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ABSTRACT. We compute the expansion of the surface tension of the 3D random cluster model
for ¢ > 1 in the limit where p goes to 1. We also compute the asymptotic shape of a plane
partition of n as n goes to co. This same shape determines the Wulff crystal to order o(g)
in the 3D Ising model (and more generally in the 3D random cluster model for ¢ > 1) at
temperature €.

1. INTRODUCTION

The three-dimensional Ising model on the cubic lattice is one of the most challenging
models of modern statistical physics. Many qualitative properties of the model are un-
derstood but despite a great deal of attention by physicists, very few exact, quantitative
results have been obtained.

In this paper we study the low-temperature expansion of both the surface tension and the
Waulff shape in the three-dimensional Ising model, and more generally the three-dimensional
random cluster (FK percolation) model. At temperature £, we obtain an expansion of the
surface tension and Wulff shape to order e.

A closely related probabilistic model which we study is the random plane partition. This
is a three-dimensional analogue of a random integer partition; we prove the existence of,
and compute a formula for, the asymptotic limit shape for a “3D Young diagram” of a plane
partition of n as n — oo. This is accompanied by a large deviation principle. This limit
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shape turns out to be the same as the asymptotic Wulff shape for the three-dimensional
Ising model (taken near a corner and appropriately scaled).
Here are more precise statements of our results.

1.1. The surface tension. We consider the FK percolation (random cluster) model
in the three dimensional cubic lattice L3 with parameters p,q. In a finite box By, =
[—M, M]? N3 this is the probability measure ®%7 on subsets of edges of By, such that
for C' a set of edges, ®17(C) is proportional to (p/(1—p))I¢lg"e where nc is the number of
connected components of C'. We are interested in the case where ¢ > 1 and p is close to 1.
From [18], we know that there exists a value py(q) < 1 depending on ¢ such that, for any
p in (po(q), 1], there exists a unique infinite volume FK measure ®2:¢ on IL? corresponding
to the parameters p, q.

We fix ¢ > 1. Let p belong to (po(q),1] and let v be a vector in the unit sphere S2.
Let A be a unit square orthogonal to v, let cyl A be the cylinder A + Rr. We define the
surface tension 7(v, p) depending on the direction v and the parameter p as

7(v,p) = lim
inside ncyl A there exists a finite set of closed edges E which cuts
TR In ®2:7 | ncyl A in at least two unbounded components and the edges of E at

distance less than 6 from dncyl A are at distance less than 6 from nA

The existence of the limit follows from the FKG property of the measure ®£:¢ and a classical
subadditivity argument (see [6] for a detailed proof). We know that for a fixed value of
p sufficiently close to 1, the map 7(-,p) : v € S — 7(v, p) is strictly positive, continuous,
invariant under the isometries which leave Z? invariant. Furthermore it satisfies the weak
simplex inequality, that is, the homogeneous extension of 7(-, p) to R3 is convex.

Theorem 1.1. We have the following expansion of T(v,p) as p goes to 1: for any q > 1,
uniformly over v in S?, as p goes to 1,

1
T(v,p) = |v|1In( —p) — |v|1ent(v) + o(1)

1
where for any v = (a, b, c¢) in the unit sphere S? we set
1 a 1 b 1 c
lv|1 = |a| + [b] + |¢], ent(v) = —L (ﬂ'u) + =L (Wu) + =L (wl)
T V|1 ™

and L is the Lobachevsky function given by
Vz € [0, 7] L(z) = —/ In(2sint) dt
0

Note that the first two terms of this expansion are independent of q. When ¢ = 1,
we have the surface tension of the Bernoulli percolation model [6]; when ¢ = 2, it is the
surface tension of the Ising model [4,7], and when ¢ is an integer larger than 2, it is the
surface tension of the g-state Potts model [8].
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1.2. The Wulff crystal. We denote by W, the Wulff set associated to the surface
tension 7 = 7(v, p), called also the crystal of T,

(1) W, = {z Rz -w < 7(w) for all win S?}.

Since 7 is continuous and bounded away from 0, its crystal YW, is convex, closed, bounded
and contains the origin 0 in its interior [15, Proposition 3.5].

The surface energy Z(A) of a set A having a smooth boundary 0A is defined to be the
surface integral of 7 on the boundary of A, that is

I(4) = /8 ) )

where v4(z) is the exterior normal vector to dA at x and H? is the two dimensional
Hausdorff measure in R3. The Wulff Theorem asserts that, up to dilations and translations,
the Wulff crystal W, is the unique solution to the isoperimetric problem associated to the
surface energy 7, that is, it is the unique set enclosing a fixed volume and minimizing
the surface energy Z. In the case where 7 is constant, we have the classical isoperimetric
problem and the Wulff crystal is an Euclidean ball. In the case of anisotropic functions 7,
the first attempts to solve this problem are due to Wulff, at the turn of the century [37].
Later Dinghas [12] proved that, among convex polyhedra, the Wulff crystal W, is the
solution to the problem. Taylor obtained general existence and uniqueness results in the
framework of the Geometric Measure Theory [33,34,35]. Recently, Fonseca and Miiller
reworked and slightly enhanced these results using the theory of the Caccioppoli sets
[15,16].
We recall that the Hausdorff distance between two compact sets A;, As is defined by

di (A, As) :max{ sup inf |a; —asgly, sup inf \ag—al\g}.

a1 €A @2€A2 az€A; a1€41

A direct consequence of Theorem 1.1 is that we can compute an approximation of the
Whulff crystal W, as p goes to 1. Here is a Corollary to Theorem 1.1:

Corollary 1.2. Let W, be the Wulff crystal associated to the function o defined by
Vv € S o(v,p) = —|vj1In(1 — p) — |v|ient(v) .

Then, for any q > 1,
lin%dH(Wg,WT) =0.
p—)

Remark. For p close to 1, the diameter of these Wulff crystals is of order — In(1—p), which
tends to infinity as p — 1. If we rescale the Wulff crystal to have volume 1, then the
corollary gives an approximation to order o(1/log(1 — p)).
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Proof. The functions 7 and o are the support functions of the crystals W, and W,. By
an identity due to Radstrom [27] and Hérmander [21], we have

dH(WO'7WT) = SuS'p ‘0-<V7p) —T(V,p)‘ .
vEeS?

The result follows then directly from the uniformity of the asymptotic expansion of The-
orem 1.1. [

The following theorem determines W, to order o(1) in the Hausdorff metric.

Theorem 1.3. Let ¢ = —1/1In(1 — p) and let T, be the map T.(x) = %(1, 1,1) — . The
boundary of the corner of T.(W,) converges (in the Hausdorff topology on compact subsets
of (RT)3) to the surface

So={(f(A,B,C)—1nA, f(A,B,C)—InB, f(A,B,C)—1InC) | A,B,C >0}

where for A, B, C positive,
1 . .
f(A,B,C’):—Q/ / In|A+ Be™ + Ce"|du dv.
4m [0,27] J[0,27]

The definition of the topology for which this convergence is proved is given in section
3.2. Note that this theorem and the previous Corollary do not give any control on the size
of the facets of the true crystal. They only determine the shape of the crystal to order
o(1).

A plot of Sy is shown in Figure 1.

1.3. Plane partitions. A plane partition of a positive integer n is a collection of positive
integers {p; ;}1<i j<oo indexed by pairs (¢, j) of positive integers with the properties

> pij=n and Vi,j €N pij>pi1g, Pij > Pijet-
2%}

To a plane partition {p; ;} we associate a 3D Young diagram by putting a column of
unit cubes of height p; ; over the unit square centered at (—1/2,—-1/2,0) + (7, 4,0) in the
horizontal plane. For convenience, we consider also that the axis planes belong to the 3D
Young diagram. The 3D Young diagram provides a way to view a plane partition as a
stack of cubes, see Figure 3 for an example. The exposed surface of the stack of cubes and
the axis planes will be called the surface of the 3D Young diagram.

Let now Y,~ (respectively Y,=) be a 3D Young diagram chosen randomly with the
uniform distribution over the set of all 3D Young diagrams associated to n (respectively
to integers less than or equal to n).
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figure 1: The surface S

The asymptotic form of Y~ for large n is obtained as the solution of a variational
problem for minimizing a certain surface energy while enclosing a fixed volume. The
surface energy is exactly that given by the function —|v|;ent(r). We prove:

Theorem 1.4. The surface (C(3)/4)"'/3Sy is the asymptotic shape of (the surface of) a
random rescaled 3D Young diagram n='/3Y,= or n=1/3Y <.

See the precise statement in Theorem 3.4. Moreover we prove a large deviation principle
for Y,= and Y,=.

