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Abstract

A central problem motivated by Diophantine approximation is to determine the size
properties of subsets of Rd (d ∈ N) of the form

Fϕ = {x ∈ Rd | ‖x− xi‖ < ϕ(ri) for infinitely many i ∈ I}

where ‖·‖ denotes an arbitrary norm, I a denumerable set, (xi, ri)i∈I a family of elements
of Rd × (0,∞) and ϕ a nonnegative nondecreasing function defined on [0,∞). We show
that if FId, where Id denotes the identity function, has full Lebesgue measure in a given
nonempty open subset V of Rd, the set Fϕ belongs to a class Gh(V ) of sets with large
intersection in V with respect to a given gauge function h. We establish that this class is
closed under countable intersections and that each of its members has infinite Hausdorff g-
measure for every gauge function g which increases faster than h near zero. In particular,
this yields a sufficient condition on a gauge function g such that a given countable
intersection of sets of the form Fϕ has infinite Hausdorff g-measure. In addition, we supply
several applications of our results to Diophantine approximation. For any nonincreasing
sequence ψ of positive real numbers converging to zero, we investigate the size and large
intersection properties of the sets of all points that are ψ-approximable by rationals,
by rationals with restricted numerator and denominator and by real algebraic numbers.
This enables us to refine the analogs of Jarńık’s theorem for these sets. We also study the
approximation of zero by values of integer polynomials and deduce several new results
concerning Mahler’s and Koksma’s classifications of real transcendental numbers.

1. Introduction

In Diophantine approximation, one is often interested in determining the size properties
of subsets of Rd (d ∈ N) of the form

Fϕ =
{
x ∈ Rd

∣∣ ‖x− xi‖ < ϕ(ri) for infinitely many i ∈ I
}

(1·1)

where ‖·‖ denotes an arbitrary norm, I a denumerable set, (xi, ri)i∈I a family of elements
of Rd× (0,∞) and ϕ a nonnegative nondecreasing function defined on [0,∞). When this
set has Lebesgue measure zero, one usually seeks its Hausdorff dimension and even aims
at determining its Hausdorff h-measure Hh (see Section 2 for the definition) for every
gauge function h when a more accurate information is needed.
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Definition. A gauge function is a nondecreasing function h defined on [0, ε] for some
ε > 0 and such that lim 0+ h = h(0) = 0. The set of gauge functions is denoted by D.

In this paper we show that a very simple hypothesis on (xi, ri)i∈I suffices to ensure that
the set Fϕ enjoys a large intersection property. As a by-product, we obtain a sufficient
condition on h ∈ D such that a given countable intersection of sets of the form (1·1) has
infinite Hausdorff h-measure.

The prototype of all sets of the form (1·1) is the set

J1,τ =

{
x ∈ R

∣∣∣∣∣
∣∣∣∣x− p

q

∣∣∣∣ < q−τ for infinitely many (p, q) ∈ Z× N

}
of all real numbers that are τ -approximable by rationals (τ > 0). A well-known theorem of
Dirichlet ensures that J1,τ = R if τ 6 2, see [22]. In the opposite case, J1,τ has Lebesgue
measure zero and Jarńık and Besicovitch established that its Hausdorff dimension is 2/τ ,
see [10, 25]. In addition, K. Falconer [20] proved that J1,τ enjoys a large intersection
property in the sense that it belongs to the class G2/τ (R). Recall that the class Gs(Rd)
of sets with large intersection of Hausdorff dimension at least a given s ∈ (0, d] is the
collection of all Gδ-subsets F of Rd that satisfy

dim
∞⋂
n=1

fn(F ) > s (1·2)

for every sequence (fn)n∈N of similarities, where dim stands for Hausdorff dimension. It
is the maximal class of Gδ-sets of Hausdorff dimension at least s that is closed under
countable intersections and similarities. K. Falconer introduced it in order to supply
a general setting for various families of sets of dimension at least s which enjoy the
remarkable property that countable intersections of the sets also have dimension at least
s, see [20]. This property is somewhat counterintuitive because the dimension of the
intersection of two subsets of Rd of dimensions d1 and d2 respectively is usually expected
to be d1 + d2 − d, see [21, Chapter 8].

The set J1,τ can be generalized in the following manner. Let ψ = (ψ(q))q∈N be a
nonincreasing sequence of positive real numbers converging to zero and let

Kd,ψ =

{
x ∈ Rd

∣∣∣∣∣
∥∥∥∥x− p

q

∥∥∥∥ < ψ(q) for infinitely many (p, q) ∈ Zd × N

}
be the set of all points that are ψ-approximable by rationals. Note that this set is of
the form (1·1). Khintchine [27] established that it has full (resp. zero) Lebesgue measure
in Rd if

∑
q ψ(q)dqd = ∞ (resp. < ∞). Jarńık [26] described more precisely the size

properties of Kd,ψ. Specifically he determined its Hausdorff h-measure for h in the set
Dd that is defined as follows.

Definition. Let Dd be the set of all h ∈ D such that r 7→ h(r)/rd is positive and
nonincreasing on (0, ε] for some ε > 0.

It is easy to check that any function in Dd is continuous in a neighborhood of zero. For
g, h ∈ Dd, let us write g ≺ h if g/h monotonically tends to infinity at zero. Moreover,
let Id denote the identity function. The result of Jarńık, later refined by V. Beresnevich,
D. Dickinson and S. Velani [7], is the following: for every h ∈ Dd with h ≺ Idd, the set
Kd,ψ has infinite (resp. zero) Hausdorff h-measure if

∑
q h(ψ(q))qd = ∞ (resp. < ∞).



Sets with large intersection and ubiquity 3

This criterion yields the Hausdorff dimension sd,ψ of Kd,ψ. On top of that, the results
of Section 4 enable to show that Kd,ψ belongs to the class Gsd,ψ (Rd) of sets with large
intersection when sd,ψ > 0. However, this property is not really satisfactory for the
following reasons. While ψ is a refinement of (q−τ )q∈N, the class Gsd,ψ (Rd) of K. Falconer
which contains Kd,ψ cannot give a precise account of the potential complexity of ψ. More
generally, the fact that a given set belongs to Gs(Rd) (0 < s 6 d) shows that it enjoys
a large intersection property and is of dimension at least s, but yields no more accurate
information as regards its size.

This is mainly to cope with that problem that we introduce in Section 2 new classes
of sets with large intersection which are finer than those of K. Falconer. To be specific,
given a gauge function h ∈ Dd and a nonempty open subset V of Rd, we define a class
Gh(V ) of sets with large intersection in V with respect to h. The class Gh(V ) is closed
under countable intersections and each of its members has infinite Hausdorff g-measure,
for every gauge function g ∈ Dd with g ≺ h. Moreover, the classes Gh(V ) allow to
perform a precise study of the large intersection properties of Kd,ψ. Indeed, Theorem 5
in Section 4 shows that for every gauge function h ∈ Dd and every nonempty open subset
V of Rd, the set Kd,ψ belongs to Gh(V ) if and only if

∑
q h(ψ(q))qd diverges. This result

also completely describes the size properties of Kd,ψ. Specifically, for h ∈ D, let

hd : r 7→ rd inf
ρ∈(0,r]

h(ρ)
ρd

. (1·3)

If
∑
q hd(ψ(q))qd = ∞ (resp. < ∞), then Hh(Kd,ψ ∩ V ) = Hh(V ) (resp. = 0) for every

open V . This is an extension of Jarńık’s theorem to all the gauge functions in D.
Furthermore, since the set L1 of all Liouville numbers may be expressed as a countable

intersection of sets of the form K1,ψ, we can infer its size and large intersection properties,
thereby improving a result of L. Olsen and D. Renfro [31, 32]. Note that L1 cannot belong
to any class of K. Falconer since its Hausdorff dimension is zero. Thus it is necessary to
use the classes Gh(V ) in order to study the large intersection properties of this set.

A. Baker and W. Schmidt [2] as well as V. Beresnevich [3] and Y. Bugeaud [12, 15]
investigated the size properties of another generalization of J1,τ , where the real numbers
are approached by real algebraic numbers rather than rationals only. For n ∈ N, let An be
the set of all real algebraic numbers of degree at most n. The height H(a) of a ∈ An is the
maximum of the absolute values of the coefficients of its minimal defining polynomial over
Z. Let ψ = (ψ(q))q∈N be a nonincreasing sequence of positive real numbers converging
to zero and let

An,ψ =
{
x ∈ R

∣∣ |x− a| < ψ(H(a)) for infinitely many a ∈ An
}

be the set of all real numbers that are ψ-approximable by real algebraic numbers of de-
gree at most n. V. Beresnevich [3] established a Khintchine-type result for An,ψ. This set
has full (resp. zero) Lebesgue measure in R if

∑
h ψ(h)hn = ∞ (resp. < ∞). Moreover,

Y. Bugeaud [12] proved an analog of Jarńık’s theorem: for every g ∈ D1 with g ≺ Id, the
set An,ψ has infinite (resp. zero) Hausdorff g-measure if

∑
h g(ψ(h))hn = ∞ (resp. <∞).

In [15] he also showed that An,ψ enjoys a large intersection property when ψ is the prod-
uct of (h−ω−1)h∈N, for ω > n, and a logarithmic correction. As a complement, Theorem 9
in Section 4 shows that for every gauge function g ∈ D1 and every nonempty open subset
V of R, the set An,ψ belongs to Gg(V ) if and only if

∑
h g(ψ(h))hn diverges. This yields

new results concerning Koksma’s classification of real transcendental numbers [28]. In
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addition, Theorem 9 completely describes the size properties of An,ψ: for every g ∈ D

and every open V , we have Hg(An,ψ ∩ V ) = Hg(V ) (resp. = 0) if
∑
h g1(ψ(h))hn = ∞

(resp. <∞), where g1 is defined as in (1·3).
The previous examples are studied in detail in Section 4. We also investigate the size

and large intersection properties of the sets which occur in simultaneous inhomogeneous
Diophantine approximation, in Diophantine approximation with restrictions and in the
context of the approximation of zero by values of integer polynomials. This last problem
is related to Mahler’s classification of real transcendental numbers [30].

Let us consider the set Fϕ given by (1·1) again. By covering Fϕ appropriately, it is
usually obvious to supply a sufficient condition on a gauge function h to ensure that it
has zero Hausdorff h-measure. Conversely, it is often much more difficult to provide a
sufficient condition on h such that Fϕ has infinite h-measure. This problem was basi-
cally solved by Y. Bugeaud [14] in the case where the family (xi, ri)i∈I comes from an
optimal regular system of points. In dimension d = 1, Y. Bugeaud even proved in [15]
that Fϕ enjoys a large intersection property. Under the same hypothesis, A. Baker and
W. Schmidt [2] had given an accurate lower bound on the Haudorff dimension of Fϕ.
Likewise, the problem was solved by V. Beresnevich, D. Dickinson and S. Velani [7] in
the case where (xi, ri)i∈I forms a ubiquitous system. A similar notion had been intro-
duced by M. Dodson, B. Rynne and J. Vickers [16] in order to give a lower bound on
the dimension of Fϕ. In addition, J.-M. Aubry and S. Jaffard [1, 24] investigated the
problem with a view to performing the multifractal analysis of some random processes.
The trouble is that the notions of optimal regular system and of ubiquitous system in
the sense of [7] are rather technical. In addition, whereas the large intersection prop-
erties of Fϕ have been exhibited in some particular cases (e.g. the set J1,τ of all real
numbers that are τ -approximable by rationals [20] or the set of all real numbers that
are approached by the points of an optimal regular system [15]), they have never been
investigated systematically.

