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0. A diploid Mendelian population model Model
• 1 gene, 2 alleles: A and a.
• Diploid individuals: genotypes AA, Aa and aa.
• Population at time t:

(Zt, t ≥ 0) = ((Z1
t , Z

2
t , Z

3
t ), t ≥ 0).

• (Zt, t ≥ 0) is a birth-and-death proess with Mendelianreprodution and ompetition.
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0. A diploid Mendelian population model Birth and death ratesFor any (k,m, n) ∈ (Z+)
3 suh that N = k +m+ n,

λ1(k,m, n) =
b1

N − 1

[

k(k − 1) + km+
m(m− 1)

4

]

λ2(k,m, n) =
b2

N − 1

[

km+mn+
m(m− 1)

2
+ 2kn

]

λ3(k,m, n) =
b3

N − 1

[

n(n− 1) +mn+
m(m− 1)

2

]

µ1(k,m, n) = k(d1 + c11(k − 1) + c12m+ c13n)

µ2(k,m, n) = m(d2 + c21k + c22(m− 1) + c23n)

µ3(k,m, n) = n(d3 + c31k + c32m+ c33(n− 1))Demographi parameters: bi > 0, di ≥ 0, cij > 0, for i, j ∈ {1, 2, 3}.Camille Coron Stohasti modeling and eo-evolution of a diploid population
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1. Stohasti modeling of the mutational meltdown 1.1.Motivations and referenesMotivationsMutational meltdown:
• Lynh, Conery and Burger (1995).
• Observed in small populations.
• Combination of two phenomena that reinfore eah other.Small population size Frequent deleterious mutation �xationsDemography Genetis
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1. Stohasti modeling of the mutational meltdown 1.2. Fixation probability of a slightly non neutral alleleHypotheses for this work
• bi = b > 0 and cij = c > 0 for all i, j ∈ {1, 2, 3}.
• d1 = d ≥ 0, d2 = d+ δ and d3 = d+ δ′.
• No death when there are only 2 individuals left.

=⇒ Zt ∈ (Z+)
3
∗∗ = (Z+)

3 \ {(0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1)}.

(Zt, t ≥ 0) is a Markov proess with 2 absorbing sets:
• ΓA = {(k, 0, 0) : k ≥ 2}: �xation of allele A,
• Γa = {(0, 0, n) : n ≥ 2}: �xation of allele a.Camille Coron Stohasti modeling and eo-evolution of a diploid population



1. Stohasti modeling of the mutational meltdown 1.2. Fixation probability of a slightly non neutral alleleFixation probability of allele a
• Aim: Study the �xation probability of allele a if the populationstarts from the state (k,m, n) ∈ (Z+)

3
∗∗:

uδ,δ
′

k,m,n

• Champagnat & Lambert (2007): haploid ase.
• Neutral ase (δ = δ′ = 0): (Xt =

Z2
t +2Z3

t

2(Z1
t +Z2

t +Z3
t )
, t ≥ 0

) is amartingale.
=⇒ u0,0k,m,n =

m+ 2n

2(k +m+ n)
.Camille Coron Stohasti modeling and eo-evolution of a diploid population



1. Stohasti modeling of the mutational meltdown 1.2. Fixation probability of a slightly non neutral alleleTaylor expansion of uδ,δ′k,m,n

• Deomposition of u:
uδ,δ

′

k,m,n =
∑

n′

∑

(i1,...,il)∈C(k,m,n)→(0,0,n′)

πδ,δ
′

i1i2
...πδ,δ

′

il−1il
.

• For all (k,m, n) ∈ (Z+)
3
∗∗, uδ,δ′k,m,n is a di�erentiable funtion of

(δ, δ′) in (0, 0):
uδ,δ

′

k,m,n =
m+ 2n

2(k +m+ n)
− δvk,m,n − δ′wk,m,n + o(|δ| + |δ′|).