1.4. Organization. The remainder of the paper is organized as follows. In section 2
we prove Theorem 1.3 using the expansion of Theorem 1.1. This is a straightforward
computation using the Wulff construction. We also compute the volume under the surface
So and we study its smoothness.

In section 3 we derive a large deviation principle for 3D Young diagrams and use it to
prove Theorem 1.4. This section relies on the results of [10]. In that paper the authors
deal with a four-parameter family of “domino tilings”; in the current paper we need a
specialization of their results, when one of the parameters is set to 0. Specifically, the four
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figure 2: 3D Young diagram of a plane partition.

parameters a, b, ¢, d are edge activities in a dimer model on Z2. The edge weights a, b, ¢, d
are staggered, with a and b alternating on horizontal edges and ¢ and d alternating on
vertical edges of Z?2, in such a way that around each lattice square all four activities occur.
As noted in [10], when one of the activities, say d, is zero the model becomes isomorphic to
a dimer model on a honeycomb lattice, with activities a, b, c. This is dual to the lozenge-
tiling model which is the model we need in this paper.

Sections 4 and 5 below are devoted to the proof of Theorem 1.1.

2. PrROOF OF THEOREM 1.3.

To determine W,, we need to find for each direction v € S?

Then r(v) will be the radius of W, in direction v. If we extend homogeneously o to a
function on R3 \ {0} by setting o(v) = |v|20(v/|v|2) for v € R3\ {0}, we have

o(w)

2 = i .
(2) r(v) we]%{l{o} vV-w

From Theorem 1.1, setting w = (x,y, z), we see that o is of the form

o(e,9,2) = (o] + byl + =) — ent(,p, 2)
6



where e = —1/1In(1 — p) and

1 1 1
ent(z,,) = I (wﬂ) .y (WM) .y (Wﬂ) |
™ lwly 0 lwlq 0 lw|y
By symmetry we need only to work in the positive orthant

Oy ={(z,y,2) e R, >0,y >0,2>0,2+y+2>0}.

Letting v = (a, b, ¢) we have from (2)

1—
r(abc)= min YT ety z)

Setting derivatives with respect to z,y and z respectively equal to zero we find three
equations for the minimum (any two of which suffice to determine the minimum):

(ax 4+ by + cz)(1 — cent — e(x + y + z)ent,) — a(x + y + z)(1 — cent)
(ax 4+ by + cz)(1 —eent — e(x + y + z)ent,) — b(x +y + 2)(1 — cent)
(ax + by + cz)(1 —cent — e(x +y + 2)ent,) — c(x + y + 2)(1 — cent)

0
0
0

Rather than solving for (x,y,2) as a function of (a,b,c), these can be solved for (a,b, c)
in terms of (z,y,z). The solution v = (a, b, c) is only defined up to a constant multiple,
which is chosen so that o(w) = v - w. Using the fact that zent, + yent, + zent, = 0 since
ent depends only on the direction of v and not the length, the solution is

a=¢ ' —ent— (z+y+2)ent,

b=¢c!' —ent— (z+y+ 2)ent,

c=c ' —ent — (z+y+ 2)ent,.

The interpretation of this solution is that when v = (a,b,¢) is of the above form, then
w = (x,y, z) minimizes o(w)/(v - w) (and the minimum value is 1). Therefore as (z,y, z)
runs over S2, (a,b, c) gives a parametric representation of W, .

From section 1, we have a parametric representation of W, in the positive orthant,
given by

OW, ={(e7" —ent — (z+y+2z)ent,, e " —ent — (z+y+2)enty, e ' —ent — (z+y+z)ent,)
| (.’B,y, Z) € O+}



If we translate by (—e~!, —e~1, —71) so that the corner of the cube (to which W, tends
as p — 1) is at the origin in R3, then the surface OW, — (¢7t,e71,e71) is —1 times the
fixed surface Sy defined by the parametric equation

So = {(ent + (z +y + z)ent,,ent + (z + y + 2)ent,, ent + (x + y + z)ent,) | z,y,z € O4 }.

1
T rT+Yy—+z rT+yY—+=z rT+yY+z

L(z)=— /0‘r In(2sint)dt

is the Lobachevsky function. We have L'(z) = —In(2sinz). Setting

Recall

where

X Y mZ

r =

r+y+z’ YV az+y+z’ 7 w4yt z]

a short computation gives
0, 0, 0. .
(r+y+2)ent,(x,y,2) = — Insin 6, + — Insin 6, + — Insinf, | —Insind, .

Similar expressions hold for (z + y + z)ent, and (z + y + z)ent,. Note that ent and
(x + y + z)ent, depend only on the direction of (z,y, z), not on its length. From [10] we
have the identity

Op . . 0 . 0., .
ent(z,y, 2) + <— Insinf, + - Insind, + — Insin 92) =
7r s 7r

1

27 27
=—— / In ‘sin 0, + ™ sin 6, + e’ sin 96‘ du dv.
4= /o 0

Replacing (sin §,,siné,,sin6.) with (A4, B, C) satisfying A : B : C' =sinf, : sinf, : sinf,,
Sp can be written as in the statement of the theorem. This completes the proof.

2.1. Properties of Sy. When A > B + C, we have f(A, B,C) =1In A. The part of the
surface Sy described by these parameters is given by the set of points

(0,In(A/B),In(A/C))
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as A, B, C' vary while satisfying A > B+ C and B, C > 0. This set consists of the points in
the yz plane lying above the curve parametrized by (0,In B +C ,InZ go) which is the curve
{(0,y,2) | e7¥+e* =1}. In particular the “curved” part of SO intersects the yz plane in
the curve {(0,y,z) | e7¥ + e~ % = 1}, the xy plane in the curve {(z,y,0) | e * +e ¥ =1},
and the zz-plane in the curve {(x,0,2) | e 4+ e % = 1}. Surprisingly, each of these
curves is, up to scale, the boundary of the asymptotic Wulff crystal of the two-dimensional
Ising model when the temperature goes to 0 (and the asymptotic shape of the 2D Young
diagram of a uniform partition of n), see [9,36, 32].

Another property of the surface Sy is that it is C' but not C? at the points where it
touches the axis planes. For example, when (A, B,C) = (2 — 4,1, 1) we have

f(2—46,1,1) =In2 — 0 + 353/2 + 0(6?),
2 3T

so that the intersection of Sy with the plane y = z is a curve which, near z = 0, is
parametrized by

(f(2—0,1,1)—In(2—-9), f(2—-6,1,1), f(2—4,1,1)) =

2 3 2 9 9
(=052 +0(5%), 2 =  + 0(6), 2 — 5 +0(5)),

3/2 near x = 0 for constants c1,c2. The actual curve is shown in

so that x = (¢1 — c2y)
Figure 2.

Notice that the facets of the Wulff crystal in the Ising model still exist for fixed small
temperature [5,24].

We finally compute the volume under Sj.
Proposition 2.1. The volume under the surface Sy is equal to ((3)/4.

Proof. This volume is fR2 zdzdy, where (z,vy, z) are given by the parametric equation of
Sp in the canonical basis. We proceed in two steps. First change coordinates from z,y, z
to A, B,C. Here we let A, B be the independent variables and fix C' = 1; the curved part
of Sy corresponds to pairs A, B for which {A, B, 1} satisfies the triangle inequality. We
have the identity ([10])

0 04
0A (4,B,C) = Ar

where 04 is the angle opposite edge A in a triangle of edge lengths A, B,C. Similar
expressions hold for B and C. We compute

B 00 1 05
9
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figure 3: The intersection of the surface with the plane y = z;
the horizontal axis is the z-axis and the vertical is the y-coordinate (or z-coordinate).

B 04 0B 1
dy—df(A,B,l)—dlnB—WAdA-i—(WB B)dB,
yielding
Oc
dxdy = ——=dAdB
Y= TAB

where we used 04 + 0p + 6c = 7. Changing coordinates again, to 04,0p (where 6o =
m— 04 —0p) we have A = sinfls/sinfc and B = sinfg/sinfc. A short computation
gives

0 dA dB 6 o
be — 2 imAdnB =240, dop.
T AB T ™

Now

f(A,B, 1) = %(L(@A) + L(0p)+ L(0c)) + 0?’4 InA+ 073 In B.

We use the expansion

1 o= sin(2n0
L() = 52722 ).
n=1
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We have

/ / sin( QnGA)e—dGBdQA -
4n

with the same expression holding for sin(2nfg); and

/ / sin( QnQC)e—dﬁBdﬁA =0.

In particular
T pm—04 1 QC 1 1 1
/0 /0 —(L(04) + L(0p) + L(0c))—_dfpdfa = | Z 3= 4603).