We show in this paper that a very simple hypothesis on the family (xi, ri)i∈I suffices
to ensure that Fϕ always belongs to a certain class Gh(V ) of sets with large intersection.
On the one hand, this supplies a sufficient condition on g ∈ D such that Fϕ has infinite
Hausdorff g-measure. On the other hand, this enables to investigate the size properties
of a countable intersection of sets of the form (1·1). The aforementioned hypothesis is
that the set

FId =
{
x ∈ Rd

∣∣ ‖x− xi‖ < ri for infinitely many i ∈ I
}

has full Lebesgue measure in a given nonempty open subset V of Rd. In this case,
(xi, ri)i∈I is called a homogeneous ubiquitous system in V . This kind of property can
easily be established if a Khintchine-type result holds. By way of illustration, the family
(p/q, ψ(q))(p,q)∈Zd×N is a homogeneous ubiquitous system in Rd if

∑
q ψ(q)dqd = ∞ by

virtue of Khintchine’s theorem. In the same vein, (a, ψ(H(a)))a∈An is a homogeneous
ubiquitous system in R if

∑
h ψ(h)hn = ∞. More generally, a result of V. Beresnevich [4]

enables to prove that an optimal regular system of points leads to a homogeneous ubiq-
uitous system. Thus the results of this paper are relevant in all the situations where
optimal regular systems of points arise.

Theorem 2 in Section 3 shows that if (xi, ri)i∈I is a homogeneous ubiquitous system
in a fixed nonempty open subset V of Rd, the set Fϕ lies in the class Gh(V ) for every
gauge function h ∈ Dd and every function ϕ which coincides with the pseudo-inverse
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function of h1/d in a neighborhood of zero. Basically, this theorem systematically converts
a Khintchine-type result into a large intersection property. For example, it implies that
Kd,ψ ∈ Gh(V ) if

∑
q h(ψ(q))qd = ∞. In practice, Theorem 2 also enables to effortlessly

deduce a Jarńık-type result from a Khintchine-type one. This way, we establish that
Hh(Kd,ψ ∩V ) = Hh(V ) for every h ∈ D with

∑
q hd(ψ(q))qd = ∞. We refer to Section 4

for many other applications of Theorem 2.
The paper is organized as follows. We define in Section 2 the class Gh(V ) of sets with

large intersection in a given nonempty open subset V of Rd with respect to a given gauge
function h ∈ Dd and we state its main properties. This is the purpose of Proposition 1 and
Theorem 1. In Section 3 we introduce the notion of homogeneous ubiquitous system in a
given nonempty open subset V of Rd and we state Theorem 2, which describes the large
intersection properties of the set Fϕ defined by (1·1) when (xi, ri)i∈I is a homogeneous
ubiquitous system. Section 4 provides several applications to the theory of Diophantine
approximation. We investigate the size and large intersection properties of the set of
all points that are ψ-approximable by rationals (in the homogeneous case as well as in
the inhomogeneous one), by rationals with restricted numerator and denominator and
by real algebraic numbers. Moreover, we study the approximation of zero by values
of integer polynomials and we deduce some results concerning Mahler’s and Koksma’s
classifications of real transcendental numbers. Section 5 and Section 6 are devoted to
proving Theorem 1, Theorem 2 and ancillary results.

2. Sets with large intersection

Recall that the set D of gauge functions is defined at the beginning of Section 1. For
every h ∈ D, the Hausdorff h-measure of F ⊆ Rd is given by

Hh(F ) = lim
δ↓0

↑ inf
F⊆

S
p Up

|Up|<δ

∞∑
p=1

h(|Up|).

The infimum is taken over all sequences (Up)p∈N of sets with F ⊆
⋃
p Up and |Up| < δ for

all p ∈ N, where | · | denotes diameter. Note that Hh is a Borel measure on Rd, see [33].
The Hausdorff dimension of a nonempty set F ⊆ Rd is defined by

dim F = sup{s ∈ (0, d) | HIds(F ) = ∞} = inf {s ∈ (0, d) | HIds(F ) = 0}

with the convention that sup ∅ = 0 and inf ∅ = d, see [21].
The classes of sets with large intersection considered by K. Falconer in [20] only refer

to the functions Ids, where s ∈ (0, d]. Those introduced in this section are associated with
the functions that belong to the set Dd defined in Section 1. The classes of K. Falconer
also necessarily refer to a large intersection property in the whole space Rd because
all similarities come into play in their definition, see (1·2). However, large intersection
properties are often investigated in a subset of Rd, see Section 3 and Section 4. Thus the
classes that we introduce are not defined using similarities. Instead, we make use of outer
net measures analogous to those which arise in the study of the Ms

∞-dense construction
of K. Falconer [19] or characterize the classes Gs(Rd), see [20, Theorem B].

Given an integer c > 2, let Λc be the collection of all c-adic cubes of Rd, that is, sets of
the form λ = c−j(k + [0, 1)d) for j ∈ Z and k ∈ Zd. The integer j is the generation of λ,
denoted by 〈λ〉c. For any h ∈ Dd, the set of all ε ∈ (0, 1] such that h is nondecreasing on
[0, ε] and r 7→ h(r)/rd is nonincreasing on (0, ε] is nonempty. Let εh denote its supremum
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and let Λc,h be the set of all cubes λ ∈ Λc with |λ| < εh. The outer net measure associated
with h ∈ Dd is defined by

∀F ⊆ Rd Mh
∞(F ) = inf

(λp)p∈N∈Rc,h(F )

∞∑
p=1

h(|λp|) (2·1)

where Rc,h(F ) is the set of all sequences (λp)p∈N in Λc,h ∪ {∅} enjoying F ⊆
⋃
p λp. The

outer measure Mh
∞ is related to Hh, see [33, Theorem 49]. In particular, if a subset F

of Rd enjoys Mh
∞(F ) > 0 then Hh(F ) > 0. We can now define the classes of sets with

large intersection we are interested in. Recall that a Gδ-set is one that may be expressed
as a countable intersection of open sets.

Definition. Let h ∈ Dd and let V be a nonempty open subset of Rd. The class Gh(V )
of subsets of Rd with large intersection in V with respect to h is the collection of all
Gδ-subsets F of Rd such that Mg

∞(F ∩ U) = Mg
∞(U) for every g ∈ Dd enjoying g ≺ h

and every open set U ⊆ V .

Remarks. Proposition 13 in Section 5 shows that Gh(V ) depends on the choice of
neither the integer c nor the norm Rd is endowed with, even if they affect the construction
of Mg

∞ for any g ∈ Dd with g ≺ h.
Y. Bugeaud [15] generalized the classes of K. Falconer as follows. For any gauge func-

tion h, Gh(Rd) denotes the class of all Gδ-subsets F of Rd such that

Hg

( ∞⋂
n=1

fn(F )

)
= ∞ (2·2)

for every sequence (fn)n∈N of similarities and every gauge function g ≺ h. However, the
stability of Gh(Rd) under countable intersections is proven in [15] for only very specific
gauge functions h. First, the gauge functions considered by Y. Bugeaud are strictly
increasing and concave in a neighborhood of the origin. Second, in order to prove the
implication (b) ⇒ (c) of [15, Theorem 6] just by adapting the proof of [20, Theorem B]
as Y. Bugeaud did, it is necessary to assume that the gauge functions enjoy a certain
scaling property.

The next proposition follows immediately from the definition of Gh(V ).

Proposition 1. Let h ∈ Dd and let V be a nonempty open subset of Rd. Then
(a) Gh1(V ) ⊇ Gh2(V ) for every h1, h2 ∈ Dd with h1 ≺ h2;
(b) Gh(V1) ⊇ Gh(V2) for every nonempty open sets V1, V2 ⊆ Rd with V1 ⊆ V2;
(c) Gh(V ) =

⋂
g Gg(V ) where g ∈ Dd enjoys g ≺ h;

(d) Gh(V ) =
⋂
U Gh(U) where U is a nonempty open subset of V ;

(e) every Gδ-set which contains a set of Gh(V ) also belongs to Gh(V );
(f) F ∩ U ∈ Gh(U) for every F ∈ Gh(V ) and every nonempty open set U ⊆ V .

As shown by the following theorem, the class Gh(V ) enjoys the same kind of stability
properties as the class Gs(Rd) of K. Falconer, see [20, Theorem A].

Theorem 1. Let h ∈ Dd and let V be a nonempty open subset of Rd. Then
(a) the class Gh(V ) is closed under countable intersections;
(b) the set f−1(F ) belongs to Gh(V ) for every bi-Lipschitz mapping f : V → Rd and

every set F ∈ Gh(f(V ));
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(c) every set F ∈ Gh(V ) enjoys Hg(F ) = ∞ for every g ∈ Dd with g ≺ h and in
particular dim F > sh = sup {s ∈ (0, d) | Ids ≺ h}.

Theorem 1 is proven in Section 5. For any h ∈ Dd, it enables us to relate Gh(Rd) to the
classes of K. Falconer and those of Y. Bugeaud. Indeed, for F ∈ Gh(Rd), this theorem
shows that (2·2) holds for every sequence (fn)n∈N of similarities and every g ∈ Dd with
g ≺ h. In particular (1·2) holds with s = sh. Thus Gh(Rd) is included in the class Gh(Rd)
of Y. Bugeaud and is strictly included in the class Gsh(Rd) of K. Falconer if sh > 0.

Let us mention another important consequence of Theorem 1. Let h ∈ Dd and let V
be a nonempty open subset of Rd. For every sequence (Fn)n∈N of sets of the class Gh(V ),

∀g ∈ Dd g ≺ h =⇒ Hg

( ∞⋂
n=1

Fn

)
= ∞.

Hence dim
⋂
n Fn > sh. In addition, if the dimension of Fn is at most sh for some n ∈ N,

the previous intersection is of dimension sh.
Since the classes Gh(V ) are defined for h ∈ Dd only, we shall restrict ourselves to the

gauge functions in Dd when we investigate large intersection properties. Moreover, when
we study size properties, we should consider all the gauge functions in D because the
Hausdorff measures are defined for all these functions. The following result shows that
it generally suffices to consider the gauge functions in Dd. Recall that for any h ∈ D the
function hd is defined by (1·3) with hd(0) = 0 and observe that hd coincides with h in a
neighborhood of the origin when h ∈ Dd.

Proposition 2. For every h ∈ D, we have hd ∈ Dd ∪ {0}. Moreover, there is a real
number κ > 1 such that for every h ∈ D and every F ⊆ Rd,

Hhd(F ) 6 Hh(F ) 6 κHhd(F ).

The proof of Proposition 2 is omitted because it is a straightforward extension of that
of [32, Lemma 2.2] to any dimension d ∈ N. Note that for h ∈ D, if h(r)/rd tends to
infinity as r → 0, every nonempty open subset of Rd has infinite Hausdorff h-measure.
Otherwise, hd(r) = O(rd) as r → 0 so that Hhd is finite on every compact subset of Rd.
By Proposition 2, the measure Hh is also finite on compacts. Since it is a translation
invariant Borel measure, it coincides up to a multiplicative constant with the Lebesgue
measure on the Borel subsets of Rd.

3. Homogeneous ubiquity

Let I denote a denumerable set and let Sd(I) be the set of all families (xi, ri)i∈I of
elements of Rd × (0,∞) such that

sup
i∈I

ri <∞ and ∀m ∈ N #
{
i ∈ I

∣∣∣∣ ‖xi‖ < m and ri >
1
m

}
<∞.

