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Abstract

Let L : R xR — [0, +0oo[U{+40c0} be a Borel function. We consider the
problem

1
min F'(y) =/0 L(y(t),y'(t)) dt : y(0) = 0, y € WHI([0,1],R).  (P)

We give an example of a real valued Lagrangian L for which the Lavrentiev
phenomenon occurs. We state a condition, involving only the behavior of L
on the graph of two functions, that ensures the non-occurrence of the phe-
nomenon. Our criterium weakens substantially the well-known condition,
that L is bounded on bounded sets.
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1 Introduction

Consider the basic problem of the Calculus of Variations that consists on mini-
mizing the autonomous integral functional

Fly) = / L(t,y(t), v/ (£)) dt

among the absolutely continuous functions on [0, 1] that possibly satisfy some
end-point conditions. Here L : [0, 1] x R" x R" — [0, +00[U{+00} is a Borel
function. We are concerned with the question of avoiding the Lavrentiev phe-
nomenon, namely the unpleasant fact that the infimum of F' among the absolutely
continuous functions is strictly less than the one among the Lipschitz functions
that share the same end-point conditions. The occurrence of this phenomenon im-
plies the failure of classical numerical analysis methods, e.g., finite elements, if
one wishes to compute the infimum of F', and represents a discontinuity of F’ with
respect to strong convergence in Wh1(I R).

Lavrentiev’s phenomenon is considered among experts a matter of non-auto-
nomous Lagrangians, i.e., depending explicitly on the time variable. On one side,
a famous example by Mania exhibits the phenomenon when

L(t.y,v) = (y° — )"

among the functions y : [0, 1] — R that satisfy the end-point conditions y(0) =
0,y(1) = 1 (see [3, §4.3]). A more refined construction by Ball and Mizel [2]
shows that it may even occur when the Lagrangian is a polynomial in (¢, y, v) that
satisfies Tonelli’s existence conditions (namely superlinearity and convexity in the
last variable). On the other side, a celebrated result by Alberti and Serra Cassano
[1, Theorem 2.4] asserts that non pathological autonomous Lagrangians do not
exhibit the phenomenon. More precisely, there is no Lavrentiev phenomenon if

VK >0 drx >0 L(y,v)isbounded on [—K, K|" X [-rg,rk]".  (B)

Notice that Condition (B) forces L to be finite on the union |Jz[—K, K|* X
=7k, Tk]" and in particular on R"™ x (0,...,0).

Actually, it has now become clear that the phenomenon is also strictly related
to the presence and the number of end-point constraints. For instance, as shown in
[3], Mania’s example does not exhibit any more the phenomenon if one considers
just the end-point condition y(1) = 1. Moreover, it was pointed out in [5] that
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Condition (B) in [1, Theorem 2.4] is a sufficient condition for the non-occurrence
of the phenomenon when one considers just one end-point condition, but not any-
more in the case of two end-point conditions. In fact, Alberti provided an example
(see [5, Example 3.5]) showing an autonomous Lagrangian with values either 0
or 400, satisfying (B) such that the functional F' takes the value +-co on every
Lipschitz function satisfying y(0) = 0,y(1) = 1.

Regarding the Lavrentiev phenomenon, the difference between one and two
end-point conditions was recently better understood (see [5]). So it seemed to us
of interest to study more thoroughly the conditions that provide the non-occurrence
of the phenomenon for problems with one end-point condition. As mentioned
above, Condition (B) of [1, Theorem 2.4] does not take into account the effective
domain Dom(L) of the Lagrangian (i.e., the set where it is finite). We wonder
how sharp condition (B) is. Can it be weakened to an assumption involving just
the subsets of the effective domain of L? The effort of finding such a condition
was carried out in [4] under an additional radial convexity hypothesis on the last
variable of the Lagrangian: it is enough in that case that for each K > 0, there is
rx > 0 such that L(y,v) is bounded on ([— K, K|" X [—rg,rk]|") N Dom(L).