The integral of the terms

0p sinfly 6Op .  sinfp
— In — In —
m  sinf¢ T sinfg

is easily shown to be zero. In conclusion we have

T T—04 00 1
/ / £A, B Cappdo, = Le@). O
o Jo s 4

3. PLANE PARTITIONS

3.1. Monotone sets and entropy. Our goal is to derive a large deviation principle
and a law of large numbers for the rescaled random 3D Young diagrams n~/3Y,= and
n-1 3Y,=. To this end, we need first to define our topological framework and to embed
our random objects in a continuous space.

We consider the space £ consisting of closed subsets E of (RT)3 having finite volume
(L3(FE) < 00) and satisfying the following monotonicity property: for any (z,y, z) € (R1)3,

(x,y,2) e E = [0,z]x{y}x{z} CE, {x}x[0,y]x{z} CFE, {z}x{y}x[0,2]CE.

For convenience, we impose also that the axis planes are included in E. Let P11 be the
plane containing the origin and orthogonal to the vector (1,1,1), i.e

Pi1 = {(a,b,c) eR®*:a+b+c=0}.
11



The boundary of an element F of £ can be conveniently parametrized by looking at the
height of E over the plane P;i1, that is, to E we associate the function fg : Pi1; — RT
defined by

Vo € P fe(z) = sup{t € Rt : 2 +(1,1,1) € E}.

The set E can be recovered from its height function fg, indeed
E = { (CL?b? C) € (R+)3 fa+ b +c S fE(ﬂ-lll(aab7 C)) }

where 7111 is the projection on P17 parallel to the direction (1,1,1). The monotonicity
condition satisfied by the set E implies that

Vo,y € Py Te@) > fe(r) — |z —yl2

hence the height function fg belongs to the space Lip; (P11, RT) of the maps from Pjqq
to R™ which are Lipschitz with Lipschitz constant 1.

In particular the boundary of an element E of £ admits a Lipschitz parametrization.
By Rademacher’s Theorem, a Lipschitz function is differentiable almost everywhere with
respect to the Lebesgue measure, hence the set E admits a tangent plane at (z, fg(z)) for
A almost all &, where A is the planar Lebesgue measure in the plane P;1;. We denote by
v81assic () the normal vector at (z, fz(x)). Let axis(-) be the height function associated to
the axis planes, that is

Vo € Py axis(x) = inf{t: 2 +t(1,1,1) € (RT)3}.
We define the domain of E as
dom(E) = {z € P11 : fe(zr) > axis(z) }

and the entropy of E as
ent(E) = / ent (v9251(2)) dA ()
dom(FE)

where ent is the function appearing in Theorem 1.1; notice that in the integral we do not
take into account the boundary points lying in the axis planes.

A more flexible way to define the entropy is to work in the space of functions having
bounded variation. Since f is Lipschitz, it is absolutely continuous and it belongs to the
space BVjoc(P111), so that its distributional derivative is the Radon measure having density
V fg with respect to A, the Lebesgue measure in Pj11. As in [31, formula (15)], to the
entropy function |v|ient(r) we associate the convex set S defined by

S={zc®R"):Wwe®R")? z-v>|yient(v)}.
12



Since |v|ient(v) is concave, we have the dual relation

Vv € (R1)? |v|ient(v) = ingx V.
(A

Let C}(P111,S) be the set of the C! vector fields with compact support in P17 and taking
values in S. Like in [6, Chapter 6], it can be shown that

ent(E) = inf{ / g(x) - Vfp(z)d\(z): g € CL(Pi11,S) }
dom(E)
and by the generalized Gauss—Green formula,
ent(E) = inf{ / fe(x)divg(z) d\(z) : g € C5(Pi11,S) } .
dom(E)

From this last expression, it is obvious that the entropy ent is upper semicontinuous in the
topology Li (Pi11), as well as in the stronger topology L*(Pi11).

loc

Lemma 3.1. The function ent is upper semicontinuous in the topology Ll (Pi11).

Another way to prove this lemma is to rely on the specific fact that we work with the set
of functions Lip; (P11, RT). On Lip;(Pi11,RT), the topology Li .(Pi11) agrees with the
topology of uniform convergence on compact subsets. Let (f,)nen be a sequence of func-
tions belonging to Lip; (P11, RT) and converging in L{ (Pi11) (and therefore uniformly

loc
on compact subsets of Pj11) towards f. By [10, Lemma 2.1], for any compact set K,

limsup/ ent(Vf,)d\ < / ent(Vf)dA.
K

n— 00 K

We can write Pj1; as the union P11 = J K,,, where the sets K,,, m € N, are compact

and satisfy

meN
le,mg EN, mq 7ém2, )\(Kml ﬁsz) =0.
Thus

lim sup ent(f,) = limsup Z/ ent(V fp,) dA
K7n

n— o0 n— oo
meN

< mzeNlimsup/Km ent(Vf,) d\ < mZGN/K ent(Vf)d\ = ent(f).

13



3.2. Topology on £. We endow £ with the topology H of Hausdorff convergence on
compact sets, that is, the topology whose basis elements are

{FES:dH(FﬁK,EﬁK)<€}, e>0, Ec&, K compactsubsetof (RT)3

where dy is the Hausdorff metric. For other possible topologies on &, as well as their rela-
tionships with the topology H, see [30]. It is likely that our results hold with a finer topol-
ogy, for instance the topology L!. If we express the topology H on the space Lipy (Py11, RT)
through the map

E € & fg € Lip1(P111,RY),

the corresponding functional topology is the topology of uniform convergence over compact
subsets of Pjj;. This topology is metrizable: if (K,),en is an increasing sequence of
compact sets such that (RT)? = J, oy Kn, setting for E, F in £

dg(ENK,, FNK,) 1)

dist(E, F') = Z 2™ min( Tam K

neN

we get a metric compatible with this topology.
A standard diagonal argument shows that for any a > 0, the subset

Ea ={Ec&:L3E)<a}

is compact. Indeed, let (E,)nen be a sequence in &, and let (fg, )nen be the associated
height functions in Lip; (P111, RT). Since

vneN  a> LYE,) > (fEn(O)/\/§>3

the sequence (fg, (0))nen is bounded. The functions fg , n € N, being Lipschitz, by
a diagonal argument, we can extract a subsequence (which we redenote by fg ) which
converges uniformly on any compact subset of P;1; towards a function f. Let E be the
element of £ associated to f. Then the sequence (E,,),cn converges towards E with respect
to the topology ‘H and

L3(E) = /P |f(x) — axis(x)|dA\(z) < liminf/P |fE, () — axis(z)| dA\(z) < «.

n—oo
The topology H on £ is identical to the topology Ll .(Pi11), hence the entropy ent is upper
semicontinuous when & is endowed with the topology H.
14



3.3. Large deviation principle. We are now ready to state our large deviation principle.
Notice that the rescaled 3D Young diagrams n 1/ 3Y,= and n-1 3Y,= belong to the space

&= {Bec&:L3E)<1).

Theorem 3.2. The sequences (n~/3Y, " )pen and (n=V3Y,S),en satisfy a large deviation
principle in & endowed with the topology H, with speed n?/3, governed by the good rate
function T defined by

VE € & Z(E) = sup ent(F) —ent(F),
Fe&

i.e., for x equal either to = or to <, for any open subset O of (€1,’H),

(3) —inf{Z(F): F € O} < liminf L

n— o0 n2/3

lnP(n_l/?’YTZk €0),
and, for any closed subset F of (€1,'H),

(4.) lim sup . lnl’?’(n_l/?’Y;k €F) < —inf{I(E): E€ F}

oo M2/3

Proof. For n € N, we denote by N(n) the number of 3D Young diagrams associated to n.
We deal first with the large deviations lower bound for (Y,-),en. Let E belong to £ and
let fr be the associated height function. By density, we can assume that £3(F) < 1.

For an M > 0 we set Eyy = EN [0, M]? and R}, = m111([0, M]?). There is a one to
one correspondance between random lozenge tilings (with step size n='/3) of the region
R%,, and 3D Young diagrams contained in [0, M]3. Each such 3D Young diagram has an
associated height function h which agrees with axis(-) outside of R},. We are interested
in 3D Young diagrams whose height function h lies close to fg,,. The volume of the 3D

Young diagram with height function A is less than

L2(Enr) + A(Ry) sup | fey, (x) = h(@)].

TERY,
Now let € > 0 and take M large enough that
ent(fg,, ) > ent(E) —e.

Since the entropy ent vanishes in the axis directions, we have Z(E)y;) < Z(F). Since
L3(E) < 1, there exists § > 0 small enough so that

L3(Ep) +6MRy,) < 1.
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By [10, Theorem 4.3], for n large enough, the number of height functions h over R},
corresponding to random tilings such that sup,c g« [f&, (z) — h(z)| < § is larger than

exp (n2/3(ent(fEM) — e)) .