This last condition is equivalent to the fact that for every bounded set E ⊆ Rd and every
ε > 0 there are at most finitely many i ∈ I satisfying xi ∈ E and ri > ε.

Let (xi, ri)i∈I ∈ Sd(I) and let ϕ : [0,∞) → R be a nonnegative nondecreasing function.
We shall study the large intersection properties of

Fϕ =
{
x ∈ Rd

∣∣ ‖x− xi‖ < ϕ(ri) for infinitely many i ∈ I
}
. (3·1)

Note that Fϕ depends on ϕ only through its local behavior at zero. Indeed, Fϕ̃ = Fϕ for
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every nonnegative nondecreasing function ϕ̃ : [0,∞) → R that coincides with ϕ in a neigh-
borhood of the origin. Moreover Fϕ is a Gδ-set since Fϕ =

⋂∞
n=1

⋃∞
n′=nB(xin′ , ϕ(rin′ ))

for any enumeration (in)n∈N of I, with the convention that every open ball B(x, r) with
center x ∈ Rd is empty if its radius r vanishes. Theorem 2 below states that, under cer-
tain hypotheses on ϕ, Fϕ is a set with large intersection if the family (xi, ri)i∈I satisfies
the following definition.

Definition. Let I be a denumerable set and let V be a nonempty open subset of Rd. A
family (xi, ri)i∈I ∈ Sd(I) is called a homogeneous ubiquitous system in V if the set FId

given by (3·1) with ϕ = Id has full Lebesgue measure in V .

Remarks. As shown by Proposition 15 in Section 6, if (xi, ri)i∈I ∈ Sd(I) is a homo-
geneous ubiquitous system in V , so is (xi, κri)i∈I for every κ > 0. Thus the fact that
(xi, ri)i∈I ∈ Sd(I) is a homogeneous ubiquitous system in V does not depend on the
choice of the norm Rd is endowed with.

Let (xi, ri)i∈I ∈ Sd(I) be a homogeneous ubiquitous system in V . It is also a ho-
mogeneous ubiquitous system in every nonempty open subset of V . Furthermore, for
any η > 0 the set Iη,V of all i ∈ I such that xi ∈ V and ri 6 η is denumerable and
(xi, ri)i∈Iη,V ∈ Sd(Iη,V ) is a homogeneous ubiquitous system in V .

As an example, for any integer c > 2 the family (kc−j , c−j)(j,k)∈N×Zd is a homogeneous
ubiquitous system in Rd. Likewise, by Dirichlet’s theorem, for every x ∈ Rd there are
infinitely many (p, q) ∈ Zd × N such that ‖x − p/q‖∞ < q−1−1/d, where ‖ · ‖∞ denotes
the supremum norm, see [22, Theorem 200]. It follows that (p/q, q−1−1/d)(p,q)∈Zd×N is a
homogeneous ubiquitous system in Rd.

It turns out that the optimal regular systems of points, which are common in the
theory of Diophantine approximation, also yield homogeneous ubiquitous systems. The
notion of regular system was introduced by A. Baker and W. Schmidt [2] and refined
by V. Beresnevich [4] in the following manner. Let V be the cartesian product of d real
nonempty open intervals, let A be a denumerable subset of V and let N : A → (0,∞)
be a height function. Then (A,N) is called a regular system in V if for some κ > 0 and
every open cube β ⊆ V ,

∃tβ > 0 ∀t > tβ ∃Aβ,t ⊆ A ∩ β


#Aβ,t > κ|β|dtd
∀a ∈ Aβ,t N(a) 6 t

∀a, a′ ∈ Aβ,t a 6= a′ ⇒ ‖a− a′‖ > 1/t
.

In addition, a regular system (A,N) is called optimal if for all open cubes β ⊆ V ,

∃κ′β > 0 ∀t > tβ #{a ∈ A ∩ β |N(a) 6 t} 6 κ′βt
d.

Examples include the points with rational coordinates, the real algebraic numbers of
bounded degree and the algebraic integers of bounded degree, associated with suitable
height functions, see [3, 6, 12, 11, 14]. Let us now consider an optimal regular system
(A,N) in V . The results of [4] lead to the fact that (a, ψ(N(a)))a∈A is a homogeneous
ubiquitous system in V for every nonincreasing function ψ : (0,∞) → (0,∞) that satisfies∑
n ψ(n)dnd−1 = ∞ and tends to zero at infinity.
We can now state the main result of this section. Recall that every gauge function

h ∈ Dd is continuous and nondecreasing on [0, εh), positive on (0, εh) and vanishes at
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zero. The pseudo-inverse function of h1/d is defined by

∀r ∈ [0, h1/d(εh−)) (h1/d)−1(r) = inf {ρ ∈ [0, εh) | h1/d(ρ) > r}

where h1/d(εh−) = sup [0,εh) h
1/d > 0. Observe that the function (h1/d)−1 is nonnegative

and nondecreasing on [0, h1/d(εh−)). Let [(h1/d)−1] be the set of all nonnegative non-
decreasing functions ϕ : [0,∞) → R that coincide with it in a neighborhood of zero.
The next theorem shows that the set Fϕ given by (3·1) for ϕ ∈ [(h1/d)−1] enjoys a large
intersection property.

Theorem 2. Let I be a denumerable set, let V be a nonempty open subset of Rd and
let (xi, ri)i∈I ∈ Sd(I) be a homogeneous ubiquitous system in V . Then

∀h ∈ Dd ∀ϕ ∈ [(h1/d)−1] Fϕ ∈ Gh(V ).

This result is proven in Section 6. It is to be compared with the mass transference
principle established by V. Beresnevich and S. Velani in [8], which discusses the Hausdorff
h-measure of Fϕ when FId has full Lebesgue measure in Rd. Nevertheless, none of these
results implies the other one.

Let (xn)n∈N be a sequence of points in [0, 1)d and let (rn)n∈N be a sequence of positive
real numbers converging to zero. Assume that lim supnB(xn, rn) has Lebesgue measure 1.
Then, J.-M. Aubry and S. Jaffard [1] established that the set

lim sup
n→∞

⋃
k∈Zd

B(k + xn, rn
t)

lies in the class Gd/t(Rd) of K. Falconer for every t ∈ [1,∞) and d = 1. They applied
this result to perform the multifractal analysis of a model of random wavelet series.
Theorem 2 enables to strengthen it and extend it to any d. To this end, observe that
the family (k + xn, rn)(n,k)∈N×Zd ∈ Sd(N × Zd) is a homogeneous ubiquitous system in
Rd, so that the aforementioned set belongs to the class GIdd/t(Rd), which is obviously
included in Gd/t(Rd). We use this in [17] in order to study the size and large intersection
properties of the Hölder singularity sets of various random processes.

4. Applications to Diophantine approximation

As an application of the previous results, we review some of the sets that arise in
classical Diophantine approximation and study their size and large intersection proper-
ties. Let ψ be a nonincreasing sequence of positive reals numbers converging to zero.
We provide a complete description of the size properties of the set of all points that are
ψ-approximable by rationals (or real algebraic numbers, etc.). More precisely, we com-
pute its Hausdorff h-measure for every gauge function h ∈ D. We also describe its large
intersection properties. To be specific, we determine for which gauge functions h ∈ Dd

and which nonempty open set V it belongs to the class Gh(V ). As a by-product, we
obtain new results concerning the set of all Liouville numbers. At the end of this section,
we also study how well zero may be approximated by integer polynomials evaluated at
a given point. Mahler’s and Koksma’s classifications of real transcendental numbers are
investigated as well.

4·1. Simultaneous homogeneous approximation

The distance from a point y ∈ Rd to Zd is given by |y|Zd = mink∈Zd ‖y − k‖. For any
q0 ∈ N, let Nq0 = {q0, q0 + 1, . . .} denote the set of all integers greater than or equal to
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q0 and let Ψq0 be the set of all nonincreasing sequences ψ = (ψ(q))q∈Nq0 of positive real
numbers converging to zero. Given ψ ∈ Ψq0 , a point x ∈ Rd is called ψ-approximable by
rationals if |qx|Zd < qψ(q) holds for infinitely many q ∈ Nq0 . The set Kd,ψ of all these
points was first studied by Khintchine [27] and is of the form (3·1) since

Kd,ψ =

{
x ∈ Rd

∣∣∣∣∣
∥∥∥∥x− p

q

∥∥∥∥ < ψ(q) for infinitely many (p, q) ∈ Zd × Nq0

}
.

In the particular case where ψ(q) = q−τ , for τ > 0 and q ∈ N, any point of Jd,τ = Kd,ψ

is called τ -approximable by rationals. As an obvious consequence of Dirichlet’s theorem,
Jd,τ = Rd if τ 6 1 + 1/d. Moreover, Jarńık [26] proved that the Hausdorff dimension of
Jd,τ is (d + 1)/τ for any τ > 1 + 1/d. For d = 1 this result was previously established
in [25] and independently proven by Besicovitch [10]. Theorem 2 yields the following
complementary result.

Proposition 3. The set Jd,τ belongs to GId
d+1
τ (Rd) for every τ > 1 + 1/d.

Proof. This follows from Theorem 2 since Id
d+1
τ ∈ Dd and (p/q, q−1−1/d)(p,q)∈Zd×N is

a homogeneous ubiquitous system in Rd owing to Dirichlet’s theorem.

In order to improve Proposition 3 and extend it to general sequences ψ, we need to
recall Khintchine’s theorem [27].

Theorem 3 (Khintchine). Let q0 ∈ N and ψ ∈ Ψq0 . If
∑
q ψ(q)dqd = ∞ (resp. <∞),

then Kd,ψ has full (resp. zero) Lebesgue measure in Rd.

Khintchine’s theorem ensures that (p/q, ψ(q))(p,q)∈Zd×Nq0 is a homogeneous ubiquitous
system in Rd if

∑
q ψ(q)dqd = ∞. For example, (p/q, q−1(q log q)−1/d)(p,q)∈Zd×N2 is a

homogeneous ubiquitous system in Rd. When
∑
q ψ(q)dqd <∞ the setKd,ψ has Lebesgue

measure zero. However, its size properties can be investigated thanks to the following
result of Jarńık [26].

Theorem 4 (Jarńık). Let q0 ∈ N, let ψ ∈ Ψq0 and let h ∈ Dd with h ≺ Idd. If∑
q h(ψ(q))qd = ∞ (resp. <∞), then Kd,ψ has infinite (resp. zero) Hausdorff h-measure.

Remark. The previous statements of Khintchine’s and Jarńık’s theorems are due to
V. Beresnevich, D. Dickinson and S. Velani [7]. The original ones actually included some
extra assumptions on ψ.

Theorem 2 yields the following result, which is both a refinement of Khintchine’s and
Jarńık’s theorems and an improvement on Proposition 3. Recall that for any h ∈ D the
function hd is defined by (1·3).

Theorem 5. Let q0 ∈ N, ψ ∈ Ψq0 , h ∈ D and let V be an open subset of Rd. Then{∑
q hd(ψ(q))qd = ∞ =⇒ Hh(Kd,ψ ∩ V ) = Hh(V )∑
q hd(ψ(q))qd <∞ =⇒ Hh(Kd,ψ ∩ V ) = 0

.

Moreover, for h ∈ Dd and V 6= ∅,

Kd,ψ ∈ Gh(V ) ⇐⇒
∑

q
h(ψ(q))qd = ∞.
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Proof. Let us assume that
∑
q hd(ψ(q))qd < ∞. It is straightforward to check that

Hhd(Kd,ψ ∩ V ) = 0 because

Kd,ψ = Zd + lim sup
q→∞

⋃
p∈{0,...,q−1}d

B

(
p

q
, ψ(q)

)
.