• |vk,m,n| ≤ C(k +m+ n) and |wk,m,n| ≤ C(k +m+ n) for all
(k,m, n) ∈ (Z+)

3
∗∗.Camille Coron Stohasti modeling and eo-evolution of a diploid population



1. Stohasti modeling of the mutational meltdown 1.2. Fixation probability of a slightly non neutral alleleKolmogorov-forward equation






(Lδ,δ′u(., δ, δ′))(k,m, n) = 0 ∀(k,m, n)|N = k +m+ n ≥ 2
u((0, 0, n), δ, δ′) = 1 ∀n ≥ 2
u((k, 0, 0), δ, δ′) = 0 ∀k ≥ 2

uδ,δ
′

k,m,n =
2n+m

2(k +m+ n)
− δvk,m,n − δ′wk,m,n + o(|δ| + |δ′|).











(L0,0v)(k,m, n) = m(n−k)
2N(N−1) ∀(k,m, n)|k +m+ n ≥ 3

(L0,0v)(k,m, n) = 0 ∀(k,m, n)|k +m+ n = 2
v(2, 0, 0) = v(0, 0, 2) = 0

(S1)Camille Coron Stohasti modeling and eo-evolution of a diploid population



1. Stohasti modeling of the mutational meltdown 1.2. Fixation probability of a slightly non neutral alleleThe formula of vk,m,nProposition (1.3.6)For all (k,m, n) suh that N = k +m+ n ≥ 2,
v(k,m, n) = (k − n)

[

m

N
xN +

N2 − (k − n)2
N2

yN

] (1)where the sequene of vetors (zN )N≥3 =

(

xN

yN

)

N≥3

is the uniquebounded solution of the following system of equations:
{

BNzN+1 = CNzN +DNzN−1 + fN for all N ≥ 4

B3z4 = C̃3z3 + f3,
(S2)where the matries BN , CN , C̃3, DN and the vetors fN are known.Camille Coron Stohasti modeling and eo-evolution of a diploid population



1. Stohasti modeling of the mutational meltdown 1.2. Fixation probability of a slightly non neutral alleleSketh of the proofProof.
• If (1) is true then (S2) implies (S1).
• (S2) has a bounded solution (zN )N≥3 if b is small: for N ≥ 3,

BNzN+1 = (CN +KN )zN +

N
∑

k=3

(−1)N−kE(k,N)fk, if (S2')














K3 = C̃3 − C3

KN = DN (CN−1 +KN−1)
−1BN−1 ∀N ≥ 4

E(k, k) = I2 ∀k ≥ 3
E(k,N) = DN (CN−1 +KN−1)

−1E(k,N − 1) ∀k ∈ [[3, N − 1]].

• For all (k,m, n) ∈ (Z+)
3
∗∗, vk,m,n is an analyti funtion of b.Camille Coron Stohasti modeling and eo-evolution of a diploid population



1. Stohasti modeling of the mutational meltdown 1.3. Existene of a mutational meltdownMutations and mutational time sale
• Eah individual mutates at rate µK = 2µ

K
, K → +∞.

• Eah individual is haraterized by its genotype g = (x, x′) ∈ G.
• M(x1, x2) is the probability that a DNA strand x1 mutates to x2.
• Population at time t:

ZK
t =

NK
t
∑

i=1

δ
g
i,K
tTheorem ((1.5.1), Convergene towards the TSS)For all 0 < t1 < ... < tn,

(ZK
Kt1

, ..., ZK
Ktn) −→ (Ñt1δGt1

, ..., ÑtnδGtn
) in law, when K →∞.Camille Coron Stohasti modeling and eo-evolution of a diploid population



1. Stohasti modeling of the mutational meltdown 1.3. Existene of a mutational meltdownTrait Substitution Sequene
• Conditionally to (Gt1 , ..., Gtn ) = (g1, ..., gn), the random variables
Ñt1 , ..., Ñtn are independent and Ñti has law
l(., b(gi), d(gi), c(gi, gi)), with

l(N, b, d, c) :=
C

N

N−1
∏

k=2

b

d+ kc
.

• (Gt)t>0 jumps from genotype g1 = (x1, x1) to g2 = (x2, x2) at rate
2µM(x1, x2)

∞
∑

N=2

Nl(N, b(g1), d(g1), c(g1, g1))f((N − 1, 1, 0), x1 , x2).