Each such height function corresponds to a 3D Young diagram associated to an integer m
with m < n. By adding a column of n — m cubes along the z axis we obtain a 3D Young
diagram y,, associated to n which still satisfies dg (n=/3y, N[0, M]3, Eas) < 26 for n large
enough, say n~ /3 < § (notice that we use here the fact that the axis planes belong to the
set ). Thus, using the inequality ent(fg,,) > ent(E) — ¢,

1 _ — 1
(5) —7 lnP(dH(n 1/3Yn N[0, M]3, Ey) < 25) > ent(F) — 2¢ — 7 InN(n).

We deal next with the large deviations upper bound for (Y,=),en. Let E belong to &;.
For M > 0, we set Ey;y = E N[0, M]3. Notice that the map

teRT — HA(EN{x=1t}) € RT

decreases monotonically to 0 as t increases to oo (here H? is the two dimensional Hausdorff
measure in R3 and {z = t} is the plane consisting of the points whose first coordinate is
equal to t). Let ¢ > 0. We choose M; large enough so that H*(E N {z = M;}) < e. We
proceed similarly for the two other axis directions to get Ms, M3. Let also My be such that
I(Ewn,) > Z(E) —e. Let M = max(My, Ma, M3, My). Since E is closed, by the dominated
convergence Theorem,

}E%Hz({y € [0,M]?:d(y,E) <6}y n{x=M}) = H*(Ey N {z = M})

and there exists ; > 0 such that
VFec€&  dy(Ey,FN[0O,M]?) <8 = HA(Fn({M}x][0,M]*)) < 2.

We proceed similarly for the two other axis directions to get ds, d3. By [10, Theorem 4.3],
there exists d4 > 0 such that, for n sufficiently large, the number of tilings of R}, =
m111([0, M]3), whose corresponding height function h satisfies

sup | fE,, (z) — h(z)| < &4
zeERY,

is less than expn?/3(ent(Eys) + €). We set 6 = min(d, 62, 83, 04). We have then

VFc& dy(Ey,FN0,M]?) <6 = HA(FN({M}x[0,M]?)) < 2e,

H2(F N ([0, M] x {M} x [0, M])) < 2¢, HA2Fn(0,M]?x{M})) < 2.
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We will now compute an upper bound on the number of 3D Young diagrams y,, such that
d(n™ Py, N[0, M?, Ey) <6

Let y,, be such a 3D Young diagram. To y,, we associate a height function over R}, given
by f,-1/3,, | R}, (the restriction of f,,—1/s, to Rj},) as well as the three 3D Young diagrams
yiM 1 <4 <3, corresponding to y, \ [0,n'/3M]3. More precisely,

yb M — g\ ([O,nl/?’M] X (R+)2> — (n'/?M,0,0)

and y2>M  y3M are defined analogously, considering the two other axis directions. The

number of possible configurations for n=1/3y, N[0, M]? is bounded by the number of corre-
sponding tilings, that is, by exp %nQ/ 3(ent(Eps)+¢). The number of possible configurations
for y&M 1 <4 <3, is estimated with the help of the following lemma.

Lemma 3.3. There exists a constant ¢ > 0 such that for any e > 0, any n € N, the
number of 3D Young diagrams associated to an integer less than n, with step size n="/3 and
having less than en®/3 cubes intersecting one of the azis planes is less than exp(cel/4n2/3).

Proof. Recall that the number of ordinary (2D) partitions of n is at most eV for a con-
stant c. Let Z, . be the set of 3D Young diagrams whose intersection with the zy-plane
has area less than en?/3. Let K = \/Enl/g. ForY € Z, ., let

Y =y n{(z,9,2)0<y < K}

and
Y@ =y n{(z,y,2)|y>Kand 0 <z < K}.

Then Y = YO UY® and YV and Y@ are disjoint. Now Y is made up of the K
2D-Young diagrams

YOG ={(z,y,2) e YV|i<y<it+1}, 0<i<K
and similarly Y is made up of
YOU) ={(x,y,2) eYPj <z <j+1} 0<j<K,

Let M; be the volume of Y1) and let m; be the volume of Y (V) (i). Given the volumes
mi,...,mg, the number of choices for the Y1) (3) is at most

c\/m1+---+\/mK < C\/EVMI )
17



The number of choices for the volumes m, ..., mg is at most the number of partitions of
M, which is at most ¢V™. Similar bounds hold for Y2). Therefore the total number of
elements of Z,, . is at most

/ 1/4,_2/3
| Zn,.e < cymHVEn < g

for a constant c3. This completes the proof. O

We conclude that: VE € & Ve>0 dM,0 >0 dN Vn> N
) -
P(dg(n " 3Y,S N[0, MP, Ey) < 6) < ( 3 N(k)) expn?/3(ent(E) + 2¢ + 3cet/)

1<k<n

Inequality (5) implies on one hand that

lim inf L InN(n) > max{ent(E): E€& }.

L 273
On the other hand, let € > 0; to each set F in &; consider the neighborhood
{(Fe& :duy(FN[0,M)? Epy) <6}
where M, § are chosen as in inequality (6). The space £ being compact, we can extract

from this covering a finite subcover, associated to (E;, M;,0;), i € I. For n large enough,
inequality (6) is satisfied for each set Ej;, i € I, hence,

1=P(n Y, S6) <Y Pldp(n™ 2V, 00, M;]%, En,) < 67)

iel
—1
< ( Z N(k)) Zexp n*/3(ent(E;) + 2¢ + 3ce'/?)
1<k<n i€l
whence 1
i — < : /4.
ll;n_)solip 57 InN(n) < max ent(E;) + 2¢ + 3ce
Sending € to 0, we conclude that
. 1
(7) lim —,InN(n) = max{ent(E): E €& }.

n— o0 n%ﬂ

Now the large deviations lower bound (3) for Y~ follows directly from inequality (5)
and equality (7). The large deviations upper bound (4) for Y,= follows directly from
18



inequality (6), equality (7) and the compactness of £;. Because N(n) increases with n, we
have >, 1o, N(k) <nN(n) and for any E € €, M,6 >0 and n € N,

P(dg(n =3V, N[0, M]%, Exr) < 6) < nP(du(n™*Y,S 00, M]*, Ey) < 0).

Therefore the large deviations upper bound for Y,= implies large deviations upper bound
for Y,~, while the large deviations lower bound for Y, implies the large deviations lower
bound for Y,=. O
Our large deviation principle implies automatically a law of large numbers for the ran-
dom rescaled 3D Young diagrams.
We recall that
S={zcR:VveS? z-v>|vient(v)}

and that the boundary of § is the surface Sj.

Theorem 3.4. The set (¢(3)/4)"/3((RT)3\ S) is the asymptotic shape of a random
rescaled 3D Young diagram: for any M,d > 0, we have

limsup —. In P(dg(n~ Y3~ 0 [0, MJ?, [0, MJ*\ (C(3)/4)"/38) > ) < 0.

SID 273

Proof. The solution of the variational problem
minimize Z(FE) over E € &
which is of course equivalent to the problem
maximize ent(E) over E € &

is given by a slight variant of the famous Wulff isoperimetric theorem. The unique solution
is the adequate dilation of ((R™)3\S) which encloses a volume 1 (see [31]). Since the volume
under Sp is (2¢(3)), it is the set (3¢(3))71/3((RT)3\ S). The large deviation principle for
Y~ implies that

n

1
lim sup Wz)’ln P(dH(n—l/BYn: N[0, M]3, [0, M]?\ S) > 5) <

—inf{Z(E): E €&, (dg(E,[0,M]>\S) >4}

and the righthand side is strictly negative. [J
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4. PRELIMINARIES FOR THEOREM 1.1

In this section we introduce first the notation and we give some basic definitions. In
the second part, we recall some basic properties of FK (or random cluster) measures.

4.1. Notation. The cardinality of a set A is denoted by |A|. The symmetric difference
between two sets Aj, Az is denoted by A1AA;. We denote by d, the metric associated
with the p-norm, i.e., d,(z,y) = |z — y|, for any z,y in R3. We will only use the 1,2 and
oo norms. The d, distance between two subsets E; and Fy of R3 is

dp(El,EQ) = mf{ ‘.’Bl — .’132‘;0 X1 € El, To € E2 } .
The r—neighborhood of E C R? with respect to the dy metric is the set
V(E,r) = {2 €R®: dy(z,E) <r}.

We will usually work with the Euclidean distance dy on the continuous space R3 and with
the distance d; or ds, on the discrete lattice Z3. The unit sphere of R3 is denoted by S2.
We denote by H? the standard 2-dimensional Hausdorff measure.