Proposition 2 then ensures that Hh(Kd,ψ ∩ V ) = 0.
Suppose that V 6= ∅, h ∈ Dd and

∑
q h(ψ(q))qd < ∞. There is a gauge function

h ∈ Dd with h ≺ h and
∑
q h(ψ(q))qd < ∞. Using h rather than h above, we obtain

Hh(Kd,ψ ∩ V ) = 0. Theorem 1 implies that Kd,ψ 6∈ Gh(V ).
Let us assume that V 6= ∅, h ∈ Dd and

∑
q h(ψ(q))qd = ∞. Let h̃ be a nondecreasing

function defined on [0,∞) which coincides with h in a neighborhood of zero. As ψ tends to
zero,

∑
q h̃(ψ(q))qd = ∞. In addition, (h̃1/d(ψ(q)))q∈Nq0 belongs to Ψq0 , so Khintchine’s

theorem implies that (p/q, h̃1/d(ψ(q)))(p,q)∈Zd×Nq0 is a homogeneous ubiquitous system
in Rd. Theorem 2 ensures that for any ϕ ∈ [(h̃1/d)−1], the set of all x ∈ Rd such that
‖x−p/q‖ < ϕ(h̃1/d(ψ(q))) for infinitely many (p, q) ∈ Zd×Nq0 belongs to Gh̃(Rd). Since
ϕ(h̃1/d(r)) 6 r for every r > 0 small enough, this set is included in Kd,ψ. Proposition 1
implies that Kd,ψ ∈ Gh(V ).

Let h ∈ D with
∑
q hd(ψ(q))qd = ∞. Note that hd ∈ Dd owing to Proposition 2. In

order to show that Hh(Kd,ψ∩V ) = Hh(V ), we can obviously assume that V is nonempty.
If hd ≺ Idd, there is a gauge function h ∈ Dd with hd ≺ h and

∑
q h(ψ(q))qd = ∞.

Using h instead of h above, we obtain Kd,ψ ∈ Gh(V ). Theorem 1 then implies that
Hhd(Kd,ψ ∩ V ) = ∞ = Hhd(V ). Proposition 2 leads to Hh(Kd,ψ ∩ V ) = Hh(V ). This
still holds if hd 6≺ Idd. Indeed, in this case,

∑
q ψ(q)dqd = ∞ and Hh coincides up to a

multiplicative constant with the Lebesgue measure on the Borel subsets of Rd, so the
result follows from Khintchine’s theorem.

Theorem 5 enables to study the size and large intersection properties of

Ld =

{
x ∈ Rd\Qd

∣∣∣∣∣ ∀n ∈ N ∃(p, q) ∈ Zd × N2

∥∥∥∥x− p

q

∥∥∥∥ < 1
qn

}
.

Note that L1 is the set of all Liouville numbers. Let h ∈ D. In dimension d = 1, L. Olsen
and D. Renfro [31, 32] established that Hh(Ld) = 0 if hd(r) = o(rs) as r → 0 for some
s > 0 and that Hh(Ld ∩ V ) = ∞ for every nonempty open subset V of Rd otherwise.
The following corollary ensures that this criterion is still valid if d > 2 and additionally
shows that Ld enjoys a large intersection property.

Corollary 4. Let h ∈ D and let V be a nonempty open subset of Rd. Then{
[∀s > 0 hd(r) 6= o(rs)] =⇒ Hh(Ld ∩ V ) = ∞

[∃s > 0 hd(r) = o(rs)] =⇒ Hh(Ld ∩ V ) = 0
.

Moreover, for h ∈ Dd,

Ld ∈ Gh(V ) ⇐⇒ [∀s > 0 h(r) 6= o(rs)].

Proof. Suppose that hd(r) = o(rs) for some s > 0. We can assume that s < d. Since

Ld = (Rd\Qd) ∩
⋂
τ>0

↓ Jd,τ (4·1)
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we have Ld ⊆ Jd,2(d+1)/s. Moreover, Jarńık’s theorem ensures that HIds(Jd,2(d+1)/s) = 0.
As a result, Hhd(Ld) = 0. Proposition 2 yields Hh(Ld ∩ V ) = 0.

Let us assume that h ∈ Dd and h(r) = o(rs) for some s > 0. Using h : r 7→
√
h(r)

rather than h above, we obtain Hh(Ld ∩ V ) = 0. Hence Ld 6∈ Gh(V ) by Theorem 1.
Conversely, assume that h ∈ Dd and h(r) 6= o(rs) for all s > 0. Let τ ∈ (0,∞) and

suppose that
∑
q h(q

−τ )qd < ∞. It follows that u 7→ h(u−τ )ud is integrable at infinity.
Moreover, for r > 0 small enough,∫ ∞

1
2r1/τ

h(u−τ )uddu >
∫ 1

r1/τ

1
2r1/τ

h(u−τ )uddu >
1

2d+1
· h(r)
r
d+1
τ

.

Thus h(r) = o(r(d+1)/τ ), which is a contradiction. Hence
∑
q h(q

−τ )qd = ∞, so that
Jd,τ ∈ Gh(V ) by Theorem 5. In addition, since Rd\Qd is a Gδ-set of full Lebesgue
measure in Rd, it also belongs to Gh(V ), owing to Proposition 11 in Section 5. As the
intersection in (4·1) can be written as a countable one, Ld ∈ Gh(V ) by Theorem 1.

Let h ∈ D with hd(r) 6= o(rs) for all s > 0. Note that hd ∈ Dd owing to Proposition 2.
Furthermore, there is a function h ∈ Dd with hd ≺ h and h(r) 6= o(rs) for all s > 0.
Using h rather than h above, we obtain Ld ∈ Gh(V ). Hence Hhd(Ld ∩V ) = ∞ by virtue
of Theorem 1. Proposition 2 yields Hh(Ld ∩ V ) = ∞.

Let V denote a nonempty open subset of Rd and, for any n ∈ N, let fn : V → Rd be a
bi-Lipschitz mapping. Corollary 4 and Theorem 1 ensure that

L̃d,f =
∞⋂
n=1

fn
−1(Ld) ∈ Gh(V )

for every h ∈ Dd such that h(r) 6= o(rs) for all s > 0. In addition, L̃d,f has infinite
Hausdorff h-measure in every nonempty open subset U of V . A typical application is the
following result.

Corollary 5. There are uncountably many ways to write every point in Rd as the
sum of two points in Ld.

This corollary generalizes a classical result of Erdős [18] which states that every real
number can be written as the sum of two Liouville numbers.

4·2. Simultaneous inhomogeneous approximation

Let b ∈ Rd, q0 ∈ N and ψ ∈ Ψq0 . A classical generalization of the previous problem is to
study the size and large intersection properties of the set Kb

d,ψ of all points x ∈ Rd such
that |qx− b|Zd < qψ(q) holds for infinitely many q ∈ Nq0 . For b = 0 this is obviously the
set of all points that are ψ-approximable by rationals. In addition, it is straightforward
to check that Kb

d,ψ is of the form (3·1) since

Kb
d,ψ =

{
x ∈ Rd

∣∣∣∣∣
∥∥∥∥x− b+ p

q

∥∥∥∥ < ψ(q) for infinitely many (p, q) ∈ Zd × Nq0

}
.

W. Schmidt [34] established the analog of Khintchine’s theorem: Kb
d,ψ has full (resp.

zero) Lebesgue measure in Rd if
∑
q ψ(q)dqd = ∞ (resp. <∞). Moreover J. Levesley [29]

proved the analog of the Jarńık-Besicovitch theorem and Y. Bugeaud [14] established
the analog of Jarńık’s theorem. By imitating the proof of Theorem 5 and using Schmidt’s
theorem instead of Khintchine’s, it is straightforward to establish the following result.
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Theorem 6. Let b ∈ Rd, q0 ∈ N, ψ ∈ Ψq0 , h ∈ D and let V be an open subset of Rd.
Then {∑

q hd(ψ(q))qd = ∞ =⇒ Hh(Kb
d,ψ ∩ V ) = Hh(V )∑

q hd(ψ(q))qd <∞ =⇒ Hh(Kb
d,ψ ∩ V ) = 0

.

Moreover, for h ∈ Dd and V 6= ∅,

Kb
d,ψ ∈ Gh(V ) ⇐⇒

∑
q
h(ψ(q))qd = ∞.

Let (bn)n∈N be a sequence in Rd, let V be a nonempty open set and let h ∈ D with∑
q hd(ψ(q))qd = ∞. If hd ≺ Idd, there is a gauge function h ∈ Dd which satisfies

hd ≺ h and
∑
q h(ψ(q))qd = ∞. For each n ∈ N, we have Kbn

d,ψ ∈ Gh(V ) by Theorem 6.
Theorem 1 and Proposition 2 then yield

Hh

(
V ∩

∞⋂
n=1

Kbn
d,ψ

)
= Hh(V ).

This still holds if hd 6≺ Idd. Indeed, in this case,
∑
q ψ(q)dqd = ∞ and Hh coincides up to

a multiplicative constant with the Lebesgue measure on the Borel subsets of Rd, so the
result follows from Schmidt’s theorem. Moreover, taking h ∈ Dd with h ≺ Idd, V = Rd
and bn = b for all n ∈ N, we find out that the technical assumptions made by Y. Bugeaud
in [14] to establish the analog of Jarńık’s theorem are unnecessary.

4·3. Approximation with restrictions

G. Harman studied the approximation of real numbers by rationals whose numerator
and denominator belong to a given subset of N, see [23]. By way of illustration, let us
assume that this subset is the set P of all prime numbers. Let q0 ∈ N2, ψ ∈ Ψq0 and

Πψ =

{
x ∈ [0,∞)

∣∣∣∣∣
∣∣∣∣x− p

q

∣∣∣∣ < ψ(q) for infinitely many (p, q) ∈ P× (P ∩ Nq0)

}
.

This set is of the form (3·1). Moreover, G. Harman [23] showed that it has full (resp. zero)
Lebesgue measure in (0,∞) if

∑
q ψ(q)q/(log q)2 = ∞ (resp. <∞). The following result

can easily be established by imitating the proof of Theorem 5 and using [23, Theorem 6.7]
instead of Khintchine’s theorem. Recall that for any gauge function h ∈ D, the function
h1 is defined by (1·3).

Theorem 7. Let q0 ∈ N2, ψ ∈ Ψq0 , h ∈ D and let V be an open subset of R. Then{∑
q h1(ψ(q))q/(log q)2 = ∞ =⇒ Hh(Πψ ∩ V ) = Hh((0,∞) ∩ V )∑
q h1(ψ(q))q/(log q)2 <∞ =⇒ Hh(Πψ ∩ V ) = 0

.

Moreover, for h ∈ D1 and V 6= ∅,

Πψ ∈ Gh(V ) ⇐⇒
∑

q
h(ψ(q))q/(log q)2 = ∞ and V ⊆ (0,∞).

Theorem 7 leads to [7, Theorem 14] which states that the set Πψ ∩ [0, 1] has infinite
(resp. zero) Hausdorff h-measure for any gauge function h ∈ D1 such that h ≺ Id and∑
q h(ψ(q))q/(log q)2 = ∞ (resp. <∞).
By adapting the proof of Theorem 5 and using the results of [23, Chapter 6], one

can show that the statement of Theorem 7 remains valid if Πψ is replaced by the set
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of all positive real numbers that are ψ-approximable by rationals whose numerator and
denominator are properly represented as the sum of two squares and if the considered
series is

∑
q h1(ψ(q))q/ log q. Likewise, the statement of Theorem 7 is still valid if Πψ

is replaced by the set of all positive reals that are ψ-approximable by rationals whose
numerator is prime and whose denominator is the sum of two squares (or vice versa) and
if the considered series is

∑
q h(ψ(q))q/(log q)3/2 = ∞. Furthermore, Theorem 2 along

with [23, Theorem 6.2] implies that sets with large intersection still occur in the case
where the numerator and the denominator of the rational approximates are restricted to
more general subsets of N.