• If d(x1, x2) = d(g1) + δ and d(g2) = d(g1) + δ′,
f((N − 1, 1, 0), x1 , x2) = uδ,δ

′

N−1,1,0.Camille Coron Stohasti modeling and eo-evolution of a diploid population



1. Stohasti modeling of the mutational meltdown 1.3. Existene of a mutational meltdownExistene of a mutational meltdownJump rate of the proess G: τ(b, d, c, δ, δ′).
• Small population size⇐⇒Frequent deleterious mutation �xations.
• More and more frequent �xations of deleterious mutations.Theorem (1.5.2)If δ > 0 and δ′ > δ, and if b is small enough, the mean time

T (b, d, c, δ, δ′) = 1/τ(b, d, c, δ, δ′) is a dereasing funtion of d.Camille Coron Stohasti modeling and eo-evolution of a diploid population



1. Stohasti modeling of the mutational meltdown 1.4.Numerial results and biologial interpretationsDistribution of the population size

Figure: Distribution of the population size under di�erent intrinsi deathrates d. In this �gure, b = 10 and c = 0.1.Camille Coron Stohasti modeling and eo-evolution of a diploid population



1. Stohasti modeling of the mutational meltdown 1.4.Numerial results and biologial interpretationsExistene of a mutational meltdown

Figure: Relationship between the mean time to �xation of a deleteriousmutation T and parameters b and d. Eah urve orresponds to a �xed valueof b. Other parameters are δ = 0.05, δ′ = 0.1, c = 0.1 and m = 1.Camille Coron Stohasti modeling and eo-evolution of a diploid population



1. Stohasti modeling of the mutational meltdown 1.4.Numerial results and biologial interpretationsMean population size mean dynamis

Figure: Mean temporal derease in the mean population size in additive andreessive ases. b = 10, c = 0.1, m = 1, D0 = 1 and δ′ = 0.2.Camille Coron Stohasti modeling and eo-evolution of a diploid population



1. Stohasti modeling of the mutational meltdown 1.4.Numerial results and biologial interpretationsReferenes
◮ Lynh, M., Conery, J., Burger, R. (1995): Mutation aumulationand the extintion of small populations. Am. Nat., 146: 489-518.
◮ Champagnat, N. and Lambert, A. (2007): Evolution of DisretePopulations and the Canonial Di�usion of Adaptive Dynamis.Ann. Appl. Probab., 17(1): 102-155.
◮ C.C., Méléard, S., Porher, E., Robert, A. (2013): Quantifying themutational meltdown in diploid populations. Am. Nat.181(5):623-636.
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2. Slow-fast dynamis and measure-valued proesses 2.1. Slow-fast dynamisLarge population size and allometry
• Eah individual has size 1/K, K → +∞.
• ZK is a jump proess with jump size equal to 1/K.
• Demographi parameters depend on K. If
z = (z1, z2, z3) ∈ (Z+)

3/K and n = z1 + z2 + z3,
λK1 (z) =

KbK1
n

(

z1 +
z2
2

)2
,

λK2 (z) =
KbK2
n

2
(

z1 +
z2
2

)(

z3 +
z2
2

)

,

λK3 (z) =
KbK3
n

(

z3 +
z2
2

)2
.

µK1 (z) = Kz1(d
K
1 +K(cK11z1 + cK21z2 + cK31z3)),

µK2 (z) = Kz2(d
K
2 +K(cK12z1 + cK22z2 + cK32z3)),

µK3 (z) = Kz3(d
K
3 +K(cK13z1 + cK23z2 + cK33z3)).Camille Coron Stohasti modeling and eo-evolution of a diploid population



2. Slow-fast dynamis and measure-valued proesses 2.1. Slow-fast dynamisDemographi parameters salingHypotheses:
bKi = γK + βi ∈ [0,∞[,

dKi = γK + δi ∈ [0,∞[,

cKij =
αij

K
> 0,

ZK
0 −→

K→∞
Z0 in law,there exists C ≥ 0 suh that for all K ∈ N

∗,E
(

(NK
0 )3

)

≤ C,where γ > 0 and Z0 is a (R+)
3-valued random variable.Camille Coron Stohasti modeling and eo-evolution of a diploid population



2. Slow-fast dynamis and measure-valued proesses 2.1. Slow-fast dynamisHardy-Weinberg deviation, new variables
Y K
t =

4Z1,K
t Z3,K

t − (Z2,K
t )2

4NK
t

= NK
t (pAA,K

t − (pA,K
t )2)

= NK
t (2pA,K

t pa,Kt − pAa,K
t )

= NK
t (paa,Kt − (pa,Kt )2)