We turn Z3 into a graph with vertex set Z2 and edge set

Elz{{x,y}ZCE,yGZE}, |£L’—y|1:1}

This graph is called the three dimensional cubic lattice and is denoted by L'. Let D be a
subset of R®. An edge {xz,y} of E! is said to be included in D if both sites z,y belong to
D. We denote by E}(D) the set of the edges of E! included in D. For D a subset of Z3,
the graph (D,E!(D)) will be often identified with its vertex set D. Let A be a subset of
Z3. We define its inner vertex boundary,

0MA ={zcA:Tyec A° do(z,y) =1}

The set A C Z3 is said to be connected or L!-connected (respectively L>°-connected) if any
two of its points are connected by a path xg, x1, ..., z, of points of A with d;(x;, x;41) = 1,
0 < i < n (respectively duoo(w;,7;11) = 1). Note that L!-connectedness implies L°°-
connectedness.

The object dual to the edge e = {x,y} of E! is the unit square orthogonal to e centered
at (x + y)/2, also called the plaquette associated to e. Two edges in E! are said to be
adjacent if (and only if) their corresponding plaquettes meet along a unit segment. A
set of edges E C ! is said to be connected if any two edges are connected by a path of
adjacent edges.

Let A, B, D be subsets of R? with ANDNB = 0. A set of edges E C E! is said to
separate A and B in D if there is no path in the graph (Z*> N D,E!(D) \ E) connecting a
vertex of A and a vertex of B. The set E separates oo in D if the graph (Z*ND,E!(D)\ E)
has at least two infinite components.

One is naturally lead to work simultaneously with the two metrics L' and L°° for
topological reasons. Here we will use the following result.
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Lemma 4.1. If A is a L*>° connected set of vertices and R is a L' connected component
of A¢, then 0" R is L' connected.

Proof. From R, we construct a three dimensional manifold M with boundary as follows.
The manifold M is the e-neighborhood of the union of those edges whose vertices are both
in R and the set of (solid) unit cubes all of whose 8 vertices are in R. The boundary of M
consists of closed oriented two dimensional manifolds. Now each boundary component of
M divides R? into an outside and an inside: this is a classical theorem of algebraic topol-
ogy (essentially the generalized Schoenflies’” Theorem, see [29]). Note that two boundary
components of M are at d,.-distance at least 1 4 2e¢.

Let 21,22 be two vertices in "R and ', x4 points of M to which they are closest.
We claim that z), x5 are on the same boundary component of M. This is because (using
connectedness of A) there is a path in R? from 2} to x}, which does not pass through the
interior of M. Since ', x, are on the same boundary component of M, there exists a path
on this boundary component from z/ to 5. This path can be pushed onto an L!-path on
the underlying edges close to the boundary, whose vertices belong to 9" R. [

A detailed proof of a similar result has been done by Kesten [22, Lemma 2.23]; see also
[11, Lemma 2.1].

4.2. FK percolation. We give here a short account of FK measures; we refer to [18,26]
for a more detailed exposition. For E C E! with E # @, we write Q(F) for the set {0, 1};
its elements are called edge configurations in E. The natural projections are given by
we QE) — w(e) € {0,1}, where e € E. An edge e is called open in the configuration
w if w(e) = 1, and closed otherwise. For A C Z3, let Q4 = Q(E'(A)), the set of the
configurations within A (recall that E!(A) denotes the set of edges between sites in A).
We set also Q = Q3. Given w € Q and E C E!, we denote by w(FE) the restriction of w to
Q(F). Given w € Q, we denote by O(w) the set of the edges of E! which are open in the
configuration w. The connected components of the graph (Z3, O(w)) are called w-clusters.
The path v = (21, €1, x2,...) is said to be w-open if all the edges e; belong to O(w). An
edge e = {z,y} is said to be wired in the configuration w if there exists an w—open path
joining the endvertices x,y of e which does not use the edge e itself. Let w € € and
V C Z3 be a finite subset of Z3. The open clusters in V are the connected components
of the random graph (V, O(w(E*(V)))). The number of open clusters in V is denoted by
cl(w). Let Fy be the o-field with atoms {w}, w € Q(V'). For fixed p € [0,1] and ¢ > 1, the
FK measure with parameters (p, ¢) is a probability measure ®%;? on Fy, defined by the
formula

1
= ( H pw(e)(l . p)l—w(e)) qcl(w)

(8) VweQy  P[{w}] = 7

where Z{;? is the appropriate normalization factor.
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There exists pp(q) in (0, 1) such that, for any p in (po(q), 1), the weak limit
OLd = Vh_)r%s o
exists and is the unique FK measure in infinite volume corresponding to the parameters
p,q [18, proof of Theorem 5.3]. We will work in this regime throughout the paper. By
conditioning on the wiring status of the endvertices of a fixed edge, we obtain the following
estimates for the probabilities of this edge to be open or closed:

P
p+q(1—p)
There is a partial order < in Q given by w =< ' if and only if w(e) < w'(e) for every
e € El. A function f : Q — R is called increasing if f(w) < f(w’) whenever w < w’. An
event is called increasing if its characteristic function is increasing. A property of crucial
importance is that for ¢ > 1, p > po(q), PEI satisfies the FKG inequality, i.e., for all
F-measurable bounded increasing functions f, g, we have (see [18])

OLI(fg) = EI(F) L (g) -

Lemma 4.2. Let p > po(q). Let F be a fized finite set of edges and let N be an integer
with N < |F|. Then

Ve € E! dP9(e is open) > , PPI(eis closed) > 1—p.

1 —p)‘F‘q\F\ -N

@&q(the edges of ' are closed, at least N edges of F' are wired) < (
p

Proof. We denote by £ the event
£ = {the edges of F' are closed, at least N edges of F' are wired } .

Since we work in the region where there is uniqueness of the infinite volume FK measure,
we have

PLA(E) = Jim @0 (€).

Let A be a box containing all the edges of F'. To a configuration 7 in Q(A), we associate
the configuration 7 obtained by changing the states of all the edges of F' and keeping the
remaining edges unchanged. If at least N edges of F' are wired in the configuration 7, then
cl(m) > cl(n)+ N — |F|. This follows by induction using the fact that edges in F are closed.

Therefore
Z ( H pn(e)(l_p)l—n(e))qcl(n)
_ F
PRI(E) < neENQU(A)  ecEl(A) < (1 p>| |q|p|_N

Z ( H pﬁ(e)(l_p)l—ﬁ(e))qcl(ﬁ) - D

nEENQ(A) e€EL(A)

Letting A grow to Z3, we obtain the inequality stated in the Lemma. [
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Lemma 4.3. Let p > max(po(q),1/2). Let E,F,G be three finite sets of edges, with
G C F. Then

@&q(the edges of EU (F \ G) are closed, the edges of G are open) <

1—p\IF\G
(2(]—) L1 (the edges of E are closed, the edges of F' are open) .
p

Proof. We denote by £ and F the events

& = {the edges of EU (F \ G) are closed, the edges of G are open },
F = {the edges of E are closed, the edges of F' are open} .

Since we work in the region where there is uniqueness of the infinite volume FK measure,
we have

PLA(E) = i, oRI(E),  PRUF) = Jim OR(F) .

Let A be a box containing all the edges of EUF'. To a configuration n in (A), we associate
the configuration 77 obtained by opening all the edges of F'\ G and keeping the remaining
edges unchanged. We have cl(77) > cl(n) — |F' \ G|. Therefore

1 e — e C
PRIUE) = 75 Z ( H P (1 — p)L=n()) gelm
A peenQ(A)  ecEL(A)

:% 3 S (I P00 g gt

PEFNQA) neENQ(A), 71=p €e€EL(A)

1 1—py\IF\G] . e e
< - Qq_> ( II »9a—p)tre)g®
A peFn(n) p e€EL(A)
1—p\|F\G
< <2q—p>| Vg,
p

Letting A grow to Z3, we obtain the inequality stated in the Lemma. [

5. PrRoor OorF THEOREM 1.1

Let v belong to S? and let A be a unit square orthogonal to v. Let cyl A be the cylinder
A+TRv. Let n belong to N. We define £(n, A, v) as the collection of all the subsets F C E!
such that
e I/ is a finite connected subset of ncyl A.

e I/ separates ncyl A in at least two unbounded components.
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e The edges of F at distance less than 6 from dncyl A are at distance less than 6 from nA.
We define next the event

W(n,A,v) = {there exists F in £(n, A, v) such that all the edges of E are closed } .

The only difference between the collections of edges in £(n, A, v) and those realizing the
event appearing in the definition of the surface tension is the additional connectedness
constraint. The next lemma shows however that this constraint is irrelevant to compute
the surface tension.