4·4. Approximation by real algebraic numbers and Koksma’s classification of real tran-
scendental numbers

Let A be the set of all real algebraic numbers and let H(a) denote the height of a ∈ A,
that is, the maximum of the absolute values of the coefficients of its minimal defining
polynomial over Z. Let h0 ∈ N and ψ ∈ Ψh0 . For each n ∈ N, let An,h0 denote the set of
all real algebraic numbers of degree at most n and of height at least h0. Any real number
x is called ψ-approximable by real algebraic numbers of degree at most n if it lies in

An,ψ =
{
x ∈ R

∣∣ |x− a| < ψ(H(a)) for infinitely many a ∈ An,h0

}
.

This set is clearly of the form (3·1). The following result of V. Beresnevich [3, 7] is the
analog of Khintchine’s theorem for An,ψ.

Theorem 8 (V. Beresnevich). Let n, h0 ∈ N and ψ ∈ Ψh0 . If
∑
h ψ(h)hn = ∞ (resp.

<∞), then An,ψ has full (resp. zero) Lebesgue measure in R.

V. Beresnevich, D. Dickinson and S. Velani [7], as well as Y. Bugeaud [12], established
the analog of Jarńık’s theorem for An,ψ. In addition, Y. Bugeaud [15] showed that this
set enjoys a large intersection property when ψ(h) is the product of a negative power
of h and a logarithmic correction. The following theorem improves these results and
can easily be established by imitating the proof of Theorem 5 and using Beresnevich’s
theorem instead of Khintchine’s. Recall that for any g ∈ D, the function g1 is defined as
in (1·3).

Theorem 9. Let n, h0 ∈ N, ψ ∈ Ψh0 , g ∈ D and let V be an open subset of R. Then{∑
h g1(ψ(h))hn = ∞ =⇒ Hg(An,ψ ∩ V ) = Hg(V )∑
h g1(ψ(h))hn <∞ =⇒ Hg(An,ψ ∩ V ) = 0

.

Moreover, for g ∈ D1 and V 6= ∅,

An,ψ ∈ Gg(V ) ⇐⇒
∑

h
g(ψ(h))hn = ∞.

From now on, we assume that ψ(h) = h−ω−1 for each h ∈ N and some ω > −1 and we
let U∗n,ω denote the set An,ψ. Moreover, for every x ∈ R, let ω∗n(x) be the supremum of all
ω such that x ∈ U∗n,ω. Koksma [28] introduced a classification of the real transcendental
numbers x which is based on the quantity

ω∗(x) = lim sup
n→∞

ω∗n(x)
n

.

In particular, a real transcendental number x is said to be an S∗-number if ω∗(x) <∞.
In this case, ω∗(x) is called the type of x, see [13, 15]. A theorem due to Sprindžuk [36]
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together with a result of E. Wirsing [37] shows that Lebesgue-almost every real number
x is an S∗-number with ω∗n(x) = n for every n ∈ N. Thus the set

Ω′τ =
∞⋂
n=1

{x ∈ R | ω∗n(x) > τ(n+ 1)− 1}

has full Lebesgue measure in R if τ = 1. Moreover, A. Baker and W. Schmidt [2] es-
tablished that dim Ω′τ = 1/τ for every τ ∈ (1,∞) and it is the lower bound on the
dimension which is the hardest to obtain. As we shall explain, the following result is an
improvement on this lower bound.

Proposition 6. Let τ ∈ [1,∞) and g ∈ D1. Assume that
∑
h g(1/h)h

−1+1/τ = ∞.
Then Ω′τ belongs to Gg(R).

Proof. Note that

Ω′τ =
∞⋂
n=1

⋂
−1<ω<τ(n+1)−1

↓ U∗n,ω.

Let n ∈ N and ω ∈ (−1, τ(n+ 1)− 1). A routine calculation shows that
∑
h g(h

−ω−1)hn

diverges so that U∗n,ω ∈ Gg(R) by Theorem 9. We conclude using Theorem 1 since the
previous decreasing intersection can be written as a countable one.

Let τ ∈ [1,∞). On account of the previous proposition, the set Ω′τ belongs to GId1/τ
(R).

Thus its dimension is at least 1/τ , as previously obtained by A. Baker and W. Schmidt.
Proposition 6 yields the size and large intersection properties of the sets

Ω̃τ = {x ∈ R\A | ω∗(x) > τ} and Ωτ = {x ∈ R\A | ω∗(x) = τ}

as shown by the following result.

Proposition 7. Let V be an open subset of R, let τ ∈ [1,∞), let g ∈ D and let

τg = inf {t ∈ (0,∞) | g1(r) = o(r1/t) as r → 0}.

If τ > τg, then Hg(Ω̃τ ∩ V ) = Hg(Ωτ ∩ V ) = 0, else Hg(Ω̃τ ∩ V ) = Hg(V ). In addition,
Hg(Ωτ ∩V ) = Hg(V ) if τ = τg. Furthermore, for g ∈ D1 and V 6= ∅, the set Ω̃τ contains
a set of Gg(V ) if and only if τ 6 τg.

Proof. Assume that τ > τg. For τg < τ ′ < τ ′′ < τ ,

Ω̃τ ⊆
∞⋃
n=1

U∗n,τ ′′(n+1)−1

and g1(r) = o(r1/τ
′
). Theorem 9 then ensures that Hg(U∗n,τ ′′(n+1)−1) = 0. It follows that

Hg(Ω̃τ ) = 0. Hence Hg(Ω̃τ ∩ V ) = Hg(Ωτ ∩ V ) = 0.
Let us suppose that g ∈ D1, V 6= ∅ and τ > τg. There is a gauge function g ∈ D1 such

that g ≺ g and τ > τg. Using g instead of g above gives Hg(Ω̃τ ∩ V ) = 0. Theorem 1
implies that Ω̃τ cannot contain any set of Gg(V ).

Assume that g ∈ D1, V 6= ∅ and τ 6 τg. Thanks to Theorem 19 and Lemma 15 in [35],
one easily checks that Ω′τ ⊆ Ω̃τ . In particular, Ω̃1 contains the set Ω′1, which belongs to
Gg(V ) by Proposition 6. If τ > 1, note that⋂

1<τ ′<τ

↓ Ω′τ ′ ⊆ Ω̃τ .
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For τ ′ ∈ (1, τ), the series
∑
h g(1/h)h

−1+1/τ ′ diverges. Otherwise, u 7→ g(1/u)u−1+1/τ ′

would be integrable at infinity and, for r > 0 small enough, we would have

g(r)
r1/τ ′

6
21/τ ′

r

∫ 2r

r

g(s)
s1/τ ′

ds 6 21+1/τ ′
∫ ∞

1
2r

g

(
1
u

)
u−1+1/τ ′du

so that g(r) = o(r1/τ
′
), which would contradict the fact that τ 6 τg. Proposition 6

then leads to Ω′τ ′ ∈ Gg(V ). As the previous decreasing intersection can be written as a
countable one, Theorem 1 ensures that Ω̃τ contains a set of Gg(V ).

Now assume that g ∈ D and τ 6 τg. To show that Hg(Ω̃τ ∩ V ) = Hg(V ), we may
suppose that V 6= ∅ and g1 ∈ D1, owing to Proposition 2. If g1 ≺ Id, there is a gauge
function g ∈ D1 such that g1 ≺ g and τ 6 τg. Using g rather than g above, we obtain that
Ω̃τ contains a set of Gg(V ). Theorem 1 and Proposition 2 then yieldHg(Ω̃τ∩V ) = Hg(V ).
This still holds if g1 6≺ Id. Indeed, in this case, τ = τg = 1 and Hg coincides up to a
multiplicative constant with the Lebesgue measure on the Borel subsets of R. Hence the
result follows from the fact that Ω̃1 contains Ω′1, which has full Lebesgue measure in R.

It remains to establish that Hg(Ωτ ∩ V ) = Hg(V ) if τ = τg. To this end, observe that
the set of all real transcendental numbers x enjoying ω∗(x) > τg has Hausdorff g-measure
zero, because it is included in

∞⋃
k=1

↑
∞⋃
n=1

U∗n,(τg+1/k)(n+1)−1

and because U∗n,(τg+1/k)(n+1)−1 has g-measure zero by virtue of Theorem 9.

Proposition 7 leads to [2, Theorem 2] and [15, Theorem 3] which respectively state
that dim Ω̃τ = 1/τ and dim Ωτ = 1/τ for any τ ∈ [1,∞). In addition, it implies that Ωτ
has infinite 1/τ -dimensional Hausdorff measure.

4·5. Approximation of zero by values of integer polynomials and Mahler’s classification
of real transcendental numbers

Koksma’s classification of real transcendental numbers is very close to that previously
introduced by Mahler [30], where the real transcendental numbers x are grouped de-
pending on the accuracy with which integer polynomials evaluated at x approach zero.

Before discussing Mahler’s classification, let us consider a more general problem. For
any n ∈ N, let Zn[X] be the set of all integer polynomials of degree at most n. Let
H(p) denote the height of p ∈ Zn[X], that is, the maximum of the absolute values of its
coefficients. Let h0 ∈ N and ψ ∈ Ψh0 . Let Pn,ψ be the set of all real numbers x such that

|p(x)| < H(p)ψ(H(p)) (4·2)

holds for infinitely many p ∈ Zn[X] with H(p) > h0. V. Bernik [9] and V. Beresnevich [5]
showed that Pn,ψ has Lebesgue measure zero if

∑
h ψ(h)hn < ∞. In the opposite case,

V. Beresnevich [3] established that Pn,ψ has full measure in R. To our knowledge, the
size properties of Pn,ψ have not been studied any further.

We shall investigate the large intersection properties of Pn,ψ. Note that this set is not
of the form (3·1) when n > 2. However, it is a Gδ-set since

Pn,ψ =
∞⋂
k=1

↓
∞⋃
k′=k

{
x ∈ R

∣∣ |pk′(x)| < H(pk′)ψ(H(pk′))
}
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for any enumeration (pk)k∈N of the set of all integer polynomials of degree at most n and
of height at least h0.

Theorem 10. Let n, h0 ∈ N, ψ ∈ Ψh0 , g ∈ D1 and let V be a nonempty open subset
of R. Then ∑

h
g(ψ(h))hn = ∞ =⇒ Pn,ψ ∈ Gg(V ).

Proof. Let r ∈ (0,∞), κ = n2(1 + r)n−1 > 0 and x ∈ An,ψ/κ ∩ (−r, r). There are
infinitely many real algebraic numbers a ∈ An,h0 with |x− a| < ψ(H(a))/κ. As ψ tends
to zero, we may assume that all these numbers enjoy |x−a| 6 1. Let a be such an algebraic
number and let pa =

∑
q bqX

q ∈ Zn[X] denote its minimal defining polynomial. We have

pa(x) = pa(x)− pa(a) = (x− a)
n∑
q=1

bq

q−1∑
k=0

xq−1−kak

together with |xq−1−kak| 6 rq−1−k(1 + r)k 6 (1 + r)n−1 for every k ∈ {0, . . . , q− 1} and
q ∈ {1, . . . , n}. Therefore

|pa(x)| 6 |x− a|H(pa)κ < H(pa)ψ(H(pa)).