In this paper, we consider the case where the Lagrangian L = L(y,v) is au-
tonomous, n = 1, with the initial condition (0) = 0 and free end-point condition.
We first exhibit a finite, autonomous Lagrangian that violates (B), for which the
Lavrentiev phenomenon occurs with just one end-point condition. We introduce
the following Condition (R), weaker than (B), that ensures, with no need of any
other additional hypothesis, the non-occurrence of the phenomenon:

Condition (R). There exist two locally Lipschitz functions p~, p* defined on R
such that:
VzeR  p(2)<0, pt(z)>0,

and for every bounded interval J of R,

sup L(z,p’(z)) < 400, sup L(z,p*(z)) < +00.
zeJ zeJ

The Condition (R) is fulfilled when (B) of [1, Theorem 2.4] holds. Condition (R)
has the advantage to require the boundedness of the Lagrangian just on some one-

dimensional subsets of its effective domain, without imposing, as (B) does, that
Dom(L) contains the union of two-dimensional rectangles.
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2 The functional, the gap and the phenomenon

2.1 The functional

We consider an autonomous Borel Lagrangian L : R x R — [0, +-00] with non—
negative values, possibly infinite. We denote by [ the unit interval [0, 1] and we
define

wew LR k) = [ L0,y (1) dt.

We consider the end—point condition y(0) = 0 and the problem (P):
1
min F'(y) = / L(y(t),y'(t)dt, ye W' (IL,R), y(0)=0. (P)
0

2.2 The Lavrentiev gap and phenomenon

Definition 2.1 (No gap). Letp > 1. Lety € WP(I, R) be such that F(y) < +oo0.
We say that the Lavrentiev gap does not occur at y for (P) if there exists a sequence
(Yn) ey Of functions satisfying:

1. for each n € N, the function y,, is Lipschitz and y,,(0) = 0;

2. lim F(y,) = F(y) (approximation in energy);

n—-+o00
3. y, — yin W1P(I R) (approximation in norm).

We denote by Lip(/,R) the space of the Lipschitz functions defined on I with
values in R.

Definition 2.2 (No phenomenon). We say that there is no Lavrentiev phenomenon
for (P) if
inf(P) = inf { F(y): y € Lip(I,R),y(0) =0}.

Clearly, the Lavrentiev phenomenon does not occur for (P) once there is no
Lavrentiev gap for every y € W?(I,R) such that F(y) < 4oo.
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3 Occurrence of the Lavrentiev gap for (P)

The Lavrentiev phenomenon is often considered a pathology related to non-auto-
nomous Lagrangians. However, the phenomenon may also occur in the general
case: an example due to Alberti (see [5, Example 3.5]) exhibits an autonomous
Lagrangian L that takes the value +oo, satisfies (B), yet the Lavrentiev phe-
nomenon occurs for a problem with two end-point conditions. When Condition
(B) fails, the phenomenon may occur in the autonomous case, when one considers
Jjust one end-point condition. Consider

1\2
<v2—4—y2) v ify #0,

1 ify=0.

The Lagrangian L is a Borel non—negative map. Let y.(s) = +/s,s € [0, 1].

Figure 1: The graph of L in Proposition 3.1.

Notice that (L, y.) violates Condition (B) in [1]. Indeed if v # 0, then

lim L(y,v) = +o0,

y—0

and this implies that, for every r > 0, L is unbounded on (1) x [—r,7].
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Proposition 3.1. The function y, is a minimizer for the problem (P) associated
to L and moreover F(y.) = 0. The gap occurs at y.: more precisely, for any
y € Lip(]0, 1], R) such that y(0) = 0 and F(y) < 1, we have F(y) = +o0.