XK
t =

2Z1,K
t + Z2,K

t

2NK
t

(Z1,K
t , Z2,K

t , Z3,K
t )←−−→ (NK

t ,X
K
t , Y

K
t )Camille Coron Stohasti modeling and eo-evolution of a diploid population



2. Slow-fast dynamis and measure-valued proesses 2.1. Slow-fast dynamisFast dynamisProposition (3.3.2)For all s, t > 0, sup
t≤u≤t+s

E((Y K
u )2) −→ 0 when K goes to in�nity.Proof.By Kolmogorov-forward equation,

dE
(

(Y K
t )2

)

dt
≤ −2γKE

(

(Y K
t )2

)

+ C1.

• Y K is a fast variable and the population onverges toHardy-Weinberg equilibrium.Camille Coron Stohasti modeling and eo-evolution of a diploid population



2. Slow-fast dynamis and measure-valued proesses 2.1. Slow-fast dynamisSlow dynamisTheorem (Theorem 3.3.3 and Corollary 3.3.4)For all ǫ > 0, TK
ǫ = inf{t ∈ [0, T ] : NK

t ≤ ǫ}. {(NK ,XK).∧TK
ǫ
}K≥1onverges in law in D([0, T ], [ǫ,∞[×[0, 1]) toward a stoppedontinuous-time di�usion proess (N,X).∧Tǫ . In the neutral ase where

βi = β, δi = δ and αij = α,
dNt = (β − δ − αNt)Ntdt+

√

2γNtdB
1
t

dXt =

√

γXt(1−Xt)

Nt
dB2

t

Camille Coron Stohasti modeling and eo-evolution of a diploid population



2. Slow-fast dynamis and measure-valued proesses 2.1. Slow-fast dynamisDiploid vs haploid (1)Haploid di�usion: Cattiaux & Méléard (2010).
dNt = (β − δ − αNt)Ntdt+

√

2γNtdB
1
t

dXt =

√

γXt(1−Xt)

Nt
dB2

t

dNh
t = (β − δ − αNh

t )N
h
t dt+

√

2γNh
t dB̃

1
t

dXh
t =

√

2γXh
t (1−Xh

t )

Nh
t

dB̃2
tCamille Coron Stohasti modeling and eo-evolution of a diploid population



2. Slow-fast dynamis and measure-valued proesses 2.1. Slow-fast dynamisDiploid vs haploid (2)
dNA

t = NA
t

[[

β − δ − α(N
A
t +Na

t )

2

]]

dt

+

√

4γ

NA
t +Na

t

NA
t dW

1
t +

√

2γ
NA

t N
a
t

NA
t +Na

t

dW 2
t

dNa
t = Na

t

[[

β − δ − α(N
A
t +Na

t )

2

]]

dt

+

√

4γ

NA
t +Na

t

Na
t dW

1
t −

√

2γ
NA

t N
a
t

NA
t +Na

t

dW 2
t

dNA,h
t = (β − δ − α(NA,h

t +Na,h
t ))NA,h

t dt+

√

2γNA,h
t dW̃ 1

t

dNa,h
t = (β − δ − α(NA,h

t +Na,h
t ))Na,h

t dt+

√

2γNa,h
t dW̃ 2

tCamille Coron Stohasti modeling and eo-evolution of a diploid population



2. Slow-fast dynamis and measure-valued proesses 2.1. Slow-fast dynamisLong-time population behavior
• Extintion: PN

x (T0 < +∞) = 1 (Cattiaux et al. (2009)).
• Quasi-stationary behavior of the population?

◮ Cattiaux, P., Collet, P., Lambert, A., Martinez, S., Méléard, S. and SanMartín, J. (2009): Quasi-stationary distributions and di�usion models inpopulation dynamis. Ann. of Proba. 37(5):1926-1969.
◮ Villemonais, D. (2011): Distributions quasi-stationnaires et méthodespartiulaires pour l'approximation de proessus onditionnées. Thèse, ÉolePolytehnique.
◮ Méléard, S. and Villemonais, D. (2012): Quasi-stationary distributions andpopulation proesses. Probab. Surv. 9:340-410.
◮ Cattiaux, P., and Méléard, S. (2010): Competitive or weak ompetitivestohasti Lotka-Volterra systems onditioned on non-extintion. J. Math.Biol. 60:797-829.
◮ C.C.: From diploid populations to Wright-Fisher di�usions andquasi-stationary distributions. Arxiv 1309.3405, Submitted.Camille Coron Stohasti modeling and eo-evolution of a diploid population