Hence (4·2) holds for p = pa. As a result, (4·2) holds for infinitely many p ∈ Zn[X] with
H(p) > h0. Thus x ∈ Pn,ψ. This yields An,ψ/κ ∩ (−r, r) ⊆ Pn,ψ.

Since
∑
h g(ψ(h)/κ)hn = ∞ and ψ/κ is nonincreasing and converges to zero, Theo-

rem 9 ensures that An,ψ/κ ∈ Gg(V ). As a consequence,

Mf
∞(Pn,ψ ∩ U) > Mf

∞(An,ψ/κ ∩ (−r, r) ∩ U) > Mf
∞((−r, r) ∩ U)

for every gauge function f ∈ D1 with f ≺ g and every open U ⊆ V . Finally, the increasing
sets lemma [33, Theorem 52] for the outer net measure Mf

∞ implies that the right-hand
side tends to Mf

∞(U) as r →∞.

To link what precedes with Mahler’s classification, we assume that ψ(h) = h−ω−1 for
all h ∈ N and some ω > −1 and we let Un,ω denote the set Pn,ψ. In addition, for every
x ∈ R, let ωn(x) be the supremum of all ω such that x ∈ Un,ω. Mahler’s classification of
the real transcendental numbers x is based on

ω(x) = lim sup
n→∞

ωn(x)
n

.

In particular, a real number x is algebraic if and only if ω(x) = 0 and a real transcen-
dental number x such that 0 < ω(x) < ∞ is called an S-number. Dirichlet’s principle
ensures that every real transcendental number x satisfies ωn(x) > n for all n ∈ N and
Sprindžuk [36] established that Lebesgue-almost every real number x is an S-number
with ωn(x) = n for all n ∈ N.

Mahler’s classification is closely related to Koksma’s. Specifically, any S-number is an
S∗-number and vice versa, see [35, Theorem 22]. Furthermore, for any real transcen-
dental number x and every integer n, we have ω∗n(x) 6 ωn(x), so that ω∗(x) 6 ω(x).
Proposition 7 then implies that

Hg({x ∈ V \A | ω(x) > τ}) = Hg(V ).

for every g ∈ D, every open set V and every real number τ ∈ [1, τg]. In particular, for any
τ ∈ [1,∞), the set of all real transcendental numbers x such that ω(x) > τ has infinite
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1/τ -dimensional Hausdorff measure, thereby being of Hausdorff dimension at least 1/τ
as previously stated by [2, Theorem 4].

5. Proof of Theorem 1

For λ ∈ Λc and F ⊆ Rd, let Rλc (F ) be the set of all sequences (λp)p∈N in Λc ∪{∅} such
that F ∩ λ ⊆

⊔
p λp ⊆ λ (i.e. the sets λp, p ∈ N, are disjoint, contained in λ and cover

F ∩ λ). Note that Rλc (F ) ⊆ Rc,h(F ∩ λ) for every λ ∈ Λc,h and every h ∈ Dd. We begin
by establishing a series of lemmas and ancillary results.

Lemma 8. Let h ∈ Dd. For every F ⊆ Rd and every λ ∈ Λc,h,

Mh
∞(F ∩ λ) = inf

(λp)p∈N∈Rλc (F )

∞∑
p=1

h(|λp|).

Proof. Let F ⊆ Rd and λ ∈ Λc,h. Recall that Mh
∞(F ∩ λ) is given by (2·1). Let

(λp)p∈N ∈ Rc,h(F ∩ λ). Let P be the set of all p ∈ N such that λp ∩ λ 6= ∅ and λp 6= λp′

for all p′ < p. Then, let P ′ be the set of all p ∈ P such that λp 6⊆ λp′ for all p′ ∈ P\{p}.
If P ′ = {p0} for some p0 with λp0 ⊇ λ, let λ′p0 = λ. If not, let λ′p = λp for all p ∈ P ′.
In addition, let λ′p = ∅ for all p /∈ P ′. It is now easy to check that (λ′p)p∈N ∈ Rλc (F ) and∑
p h(|λ′p|) 6

∑
p h(|λp|) because h is nondecreasing on (0, εh). We conclude by taking

the infimums in this inequality.

We shall express the Mh
∞-mass of small c-adic cubes and of their interior in terms of

their diameter. Y. Bugeaud [15] asserted that Mh
∞(λ) = h(|λ|) for every dyadic cube λ of

small diameter when the gauge function h is concave in a neighborhood of zero. However,
most classical gauge functions do not satisfy this property. The following lemma shows
that no assumption on the concavity of h is actually required.

Lemma 9. Let h ∈ Dd and λ ∈ Λc,h. Then Mh
∞(intλ) = Mh

∞(λ) = h(|λ|).

Proof. Let F denote the set of all x = (x1, . . . , xd) ∈ Rd such that xp 6= kc−j for
all p ∈ {1, . . . , d}, j ∈ N and k ∈ Z. We only have to show that Mh

∞(intλ) > h(|λ|).
We first assume that Mh

∞(intλ′) < h(|λ′|) for every c-adic cube λ′ ⊆ λ. As a result,
Mh

∞(F ∩ λ′) < h(|λ′|) and, owing to Lemma 8, there exists (νλ
′

p )p∈N ∈ Rλ
′

c (F ) with∑
p h(|νλ

′

p |) < h(|λ′|) and νλ
′

p ⊂ λ′ for all p. Consequently,
∑
p h(|νλp |) = αh(|λ|) for

some α ∈ (0, 1) and it is straightforward to show by induction on j > 〈λ〉c that there
exists (λjp)p∈N ∈ Rλc (F ) such that

∑
p h(|λjp|) 6 αh(|λ|) and 〈λjp〉c > j or λjp = ∅ for

all p. Furthermore, g(r) = h(r)/rd is nonincreasing on (0, εh) and tends to η ∈ (0,∞]
as r → 0, so g(|λ|) 6 η and for any η′ ∈ (0, η) there is an integer j > 〈λ〉c such that
h(|λ′|) > η′|λ′|d for all λ′ ∈ Λc with 〈λ′〉c > j. Thus

αh(|λ|) >
∞∑
p=1

h(|λjp|) > η′
∞∑
p=1

|λjp|d = η′κ
∞∑
p=1

Ld(λjp)

> η′κLd(F ∩ λ) = η′κLd(λ) = η′|λ|d

where κ = |[0, 1)d|d and Ld denotes the Lebesgue measure on Rd. Letting η′ → η, we get
g(|λ|) > η/α, which is a contradiction.

Therefore, there is a c-adic cube λ′ ⊆ λ such that Mh
∞(intλ′) = h(|λ′|) and we can

assume that λ′ ⊂ λ. Let (λp)p∈N ∈ Rλc (intλ). For each c-adic cube µ ⊆ λ of generation
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j′ = 〈λ′〉c that contains some nonempty λp, the set µ ∩ intλ is covered by the cubes λp
enjoying ∅ 6= λp ⊆ µ, so that

h(|µ|) = h(|λ′|) = Mh
∞(intλ′) = Mh

∞(intµ) 6 Mh
∞(µ ∩ intλ) 6

∑
λp⊆µ

h(|λp|).

Therefore, these cubes µ together with the cubes λp of generation at most j′ − 1 yield
a covering (νp)p∈N ∈ Rλc (intλ) such that

∑
p h(|νp|) 6

∑
p h(|λp|) and 〈νp〉c 6 j′ or

νp = ∅ for all p. Each c-adic cube µ′ ⊆ λ of generation j′ − 1 that strictly contains some
nonempty νp necessarily contains cd cubes ν

jµ
′

1
, . . . , ν

jµ
′

cd

of generation j′ and

cd∑
q=1

h(|ν
jµ
′
q
|) = cd h

(
|µ′|
c

)
= cd

(
|µ′|
c

)d
g

(
|µ′|
c

)
> |µ′|dg(|µ′|) = h(|µ′|)

because g is nonincreasing on (0, εh) and µ′/c 6 µ′ < εh. It follows that these cubes µ′

together with the cubes νp of generation at most j′−1 yield a covering (ν′p)p∈N ∈ Rλc (intλ)
such that

∑
p h(|ν′p|) 6

∑
p h(|λp|) and 〈ν′p〉c 6 j′ − 1 or ν′p = ∅ for all p. This process is

iterated so as to end up with h(|λ|) 6
∑
p h(|λp|). We conclude thanks to Lemma 8.

The following lemma is a straightforward adaptation of [20, Lemma 1] so we just
outline its proof.

Lemma 10. Let h ∈ Dd, F ⊆ Rd, C ∈ (0, 1] and ρ ∈ (0, εh]. Let U be an open subset
of Rd such that Mh

∞(F ∩ λ) > CMh
∞(λ) for every c-adic cube λ ⊆ U enjoying |λ| < ρ.

Then Mh
∞(F ∩ U) > CMh

∞(U).

Proof. We may assume that U 6= ∅. Since U is open, it is the union of a family ΛU of
disjoint c-adic cubes of diameter less than ρ. Let (λp)p∈N ∈ Rc,h(F ∩ U). Let P be the
set of all p ∈ N such that λp 6= λp′ for all p′ < p and let P ′ be the set of all p ∈ P such
that λp 6⊆ λp′ for all p′ ∈ P\{p}. Then, the sets λp, p ∈ P ′, are disjoint cubes which
cover F ∩ U . Let λ ∈ ΛU . Recall that |λ| < ρ 6 εh. If Pλ = {p ∈ P ′ | λp ⊂ λ} 6= ∅, the
cubes µp, p ∈ Pλ, cover F ∩ λ so

Ch(|λ|) = CMh
∞(λ) 6 Mh

∞(F ∩ λ) 6
∑
p∈Pλ

h(|λp|)

owing to Lemma 9. If Pλ is empty, λ ⊆ λp for some p ∈ P ′′ = P ′\
⋃
λ∈ΛU

Pλ. The cubes
λ ∈ ΛU enjoying Pλ 6= ∅ together with the cubes λp, p ∈ P ′′, yield a covering which be-
longs to Rc,h(U) and implies that CMh

∞(U) 6
∑
p h(|λp|). We conclude using (2·1).

The next proposition concerns the Gδ-sets of full Lebesgue measure.

Proposition 11. Let V be a nonempty open subset of Rd and let F be a Gδ-subset
of Rd of full Lebesgue measure in V . Then F ∈ Gh(V ) for every h ∈ Dd.

Proof. Let h ∈ Dd, let λ ∈ Λc,h with λ ⊆ V and let (λp)p∈N ∈ Rλc (F ). Since the
function r 7→ h(r)/rd is nonincreasing on (0, εh), we have

∞∑
p=1

h(|λp|) >
h(|λ|)
|λ|d

∞∑
p=1

|λp|d =
h(|λ|)
|λ|d

κ
∞∑
p=1

Ld(λp)

>
h(|λ|)
|λ|d

κLd(F ∩ λ) =
h(|λ|)
|λ|d

κLd(λ) = h(|λ|)
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where κ = |[0, 1)d|d. Thus Lemma 8 and Lemma 9 give Mh
∞(F ∩ λ) > h(|λ|) = Mh

∞(λ).
We conclude using Lemma 10.

The following lemma is reminiscent of Lemma 2 and Lemma 3 in [20] and involves
Lipschitz images of sets.