Proof. We have
1

1
2Vt 2y.(t)
so that L(y.(t),y.(t)) = 0 for ¢ in ]0, 1]. Moreover, we have F(y) > 0 for all
admissible trajectory y € W1(]0, 1], R), therefore

VE>0  yi(t) =

F(y.) =0 =min (P).

Next, lety € Lip([0, 1], R) be such that F'(y) < 1 and y(0) = 0. Notice that, since
F(0) = 1, then y is not identically equal to 0. The set {¢t € [0,1] : y(¢) # 0}
being open and non-empty, it is a countable or finite union of non-empty open
subintervals of [0, 1]. Hence, there are 0 < a < b < 1 such that

yla) =0, y(b) #0, Vie€la,b[ y(t)#0.

B b t 4 iy/(t)Q
—/< >
1 b y'(t)Q ”
2 o yt)?
Loe [y (L‘)2 1)
__ﬂ|%lzd)ﬁ+m PO

Since y(a) = 0 and y is continuous at a, then y(¢) — 0 as ¢ — a, so that there
exists d €]a, b[ such that

vt €la, d] %Hyfugoyy;(g) 312 ‘Z (( )) (3.2)

Now, in (3.1), fix ¢ €]a, d]. Integrating both terms of (3.2) over [c, d], we obtain

1o [Ty 1) 1y @)? 1y )2
—5lly Hoo/c 200 dt + 16/c oL dt > o dt . (3.3)
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Inequalities (3.1) and (3.3) together yield

R 1 PR 1 [
2o > Ly / di 4+ — dt + — dt. (3.4
(y) > 2||y 1% L 20 T 16 J, y(t)* * 32 J. y(t)t G4

Notice that we use the lower bound (3.3) only for the integral over [c, d]. Jensen’s

inequality yields
2
[ L ([0,
c y(t)4 T d—c c y(t)2

1 ( 1 1 )2
d—c\ylc) y(d))
Since y(a) = 0 and y is continuous at a, we deduce from (3.5) that

d ./ 2
. y'(t)
hm/ 2 gt = +o0.
e Yt

(3.5)

c—a

Keeping d fixed and taking the limit in (3.4) as ¢ goes to a, we conclude that
F(y) = +oo. 0

Proposition 3.1 readily implies that the Lavrentiev phenomenon occurs for the
problem with one end-point condition given by

min /O Lly(t), ' (0) dt, ye W' (IL,R), y(0)=0.

The recent works [4, 5] have shown that the Lavrentiev phenomenon might be
very sensitive to the number of end-point conditions. In fact, the same argument
as above shows that the Lavrentiev phenomenon occurs for the problem with two
end-point conditions given by

rmluwwmw7wmmmmm7WF4wm:L

However, in the above example, if we keep only one of the two end-point condi-
tions, the Lavrentiev phenomenon disappears! To see this, we proceed as in [3,
§4.3].
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4 Non-Occurrence of the Lavrentiev Gap and phe-
nomenon for (P)

4.1 Non-occurrence of the gap

Let L : R xR — [0, +00] be an autonomous Borel Lagrangian with non-negative
values, possibly infinite. Let p > 1. For a given y € W?(I,R), we consider the
following condition.

Condition (R,). There exist two Lipschitz functions p~, p™ defined on y(I) such
that
Veey(d) p(2)<0, p(2)>0,

sup L(z,p (2)) < +o0o0, sup L(zp"(z)) < +o0.

zey(I) zey(I)
Theorem 4.1 (Non-occurrence of the Lavrentiev gap). Let y € W'?([0,1],R)
be such that F'(y) < 4oco. Assume that y satisfies Condition (R,). Then there is
no Lavrentiev gap for (P) at y.

The strategy of the proof is the same as the proof of Alberti and Serra Cassano
[1]. Yet it differs at some specific points and it requires also a different construc-
tion for the approximating function. In order to facilitate the reading, we have
chosen to write the full proof. Another reason is that, as we work with real val-
ued functions, some arguments become simpler than in the n—dimensional case.
For convenience, we restate two general lemmas of integration theory that were
proved in [1].