2. Slow-fast dynamis and measure-valued proesses 2.2.Quasi-stationary behavior of a diploid populationChange of variables
S1
t =

√

2Nt

γ
cos

(

arccos(2Xt − 1)√
2

)

S2
t =

√

2Nt

γ
sin

(

arccos(2Xt − 1)√
2

)

.

dS1
t = dW 1

t − q1(St)dt
dS2

t = dW 2
t − q2(St)dt,If αij = αji for all i, j ∈ {1, 2, 3},

dSt = dWt −∇Q(St)dtCamille Coron Stohasti modeling and eo-evolution of a diploid population



2. Slow-fast dynamis and measure-valued proesses 2.2.Quasi-stationary behavior of a diploid populationAbsorption of the di�usion proess S
S1

S2

a
=
{s

2 =
us

1 }

A = {s2 = 0}0 = {s1 = s2 = 0}
b

×

arccos(2x−1)√
2

(s1, s2) = ψ(n, x)

√

γn
2Absorbing sets: 0, A ∪ 0, a ∪ 0, A ∪ a ∪ 0.Theorem (3.4.7)

• For all s ∈ D \ 0, PS
s (TA ∧ Ta < T0) = 1.

• For all s ∈ D \ ∂D, PS
s (TA < T0) > 0, and P

S
s (Ta < T0) > 0.Camille Coron Stohasti modeling and eo-evolution of a diploid population



2. Slow-fast dynamis and measure-valued proesses 2.2.Quasi-stationary behavior of a diploid populationQuasi-stationary behavior of (N,X)Theorem (Theorem 3.4.10 and Corollary 3.4.11)
• There exists a (unique) probability measure νN,X on R

∗
+×]0, 1[ suhthat for all F ⊂ R

∗
+×]0, 1[ and all (n, x) ∈ R

∗
+×]0, 1[,

lim
t→∞

P
N,X
(n,x)((Nt,Xt) ∈ F |TN

0 ∧ TX
0 ∧ TX

1 > t) = νN,X(F ).

• There exists a (unique) probability measure νN,X
0 on R

∗
+ × [0, 1]suh that for all F ⊂ R

∗
+ × [0, 1] and (n, x) ∈ R

∗
+×]0, 1[,

lim
t→∞

P
N,X
(n,x)((Nt,Xt) ∈ F |TN

0 > t) = νN,X
0 (F ).Camille Coron Stohasti modeling and eo-evolution of a diploid population



2. Slow-fast dynamis and measure-valued proesses 2.3. Numerial resultsNeutral ase

Figure: Distribution of the proportion Xt of allele A in the neutral ase,knowing that Nt 6= 0. βi = 1 = δi, and αij = 0.1 for all i, j, and t = 40.Camille Coron Stohasti modeling and eo-evolution of a diploid population



2. Slow-fast dynamis and measure-valued proesses 2.3. Numerial resultsOverdominane

Figure: Distribution of the proportion Xt of allele A in an overdominanease, knowing that Nt 6= 0. βi = 1 for all i 6= 2, β2 = 5, δi = 0 for all i,
αij = 0.1 for all (i, j), and T = 100.Camille Coron Stohasti modeling and eo-evolution of a diploid population



2. Slow-fast dynamis and measure-valued proesses 2.3. Numerial resultsDi�erent nihes

Figure: Distribution of the proportion Xt of allele A in a separate nihes ase,knowing that Nt 6= 0. βi = 1, δi = 0, αii = 0.1 for all i, αij = 0 for all i 6= j,and T = 2500.Camille Coron Stohasti modeling and eo-evolution of a diploid population



2. Slow-fast dynamis and measure-valued proesses 2.4.Multi-alleli model and measure-valued proessesFinite number of alleles
• 1 gene, L alleles ∈ [[1, L]].
• Population at time t:

X
K(t) = (xKij (t))1≤i,j≤L ∈ SL(Z+/2K).

• xKii (t) ∈ Z+/K is the resaled number of individuals with genotype
ii at time t.