Lemma 12. Let h ∈ Dd, let V denote a nonempty open subset of Rd and let f :
V → Rd be a bi-Lipschitz mapping. Let F ⊆ Rd, C ∈ (0, 1] and ρ ∈ (0, εh]. Assume
that Mh

∞(F ∩ U) > CMh
∞(U) for every open set U ⊆ f(V ) such that |U | < ρ. Then

Mg
∞(f−1(F ) ∩ U) = Mg

∞(U) for every open set U ⊆ V and every g ∈ Dd with g ≺ h.

Proof. Let ψ : V → Rd denote a Lipschitz mapping. There exists n ∈ N such that
‖ψ(y) − ψ(x)‖ 6 cn‖y − x‖ for all x, y ∈ V . Let λ ∈ Λc. Then ψ(V ∩ λ), which is of
diameter at most cn|λ|, is covered by K c-adic cubes of diameter cn|λ|, where K ∈ N only
depends on the dimension d and the choice of ‖ · ‖. Hence it is covered by Kcnd cubes
of diameter |λ|. Using this, it is easy to show that Mh

∞(ψ(A)) 6 KcndMh
∞(A) for every

A ⊆ V . Moreover, there are n1, n2 ∈ N such that c−n1‖x−y‖ 6 ‖f(x)−f(y)‖ 6 cn2‖x−y‖
for all x, y ∈ V . Let U ⊆ V be an open set and let µ ⊆ U be a c-adic cube of diameter
less than c−n2ρ. Then f(intµ) ⊆ f(V ) is an open set of diameter less than ρ and

Mh
∞(intµ) 6 Kcn1dMh

∞(f(intµ)) 6
Kcn1d

C
Mh

∞(f(intµ) ∩ F ).

It follows that Mh
∞(intµ ∩ f−1(F )) > C ′Mh

∞(intµ) where C ′ = CK−2c−(n1+n2)d and
Lemma 9 gives Mh

∞(f−1(F ) ∩ µ) > C ′h(|µ|). This is true for all µ ⊆ U of diameter less
than c−n2ρ, i.e. of generation at least j, say.

Let g ∈ Dd with g ≺ h. Let ϕ = g/h and let ρ′ > 0 denote the supremum of all
x ∈ (0,min(εg, εh)) such that ϕ is nonincreasing on (0, x). Let λ ⊆ U be a c-adic
cube of diameter less than ρ′. Since ϕ tends to infinity at zero, there is an integer
j′ > max(〈λ〉c, j) such that ϕ(|λ′|) > ϕ(|λ|)/C ′ for all λ′ ∈ Λc with 〈λ′〉c > j′. Now let
(λp)p∈N ∈ Rλc (f−1(F )). For each p with 〈λp〉c 6 j′ − 1, we have g(|λp|) > ϕ(|λ|)h(|λp|).
Meanwhile, for each cube µ ⊆ λ of generation j′ that is not contained in one of the
previous λp, f−1(F ) ∩ µ is covered by the nonempty sets λp enjoying λp ⊆ µ, so that∑

λp⊆µ

g(|λp|) >
ϕ(|λ|)
C ′

∑
λp⊆µ

h(|λp|) >
ϕ(|λ|)
C ′

Mh
∞(f−1(F ) ∩ µ) > ϕ(|λ|)h(|µ|).

Therefore, these cubes µ along with the cubes λp of generation at most j′ − 1 yield
a covering which belongs to Rc,h(λ) and implies that ϕ(|λ|)Mh

∞(λ) 6
∑
p g(|λp|). As

a result, Mg
∞(λ) 6 Mg

∞(f−1(F ) ∩ λ) by Lemma 8 and Lemma 9. We conclude using
Lemma 10.

Lemma 12 leads to the following proposition.

Proposition 13. Let h ∈ Dd and let V be a nonempty open subset of Rd. Then
Gh(V ) depends on the choice of neither ‖ · ‖ nor c.

Proof. Let c > 2 and let ‖ ·‖1, ‖ ·‖2 be two norms on Rd. The corresponding diameters
and outer net measures are denoted by | · |1, | · |2 and Mh

∞,1, Mh
∞,2 respectively. Let

F be a Gδ-set such that Mg
∞,1(F ∩ U) = Mg

∞,1(U) for every open set U ⊆ V and
every g ∈ Dd enjoying g ≺ h. To show that the same is true for Mg

∞,2, let U be an
open subset of V and let g ∈ Dd with g ≺ h. Then f =

√
gh ∈ Dd and g ≺ f ≺ h.
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Moreover, let κ = |[0, 1)d|2/|[0, 1)d|1. Thus |λ|2 = κ|λ|1 for every c-adic cube λ and
min(1, κ)df(|λ|1) 6 f(|λ|2) 6 max(1, κ)df(|λ|1) if |λ|2 < εf min(1, κ) because f ∈ Dd.
Let λ ⊆ U be such a cube and let (λp)p∈N ∈ Rλc (F ). Since |λp|1 6 |λ|1 = |λ|2/κ < εf for
all p, we have

∞∑
p=1

f(|λp|2) > min(1, κ)d
∞∑
p=1

f(|λp|1) > min(1, κ)dMf
∞,1(F ∩ λ).

In addition, f ≺ h and intλ ⊆ V is open, so Mf
∞,1(F ∩ intλ) = Mf

∞,1(intλ). Then
Lemma 9 yields Mf

∞,1(F ∩ λ) > f(|λ|1) and f(|λ|2) = Mf
∞,2(λ). Thus

∞∑
p=1

f(|λp|2) >

(
min(1, κ)
max(1, κ)

)d
Mf

∞,2(λ).

It follows from Lemma 8 and Lemma 10 that

Mf
∞,2(F ∩ U) >

(
min(1, κ)
max(1, κ)

)d
Mf

∞,2(U)

and Lemma 12 leads to Mg
∞,2(F ∩ U) = Mg

∞,2(U) for every open U ⊆ V since g ≺ f .
Let us endow Rd with the supremum norm ‖ · ‖∞ and let c > 2. One easily checks that

∀h ∈ Dd ∀A ⊆ Rd Hh
εh

(A) 6 Mh
∞(A) 6 (3c2)dHh

εh
(A) (5·1)

where Hh
εh

is the Hausdorff pre-measure defined in terms of coverings by sets of diameter
less than εh. Let c1, c2 > 2. The corresponding outer net measures are denoted by Mh

∞,1,
Mh

∞,2 respectively. Let us assume that Mg
∞,1(F ∩ U) = Mg

∞,1(U) for every open set
U ⊆ V and every g ∈ Dd satisfying g ≺ h and show that the same is true for Mg

∞,2. Let
g ∈ Dd with g ≺ h and let f =

√
gh. As f ≺ h, for every open U ⊆ V ,

Mf
∞,2(F ∩ U) > Hf

εf
(F ∩ U) > (3c12)−dMf

∞,1(F ∩ U) = (3c12)−dMf
∞,1(U)

> (3c12)−dHf
εf

(U) > (9c12c2
2)−dMf

∞,2(U)

thanks to (5·1). We conclude by Lemma 12 since g ≺ f .

We can now prove Theorem 1. We begin by establishing (iii). Let h ∈ Dd and let V be
a nonempty open subset of Rd. Let F ∈ Gh(V ). In particular Mf

∞(F ) > Mf
∞(V ) > 0 for

all f ∈ Dd satisfying f ≺ h. Thanks to (5·1) we have Hf
εf

(F ) > 0 if Rd is endowed with
the supremum norm, thus Hf (F ) > 0. This remains true if Rd is endowed with any other
norm. Hence for every g ∈ Dd enjoying g ≺ h, we have H

√
gh(F ) > 0 so Hg(F ) = ∞.

Let us now establish (ii). Let f : V → Rd denote a bi-Lipschitz mapping, let F
belong to Gh(f(V )) and let g ∈ Dd with g ≺ h. For every open U ⊆ f(V ), we have
M

√
gh(F ∩U) = M

√
gh(U), so Lemma 12 yields Mg

∞(f−1(F )∩U) = Mg
∞(U) for every

open U ⊆ V . This holds for all g ∈ Dd with g ≺ h, so the Gδ-set f−1(F ) is in Gh(V ).
We end this section by proving (i). Let (Φk)k∈N be a sequence of sets which belong

to Gh(V ). Let g ∈ Dd such that g ≺ h and let f =
√
gh. Imitating the proof of [20,

Lemma 4] and using the increasing sets lemma [33, Theorem 52] for the outer net measure
Mf

∞, it is easy to show that Mf
∞(
⋂
k Φk ∩ U) > 3−dMf

∞(U) for every open set U ⊆ V .
Because g ≺ f , Lemma 12 yields Mg

∞(
⋂
k Φk ∩ U) = Mg

∞(U) for every open U ⊆ V .
This holds for all g ∈ Dd with g ≺ h so

⋂
k Φk ∈ Gh(V ).
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6. Proof of Theorem 2

From now on, I is a denumerable set and V is a nonempty open subset of Rd. We
begin by establishing some preliminary results.

Lemma 14. Let (xi, ri)i∈I ∈ Sd(I) be a homogeneous ubiquitous system in V and let
U be a nonempty bounded open subset of V . Then for all ρ > 0 there is a finite subset I ′

of I such that the closed balls B̄(xi, ri), i ∈ I ′, are disjoint subsets of U which enjoy∑
i∈I′

Ld
(
B̄(xi, ri)

)
>
Ld(U)
2 · 3d

and ∀i ∈ I ′ ri 6 ρ.

Proof. Let ρ > 0 and let Iρ,U be the set of all i ∈ I such that xi ∈ U and ri 6 ρ. One
easily checks that Iρ,U is denumerable and (xi, ri)i∈Iρ,U ∈ Sd(Iρ,U ) is a homogeneous
ubiquitous system in U . Let (in)n∈N be an enumeration of Iρ,U . For ε > 0 the set of all
n ∈ N satisfying rin > ε is finite since it is included in the set of all i ∈ Iρ,U enjoying
xi ∈ U and ri > ε, while U is bounded. Hence rin tends to zero as n → ∞ and, up
to a reordering, we can assume that the sequence (rin)n∈N is nonincreasing. In addition
(xin , rin)n∈N ∈ Sd(N) is a homogeneous ubiquitous system in U .

Note that every nonempty open set U ′ ⊆ U contains a ball B̄(xin , rin). Thus we can
let n1 be the smallest integer such that B̄(xin1

, rin1
) ⊆ U and nk be the smallest integer

such that B̄(xink , rink ) ⊆ U\(B̄(xin1
, rin1

)∪. . .∪B̄(xink−1
, rink−1

)) for every k > 2. Since
rin ↓ 0 we have

U ∩ lim sup
n→∞

B(xin , rin) ⊆
∞⋃
k=1

B̄(xink , 3rink ).

Note that the Lebesgue measure of the left-hand side is Ld(U) < ∞. Thus the measure
of
⋃k1
k=1 B̄(xink , 3rink ) is at least Ld(U)/2 for some k1 ∈ N. To conclude, we let I ′ be the

set of all ink for k ∈ {1, . . . , k1}.

Lemma 14 yields the following proposition.

Proposition 15. Let (xi, ri)i∈I ∈ Sd(I) be a homogeneous ubiquitous system in V .
Then (xi, κri)i∈I is a homogeneous ubiquitous system in V for any κ > 0.

Proof. Let κ > 0. Since (xi, κri)i∈I ∈ Sd(I), it remains to show that the set Rκ of all
x ∈ Rd such that ‖x − xi‖ < κri for infinitely many i ∈ I has full Lebesgue measure in
V . This is obvious if κ > 1 so we assume that κ < 1.