Lemma 4.2. Let g : I — [0, 4+00] be a Lebesgue measurable function and let B),
be a sequence of measurable subsets of I such that |/ \ By| — 0 as h — oo. Then

lim gdt = /g dt .
h—4o00 By, I

Lemma 4.3. Let ¢, : I — R be a sequence of Lipschitz functions such that
¢, > 1 ae. for every h and ¢p(t) — t as h — oo for every ¢t € I. Then, for
every f € LP(R), the functions f(¢;) converge towards f in L?(I).

We will use several times the fact that, since p*, p~ are continuous functions on
1, there are positive constants p,,i, > 0, prmae > 0 such that

Veel  min{p"(z),—p (2)} = pmin, max{p(z),—p"(¥)} < Pimaz -
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Proof. We assume that y is not constant, otherwise the conclusion is trivial. We
start by applying a classical result which is a consequence of Lusin’s theorem (see
for instance Theorem 3.10 in [6]). For every h € N, there are a Lipschitz function
up, : I — R and an open subset Ay, of I such that:

L [Ap] < 1/h,

2. up =y, uy =y in I\ Ay,

3. un(0) = y(0), un(1) = y(1),

4. wuy, is affine in each connected component of Ay,

5. Aj is a countable union of disjoint open intervals I, 5, k € J;, C N.

The set Ay, is somehow the bad set where the function y might behave badly in
the sense that its derivative might be unbounded on Aj,. We claim that it is not
restrictive to assume that u; does not vanish on A,. Indeed, each Ay, is a union
of disjoint open intervals (I}, ;),. We proceed as follows:

* We first remove from A;, the intervals where y is itself constant on which, as a
byproduct, y = up;

* On every other subinterval I, , = (ap, bni), k € Jj, C Jix Where u, is constant
but y is not, we choose ¢ € Iy such that y(chr) # y(ang). On Ipy \
{Ch,k} = (ahyk, Ch,k) U (C;%k, bhﬂzg) we define ’LNLh to be affine in (ahwzg, Ch,k;) jOiIliI’lg
y(an) to y(cp ) and affine in (cp, g, by, 1) joining y(cp i) to y(by x). We then set
Ap = Ap\ UkeJ,;{ch:k}' Clearly |A,| = |A4| and (Ay, @) satisfy properties
1-5.

Notice that, since uy, is affine on every interval [}, ,, and uj, y are equal at the
extremities of [}, , then
/
/ uy, dt
Ip k

LR MITEDS
h

ke, Y Ink keJy,

:Z/ Y dr
Ih i

kedp

SZ/ |y’\dT:/ lY/|dr — 0 as h — +oco.
Ik Ap

kedp

4.1)
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The first problem with the function w,, is that we might have F(u;,) = +oo,
indeed, the integral of L over the intervals [;, ;, might very well be infinite. We
shall take advantage of the functions p—, p* to replace the portions of the function
uy, over Ay by a function vy, having a finite energy on Ay, which in addition tends
to 0 as h — +o0o. We define a function p, which is continuous on the set A;, by
setting

pT(un(r))  if wy(7) >0,
p (up(7)) ifup(r) <0.
In order to perform an adequate change of variable, we define next a function
on € WHYI,R) by setting ¢5,(0) = 0 and

VT e Ay ph(T) = {_ 4.2)

1 ifrel\ Ay,
() = | 4,
90h<7-) |uh(7—)’ lfT c Ah- ( 3)
Pr(T)

Using inequality (4.1), we have

!/
el = [ vas = [ e = [ Bl
on(An) Ap Ay, ph(T) 44
1 (4.4)
<L [ Wl 50 as b oo
Pmin Ay,

Next, we claim that the function ¢;, converges uniformly towards the identity map
on [. Indeed, 5, (0) = 0 and moreover, from (4.4) and the fact that |A,| — 0,