Lemma 5.1. Let A be a square in R3. Let E be a finite set of edges which separates oo
in cyl A and such that the edges of E at distance less than 6 from Ocyl A are at distance
less than 6 from A. Then there exists a connected subset E* of E which separates oo in
cyl A.

Proof. Let Y be the union of plaquettes associated to edges in E. Note that this set
disconnects cyl A\ (V(dcyl A,6) NV(A, 6)) in a topological sense (no continuous path joins
the top to the bottom). This is because any continuous path avoiding a set of plaquettes
can be pushed onto a lattice path avoiding the same set of plaquettes. Let X be the set
X =V(Y,e)U(V(dcyl A, 6)NV(A, 6)). We locally modify X at each vertex as follows: let z
be a vertex of a plaquette of Y. If Y contains several plaquettes with vertex x which are not
connected locally (in the sense of not being connected via a chain of adjacent plaquettes
containing x), separate X near x so that locally, different components of Y correspond
to different components of X: one can do this by pushing each local component of X
slightly off of x. Note that this does not destroy the property of X of disconnecting
cyl A\ (V(dcyl A,6) N V(A,6)).

Now 0X consists of closed two-manifolds and by the generalized Schoenflies theorem
[29], at least one component C' of X N cyl A disconnects cyl A\ (V(dcyl A, 6) N V(A4,6)).
Let E™* be the set of edges corresponding to plaquettes in the e-neighborhood of C'. Then
E* is connected (in the sense that any two plaquettes are connected by a path of adjacent
plaquettes) and separates co in cyl A. [

Corollary 5.2. We have

1
T(v,p) = lim — — In®%I(W(n, A,v)).
n—o00 n
We define f(n, A, v) to be the minimal number of edges of a set in £(n, A, v), that is,
f(n, Av) = min{|E|: E € £(n, A,v) }

and ¢(n, A, v) to be the number of elements in £(n, A, v) having minimal cardinality, i.e.,

o(n, A, v) = }{EGE’(TL,A,V) ;| E :f(n,A,y)}’.
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Lemma 5.3. For any v in S?, any unit square A orthogonal to v, we have

) 1
lim — f(n, A,v) = |v|1,

n—oo n

where ent(v) is the function defined in Theorem 1.1.

Proof. For the first statement, note that the projection of A onto the xy-axis has area |v,|,
the absolute value of the z-component of v. Similarly the projections onto the zz and yz
axes have areas |v,| and |v,| respectively. Replacing edges in E by their plaquettes, we
clearly need at least n?|v,| + O(n) plaquettes of type xy, n?|v,| + O(n) plaquettes of type
rz, and n?|v,| + O(n) plaquettes of type yz for E to disconnect ncyl A. It is also easy to
see that these are enough: take the set X of unit lattice cubes intersecting nA; the upper
boundary of X is an element of £(n, A, v) with the required number of plaquettes.

For the second statement, see [10, Theorem 4.1]. In particular setting d = 0 in the
entropy formula of [10] yields the desired entropy formula for lozenge tilings. O

Let now ¢ > 1 be fixed and let p belong to (po(q), 1]. We set
1 . 1
A(’I‘L,p) - ﬁ ln(ﬁoo (W(’FL, A7 V)) - Ef(”% A? V) ln(]' - p) :
Lemma 5.3 and the definition of the surface tension imply immediately that
nli_)ngo A(n,p) = —7(v,p) — |v/1 In(1 — p).

Thus the asymptotic expansion of Theorem 1.1 is equivalent to saying that

lim lim A(n,p) = |v|]ient(v).
p—1 n—oo
p<1

We will prove the even stronger statement

lim A(n,p) = |v|ient(v).
e,y SUHP) = Mhent)
n<oo,p<l1

To this end, we study separately the infimum and the supremum limits of A(n, p).
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Lemma 5.4. For any v in S?, any unit square A orthogonal to v, we have

liminf  A(n,p) > |v|ient(v).
(n,p)—(o0,1)
n<oo,p<1

Proof. Let D(n, A,v) be the set of the edges which are at distance less than 6 from the
boundary of ncyl A and at distance less than 6 from nA. Let E € £(n, A,v). Let F be the
set of edges which share a vertex with an edge of E but which are not in E. Let W(E) be
the event: all the edges of E are closed and all the edges in

E* = (ncylA)N [(D(n, A,v)\ E)UF]

are open. Whenever W (FE) occurs, the set E is the unique element of £(n, A, v) realizing
the event W(n, A,v). Therefore the events

W(E), Eecé&(n,Av), |El=/fnAv)
for different E’s are pairwise disjoint and

LW (n, Aw)) > Y RI(W(E)).

Eec&(n,Aw)
|E|=f(n,A,v)

We fix now a set of edges E in £(n, A,v) such that |E| = f(n,A,v) and we compute a
lower bound on ®2:2(W(E)) as follows:

LYW (E)) = ®LA(the edges of E are closed, the edges of E* are open) =
dP9(the edges of E are closed | the edges of E* are open) ®2:%(the edges of E* are open).

There exists a constant ¢ such that |D(n, A, v)| < ¢n, hence
|E*| <en+5|E| <en+5f(n, A, v)

and, using the FKG inequality with the lower bound on the probability of an edge to be
open,
D )cn—|—5f(n,A,y)

®P:9(the edges of E* are open) > H ®%(e open) > (ﬁ
prg\l—p

ecB*

On the other hand, if we define

OU"E = {2 e Z: 3y, 2€Z? {x,y} €cE'\E, {z,2} € E}
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we have
$P9(the edges of E are closed | the edges of E* are open) >
P9 (the edges of E are closed | the vertices of 9""*E are wired) > (1 — p)f<n’ A,v)

so that
p.q n, A v P cn+5f(n, A, v)
AW (E) 2 (1= AV () .

Plugging this estimate in the initial sum, we get
cn+5f(n, A, v)
OLI(W(n,A,v)) > ¢(n,Av 1—pf(n’A’V)(#)
(W ( ) = & )(1—p) P
and for n € N7 peE (pO(Q>7 1]7
1 c ) P
A(n,p) > —1 VA, —+ —=f(n,Av))l (—)
() > g ndln A )+ (5 + S A (b
Sending (n,p) to (00, 1) and using Lemma 5.3, we obtain the claim of Lemma 5.4. [

We turn now to the study of the supremum limit of A(n,p). We consider the general
case where v belongs to the positive orthant

Op ={(z,9,2) € R")’, 2 +y+2>0}.

The first step is to reduce the problem to collections of edges which are close to the minimal
ones. To this end, we relax the definitions with the help of an additional parameter «
representing the allowed fraction of additional edges. For « in [0, oo] (the values 0 and co
are not excluded), we define successively

En,Av,0) = {Ec€&(n,Av): |E| < f(n,A,v)+an®},
o(n, A, v, ) = [E(n, A, v, )]

We define the event

there exists F in £(n, A, v, a) such
W A — )£y ¥
(n, 4,v, ) { that all the edges of E are closed }

For the particular values o = 0, 0o, the previous definitions yield
En,Av,00)=E(n, A,v), W(n,Av,00)=W(n,A,v), ¢n,Av,0)=o¢n, Av).
We set finally
1 1
A(nap7 O_/) = 3 In q)igé)q(W(n7 A7 v, Oé)) - _Qf(nv A7 V) ln(l - p) :
n n

We first show that the study can be reduced to A(n, p, ).
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Lemma 5.5. For any positive o, we have

limsup A(n,p,a) = limsup A(n,p).
(n,p)—(o0,1) (n,p)—(00,1)
n<oo,p<1 n<oo,p<1

Proof. Clearly, for any o > 0, any n € N and p < 1, we have A(n,p,a) < A(n,p) and
therefore
limsup A(n,p,a) < limsup A(n,p).
(n,p)—(0c0,1) (n,p)—(0c0,1)
n<oo,p<1 n<oo,p<1

Let us prove the converse inequality. There exists a constant ¢y > 1 such that, for any
m € N,

9) H F CE': F connected, |[F| =m, F contains an edge with 0 as Vertex}} < .

