standard spanning tree 7' two edges, IT; € C; and II5 € Co, chosen in
an arbitrary way, with II; # II,. These two edges correspond to non-zero components
in the vector w. of the coefficients of the 1-chains ¢ that generate Hy(m').

For the interior problem, the set of active edges I:ISI is obtained by adding a flux
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edge II} to the set U9, the latter selected with the algorithm devoted to a simply-
connected domain. We conclude by remarking that II3, the edge that has to be
re-actived when passing from the boundary to the interior, to solve problem (24), can
be chosen to be any edge e € £L, for which the corrisponding coefficient in the 1-chain
c is non-zero.

9. Conclusions. In this paper, we have studied the representation of a solenoidal
vector field in terms of a vector potential. The considered problem has been split in
two parts, a lifting problem of the boundary condition and an internal problem with
homogeneous boundary conditions.

The edge elements are a natural tool to compute vector potentials. On the other
hand, the gauge condition, which is necessary to assure the potential uniqueness, is
taken into account in a fully discrete way and expressed in terms of suitable set of
active mesh edges (active in the sense that the associated degree of freedom is a priori
different from zero).

According to the authors’ knowledge, the problem of the computation of the
vector potential is well understood for three-dimensional bounded domains which are
connected and simply connected, even with a connected but non-simply connected
boundary. Here, we have presented a method to compute the vector potential for
three-dimensional bounded domains which are connected but non-simply connected,
with a connected boundary. The case of three-dimensional bounded domains which
are non-simply connected with a non-connected boundary has not been considered in
the present work.
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