[idi=1ldr < [ @+ ar
I Ah
= |on(Ap)| + |An] — 0 as h— 4o00.
In particular, we have
ln(D)] = /@2(7)617 = on(1) = [I|=1 as h— +oo.
I

Setting T}, = ¢n(1), we thus have T}, — 1 as h — +00. However we don’t know
whether 7}, is smaller or larger than 1 and this will create some trouble later on.
The derivative ¢j, is strictly positive on /, therefore ¢y, is strictly increasing and
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it is a one to one map from [0, 1] onto [0, 73]. Its inverse ¢, : [0,7},] — [0,1] is
continuous strictly increasing with derivative given by

1
o (Un(t))

Using the expression of ¢, given in (4.3), we obtain

vie [0, T,]  (t) =

1 ift € [0, 73] \ ¢n(An),
Vu(t) = pu(n(t)) i (4.5)
a(n(e)] L PR

The change of variable 7 = 1y, (t) gives

1#HZWMWMMH:/ hhz/ (8 dt
Pp (IN[0,T3]) IN[0,T3]

> Ldt > min{1, Ty} — |on(An)|,

/(Im[oaTh])\SDh(Ah)
so that

lim |, (I N[0, T]) = 1. (4.6)
h—+o00

We define a new function vy, by setting

vt € [0,Ty] v(t) = un(Yn(t)).

The function vy, being the composition of the Lipschitz function u; with the ab-
solutely continuous function 1), is absolutely continuous with derivative given
by

Vie [0, 1] vp(t) = up(Pn(t) () -
Fort € [0,73) \ ¢n(Ap), we have ¥, (t) = 1 and ¢p,(t) € Ay, whence

up (n (1) Ui (t) = wy,(a(t)) = o' (¥n(t)) (4.7)

and thus
vt € [0, T\ pn(An)  vip(t) = ¢/ (¥n(t)) -
Let next ¢ € [0, 73] N pp(Ap). In this case, we have

) ()
0 = Zn®) ~ Tapwnen )

= sgn(up, (Va(t))) pn(¥n(t)),

(4.8)
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where sgn is the classical sign function given by

sgn(z) =

+1 ifzx >0,
-1 ifzx<0.

Recalling the definition (4.2) of p;,, we see that

p(un(n(t))) i, (Pu(t)) >0,

vt e (0. Tl Npn(dn)  vi(t) = {p-(uh(%(t))) it (vn(t) < 0.

This implies in particular that
Yt € [0,Th] N en(Ap) [0, < Prma - (4.9)

From formula (4.7), we see that v}, is also bounded on [0, 7}] \ vn(Ap), since
the function uy, is Lipschitz. We conclude that v, is Lipschitz on [0,7},]. We
finally define the Lipschitz function w; which approximates y in energy and in
the space W“(I ,R). Two cases may occur. If T}, > 1, then we define wy, to be
the restriction of vy, to [0,1]. If 7}, < 1, then we shall extend v, from [0, T}] to
0, 1] as we explain next. We define

a = min y(I), f = max y([).

We consider the differential equation

and we denote by 2z, () the solution with initial condition 2(7y) = yo, where
70 = Ty, and yo = wp(T}). Since p is defined on [«, 3], this solution is well
defined until the time

T = inf{tZTO:zf(t):B}.
If 7, < 1, then we set wy,(t) = 2 () on [ry, 71]. We consider then the differential

equation
Z(t) = p(2(1))

and we denote by z, (t) the solution with initial condition z(7) = 27 (11) = f.
Since p~ is defined on [, 3], this solution is well defined until the time

=inf{t>mn:2 ) =a}.
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Notice that, since —p,,q. < p~, the travelling speed to go from (3 to « is at most
Pmaz and thus