Let D(n, A,v) be the set of the edges which are at distance less than 6 from the boundary
of ncyl A and at distance less than 6 from nA. We have
(I)géq(W<n, A7 V)) - (I)géq(W<n, A7 v, Oé))
< PP ( there is a connected set E of closed edges such that)
- END(n,A,v)# @ and |E| > f(n,A,v) + an?
< |D(n,A,v)] Z Z ®2:9(all the edges of F are closed)

m>f(n,Ap)+an? F
where the last summation extends over all connected sets of edges F such that |F| = m
and F' contains an edge with 0 as endvertex. Using (9) and applying Lemma 4.2, we get
1— m
DI (0, A,0) - VW (n, Av.0)) < DA Y ()™
m>f(n,A,v)+an? p

There exists a constant ¢; such that |D(n, A,v)| < ¢in?. For p sufficiently close to 1, so
that coq(1 —p)/p < 1/2, we have thus
1= p)\f(n, A, v) + an?
OPA(W (n, A,v)) — ®LYW (n, A, v,a)) < 2¢1n? (cou) .
D
Using the inequality ®2:4(W(n, A,v,a)) > (1 — p)f(n’ 4, V), we obtain

OL9(W(n, A,v)) — LYW (n, A, v, a)))
LI (W (n, A, v,))

1
A(TL?p) - A(n7p7 O-/) = ﬁ In (1 +

q(1 —p)>f(n7f4, v)+ Om2<1 A

< 2¢ (Co
b
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There exists ny such that f(n, A,v) < 2n?|v|; for n > n; and

2

A(n,p) — A(n,p,a) < 201(<00%>2|V|1(00¥>a)n .

Let p1 > po(q) be such that
2|v)h 1— min(a, 1)
( q ) (Coq( pl)) -

1
C - .
Opl D1 2

For any n > nqy, any p in (p1, 1), we have

2
A(’I‘L,p) - A(n7p7 O_/) S 2012_n

which implies the desired inequality on the supremum limits. [J
We next estimate the supremum limit of A(n, p, a) with the help of ¢(n, A, v, a).

Lemma 5.6. For any positive o, we have

1
limsup  A(n,p,a) < limsup — In¢(n, A,v,a) + 3alng.
(n,p)—(o0,1) n—oo T
n<oo,p<1

Proof. Using the symmetry of the lattice, we need only to consider vectors v whose three
coordinates are non—negative. To avoid unessential discussions, we suppose also that all
three coordinates of v are strictly positive. Let as usual A be a unit square orthogonal to v;
for simplicity we suppose that A is centered at the origin. The main technical problem
to get the correct upper bound on A(n,p, ) is to show that, whenever p is close to 1
and the event W (n, A, v, a) occurs, most of the closed edges realizing the event have their
endvertices wired. Let D(n, A, v) be the set of the edges which are at distance less than 6
from the boundary of ncyl A and at distance less than 6 from nA. Let us define

Pl(nvA):
{(#,9) €ZXZ:32€Z do((x,y,2),nA)<1,Vz€Z do((2,y,2),D(n,A,v))>2}

and for E a set of edges and x,y in Z x Z,

m(E,z,y) = {ecE:32€Z e={(z,y,2),(z,y,2+ 1)} }.
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Let (x,y) belong to Pj(n, A). Then the set of edges {(z,y, 2), (z,y,2+1)}, z € Z, contains
a finite path of edges linking the two connected components of

{w e R?: dy(w,ndcyl A) < 6 < dy(w,nA)}.

Let E be a set of edges in £(n, A,v). Since by definition £ contains no edge having an
endvertex in the above set, necessarily at least one edge of the previous path belongs to F.
We define next

Tl(E> - U 7T1(E,$,g>, Tl*(E> - U 7T1(E,$,Q>-
(‘rvy)epl(naA) (‘rvy)epl(naA)
|71 (E,z,y)|=1

We define the analogous quantities related to the two other directions parallel to the axis,
Pi(n,A), m(E,z,y), T;(E), T;(F),1 <i<3.
We proceed now to estimating ®2:9(W(n, A, v, «)). We write

(10) O W (n, A,v,a)) < Z PP (the edges of E are closed) .
Eec&(n,Av,a)

Let V(E) be the set of the vertices belonging to an edge of E. Since E is connected,
then V(FE) is L!-connected and therefore L.°°~connected. Let R be the unbounded L!
component of V(E)¢. By Lemma 4.1, "R is L! connected. Let F be the edges having
an endvertex in 9" R. Let us denote by £ the event

&€ = {the edges of E are closed, the edges of F' are open} .
We have, using Lemma 4.3,
®L:4 (the edges of E are closed)

< Z ®2:9(the edges of E U (F \ G) are closed, the edges of G are open)
GCF

< Z <2q%>|F\G|q>&q(é’) < Z Z <2q1p%p>‘F‘ Nq)&q(g)
GCF 0<N<|F| |g|c:1}“v
1y < Y ('?)(m%)‘ﬂ_]\[@&q@) - (1—|—2%(1—p))‘F‘q>&q(5).

N<|F|
Yet |E| < f(n, A,v)+an?, thus for n large enough, |V (E)| < 2(2|v|; +a)n? and | F| < ¢;n?
with some positive constant ¢; so that
®P:9(the edges of E are closed) < (1 +22(1- p)) PrI(E).
p

oo
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On the event &, all the edges of F are open, hence all the vertices of 9" R are connected by
open paths. Moreover, the endvertices of any edge in 75 (E)UT5 (E)UT5 (E) are connected
by an open edge of F to a vertex of " R. In conclusion, on the event £, all the edges
in T7(FE) UTS(E) U Ty (F) have their endvertices wired. Whenever (z,y) € Pi(n, A) and
|1 (E, z,y)| # 1, the line {(z,y, z) : z € Z} contains at least two edges of E, therefore

Y T (B + 2(1Pin, A) - [T (B))) < ||

1<:<3

whence

Y ITHE)] =z 2 Y |Pi(n, A)| ~ |B| = f(n, Av) - 200,

1<i<3 1<i<3
the last inequality being valid for n large enough, since
) 1
lim — Y [Pi(n,A)| = |v]:.

n—oo M

1<i<3

Thus at least f(n, A,v) — 2an? edges of E have their endvertices wired together. By
Lemma 4.2, we have

821 (6)
< PBA (the edges of E are closed, at least f(n, A,v) — 2an? edges of E are Wired)
< (1 —p)f(n7A7 V)q3an2 .
p

Plugging this estimate in (10) and (11), we obtain

D,q q Cln2 1—p f(n, A,v) 3 n2
OLI(W (n, A,v,0)) < ¢(n, A, v, a)(1+2];(1 =) <T> o

whence

1
A(TL?pv Oé) < ﬁlnqb(n?Aa v, Oé) +c In (1 +QQ(1 _p>/p) +30&1Hq—

Taking the supremum limit as (n,p) — (0o, 1) yields the desired result. O

We finally prove that the entropy is continuous with respect to o at a = 0.
31



Lemma 5.7. For any v in S?, we have

1
lim limsup — Ing(n, A,v,a) = [v]ient(v).
i

Proof. Using the symmetry of the lattice, we need only to consider vectors v whose three
coordinates are non—negative. To avoid unessential discussions, we suppose also that all
three coordinates of v are strictly positive. Let as usual A be a unit square orthogonal
to v; for simplicity we suppose that A is centered at the origin. Let Pj1; be the plane
containing the origin and orthogonal to the vector (1,1, 1), i.e.,

P = {(2,9,2) eR>:24+y+2=0}.

Let also w111 be the projection on Pjj; parallel to the direction (1,1,1). Let D be the
parallelogram D = m111(nA). Let k be an integer. We tile D with k? translates of D/k,
which we denote by D;, 1 < i < k?. Let E € £(n, A,v,a). For n sufficiently large, we
have |v]1n? — an? < f(n, A,v) < |v[1n? + an? hence |v|1n? — an? < |E| < |v|in? + 2an?.
Let E* € £(n, A,v) be such that |[E*| = f(n, A,v). Let a*,b*,c* (respectively a,b,c) be
the number of the edges of E* (respectively E) parallel to the first, second and third axis
respectively. We have

max(|a — a*|,|b— b*|, |c — c*|) < 3an?,

) 1
lim —(a*,b",c") = v.
n—oo n2

The plaquette associated to an edge e is denoted by p(e). We say that a parallelogram D;
is good if the 7111 projection of the collection of the plaquettes associated to E above D;
is one to one in the following sense:

‘v’el,eg EE, €1 7&62, H2(7T111(p(81)>ﬂﬂ'lll(p(eg))ﬂDi) =0

where ‘H? is the two dimensional Hausdorff measure. We denote by I(E) the set of the
indices of the good parallelograms. The area of the w111 projection is the same for the
three types of plaquettes; call this area H. Since E belongs to £(n, A, v, a), we have

H? (7111 ( U ple))) > n?lv|1H — O(n)

ecFE

so that for n large enough, the number of bad parallelograms is less than 3an? and therefore
\I(E)| > k? — 3an®. If B is a subset of Pjj;, we say that an edge e is above B if
m111(p(€)) N B # @. Let B(E) be the edges of E which are above good parallelograms, i.e.,

B(E) ={ecE:JicI(E) mu(ple)ND;#2}.
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Let next F(FE) be the edges of E' which are above the boundaries of the parallelograms
D;, 1<i<k? ie.,

JT(E) = {66E33i€{1,'-',k}2} 7T111(p(6)>ﬂ8D7;7é®}.