Let U ⊆ V be a nonempty bounded open set and let j ∈ N. By Lemma 14 there
is a finite subset Ij of I such that the balls B̄(xi, ri) ⊆ U , i ∈ Ij , are disjoint and
enjoy

∑
i∈Ij L

d
(
B̄(xi, ri)

)
> Ld(U)/(2 · 3d) and ri 6 2−j . Thus the Lebesgue measure of

U ∩Rκ, which contains lim sup j
⊔
i∈Ij B(xi, κri), is at least κdLd(U)/(2 · 3d).

Let us assume that Ld(V \Rκ) > 0. Then Ld(Vm\Rκ) > 0 for m large enough, where
Vm = V ∩ (−m,m)d. Furthermore, there exists a compact set K ⊆ Rκ ∩ Vm such that
Ld(Rκ∩Vm\K) < κdLd(Vm\Rκ)/(2·3d). Applying what precedes to the bounded open set
U = Vm\K, we obtain Ld(Rκ ∩ Vm\K) > κdLd(Vm\K)/(2 · 3d) > κdLd(Vm\Rκ)/(2 · 3d)
and we end up with a contradiction. Hence Rκ has full Lebesgue measure in V .

We can now prove Theorem 2. Let (xi, ri)i∈I ∈ Sd(I) be a homogeneous ubiqui-
tous system in V , let h ∈ Dd and let ϕ : [0,∞) → R be a nonnegative nondecreas-
ing function that coincides with (h1/d)−1 in a neighborhood of the origin. In addition,
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let ϕh : [0,∞) → R denote a nonnegative nondecreasing function that coincides with
(h1/d)−1 on [0, h1/d(εh−)). Note that ϕh(h1/d(r)) 6 r for every r ∈ [0, εh) and that
h1/d(ϕh(r)) > r for every r ∈ [0, h1/d(εh−)). Moreover, ϕ and ϕh coincide near zero, so
that Fϕ = Fϕh . Hence it suffices to show that Fϕh ∈ Gh(V ).

Recall that r 7→ h(r)/rd is nonincreasing on (0, εh). Let η denote its limit at zero.
We first assume that η 6 1. As a consequence, h1/d(r) 6 r for every r ∈ [0, εh). Thus
r 6 h1/d(ϕh(r)) 6 ϕh(r) for every r ∈ [0, h1/d(εh−)), so that FId ⊆ Fϕh . Meanwhile,
FId is a Gδ-set of full Lebesgue measure in V so it belongs to Gh(V ) by Proposition 11.
Proposition 1(e) then gives Fϕh ∈ Gh(V ).

From now on, we assume that η > 1. Let f ∈ Dd with f ≺ h. There is a real
number ρ ∈ (0,min(εh, h1/d(εh−), εf )] such that 0 < ϕh(r) 6 ϕh(h1/d(r)) 6 r for all
r ∈ (0, ρ). Moreover, ‖x‖∞/κ 6 ‖x‖ 6 κ‖x‖∞ for all x ∈ Rd and some κ > 1. Note that
(2/κ)d 6 Ld(B(0, 1)) 6 (2κ)d. Let us show that

Mf
∞(Fϕh ∩ λ) >

Mf
∞(λ)

2 · 48dκ4d
(6·1)

for every c-adic cube λ ⊆ V with |λ| < ρ. To this end, we build a generalized Cantor set
K ⊆ Fϕh ∩ λ and a measure π supported on K. Let G0 = {λ} and π(λ) = f(|λ|).

Step 1. As f/h tends to infinity at zero, for some r > 0 we have

∀r′ ∈ (0, r]
f(r′)
h(r′)

> 2 · 6dκd f(|λ|)
Ld(intλ)

. (6·2)

Furthermore, owing to Lemma 14 there is a finite subset I ′ of I such that the balls
B̄(xi, ri), i ∈ I ′, are disjoint subsets of intλ which satisfy∑

i∈I′
Ld
(
B̄(xi, ri)

)
>
Ld(intλ)

2 · 3d
(6·3)

and ri 6 r. Let G1 = {B̄(xi, ϕh(ri)/2), i ∈ I ′}. Each closed ball β ∈ G1 is associated
with the open ball β̃ = B(xi, ri). Note that β ⊆ B(xi, ϕh(ri)) ⊆ β̃ ⊆ β̃ ⊆ intλ and
|β̃| 6 2h1/d(|β|) because ri < ρ. We set

∀β ∈ G1 π(β) =
Ld(β̃)∑

β′∈G1

Ld(β̃′)
π(λ).

Let β ∈ G1. We have Ld(β̃) 6 κd|β̃|d 6 2dκdh(|β|). Thus, using (6·2) and (6·3) together
with the observation that |β| 6 |β̃|/2 6 r, we obtain

π(β) 6 2 · 6dκd f(|λ|)
Ld(intλ)

h(|β|) 6 f(|β|).

Step 2. As f/h tends to infinity at the origin, for some r > 0 we have

∀r′ ∈ (0, r]
f(r′)
h(r′)

> 2 · 6dκd max
β∈G1

f(|β|)
Ld(intβ)

. (6·4)

Let β ∈ G1. Lemma 14 yields a finite set I ′ ⊆ I such that the balls B̄(xi, ri), i ∈ I ′, are
disjoint subsets of intβ which enjoy

∑
i∈I′ Ld

(
B̄(xi, ri)

)
> Ld(intβ)/(2 · 3d) and ri 6 r.

Let Gβ2 = {B̄(xi, ϕh(ri)/2), i ∈ I ′}. Each closed ball γ ∈ Gβ2 is associated with an open
ball γ̃ = B(xi, ri). We have γ ⊆ B(xi, ϕh(ri)) ⊆ γ̃ ⊆ γ̃ ⊆ intβ and |γ̃| 6 2h1/d(|γ|). Let
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G2 =
⋃
β∈G1

Gβ2 . We set

∀β ∈ G1 ∀γ ∈ Gβ2 π(γ) =
Ld(γ̃)∑

γ′∈Gβ2

Ld(γ̃′)
π(β).

Thanks to (6·4), the bound on π(β) we obtained at the previous step and the fact that
Ld(γ̃) 6 2dκdh(|γ|), we get

π(γ) 6 2 · 6dκd f(|β|)
Ld(intβ)

h(|γ|) 6 f(|γ|).

Summing-up of the construction. Iterating this procedure, we construct recursively a
sequence (Gq)q>0 of collections of sets which have a π-mass and satisfy the following
properties.

(A) We have G0 = {λ} and π(λ) = f(|λ|). In addition, the set λ contains a finite
number of sets of G1.

(B) For every q ∈ N, every γ ∈ Gq is a closed ball which contains a finite number of
sets of Gq+1. Moreover, there are an open ball γ̃, a unique closed set β ∈ Gq−1 and
an index i ∈ I enjoying γ ⊆ B(xi, ϕh(ri)) ⊆ γ̃ ⊆ γ̃ ⊆ intβ and |γ| = ϕh(|γ̃|/2).
Furthermore, the closed balls γ̃, γ ∈ Gq, are disjoint.

(C) For every q ∈ N and every γ ∈ Gq that is included in β ∈ Gq−1,

π(γ) =
Ld(γ̃)∑

γ′∈Gq
γ′⊆β

Ld(γ̃′)
π(β) 6

2 · 3d

Ld(intβ)
Ld(γ̃)π(β) and π(γ) 6 f(|γ|).

Thus K =
⋂∞
q=0 ↓

⋃
β∈Gq β is a generalized Cantor set included in Fϕh ∩ λ and π can be

extended to all Borel subsets of Rd, thanks to [21, Proposition 1.7]. We obtain a finite
Borel measure supported on K with total mass π(K) = f(|λ|).

Scaling properties of π. Let µ be a c-adic subcube of λ. Let us give an upper bound on
the π-mass of µ in terms of its diameter. We can assume that µ intersects K (if not,
π(µ) = 0) and that µ intersects at least two sets of Gq+1 for some q > 0 (otherwise, (C)
would ensure that π(µ) 6 π(γq+1) 6 f(|γq+1|) → 0 as q → ∞, where γq+1 denotes the
unique set of Gq+1 that intersects µ). Let β ∈ Gq (q > 0) be the closed set of largest
diameter |β| such that µ intersects at least two closed balls of Gq+1 that are included in
β. Note that π(µ) 6 π(β). If |µ| > |β|, using (A), (C) and the fact that f is nondecreasing
on (0, ρ), we have π(µ) 6 π(β) 6 f(|β|) 6 f(|µ|).

We now assume that |µ| < |β| and we let γ1, . . . , γn (n > 2) denote the closed balls of
Gq+1 that intersect µ. These balls are contained in β and (C) leads to

π(µ) =
n∑

m=1

π(µ ∩ γm) 6
2 · 3d

Ld(intβ)
π(β)

n∑
m=1

Ld(γ̃m).

Moreover, because of (B), the closed balls γ̃m, m ∈ {1, . . . , n}, are disjoint so that
|µ| > (|γ̃m| − |γm|)/2 for every m. Let ym ∈ µ ∩ γm. The closed ball (in the sense of the
supremum norm) B̄∞(ym, (|γ̃m| − |γm|)/(8κ)) is contained in γ̃m and is the union of 2d

closed cubes with edge length (|γ̃m| − |γm|)/(8κ) 6 |µ|/(4κ) and ym as a vertex. Note
that one of these cubes is included in µ ∩ γ̃m. As a result,

Ld(µ ∩ γ̃m) >

(
|γ̃m| − |γm|

8κ

)d
>

(
|γ̃m|
16κ

)d
>
Ld(γ̃m)
16dκ2d
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since |γm| = ϕh(|γ̃m|/2) 6 |γ̃m|/2 for |γ̃m| < ρ. It follows that

π(µ) 6
2 · 48dκ2d

Ld(intβ)
π(β)

n∑
m=1

Ld(µ ∩ γ̃m) =
2 · 48dκ2d

Ld(intβ)
π(β)Ld

(
µ ∩

n⊔
m=1

γ̃m

)

6 2 · 48dκ2dπ(β)
Ld(µ)
Ld(intβ)

.

Owing to (A) and (C) we have π(β) 6 f(|β|). In addition, note that Ld(µ) 6 κd|µ|d and
Ld(intβ) > |β|d/κd. Recall also that |µ| < |β| < ρ and that r 7→ f(r)/rd is nonincreasing
on (0, ρ). Hence π(µ) 6 2 · 48dκ4df(|µ|).

We can now prove (6·1). Let (λp)p∈N ∈ Rλc (Fϕh). We have
∞∑
p=1

f(|λp|) >
1

2 · 48dκ4d

∞∑
p=1

π(λp) >
1

2 · 48dκ4d
π

( ∞⋃
p=1

λp

)
>
π(Fϕh ∩ λ)
2 · 48dκ4d

.

Since the set Fϕh ∩ λ contains K, its π-mass is at least π(K) = f(|λ|). As a result,∑
p f(|λp|) > f(|λ|)/(2 · 48dκ4d). Lemma 9 additionally gives f(|λ|) = Mf

∞(λ) and
Lemma 8 leads to (6·1). Thus, by Lemma 10, Mf

∞(Fϕh ∩ U) > Mf
∞(U)/(2 · 48dκ4d) for

every open set U ⊆ V . Let g ∈ Dd with g ≺ h. Then f =
√
gh ∈ Dd satisfies g ≺ f ≺ h.

It follows from the preceding inequality and Lemma 12 that Mg
∞(Fϕh ∩ U) = Mg

∞(U)
for all open U ⊆ V . Hence the Gδ-set Fϕh is in Gh(V ).
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