— o
Ty —T1 = g .
pmaw
If » < 1, then we extend wy(t) on [y, 2] by setting wy(t) = z5 (¢) on this
interval. We iterate this construction. Since at each stage 7 > 1, we have
b —«
Tiv1 — Ti 2 ;
pmax

then the process ends as soon as 7,,, < 1 < 7,41, after a number m of steps that
is bounded by a number depending only on 5 — a and 1 — 7},. In fact, we have

In the last step we extend wy,(t) on [7,,,, 1] by restricting the solution of the differ-
ential equation to this interval. In what follows we set 7,,,.1 = 1 for convenience.
To sum up, we have

vy, (t) ift € (0,7},
vt € [0,1] wh(t) = $ pT(wa(t)) ift € [r, 7], ieven,
P (wh(t)) ift e [Ti7 Ti+1] s 1 0dd.

Notice that
Vt € [Th, 1] |w;1(t)| < Pmaz

hence the function wy, is still Lipschitz. We show next that w;, converges to y in
WLP(I,R). We decompose the integral as the sum of three terms

lwy, = Y 70y = /|w2<t) —y'(t)|Pdt = Prp+ Pop+ Pop,
I
where, recalling that w;, = vy, on [0, T},],
Pu = [ )~y O dt,
(Im[ovTh])\wh(‘Ah)

Pop — / () — o/ (B)P dt
IN[0,Tx]Nen (Ar)

Pyn — / ol (8) — o/ (£)P dt.
IN[min{T}y,1},1]



Occurrence of gap 14

We prove next that the three terms P, j, Ps 5, P, tend to 0 as h — 4-00. We have

Py = / ol (o (£ () — o (D) .
(IN[0,Th])\en (An)

It follows from (4.5) that ¢, = 1 on (I N[0,7}%]) \ vn(An), therefore we can
rewrite P, j, as

P = [ o n(6)) = (OPUR(0) .
(IN[0,Th])\pn (An)
The change of variable 7 = 1;,(t) yields then
Pu = | () — /(o))" .
Yr(IN[0,Th )\ Ap
Using the fact that uj, = ¢’ on I \ A, we obtain
P = | () = o/ enlr)]
Yr(IN[0,Th])\Ap

< /I}y'(T) —y/(@h(T))‘pdT — 0 as h— +oo,

in virtue of Lemma 4.3. Concerning P, 3, we notice that
ras2 ([ ol ar+ [ or).
IN[0,Th]Nwr (Ar) IN[0,Th]Nwr (Ar)
It follows from (4.9) and (4.4) that
/ OF At < (o)’ [en(Ar)| =0 a5 h = +oc,
IN[0,Th]Nwr (Ar)
and the integrability of |y/'|P immediately gives, thanks to Lemma 4.2,

/ ly'(t)Pdt -0 as h— +oo,
IN[0,Th]Nen(An)

so that P, — 0 as h — +oo. Finally, we have

Pas (| ol di+ [ or).
IN[min{T},,1},1] IN[min{T}y,1},1]
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As above, since T}, — 1 as h — +o0, we have, thanks to Lemma 4.2,
/ |y (t)[Pdt -0 as h — +oo.
IN[min{T}y,1},1]
Moreover, |w},| < pmaz on I N [T}, 1], so that
/ lw, ()P dt < (pmaz)?(1 — min{Ty,1}) -0 as h — +oo.
IN[min{T}y,1},1]
We show now that F'(wy,) converges to F'(y) as h — +oc. By definition, we have

F(wy) = /IL(wh,w;L) dt .