We have | F(E)| = k*0O(n/k) = O(kn). Let finally M(E) = (E\B(E))UF(E). Let i belong
to I(F). The edges of E which are above D; cut the cylinder of basis D; and direction
v in two infinite components and it has thus cardinality larger than |v|1n?/k* — O(n/k).
Therefore

B(E)| > ([ (n?/k*) = O(n/R)(E)| = 4|F(E)| > [v]in® — O(nk) — |v|13an® /k?

and
IM(E)| < 2an? + O(nk) + |v|13an® /k? .

Since M(FE) is a connected set of edges intersecting D(n, A, v), the total number of possible
configurations for M(F) is less than

exp (O (2an® + O(nk) + |u\13an4/k’2)) .

We next estimate the number of possible configurations for B(E) once M(FE) is given. For
each i in I(E), let B; be the edges of B(E) which are above D; and let a;,b;, c; be the
number of the edges of B; parallel to the first, second and third axis respectively. The
number of possible choices for B; corresponding to a fixed value of a;, b;, c; is estimated
with the help of the following lemma.

Lemma 5.8. Let R be a parallelogram in Py11. Let a,b,c belong to N. Let B(a,b, c, R)
be the set of the collections B of edges above R such that

e 3 is connected and at least one edge of B is at distance less than one from P11

e the w111 projection of the collection of the plaquettes associated to B is one to one and
covers R

e the number of the edges of B parallel to the first, second and third azis are equal to a,b, c.
For any € > 0, there exists n(e) such that:

vn >n(e) V(a,b,c) € N? \B(a,b,c,nR)| < exp ((a+b+ c)(ent(a,b,c) +¢)).

Remark. Notice that whenever B(a, b, c,nR) is not empty, then a +b+ c is of order |v|;n?.

Proof. This follows from [10, Theorem 1.1]: partition B(a,b,c,nR) into sets having the

same boundary configurations (the edges which project to an O(1) neighborhood of OnR).

The size of each element of the partition is determined by the entropy formula of [10,
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Theorem 1.1]. The boundary configuration of largest entropy is the one whose boundary
edges approximate a plane of slope (a, b, ¢). The size of this element of the partition is less
than exp((a + b+ ¢)(ent(a, b, ¢) + ¢)) uniformly over (a, b, ¢) for a + b+ ¢ sufficiently large.
Since the number of elements of the partition is at most exponential in the length of the
boundary, whereas a, b, ¢ are quadratic, summing over all elements of the partition gives
the same bound up to a lower order error. [J

We apply Lemma 5.8 to the parallelogram D;. For any € > 0, there exists py such that
for any n, k such that k/n < pg, for each i in I(FE), the number of possible choices for B;
corresponding to a fixed value of a;, b;, ¢; is less than exp ((ai +0b; +¢;)(ent(a;, by ;) + 6))

Letting
CLIIZCM, bIIsz‘, CIIZCi,
iel icl icl
we have
max(|a — agl, [b — brl,[c — ¢c1]) < |[M(E)]
whence

max(|a* — azl, [b* — by, |¢* — c1]) < 3an? + O(nk) + |v|13an* /E*.

The concavity of v € R? — |v|ient(v) yields

Z(ai + b; + ¢;)ent(a;, by, ¢;) < (ay+ by + cp)ent(ay + by + ¢g)
icl

and we conclude that the total number of possible configurations for B(E) once M(E),
ar, by, cy are fixed is bounded above by

ar + I =1\ [(br+ I =1\ [er+|I| -1
b b ‘
( |[I| —1 7] —1 -1 exp ((CEI+ 1+ cr)(ent(ay, I,CI)+5)>

Recall that ( 727! is the number of ways to partition p identical elements into ¢ labelled
q—1

subsets.) We now choose a < p¢ and k = o'/*n. We then have |I| < \/an? which implies

(a; |J]r||f|1_ 1) < (Mlnf/%?; \/5)) = exp(n*0(valn V).

Therefore

ar+ |I| -1 br+|I| -1 cr+ 1|1 —1
() () () — e,
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Now
max(|a* —az], [b* = by, [¢* — er]) < (Ba+O(a'/*) +9v/a)n? = O(a/*n?)

so the number of possible values for ay, by, ¢y is bounded by O(a3/ 4n%). Moreover ent is
continuous with respect to the direction; hence there exists p; > 0 such that, for a < p;
and n sufficiently large, we have

la* +b* + c* — |v|1n?| < en?, lent(v) —ent(az, by, cr)| < €.

|
Putting together the previous estimates, we see that for o < min(pg, p1), and n sufficiently
large, the total number of possible choices for E is less than

O(a®*n°%) exp(O(at/*n?)) exp ((|u\1 + e)n?(ent(v) + 25)) :
Since € and « can be chosen arbitrarily small, the desired estimate on ¢(n, A, v, a) fol-
lows. [

Lemmas 5.5, 5.6, 5.7 together imply the following result, which implies the expansion
stated in Theorem 1.1.
Corollary 5.9. For any v in S?, any unit square A orthogonal to v, we have
limsup A(n,p) < |v|ient(v).
(n,p)—(o0,1)
n<oo,p<1

It remains to prove that the expansion is uniform with respect to v in S2. For € > 0,
let 7. be the symmetry in R? defined by

Vo € R3 T (z) = oy wheree = (1,1, 1).
€

Since 7(v, p) is the support function of W, , we have for any v in (RT)3

v e-v
V|7 (——,p) = sup w-v = sup Te(w) v =—+ sup —w - V.
‘V|2 wWEW, weTe(WT) € weTe(Wv—(u,p))
Restricting this identity to S? N (RT)3, we get
Vv e S2n (RT3 T(v,p) — vy = sup -—w-v
€ weT(W;)

which converges pointwise towards —|v|1ent(v). By homogeneity we see that

v vy
Vi |v|oT(—,p) — —
| ‘2 ( ‘V|2 ) ) B
is a sequence of convex functions from (R™)3 to R which converges pointwise to the continu-
ous function —|v|jent(v). The uniformity stated in Theorem 1.1 follows from the following
lemma.
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Lemma 5.10. Let (f,)nen be a sequence of convex functions from (R1)4 to R which
converges pointwise to a continuous function f. Then the convergence is uniform on any
compact set included in (R*).

Remark. A classical result shows that the convergence is uniform on any compact set
included in the interior of (R*)9 (see for instance [28, Theorem 10.8]). For a related result
concerning more complicated domains, see [19].

Proof. The proof is done by induction on the dimension d. In the case d = 0, (RT)? = {0}
and pointwise convergence implies uniform convergence! Suppose now that the result holds
in dimension d — 1 where d is a fixed integer, d > 1. Let (f,)nen, f be functions from
(R*)? to R satisfying the hypothesis of the lemma. Let ¢ > 0 and M > 0. The function f
is uniformly continuous on the compact set [0, M]?, thus

36>0 Vr,ye[0,M]? |z—yla<2Vdd = |f(z)— fly)| <e.

By the classical result quoted in the above remark, the sequence (f,)nen converges uni-
formly to f on [4, M]¢, hence

INL(5,M,e) Vn>N; Vzels, M |fulz)— f(z)| <e.

For each k in {1,...,d}, the restrictions of the functions (f),)nen, f to the d—1 dimensional
hyperplane z = 0 (z is the k—th coordinate in the canonical basis of R%) are convex
functions from (R*)4~1 to R which satisfy the induction hypothesis. Therefore we have
uniform convergence on the set

D=1[0Mn [J{zeR:2,=0}
1<k<d
that is,
INy(M,e) ¥Yn >Ny VYxeD |fn(z) — f(z)| <e€.

Let now n be an integer larger than max(Ny, N3). Let y belong to [0, M]¢\ D\ [§, M]%.
Let zg be the orthogonal projection of y on [4, M]? (that is, the point of [§, M]¢ closest
to y). Let z; be the intersection of the line (y zg) and D and let 2o be the point symmetric
of y with respect to zy. We have |z, — zg|2 < V/dd. Since y belongs to the segment [z, 21],
there exist a, 3 > 0 such that a+ 3 = 1 and y = azg+ (5z1. By convexity and the previous
inequalities, we have then

faly) < afu(z0) +8fn(z1) < af(20) +8f(21) +€ < fly) + 2.
Finally, we have also f,(z0) < (1/2)(fn(y) + fn(22)) whence
fa(y) = 2fn(20) = ful(z2) 2 2f(20) — 2¢ — f(22) —€ = f(y) — 6e.

Thus we have uniform convergence over [0, M]? and the induction step is completed. [
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