• xKij (t) + xKji (t) = 2xKij (t) ∈ Z+/K is the resaled number ofindividuals with genotype ij at time t.Camille Coron Stohasti modeling and eo-evolution of a diploid population



2. Slow-fast dynamis and measure-valued proesses 2.4.Multi-alleli model and measure-valued proessesFinite number of alleles
• Birth rates: if the population x has resaled size φ1(x) ∈ Z+/K,

λKij (x) = bKijKφ1(x)2pipj = KbKij 2

(

∑L
k=1 xik

)(

∑L
l=1 xjl

)

φ1(x)

λKii (x) = bKiiKφ1(x)(pi)
2 = KbKii

(

∑L
k=1 xik

)2

φ1(x)
.

• Death rates:
µKij (x) = Kx{ij}



dKij +K
∑

1≤k,l≤L

cKij,klxkl



 ,

• Saling:
bKij = γK + βij , dKij = γK + δij and cKij,kl =

αij,kl

K
.Camille Coron Stohasti modeling and eo-evolution of a diploid population



2. Slow-fast dynamis and measure-valued proesses 2.4.Multi-alleli model and measure-valued proessesSlow-fast dynamis and measure-valued proess
• Fast dynamis: onvergene toward Hardy-Weinberg equilibrium.
• Slow dynamis:
{(NK(t ∧ TK

ǫ ), pK2 (t ∧ TK
ǫ ), pK3 (t ∧ TK

ǫ ), ..., pKL (t ∧ TK
ǫ ))0≤t≤T }K≥1onverges in law in D([0, T ], [ǫ,∞[×[0, 1]L−1) toward a stoppeddi�usion proess (N(t ∧ Tǫ), p2(t ∧ Tǫ), ..., pL(t ∧ Tǫ))0≤t≤T .

• Measure-valued proess:
ηLt =

L
∑

i=1

xLi (t)δ i
L
∈ MF ([0, 1]) with xLi (t) = N(t)pi(t)

ζLt =

(〈ηLt , 1〉
2

,
ηLt
〈ηLt , 1〉

)

∈ R
∗
+ × P([0, 1]) ∪ {0} × p∂ .Camille Coron Stohasti modeling and eo-evolution of a diploid population



2. Slow-fast dynamis and measure-valued proesses 2.4.Multi-alleli model and measure-valued proessesAllele ontinuum and onvergeneTheorem (4.4.1)The sequene (ζL
t∧TL

ǫ
, t ≥ 0) onverges in law in

D([0, T ], [ǫ,+∞[×P([0, 1])) towards the unique ontinuous-time stoppedproess (ζt∧Tǫ , t ∈ [0, T ]) = ((nt∧Tǫ , pt∧Tǫ), t ∈ [0, T ]) suh that
sup

t∈[0,Tǫ]
E(n3t ) < +∞,and solution of the martingale problem: for all funtions

f ∈ C2b (R∗
+ ×R,R) and G measurable on [0, 1], if H(n, p) = f(n, 〈p,G〉),then the proess (mH

t , t ∈ [0, T ]) suh that t ∈ [0, T ],
mH

t = H(nt, pt)−H(n0, p0)−
∫ t∧Tǫ

0
LζH(ns, ps)dsis a ontinuous martingale.Camille Coron Stohasti modeling and eo-evolution of a diploid population



2. Slow-fast dynamis and measure-valued proesses 2.4.Multi-alleli model and measure-valued proessesGenerator
H(n, p) = f(n, 〈p,G〉),

LζH(n, p)=n

∫ 1

0

∫ 1

0
βxy−δxy−

(∫ 1

0

∫ 1

0
αxy,uvndp(u)dp(v)

)

dp(x)dp(y)∂1f(n,〈p,G〉)

+ γn ∂211f(n, 〈p,G〉)

+

∫ 1

0
G(x)

[

∫ 1

0

∫ 1

0

(

βxz − βyz)− (δxz − δyz)

−
∫ 1

0

∫ 1

0
(αxz,uv−αyz,uv)ndp(u)dp(v)

)

dp(y)dp(z)

]

dp(x)∂2f(n,〈p,G〉)

+
γ

n

(

〈p,G2〉 − 〈p,G〉2
)

∂222f(n, 〈p,G〉).Camille Coron Stohasti modeling and eo-evolution of a diploid population
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