We decompose the integral as the sum of three terms

F(wy) = Qup+ Qan+ Qs s

where, recalling that w;, = v, on [0, T},],

Ql,h = / L(Uha U;Z) dt7
(IN[0,Tr])\n(An)

QQ,h - / L('U}u U;L) dt )
IN[0,Th]Nen (An)

Qsp = / L(wp, wy,) dt .
IN[min{T}y,1},1]

We prove next that (), ;, converges towards F'(y) while (25, Q3 tend to O as
h — +o0o. From the definition of v, we have

= [ D o6 5). 4514 5)) s
I0[0,Th]\pn (An)

It follows from (4.5) that ¢, = 1 on (I N[0,73]) \ vn(Ap), therefore we can
rewrite )y 5, as

Qup = / L (uun (a0 (5)), (6 (5))) ¥ () ds .
(IN[0,Th])\wn(An)
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The change of variable 7 = 1;,(s) yields then

Qip = /%(mL(uh(T),u;L(T)) dr .

[OvTh])\Ah

Using the fact that u;, = y and u), = 3’ on I \ A, we obtain

O p = /w L(y(r),y/'(7)) dr.

h(IN[0,TH])\ A,

Lemma 4.2 and the estimate (4.6) allow to conclude that

Qi — /IL(y(T),y’(T)) dr as h— +00.

Thus we are done with )y 5. We deal next with ()2;. The expression of the
derivative of v;, on I N [0, T}] N ¢y (Ap) was computed in (4.8), so we have

Qui= [ L) sl ) e (0))

The change of variable 7 = ,(t) gives, with the help of the expression of 1},
computed in (4.5),

B : |uip(7)]
Q2 = /wh(]m[ojh})ﬂAhL(uh(7)7sgn(uh<7—))ph(7)) on(7)
1

[ 2 (untr) sen(ui ) nlr) ) )l

dr

<

Pmin

We thus obtain

Qa2 <

( sup L(z,p (z))dz+ sup L(z,p"(2)) dz) /A \uy | dr

Pmin \ zey(I) zey(I)

so that (4.1) yields that ()2, — 0 as h — 4o0.

It remains to prove that ()3, — 0 as h — 4o00. If T}, > 1, then ()3, = 0. Let us
examine the case where T}, < 1. From the construction of the extension wj, of vy,
on [T}, 1], we have

Q= X [ L (w0 o)

0<i<m 3
i even

Ti+1

+ 2 /T L(wh(t%p’(wh(t))) dt

0<i<m %
7 odd
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so that
Qs < ( sup L(z,p’(z)) dz + sup L(z,p*(z)) dz)(l —Ty).
zey(I) zey(I)

Since T}, — 1 as h — 400, we conclude that ()3, — 0 as h — +oo. The proof
that F'(y,) — F(y) as h — +o00 is now complete. O

Inspecting the proof of Theorem 4.1, we see that we could replace the Lipschitz
continuity assumption on the functions p™, p~ by the assumption that

sup L(Z,O) < 400.
zey(l)

Indeed, in the case where T}, < 1, we could extend vy, on [T}, 1] with the help of
a constant function on [1},, 1].

4.2 Non-occurrence of the phenomenon

Condition (R). There exist two locally Lipschitz functions p~, p™ defined on R
such that:
VzeR  p(2)<0, pt(z)>0,

and for every bounded interval J of R,
sup L(z,p~(2)) < +oo, sup L(z,p*(2)) < +oo.
zeJ zeJ

Corollary 4.4 (Non-occurrence of the Lavrentiev phenomenon). Let L : R x
R — [0, +oc] be an autonomous Borel Lagrangian with non—negative values,
possibly infinite. Suppose that L satisfies Condition (R). Then the Lavrentiev
phenomenon does not occur for (P).

Proof. Let (yx)x be a minimizing sequence for (P) satisfying, for all £ € N:
o yp € WH{(I,R), yx(0) = 0;
1
k+1
Fix k£ € N. The condition (R) implies that the condition (R,, ) holds as well. By
Theorem 4.1, there exists zj, € Lip([0, 1], R) such that z;(0) = 0 and

* F(yr) <inf(P)+

1
F < F .
(z) < Fy) + 1

Therefore (zy ) is a minimizing sequence of Lipschitz functions for (P), thus prov-
ing the claim. O
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